Cambridge International AS & A Level

Chuyén luyén thi IELTS/SAT — AP /IB / A-levels

8020

ENGLISH

Cambridge International AS &
A Level Mathematics

Giao trinh luyén thi chuyén sau
Song nglr Anh-Viét

8020 ENGLISH
5A/2 Tran Pha, P4, Q.5, TPHCM - luyenthi8020.com
Thay Tuong 0332747169 - C6 Nancy 0983422692




Loi m& dau - Foreword

Cuén sach nay thudc bo gido trinh luyén thi chuong trinh quéc té€ ciia 8020 English (8020 Education)
— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
bé ndi dung duoc bién soan bai doi ngli Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co |&i gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.

Thanh tich 8020 English

9.0 IELTS cao nhat 1570 SAT cao nhat
5/5 AP — diém tuyét déi 90/100 1B Diploma
100% Gv > 8.0 IELTS / 1500 SAT CMU Tién si DH #1 Hoa Ky vé CS

Poi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky s Amazon) - TS Nguyén Phuéc Trudng (Toan, DH
Klagenfurt) - cting doi ngl giang vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
Microeconomics) - IB 90/100 (Economics) - Duolingo 110 - PTE 90 - TOEFL 120. Bang vang SAT:
Khanh Bang 1510 - Thado Nguyén 1520 - Tam Anh 1530.

“Cubi cung dd ddu vao trudng top nhu’ mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: moi Unit gém (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 16 giai; (3) Hé thong bai tap kém 16 giai chi tiét. Hay tu 1am bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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CAMBRIDGE INTERNATIONAL AS & A LEVEL « Unit 1

Pure Mathematics 1

Muc tiéu Unit: Phuong trinh/bat phuong trinh bac hai va diéu kién tiép xic véi dudng thang; ham sé,
ham nguoc, ham tri tuyét déi va phép bién déi do thi; hinh hoc toa dé (dudng thing, dudng tron); do
goc bang radian; luong giac; cap s6 cong/nhan va nhj thirc Newton; dao ham, tich phan va cac rng dung
co ban (mdlrc AS Level, Paper 1).

1.1 Quadratics

A quadratic expression ax? + bz + ¢ (with a # 0) can be written in completed-square form

b\’ b2
2
ax +bx—|—c-a<:c+ )—i—c— ,
2a 4a

which reveals the vertex of the corresponding parabola directly, without any calculus.
1.1.1 Completing the square and the vertex

2

Writing f(z) = a(z — h)? + k with h = —; and k = f(h) = c— 2—: the graph of y = f(z)
a a

has vertex (h, k) and axis of symmetry x = h. If a > 0 the parabola opens upward and k& is

the minimum value of f; if a < 0 it opens downward and & is the maximum value. The graph

crosses the z-axis exactly where f(z) = 0, so the number of real roots of f equals the number

of xz-intercepts.

GIAI THICH TIENG VIET

oan thanh binh phuong gitip tim dinh (vertex) va gia tri I&n nhat/nhd nhat cta tam thirc bac
hai ma khéng can dao ham. Néu a > 0, d6 thj I3 parabol quay bé 16dm |én trén va dinh 13 diém
thap nhat; néu a < 0, parabol quay bé 16m xuéng va dinh |3 diém cao nhat. S6 giao diém cua
d6 thi vai truc hoanh chinh la s6 nghiém thuc ctia phuong trinh f(z) = 0.

Vi du mau - Worked example

Find the range of f(z) = 322 — 122 + 7 for z € R.
f(z) =3(x? —42)+ 7 =3[(x —2)? —4] + 7 = 3(x — 2)? — 5. Since 3(z — 2)? > 0, the minimum
value is —5 at z = 2, so f(x) > —5.

1.1.2 The discriminant

Discriminant A = b? — 4ac for az?® + bx + ¢ = 0: A > 0 gives two distinct real roots (curve
crosses the z-axis twice); A = 0 gives one repeated root (the z-axis is tangent to the parabola);
A < 0 gives no real roots (the parabola never meets the z-axis).
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. GIAI THICH TIENG VIET

\
Biét thirc A = b? — 4ac cho biét s& nghiém thuc: A > 0 hai nghiém phan biét, A = 0 nghiém
kép (d6 thi ti€p xuc truc hoanh), A < 0 vé nghiém thuec.

1.1.3 Quadratic inequalities

To solve a quadratic inequality, first solve the associated equation to find the critical values, then
use the shape of the parabola (or a sign diagram) to decide which region satisfies the inequality.

Vi du miu - Worked example

Solve 222 — 52 — 3 > 0.

Factorise: 222 —52—3 = (224 1)(z—3), roots z = —1 and z = 3. The parabola opens upward,
so it is > 0 outside the roots:

r < — or z>3.

N =

(1) Loi thueng gap: For a quadratic inequality, first solve the equation to find critical values,
then use the shape of the parabola to decide the inequality region — do not simply flip the
inequality sign onto the factors, and do not divide both sides by an expression that could be
negative or zero.

Vi du mau - Worked example

. . x?—21—38
Solve the inequality % <0.

Factorise the numerator: 2% — 2z — 8 = (x — 4)(z + 2), so the critical values are z = —2, 1, 4
(the value x = 1 must be excluded, since it makes the denominator zero). These three values

split the number line into four intervals; testing one point in each:

31(_7(_1):74<0—satisﬁes. x:O:w

)
(=2)4) _ —8 < 0 — satisfies. z = 5: <1)4<7) = 1.75 > 0 — fails.

The expression equals 0 at z = —2 and =z = 4 (included, since the inequality is < 0), but is
undefined at z = 1 (excluded).

T =— =8 > 0 — fails.

T =2

Solution: z < —2 or 1<z <4.

GIAI THICH TIENG VIET

Gi bat phuong trinh chira phan thirc, khéng dugc nhan chéo hai vé& mot cach tuy tién (vi
khoéng biét dau cla miu s6). Thay vao dé, dua tat cad vé mot vé roi 1ap bang xét dau (sign
diagram): tim cac gia tri lam ttr s6 hodc mau s6 bang 0 (nghiém va diém khéng xac dinh), danh
dau chdng trén truc s6, roi thir mot gia tri dai dién trong méi khoang dé xac dinh dau. Ludn
loai bé gia tri 1am mau s6 bang 0 khoi tap nghiém.

1.1.4 Lines meeting curves: intersection, tangency, and no intersection

When a line y = mx + k is substituted into a quadratic curve y = f(x), the result is a quadratic
equation in z. The number of real solutions of that equation tells us how the line and curve relate
geometrically.

Thay Twdng 0332747169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 8
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Substituting the line into the curve gives f(x) — maz — k = 0, a quadratic in x with discriminant
A. Then: A > 0 = the line crosses the curve at two distinct points; A = 0 = the lineis a
tangent to the curve (touches at exactly one point); A < 0 = the line does not meet the curve
at all.

. GIAI THICH TIENG VIET

Muén xét vi tri twong déi gitra dudng thang va dudng cong bac hai, thé phuong trinh dudng
thang vao dudng cong dé duoc mét phuong trinh bac hai theo z, roi xét ddu A clia phuong
trinh dé: A > 0 cat tai 2 diém, A = 0 ti€p xuc (ti€p tuyén), A < 0 khéng cit nhau.

Vi du mau - Worked example

The line y = 2z + ¢ meets the curve y = 22 — 42 + 7. (a) Find the value of ¢ for which the line
is a tangent to the curve. (b) Find the range of values of ¢ for which the line does not meet the
curve.

Substitute: 22 —42 +7=2z+c= 22 —6x+ (7—c) = 0. Here A = 36 — 4(7 — ¢) = 8 + 4c.
(a) Tangency needs A = 0: 8 +4¢ = 0 = ¢ = —2. (Check: the equation becomes z? — 6z +9 =
(x — 3)%2 = 0, so the point of contactis z = 3, y = 4, and indeed 3% — 4(3) + 7 = 4.)

(b) No intersection needs A < 0: 8 +4c < 0 = ¢ < —2.

1.1.5 Solving equations that are quadratic in disguise

Some equations are not quadratics themselves but become quadratic after a substitution. A common
example is a quartic containing only even powers of z: letting v = 22 turns 2* + p2? + ¢ = 0 into
u? +pu+q=0.

To solve an equation “quadratic in disguise”: choose a substitution v = g(x) that turns the
equation into au? + bu + ¢ = 0, solve for u, then solve g(z) = u for each valid value of u
(rejecting any u that is impossible for g, e.g. a negative value when g(x) = \/z).

- GIAI THICH TIENG VIET
V6i nhirng phuong trinh khéng phai bac hai nhung c¢6 dang an ctia bac hai (vi du phuong trinh
trung phuong z# 4 px? + ¢ = 0), ta dat 8n phu v = 22 (hodc u = /z, tuy bai) d€ dua vé phuong
trinh bac hai theo w, giai u trudc, réi quay lai gidi « theo u — nhé loai bo gia tri w khéng hop lé.

1.2 Functions

A function f maps each element of its domain to exactly one element of its range. The domain is
the set of inputs for which f is defined; the range is the set of all possible outputs f(z) as = varies
over the domain.

1.2.1 Domain and range

1

Common domain restrictions: a square root /g(z) requires g(x) > 0; a fraction 9@ requires
g\x

g(z) # 0. The range is found from the shape of the graph — e.g. for a quadratic, the range

follows from the vertex (Section 1.1); for y = /g(z), the range is y > 0.

Thay Twdng 0332747169 - Co Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 9
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. GIAI THICH TIENG VIET

Mién xac dinh (domain) 12 tap cac gia tri z hop 1é dé céng thirc c6 nghia (cin bac hai khéng am,
mau s6 khac 0). Mién gia tri (range) 12 tap cac gié triy = f(z) c6 thé nhan duoc — thudng tim
bang cach xét hinh dang db thi (dinh cta parabol, tiém can, v.v.).

1.2.2 Composite functions

The composite fg(x) = f(g(x)) applies g first, then f. For fg to be defined at z, the value g(z) must
lie in the domain of f.

Vi du mau - Worked example

f(z) = 2% +1, g(x) = 22 — 3. Find fg(z) and gf(z).
fo(z) = f(22—3) = (22—3)?+1 = 42 —122+10. gf(z) = g(z?+1) = 2(2*+1)—3 = 222 —1.

- GIAI THICH TIENG VIET
fg(x) nghia la lam g trude roi méi lam f (doc tir trong ra ngoai). Diéu kién dé fg(x) xac dinh la
g(z) phai nam trong mién xac dinh cda f.

Vi du mau - Worked example

The functions f and g are defined by f(z) = (x + 1) — 3 for x > —1, and g(z) = 2x + 5 for
2 € R. Find the range of the composite function fg.

Since f is only defined for inputs > —1, the composite fg(x) =
2x +5 > —1 = x > —3. So the domain of fg is restricted to x >

f(g(x)) requires g(z) > —1
—3.

fo(x) = f(2z+5) = [(2x+5)+1]2—3:(2:6—1—6)2—3:4(33—1—3)2—3.

For z > —3, (x + 3)% > 0 and is increasing, so the minimum of fg occurs at x = —3, giving
fo(=3) =4(0) —3=-3.
Range: fg(x) > —3.

- GIAI THICH TIENG VIET
Khi ham f trong ham hop fg c6 mién xac dinh bi gi&i han (vi du f chi xac dinh khi dau vao
> —1), diéu kién “g(z) phai nam trong mién xac dinh cta f” sé tao ra mot rang budéc mdi lén
— day chinh la mién xac dinh cda fg. Sau khi thu gon biéu thirc fg(z), phai xét trén mién xac
dinh d3 bi gidi han nay (chr khong phai toan bd R) dé tim ding mién gia tri.

1.2.3 Inverse functions and their graphs

If fis one-one on its domain, its inverse f~! undoes f: f~!(z) is found by writingy = f(x), swapping
x and y, and solving for 3. The domain of f~! equals the range of f, and the range of f~! equals the
domain of f.

f~1 exists only when f is one-one (often achieved by restricting the domain, e.g. taking = > 0
for a quadratic). The graph of y = f~!(z) is the reflection of the graph of y = f(x) in the line
y = x; consequently f and f~! meet (if at all) only on the line y = z.

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 10
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GIAI THICH TIENG VIET
Ham nguoc =1 chi ton tai khi f 12 ham don anh (one-one) trén mién xac dinh; cach tim: dat
y = f(x), doi vai trdo = <> y, roi giai y theo x. D6 thi cta f~! chinh 13 anh phan chiéu cta d6
thi f qua dudng thang y = z; mién xac dinh cta £~ bing mién gia trj cta f va nguoc lai.

2 1 6

f(z) = 22 +2for x > 0, and its inverse f~1(z) = v/x — 2, are reflections of one another in y = z.

1.2.4 Transformations of graphs
Starting from a known graph y = f(z), several standard transformations produce new graphs.

Translations: y = f(z) + a shifts the graph up by a (down if a < 0); y = f(z — a) shifts it right
by a (left if a < 0).

Stretches: y = af(x) stretches vertically by scale factor a (from the z-axis); y = f(ax) stretches
horizontally by scale factor % (from the y-axis).

Reflections: y = — f(x) reflects in the xz-axis; y = f(—x) reflects in the y-axis.

When transformations are combined, they must be applied in the order the equation builds
them up around f.

- GIAI THICH TIENG VIET
Vai d6 thiy = f(x): cong vao bén ngoai (f(x) + a) la tinh ti€n theo truc y; cdng/trir bén trong
(f(x + a)) 1a tinh tién theo truc x (chi y dau ngugc truc gidc — f(x — a) dich sang phai); nhan
bén ngoai la co gian theo truc y; nhan bén trong la co gian theo truc x (theo ti Ié nghich dao);
dau trir bén ngoai lat qua truc z, dau trir bén trong (d6i x — —=z) lat qua truc y. Khi c6 nhiéu
phép bién dai lién ti€p, phai 4p dung dung th( tw ma biéu thirc xay dung quanh f.

1.2.5 The modulus function

The modulus (absolute value) of z is defined by |z| = z for x > 0 and |z| = —z for x < 0; it is always
> 0.

Thay Twdng 0332747169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 11
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Graph of y = |f(z)|: take the graph of y = f(x) and reflect in the xz-axis any part that lies
below it, leaving the rest unchanged.

Graph of y = f(|z|): keep only the part of y = f(x) for x > 0, then reflect that part in the
y-axis to form the part for z < 0.

Equations: |f(z)| = k (with k£ > 0) is solved via f(z) = kor f(z) = —k; | f(x)
via f(z) = g(z) or f(z) = —g(a).

Inequalities: for k > 0, |z| <k <= —k<az<k,and|z|>k < =< —korz > k.

= |g(x)]| is solved

GIAI THICH TIENG VIET

Tr| tuyét déi || ludn khong am. D6 thiy = |f(x)|: phan n3o cla y = f(z) nam duédi truc hoanh
thi lat 1én trén (phan chiéu qua truc z), phan da & trén gilr nguyén. Phuong trinh |f(z)| = &
(k > 0) tach thanh hai trvong hop f(z) = k hodc f(z) = —k. Bat phuong trinh |z| < k tuong
duong —k < x < k; |z| > k twong duong © < —k hodc z > k.

¥ t t > T

1 1 9 3 4

/1 = N\

The graph of y = |2z — 3|: a V-shape with vertex at (1.5, 0), since the negative portion of y = 2z — 3 is reflected upward.

Vi du mau - Worked example

(a) Solve |22 — 3| = = + 3. (b) Solve |22 — 3| < 5.

(@Case 1: 22 —3=x+3 = x =6 (checkz +3 =9 > 0, valid). Case 2: 2z —3 = —(z + 3) =
2r —3=—-2—3=3x=0= 2 =0(check z + 3 =3 > 0, valid). Solutions: x = 0 or z = 6.
b)-b<2r—-3<5=-2<22<8=—-1<zx<A4

(!) Léi thueng gap: When solving | f(z)| = g(x), always check each solution back in the original
equation: since |f(x)| > 0, any branch that gives g(z) < 0 must be rejected — squaring or
splitting into cases can otherwise introduce extraneous roots.

Vi du mau - Worked example

The graph of y = f(z), where f(z) = 22 — 4 for —3 < x < 3, crosses the z-axis at v = —2
and =z = 2, has a minimum value of —4 at z = 0, and end values f(—3) = f(3) = 5. Sketch
y = | f(x)| and state its range.

The portion of y = f(z) that already lies on or above the z-axis — for —3 < x < —2 and for
2 < x < 3, where f(z) = 22 — 4 rises from 0 up to 5 — is left unchanged. The portion that dips
below the axis — for —2 < = < 2, where f(x) falls from 0 down to —4 and back up to 0 — is
reflected upward in the z-axis, becoming 4 — 22, a “hump” rising from 0 at z = 42 to a peak of
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4atz=0.So
22 —4, —3<zr<—20r2<z<3,
|f(z)| = )
44—z, —2<x<2

Since |f(x)| > 0 everywhere and the largest value reached is at the endpoints (| f(£+3)| = 5,
larger than the reflected peak of 4), the range is 0 < |f(x)| < 5.

- GIAI THICH TIENG VIET
Muén vé db thiy = | f(z)| tir d6 thiy = f(x) da biét: gitr nguyén phan dé thj da nam trén hoic
trén truc hoanh; phan ndo nam dudi truc hoanh thi Iat ngugc Ién trén (phan chiéu qua truc z,
d6i dau gia tri ). Sau khi 1at, toan bd d6 thi mai nam trén hodc trén truc hoanh (| f(z)| > 0);
mién gia tri mai 3 tlr 0 dén gia tri tuyét déi Ién nhat ma do thi gbc tirng dat dugce (du dé la
diém cao nhat hay diém thap nhat ban dau).

1.3 Coordinate geometry

Yo — U1
Lo — Ty
), and the distance is AB = /{2, — 2,02 + (y5 — 1)°.

For two points A(z,y,) and B(z,,y,): the gradient of AB is m =
(351 Ty Y1+ Yo

, the midpoint of AB is

2 ’ 2
1.3.1 Straight lines: gradient, parallel and perpendicular conditions

Two lines with gradients m, and m,, are parallel iff mm, = m,, and perpendicular iff m,;m, = —1.
The line through (z,, vy, ) with gradient m is y — y; = m(x — z).

GIAI THICH TIENG VIET
Hai dudng thang song song khi c6 cling hé s6 géc m, = m.,; vudng géc khi tich hai hé s goc
bang —1: m;m, = —1. Phuong trinh dudng thang qua mét diém véi hé s6 goc cho trudce:
Y=y =m(z — ).

1.3.2 The equation of a circle

A circle with centre (a,b) and radius r has equation (x — a)? + (y — b)? = r?. Expanding gives the
general form 22 + y? + 2gx + 2fy + ¢ = 0, which by completing the square has centre (—g, —f) and
radius \/¢2 + f2 — ¢ (provided ¢ + f2 — ¢ > 0).

Circle in general form 22 + y? + 2gx + 2fy + ¢ = 0: centre (—g, —f), radius r = /g2 + f2 —c.
A tangent to a circle at a point P on the circle is perpendicular to the radius C' P at that point.

GIAI THICH TIENG VIET
Dang tong quat cua dudng tron z2 + y2 + 2gz + 2fy + ¢ = 0 c6 tdm (—g, —f) va ban kinh
Vg% + f2 — c. Ti€p tuyén cua dudng tron tai mot diém P trén dudng tron luén vuéng goc vai
ban kinh néi tam vai P.

(1) Léi thueng gap: When reading off the centre from 22 + 12 + 2gx 4+ 2fy + ¢ = 0, the centre is

(—g,—f),not (g, f) — the sign flips because completing the square produces (z+g)%+(y+f)% =
2 2

g+ rf—c
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Vi du mau - Worked example

Find the equation of the circle with diameter endpoints A(—2,1) and B(4, 7).
Centre = midpoint of AB = (1,4). AB = /62 + 62 = /72 = 6/2, so radius r = 3v/2, r? = 18.

(z—1)2+(y—4)? =18.

10

Circle with diameter A B: centre (1, 4), radius 3v/2.

1.3.3 Geometric problems: tangents, chords, and intersections with lines

Substituting a line’s equation into a circle’s equation gives a quadratic in one variable; exactly the
same discriminant logic as in Section 1.4 tells us whether the line is a secant (two intersection points),
a tangent (one point), or misses the circle entirely.

As a worked illustration: to find the tangent to the circle 22 + y* = 25 at the point (3,4) (which

. . . . . L 44— 4
lies on the circle, since 3% + 42 = 25), first find the gradient of the radius to that point: fo =3

The tangent is perpendicular to the radius, so its gradient is - The tangent line is

y—4=—3(@-3) = 4y—16=-3v+9 = 3v+4y =125

A chord of a circle is a line segment joining two points on the circle; the perpendicular bisector of
any chord always passes through the centre, which gives a useful method for locating an unknown
centre from two points known to lie on the circle.

GIAI THICH TIENG VIET
Muén tim ti€p tuyén cla dudng tron tai mot diém da biét trén dudng tron: tinh hé sé géc ban
kinh néi tdm va&i diém do, roi 13y nghich ddo am dé duoc hé s6 gbc ti€p tuyén (vi ti€p tuyén
vudng goc ban kinh). Budng trung truc ciia mot day cung (chord) luén di qua tdm dudng tron
— tinh chat nay thudng dung dé tim tam khi biét hai diém trén dudng tron.

Vi du miu - Worked example

The circle 22 + y? — 2z — 6y — 159 = 0 has a chord that lies at a perpendicular distance 5 from
the centre. Find the length of the chord.
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ENGLISH

Centre: 2g = -2 = g = —1;2f = —6 = f = —3; centre = (—g,—f) = (1,3). Radius:
=g+ fP—c=1+9—(-159) =169 = r = 13.

The perpendicular from the centre to a chord bisects the chord, so the radius, the perpendicular
distance, and the half-chord form a right-angled triangle:

half-chord = V/r2 — d2 = V132 — 52 = /169 — 25 = V144 = 12.

Chord length = 2 x 12 = 24.

P o

The perpendicular from centre C' to chord PQ bisects it at M; by Pythagoras, half-chord = v/r2 — dZ2, so
PQ =2vr2—d2.

- GIAI THICH TIENG VIET
Khi biét ban kinh r va khoang cach vuéng goc d tir tdm dén mot day cung, duong vudng goc
tlr tdm ludn chia déi day cung tai trung diém M, tao thanh mét tam gidc vuéng véi cac canh
r, d, va ntra day cung. Ap dung dinh Iy Pythagoras: ntra day cung = V72 — d2, nén do dai day
cung = 2vr2 —d2.

1.4 Circular measure

An angle of 6 radians subtends an arc of length s = 70 and a sector of area A = %729 on a circle
of radius r. The area of the corresponding segment (the region between a chord and its arc) is

1r%(6 — sin§), obtained by subtracting the triangle’s area from the sector’s area.

Arc length s = r; sector area A = 1r26; segment area = 1r2(6 — sin6). All formulas require ¢
measured in radians. The perimeter of a sector is 2r + r0; the perimeter of the corresponding
segment is the arc plus the chord, 76 + 2 sin(%).

GIAI THICH TIENG VIET

Luén diing radian (khong phai do) trong cong thirc s = 6 va A = 1r26. Dién tich hinh vién
phan (segment) = dién tich hinh quat (sector) — dién tich tam giac = %ﬂ(e — sinf). Chu
vi hinh quat = 2r + r@ (hai ban kinh céng cung); chu vi hinh vién phan = cung + day cung

=rf + 2rsin(6/2).
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Vi du miu - Worked example

A sector has radius 8 cm and angle 1.2 radians. Find the arc length, the sector area, and the
segment area.

Arc = rf = 8(1.2) = 9.6 cm. Sector area = £(8)%(1.2) = 38.4 cm?. Segment area = 1(64)(1.2—
sin1.2) = 32(1.2 — 0.9320) = 32(0.2680) = 8.57 cm?.

As a further illustration combining perimeter and area: a circle of radius 10 cm has a chord sub-
tending an angle of 1.4 radians at the centre. The perimeter of the minor segment is

rf 4+ 2rsin(4) = 10(1.4) 4+ 20sin(0.7) = 14 + 20(0.6442) = 14 + 12.88 = 26.88 cm (2 d.p.).

Vi du miu - Worked example

A plot of land is bounded by two arcs and two straight edges, forming a sector-shaped ring
with common centre O: the outer arc has radius 15 m, the inner arc has radius 9 m, and both
arcs subtend an angle of 1.4 radians at O. Find (a) the perimeter, and (b) the area, of the plot.

(a) Outer arc = 15(1.4) = 21 m. Inner arc = 9(1.4) = 12.6 m. Each straight edge has length
15 —9 = 6 m, and there are two such edges, contributing 2(6) = 12 m.

Perimeter = 21 4+ 12.6 + 12 = 45.6 m.

(b) The area of the plot is the outer sector’s area minus the inner sector’s area:

5(15)3(1.4) — 5(9)%(1.4) = 5(1.4)[225 — 81] = 0.7(144) = 100.8 m?.

GIAI THICH TIENG VIET

éfi mot hinh dang ghép tlr hai hinh quat déng tam cling géc 6 nhung ban kinh khac nhau (ban
kinh ngoai va ban kinh trong) — tao thanh mét “dai quat” — chu vi gém: cung ngoai + cung
trong + hai canh thang néi hai cung (mdi canh bang hiéu hai ban kinh). Dién tich cta dai quat
bang dién tich hinh quat I6n (ban kinh ngoai) trir dién tich hinh quat nhé (ban kinh trong), cting
chung goc 6.

1.5 Trigonometry

1.5.1 The graphs of sine, cosine, and tangent

y = sinz and y = cosz both have period 360° and range [—1,1]; y = cosx is the graph of
y = sin z translated 90° to the left. y = tan x has period 180°, range R, and vertical asymptotes
at x = 90° + 180°n.

. GIAI THICH TIENG VIET

D6 thi sinz va cos z déu tuan hoan chu ky 360° va c6 mién gia tri [—1, 1]; cos x chinh la sinx
tinh tién sang trai 90°. D6 thi tan z tuan hoan chu ky 180°, mién gia tri la toan bd so thuc, va
c6 cac duong tiém can dirng tai = 90° + 180°n.

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 16



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

: : » x (deg.)
90 18 270 60

—1 +

y = sinz on [0°, 360°], with the roots of 2 sin” z — sinz — 1 = 0 marked.
1.5.2 Exact values and identities

Exact values: sin0° = 0, sin30° = %, sin45° = @, sin60° = @, sin90° = 1, with cosf =
sin(90°—#) giving the corresponding cosine values in reverse order. Two fundamental identities
sinx

o 2
hold for all z: sin“z + cos?xz = 1 and tanz = .
COS

- GIAI THICH TIENG VIET
Can thudc long cac gia tri lwong gidc dic biét tai 0°, 30°, 45°, 60°, 90°. Hai hang dang thirc lwong
. 2 A A e . 2 9 4 __sinz R 2o <
giac co ban luén dang v&i moi z: sin” z +cos*z =1vatanz = coss dung dé rut gon hoac
X
bién doi phuong trinh lugng gidc vé dang chi chira sin hoac chi chira cos.

1.5.3 Transformations of trigonometric graphs

The general translation/stretch rules of Section 2.4; apply directly to trigonometric graphs: for y =
asin(bx) + ¢, the number |a| is the amplitude, 5 is the period, and ¢ shifts the whole graph (its
midline) vertically.

Dashed: y = sinz. Solid: y = 2sin(2z) — 1, with amplitude 2, period 180°, and midline y = —1.

. GIAI THICH TIENG VIET

o

V6iy = asin(bx) + c: |a| 1a bién d6 (amplitude — d6 cao dao dong so vdi dudng gitra), % la
chu ky, va c tinh tién toan bo d6 thi Ién/xudng theo truc y (dwdng gilra ciia dao dong la y = ¢).

1.5.4 Solving trigonometric equations

Solve trig equations by finding a first solution (often using exact values or a calculator), then using the
graph’s period and symmetry to list every solution in the given interval. Equations that are quadratic
in sin z, cos z, or tan x are solved by substitution, exactly as in Section 1.5.
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ENGLISH

Vi du mau - Worked example

Solve 2sin”z —sinz — 1 = 0 for 0° < z < 360°.
lets = sinz: 252 —s—1=(2s+1)(s—1) =0=s=—3o0ors=1s=1=z=90.
s = —% = ¢ = 210°,330°. Solutions: x = 90°,210°, 330°.

Vi du mau - Worked example

Solve sin(2z + 30°) = 0.5 for 0° < = < 180°.
Let # = 2x + 30°; as = ranges over [0°, 180°], f ranges over [30°, 390°].
sind = 0.5 = 0 = 30°,150°, 390° (the last since 390° = 360° + 30° also satisfies sinf = 0.5, and

it lies within the range for 0).
6 — 30°

Converting back viaz =

10=300=2=0%60=150°= 2z =606 = 390° = = = 180°.

Solutions: = = 0°, 60°, 180°.

- GIAI THICH TIENG VIET
Khi phuong trinh lugng giac chira géc kép nhu sin(2z + 30°), dat an phu 6 = 2z + 30° roi d6i

ludn can cla z sang can clta 6 (nhan vai hé s6 goc va cong/trur), gidi phuong trinh lvong giac
—30°

co ban theo # trong mién méi, réi mdi déi nguoc lai theo céng thirc = = . Ludn déi

mién gia tri truwdc khi liét ké nghiém, dé khong bo sét hodc thira nghiém.

1.6 Series and the binomial expansion

1.6.1 Arithmetic progressions

Arithmetic progression (AP): nth term w,, = a + (n — 1)d; sum of the first n terms S, =
g[Qa +(n—1)d] = g(ul +u,,).

GIAI THICH TIENG VIET
Cap s6 cong (AP) tang/giam déu mot lugng d (cong sai) méi budc. S6 hang téng quat u,, =
a+ (n—1)d; tong n sé hang dau S,, = g[2a + (n — 1)d], cling c6 thé viét la trung binh cong

clia s6 hang dau va cudi nhan vaéi n.

Vi du mau - Worked example

An AP has first term 5 and common difference 3. Find S,
Sao = 22[2(5) 4+ 19(3)] = 10(10 + 57) = 670.

1.6.2 Geometric progressions

. . 1—rn
Geometric progression (GP): nth term u,, = ar™~!; sum of the first n terms S, = a(lr)
= {r
(r # 1). If |r| < 1, the series converges and the sum to infinity is S = T a gifr) > 1, S
—Tr

does not exist.
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GIAI THICH TIENG VIET
1—r"
Cap s6 nhan (GP) nhan déu theo ti s6 r (cong boi) méi buéc: u, = ar™ 1, S, = M
—Tr

md&i ton tai (cac so hang ti€n dan vé 0); néu |r| > 1,

. Chi

khi |r| < 1 thi téng v6 han S, = - a
— T
téng vo han khéng hoi tu.

Vi du miu - Worked example

A ball is dropped from a height of 4 m. Each time it hits the ground, it rebounds to 0.6 of the
height from which it fell. Find the total distance the ball travels, assuming it keeps bouncing
forever.

The ball falls 4 m, then bounces up and down repeatedly with successive rebound heights
forming a GP: 4(0.6) = 2.4 m, then 2.4(0.6) = 1.44 m, and so on, with common ratio » = 0.6.
Each rebound height is travelled twice (once up, once down), so the total distance is

24
1-0.6

4+2(2.4+1.44+-~):4+2( >:4+2(6):4+12:16m.

- GIAI THICH TIENG VIET
Trong bai toan thuc t€ nhu qua bong nay, téng quang dudng vé han tinh duwoc nho téng cap
s6 nhanvé han S__ = (Vi |r| < 1, cAc s6 hang nho dan vé 0). Chi y méi dd cao nay lén
déu dugc di qua hai [an (Ién roi xudng) — chi cé cd rai ban dau |3 tinh mot [an.

1.6.3 The binomial expansion

e A0 Y N
For n a positive integer, (a + b)" = ; (T>a b", where (") = m is the number of
ways to choose r objects from n. The general term is (")a""b".

- GIAI THICH TIENG VIET
Trong khai trién nhi thirc (a + b)", s6 hang tong quat la ("")a™ "b", v&i r chay tir 0 dén n;

!
()= ﬁ la s6 cach chon r phan tir tir n phan tir.

Vi du miu - Worked example

Find the coefficient of 22 in the expansion of (2 + x)5.
General term (2)25~"27. For r = 3: ()22 = 10 x 4 = 40.

Vi du mau - Worked example

Find the coefficient of z* in the expansion of (2 — 3x)S.
General term: (°)(2)5"(—3z)". For the term in z*, take r = 4:

(2) (2)2(—3)* = 15 x 4 x 81 = 4860.

Coefficient of z* is 4860.
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- GIAI THICH TIENG VIET
Khi khai trién (a + bz)™ v&i b am (vi du (2 — 32)°), s6 hang téng quat van la (")a" " (bx)", chi
can thay b = —3 va tinh luy thira (—3)" can than (chi y dau: (—3)* = 81 duwong vi s6 mii chan,
con (—3)" sé am néu r [€). Mudn tim hé s clia 2* cu thé, chi can thay r» = k vao s6 hang téng
quat.

1.6.4 Pascal’s triangle and binomial coefficients

The coefficients (") can be read directly from Pascal’s triangle, where each entry is the sum of the
two entries diagonally above it: (") = ("—}) + (".1).

r—1 r

Row of Pascal’s triangle: (), (1), ..., (1)

1 n

n

0 1

1 11

2 1 2 1

31 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

GIAI THICH TIENG VIET
Tam gic Pascal cho ta cac hé s6 () truc ti€p ma khong can tinh giai thira: mbi s6 bang téng
hai s6 & hang trén lién k& né (") = ("—;) + ("")). Hang thir n (dém tir 0) chinh 1a cac hé s6
cta khai trién (a + b)™.

1.6.5 Applications of the binomial expansion

For small z, the first few terms of the binomial expansion of (1 + x)™ give a good numerical approx-
imation, since higher powers of & become very small.

- GIAI THICH TIENG VIET
Khi = rat nho, chi can Iy vai s6 hang dau cda khai trién (1 + z)™ 13 da xap xi t6t gia tri that, vi
cac luy thira cao cta x rat nhé va cé thé bé qua.

1.7 Differentiation

1.7.1 The idea of a derivative
The derivative of f at z is defined as the limit of the gradient of a chord as the two points come

together:
) — fim L&) — f(2)
() = lim . :
2 _ .2 2 2
For f(x) = 2% (+h)”—a” xh}:r LR + h — 2z as h — 0, confirming di(ﬁ) = 2.
x

d - .

Power rule: d—(w”) = nz"! for any real n. Sum rule: the derivative of a sum is the sum of
T

the derivatives, so a polynomial is differentiated term by term.
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GIAI THICH TIENG VIET
Dao ham tai mét diém 13 gidi han ctia hé s6 géc day cung khi hai diém tién sat nhau — day lay
. .. ¢ tomon d . , R
tudng nén tang ctia phép tinh vi phan. Quy tac luy thira: d—(:c”) = nz"!; dao ham cta mét
X

téng bang téng cac dao ham tirng s6 hang.

1.7.2 Tangents and normals
The tangent to y = f(z) at a point has gradient f’(x) at that point; the normal is perpendicular to

the tangent, so its gradient is — (provided f’(z) # 0).

1
f'(z)
Vi du mau - Worked example

Find the equations of the tangent and normal to the curve y = 23 — 22 + 1 at the point where
xz = 1.

Atz =1:y=1—2+1=0,so the pointis (1,0). ;Z—Z = 322 — 2, so at = 1 the gradient is
3—2=1.

Tangent (gradient 1): y —0=1(z — 1) =>y =2 — 1.

Normal (gradient —1): y —0=—-1(z — 1) = y=1—=z.

. GIAI THICH TIENG VIET
Tiép tuyén tai mot diém cé hé sé goc bang dao ham tai diém dé; phap tuyén vuéng goc vai
1
f(z)

ti€p tuyén nén cé hé s6 goéc bang — (nghich d3o am).

1.7.3 Increasing and decreasing functions

f isincreasing on an interval where f’(z) > 0, and decreasing where f’(z) < 0. The boundary
points where f’(z) = 0 are the stationary points.

. . d S .
As an illustration: fory = 2% — 3z, Y = 322 — 3 = 3(x — 1)(z + 1), which is negative for

X
—1 < z < 1; so the function is decreasing on (—1, 1) and increasing for z < —1 or x > 1.
GIAI THICH TIENG VIET

N
Ham s dong bién (tang) trén khoang ma f/(x) > 0, nghich bién (gidm) trén khoang ma f(z) <
0. Ranh gidi gitra cac khoang nay la cac diém durng, noi f/(x) = 0.

1.7.4 Stationary points and their nature

. . d . . . d? . . .
A stationary point has d—y = (; its nature is found from the sign of d—z (positive = minimum, negative
xr xr

= maximum, zero = test further, e.g. with the sign of [ either side).

Vi du mau - Worked example

Find the stationary points of y = 23 — 322 — 9z + 5 and determine their nature.
Yy =322 —62x—9=3x-3)(z+1)=0=2=3,—-1 y =6x—6. Atz =39y =12 >0
(min),y =27 —-27—-27+5=-22. Atz = —1:y" = —-12 < 0(max),y = —1—-3+9+5 = 10.
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. GIAI THICH TIENG VIET

Dao ham bang 0 chi cho di€m dirng — phai xét y” (ho3c d6i dau y’) dé€ biét do 1a cuc dai hay
cuc tiéu.

1.7.5 Connected rates of change

When two quantities are related and both change with time, the chain rule connects their rates:
dA_dA Cdr
dt —dr " dt . . o . o .
As anillustration: a circular ripple has radius increasing at 3 cm/s. When the radius is 10 cm, since
. dA
A = 7r? gives — = 277,
dr

dA dA dr

T = ~ . 2 .
o dr T 2m(10)(3) = 607 ~ 188.5 cm?/s

. GIAI THICH TIENG VIET

Bai toan téc do thay déi lién két: néu hai dai lwong A va r lién hé véi nhau va cung thay déi

dA dAd

theo thai gian ¢, ta dung = % dé néi tdc do thay déi cua dai lwong nay vai dai luong
T
kia.

Vi du mau - Worked example

Air is pumped into a spherical balloon at a constant rate of 150 cm3/s Find the rate of increase
of the radius when the radius is 5 cm. (Volume of a sphere: V = 771'1" 3)

av av dr
e = 4mr?. Here we are given i 150 and want — e , so the chain rule is rearranged:
,

dr dv/dt 150
dt — dV/dr — 4mr?’

dr 150 150 15
Atr=5 2 = = 2 20 0.477 cm/s.
T W T am(25)  100n | 7w cm/s

GIAI THICH TIENG VIET
dVv
Khi dé bai cho tc dé thay déi cha dai lwong “ngoai” (vi du E) va yéu cau tim tc do thay déi

cula dai lwvgng “trong” (vi du flt) ta van dung chudi (%/ = ZV % nhung giai nguoc lai dé cé
dr  dv/dt
dt — dV/dr

1.7.6 Small increments and approximations

. . . . . d
For a small change ¢z in z, the resulting change in y = f(x) is approximately oy ~ d—y ox.
X

d . . .
As an illustration: for y = 2% at x = 2, d—y = 322 = 12, so increasing = by dz = 0.01 gives
xr

Sy ~ 12(0.01) = 0.12 (the exact change is 2.01% — 23 = 0.120601, very close).
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GIAI THICH TIENG VIET

V&i mot thay d6i nho oz trong z, thay déi twong (ing cliay = f(x) c6 thé xap xi bang oy ~ Z—y dx
X
— day la &ng dung dao ham dé wdce lwvong nhanh ma khéng can tinh gia tri chinh xac.

1.8 Integration

1.8.1 Indefinite integration
n+1

Integration reverses differentiation: | z"dz = 1 + C for n # —1, where C is an arbitrary

n
constant of integration (since the derivative of any constant is 0).

n+1
/x” dr = $+ 7 + C (n # —1); integration is term-by-term over a sum, exactly as differenti-
n

ation is.

GIAI THICH TIENG VIET
"
n

Tich phan |a phép toan nguoc cua dao ham: /:Jc" dx = + C (v&in # —1); hang s6 C

n+1
xuat hién vi dao ham ctia mét hang sé bat ky déu bang 0, nén khéng thé xac dinh C néu chi
biét dao ham.

1.8.2 Finding a curve from its gradient function

dy . . . . .
If &Y is known together with one point on the curve, integrate to find y in terms of z and C, then

X
substitute the known point to find C.

. . d .
As an illustration: a curve has d—y = 322 —4 and passes through (1,2). Integrating, y = 23 —42+C;

X
substitutingz =1,y =2gives1 —4+C =2=C =550y = 2> — 4z + 5.
GIAI THICH TIENG VIET

¢ A o dYy e s e e e S R
Néu biét dao ham d—y va mot diém nam trén dudong cong, ta lay tich phan dé duoc y theo = va

X
hang s C, sau d6 thay toa do diém da biét vao dé tim C.

1.8.3 Finding a curve from its second derivative
d?y . . . . d . . . . . .
If d—g is known, integrating once gives d—y (with a constant of integration), and integrating again
X X
gives y (with a second, generally different, constant). Two independent pieces of information — such

as a point on the curve and the gradient at a point — are needed to pin down both constants.
. d?y . dy .
Given proie h(z): integrate once to get i h(z) dz + A; use a known gradient to find A.
. d .
Integrate again to get y = / (d—y> dx + B; use a known point on the curve to find B.
X

GIAI THICH TIENG VIET
e d
Néu biét dao ham cap hai d—‘z ta |y tich phan hai lan lién tiép: [an dau ra d—y kém hang s6 A
i X
(dung hé s gbc da biét tai mot diém dé tim A); [an thd hai ra y kém hang s6 B (dung toa do
mot diém da biét trén dudng cong dé tim B). Can hai dir kién déc lap (mét vé hé s6 goc, mot
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vé diém) dé xac dinh day da ca hai hang sé.

Vi du miu - Worked example

. d? . S .
A curve is such that d—g = 6z — 4. At the point (1, 3) on the curve, the gradient is 5. Find the
x

equation of the curve.

d .

Integrate once: d—y =322 —4r+ A Atz =1, gradient=5:3—-44+A4A=5= A = 6,50
X

d

—y:3x2—4x—|—6.

X

Integrate again: y = 2% — 222 + 62 + B. At (1,3): 1 -2+ 6+ B=3= B=—

Equation of the curve: y = 2% — 222 + 62 — 2

(Check: y =322 —4x+6,50y' (1) =3—4+6=5v;y " =6r—4v;y(l)=1—-2+6—2=3
V')

1.8.4 Definite integrals and the area under a curve

/ f(z) dx gives the signed area between the curve y = f(x) and the z-axis, from z = a to x = b:

positive where the curve is above the axis, negative where it is below.

Vi du mau - Worked example

Find the area enclosed between the curve y = 42 — 22 and the z-axis.
Roots: (4 —z) =0= 2 =0,4.

4 4
/ (4 — 22)dx = [2&_%”}0_32_7_%‘
0

1.8.5 Regions that dip below the z-axis

. GIAI THICH TIENG VIET

Khi tinh dién tich bang tich phan, néu dudng cong nam duéi truc hoanh trén mét doan, tich
phan trén doan dé ra am; mudn co dién tich that phai |3y tri tuyét déi chia tirng phan réi cong
lai, ch&r khéng dugc cong truc tiép cac tich phan cé dau khac nhau.

(1) L6i thueng gdp: Do not assume / f(z)dx is automatically the area you want. If f(z)

changes sign on [a, b], split the mterval at the roots, evaluate each piece separately, take the
absolute value of any negative piece, and only then add the pieces together to get the total
enclosed area.

1.8.6 Area between two curves

The area of the region enclosed between two curves y = f(z) and y = g(x), between their points
of intersection x = p and = = ¢ (with f(x) > g(x) on [p, q]), is

/ (@) — gle)] da.
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Vi du miu - Worked example

Find the area of the region enclosed between the curve y = 22 and the line y = 2.

Intersections: 22 = 2z = x(x —2) = 0 = z = 0,2. On (0, 2) the line is above the curve (e.g. at
z = 1: line = 2, curve = 1).

GIAI THICH TIENG VIET
Dién tich gilra hai dudng cong bang tich phan ctia (dudng trén trir dudng dudi) trén doan gilra
hai giao diém — ludn xac dinh trudc xem dudng ndo nam trén trong doan dang xét bang cach
thir mét gia tri x & gilra.

Practice bank

Bai tap luyén tap

For which value(s) of k does kz? + 8z + k = 0 have equal roots?

(A) &k =4only (C) k= —4only
(B) k=44 (D) k=0

Loi giai chi tiét

-

Equal roots = A = 0: 64 —4k?> = 0 = k? = 16 = k = +4. (B).

Bai tap luyén tap

Solve the inequality 22 — 5z + 6 < 0.

(A) z<2o0rxz>3 (C) x<—20rz>-3
(B) 2<2<3 (D) 3<ax< -2

Loi giai chi tiét

Factorise: 2 — 5z + 6 = (z — 2)(x — 3), roots 2, 3. The parabola opens upward, so it is < 0
between the roots: 2 < z < 3. (B).

Bai tap luyén tap

Find the range of values of k for which the line y = kxz — 4 does not intersect the curve
y=x%+2x+7.

Lai giai chi tiét

Substitute: 22 + 2z +7 = kr — 4 = 22 + (2 — k)x + 11 = 0. No intersection requires
A<0 2-k2-4<0= (2—k? <44 = —2V11 < 2—k < 2y/11. Rearranging:
2-2V11 <k <2+ 2vI1L
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Bai tap luyén tap

Solve z* — 522 +4 = 0.

Loi giai chi tiét
letu = 2% w? —bSu+4=(u—1Nu—4)=0=>u=1oru=4 u=1= =+l
u =4 = x = +2. Solutions: v = —2,—1,1, 2.

Bai tap luyén tap

_31‘+2
oz —1

T+ 2 3z +2
C
x—3 © r+1

z— 2 z+3
D
z+3 ( )w—2

f(z) ,z # 1. Find f~1(z).

(B)

Loi giai chi tiet
45

2
:>y(:1c—1):3x+2:>x(y—3):y+2:>x:z—t3. So [ (x) = =

3z +2

r—1

y Y}

Bai tap luyén tap

f(x) = /5 — 2z for real x. State the domain and range of f.

(A) = <25, f(z) >0 (C) z <25, f(z) <0
(B) = > 2.5, f(z) >0 (D) all real z, f(z) >0

Loi giai chi tiét

-

Need 5 — 2z > 0 = z < 2.5. Since a square root is never negative, f(x) > 0. (A).

Bai tap luyén tap

The graph of y = f(x) is transformed to give y = f(x + 2) — 3. Describe fully the geometric
transformation.

(A) Translation by (~3) (C) Translation by ()
(B) Translation by (2, (D) Stretch, factor 2, then down 3

-3

Loi giai chi tiét

-

f(z + 2) shifts the graph 2 units in the negative z-direction; then —3 shifts it 3 units in the
negative y-direction. This is a translation by the vector (:g) (A).

Bai tap luyén tap

Solve |3z — 2| = |z + 4].
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Loi giai chi tiét

Casel:3z—2=z+4=>2z=6=c=3Case2:3z—2=—(z+4) > 4o =-2=z=—1.
1
55 3.
9

Check: z = 3: |7| = |7| v. © =—1:]-3.5| =[3.5| . Solutions: 2 = —

Bai tap luyén tap

[, : 3x—4y+8 = 0. Line [, passes through (4, —1) and is perpendicular to ;. Find the equation
of [,.

(A) 4z + 3y =13 (C) 42 — 3y =13
(B) 3z +4y =13 (D) 42 +3y =7

Loi giai chi tiet

Gradientof ;: y = 32 +2=m; = 2,s0my = —3. Line: y+1=—3(z—4) = 3y+3 =
—4x + 16 = 4x + 3y = 13. (A).

Bai tap luyén tap

Find the distance AB and the midpoint of AB, where A(—3,2) and B(5,—4).

(A) AB = 10, midpoint (1,—1) (C) AB = 10, midpoint (2,—3)
(B) AB = 8, midpoint (1,—1) (D) AB =12, midpoint (1,—1)

Loi giai chi tiét
AB =

(

Bai tap luyén tap

|

ol &

dL

)

N cn
l\’)||

=~ —~
~

I

—3))2+ (—4—2)2 = /82 +(—6)2 = /64 +36 = /100 = 10. Midpoint =
(1,—1). (A).

Find the centre and radius of the circle 2% 4 y? — 6z + 4y — 3 = 0.

(A) centre (3,—2),r =4 (C) centre (3,-2), 7 = 16
(B) centre (—3,2),r =4 (D) centre (6, —4),r = 4

Loi giai chi tiét

Complete the square: (22 —6x) + (y> +4y) =3 = (x —3)2 -9+ (y+2)?—4 =3 =
(z —3)2 + (y + 2)? = 16. Centre (3, —2), radius v/16 = 4. (A).

Bai tap luyén tap

The line y = = + 1 meets the circle 2 4+ y? = 13 at points A and B. Find the length of AB.

Loi giai chi tiét
Substitute: 22 + (z +1)2 =13 =222 +22 - 12=0=22+2—-6=0= (2 +3)(z —2) =
0 = z = —3,2. Points: (—3,—2) and (2,3). AB=+/(2—(-3))2+(3—(-2))2=v25+25 =
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V50 = 5v/2.

Bai tap luyén tap

A sector of radius 6 cm has perimeter 22 cm. Find its area.

(A) 30 cm? (C) 36 cm?
(B) 22 cm? (D) 15 cm?

Loi giai chi tiét

(P:)rimeter =2r+70=22=12460 = 0 = L = 5 rad. Area = 1r?0 = 1(36) (3) = 30 cm?,

Bai tap luyén tap

A sector of radius 5 cm has angle 2 radians. Find the area of the corresponding segment,
correct to 3 significant figures.

Loi giai chi tiét

Segmentarea = r?(f—sin6) = $(25)(2—sin2) = 12.5(2—0.9093) = 12.5(1.0907) = 13.6 cm?
(3 s.f.).

Bai tap luyén tap

A chord of a circle of radius 8 cm subtends an angle of 1.5 radians at the centre. Find the
perimeter of the minor segment, correct to 3 significant figures.

(A) 22.9 cm (C) 20.9cm
(B) 12.0 cm (D) 10.9cm

Loi giai chi tiét
Arc = rf = 8(1.5) = 12 cm. Chord = 2rsin(6/2) = 165sin(0.75) = 16(0.6816) = 10.906 cm.
Perimeter = 12 + 10.906 = 22.9 cm (3 s.f.). (A).

Bai tap luyén tap

Solve 2cos? z + 3sinxz = 3 for 0° < z < 360°.

Loi giai chi tiet

Use cos?z = 1 — sin” a: 2(1 —sin2z) +3sinz=3= —2sin"z+3sinz—1=0=2sin"z—
3sinz 4+ 1 = 0. Factorise: (2sinz — 1)(sinz —1) = 0 = sinz =  orsinz = 1. sinz = 1 =
z = 30°,150°%; sinz = 1 = x = 90°. Solutions: z = 30°, 90°, 150°.

Bai tap luyén tap

Find the exact value of cos 300°.
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(A) (©) £
(B8) (D) 3

Loi giai chi tiét

-

300° = 360° — 60°, and cosine is positive in the fourth quadrant: cos 300° = cos 60° = % (A).

Bai tap luyén tap

Solve tan® z — (1 + v/3)tanz + /3 = 0 for 0° < z < 360°.

Loi giai chi tiét

Factorise: (tanz —1)(tanz —+/3) =0 = tanz = 1l ortanz = /3. tanz = 1 = x = 45°, 225".
tanz = v/3 = x = 60°, 240°. Solutions: = = 45°, 60°, 225°, 240°.

Bai tap luyén tap

The curve y = asin(bz) (with a > 0, b > 0) has amplitude 4 and period 180°. Find the value of
a and of b.

(A) a=4,b=2 Ca=4b=1
, b= (D) a =180, b=4

—
=
IS
Il
[\)
o>
|
o

Loi giai chi tiet

-
o

. . . 360
Amplitude is |a|, s0 a = 4. Period = =180° = b = 2. (A).

Bai tap luyén tap

The 5th term of an AP is 23 and the 12th term is 51. Find the first term a and common difference

I&

Loi giai chi tiét
us = a+4d = 23; u,, = a+11d = 51. Subtracting: 7d =28 = d =4. Thena =23 —-4(4) = 7.

Bai tap luyén tap

A GP has first term 4 and 4th term 32. Find the common ratio and the sum of the first 6 terms.

(A) r = 2,5, =252 (C) r=8,5; =252
(B) r =2,5, = 126 (D) r = 2,5, =508

Loi giai chi tiét

4(26 —1)

u=ar?=32=4"=32=r3=8=r=2. S;= 51

= 4(63) = 252. (A).
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Bai tap luyén tap
Find the sum to infinity of the geometric series 12 — 4 + % —

(A) 9 (C) 16
(B) 8 (D) 12

Loi giai chi tiet

-

S

|
—_
&
<

|

|
|
|
B

= —2%,and |r| < 150 5 exists: S, = = =

Bai tap luyén tap

Use the binomial expansion of (1 + z)® up to and including the term in 22 to estimate 1.02°.

Loi giai chi tiét

(14 2)° ~ 1 4 5z + 1022 With z = 0.02: 1+ 5(0.02) + 10(0.02)2 = 1 + 0.1 + 0.004 = 1.104.
(The true value is 1.02° = 1.10408 ..., so the approximation is accurate to 3 d.p.)

Bai tap luyén tap
Find the equation of the normal to the curve y = 22 — 3z + 5 at the point where = = 2.

(A) 2 +y=5 C z+y=1
(B) z —y=5 (D) y=x+5

Loi giai chi tiét

y = 2x —3; at x = 2, gradient = 1, and y(2) = 4 — 6 + 5 = 3, giving point (2,3). Normal
gradient=—1. Normal: y —3=—1(z —2) = y=—z+ 5=z +y = 5. (A).

Bai tap luyén tap

Find and classify the stationary points of y = 223 — 322 — 122 + 5.

Loi giai chi tiet

y =622 —6r—12 = 6(x —2)(x+1) =0 =2 =2,—-1. 3y =122 —6. Atz = 2
y” = 18 > 0 (minimum), y = 16 — 12 —24 + 5 = —15. Atz = —1: ¢y’ = —18 < 0 (maximum),
y=—2—3+12+ 5= 12. Minimum (2, —15); maximum (—1, 12).

Bai tap luyén tap
Find the range of values of = for which y = 23 — 3« is a decreasing function.

A) —1<z<1 Co<z<1
(B) x<—lorz>1 (D) -1<z<0
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Loi giai chi tiét

y' = 32? —3 = 3(x — 1)(z + 1). This is negative between the roots: —1 < z < 1. (A).

Bai tap luyén tap

A spherical balloon is inflated so that its radius increases at a constant rate of 0.5 cm/s. Find

the rate of increase of its volume when the radius is 6 cm. (Volume of a sphere: V = %wr?’.)

Loi giai chi tiét

awv. ., dv.dv dr . o
C‘ll{} = 4mr®. By the connected-rates chain, priialr ek i 47r(0.5) = 27r°. Atr = 6:

—= 27(36) = 727 ~ 226 cm3/s.

Bai tap luyén tap

The curve y = 22 — 4z + 3 meets the z-axis at 2 = 1, 3. Find the total area enclosed between
the curve and the z-axis for 0 < z < 3.

) (©) g

(B) 0 @

Loi giai chi tiét

[yde = % — 22 + 3z. On [0, 1] (curve above axis): value = £ —2+3 = 4. On [1,3] (curve
3

below axis): [%3 — 222 + 33:] L= (9—18+49) — 3 = —3, so this piece contributes area 3. Total

area= 3+ 3 = 5. (A).

Bai tap luyén tap

Find the area of the region enclosed between the curve y = 22 and the line y = z + 2.

9 9
(A) 3 (C) 1
(B) 3 (D) 6

Loi giai chi tiét
Intersections: 22 =2 +2=22—2—-2=0= (z—2)(z+1) =0 = 2 = —1,2. On (-1, 2) the
line is above the curve.

2
[ la+a-de=[5+22-5]" =9 (-}

~—

I
‘l\')
(e}

+

[eIEN]

I
‘l\:»
3J

I
N[

(A).
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Bai tap luyén tap

A curve has gradient function ;Z_y = 4x — 3 and passes through the point (2,5). Find the
XL

equation of the curve.

(A) y=22> -3z +3 (C) y=42%2—-3z—3

(B) y=222—3x+5 (D) y =222 -3z —3

Loi giai chi tiet

y:/(4x—3)d$:2x2—3$+0. Atz =2:8—6+C =5= C =3.Soy = 22%—3x+3. (A).

Bai tap luyén tap
Find the range of values of k for which 22 + kx + 9 = 0 has two distinct real roots.

(A) 6<k<6 (C) k=46
(B) k< —6o0ork>6 (D) all real &

Loi giai chi tiét

Two distinct real roots require A > 0: k2 —4(1)(9) > 0= k> —36 >0 = k%> > 36 = k < —6
or k > 6. (B).

Bai tap luyén tap

2 1
Solve the inequality < +2 <3.
x —

Loi giai chi tiet

-

. . . . . . 1
Bring everything to one side (never cross-multiply by an expression of unknown sign): x +2 —
x —
2 1— —2 = ...
3<0=> el e ) <0= 7—; < 0. Critical values: =z = 2 (excluded, undefined)

r—2 T —
and z = 7 (included, equality). Testing: z = 0 = _12 < 0 (satisfies); z = 5 = % > 0 (fails);

x =8 = = <0 (satisfies). Solution: z < 2 orz > 7.

Bai tap luyén tap

’_\I

_ _ i =il
h(z) = 273 forz # —3. Find A" (x).
A) 1—3x (€ 1+ 3x
1
(B) 5—#3 (D) z —3
[P i |
1 1 1 1— 3y 1— 3z
= =1 = — = ——3= . -1 = . (A).
y m+3:>y(:13+3) =z+3 y:>x , 3 , So h1(x) (A)
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Bai tap luyén tap

The functions f and g are defined by f(z) = (z — 2)? + 1 for x > 2, and g(z) = 3z — 1 for
x € R. Find the range of the composite function fg.

Loi giai chi tiét
Since f requires its input > 2, we need g(z) > 2: 3z —1 > 2 = x > 1, so fg has domain = > 1.
fg(z) = f(B8z —1) = [(3z — 1)—2]2+1 =Bz —3)2+1=9(x—1)%+1. Forz > 1thisis
minimised at = 1, giving fg(1) = 1, and increases thereafter. Range: fg(x) > 1.

Bai tap luyén tap

Find the equation of the line through the points (2,5) and (6, —3).

(A) 22 +y=9 (C) 22—y=9
(B) z +2y=9 (D) y=2x+9

Loi giai chi tiét

Gradient = —>—° :%8:—2. Line: y—5=—2z—2)=y=—20+9=2z+y=09.(A).

Bai tap luyén tap

o
|
DO

The circle C has equation 22 + 32 — 42 + 6y — 12 = 0. Find the centre and radius of C, and
determine whether the point (5, 1) lies inside, on, or outside the circle.

Lai giai chi tiét

29=—4=9g=-2;2f=6= f =3;centre = (—g,—f) = (2,—3). Radius = \/¢g? + f2 —c =
VA+9+12 = /25 = 5. Distance from the centre to (5,1): /(5—2)2 + (1 — (=3))2 =
V9 + 16 = /25 = 5, equal to the radius, so (5, 1) lies on the circle.

-

Bai tap luyén tap

A sector has area 60 cm? and radius 8 cm. Find its angle in radians.

(A) 1.875 rad (C) 3.75 rad
(B) 0.9375 rad (D) 15 rad

Loi giai chi tiet

-

Area = 1?0 = 60 = 3(64)0 = 320 = § = g—g = 1.875 rad. (A).

Bai tap luyén tap

A sector OAB has radius 6 cm and angle 1.3 radians. Find the perimeter of the segment cut
off by the chord AB (i.e. arc AB plus chord AB), correct to 3 significant figures.
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Loi giai chi tiét

Arc = r = 6(1.3) = 7.8 cm. Chord = 2rsin(6/2) = 12sin(0.65) = 12(0.6052) = 7.263 cm (4
s.f.). Perimeter = 7.8 + 7.263 = 15.063 ~ 15.1 cm (3 s.f.).

Bai tap luyén tap

Solve cosz = —0.5 for 0° < 2 < 360°, and find the sum of all solutions.

(A) 360° (C) 240°
(B) 300° (D) 480°

Loi giai chi tiet

cosrz = —0.5 = x = 120°,240° (cosine is negative in the second and third quadrants). Sum
= 120° + 240° = 360°. (A).

Bai tap luyén tap

Solve 2 cos(z — 60°) = /3 for 0° < = < 360°.

Lai giai chi tiét

-

|3

cos(x — 60°) =

V3

cosf = 5 = 0 = +30° within this range, i.e. § = —30°or 8 = 30°. z = 0 + 60°: § = —30° =
x = 30° 0 = 30° = z = 90°. Solutions: x = 30°,90°.

. Let @ = x — 60°; as x ranges over [0°,360°], # ranges over [—60°, 300°].

Bai tap luyén tap

Find the number of terms in the arithmetic progression 5,9, 13, ..., 153.

(A) 38 (C) 39
(B) 37 (D) 40

Loi giai chi tiét

-

u,=5+(n—1)4)=153=(n—1)(4) =148 = n—1 =37 = n = 38. (A).

Bai tap luyén tap

Find the coefficient of 22 in the expansion of (1 — 2z)".
(A) —280 (C) —560
(B) 280 (D) —35

Loi giai chi tiet

General term (7)(1)™"(—2x)". For r = 3: (£)(—2)® = 35 x (—8) = —280. (A).
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Bai tap luyén tap

Find the equation of the tangent to the curve y = 222 — 5z + 1 at the point where z = —1.

Loi giai chi tiet

_ d
Atz =—1:y=2(-1)3=5(=1)+1=—2+5+ 1 = 4, so the point is (—1,4). d—i = 622 — 5;
atz=—-1:6(1)—5=1.Tangent: y—4 =1(x — (—1)) = y =z + 5.

Bai tap luyén tap

3
Evaluate/ (322 — 2z) dx.
1

(A) 18 (C) 20
(B) 16 (D) 24

Loi giai chi tiét

/(3x2—2x)d:1;=x3—x2. [x?’—a;?r:(27—9)—(1—1):18—0:18. (A).
1

Bai tap luyén tap
Find the equation of the perpendicular bisector of the segment joining A(—4,—1) and B(2, 7).

(A) 3z +4y =9 (C) 32 —4y =9
(B) 4z +3y =9 (D) 42 — 3y =9

Loi giai chi tiét

AL A T—(=D) 8 _ 4

2 72 2—(—4) 6 3
perpendicular bisector has gradient —Z. Equation: y—3 = —%(:):Jr 1)=4y—12=-3z-3 =
3z + 4y = 9. (A).

Midpoint of AB = ( ) = (—1,3). Gradient of AB =

Bai tap luyén tap

Find the area enclosed between the curve y = 6z — 22 — 8 and the z-axis.

Loi giai chi tiét

Roots: — (22 — 62 +8) =0 = (z — 2)(z —4) = 0 = x = 2, 4; the curve is positive between
them.

/4(61‘—902—8) de = [3:62_%3_895] = (48— % _32)— (12— 8 —16) = (—L8)—(-2) = &,
2

4
Area = —.
3
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Bai tap luyén tap

Find the exact value of tan 135°.

(A) —1 (C) —v3
(B) 1 (D) \f

Loi giai chi tiét

135° = 180° — 45°, and tangent is negative in the second quadrant: tan135° = —tan45° = —1.
(A).

On tap nhanh: 1uén kiém tra lai nghiém khi gidi phuong trinh chira tri tuyét déi hodc cin; dung
A dé xét vi tri twong doi gitra dudng thing va dudng cong (cit/tiép xic/khong cat); nhé doi
sang radian khi dung cong thirc cung va dién tich hinh quat; khi tinh dién tich bang tich phan
ma do thj déi dau, phai tach doan va |y trj tuyét déi tirng phan trudc khi cong.
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Pure Mathematics --- Further Pure

Muc tiéu Unit: Dai s6 nang cao (dinh ly nhan ttr/dinh ly s6 du, chia da thirc, phan thirc t6i gian véi mau
13 nhan tr bac nhat phan biét/13p/tam thirc vo nghiém, phan thirc khéng chinh quy), ham sé mi-logarit
(quy tic log, giai phuong trinh mii-log, tuyén tinh hoa dir liéu), lwong gidc nang cao (sec, cosec, cot,
cbng thirc cong, cong thirc nhan déi, dang R sin(x + «)), dao ham-tich phan nang cao (dao ham an, dao
ham tham s6, tich phan tirng phan, déi bién, phan thirc téi gian), va gidi phuong trinh bang phuong phap
s6 (Cambridge 9709, Paper 2/3).

2.1 Algebra: the factor theorem, remainder theorem and partial fractions

2.1.1 The factor theorem and the remainder theorem

For a polynomial f(x), the factor theorem states that (x —a) is a factor of f(x) if and only if f(a) = 0.
This is the standard tool for factorising cubics and quartics once one root is known or can be guessed
by testing divisors of the constant term.

The remainder theorem generalises this idea: when f(z) is divided by (x — a), the remainder
is the constant f(a) (since f(z) = (x — a)q(z) + f(a), and substituting = = « kills the (z — a)q(x)
term). More generally, when f(z) is divided by (az + b), the remainder is f(—2) — this lets us find a
remainder without carrying out any division at all, simply by evaluating f at the root of the divisor.

Factor theorem: f(a) =0 <= (x — a) is a factor of f(x).
Remainder theorem: dividing f(x) by (z — a) leaves remainder f(a); dividing by (ax +b) leaves

remainder f(—Z).

- GIAI THICH TIENG VIET
Dinh ly nhan t& (factor theorem): f(a) = 0 = (z —a) la nhan t&r cta f(z) — dung d€ phan tich
da thic bac 3 trd 1én khi da biét hodc doan dugc mot nghiém (thudng 1a uwédce ctia hé sé tu do).
Dinh ly s6 du (remainder theorem): s6 du khi chia f(z) cho (z — a) chinh 1 f(a); khi chia cho
(ax +b), s6 du la f(—b/a) — nghia la khéng can thuc hién phép chia, chi can thay gia trj lam
triét tiéu biéu thirc chia vao f(z).

2.1.2 Polynomial division

Once a linear (or higher-degree) factor is identified, polynomial long division (or synthetic/inspection
division by comparing coefficients) reduces the degree of the polynomial by that amount, exposing
the remaining factor(s). This is essential preparation both for full factorisation and for partial frac-
tions when the algebraic fraction is improper.

Vi du mau - Worked example

(a) Factorise completely f(x) = 23 — 722 + 14x — 8, given that (z — 1) is a factor.
f(1) =1—7+14—8 = 0, confirming (x — 1) is a factor. Dividing: f(z) = (z—1)(2?> —6x+8) =
(x—1)(x—2)(z —4).
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(b) Find the remainder when f(z) = 223 + 322 — 5z + 1 is divided by (i) (z — 2) and (ii) (2z + 1),
without performing full division.

(i) By the remainder theorem, the remainderis f(2) =2(8)+3(4)—10+1 = 16+12—10+1 = 19.
(i) The root of 2241 = 0is x = —1, so the remainderis f(—1) = 2(—%)+3(3) —5(-1)+1 =
—iti+5+1=4

,
N
I
.

Vi du mau - Worked example

Factorise completely f(z) = z* — 52% + 522 4+ 5z — 6, given that (z — 1) and (z + 1) are both
factors.

f(l)=1-5+5+5—-6=0and f(—1) =1+5+5—5—6 =0, confirming both factors, so
(x —1)(x + 1) = 2% — 1 is a factor of f(z). Dividing:

xt — 523 + 522 + 5x — 6 = (22 — 1) (2% — 5z +6) = (22 — 1)(x — 2)(x — 3).

So f(z) = (z —1)(x + 1)(z — 2)(z — 3), a product of four distinct linear factors.

Vi du miu - Worked example

The polynomial f(z) = 2® + pz? — 5z + g has (z + 2) as a factor, and leaves a remainder of 12
when divided by (x — 1). Find the values of p and ¢, and hence factorise f(z) completely.
Since (z + 2) isa factor, f(—2) =0: -8 +4p+10+qg=0=4p+q=—2.

By the remainder theorem, f(1) =12: 1+ p—5+4+¢=12= p+ q = 16.

Subtracting the first equation from four times the second (or solving directly), 3p = —2 — 16 =
—18 = p = —6,and then ¢ = 16 — (—6) = 22.

So f(z) = x3 — 622 — 5z + 22. Dividing by (z + 2) gives f(z) = (z + 2)(2? — 8z + 11); the
quadratic factor has discriminant 64 — 44 = 20 > 0 but is not a perfect square, so it does not
factorise further over the rationals.

- GIAI THICH TIENG VIET
Khi dé bai cho déng thai mot diéu kién nhan tir (f(a) = 0) va mot diéu kién s6 du (f(b) = gia
tri cho trudc), hay viét ca hai phuong trinh theo cac hé sé chua biét, gidi hé phwong trinh bac
nhat dé€ tim chang, réi maéi thuc hién phép chia da thirc dé phan tich nhan tir hoan toan.

2.1.3 Partial fractions: distinct linear factors

N(x)
D(z)

factors can be split into a sum of simpler fractions:

A rational function (with deg N < deg D) whose denominator factorises into distinct linear

N(x) A B
(r—a)(z—b) xz—a x—0b

Multiplying both sides by the denominator and substituting z = a (which eliminates B) and z = b
(which eliminates A) gives the constants directly — the “cover-up” method.
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Vi du miu - Worked example

z+1
Express ————————— in partial fractions.

Press )@ +3 P
7x+1:A(x+3)+B(a:—2).Leta::2:15:5A:>A:3.Letm:—3:—20:—5B:>B:4.
Tr+1 3 4

= +

(z—2)(x+3) x—2 x+3

WGMHHKHﬂmGwﬁ
Dinh ly nhan tir (factor theorem): f(a) = 0 = (x — a) la nhan t&r cla f(z) — dung dé€ phan tich
da thirc bac 3 tré [én. Khi tach phan thirc toi gidn vai cdc nhan tlr bac nhat phan biét, nhan
chéo (khir mau) roi thé gia tri = triét tiéu mét nhan tlr dé tim nhanh tirng hang s6 A, B.

2.1.4 Partial fractions: repeated linear factors

. . . A .
When a linear factor is repeated, e.g. (z —a)?, a single term is not general enough, because the
x a

numerator of the combined fraction would only ever be linear in = — a. The correct decomposition
includes one term for every power up to the repeat:
N(x) A B N(x) A B C

2:x—a+(x—a)2’ (x—a)Q(x—b):x—a+(:n—a)2+:v—b'

(z —a)

Substituting = = a finds B directly (as before); substituting = b finds C; the remaining constant A
is usually found by comparing coefficients of the highest power of z, or by substituting a convenient
further value such as z = 0.

2.1.5 Partial fractions: an irreducible quadratic factor

If the denominator contains a quadratic factor that cannot be factorised over the reals (no real roots,
i.e. negative discriminant), the numerator placed over it must be a general linear expression Bx + C,

not just a constant:
N(x) A Bx+C

(x—a)(x2+b) x—a 22+0b°

Substituting = = a gives A immediately; B and C are then found by comparing coefficients of 22 and
the constant term (or by substituting two further convenient values of z).

Vi du mau - Worked example

2 +3x—7
(z—2)*(z+1)

(a) Express in partial fractions.

2 +3x—T A B C
r|e<$_2)2(x+1) x_2+(x_2>2+x+1,sox +3z—7 (z—2)(z+1)+ Bz +
1)+ C(z —2)%

r=23=3B=B=1 z=-1:-9=9C = C = —1. Comparing z? coefficients:
1=A+C=A=2.

22 +3x—7 2 1 1

(x —2)2(z+1) x—2+(:n—2)2_x+1'

242+ 7

(b) Express TSR

in partial fractions.
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oo A Bz +C
Write it as 1+ 214,sox2+2x+7:A(x2+4)+(Bx+C)(x—1).a;zl: 10 =54 =
x — x

A = 2. Comparing 2>: 1 = A+ B = B = —1. Comparing constants: 7 = 44 —C = 7 =
8§—C=C=1.

242047 2 1—=z

(x —1)(22+4) :U—1+x2—|—4'

GIAI THICH TIENG VIET

R T e e e A B A
Khi mau s6 c6 nhan tir bac nhat 1ap (z — a)?, phai viét du hai s6 hang + ( 2 (khong
r —a r—a
chi mét s6 hang). Khi mau s6 c6 nhan tir tam thirc bac hai vé nghiém (2% + b), tIr s6 tuong
(rng phai 12 biéu thirc bac nhat téng quat Bz + C chir khdng phai chi mét hang s6 — day 13 16i
rat hay gap. Sau khi thé cac gia tri = triét tiéu nhan tir, ding so sanh hé sé cua z2? va hé sé tu
do dé tim cac hang s6 con lai.

2.1.6 Improper algebraic fractions

. N(x). . . . .
A fraction DEJ;)) is improper when deg N > deg D. Partial fractions can only be applied to a proper
X

fraction, so the first step is always to divide out: N(xz) = Q(z)D(x) + R(x) with deg R < deg D,
giving

N(z) _ R(z)
after which the remainder term D(x) (now proper) is split into partial fractions as usual.
T

Vi du mau - Worked example

223 + 322 —3x + 2
2 —1
Since the numerator has degree 3 > 2 = deg(z? — 1), divide first:

Express

in partial fractions.

203 4+ 322 =32+ 2= (22 +3)(2®> — 1) + (—z + 5),

223 + 322 — 3z + 2 —z+5 . —z+5 A B
SO =2 3 — . Writin = :
21 T T )y T L T ) a—1  wtd
r=1gives4=2A= A=2;2x=—-1gives6 =—2B= B=—-3.
23 + 322 — 3z + 2 2 3
=92 3 — .
2 —1 vt +a:—1 z+1

(1) L6i thuong gap: Never split an improper fraction (deg N > deg D) straight into partial frac-
tions — divide first. A quadratic denominator factor with no real roots (check the discriminant)
needs a linear numerator Bz + C over it, never a bare constant.

2.2 Logarithmic and exponential functions
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2.2.1 Laws of logarithms and solving exponential equations

Inz and e” are inverse functions, as are log, = and a” for any base a > 0, a # 1. The laws of
logarithms follow directly from the laws of indices:

log(ab) = log a+logb, Iog(%) = loga—logb, log(a™) = nloga, log,a =1, log,1=0.

To solve an exponential equation a® = b, take logarithms (any consistent base, usually InorIg = log; )

. Inb . . . .
of both sides: zlna = Inb = z = na: Equations with the unknown appearing in two different
a

exponential terms (e.g. e2* — 5e® 4+ 6 = 0) are solved by substituting © = e to obtain a quadratic in
Uu.

Inb . . . .
a* =b < x = no (any base of logarithm may be used, provided it is used consistently on
a

In
both sides).
log(ab) = loga + logb, log(a/b) =loga —logb, log(a™) = nloga.

Vi du miu - Worked example

Solve 327+1 = 20, giving = to 3 s.f.

In2
(2m+1)|n3:|n20:>2x+1zrn—??:2.7268:>a::().863.

GIAI THICH TIENG VIET
mfr'w x va e” 1a hai ham nguoc nhau; tuong tu log, « va a”. Khi gidi a® = b, 13y log hai vé r6i dung
log(a™) = nloga d€ dua s6 ml xudng thanh hé s6. Khi phuong trinh chira ca e2® va e® (dang
bac hai an e?), dit an phu u = e* dé dua vé phuong trinh bac hai quen thudc, giai v réi méi
suy ra z = Inu (chi nhan u > 0).

Inz log,
~Ina  log,a’

Change of base: for any valid bases a,b and = > 0, log =

This identity lets any logarithm be rewritten in terms of natural (or common) logarithms, which
is exactly why taking In of both sides of an exponential equation works regardless of which base
originally appears, and why a calculator with only In and Ig keys can still evaluate log = for any base

IN20  2.9957
—_— = 1. 1 M)
in5 — Loood — 501 @dp)

. GIAI THICH TIENG VIET

a. For instance, log, 20 =

’ e ~ I Y ~ ’ Y yd ~ ’
Cong thirc d6i co s6 (change of base): log, = = h:—x — nhd cong thirc nay, c6 thé tinh log »
a

vGi bat ky co' s6 a nao bang may tinh (v6n thudng chi cé phim In va lg), va giai thich vi sao lay
In hai vé ciia mét phuong trinh mii/log luén hgp 1€ du co sé ban dau la gi.

2.2.2 Solving logarithmic equations, including simultaneous equations

Logarithmic equations are solved by combining all logarithms on one side using the laws above into
a single log(--), then converting to exponential form. Because log is only defined for a positive
argument, every candidate solution must be checked against the domain of every logarithm in the
original equation, and any value giving a non-positive argument must be rejected. Simultaneous
equations involving logs are usually solved by treating log of each unknown as a new variable (e.g.
a = lgz, b =lgy), solving the resulting linear system, and converting back at the end.
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Vi du miu - Worked example

(a) Solve log, x + log,(z — 2) = 3.

lg10 = 1.)

log, [z(z —2)] =3=z(z—2)=8=2"-22—8=0= (v —4)(z+2) =0. Sincez > 2s
required for log, (z — 2) to be defined, reject x = —2: x = 4.

(b) Solve simultaneously, for z,y > 0: Ig(zy) = 3 and Ig<£> =1
Y

These give lgx + gy = 3 and Igx — Igy = 1. Adding: 2lger = 4 = lgax = 2 = = = 100.
Subtracting: 2lgy = 2 = Igy = 1 = y = 10. (Check: zy = 1000, Ig1000 = 3; z/y = 10,

y—e
—y—ln:z:

y = e” and y = In z are reflections of each other in y = z; the same relationship holds between y = a® and y = log , «
for any base a > 1.

(1) L6i thuong gap: log(z—2) is only defined for = > 2 — always check that candidate solutions
lie in the valid domain before accepting them. Also, loga + logb # log(a + b); only products

and quotients combine simply under a log.

2.2.3 Equations reducible to a quadratic using a logarithmic substitution

Some equations contain log, « (for a base a other than e or 10) together with (log, x)? or |0ga(a:k)
terms. Writing y = log_ x throughout converts such an equation into an ordinary quadratic in y;
once y is found, x = a? recovers the original unknown. Because y = log_x can take any real value
(positive, negative or zero), unlike a substitution such as u = %, both roots of the quadratic in y are
automatically valid — there is no positivity restriction to check before converting back.

Vi du m3u - Worked example

Solve (log, z)? — 4log, z — 5 = 0.

1

3 =243, 0rlog,z =—1=2=3"1 =5

lety=log,z: 4> —4y—5=0= (y—5)(y+1)=0=y=50ry=—1.Solog,z =5 =z =

. GIAI THICH TIENG VIET

Khi phuong trinh chira ca log, « va (log, )? (co s6 a khac e va 10), dit y = log, = dé€ dua vé
phuong trinh bac hai quen thudc theo y. Khac véi dat u = e” (luén duong), bién y = log, =
c6 thé nhan moi gia tri thuc, nén ca hai nghiém y tim duoc déu hop 1€, khdng can loai nghiém
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I nao trudce khi suy ra xz = a?.

2.2.4 Graphsof y =a” andy = log, =

For a > 1, y = a” is an increasing curve through (0, 1) with the negative z-axis as an asymptote and
range y > 0; its inverse y = log_ x is an increasing curve through (1,0), defined only for = > 0, with
the negative y-axis as an asymptote. Because they are inverse functions, their graphs are reflections
of each other in the line y = x (shown above for the case a = ¢).

Vi du mau - Worked example

State the domain, range, and the equation of the asymptote of (a) y = 2% — 3, and (b) y =
log, (= + 3).

(a) Since 2* > 0 for all real z, we have y = 2* — 3 > —3, so the range is y > —3 and the
horizontal asymptote is y = —3 (the graph of y = 2% shifted down by 3 units); the domain is all
real x.

(b) log, (x + 3) requires « + 3 > 0, so the domain is > —3; the vertical asymptote is z = —3
(the graph of y = log, x shifted left by 3 units), and since log, takes every real value, the range
is all real y.

2.2.5 Linearising data of the form y = ax™ and y = Ab*

Logarithms convert power and exponential relationships into straight lines, which is the basis of
fitting models to experimental data.

o If y = ax™, taking logs of both sides gives Igy = nlgx + lga. Plotting Igy against Igx gives a
straight line of gradient n and vertical intercept Ig a.

e If y = Ab®, taking logs gives Igy = xlgb + Ig A. Plotting Igy against z (not Ig ) gives a straight
line of gradient Ig b and vertical intercept Ig A.

In both cases, once the gradient and intercept of the fitted line are read off, n (or b) and a (or A) can
be recovered by solving Iga = intercept (so a = 10™"e"ePt) and similarly b = 10829t jn the second
case.

y=az" = lgy=nlgz +Iga(plotigy vslgx: gradient n, intercept Ig a).
y=Ab" = gy = (Igb)x + g A (plot Igy vs x: gradient Ig b, intercept Ig A).

Vi du miu - Worked example

Variables x and y are believed to satisfy y = ax™. Experimental values give the table below.

T 1 2 4
Y 3 12 48

lg x 0 0.301 0.602
lgy 0.477 1.079 1.681

1.681 —0.477  1.204

0.602—0  0.602
intercept is 0.477 = Iga = a = 10%477 = 3.00. Hence y = 322.

Using the first and last columns, gradient = = 2.00,so0n = 2. The
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ENGLISH
|g Yy

1.5 ¢

0.5 ¢

1 1 1 g x
0.2 0.4 0.6 0.8

Straight-line reduction of y = ax™: gradient n = 2, interceptlga = 0.477,s0 a = 3.

GIAI THICH TIENG VIET

udn tuyén tinh hoda dir liéu dang y = az™: 13y Ig hai vé duoclgy = nlgz + g a, vé doé thilgy
theo Ig z sé dugc dudng thang cé hé sé géc n va tung dé géc Iga. V&i dang mii y = Ab*, lay
lg hai vé€ dugc gy = (Igb)x + Ig A, [an nay vé Igy theo x (khéng phai Ig ) — hé s6 gbc la lgb,
tung do goc la lg A. Sau khi doc hé s6 gbc va tung do goc tir do thi/bang sé liéu, dung luy thira
co' s6 10 dé suy ngugc ra a,n (hodc A, b).

2.3 Further trigonometry

2.3.1 Secant, cosecant, cotangent and further Pythagorean identities
Three further trigonometric ratios are defined as reciprocals of cosine, sine and tangent:

1 1 1 cosf
secl = —— cosecl = —, cotd= — = —.
cosf’ sin@ tanf®  sinf
Dividing the identity sin® @ + cos2 6 = 1 through by cos? ¢ gives tan? § + 1 = sec? ¢; dividing instead
by sin 0 gives 1+ cot® # = cosec? f. These extended Pythagorean identities are used constantly for
simplifying expressions, proving further identities, and solving equations that mix reciprocal trigono-
metric functions.

1 1 1
secl = ——, cosec = ——, cotd = ——.
cos 6 sind tan @
sec2f = 1 + tan? 6, cosec2f = 1 + cot? 0.

GIAI THICH TIENG VIET
Ba ti s6 lugng giac nghich dao: secf = 1/ cosd, cosec = 1/sind, cotd = 1/tand. Tir hang
d&ng thirc co ban sin” § + cos? 0 = 1, chia cho cos? § duoc sec? § = 1 + tan? ; chia cho sin® 0
duoc cosec? § = 1 + cot” §. Hai cong thirc m& réng nay dung rat nhiéu khi rat gon biéu thirc
hoac gidi phuong trinh cé sec, cosec, cot.

2.3.2 Compound angle formulae
For any angles A, B:

. . . . . tan A 4+ tan I
sin(A+B) = sin A cos B-+cos Asin B, cos(A+B) = cos A cos BFsin Asin B, tan(A+B) = mﬁ
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These can be justified by placing two points on the unit circle at angles A and B from the pos-
itive x-axis, at coordinates (cos A, sin A) and (cos B, sin B), and computing the squared distance
between them in two ways: directly by the distance formula, and via the cosine rule using the angle
A — B between the two radii. Equating the two expressions and simplifying yields cos(A — B) =
cos A cos B+sin Asin B; replacing B by —B gives the cos(A+ B) form, and using sin § = cos(90° —6)
converts these into the sine formulae. Dividing sin(A + B) by cos(A + B) and dividing numerator
and denominator by cos A cos B produces the tangent formula.

sin(A + B) =sin Acos B + cos Asin B, cos(A + B) = cos Acos B F sin Asin B.
Double angle: sin2A4 = 2sin Acos A, cos2A = cos® A — sinA=2cos2A—1=1—2sin’ A,

tan24 = M.
1—tan“ A

Vi du m3u - Worked example

(a) Given sin A = 2 (A acute) and cos B = 12 (B acute), find sin(A + B).

—4 sinB= 2. si Y inB—=23.12,4 5 _ 36,20 _ 56
cosA=z,sinB = 3.sin(A+B) =sinAcos B+cosAsinB= ;-5 +5- 13 =5 T 65 = g5

(b) Prove that sec @ — cos 6 = sinftan .

B 9 . 2
LHS — 1 —c059:1 cos 0:sm 9:.
cosf cos cos

(c) Giventan A = % andtan B = % (A, B acute), find the exact value of tan(A + B).

tan A + tan B 3+1
tan(A + B) = anA+tanB 5+ 3

~ 1—tanAtanB  1-1.1

G-ﬂ =sinftanf = RHS.
cos

=1,s0 A+ B = 45°.

oluolon

. GIAI THICH TIENG VIET

Cong thirc cong sin(A + B), cos(A 4+ B) c6 thé chirng minh bang hinh hoc (dat hai diém trén
duong tron don vi rng véi goc A va B, tinh khoang cach gira chiing theo hai cach). Khi chirng
minh dang thirc lugng giac, luon bién déi tir vé phirc tap hon (thudng 13 vé trai) vé vé don gian
hon, dung hing ding thirc Pythagoras (sin® + cos? = 1 hodc cic dang m& rong sec?, cosec?)
dé quy vé cuing mot ham luong giac.

2.3.3 Double angle formulae and their uses

Setting B = A in the compound angle formulae gives the double angle identities in the keyfact

T . 1 — cos 26 . 1+ cos 20
above. These are used to simplify expressions such as —y = sin® 0 and % = cos? 6

(obtained by rearranging cos2A4 =1 — 2sin® A and cos24 = 2cos A — 1 respectively), which are
indispensable later for integrating sin” z and cos? z.

Vi du m3u - Worked example

0
(a) Prove that & =secd +tand.
1—sinf

Multiply top and bottom of the LHS by (1 + sin 6):

cosf@ 1+sing cosO(l+sinf) cosO(l+sing) 1+sinf 1 +sin0
1—sing 1+sind 1 _sin’g cos? 6 ~ cosf  cos® cosf
(b) Solve cos 20 + cosd = 0 for 0° < 6 < 360°.
Using cos20 = 2cos?# — 1: 2cos? 0 — 1 + cosf = 0 = 2cos?f + cosf —1 =0 = (2cosf —
1)(cosf + 1) = 0. Socosf = = 6 = 60°,300°, or cos§ = —1 = 6 = 180°. Solutions:
0 = 60°, 180°, 300°.

= secf-+tanpP = RHS.
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GIAI THICH TIENG VIET

Vi dang thirc 6 mAu s dang 1 F sin 6 hodc 1 F cos 6, ky thuat hitu ich 1a nhan ca tir va miu
v6i biéu thirc lién hop (1 + sin @ hodc 1 + cos ) d€ mau s6 trd thanh cos? 6 hoic sin® @ nhey
h3ng dang thirc Pythagoras. Khi phuong trinh chira ca cos 26 va cos 6, dung céng thirc nhan
d6i cos 20 = 2cos? § — 1 d€ dua toan bd phuong trinh vé mot an cos # duy nhat, roi gidi nhu
phuong trinh bac hai binh thudng.

2.3.4 The Rsin(z + a) and R cos(x + «) technique

An expression a cos §+b sin 6 (or a sin 6+b cos ) can always be written as a single sinusoid R cos(6F«)
or Rsin(f + «), where R = v/a? + b2 > 0 and « (usually taken with 0° < a < 90°) satisfies cosa =
a/R, sina = b/R. This single-term form immediately reveals the maximum value (R) and minimum
value (—R) of the original expression, and turns equations of the form acosd + bsind = c into a
simple sinusoidal equation that is solved like any other trig equation.

Vi du mau - Worked example

(a) Express 3cos — 4sinf as Rcos(f + «), 0° < o < 90°, and find its maximum value and the
6 € [0°,360°] at which it occurs.

R=+V32+42=5;cosa=2sina=32= a=>53.13.So3cosd —4sinf = 5cos(f + 53.13°).
Maximum value 5, when 6 + 53.13° = 360° = 6 = 306.9°.

(b) Hence solve 3cosd — 4sinf = 2 for 0° < 4 < 360°.

5cos(d + 53.13°) = 2 = cos(f + 53.13°) = 0.4 = 6 + 53.13° = 66.42° or 293.58° (since
0 + 53.13° € [53.13°,413.13°], and cos is positive with reference angle 66.42° in the first and
fourth quadrants). So § = 13.3° or 0 = 240.4° (1 d.p.).

1 0 (deg)
360

—5 A

y = 5sin(0 4+ 53.13°): amplitude R = 5 gives maximum 5 and minimum —5, and the graph is the standard sine wave
shifted left by 53.13°.

- GIAI THICH TIENG VIET
Dang Rcos(6 + «) (hodc Rsin(6 + «)) gitip tim gia tri I&n nhat/nhé nhat va gidi phuong trinh
lwong giac dang acosf + bsinf = c. Luén tinh R = va? + b2 trudc, sau dé dung cosa =
a/R, sina = b/R dé tim . Khi giai phuong trinh, nhé doi lai khoang gia tri ctia (0 + «) theo
khoang cua 6 dé bai cho trudc khi tim nghiém téng quat cia cos hoac sin.

2.3.5 Proving trigonometric identities

To prove an identity, work from the more complicated side (often, but not always, the left-hand
side), express everything in terms of sin and cos if reciprocal or quotient functions are present, and
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apply Pythagorean or compound/double angle identities until the expression matches the other side
exactly. Never “cross-multiply” or otherwise treat the identity as an equation to be solved for § —
transform one side (or both sides independently) until they visibly match, since an identity must
hold for all valid 6. Watch signs carefully in double angle work: cos2A has three equivalent forms
(cos? A — sin’ A,2c082A—1,1—2 sin’ A), and mixing up the sign in the last two is a common slip.

Vi du mau - Worked example

1
(a) Prove that —————— = sec# + tan¥é.
secd —tané

Since sec? @ = 1 + tan? 6, we have sec? § — tan® @ = 1. Factorising the left side as a difference
of two squares, (secf — tan#)(secd + tand) = 1. Dividing both sides by (sec§ — tan 6) gives

secf +tanfd = which is the required identity.

sec —tand’
(b) Prove that tan8 + cot8 = i
sin 20
sinf cosf sin’0 -+ cos2 6 1 2 2
LHS = cosf sind  sinfcosfd  sinfcosf 2sinfcosh  sin20 RHS.

GIAI THICH TIENG VIET

Vi ding thirc c6 dang secd F tan 6, dung hing ding thirc sec? 6 — tan” 6 = 1 rdi phan tich
thanh nhan tir hiéu hai binh phuong (secf — tan9)(sec + tanf) = 1 dé€ suy ra mai lién hé
nghich dao gilra hai bi€u thirc. Vé&i tan 6 + cot 6, quy vé sin, cos réi dung céng thirc nhan doi

sin 20 = 2sin#cosH & mau s6 dé rat gon vé

sin20°

2.4 Further differentiation and integration
2.4.1 Derivatives of ¢%, In z and trigonometric functions; the chain rule

1 d . d . d 5
—e?=¢*, —Inzx=—-, —sinz=cosz, —cosz=—sSinz, — tanz = sec”z.
dx T dx dx dx

For a composite function f(g(x)), the chain rule gives %f(g(x)) = f'(g(x)) - ¢’(x). Applied to

the standard derivatives above this yields, for example, dieg@”) = ¢/(z)e9®), Ll In(g(z)) = < ((x;,
T g(x

and L sin(g(x)) = ¢ (x) cos(g(x))

2.4.2 Product and quotient rules

For products, di[u(x)v(:c)] = u'v+uv’. For quotients, . Y. These combine with
€T | v

the chain rule whenever v or v is itself a composite function.

Vi du mau - Worked example

d [u(:@} v

. . d .
(a) Differentiate y = In(32% + 1). % = ngi : (chain rule).
dy

(b) Differentiate y = e2* sinz. Product rule: T 2¢2% sinx + €2 cos z = e2*(2sinx +cos x).
x

8 [

. . In ) d ‘22 —Inz -2z —2zIn 1—2In
(c) Differentiate y = L Quotient rule: 4y _ L L
2 dx x4 x4 3
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GIAI THICH TIENG VIET
Quy tic day chuyén (chain rule): dao ham ham hop f(g(z)) bang f/(g(x)) - ¢’ (x) — ludn nhan
thém dao ham cua biéu thirc bén trong. Quy tac tich (product rule): (uv)’ = v’v + uv’. Quy
tac thuong (quotient rule): <E> = M — chud y tht tu trir & tir s6, d6i chd u, v sé sai
v v
dau.

(1) L6i thwong gdp: The most common chain-rule error is differentiating the “outer” function
correctly but forgetting to multiply by the derivative of the “inner” function — e.g. writing

d
—In(3z2+1) =
dxn(er)
tive?

Vi du mau - Worked example

. . sin . .
Differentiate y = Txx giving your answer in the form e=2%(...).
(&

527 1 1 instead of 32793_1 Always ask: what is inside, and what is its deriva-
T xr

Quotient rule with v = sinz, v = e**: w = coszx, v/ = 2e%?.

dy cosz-e* —sing-2e*  e2*(cosx —2sinz)  cosz —2sinz

—2x H
=e cosx—2sinx).
dz 6490 641 6213 ( )

GIAI THICH TIENG VIET

hi dao ham mot thuong cé dang luvong giac chia cho ham mi (hodc nguoc lai), ap dung quy
tac thuong nhu binh thudng; sau khi rat gon, luy thira mi & mau thudng triét tiéu bét véi luy
thira mi & tir, dua két qua vé dang gon e %2 (...).

2.4.3 Implicit differentiation

When y is defined implicitly by an equation connecting 2 and y (not solved explicitly for y), differen-
tiate every term with respect to z, treating y as a function of x: by the chain rule, % [y"] = ny™ ! @
and terms containing both = and y (such as xy) require the product rule together with this chain-rule

factor. Then collect all terms containing d—y on one side and solve for it.
x

Vi du mau - Worked example

. dy . . .
Find £ in terms of « and y given that 22 + 3 = 9, and hence find the gradient of the curve at
X
the point (2,1).

dy dy x? dy 4
— = — =——=.At(2,1): == =—-=—4.
0:>d:c y? <’)d:z: 1

Differentiating: 322 + 3y? T =

. GIAI THICH TIENG VIET

Dao ham an: khi y khéng dugc viét tudng minh theo z, dao ham tirng sé hang theo z; mébi [an
e s . i A d G a wy o, d d
dao ham mét biéu thire chira y, phai nhan thém d—y (quy tic day chuyeén), vidu d—(y3) = de—y.
T X xr

. R i S
Sau dé gom tat ca s6 hang chira d—y vé mot vé roi gidira d—y
T T
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2.4.4 Parametric differentiation

When a curve is given parametrically by = = x(t), y = y(t), the gradient is found using the chain rule

in the form
dy dy/dt

dr  dx/dt’

dx

dt

Vi du miu - Worked example

. . . dy .
A curve has parametric equations z = t> + 1, y = 2> — 3t. Find d—y in terms of ¢, and evaluate
xXr

itatt =2.

dx dy dy 6t2—3 dy dx dy 21

— =2 = 612 — - = At =2 = =21, — =4, —— = — =5.25.

gt ~ g SO RS0 = Ty A=y gt O T T
Hence find the equation of the tangent to the curve at ¢t = 2.

Att =2z =22+1=5y=2(8) —3(2) =16 —6 = 10. Using gradient 2! at (5,10):

y—10=2(z—5)=y= 2z — 5.

. d - .
found by computing and d—gz separately and dividing (valid wherever dx /dt # 0).

GIAI THICH TIENG VIET
mBao ham tham sé: khi dudng cong cho theo tham s6 ¢ (tirc 2 = x(t), y = y(t)), dung céng thirc

d dy/dt . dx _d S R R i
% = dgycﬁdt — tinh riéng d—f va dit/ theo ¢ r6i chia cho nhau (khéng dao ham y truc tiép theo
x).

2.4.5 Standard integrals and integration by substitution

d
/eaw+b dr = Leaz+b ENG) / z =1n \ax +b| +C,
a ar+b ¢

/sin(ax+b) dz = —1cos(ax+b)+C, /cos(a:chb) dz = Lsin(az+b)+C, /sec2(ax+
b) dz = Ltan(az +b) + C.

For integrals that are not directly in a standard form but contain a function and (a multiple of)
its derivative, substitution v = g(x) converts the integral into one in terms of « alone, using du =
g (z)dz.

Function Derivative and standard integral

eaz+b i — aeaerb. eaerbdx — leaz+b 4 C
i TR

a X
In b — = ; =1lln b+ C
(az +) ddx ar+b /am+b alnlaz+ b+

sin(ax + b) e acos(ax + b); /sin(ax +b)dz = —% cos(az + b) + C
d . .

cos(ax +b) i sin(ax + b); /cos(aaz +b)dz = Lsin(az +b) + C
d

tan(azx + b) 7= asec?(ax + b); /sec2(ax +b)dz = Ltan(az +b) + C
X
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Vi du miu - Worked example

/6
(@) Evaluate/ sin(2z) dx.
0

/6
[— %cost] =—3cos % —(—1cos0) =—

+3=
0

[ =
=

V3
(b) Evaluate / zv/ 22 4+ 1 dx by substitution.
0

Letu =22+ 1, du =2xdx;whenz =0,u =1, when z = /3, u = 4.

/x\/xQ—i-ld:E: é/ﬁduzé-gu?’p = 132,

V3
SO/ Ve lde = 1432 —132) = 18— 1) = T,
0

- GIAI THICH TIENG VIET
Tich phan d6i bién (substitution): néu bi€u thirc dudi dau tich phan chra mot ham g(x) va (boi
sO clia) dao ham ¢’(z) cta nd, dat u = g(z), suy ra du = ¢'(x)dz, doi ludn ca can tich phan
theo u néu I3 tich phan xac dinh, réi tinh tich phan theo w.

Vi du m3u - Worked example

3
Evaluate / vz + 1dx using the substitution u = z + 1.
0

letu =2+1,s0z =u—1and dz = du; whenz = 0,u = 1, whenz = 3,u = 4. Then
2V + 1 = (u—1)y/u = u?? — u'/?, which is not obviously related to the original integrand
until this substitution is made.

/x\/a:—i—ldx:/(u3/2—u1/2)du:§u5/2—§u3/2:§($+1)5/2—§(:c+1)3/2+0.

3
50/0 2o 1de = 2o+ 152 — 2o+ 1)%2)° = (239 - 2(8) — (2—2) = L2+ & =

116 .
116 7,73,

GIAI THICH TIENG VIET
Khi bi€u thirc dudi dau tich phan la tich ctia mot bi€u thirc bic nhat theo x véi can bac hai cia
mot biéu thirc khac = (chang han /= + 1), phép d&i bién u = biéu thirc trong cin thudng hiéu
qua nhat: viét lai z theo u (& day x = u — 1), khai trién thanh téng cac luy thira ca u, roi lay
nguyén ham tirng s6 hang (nh& déi ca can tich phan theo w).

2.4.6 Integration by parts
Integration by parts reverses the product rule:

dv du
/udxdx—uv—/vdmdx.
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The choice of which factor is v and which is d—; matters: choose u to be the factor that simplifies on

. . L. . d .
differentiation (e.g. Inx or z, whose derivatives are % or 1), and d—v to be the factor that is easy to
X

integrate (e.g. €¥* or sin kz). For In z specifically, since it cannot be integrated by a standard rule, it
is always chosen as wu.

Vi du miu - Worked example

1
(@) Find/ xe®® dzr.
0
d d
Let u =, d—;}:e%, °£:17 v=1e¥

/1‘62‘” do = Jwe?® — / 37 dx = Jxe?® — 1e* + C = 1e** (22 —1) + C.

! 1 1 1 1 2 1 €2+1
50/ wedy = [Le2(20 - 1)) =1e() - 1)) =F +1 =" ~210

0 0
(b) Find/ zlnzdz.

1
du 1,2
Letu =Inz, %:x,so%:;, v =57
/xlnmdaﬁ—§m2|nx—/;m2~idw—§x2|nx—}lx2+0.

‘ | 1.2 1.2 1 ez | 1 e’ +1

So1 xna:d:c:<§e _Z€>_<O_Z>:T+Z: 1 ~ 2.10.

GIAI THICH TIENG VIET
Tich phan tirng phan dao nguoc quy tac tich: /udv =uv— /v du. Chon u la phan don gian

di khi dao ham (nhu z hay In z), chon dv 13 phan dé 1ay nguyén ham (nhu e** hay sin kz, cos kx).
V&i In z, vi khéng cé cong thirc nguyén ham truc tiép, ludn chon v = Inz.

(1) L6i thuong gap: Choosing v and % the wrong way round in integration by parts (e.g.
X

letting u = €2* and dv = x dx) produces an integral that is no simpler, or even harder, than the
original. Also remember the minus sign in the formula [« dv = wv — [ vdu — dropping it is a
very common slip, especially when a second application of by parts is needed.

Vi du miu - Worked example

1
Evaluate / x2e® dx, applying integration by parts twice.
0

. .. d d
First application: let u = 22, LU w50 8 = 2z, v=e".
dx dx

/ZL‘26x dr = z2e® — /21‘65‘” dz.
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. d d
Second application, on /Qmef’” dx: letu = 2z, v _ e”, so & 2, v=e¢e".
dz dx

/2:136“3 dr = 2xe® — /26”5 dr = 2ze®* — 2e* + C.

Combining, /w2e$ dr = 22e® —2xe®+2e% +C = e% (2% —22+2) + C (which can be checked by
differentiating back: -L [e® (2% — 22 + 2)] = €% (2% — 22+ 2) + €%(2z — 2) = €” - 27, as required).

1
So / r?e® dx = [em(:z:2 —2x+ 2)] =el(1)—e%2) =e—2~0.718.
0

1
0

. GIAI THICH TIENG VIET

Khi tich phan tirng phan mét [an chua dua vé dang tinh dugc ngay (vi du tlr s6 van con = bac
nhat nhan véi e*), 4p dung tich phan tirng phan [an thi hai cho tich phan con lai, méi [an van
chon u la phan da thirc (bac gidm dan) va dv 1a phan ham mi hodc lwong gidc. Nén kiém tra lai
két qua bang cach dao ham nguyén ham tim duoc va so sanh véi ham ban dau.

2.4.7 Integration using partial fractions

When the integrand is a rational function whose denominator factorises, first split it into partial

fractions (as in Section 2.1-2.6), then integrate each simple term using /

dx =klIn|z—a|+C.

Vi du miu - Worked example

5
1
Evaluate / _TE+l dx
s (x—2)(z +3)
Tr+1 3 4

From the earlier partial fraction decomposition, = ,S
P P (x —2)(z + 3) x—2+;1:—|—3

(0]

Tx+1
T e =3Iz — 2| + 4] 3+ C.
/(:r—2)(x+3) z=3Inlz—2|+4n|z+3|+
5
[3In|x—2|+4|n|x+3|] = (3IN3+4In8)— (3In1+4IN6) =3In3+4InE =3In3+4In %,
3

. e 2
Simplifying, 3In3 +4In4 —4In3 =4In4—1In3 = In%6 ~~ 4.45.

Vi du m3u - Worked example

35,3 2
2 3r°—3 2 . . . e .
Evaluate/ v 926 1 T dx, using the improper-fraction decomposition found earlier.
2 e =
223 + 322 — 3z + 2 2 3
Recall TS T =2r+3+ —- ———,50
2 —1 r—1 x+1
203 + 322 —3 2
/ vt 32: 1 T dr =2%+3z+2In|z — 1] —3In|z + 1| + C.
l‘ J—
3
[#2+3042In]a—1/-3In[o+1]| = (18+2I2-3In4)—(10+2In1-31n3) = 8+3In3~4In2 = 8+
2

27 o
N~ 8.523.
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2.4.8 Integration using trigonometric identities

Some trigonometric integrands are not standard forms until a suitable identity is applied. In partic-
ular, since there is no direct rule for fsin2 zdzor [ cos? z dx, the double angle formulae are rear-
ranged first:
1 —cos2zx 9 14 cos2zx
_— cos“r=——,

2 2
after which each term integrates using the standard rules above.

Vi du m3u - Worked example

/2
(a) Evaluate/ sin® z da.
0

.2
SIn x =

02 .2 .
sin“x = %(1—cos2x),so/s|n vdr =% — Sm42w +C.

[z — sinze) ™ _ (z _ sin

3
S~—
|
o
Il
ISE

(b) Evaluate/ cos? z dzx.
0

cos? z = $(1 + cos 2z), so /cos2 vdr =%+ Lin42w +C.

. T
5+ 5] = (5 +0)—0= 5.

GIAI THICH TIENG VIET

Khong c6 cong thirc nguyén ham truc tiép cho sin’ 2 hay cos? z; phai dung céng thirc nhan
doi bién d6i trude: sin® z = (1 — cos 2z), cos? z = (1 + cos 2z), r6i Idy nguyén ham ting s6
hang. V&i tich phan chlra phan thirc hitu ti, tich phan thirc téi gian trude roi méi l1ay nguyén
ham tirng s6 hang dang kIn |z — al.

2.5 Numerical solution of equations
2.5.1 Locating roots by a change of sign

If fis continuous on [a,b] and f(a), f(b) have opposite signs, the Intermediate Value Theorem guar-
antees at least one root of f(x) = 0 lies in (a,b). This sign-change test only proves existence of a
root in the interval — it gives no information about how many roots there are (if f is not monotonic)

nor their precise value; it is typically used to justify the starting interval before an iterative method
is applied.

Intermediate Value Theorem: if f is continuous on [a, b] and k lies between f(a) and f(b), then

f(z) = k for at least one x € (a,b). Taking k& = 0 gives the sign-change test used to locate a
root.

Vi du m3u - Worked example

Show that the equation x — cos z = 0 (with z in radians) has a root between x = 0 and z = 1.
Let f(x) = 2 —cosz. Then f(0) =0—cos0 =0—1=—1 < 0,and f(1) =1—cosl =
1 —0.5403 = 0.4597 > 0. Since f is continuous and changes sign on [0, 1], the Intermediate
Value Theorem confirms a root lies in (0, 1).
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(!) L6i thuong gap: A sign change over [a, b] proves that at least one root lies in the interval; it
does not rule out three, five, or more roots there if f is not monotonic on [a, b], and it can fail
to detect a repeated root where the curve touches the z-axis without crossing it (there, f(a)
and f(b) can have the same sign even though a root lies between them). Always support the
sign-change test with a sketch or a table of further values of f.

2.5.2 lterationz,, ., = g(x,)

An equation f(x) = 0 can be rearranged algebraically into the form x = g(x) in more than one way.
Starting from an initial value z, (usually inside the bracketing interval found above) and repeatedly
computing z,,.; = g(x,,) generates a sequence that, for a suitable rearrangement and starting value,
converges to a root « of the original equation (since if z,, — athen a = g(«), i.e. a satisfies f(«) = 0).
Iteration continues until two consecutive terms agree to the required number of decimal places.

Vi du mau - Worked example

(a) Show that 2 —4x—2 = 0 has aroot betweenz = 2and » = 2.5,and use z,, ., = (4z,,+2)'/3
with z, = 2.2 to find it to 3 d.p.

f(2)=8—-8—-2=-2<0, f(2.5) = 15.625 — 10 — 2 = 3.625 > 0: sign change confirms a root
in (2,2.5).

2o =2.200, =z, =22104, m,=22137, x4=22140, x,=2.214 (converged).

Root ~ 2.214 (3 d.p.).

(b) Show that a different rearrangement of the same equation, z,.; = ”4 (from
4 = x3 — 2), fails to converge to this root when started at =, = 2.2.

2o = 2.200, 7, = 2.162, z, = 2.026, x5 = 1.579, x, = 0.484, z, = —0.472, ...

The terms move steadily away from 2.214 instead of towards it. This is explained by ¢'(z) =
%mQ, S0 ¢’(2.214) =~ 3.68; since |¢’(a)| > 1, the iteration diverges near the root, whereas for (a),

4
! = —— gives ¢’(2.214) ~ 0.27, and |¢’ < 1 guarantees convergence.

- GIAI THICH TIENG VIET
Kiém tra doi dau (f(a) va f(b) trdi dau) chi chirng minh ton tai nghiém trong (a, b), khong tim
ra gia tri nghiém. Phép ldp z,,,, = g(x,,) hoi tu vé nghiém néu chon diém xuat phat du gan va
cach sap xép = = g(x) phu hgp (cu thé 1a |¢'(x)| < 1 gan nghiém); 13p cho dén khi hai gia tri
lién ti€p 1am tron giéng nhau & s6 chir s6 yéu cau. Cung mét phuong trinh cé thé cho nhiéu
cach s3p xép = = g(x) khac nhau — c6 céch héi tu nhanh, c6 cach phan ky hoan toan, du xuat
phat tir cing mot diém.

2.5.3 Convergence, divergence and staircase/cobweb diagrams

The behaviour of the iteration z,, ., = g(z,,) can be visualised by drawing y = g(x) together with
the line y = x: starting at x, on the z-axis, move vertically to the curve y = g(x) (this height is z,),
then horizontally to the line y = z (giving the point (z,, z,)), then vertically again to the curve, and
so on. If ¢’(xz) > 0 near the root, the resulting path is a staircase that steps monotonically towards
the intersection point; if ¢’(x) < 0, the path is a cobweb that spirals in (if |¢'(«)| < 1) or spirals out
(if |¢’(«)| > 1) around the root.
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Y
3 =
2 1
3 7
// .
1+ R
,// t t t t L
. 0.5 1 1.5 2 2.5 3
Staircase diagram for z,, ., = \/z,, + 2 (root of x = v/ + 2 at = = 2), starting from z, = 0.5: since ¢’(z) = 2@ >0

and |g’(2)] = 0.25 < 1, the sequence climbs monotonically towards the root.

Vi du miu - Worked example

The equation 2% — 2z — 1 = 0 has a root between = = 2 and z = 3 (since f(2) = —1 < 0 and
f(3) =2 >0),namely z = 1+ v/2 = 2.414 (3 d.p.).

iteration converges.

value z, = 2.400:

Here g(z) = V22 +1, so ¢'(x)

(b) Rearranging instead as x = m

(a) Rearranging as « = /2 + 1 and iterating =, ; = \/2z,, + 1 from z, = 2.400:

o = 2.400, z; = 2.408, z, = 2.412, x5 = 2.413, x, = 2.414, x5 = 2.414 (converged).

2

Ty = 2.400, z; = 2.380, z, = 2.332, x5 = 2.220, z, = 1.963, x5 = 1.427, x4 = 0.518, ...

The terms move steadily away from the root instead of towards it. Here g(x)
g’ (z) = x and ¢'(2.414) ~ 2.414; since |g'(«)| > 1, this rearrangement diverges near the root,
even though it comes from the same original equation and the same starting value as (a).

1
V2r +1

and ¢'(2.414) ~ 0.414; since |¢'(a)| < 1, the

2
Ty, —

. . 1
and iterating z,, ; =

from the same starting

3(2?—1),s0

. GIAI THICH TIENG VIET

Cung mét phuong trinh 22 — 2o — 1 = 0 c6 thé sdp xép lai thanh » = g(z) theo nhiéu cach
khac nhau; cach (a) cho |¢’(«)] < 1 nén hdi tu, con cach (b) cho |¢'(«)| > 1 nén phan ky, du
xuat phat tlr cing mét diém ban dau. Trudce khi ldp, nén udc lugng ¢/ (z) gan nghiém dé du
doan cach sap xép nao sé hoi tu trudce khi tinh toan nhiéu budc.

n x,:converging, z =+2x+1 =z, diverging, z = %(xQ -1
0 2.400 2.400
1 2.408 2.380
2 2.412 2.332
3 2.413 2.220
4 2.414 1.963
5 2.414 1.427
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Both rearrangements come from the same equation 22 — 2z — 1 = 0 and start from the same =, = 2.400: one column
settles onto the root = = 2.414, the other runs away from it, depending on whether |g’(x)| < 1 or |g’(z)| > 1 near the
root.

Bai tap luyén tap

5 + 7 A B L
= . Which ?

@1 +3) o] —|—w+3 ich is correct

3 2 3 2
A —_— C —
()3:—1+1‘+3 ():E—l r+3

2 3 5 2
B —_— D —
()3:—1+1‘+3 ():E—l xr+3

Loi giai chi tiét

S5r4+T7=Ax+3)+Bx—1).2=1:12=4A=A=3.2=-3: -=8=—-4B = B=2. (A).

Bai tap luyén tap

Find the remainder when f(z) = 23 + 222 — 5z + 6 is divided by (z + 2), using the remainder
theorem.

Loi giai chi tiét

Remainder = f(—2) = (—8) +2(4) —5(—2) + 6 = -8+ 8 + 10 + 6 = 16.

-

Bai tap luyén tap

-

Given that (z — 3) is a factor of f(z) = 23 — 222 — 9z + 18, factorise f(z) completely.

(A) (x —3)(x —2)(xz+3) (C) (x —3)(x—6)(z+1)
(x —3)(z+2)(x —3) (D) (z—3)%(z +2)

)

Lai giai chi tiét

f(3) = 27 — 18 — 27 + 18 = 0, confirming the factor. Dividing: f(z) = (z — 3)(2* + 7 — 6) =
(x —3)(z + 3)(x — 2). (A).

Bai tap luyén tap

S
8

|
—_

Express 5 in partial fractions.

(z—1)

Loi giai chi tiét

-

dr —1 A B . .
( ’ I = | + =1 sodx —1 = A(xz — 1) + B. Comparing coefficients of z: A = 4.
T — T — T —

Constantterm: — A+ B=—-1= B =3.
4y — 1 4 3

@—1F z-1 @=1¢
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Bai tap luyén tap

322 1. . .

Express x +m2+ in partial fractions.

(x+1)(x2+2)

1 20— 1 2 rz—1
A C
()x+1+x2+2 ()x+1+x2+2

1 2r — 1 1 2z + 1
B — D
()x—i-l x2+2 ()x+1+:c2+2

Loi giai chi tiét
322 +x+1=A@@?+2)+(Bx+C)(z+1). 2 = —1: 3 = 34 = A = 1. Comparing z:
3=A+B=DB=2. Constants: 1 =24+ C = C = —1. (A).

Bai tap luyén tap

3_3z+5

Express x 5 in the form (linear) + (partial fractions).

8
|
W

Loi giai chi tiét

-

8_38x+5 r+5
Dividing: z° — 3 5 = 2_ 4 5,sox—: —— . Writin
'V"g; I+A “WB )+ (@ +5) Z—4 Ty N8
x + . .
= cx =2 =4A=>A=Tx=-2 =—4B= B=
CEDCET) x_2+$+2 T gives 7 = oz gives 3 =
?—3r+5 7 3

2Z—4  *Tim—2 1z+2

|
I i

Bai tap luyén tap

-

Given f(z) = 223 + ax? + bz — 6 has factor (z — 1) and leaves remainder 4 when divided by
(x 4+ 1), find @ and b.

(A) a=8,b=—4 (C)a=8,b=4
(B) a=4,b=0 (D) a=-8,b=14

Loi giai chi tiét

fl)=0=a+b=4 f(-1)=4= —2+a—b—6=4=a—b=12. Adding: 2a =16 = a = 8§,
then b = —4. (A).

Bai tap luyén tap
Solve 2% - 4*~1 = 82 for z.
) @3

(B) 2 o =
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Loi giai chi tiét

8
All as powers of 2: 29”~22(x—1):26:>x+2:c—2:6:>3:c:8:>x:§. (A).

Bai tap luyén tap

Solve log,(x + 2) — log,(z — 1) = 2.

Loi giai chi tiet

-

2 2 11 .
Iog3<i) =2 = T =9=24+2=92—9 =11 = 8 = z = —. (Domain check:
r—1 r—1 8
> 1

,and L =1.375 > 1, valid.)

Bai tap luyén tap

Solvelgz + Ig(z —3) = 1.

(A) =5 (C) z=50rz=-2
(B) z = —2 (D) z=2

Lai giai chi tiét

Iglz(z —3)]=1=2(z—3)=10=22-3r—10=0 = (x —5)(z +2) = 0. Since x > 3 is
required, reject z = —2. (A).

Bai tap luyén tap

Solve simultaneously for z,y > 0: 2lgz —Igy =1and gz + Igy = 5.

Lai giai chi tiét

leta =lgz,b=1gy: 2a—b=1,a+b = 5. Adding: 3¢ = 6 = a = 2 = z = 100. Then
b=5—2=3=y=1000.

Bai tap luyén tap
Solve e?* — 5e® + 6 = 0.

(A) z=1In20rIn3 (C) z =In2only
(B) x=2o0r3 (D) z =1In6

Loi giai chi tiét

letu =e*: u? —5u+6=0= (u—2)(u—3)=0=u=20r3.Sox =In2o0rz = In3. (A)

Bai tap luyén tap

The line of best fit for Igy against x is Igy = 0.301x + 0.699, where y = Ab®. Find A and b to
the nearest integer.
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Loi giai chi tiét

Comparing with Igy = (Igb)z + 1g A: Igb = 0.301 = b = 10°3! ~ 2;1g A = 0.699 = A =
10069 ~ 5. So y = 5(2)°.

Bai tap luyén tap

Solve 4sinfcosf =1 for 0° < 0 < 180°.

Loi giai chi tiét

-

4sinfcosf = 2sin20 =1 = sin20 = % For 20 € [0°,360°]: 20 = 30°,150°, so 6 = 15°, 75°.

Bai tap luyén tap

sec?f—1
Simplify —————.
Py tan?0
(A) 1 (© o
(B) tan6 (D) cosec? 9

Loi giai chi tiét
an® ¢
29

Since sec? § — 1 = tan® 6, the expression equals t =1. (A).

tan

Bai tap luyén tap

Solve cosec? — 3 cosec + 2 = 0 for 0° < 0 < 360°.

Lai giai chi tiét

Let u = cosect: u®> —3u+2=0= (u—1)(u—2)=0=u=10r2. cosecd =1 = sind =
1= 60=90°. cosecld =2 = sinf = % = 6 = 30°,150°. Solutions: # = 30°,90°, 150°.

Bai tap luyén tap

Express sin@ — cos @ in the form Rsin(f — «), R > 0, 0° < o < 90°, and state its minimum
value.

(A) v/2sin(6 — 45°), min —/2 (C) 2sin(f — 45°), min —2
(B) v2sin(# + 45°), min —/2 (D) v2cos(f — 45°), min —/2

Loi giai chi tiét

R = V12412 = /2, and V2sin(0 — 45°) = /2(sinf cos 45° — cosfsin45°) = sinf — cosé.
Minimum value —v/2. (A).

Bai tap luyén tap

Solve cos 260 + sinf = 1 for 0° < 6 < 360°.
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Loi giai chi tiét

Using cos20 = 1 —2sin*6: 1 —2sin”f +sinf = 1 = sinf(1 —2sinf) =0.Sosind =0= 6 =
0°,180°, 360°, or sinf = % = 6 = 30°,150°. Full solution set: § = 0°, 30°, 150°, 180°, 360°.

Bai tap luyén tap

Given tan 8 = 2, find the exact value of tan 20.
4 3
(A) — © -
4
(B) 3 (D) 4

Loi giai chi tiét

—
|
—t
Q
5
(N
>
—_
|
S
|
w

Bai tap luyén tap

Find the equation of the tangent to y = e** ' at z = 3.

(A) y =2z (C) y=2+05
(B) y=2x—1 (D) y=2x+1

Loi giai chi tiét

&
dx

Atw:%:y:eo 1.
2z. (A).

=2¢?* 1 atz = §: gradient=2. Tangent: y — 1 =2 (z — 3) = y =

Bai tap luyén tap

. dy . . . N
Find d—z given that 2%y + y3 = 9, at the point where = = 2, y = 1 (check this point lies on the
curve first)...

Loi giai chi tiét

Check: 2%y +y3 = 4(1) + 1 = 5 #+ 9, so this point does not lie on the curve — instead use
2
x3 + y3 = 9: differentiating, 322 + 3y2@ =0= dy _ L At(2,1): dy _ —4.
dx dx 12 dx

Bai tap luyén tap

. . . dy . .
A curve has parametric equations z = 3t2, y = 2¢3. Find d—y in terms of ¢, and its value at
A
t=1.

dy dy 1

(A) e t, value 1 (C) iy value 1
d d

(B) Y _ 12 value 1 (D) 29 _ 91 value 2
dx dx
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Loi giai chi tiét

Z—fzﬁt, %:Gtz,soj—i:%:t.Attzl: %:1' (A).
Differentiate y = tan(322 + 1).

(A) 6xsec?(32%+1) (C) 3sec?(3z? +1)
(B) 6z tan®(322 + 1) (D) 6z sec(3z% +1)

Loi giai chi tiét

. d
By the chain rule, d—y =sec?(3z2 + 1) - 6z = 6x sec?(3z% + 1). (A).
i

Bai tap luyén tap

13
Evaluate / dz.
L 2z + 1

3 3
(A) §|n3 (C) 5|n9

(B) 3In3 (D) In3

Loi giai chi tiet

4
[g|n|2x+1|]l:g|n9—§|n3:g|ng:g|n3. (A).

Bai tap luyén tap

1
Evaluate / 2z(z? + 3)* dz using the substitution u = 2% + 3.
0

(A) 156.2 (C) 124.6
(B) 195.2 (D) 781

Lai giai chi tiét

,

4 51" 1024 —243 781
u = 2243, du = 2z dx; |imitsu:3t0u:4./ utdu = [u_] = = — =156.2.
3 3

5 5 5
(A).

Bai tap luyén tap

Find / zlnzdz.
1
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Loi giai chi tiét

By parts withu = Inz, dv=xdx: v = %xQ, du = %dm.

/xlnxd:vz %lenx—}lxz—i-C’.

/ rinzdr = (12— 12) — (0— 1) = ~ 2.10,
1

Bai tap luyén tap

T
Evaluate/ cos? z dzx.
0

(A) 3 © 0
(B) 7 (D) 1

Loi giai chi tiet

(co)s2:v = 1(1+cos2z),s0 [ cos?zdx = £+ M2 4 C. Evaluating fromOto m: (% +0)—0 = Z.
A).

Bai tap luyén tap

Show 23—z —3 = 0 has aroot between z = 1and z = 2,and use =, ; = (z,, +3)/3, 2, = 1.5,
to find it to 3 d.p.

Loi giai chi tiét
f(1)=1—-1-3=-3<0, f(2) =8—2—3 =3 > 0: sign change confirms a root in (1, 2).
zy = 1.500, x; = 1.651, z, = 1.669, x5 = 1.671, 2, = 1.672 (converged).

Root ~ 1.672 (3 d.p.).

Bai tap luyén tap

Show that 2 + x — 5 = 0 has a root between z = 1 and z = 2, and use z,, ., = (5 — z,,)*/3
with z, = 1.5 to find it to 3 d.p.

Loi giai chi tiét
f1)=141-5=-3<0, f(2) =8+2—5=25> 0: sign change confirms a root in (1,2).
zo = 1.500, z; = 1.518, x, = 1.516, x5 = 1.516 (converged).

Root ~ 1.516 (3 d.p.). Check: 1.516 + 1.516 — 5 ~ 3.484 + 1.516 — 5 = 0.000.

Bai tap luyén tap

For the iteration z = g(z,) converging to a root o, which condition on g near x = «
n+1 9\Ty g
guarantees convergence for z,, sufficiently close to o?
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(A) |g'(@)] < 1 (©) ¢ () = 0 exactly
(B) |¢/ ()] > 1 (D) g(a) <

Loi giai chi tiét

Convergence of the iteration for a starting value close to the root requires |¢'(a)| < 1; if
lg’(a)| > 1 the sequence diverges away from « instead. (A).

Bai tap luyén tap

Show that e~ = 22 has a root between = = 0 and = = 1, and use the iteration z,, . ; = e /2
with 2, = 0.7 to find the root to 3 d.p.

Lai giai chi tiét

Let f(z) =e*—2% f(0)=1—-0=1>0, f(1) =e ! -1~ —0.632 < 0: sign change confirms
arootin (0,1).

xy = 0.700, z; = 0.705, z, = 0.703, z5 = 0.704, z, = 0.703 (converged).

Root ~ 0.703 (3 d.p.).

Bai tap luyén tap

The polynomial f(z) = 2 + az? 4 bz — 4 has (z — 2) as a factor, and leaves a remainder of 6
when divided by (z + 1). Find a and b.

(A) a=3,b=-8 (C)a=8,b=3
(B) a=-3,0=8 (D) a=3,b=28

Loi giai chi tiet

F(2)=0:844a+20—4=0=>4a+2b=—-4=2a+b=-2 f(—1)=6: —1+a—b—4=
6=>a—b=11. Adding2a +b=—-2anda—b=11:3a =9 = a =3,thenb=a— 11 = —8.
(A).

Bai tap luyén tap

2 +5x—3

(—1)%(z + 2)

Express in partial fractions.

Loi giai chi tiét

z% 4+ 5z —3 A B C
Write = , 5022 +5x—3=A(zx—1 2)+ B
@-12@+2) z-1 @-17 z+2 07" (z=1)(@+2)+ B+
2)+C(zx—1)% 2=1:3=3B=B=1. z=-2-9=9C=C=—1. Comparing z?

coefficients: 1 =A+C = A =2.

x2+5x—3 2 1 1

E—12@+2) z2-1 @=12 z+2
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Bai tap luyén tap

-

Lai giai chi tiét

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels

2x2 — . .
Express x z+3 in partial fractions.

@t D@2 +1)

3 T 2 T
A — C
()x—i-l 2 +1 ()x—i-l 2 +1

3 T 3 x
B D
()x+1+x2+1 ()a:+1 x2+2

202 —2+3 =A@+ 1)+ (Br+C)(z+1). z = —1: 6 = 24 = A = 3. Comparing z:
2= A+ B = B = —1. Comparing constants: 3= A+ C = C = 0. (A).

Bai tap luyén tap

Solve (log, x)* — 3log, z — 4 = 0.

Loi giai chi tiét
lety =log,z: 4> =3y —4=0= (y—4)(y+1)=0=>y=4ory=—1.Soz =2* =16 or

_o-1_1
r=2 = 3.

Bai tap luyén tap

Solve 5%t = 327 giving = to 3 s.f.

(A) 2.74 (C) 3.42
(B) 1.85 (D) 2.20

Loi giai chi tiét

-

. —In5
Taking logs: (z + 1)In5 = 2zIn3 = z(In5 —2In3) = —In5 = 2 = ———— =

In5—2In3
—1.6094 —1.6094

= = 2.74. (A).
1.6094 — 2.1972  —0.5878 7. (A)

Bai tap luyén tap

Variables = and y satisfy y = Ab*. When Igy is plotted against x, the line of best fit passes
through (0,1) and (3,1.903). Find A and b.

Lai giai chi tiét

-

. 1. —1 . . .
Gradient = ?303 = 0 203 =0.301 = lgb = b = 1093 = 2.00. The intercept (at z = 0) is

1=IgA= A=10'=10. Soy = 10(2)".

Bai tap luyén tap

Simplify (1 + cot® 6) sin” 6.
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(A) 1 (C) cot’
(B) cos?0 (D) sin”6

Loi giai chi tiét

-

1 1 .
Since 1 + cot? § = cosec? ) = , the expression equals -sin? 0 = 1. (A).
) . 2
sin” 0 sin” 0

Bai tap luyén tap

Solve cos 20 — 3sin@ = 2 for 0° < 6 < 360°.

Loi giai chi tiét

Using cos20 = 1 — 2sin’6: 1 —2sin°6 —3sinf = 2 = 2sin” 0 + 3sinf+ 1 = 0 = (2sinf +
1)(sing + 1) = 0. Sosing = —1 = 6 = 210°,330°, or sin = —1 = § = 270°. Solutions:
0 = 210°,270°, 330°.

Bai tap luyén tap

Express /3 sin f+cosfas Rsin(6+a), R > 0,0° < o < 90°, and hence solve v/3 sin §+cosd = 1
for 0° < 0 < 360°.

(A) 6 =0°,120°,360° (C) 6 =0°,120°
(B) 6 =30°,150° (D) 6 = 60°,180°,300°

Loi giai chi tiet

R=+v3+1=2;,cosax = \f,sina = % = a = 30° 50 v/3sinf + cosf = 2sin(f + 30°).
2sin(0 +30°) = 1 = sin(6 + 30°) = 3. For § 4+ 30° € [30°,390°]: 6 + 30° = 30°,150°, 390", giving

0 = 0°,120°, 360°. (A).

Bai tap luyén tap

Q.I

Find the value of d_y atz =1fory=23Inz.
X

(A) 1 (C) 0
(B) 3 (D) e

Loi giai chi tiét
dy 2 3 1 2 2 2
— =3z°Inz+2°-— =3z°Inz +2° =2°Blnzx+1). Atz =1:In1 =0, so

T T

dy . B
@—1 (0+1) = 1. (A).

Product rule:

Bai tap luyén tap

OI
(@]

. 2 S a4 .
Differentiate y = Tf giving your answer in the form e=3%(...).
e
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Loi giai chi tiét

Quotient rule with u = cosz, v = €3*: v/ = —sinz, v/ = 3e3%.
dy —sinz-e3® —cosz-3e3®  —e3*(sinz + 3cosz)
—3x (¢}
— = = = —e sinx + 3cosx).
dz 6632 eﬁ:c ( )

Bai tap luyén tap

3
Evaluate / xvVx — 1 dx using the substitution u = 2 — 1.
1

Lai giai chi tiét

letu =x—1,s0x = u+ 1, de = du; when z = 1,u = 0, when x = 3,u = 2. Then

VT — 1= (u+1)y/u=u??+ul/2

2
2
/0 (u3/2—|—u1/2) du = [%u5/2 + %u3/2]0 _ %<4\/§)+%<2\@) _ ST\@_'_% _ 24\/§1+520ﬁ — 4%\5@ ~ 4.15.

Bai tap luyén tap

Show that 23 — 62 + 2 = 0 has a root between z = 0 and x = 1, and use the iteration
3
T, +2

Tnt1 =g with z, = 0.3 to find the root to 3 d.p.

Loi giai chi tiet

f(0)=2>0, f(1) =1—6+ 2= —3 < 0: sign change confirms a root in (0, 1).
zy, = 0.300, z; = 0.338, x5, = 0.340, x5 = 0.340 (converged).

Root =~ 0.340 (3 d.p.). Check: 0.340% — 6(0.340) + 2 &~ 0.039 — 2.040 + 2 = —0.001 ~ 0.

Bai tap luyén tap

A cobweb diagram for the iteration z,,, ; = g(x,,) spirals around the root (rather than stepping
monotonically towards it, as in a staircase diagram). What does this indicate about ¢’(z) near
the root?

(A) ¢’ () is negative (C) ¢ () =0
(B) ¢’(«) is positive (D) ¢'(«) is undefined

Lai giai chi tiét

A staircase pattern (monotonic approach) occurs when ¢’(z) > 0 near the root; a cobweb
pattern (spiralling, alternating sides of the root) occurs when ¢’ (z) < 0 near the root. (A).
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Vectors and Differential Equations

Muc tiéu Unit: Vector 3 chiéu: do dai, vector don vi, tich vo hudng, goc gitra hai vector, diéu kién vuong
goc; phuong trinh dudng thing dang vector, giao diém cda hai dudng thing, dudng thing chéo nhau
(skew), goc gilra hai dudng thang, chan dudng vudng goc va khoang cach ngan nhat tir mot diém dén
dudng thang; dung vector giai cac bai toan hinh hoc (trung diém, ti 1é chia doan thing, thang hang,
chirng minh hinh hoc); phuong trinh vi phan: 13p phuong trinh tir mé ta bang 16, tach bién, nghiém
téng quat/nghiém riéng, mé hinh tang truéng-phan ra mi va cac mé hinh tach bién khac trong bdi canh
thuc té€ (mirc A Level, Paper 3).

3.1 Vectors: magnitude, unit vectors and the scalar product

3.1.1 Magnitude and unit vectors
A vector in three dimensions is written a = a,i + a,j + a3k, or as a column/ordered triple (a,, ay, as).

Its magnitude (length) is
la| = y/a? + a3 + a3.

. . . . . A a . . .
The unit vector in the direction of aisa = H — it points the same way as a but has magnitude

exactly 1. If A and B have position vectors a and b, then the vector from A to B is AB=b—a.

Magnitude: |a| = \/a? + a2+ a2. Unitvector: a = a/[a],and [a| = 1. AB = b—a(position
vector of B minus position vector of A).

GIAI THICH TIENG VIET

Vector AB ludn tinh bing vector dich trir vector géc: b — a, khong phai a — b. Do dai dung
dinh ly Pythagoras mé rong cho 3 chiéu. Vector don vi = vector chia cho chinh d6 dai ctia né
— luén kiém tra lai rang vector don vi thu duwoc cé do dai ding bang 1.

3.1.2 The scalar (dot) product

Fora = (ay, a,,a;) and b = (b, by, b;), the scalar (dot) product is defined algebraically and geomet-
rically by
a-b=a;b; +ayb, + azb; = |a||b| cos b,

where 6 is the angle between a and b (measured so that 0° < § < 180°). The result of a dot product
is always a scalar (a single real number), never a vector. Rearranging gives the angle between two

vectors:
(&)
@ = arccos| —— | .
|a|[b]

The dot product obeys the same algebraic rules as ordinary multiplication of numbers: it is commu-
tative (a - b = b - a) and distributive over addition (a- (b +c) = a-b + a- c). A particularly useful
special case is the dot product of a vector with itself: since # = 0, a-a = |a|? — this identity is the
link between the scalar product and magnitude, and it is exactly what is used later, when squaring
distances in the perpendicular-distance formula.
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3.1.3 Angle between two vectors and the perpendicularity test
Two (non-zero) vectors are perpendicular exactly when their scalar product is zero:

alb < a-b=0
This is one of the most heavily examined facts in Paper 3 vector questions — it converts a geometric

condition (a right angle) into a simple algebraic equation.

a

jal|b|’
Vi du mau - Worked example

Find the angle betweena = (1,2,2) and b = (2,1, 2).
a-b=012)+2)(-1)+(2)(2)=2—-24+4=4.|a|=v1+4+4=3,|bj=v4+1+4=3.
cosf = g = # = arccos(0.4444) = 63.6° (1 d.p.).

Perpendicular <= a-b =0.

- GIAI THICH TIENG VIET
Tich vd hudng a - b dung dé tim goc gitra hai vector ho3c kiém tra vuéng goc (a - b = 0). Ludn
nhan tirng cap toa do twong trng roi cong lai — két qua |a mot so (vo hudng), khong phai vector.
Luu y: vector product (tich c6 huéng) khéng nam trong chuong trinh 9709 — chi dung tich vé
hudng & mic A Level.

Vi du m3u - Worked example

Triangle ABC' has position vectors OA = (1,1,2), OB = (3,5,2) and OC = (—1,5,6). Find
the angle BAC (the angle of the triangle at vertex A), correct to 1 decimal place.

The angle at A is the angle between the two vectors that start at A and run along the two
sides meeting there, ABand AC. AB = B— A = (2,4,0), AC = C— A = (—2,4,4).
AB - AC = (2)(=2) + (1)(4) + (0)(4) = -4+ 16 +0 = 12. |[AB| = VA+16+0 = /20,
|AC| = VA4 16 + 16 = /36 = 6.

2 2 1
V20x 6 V20 V5

Check (cosine rule). BC = C' — B = (—4,0,4), 50 |BC|? = 16 + 0 + 16 = 32. Then

cos(£LBAC) =

= 0.4472 = ZBAC = arccos(0.4472) = 63.4° (1 d.p.).

|AB|> + |AC]? — |BC|*> 20+ 36 — 32 24 2
COS A = = = = = 0.4472,
2|AB||AC| 21/20 x 6 12120 /20

the same value as before, confirming ZBAC = 63.4°.

C

A AB

The angle at A is found from ABand AC using the scalar product; the cosine rule gives an independent check.
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3.2 The vector equation of a line

3.2.1 Setting up the equation of a line
A line through the point A (position vector a) with direction vector d consists of all points r satisfying

r=a+td, teR.

If instead a line passes through two known points A and B, take a as the position vector of A and
d = AB = b—aas the direction vector: r = a+t(b —a). Any non-zero scalar multiple of a direction
vector describes the same line, so direction vectors are never unique.

Writing r = (z,y, z) and matching components with r = (aq,a,,a3) + t(dy,d,,ds) gives z =
a, +tdy, y = ay + tdy, 2 = ag + tds; eliminating ¢ (provided none of d,,d,, d; is zero) gives the
equivalent Cartesian (symmetric) form

dl d2 d3 .

This form is rarely required for its own sake, but it is a useful check: reading the denominators straight
off gives the direction vector, and setting all three fractions equal to ¢ recovers the parametric vector
equation.

)

A general point on the line has position vector r = a + td.

3.2.2 Intersection of two lines and skew lines
Given two lines/; : r =a; + sd; and [, : r = a, + td,, first compare the direction vectors d, , d,:

e If d, = kd; for some scalar , the lines are parallel — check whether a point of [, satisfies [;’s
equation to decide if they are the same line or two distinct parallel lines.

o If the directions are not parallel, equate the z-, y- and z-components to get three equations in s
and ¢. Solve any two of them for s, ¢, then substitute into the third equation: if it is also satisfied,
the lines intersect at the corresponding point; if the third equation fails, the lines are skew — they
never meet, even though they are not parallel (this is only possible in three or more dimensions).

Vi du mau - Worked example

Iy :r=1(1,0,2) +s(1,1,1), Iy : r = (10,—3,11) + t(—1,1,—1). Show that /; and [, intersect,
and find the point of intersection.

Directions (1,1,1) and (—1,1, —1) are not scalar multiples of each other, so the lines are not
parallel. Equating components: z : 1+s = 10—t = s+t = 9 (i) y: s=—3+t=s—t=-—3
(ii) z: 24+ s=11—t= s+t =09 (iii) Equations (i) and (iii) agree, so no contradiction yet.
Adding (i) and (ii): 2s = 6 = s = 3,and thent = 9 — 3 = 6. Check in (ii): 3 — 6 = —3 v". Since
all three component equations are consistent, the lines intersect. Substituting s = 3 into [;:
point of intersection = (1 + 3, 3,2+ 3) = (4,3,5).
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Vi du miu - Worked example

li:r=(1,1,0) +s(1,2,—-1),15, : r=(2,—1,3) + t(—1,1,1). Show they do not intersect.
Equating components: z: 1 +s=2—-t=s+t=1. y: 1+2s=—-1+1t=2s—t=—-2. z
—s =3+t = s+t = —3. The z- and z-equations give s+t = 1 and s+t = —3 — contradictory.
Since the direction vectors are not parallel, the lines are skew.

x ly
I, and [, appear to cross in this flat projection, but in three dimensions they pass at different heights and never actually
meet: they are skew.

- GIAI THICH TIENG VIET
Khi hai dudng thang khéng song song, clr giai hai trong ba phuong trinh thanh phan dé tim
s, t, roi bat budc phai thay vao phuong trinh con lai d€ kiém tra. Néu théa man ca ba = c3t
nhau; néu phuong trinh thir ba vo ly = chéo nhau (skew) — hién tugng chi xay ra trong khong
gian 3 chiéu tr& 1én, khéng cé & hinh hoc phang.

(1) L6i thueng gap: Dirng nham 1an gitra song song (parallel) va chéo nhau (skew). Hai khai
niém nay khac nhau hoan toan: song song la khi vector chi phuong ti 1€ v&i nhau (d, = kd,) —
can kiém tra trudc khi giai hé phuong trinh. Chéo nhau chi xay ra khi vector chi phuong khéng
ti 1& v&i nhau nhung hé ba phuong trinh van vé nghiém. M6t 16i phd bién khac: chi giai hai
phuong trinh roi két luan "cat nhau” ma quén kiém tra phuong trinh thir ba — két luan nay c6
thé sai.

Vi du miu - Worked example

Liir=(2,—-1,3) +s(1,3,-1), 1, : r = (4,5,2) + t(2, 1, 3). Determine whether [, and [, inter-
sect.

Directions (1,3,—1) and (2,1, 3) are not scalar multiples of each other (the ratios of corre-
sponding components, 2, %, —3, are all different), so the lines are not parallel. Equating com-
ponents: x : 2+s =4+2t = s—2t = 2 (i) y: —1+3s=5+t=35s—t =26
(ii) z: 3—5=2+3t = s+ 3t =1 (iii) From (i), s = 2 + 2t. Substituting into (ii):
3(242t)—t=6=6+5t=6=1t=0,s0s=2. Checking in (iii): s + 3t =2+ 0 = 2, but (iii)
requires this to equal 1 — a contradiction. Since the direction vectors are not parallel yet the
three component equations cannot all be satisfied simultaneously, I, and [, are skew.

3.2.3 The angle between two lines

The angle between two lines is defined as the (acute, or right) angle between their direction vectors
— the position of the lines in space is irrelevant, only their directions matter. Because the angle
between two lines is conventionally taken to lie between 0° and 90°, take the modulus of the cosine:

dy - dy|
d,]]d;

cosf =
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Vi du miu - Worked example

Find the acute angle between the lines with direction vectors d; = (3,0,4) and d, = (4, 3,0).

12
d,-dy, = (3)(4) + (0)(3) + (4)(0) =12. |dy| =vV9+ 16 =5, |dy| = V16 + 9 = 5. cosf = % =
0.48 = 6 = arccos(0.48) = 61.3° (1 d.p.).

A coordinate axis (the z-, y- or z-axis) can be treated as a line through the origin with direction
vector i = (1,0,0),j = (0,1,0) or k = (0,0, 1) respectively, so the angle between a line and an axis
is found by exactly the same formula as the angle between two lines.

Vi du mau - Worked example

Find the acute angle between the line [ : r = (1,2, —3) + (2, —2, 1) and the z-axis.

The z-axis has direction k = (0,0,1). Withd = (2,—-2,1): d-k = (2)(0) + (—2)(0) 4+ (1)(1) = 1.
d| =+v4+4+1=3, |kl =1. cosd = it = % = 0.3333 = 6 = arccos(0.3333) = 70.5° (1

3x1
d.p.).

3.2.4 Where a line meets the coordinate planes and axes

Setting one coordinate of r = a + td equal to zero and solving for ¢ gives the point (if any) where the
line crosses the corresponding coordinate plane: z = 0 gives the point on the zy-plane, y = 0 gives
the point on the zz-plane, and z = 0 gives the point on the yz-plane. To find where a line meets a
coordinate axis (rather than a plane), two coordinates must be zero simultaneously — exactly as with
the intersection of two lines, this requires solving for ¢ from one equation and then checking that
the second equation is also satisfied by that same value of .

Vi du mau - Worked example

Linel:r=(2,—1,4) 4+ t(1,3,—2). Find where [ crosses (a) the plane z = 0, and (b) the z-axis
(if it does).

(@) Setz=0:4—2t=0=t=2 Point: (2+2, —1+6, 4—4) = (4,5,0).

(b) The z-axis requires both y = 0 and z = 0 for the same value of t. From y = 0: —1 + 3t =
0=>t= % From z = 0 (part (a)): ¢t = 2. Since % #+ 2, there is no single value of ¢ making both y
and z zero together, so [ does not cross the z-axis — it only crosses each coordinate plane at a
different point (in particular, it meets the zz-planeat ¢ = 1,i.e.at (24 3, 0,4 — 2) = (£,0,12),
a different point altogether).

IAI THiCH TIENG VIET
G c G VIE

Tim giao diém cla dudng thang véi mot mit phang toa dé (nhuw =z = 0) chi can cho toa do
tuong (ng bang 0 rdi gidi ra t — don gian hon nhiéu so véi viéc tim giao diém cda hai dudng
thang. Nhung dé dudng thing cit mot truc toa dé (vi du truc z), can hai toa dé cung bing 0
tai cing mét gia tri t — vé ban chat day 1a mot phép kiém tra tinh nhat quan giéng hét nhu khi
xét hai dudng thang cit nhau hay chéo nhau.

3.3 The foot of the perpendicular and the shortest distance from a point to a line

3.3.1 Projecting onto the direction vector

The vector product is not used on this syllabus, so the foot of the perpendicular and the shortest
distance are found using the scalar product only. Let line { : r = a + td and let P (position vector p)
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be a point not on [. The foot of the perpendicular N is the point on [ closest to P; it is the unique
point on [ such that PN is perpendicular to d.

Write N = a + td for the (unknown) value of ¢ we need. Then PN = N —p = (a—p) + td.
Perpendicularity requires

(p—a)-d AP-d
d-d — |d?

PN.-d=0 = [(a—p)+td - d=0 = t=

This value of ¢ gives the foot of the perpendicular N = a + td, and the shortest distance from P to [
is simply |[PN| = |N —p|.

As an independent check, the same value of ¢ can be found using calculus, by minimising the
squared distance D(t) = |a+ td — p|? directly (squaring avoids differentiating a square root). Writing
D(t)=(a—p)-(a—p)+2td-(a—p)+t>d-dand setting D’(t) = 0 gives

(p—a)-d

exactly the same formula as before. This confirms that "projecting onto d” and "minimising distance
by calculus” are two routes to the identical result.

With AP =p—aandd=d/|d:

t= A‘];Pd, N =a+td, shortestdistance = [AP — (AP -d)d]|.

The last formula subtracts the component of AP along the line from AP itself, leaving only the
perpendicular component — its magnitude is the shortest distance, found without any vector
(cross) product.

A
N is the foot of the perpendicular from P to the line; the shortest distance from P to the line is the length PN.

Vi du m3u - Worked example

(a) Line I : r = (0,0,0) + ¢(1,2,2). Point P(4,5,2). Find the foot of the perpendicular from P
to [/, and the shortest distance from P to [.

A= 00004 = (L2 = 1 and =0 AP = o = AR

(W) +6)2) +(2)2) = A+ 190 +4 = %8 = 2. Foot of perpendicular: N = a+2d = (2,4, 4).

9
Shortest distance: [N — P|=|(2—4,4—5,4—2)| =|(—2,—-1,2)| =v4+1+4=3.

(b) Linel:r=(1,1,0)4+¢(2,—2,1). Point P(4,1,3). Use the direct projection formula (without
finding the foot first) to find the shortest distance from P to .
d=(2,-2,1),[d=v4d+4+1=3s0d=1(2,-21). AP=P-A=(4-1,1-1,3-0) =
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(3,0,3). AP -d = 1[(3)(2) + (0)(=2) + (3)(1)] = }(9) =
(2,—2,1). Perpendicular component: AP — (AP dd = (3 0,3) — (2,
magnitude /1 + 4 + 4 = 3. Shortest distance = 3.

o (AP - d)d 3-3(2,-2,1) =
1) = (1,2,2), of

GIAI THICH TIENG VIET
Vi chuong trinh 9709 khéng c6 tich c6 hudng (vector product), khodng cach tir diém dén
dudng thang phai tinh bing phép chiéu véi tich vé hudng: tim tham s6 ¢ tai chan duong
vudng goc (bing cach cho PN - d = 0), rdi tinh d6 dai PN. Cach th( hai (trir thanh phan doc
theo d ra khoi AP) cho cling két qua va khéng can tim chan duéng vuéng goc trude.

. AP .
(') Loi thuwong gap: Cong thirc t = d dung AP = p — a (tir diém trén dudng thing dén

Clk
diém ngoai dudng thang), khong phai a — p. Dao dau vector nay sé lam déi dau ¢ va cho sai
diém chan dudng vudng goc. Ludn thir lai bang cach kiém tra PN - d = 0 sau khi tinh xong.

Vi du mau - Worked example

Linel:r=(3,—1,2) +¢(2,2,1). Point P(9,2,2). Find the foot of the perpendicular from P to

[ and the shortest distance from P to [, checklng the answer two different ways.

Method 1 (projection formula). A = (3,—1,2),d = (2,2,1), [d2 =4+4+1 =9. AP =
AP - 2 2 1

P—A=(6,30).t= |d|2d _ 0@+ (3>9< )+ OW) _ 38 = 2. Foot of perpendicular:

N =a+2d = (3+4, —1+4, 2+2) = (7, 3,4). Shortest distance: |[N—P| = |(7—9, 3—2, 4—2)| =

(—=2,1,2)| =v4+1+4=3.

~

Method 2 (perpendicular-component check). |d| = 3,sod = 3(2,2 1). AP .d = [( )(2) +
(3)(2) + (0)(1)] = 1(18) = 6, so the component of AP anng dis6-3(2,2, ) (4,4,2). The
perpendicular component is AP — (4,4,2) = (6,3,0) — (4,4,2) = ( ,—1,—2), of magnltude

V4 + 1+ 4 = 3 — matching Method 1. Direct check: PN = N P =(-2,1,2),and PN -d =
(—2)2) +(D)(2)+(2)(1) = —4+2+2 =0V, confirming PN L l.

3.4 Using vectors to solve geometric problems

3.4.1 Midpoints and dividing a line segment in a given ratio

If M is the midpoint of AB, then m = %(a + b). More generally, if P divides AB so that AP : PB =
m : n, then

na + mb
m4+n

(This is easiest to remember as a weighted average: P is "pulled towards” whichever endpoint is
closer, so that endpoint’s coefficient in the numerator is the larger of m, n.)

a+b na + mb

Midpoint of AB: m = P divides ABwith AP : PB=m:n:p=

m-+n ’
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Vi du miu - Worked example

A(1,-2,5), B(9,6,—3). Find the position vector of the point P on AB with AP : PB=3: 1.
l-a+3-b  (1,-2,5) 4+ 3(9,6,-3) (1,—2,5) 4 (27,18,—-9)

4 4 4
= (7,4,—1). Check: AP = (6,6,—6), PB = (2,2,—2), and indeed AP = 3PB,
confirming the ratio 3 : 1.

Herem =3,n = 1. p =
(28,16, —4)

The midpoint formula also gives a quick proof of the classic midpoint theorem: if A/ and N are
the midpoints of sides AB and AC of a triangle, then M N is parallel to BC' and exactly half its length.
Indeed, withm = 1 (a+b)andn = J(a+c),

MN=n-m=1@a+c)—Li@a+b)=1c-b)=

so M N is a scalar multiple (%) of BC: parallel, and half the length.

3.4.2 Proving collinearity

Points A, B, C are collinear (lie on one straight line) if and only if AC = k AB for some scalar k —
that is, the two vectors are parallel and they share the common point A.

Vi du miu - Worked example

Show that A(2,1,—1), B(5,4,2) and C(11, 10, 8) are collinear.

AB=B— A= (3,3,3). AC=C— A= (9,9,9) = 3(3,3,3) = 3AB. Since AC is a scalar
multiple of AB and both vectors start at A, the points A, B, C are collinear, with C three times
as far from A as B'is.

3.4.3 Geometric proofs with position vectors

Many Paper 3 questions ask for a general proof (using letters, not numbers) rather than a numerical
calculation. The key technique is to write every relevant point as a combination of a small number
of position vectors, then compare.

Vi du mau - Worked example

OABC is a parallelogram (vertices labelled in order), with O the origin, OA =aand OB = b.
Prove that the diagonals OB and AC bisect each other.

Since OABC is a parallelogram, side OA is equal and parallel to side CB, so OA = CB, i.e.
a=b—c= c=b-—a, wherec = OC. Midpoint of diagonal OB: (0 + b) = $b. Midpoint
of diagonal AC: 1(a+c) = 3(a+b—a) = ib. Both diagonals have the same midpoint, 1b,

so OB and AC bisect each other. &

. GIAI THICH TIENG VIET

V6i bai toan chirng minh hinh hoc bang vector, hdy chon mét diém géc chung (thudng 13 mot
dinh, vi du O) va biéu dién moi diém con lai theo vector vi tri xuat phat tir diém géc dé. Muén
chirng minh ba diém thang hang: chi ra hai vector néi ching ti 1& v&i nhau. Muén chirng minh
hai doan thang c6 chung trung diém: tinh trung diém cuia ca hai doan theo cing mét hé vector
va so sanh két qua.
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Vi du miu - Worked example

Points A, B, C have position vectors a, b, c relative to an origin O. Let M be the midpoint of
BC, and let G be the point on AM with AG : GM = 2 : 1. Show thatg = 4(a+b +c), and
that G is also the point dividing the median from B in the same 2 : 1 ratio.

Midpoint of BC: m = %(b + ¢). Since G divides AM with AG : GM = 2 : 1, apply the ratio
formula withm = 2,n = 1:

~l-a+2-m_a+2-3(b+c) a+b+c
- 1+2 3 -3

Now let N be the midpoint of AC, son = %(a + ¢), and let G’ divide the median BN with
BG':G'N=2:1:

, 1.-b+2-n b+2-i(a+c) a+b+c
8= 3 ~ 3 R T
Since g’ = g, the point dividing median BN inratio 2 : 1 from B is the same point G. The iden-

tical argument with the third median (from C' to the midpoint of AB) shows all three medians
pass through G = §(a + b + c) — the centroid of the triangle. B

GIAI THICH TIENG VIET
Trong tam (centroid) cta tam giac ABC ludn cé vector vi trig = %(a + b + ¢) — trung binh
cong cla ba vector vi tri cac dinh. Pay la mot cong thirc dang nhdé: thay vi lap lai phép chia ti
I& 2 : 1 cho tirng trung tuyén, chi can cong ba vector vi tri roi chia 3.

Vi du mau - Worked example

A, B, C, D (position vectors a, b, c, d) are the vertices, taken in order, of any quadrilateral (not
necessarily planar or convex). P, Q, R, S are the midpoints of AB, BC, CD, DA respectively.
Prove that PQRS is a parallelogram.

By the midpoint formula,p = J(a+b),q=3(b+c),r=1(c+d),s=3(d+a).

PG=a-p=1ib+c)—La+b)=ic-a).

SER=r—s=1(ct+d) —Ld+a)=1L(c—a).

1
2
Since PQ = SR, side PQ is equal in length and parallel to side SR (and points the same
way). A quadrilateral with one pair of opposite sides equal and parallel is a parallelogram, so
PQRS is a parallelogram. B (This is known as Varignon'’s theorem; notice that it holds for any
quadrilateral ABC D, however irregular, since no assumption was made about a, b, ¢, d beyond
their being four position vectors taken in order.)

- GIAI THICH TIENG VIET
Dinh Iy Varignon: trung diém bén canh cta bat ky t&r gidc nao (theo th tu) ludn tao thanh
mot hinh binh hanh. Ky thuat chirng minh giéng hét cac bai chirng minh hinh hoc bang vector
khac: viét moi trung diém theo vector vi tri géc, rdi so sanh hai vector canh déi dién — néu
bang nhau thi d6 13 hinh binh hanh.

3.5 Differential equations: formulating and separating variables
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ENGLISH

3.5.1 Translating rate-of-change statements into differential equations
A first-order differential equation records how fast a quantity is changing. The rate of change of y

with respect to ¢ is —y, and Cambridge Paper 3 questions typically describe this rate in words that
must be translated into symbols:

. . . » d
e "the rate of increase of y is proportional to v’ = Y _ ky (k> 0).

dt
. . » d o
¢ "the rate of decrease of y is proportional to y" = d—i = —ky (k > 0) — the decrease is built into
the negative sign, so k itself is still taken positive.
. . . d .
¢ "the rate of increase of y is proportional to (L — y)" = d—?z = k(L — y) (models a quantity

approaching a limiting value L from below).

. . d
e "the rate of decrease of y is proportional to /" = d—gz = —k¥.

3.5.2 Separating variables and integrating

An equation of the form % = g(z)h(y) is separable: divide both sides by h(y) and multiply by dz
€T

to gather all the y-terms on one side and all the z-terms on the other, then integrate both sides:

/h(ly)d —/g(:t)dx.

Only one arbitrary constant of integration is needed (it can be written on either side, or combined
into a single constant C after both integrals are found). Once a solution has been found, it is always
worth checking it by differentiating back: substitute the candidate solution into the original dif-
ferential equation and confirm both sides agree — a quick, reliable safeguard against algebraic slips
made while separating or integrating.

3.5.3 General solutions and particular solutions

Integrating a differential equation produces the general solution — a whole family of curves, one for
each value of the constant C. Substituting given information (an initial condition, e.g. the value of
y when z = 0, or a boundary condition at some other point) determines the specific value of C' and
gives the particular solution — the one curve from the family that satisfies the given data.

General solution: contains an arbitrary constant C (or A = e© after exponentiating) — repre-
sents infinitely many curves.  Particular solution: C' has been evaluated using given data —
represents exactly one curve.

Vi du mau - Worked example
3

. . d 4 . . .
Find the general solution of d—y — 2 Hence find the particular solution given that y = 3
T Yy

when z = 1.
2
Separate variables: y dy = 423 dz. Integrate: % =2t +C; = y? =22* + C (relabelling 2C;

as C). This is the general solution — a family of curves, one for each C. Apply z = 1,y = 3:
9 = 2(1)* + C = C = 7. Particular solution: y? = 22* + 7, i.e. y = V2% + 7 (taking the
positive square root, sincey =3 > 0atxz = 1).
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Vi du miu - Worked example

Water drains from a tank so that the rate of decrease of the volume V cm? at time ¢ seconds is
proportional to v/V. Initially V' = 900; after 10 seconds, V = 400. Form and solve a differential
equation for V, and find the time at which the tank is empty.

"Rate of decrease proportional to v/V” gives % = —kVV (k > 0). Separate: V124V =

—kdt. Integrate: 2v/V = —kt + C. Att = 0,V = 900: 2(30) = 60 = C. So 2v/V = 60 — kt,
ie. VvV = 30— £t Att = 10,V = 400: V400 = 20 = 30 — 5k = 5k = 10 = k = 2.
Then vV = 30 —t,s0|V = (30 —t)?|for 0 < ¢ < 30. The tank is empty when V' = 0, i.e.
30—t =0=t =30 seconds.

- GIAI THICH TIENG VIET
Khi lap phuong trinh vi phan tir 167 van, hay doc ky xem dé bai néi tang hay giam: "t6c do giam
ti 1 vé&i..” nghia 1a dao ham am, con hang sé ti 1é k van duoc coi 1a s6 duong. Sau khi tach bién
va |3y tich phan, dirng quén hang sé tich phan C — thiéu né sé khéng thé ap dung diéu kién
ban dau dé tim nghiém riéng.

(1) Loi thueng gap: Cau "t6c do gidm cua y ti 18 véi y” rat dé bi viét nham thanh % = ky
(thi€éu dau trir). Néu quén dau am, mé hinh sé mo ta moét dai lwgng tang thay vi gidm — toan
bd nghiém sau dé sé sai, du cac budc tach bién va tich phan déu dang ky thuat. Mot 16i khac
thudng gap: quén hang s6 tich phan C ngay sau budc 13y tich phan hai vé, khién nghiém téng
quat bi "mat” mét bac tu do va khéng thé tim dugc nghiém riéng chinh xac.

Vi du mau - Worked example

The rate of decrease of a quantity z is proportional to 22. Initially = 10, and after 5 seconds
x = 5. Form a differential equation for z, solve it, and find x when ¢ = 15.

”Rate of decrease proportional to z2” gives Z—f = —ka2? (k > 0). Separating variables: % dx =
—kdt. Integrating: —é = —kt+CY, i.eé = kt+C (writingC = —C). Att = 0,2 = 10: 1i0 =C,
o) i = kt—l—%. Att=5z="5: é = 5k‘+% = bk = 1—10 = k= 5—10 = 0.02. So% = 0.02¢+40.1,
giving |z = 1 +1(0).2t . Attt = 15 x = T 012(15) = 7 1_33 = % = 2.5. Notice that this
solution has the shape x = m, quite different from the exponential solution obtained
from % = —kx — a reminder that not every "decreasing” differential equation produces an

exponential answer.

- GIAI THICH TIENG VIET
Khong phai phuong trinh vi phan "gidm dan” nao ciing cho nghiém dang ma. Khi vé phai ti [é

g Z . 1 n N ,
véi 22 (thay vi z), tach bién sé dan t&i [z 2 dx = - cho nghiém dang phan thirc z = T O
chir khéng phai x = z,e " — ludn xac dinh hang s6 C tir diéu kién ban dau trudce khi dung dir

kién tha hai dé€ tim k.
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3.6 Exponential growth and decay
3.6.1 The model dy/dt = ky

The most important separable model on this syllabus is

dy

d
E:ky = /yy—/kdt = Iny=Fkt+C = y=yye",

where y, is the value of y at t = 0. Here k£ > 0 gives exponential growth (unbounded as ¢t — )
and k < 0 gives exponential decay (with y — 0 as ¢t — oo0). The defining feature of this model is
that the rate of change is always proportional to the current amount — the more there is, the faster
it changes.

. d
Exponential model: di; =ky = y = yye® (k> 0: growth, k < 0: decay) — the rate of change
is proportional to the current amount.

Vi du m3u - Worked example

Water drains from a tank so that % =—kV.GivenV =100att=0andV =60att =5, find
Vatt=10.
V =100 *. Att = 5: e % = 0.6. Att = 10: V = 100(e~**)? = 100(0.6)% = 100(0.36) = 36.

Vi du miu - Worked example

do
Newton’s law of cooling: i —k(6 — 20). A drink starts at 90°C; after 5 min it is 70°C. Find

its temperature after 15 min.

Let = 6 — 20; ¢ = ot with g, = 70. At = 5: e = 20 — 2 At¢ = 15: e 9% = (2)° =
T2 = 0.3644, 50 (15) = 70(0.3644) = 25.5, and 6(15) = 20 + 25.5 = 45.5°C.

. GIAI THICH TIENG VIET

V&6i phuong trinh vi phan tach bién, dua hét y vé mot vé, x (hoac t) vé vé kia roi 13y tich phan
hai vé&. Trong cac bai ting trudng/phan rad mi, mét meo hay 1 tinh e 2% (hodc tuong tu) tir dir
kién da cho r6i lay thtra gia tri do 1én thay vi phai giai k£ tudng minh — nhanh va it sai s6 hon.

3.6.2 Interpreting exponential models

Because e % — 0 ast — oo (for k > 0), a decay model y = L + (y, — L)e " always tends to the
constant L in the long run — this is why Newton'’s law of cooling above tends to the room temperature
20°C, never below it. Conversely, a pure growth model y = y,e** has no upper bound and grows
without limit — this is realistic only over a limited time frame (e.g. early population growth), which is
why more refined separable models (see the next section) are also used.
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100 1
80
60 T decay; Y =yYpe kt
40 1

20 1

2 4 6 8 10

Exponential growth and exponential decay curves (k > 0 in both cases), starting from different initial values yj,.

3.7 Other separable models in context
3.7.1 Approach to a limit

. d . . .
Newton's law of cooling, di; = k(L — y), is one example of a very common family: a quantity y

approaches (but never quite reaches) a fixed target value L. Solving as before (with u = L — y) gives
the general result y = L — (L — y,)e *,s0y — Last — oo.

Vi du mau - Worked example

. . . . d
In a chemical reaction, the mass x grams of a product formed after ¢ minutes satisfies d—j =

k(20 — z), withz = 0at¢ = 0and z = 10 at ¢t = 5. Find 2 when ¢ = 10, and state the limiting
value of z.

d
Separate: 50 T kdt = —In(20 —x) = kt+ Cy. Att = 0,z = 0: —In20 = C, so
— T

In(20 — z) = In20 — kt, i.e. 20 — x = 20e~*, giving x = 20 (1 —e*). Att = 5,2 = 10:
10 = 20(1 — e %) = e = 0.5. Att = 10: e 1% = (0.5)2 = 0.25, s0 = 20(1 — 0.25) =
20(0.75) = 15 grams. Ast — oo, e ¥ — 0, s0o x — 20(1 — 0) = 20 grams — the reaction
approaches a maximum yield of 20 grams of product.

3.7.2 Logistic (bounded) growth

A population that grows quickly while small but slows as it nears an environmental capacity L is
often modelled by

dP P k
= —kP(1-=)=2pPL-P).
=P (1-g) = pre-p
This is still separable. Using partial fractions 1 —1<1~|— 1 )so
parable. Lsing p "P(L—P) L\P L—P)

1 1 B P - P Y

Solving for P gives the standard logistic solution

L B:L_PO.

PO =g P,

Ast — oo, Be ¥ — 0, so P — L: the population approaches (but never exceeds) the capacity L.
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Vi du miu - Worked example

A population is modelled by logistic growth with capacity L = 1000. Initially (¢ = 0) the
population is P, = 100, and after 5 years the population is 500. Find the population after
10 years, and state its long-term value.

L—P, 1000 — 100 1000 1000
B = 0 — =9,s0P(t)=——— Att=5P=500:500 = ——— =
P, 100 *) 1+ 9ekt 1+ 9e 5k
1 1000 1000
14+9e% =2 = ¢5F = L Ate = 10: e710% = (¢75%)" = = 50 P(10) = -
81 1+9-&  1+3
1000 1000

—o— = 900. Ast — oo, P — 10 - 1000 = L: the population approaches the capacity of
9
1000.

3.7.3 Models leading to a finite end time

. d .
Not every separable model runs forever: the draining-tank model di: = —k,/y reaches y = 0 in

2
\/k:% (found by setting \/y = 0in \/y = \/yy — %t) — very different long-term

behaviour from the exponential and logistic models, which only approach their limits as ¢t — o~
without ever quite reaching them.

a finite time, ¢t =

Model (in words) Differential equation = General solution Long-term behaviour
. d

Exponential ditJ = ky y = yoett unbounded (k > 0) or
growth/decay y— 0(k<0)
Approach to a limit —ZZ =k(L—vy) y=L—(L—y)e* y— Last— oo

. . L L—
Logistic (bounded) di; :ky(l—%) Y= T ek B= Yo y— Last— oo
growth +be Yo

d kt 2

Square-root  out- d—gz =—k\/y VI = /Yo — 5 y=0att= \fTO
flow

Four common separable models in Paper 3 differential-equation questions (k > 0 throughout).

- GIAI THICH TIENG VIET
Ba loai mo hinh hay gdp trong dé Paper 3: (1) tang/giam m khong gidi han (dy/dt = ky); (2)
tién dan dén mot gia tri gidi han nhung khéng bao gio' cham téi (dy/dt = k(L — y) hodc mo
hinh logistic); (3) dat t&i 0 (hoac mét gia tri cu thé) sau mét khodng thai gian hiru han, nhu mo
hinh bé nudc can theo /y. Khi doc dé, hay xac dinh xem dai lugng c6 "can han” tai mot thoi
diém cu thé hay chi tiém can mot gi¢i han khit — oo.

Vi du mau - Worked example

A tank contains 100 litres of brine holding 20 kg of dissolved salt. Pure water is pumped in,
and the well-mixed brine is pumped out, both at 5 litres per minute, so the volume in the tank
stays constant at 100 litres. Let y kg be the mass of salt in the tank after ¢ minutes. Form a
differential equation for y, solve it, and find how long it takes for the mass of salt to fall to 5
kg.

Forming the equation. Pure water enters, so no salt flows in. Salt flows out at a rate equal to
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the concentration of salt, % kg per litre, multiplied by the outflow rate of 5 litres per minute:

dy vy Yy
at = 100 <°T Tao°

Solving. This is the exponential model Yo —ky with k = %. Separating and integrating:

dt
@——idtzﬂn ——L+C Att=0,y=20: C =1In20,s0In —In20—i ivin
y = 20e~1/20,
1 t
Time toreach 5 kg. Sety = 5: 5 = 20e 420 = ¢ 4/20 = _ = =—Ind=1t=20In4 =

47 20
20(1.3863) = 27.7 minutes (1 d.p.). Ast — oo, e ¥/2° — 0, s0 y — 0: in the long run the tank
is flushed almost entirely free of salt (though, strictly, this model never reaches exactly zero in
finite time).

3.8 Practice problems

Practice: vectors, magnitude and the scalar product

Bai tap luyén tap

a=(3,—4,0),b=(1,2,2). Find the angle between a and b (1 d.p.).

(A) 109.5° (C) 19.5°
(B) 70.5° (D) 90°

Loi giai chi tiét

a-b=3-8+0=—b5.]a|=5,|b| =3.cosf = —5 = 0§ =109.5". (A).

Bai tap luyén tap

Find p so thata = (2,p,—1) and b = (4, —2, 6) are perpendicular.

L

(A) 1 (C) 2
(B) —1 (D) 4

Loi giai chi tiét

a-b=8-2p—-6=2—-2p=0=p=1.(A).

Bai tap luyén tap

Find |a| fora = (6, —2, 3).

(A) 7 (C) 5
(B) 11 (D) 6.4
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Loi giai chi tiét

la| = /62 + (—2)2+32 =136 +4+ 9 =49 = 7. (A).

Bai tap luyén tap

Find the unit vector in the direction of (3, —4,12).

(A) (4, —4,12) (©) (3,—4,12)
B (& ==2 (D) (3,—% 13)

L&i giai chi tiét
Magnitude = /9 + 16 + 144 = /169 = 13. Unit vector = (3, —4,12). (A).

Bai tap luyén tap

Find ¢ such that (2,¢,3) and (1, —1, ¢) are perpendicular.

Lai giai chi tiét

3(g) =2—q+3¢=2+2¢=0= q=—1. Check: (2,—1,3) -

Dot product: 2(1) + ¢(—1) +
=0V.

(1,—1,-1)=2+1-3

Practice: lines, intersections, skew lines and angles

Bai tap luyén tap

Linel : r = (4,1,—2) + ¢(1,—1,3). Find the point on [ where the z- and z-coordinates are
equal.

Loi giai chi tiét

-

T=zA4+t=-2+3t=6=2t=¢t=23. Point: (4+3,1—3, —2+9) = (7,—2,7).

Bai tap luyén tap

Ly :r=1(1,2,0)+s(1,—1,2),1, : r = (0,5,—2) + (2, —2,4). Describe the relationship between

[, and [,.
(A) Parallel, distinct lines (C) Skew
(B) The same line (D) Intersecting at one point

Loi giai chi tiét

d, = (2,—2,4) = 2(1,—1,2) = 2d,, so the lines are parallel. Test whether (0,5, —2) lies on
l;:z: 14+ s =0= s = —1; then y should be 2 — (—1) = 3, but the point hasy = 5 # 3 —
contradiction. So the lines are parallel but distinct. (A).
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Bai tap luyén tap

li:r=(1,1,1)+s(1,1,1), 15 : r = (2,8,—1) + t(1,—1, 2). Find their point of intersection.

Loi giai chi tiét

z:1l4+s=24+t=>s5—t=1(). y:1+s=8—t=s+t="T(i). 2z:1+s5=—-1+2t=
s — 2t = =2 (iii). (i)+(ii): 2s = 8 = s = 4; thent = 3. Check (iii): 4 — 6 = —2 V. Point:
(14+4,1+4,144)=(555).

Bai tap luyén tap

l; :r=1(0,0,0) +s(1,2,3),1l5 : r=(1,1,0) + £(2,1,0). Show that [, and [, are skew.

Loi giai chi tiet

Directions (1,2,3) and (2,1,0) are not parallel. z:3s=0=s=0.Thenz:0=1+2t =t =
—4;buty: 0=1+t=¢=—1. Sincet = —3 and ¢ = —1 contradict each other, there is no
consistent solution: the lines are skew.

Bai tap luyén tap

Find the acute angle between lines with direction vectors (1,2,2) and (2,2, 1).

(A) 27.3° (C) 48.2°
(B) 62.7° (D) 90°

Loi giai chi tiét

-

Dot product =2 + 4 + 2 = 8. |d;| = |dy| = 3. cos§ = 3 = 0.8889 = § = 27.3". (A).

Bai tap luyén tap

L:r=(1,—-4,4)+s(1,1,1), 1, : r = (1,—1,3) + (2, —1, 3). Find their point of intersection.

Loi giai chi tiét
z:1+s=14+2t = s=2t(i). y: —4+s=—1—t = s+t =3(ii). z:4+5=3+3t = s—3t =—1
(iii). From (i), s = 2¢; substitute into (ii): 3t = 3 = t = 1, s = 2. Check (iii): 2—3 = —1 v". Point:
(142,—-4+24+2)=(3,-2,6).

Practice: foot of the perpendicular and shortest distance

Bai tap luyén tap

Linel:r=(0,0,0)+t(2,1,2). Point P(7,5,4). Find the foot of the perpendicular from P to [
and the shortest distance from P to I.

Loi giai chi tiét

9 = (M) +B)1)+(4)(2)  14+5+8 27
d2=4+1+4=09. AP = (7,5,4). t = 5 =—F—=3=3
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Foot: N =3(2,1,2) = (6,3,6). Distance: [N — P| =|(—1,-2,2)| =v1+4+4=3.

Bai tap luyén tap

Liner = (1,0,0) + (0, 3,4). Point P(6, 6, 8). Find the shortest distance from P to the line.

(A) 5 (C) 3
(B) 4 (D) 25
I Lo i et
- (5)(0) + (6)(3) + (8)(4) _ 18+32 _ 50

AP = (5,6,8),|d]> =9+ 16 = 25. t = " s

Bai tap luyén tap

Liner = (0,0,0) + ¢(1,0,0) (the z-axis). Point P(3,4,0). Find the shortest distance from P to
the line.

Loi giai chi tiét

% = 2. Foot:

AP = (3,4,0), [d]? = 1. t = % = 3. Foot: N = (3,0,0). Distance = |[N — P| =
(0, —4,0)| = 4.

~ ~

Bai tap luyén tap

For a line r = a + td and an external point P (position vector p), which expression correctly
gives the parameter ¢ at the foot of the perpendicular from P?

(p—a)-d Ip—al
A — C
(p—a)-d
(B) (p—a)-d O i

d Loi giai chi tiét
(P—2)-d_(p—a)d
d-d ]2

Setting PN -d = 0 with N = a + ¢d gives ¢ = . (A).

Practice: vector geometry — ratios, collinearity, proofs

Bai tap luyén tap

A(2,—1,4), B(8,5,—2). Find the position vector of the point P on AB with AP : PB =1: 2.

Loi giai chi tiét

-

3 3 o 3 3
Check: AP = (2,2,—2), PB = (4,4,—4) = 2AP, confirming ratio 1 : 2.
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Bai tap luyén tap

Determine whether A(1,1,1), B(3,5,7), C(6,11,16) are collinear.

(A) Collinear, with AC = 2.5 AB (C) Not collinear
(B) Collinear, with AC =2 AB (D) Collinear, with AC = 3 AB

Loi giai chi tiét

AB = (2,4,6). AC = (5,10,15). Since 3 = 10 = 15 = 25 AC = 2.54B, s0 A, B,C are
collinear. (A).

Bai tap luyén tap

A(1,2,3), B(9,—2,11). Point P(5,0,7) lies on line AB. Find the ratio AP : PB.

Loi giai chi tiét

AP = (4,—2,4). PB = (4,—2,4). Since AP = PB, P is the midpoint of AB, so AP : PB =
1:1.(Check: 3(a+b)=1(10,0,14) = (5,0,7) = P V)

Bai tap luyén tap

OABC! is a parallelogram with O the origin, OA = a, OB = b. Let M be the midpoint of OB
and N the midpoint of AC. Prove M = N.

Lai giai chi tiét

As OABC is a parallelogram, OA = CB = a=b—-c=c=b—a m= 1(0+b) = lb.
n=1(@+c)=3(@+b—a)=1b. Sincem=n, M and N are the same point: the diagonals
bisect each other.

Bai tap luyén tap
A(0,0,0), B(3,4,0), C(4,—3,0). Show that triangle ABC has a right angle at A.

Loi giai chi tiét

AB = (3,4,0), AC = (4,-3,0). AB- AC =12 —12+0=0,50 AB L AC: the triangle has a
right angle at A (and, since |AB| = |AC| = 5, it is also isosceles).

Bai tap luyén tap

Triangle ABC has A(0,0,0), B(6,0,0), C(2,8,0). M and N are the midpoints of AB and AC.
Verify that M N is parallel to BC and half its length.

Loi giai chi tiet

M = 1A+ B) = (3,00),N=21A+C) = (1,4,0). MN = N — M = (=2,4,0). BC =
C — B = (—4,8,0) = 2(~2,4,0). So BC = 2MN, i.e. MN = }BC: parallel, and exactly half
the length, confirming the midpoint theorem.

Thay Twdng 0332747169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics - Trang 85



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Practice: forming, solving and interpreting differential equations

Bai tap luyén tap

A radioactive mass satisfies d—T = —km; m = 200g initially and m = 160g after 10 years. Find
the time (nearest year) for m to reach 50g.

(A) 62 years (C) 31 years
(B) 50 years (D) 80 years

Loi gidi chi tiét
In0.8
—10

m = 200e %t ¢710k = 08 = k =
In0.25
—0.02231

= 0.02231. For m = 50: e % = 0.25 = t =

= 62.1 ~ 62 years. (A).

Bai tap luyén tap

Verify, by differentiating and substituting back, that y = Ce3* (for any constant C) satisfies
Yy
= 3y.

&|Q.
8

Loi giai chi tiét
. L d . . .
Differentiating: d—i = 3Ce3*. Comparing with 3y = 3(Ce3®) = 3Ce3?, the two sides are

identical, so y = Ce3* does indeed satisfy d—y = 3y for every value of C' — confirming it is the
X

general solution.

Bai tap luyén tap

&I

Solve d—y = 622y, given y = 2 when z = 0.
X

(A) y = 2¢2*° (C) y=e*"+1
(B) y = 2¢67” (D) y = 237

Loi giai chi tiét

d
—y:6x2d1‘:>|ny:2w3+C:>y:A62x3.Atx=0,y=2:A:2,SOy:262$3. (A).

Bai tap luyén tap

IQ

The number of bacteria N in a culture increases at a rate proportional to V. Initially N = 500;
after 3 hours N = 2000. Form a differential equation and find IV after 6 hours.

Loi giai chi tiet

dN 2
— = EN = N = 500e*. Att = 3: 3% = % = 4. Att = 6: % = (e3F)2 = 16, so
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N(6) = 500 x 16 = 8000.

Bai tap luyén tap

. . d . . .
Find the general solution of d—y L (z,y > 0). Hence find the particular solution given y = 6
xr HA
when z = 2.

Loi giai chi tiét

d d . . .
Separate: . % = Iny = Inz + C = y = Az — the general solution (a family of straight

Y
lines through the origin). At x = 2,y = 6: A = 3. Particular solution: y = 3z.

Bai tap luyén tap

A liquid cools according to # = 20 + 70e~** (k > 0, § in °C). What is the temperature as t — 00?

(A) 20°C (C) 70°C
(B) 0°C (D) 90°C

Loi giai chi tiet

-

Ast — oo, e ¥ — 0,50 6 — 20 + 0 = 20°C — the ambient (room) temperature. (A).

Practice: growth, decay and modelling in context

Bai tap luyén tap

A population grows exponentially from P, = 2000 and doubles every 8 years. Find the popu-
lation after 20 years (nearest whole number).

(A) 11314 (C) 16000
(B) 8000 (D) 10000

Lai giai chi tiét

P = 2000e*t with e3% = 2. After 20 years: €20k = 220/8 — 925 — (/39 — 5657. P =
2000 x 5.657 = 11314 (nearest whole number). (A).

Bai tap luyén tap

. dh . . . . dh
A tank drains so that i —kv/'h, where h is the height of liquid. Initially » = 25 and i —2.
Find k, find & in terms of ¢, and find the time at which the tank is empty.

Loi giai chi tiét
Att =0: =2 = —k\/25 = —5k = k = 0.4. Separating: h~Y/2dh = —kdt = 2vh = —kt + C.
Att = 0: 2(5) = 10 = C,s0 vVh = 5 —0.2t, i.e. h = (5 — 0.2t)2. The tank is empty when

5
\/E:0:>t:ﬁ:25seconds.
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ENGLISH

Bai tap luyén tap

A population follows logistic growth P(t) = ﬁ (k > 0). Whatis P as t — oo0?
(A) L (C) L/9
(B) 0 (D) L/10

Loi giai chi tiet

Bai tap luyén tap

dx

limiting value of z.

Loi giai chi tiet

Bai tap luyén tap

(1 d.p.) at which V first equals half its initial value.

(A) 6.8 min (C) 5.0 min
(B) 10.0 min (D) 3.4 min

Loi giai chi tiét
~ —1In0.6 In2  0.6931

k= = 0.1022. Need e %t = 0.5 = t = ——

St 6.8 minutes. (A).

Practice: further vectors, lines and angles

Bai tap luyén tap

Find the angle betweena = (1,—1,1)and b = (2,2,1) (1 d.p.).

(A) 78.9° (C) 101.1°
(B) 11.1° (D) 90°

Loi giai chi tiet

-

1
a-b=2—-2+1=1.|a|=+v3,|b| =3.cos0 = —— =0.1925 = § = 78.9°. (A).
la| = V/3, |b| Ve (A)

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 Cambridge International AS & A Level Mathematics

L . . .
Ast — oo, e — 0,50 P — 110 L: the population tends to the carrying capacity L. (A).

A dye is dissolving in a beaker so that the mass x grams dissolved after ¢ minutes satisfies
= k(15 —x),withz = 0att =0and z = 9 at¢ = 4. Find x when ¢t = 8, and state the

Separating as for the approach-to-a-limit model gives x = 15(1 — e™**). Att = 4: 9 = 15(1 —
e )= et =1-0.6=04. Att =8: e 8 = (0.4)2 = 0.16,s0 z = 15(1—0.16) = 15(0.84) =
12.6 grams. As t — oo, z — 15 grams — the maximum amount of dye that can dissolve.

Using the tank model V' = 100e** with e °* = 0.6 (as in the worked example), find the time
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Bai tap luyén tap

Find p so thata = (3,p,—4) and b = (p, 2,5) are perpendicular.

Loi giai chi tiét

-

a-b=3p+2p—20="5p—20=0=p=4. Check: (3,4,—4)-(4,2,5)=124+8—-20=10 .

Bai tap luyén tap

Find |a| and the unit vector in the direction of a = (8, —6,0).

Loi giai chi tiét

-

. 1
|a| = v/64 + 36 + 0 = /100 = 10. Unit vector = 1—0(8, —6,0) = (0.8,—0.6,0).

Bai tap luyén tap

li:r=(3,2,1)+s(1,—-1,2),ly : r = (0,5,7) + t(1,—2, 3). Show that /;, and [, are skew.

Lai giai chi tiét

Directions (1,—1,2) and (1,—2,3) are not parallel. =z : s —¢t = =3 (i). vy : 2t —s = 3 (ii).
z : 28 — 3t = 6 (iii). From (i), s = ¢ — 3. Substituting into (ii): 2t — (t —3) =3 =t =0, s = —3.
Checking (iii): 2(—3) — 3(0) = —6 # 6 — contradiction, so the lines are skew.

Bai tap luyén tap
Find the acute angle between lines with direction vectors (1,0,1) and (0,1, 1).

(A) 60° (C) 30°
(B) 45° (D) 90°

Loi giai chi tiet

-

Dot product =0+ 0+ 1 = 1. |d;| = |dy| = v/2. cos = % =0 =60°. (A).

Bai tap luyén tap

[y :r=1(1,0,2) +5(2,4,-2), 5 : r = (5,8,—2) + t(3,6,—3). Show that [; and [, are in fact the
same line.

Loi giai chi tiét
d, = (3,6,—3) = 1.5(2,4,—2) = 1.5d,, so the lines are parallel. Testing the point (5,8, —2)
inli:z:142s=5=>5s=2y:4s=8=>s5=2V;2:2—-2s=2—4=—-2. All three
components agree at s = 2, so (5,8, —2) lies on [;: the two equations describe the same line.
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Practice: further perpendicular distance and vector geometry

Bai tap luyén tap

Linel:r=(1,2,—1) + t(1,—2,2). Point P(4,2,2). Find the foot of the perpendicular from P
to [ and the shortest distance from P to .

Loi giai chi tiét

-

AP = 1+4+4=9 AP = (3,0,3). t = DD+ <0><9_2)+ B)2) _ g — 1. Foot: N =
a+d=(2,0,1). Distance: |N — P| = [(—2,—2,—1)|=v4+4+1=3.

Bai tap luyén tap

Line r = (0,0,0) + (3,4, 0). Point P(0,0, 5). Find the shortest distance from P to the line.

(A) 5 (C) 3
(B) 4 (D) 0

Loi giai chi tiét

AP = (0,0,5),and AP -d = 0+ 0+ 0 = 0 already, so ¢ = 0 and the foot is 4 = (0,0, 0) itself.
Distance = |[A — P| = v/0 + 0+ 25 = 5. (A).

Bai tap luyén tap

Liner = (1,1,1) +¢(0,0, 1). Point P(4,5,10). Find the shortest distance from P to the line.

(A) 5 (C) 3
(B) 9 (D) 4

Loi giai chi tiet

-

d* = 1. AP = (3,4,9). t = <3)<0)+(4>1<0)+(9>(1> = 9. Foot: N = (1,1,10). Distance
= |(=3,—4,0)| = V9 + 16 = 5. (A).

Bai tap luyén tap

A(3,—2,7), B(13,8,—8). Find the position vector of the point P on AB with AP : PB =2: 3.

Loi giai chi tiét

-

o _ 33t 33,27 +213,8-8) _ (9,-6.21)+(26,16,-16) _ (3510,5) _
-5 5 - 5 -5

(7,2,1). Check: AP = (4,4,—6), PB = (6,6, —9) = 1.5 AP, confirming ratio 2 : 3.

Bai tap luyén tap

Show that A(1,—1,2), B(4,1,5) and C(13,7,14) are collinear.
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Loi giai chi tiét

AB = (3,2,3). AC = (12,8,12) = 4(3,2,3) = 4 AB. Since AC is a scalar multiple of AB
sharing the point A, the three points are collinear, with C four times as far from A as B is.

Bai tap luyén tap

Triangle ABC has A(0,0,0), B(6,0,0), C(0,9,0). Find the position vector of the centroid G of
the triangle.

Loi giai chi tiét

- a+§+c _ (0,0,0)+(6,g,0)+(0,9,0) _ (6,2,0) _ (2,3,0)

Practice: further differential equations

Bai tap luyén tap

The rate of decrease of y is proportional to 2. Initially y = 8; after 4 seconds y = 2. Find y
when ¢t = 10.

Loi giai chi tiét

dy 1 1, . 1 1 3

— =k’ = —=kt+=(usingy=8att=0).Att=4,y=2: - =4k+-=4dk=—-=k=
dt Yo = =kt g lusingy ) Y=S g =Rty 8

3 1 3 1 1 30 4 34 17 16
—.S0-=—t+-Att=10: - = — 4+ —=—=— =>y=— ~0.941.

32 Yy 32+8 y 32 32 32 16 LT

Bai tap luyén tap

dy 9
Solve T 2xy~, giveny = 1 when x = 0.
X
1 _ 2

A) y = Cy=1—2

A y=1—073

B 1

()y=m (D) y =1+ 22
Loi giai chi tiét

d 1 1 1
Separate: —’;J =2%dr = ——=2>4+C. Atz =0,y=1:C=-1,50—-=22—1= - =
Yy Yy Yy Yy
Il — o = . (A).
o' =y=——ps (A
' Bai tap luyén tap

A tank contains 200 litres of brine holding 40 kg of dissolved salt. Pure water enters and well-
mixed brine leaves, both at 8 litres per minute. Find the mass y of salt after ¢ minutes, and the
time (1 d.p.) for the mass of salt to fall to 5 kg.
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ENGLISH

Loi giai chi tiét

= t = 25In8 =

oo =

dy Y Yy _ 5 _
- = < = —=, = 4 t/25. tt = 5 t/25 _
e 200 X 8 T2 SOy Oe Setting y = 5: ¢ =
25(2.0794) = 52.0 minutes (1 d.p.).

Bai tap luyén tap

. . . . . d
An object at 5°C is placed in a room at 25°C, so its temperature 6 satisfies i k(25 — 6).
Which of the following is the correct general solution?

(A) 6 =25 — 20e*t (C) 0 =5e*t
(B) 9 = 25 + 20e*t (D) 6 = 20e*t +5

Loi giai chi tiét
The solution has the form § = 25 — (25 — 6,)e * with 6, = 5: § = 25 —20e~**. Check at t = 0:
25—20 =5 v,and ast — oo, 8 — 25°C, the room temperature, as expected for warming

towards ambient. (A).

Practice: lines, planes and axes

Bai tap luyén tap
Find the acute angle between the liner = (1,0, 2) + ¢(2,1, —2) and the z-axis.

(A) 48.2° (C) 60°
(B) 41.8° (D) 70.5°

Loi giai chi tiét

N . . . 2
Directiond = (2,1,—2),i = (1,0,0). d-i =2. |d| = V4+1+4 =3, ]i| = 1. cosf = 3=
0.6667 = 6 = 48.2°. (A).

Bai tap luyén tap
Liner = (3,1,—1) + ¢(1,—1, 1). Find the point where it crosses the plane y = 0.

Loi giai chi tiét
y=0:1—t=0=1t¢t=1. Point: (3+1,0, —1+1) = (4,0,0).

Bai tap luyén tap

Does the liner = (1,2,3) + t(1, 1, 1) cross the y-axis?

Loi giai chi tiét

The y-axis needs x = 0and z = 0 at the same ¢t. Fromz =0: 1+t =0=t = —1. From z = 0:
3+t=0=t= —3. Since —1 # —3, there is no common value of ¢: the line does not cross

the y-axis.
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ENGLISH

-

-

Bai tap luyén tap
Show that the liner = (4, —3,2) + t(1, —2, 2) passes through the point (7,9, 8).

Loi giai chi tiét
Tryt=3: (443, —-3-6,246) = (7,—9,8) v. Since this value of ¢ reproduces the given point
exactly, the line does pass through (7, —9, 8).

Bai tap luyén tap
L:r=(1,1,1)4+s(3,—-1,2),l5: r = (4,0,3) +t(—3,1,—2). Describe the relationship between
[, and [,.

(A) The same line (C) Skew

(B) Parallel, distinct lines (D) Intersecting at a single point

Loi giai chi tiét

d, = (-3,1,-2) = —1-(3,—1,2) = —d;, so the lines are parallel. Testing (4,0,3) in [;:
x:143s=4=s=1y:1—s=0v;2:14+2s=3V.Allthreeagreeats =1,s0 (4,0,3)
lies on [;: the lines are the same line. (A).

Bai tap luyén tap

Liner = (6,5, —1) + ¢(3, —4,0). Find the point where it crosses the plane z = 0.

Lai giai chi tiét
x=0:64+3t=0=t=—2.Point: (0, 5—4(-2), —1) =(0,13,—1).

Practice: vector geometry — Varignon’s theorem and ratios

Bai tap luyén tap

Quadrilateral ABC'D has A(0,0,0), B(4,0,0),C(6,4,0), D(0,6,0). P,Q, R, S are the midpoints
of AB, BC,CD, DA. Find P,Q, R, S and verify that PQRS is a parallelogram.

Loi giai chi tiét

P = (2,00, Q = (52,0, R = (3,5,0), S = (0,3,0. PQ = (3,2,0,SE = R—§ =
(3,2,0). Since PQ = SR, side PQ is equal and parallel to side SR, so PQRS is a parallelogram,
confirming Varignon’s theorem.

Bai tap luyén tap

For the quadrilateral and midpoints P, Q, R, S of the previous question, find the midpoint of
PR and the midpoint of .S, and comment on the result.
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Loi giai chi tiét

Midpoint of PR: (P + R) = 3((2,0,0) + (3,5,0)) = (2.5,2.5,0). Midpoint of QS: 3(Q +
S) = 3((5,2,0) + (0,3,0)) = (2.5,2.5,0). The two diagonals PR and QS of the Varignon
parallelogram have the same midpoint (as they must, since it is a parallelogram); this common
point is also 1(a+ b + ¢ + d), the average of all four original vertices.

Bai tap luyén tap
Find & such that A(1,2,3), B(4,8,k) and C(7, 14, 15) are collinear.

(A) 9 (C) 12
(B) 6 (D) 8

Lai giai chi tiét

AB = (3,6,k — 3), AC = (6,12,12). Matching the z- and y-components, AC = 2 AB, so the
z-components must also satisfy 12 =2(k—3) = k—3 =6 = k = 9. (A).

Bai tap luyén tap
a=(1,2,2),b=(2,—1,2). Find |a+b| and |a — b|.

Loi giai chi tiét

at+b=(314),s0la+b =+V9+1+16 = /26 = 510(3sf). a—b = (—1,3,0), so
la—b|=vI+9+0=+10=3.16 (3 s.f).

Bai tap luyén tap
Which pair of vectors below is not perpendicular?

(A) (1,0,0) and (0,1,0) (C) (1,2,3)and (3,—3,1)
(B) (2,3,—1)and (1,—1,—1) (D) (1,1,1) and (1,1,—1)

Loi giai chi tiét

(A:0.(B):2—3+1=0.(C):3—6+3=0.(D):1+1—1=1% 0 — not perpendicular. (D).

Practice: further mixed vectors and differential equations

Bai tap luyén tap

[, :r=(1,1,0) +5(2,0,1), 1, : r = (3,—1,0) + (1,1, 1). Find their point of intersection.

Loi giai chi tiét

yl=—14+t=t=2.2z2s=t=s=2 Checkz: 1+2(2) =5and3+2 =5 . Point of
intersection: (5,1, 2).
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Bai tap luyén tap

Find the acute angle between the direction vectors of the two lines in the previous question.
(A) 39.2° (C) 60°
(B) 50.8° (D) 25.8°
Loi giai chi tiét
3
(2,0,1)-(1,1,1) =24+ 0+ 1= 3. |(2,0,1)] = /5, |(1,1,1)| = v/3. cosf = B 0.7746 =
0 = 39.2°. (A).
Bai tap luyén tap
1
Solve @ = y+2 (for z,y > 0), giveny = 1 when z = 1.
dx T
Loi giai chi tiét
dy dx .
Separate: = =In(y+1)=Inz+C = y+1= Az. Atz =1,y = 1: A= 2. Particular
y X
1 2
solution: y = 2z — 1. Check: @ =2, and y+ _ 2 2 V.
dx T 0

Bai tap luyén tap

A cup of coffee cools according to % = —k(6 — 18). Initially 8 = 82°C; after 10 minutes
0 = 50°C. Find 0 after 20 minutes (nearest degree).

(A) 34°C (C) 36°C

(B) 32°C (D) 40°C

Loi giai chi tiét

50— 18 32
Let p = 0 — 18, ¢, = 64. At t = 10: e 19% = =51~ 05 Att =20: e 2% = (0.5)? =

64
0.25, so p(20) = 64(0.25) = 16, giving 6(20) = 18 + 16 = 34°C. (A).

Bai tap luyén tap
Find the shortest distance from the origin to the line r = (4,0, 3) + ¢(0, 1,0).

(A) 5 (C) 3
(B) 4 (D) 7

Loi giai chi tiet

d = (0,1,0), |[d? = 1. AP = (0,0,0) — (4,0,3) = (—4,0,—-3). t =
(=90 + (1) + (=3)(0) = 0, so the foot is A = (4,0, 3) itself. Distance = |[A — O| =

1
V16 +0+9 = 5. (A).
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Practice: additional quick review

Bai tap luyén tap
Find ¢ such thatr = (1,—2,3) + ¢(2,1,—1) passes through the point (7,1, 0).

Loi giai chi tiét
x:14+2t=7=t=3.Checky: —-2+3=1V;2:3—3=0/.All three components agree
at t = 3, so the line does pass through (7, 1,0).

Bai tap luyén tap

A radioactive isotope has a half-life of 8 days. What fraction of the original mass remains after
24 days?

) © 5

| =

(B)

o

W =

Loi giai chi tiét

-

24 days is exactly 3 half-lives (24 = 3 x 8), and each half-life halves the mass: (%)3 = % (A).

Bai tap luyén tap

&I
<

Solve T y cos z, given y = 2 when z = 0.
i

Loi giai chi tiet

d . .
Separate: =Y =coszdr = Iny=sinz+C. Atz =0,y=2:C=1In2,s0lny =sinz+1In2 =

. d .
y = 2e*"*. Check: d—y =2e*""cosx = ycosx V.
X

Bai tap luyén tap

. . _ . dP P .
A population satisfies the logistic equation === kP(l — ﬁ) with £ > 0and 0 < P, < 500.

What is the long-term population, regardless of the exact starting value P,?

(A) 500 (C) 250
(B) 0 (D) It grows without bound

Loi giai chi tiét
This is the logistic model with capacity L = 500; for any starting value 0 < P, < 500, P — L =
500 as t — oo. (A).
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Bai tap luyén tap
Find |a| and the unit vector in the direction of a = (0, 5, 12).
Loi giai chi tiét
. 1
la| = /0 + 25 + 144 = /169 = 13. Unit vector = E(O’ 5,12) = (0, &, 1

Bai tap luyén tap

Show thata = (2,—3,6) and b = (3, 2,0) are perpendicular.

Loi giai chi tiét

a-b=(2)(3)+(—3)(2)+(6)(0)=6—6+0=0,s0a L b.

[}

).

w
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CAMBRIDGE INTERNATIONAL AS & A LEVEL « Unit 4

Complex Numbers

Muc tiéu Unit: S6 phirc dang dai s6 (Cartesian) va cac phép toan cong/trir/nhan/chia, lién hop phirc;
phuong trinh bac hai, bac ba, bac bén c6 nghiém phirc (dinh ly nghiém lién hop vaéi hé sé thuc); dang
lvong gidc (modulus-argument), bi€u d6 Argand, phép nhan/chia dang cuc; va quy tich (loci) trén mat
phang phrc, bao gdm bai toan gid tri I&n nhat/nhé nhat cua |z| va arg z (mic A Level, Paper 3).

4.1 Cartesian Form and Algebraic Operations

4.1.1 The imaginary unit and Cartesian form
The equation 22 + 1 = 0 has no real solution, since 22 > 0 for every real z. To solve it we introduce

the imaginary unit 7, defined by
i? = —1.

A complex number is then any expression of the form
z =+ 1y, z,y €R,

written in Cartesian form (also called algebraic form). The real number z is the real part, written
x = Re(z), and the real number y is the imaginary part, written y = Im(2) (note that Im(z) is itself
real — it is the coefficient of i, not iy itself). The set of all complex numbers is denoted C,and R c C
since every real number z is the complex number z + 0.

Powers of i cycle with period 4: i' =i, i> = —1, i = —i, i* = 1, and then the pattern repeats.

To simplify i, write n = 4¢ + r with 0 < r < 3 and use i" = i".

GIAI THICH TIENG VIET
0 phirc z = z + iy c6 phan thuc z va phan 3o y (chd y: phan 3o |a hé s6 y, khéng phai iy).
Don vi a0 i thod i? = —1. Cac luy thira ca i 13p lai theo chu ky 4: i, —1, —i, 1, ¢, —1, ...

4.1.2 Addition and subtraction

Complex numbers are added and subtracted by combining real parts together and imaginary parts
together, exactly as with two-dimensional vectors:

(a+1ib) + (c+id) = (a+c)+i(b+d), (a+1ib) — (c+id) = (a —c) +i(b—d).

4.1.3 Multiplication

Complex numbers are multiplied by expanding brackets as with ordinary polynomials, then using
i2 = —1 to simplify:

(a+ib)(c+id) = ac + iad + ibc + i*bd = (ac — bd) + i(ad + be).
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Vi du miu - Worked example

Let z;, =3+ 2iand z, = 1 — 4i. Find 2z, 2z, and A
22

212y = (34 2i)(1 —4i) =3 —12i + 2i — 8> =3 — 10i + 8 = 11 — 10i.

z (3+2)(1+4i) 3+12i+2i+8% 3+14i-8 5 14

2 (1—44)(1 + 44) 1416 TR TR

4.1.4 The complex conjugate
The conjugate of z =z + iy is

= —1y

(also written z). Geometrically, conjugation reflects the point representing z in the real axis. Two key
identities follow directly from expanding the product:

z+ 2" =2z = 2Re(z) (always real),

22" = (v +iy)(x —iy) = 2% — (iy)> =22 +9*>  (always real and non-negative).

The quantity 2z* = 22 + y? defines the modulus of z, written |z| = /22 + y2, so that zz* = |2|2.
Conjugation also distributes over the arithmetic operations: (z; + z5)* = 27 + 25, (2125)* = 2725, and

2\ _4
2 ) 2
4.1.5 Division

Because zz* is always real, division of complex numbers is carried out by multiplying numerator
and denominator by the conjugate of the denominator, which converts the denominator into a real
number:

a+ib (a+ib)(c—id) (a+ib)(c—id)

c+id (c+id)(c—id) 2+d>

- GIAI THICH TIENG VIET
Nhan/chia sé phurc: khai trién nhu da thirc binh thudng réi thay i2 = —1. Khi chia, luén nhan
ca tir va mAu vdi lién hop clia mau d€ mau trd thanh sé thuc, vi z2* = [2]? = 22 4+ y? ludn 13
s6 thuc khéng am. Lién hop cla z = = + iy la 2* = 2 — iy (d6i x&rng qua truc thuc trén bi€u d6
Argand).

4.1.6 Equality of complex numbers
Two complex numbers are equal exactly when their real parts are equal and their imaginary parts are
equal:
a+ib=c+id < a=candb=d (a,b,c,d € R).
This single fact — that one complex equation is really two real equations — is the standard tool for

finding unknown real numbers hidden inside a complex-number statement: expand everything into
the form (real)+:-(real), then equate real parts and equate imaginary parts separately.
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Summary of Cartesian-form arithmetic. For z = x + iy:
Re(z) = z, Im(2) = y (a real number); z* = x — iy; |2] = /22 + 32

z+ 2* = 2Re(z); 22" = |2)%

Addition/subtraction: combine real and imaginary parts separately.

Multiplication: expand brackets, use i = —1.

Division: multiply numerator and denominator by the conjugate of the denominator.

Equality: a+ib=c+id < a=c, b=d.

Vi du miu - Worked example

Find real numbers = and y such that z(2 + i) + y(1 — 3i) = 4 — 5i.
Expanding: (2z + y) + i(z — 3y) = 4 — 5i. Equating real and imaginary parts:

2z +y =4, x—3y = —>.

From the first equation y = 4 — 2z. Substituting: + —3(4 —2z) = 5 =2—12+6x = -5 =
Tx=T=x=1s0y=4—2(1)=2.
Check: 1(24i) +2(1 —3i)) =2+i4+2—6i=4—5i. ~x=1, y=2.

- GIAI THICH TIENG VIET
Hai s& phirc bang nhau khi va chi khi phan thuc bang phan thuc va phan 3o bang phan do. Day
|4 cdng cu chinh dé& tim an sé thuc gidu trong mét phuong trinh phirc: khai trién vé dang (s6
thuc)+i-(s6 thuc), réi tach thanh hai phuong trinh thuc va giai hé.

Equality of complex numbers also lets us find square roots of a complex number algebraically: to
solve (a + ib)? = p + iq for real a, b, expand the left side, equate real and imaginary parts, and solve
the resulting simultaneous equations.

Vi du miu - Worked example

Find the square roots of 5 + 12i.
Let v/5 + 12i = a + ib with a,b € R. Squaring: (a + ib)? = a? — b? + 2abi = 5 + 12i. Equating
parts:

a?—b? =5, 2ab:12:>b:g(a7é0).

. . . 36
Substitute into the first equation: o> — — =5 = a* —5a* — 36 = 0. Let u = a™:
a

51\/25—#144_5113:}
2 2

u=9oru=—4.

u? —bhu—36=0=u=
Since u = a® > 0, rejectu = —4;s0a> =9 = a = +£3. Ifa=3,b=6/3 = 2;ifa = -3,

b=6/(—3) = —2.
2B+ 120 = +(3 + 20).
Check: (3+2i)2=9+12i —4=5+12i. v
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GIAI THICH TIENG VIET
; ., e . . e e
Muon tim can bac hai cta mét sé phirc p + iq, dat \/p + iq = a + ib, binh phuwong hai vé, roi
tach phan thuc/phan do dé 1ap hé phuong trinh véi a,b. Ludn cé hai can bac hai (d6i nhau
+(a + ib)), giéng nhu sé thuc duong ludén cé hai can bac hai doi nhau.

Equating real and imaginary parts also solves simultaneous equations in two complex unknowns,
and equations mixing a complex unknown z with its own conjugate z*.

Vi du miu - Worked example

Solve the simultaneous equations z +w = 6 — 27 and 2z — w = 6 + 5i for the complex numbers
z and w.

Adding the two equations eliminates w:

32=(6—2i)+ (6+5) =12+3i = z=4+1.

Substituting into the first equation: w = (6 —2i) — 2= (6 —2i) — (4 + 1) =2 — 3i.
Check in the second equation: 2z —w = (8+2i) —(2—3i) =6+ 5i. v ~z=4+1i, w=2—3i.

Vi du m3u - Worked example

Find the complex number z such that z + 2z* = 9 — 4.
Let 2 = x + iy (z,y € R), so z* = x —iy. Then

2+ 22" = (z+iy) + 2(z —iy) = 3z — 1y.

Equating thisto 9 — 4i: 3z = 9and —y = —4,sox = 3 and y = 4, giving z = 3 + 4.
Check: z* = 3 —4i,50 2+ 22* = (34 4i) + 2(3 —4i) = (3+4i) + (6 — 8i) = 9 — 4i. v/

- GIAI THICH TIENG VIET
V6i hé phuong trinh 6 hai an phirc 2z, w, c6 thé gidi bang cach cong/trir dé€ khir mot an, hoan
toan giéng hé phuong trinh thuc thong thudng (vi cdng/trir sé phirc tuan theo cac quy tic dai
s6 binh thuong). VGi phuong trinh chi chira mét an z nhung ¢6 ca z va z* (nhu z+22* = 9—44),
dat z = x + iy, khai trién z* = 2 — iy, rat gon vé dang (s6 thuc)+i-(s6 thuc), réi tdch phan
thuc/phan ao dé tim z, y.

4.2 Quadratic, Cubic and Quartic Equations with Complex Roots

4.2.1 Quadratics with real coefficients and negative discriminant
For the quadratic az? + bz + ¢ = 0 with real coefficients a, b, ¢ (a # 0), the quadratic formula gives

L —b + Vb?% — dac
N 2a '

When the discriminant A = b? — 4ac < 0, the number under the square root is negative, so we write
VA = \/—|A| = iy/]A] and obtain two non-real, complex conjugate roots p -+ gi.

Vi du mau - Worked example

Solve 22 — 6z + 13 = 0.
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A = (—6)2 — 4(1)(13) = 36 — 52 = —16 < 0.

_6+£vV—16  6+4i
- 2 2

z =34 21.

4.2.2 The conjugate root theorem

Conjugate root theorem. If a polynomial equation has real coefficients, then its non-real roots
occur in conjugate pairs: whenever p + iq (¢ # 0) is a root, so is p — iq. Equivalently, complex
roots of a real polynomial always come in matching pairs z and z*, each pair contributing a real
quadratic factor

(z — (p +ig))(z — (p — iq)) = 2% — 2pz + (p* + ¢*)

with sum of roots 2p and product of roots p? + ¢ = |2|2.

GIAI THICH TIENG VIET
V6i da thirc cé hé s6 thue, néu p + ¢i 1a nghiém thi p — ¢i (lién hop ctia nd) chac chan cling 13
nghiém. Hai nghiém lién hop nay tao ra mét nhan tir bac hai véi hé sé thuc: 22 —2pz+ (p? +42),
trong do 2p 13 téng va p? + ¢ |a tich hai nghiém. Day 13 cong cu c6t 16i d€ dung lai da thirc
hoac tim cac nghiém con lai.

(1) Léi thuong gdp: The conjugate root theorem applies only when every coefficient of the
polynomial is real. If a polynomial has a non-real coefficient (e.g. 22— (3+i)z+7 = 0), a complex
root does not guarantee that its conjugate is also a root. Always check the coefficients are real
before using this shortcut.

Vi du m3u - Worked example

Given that 2 + 3i is a root of a quadratic with real coefficients, find the quadratic.

By the conjugate root theorem, the other root is 2 — 3i. Sum = (2 4 3i) 4 (2 — 3i) = 4; product
= (2+3i)(2 —3i) =4+ 9 = 13. Using 22 — (sum)z + (product) = 0:

22 —4z+13=0.

4.2.3 Using one complex root to solve a cubic or quartic

If a cubic (or quartic) equation with real coefficients has a given non-real root, the conjugate root the-
orem immediately supplies a second root, and hence a real quadratic factor. Dividing the cubic/quar-
tic by this quadratic factor (by inspection, or by polynomial long division) reduces the problem to a
linear (or quadratic) equation, giving the remaining root(s).

Vi du mau - Worked example

Given that 23 — 422 + 92 — 10 = 0 has root 1 + 2i, find the other two roots.

Since the coefficients are real, 1 — 27 is also a root. This conjugate pair gives the quadratic
factor

(z—(1+20)(z2—(1—2i)) =22 —22+ (1 +4) =22 —22+5.
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Divide the cubic by this factor:
23 —422+92—-10= (22— 22+ 5)(z + a)

for some real constant a. Comparing constant terms: 5a = —10 = a = —2, so the linear factor
is (z — 2). (Check by comparing 22 coefficients: —2 +a = —4 = a = —2. V)

23— 422 +92—-10= (22— 22+ 5)(2 —2).

The three roots are 1 + 24, 1 — 21, 2.

GIAI THICH TIENG VIET

uy trinh giai phuong trinh bac ba/bén khi biét mét nghiém phirc p + i (hé sé thuc): (1) suy
ra nghiém lién hop p — ¢i cling 1a nghiém; (2) nhan hai nhan tir tuyén tinh tuong (rng dé dugc
nhan t&r bac hai thuc 22 — 2pz + (p? + ¢?); (3) chia da thirc ban dau cho nhan tir bac hai nay (so
sanh hé sé hoac chia da thirc) dé tim (cac) nghiém con lai.

4.2.4 Finding unknown real coefficients

If a polynomial with unknown real coefficients is known to have a particular non-real root, we can
find the unknown coefficients by using the sum and product of the conjugate pair together with the
remaining (real) root, comparing coefficients of the reconstructed polynomial with the given one.

Vi du mau - Worked example

The cubic equation 23 + pz? + gz + 65 = 0, where p, ¢ € R, has root z = 2 + 3i. Find p, ¢, and
the third root.

The conjugate 2—3i is also a root, giving the real quadratic factor 22 —4z413 (sum = 4, product
=4+ 9 = 13). Let the third (real) root be r:

23+ p2% +qz+ 65 = (22 — 42+ 13)(z — 7).
Expand the right-hand side: (22 —42+13)(z—7) = 23— (r+4)2% + (4r+13) 2 — 13r. Comparing
constant terms: —13r = 65 = r = —5. Comparing 22 coefficients: p = —(r+4) = —(—5+4) =
1. Comparing z coefficients: ¢ = 4r + 13 = 4(—5) + 13 = —T.
~p=1, ¢ = -7, third root = —5.

Check: at z = 2 + 3i: (2 + 3i)2 = —5 + 124, (2 + 3i)3 = (2 + 3i)(—5 + 12i) = —46 + 9i; then
23422 — T2+ 65 = (—46 + 9i) + (=5 + 12i) — 7(2 + 3i) + 65 = 0+ 0i. v/

4.2.5 Constructing a polynomial from given roots

Conversely, given a list of roots (with any non-real ones listed as a full conjugate pair, so that the
final polynomial has real coefficients), the polynomial can be reconstructed by multiplying the cor-
responding real quadratic and/or linear factors together.

Vi du m3u - Worked example

Find, in expanded form, a quartic equation with real coefficients having roots 1 +4, 1 —¢, 3 +
2, 3 — 2.
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Pair 1 & i: sum 2, product 1 + 1 = 2 = 22 — 2z + 2. Pair 3 4 2i: sum 6, product 9 + 4 = 13 =
22 — 6z + 13. Multiply the two quadratic factors:

(22 =22+ 2)(22 — 62+ 13) = 22(22 — 62 + 13) — 22(2%2 — 62+ 13) +2(2? — 62 + 13)
(2% — 623 + 1322) + (=223 + 1222 — 262) + (222 — 122 + 26)

= 2% — 823 + 2722 — 382 + 26.

24— 823 42722 — 382+ 26 = 0.

Vi du m3u - Worked example

The quartic equation z* — 223 + 1422 +pz +q = 0, where p, ¢ € R, has roots 1 + 2i and 3i. Find
p and ¢, and state all four roots.

Since the coefficients are real, the conjugates 1 — 2: and —3i are also roots. This gives two real
quadratic factors:

(z— (1+2)(z— (1 —2i)) =22 —22+ (1 +4) = 22 — 22+ 5, (z—3i)(z+3i) =22 +9.

Multiplying these factors:

22(22+9) —22(22 +9) +5(22 4+ 9)
= (2% +92%) + (=223 — 182) + (522 + 45)
= 2% —22% 4+ 1427 — 182 + 45.

(22 —22+45)(2*+9)

Comparing with z* — 223 + 1422 + pz + g gives p = —18 and ¢ = 45.
p = —18, ¢ = 45, and the four roots are 1 + 2¢, 1 — 2¢, 3i, —3i.

Check at z = 3i: (3i)* — 2(3i) + 14(3i)? — 18(3i) + 45 = 81 — 2(—27i) + 14(—9) — 54i + 45 =
81+ 54i — 126 — 54 + 45 = 0. v/

GIAI THICH TIENG VIET
Khl mot da thirc bac bon hé s6 thu’c c6 hai c3p nghiém lién hop (vi du 1 + 2i va +3i), moi cap
cho mét nhan tlr bac hai thuc 22 — 2pz + (p? + ¢?); nhan hai nhan t&r bac hai nay véi nhau roi
so sanh hé sd véi da thirc da cho dé tim cac hé sé thuc chua biét.

A quartic may also have a conjugate pair together with a repeated real root, rather than two
conjugate pairs; the same division method used for a cubic (dividing by the known real quadratic
factor) extends naturally.

Repeated roots. If (z — k)? is a factor of a polynomial, then z = k is called a repeated root
(multiplicity 2). Whatever the mixture of real and non-real roots, the total number of roots of
a degree-n polynomial, counted with multiplicity, is always exactly n.

Vi du miu - Worked example

The quartic equation z* — 623 + 1422 — 16z + 8 = 0 has real coefficients. Given that 1 +iisa
root, find all four roots (stating any repeated root and its multiplicity).

Since the coefficients are real, 1 — i is also a root, giving the real quadratic factor 22 — 2z + 2
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(sum 2, product 1+ 1 = 2). Let the quotient on dividing the quartic by this factor be 2% +az + b:
24— 623 + 1422 — 162 + 8 = (22 — 22 + 2)(22 + az + b).

Expanding the right-hand side: (22 — 2z +2)(2%2 +az+b) = 2* + (a — 2)2% + (b —2a + 2)2% +
(2a — 2b)z + 2b. Comparing 23 coefficients: a —2 = —6 = a = —4. Comparing constant terms:
2b = 8 = b = 4. Check 2> coefficient: b —2a +2 =4 +8+2 = 14. v Check z coefficient:
2a —2b = —8 — 8 = —16. v So the quotient is 22 — 42 + 4 = (2 — 2)?, giving the repeated root
z = 2 (multiplicity 2).

~roots: 14+, 1 —i, 2, 2 (i.e. 2 repeated).

Check at z = 2: 24 — 6(2)3 + 14(2)2 — 16(2) + 8 = 16 — 48 + 56 — 32 + 8 = 0. v’

. GIAI THICH TIENG VIET

Da thirc bac bdn hé sé thuc cling cé thé c6 mét cip nghiém lién hgp clung v&i mot nghiém
thuc 13p (bdi 2), thay vi hai cap lién hop. Cach lam giéng hét véi phuong trinh bac ba: chia da
thirc cho nhan tir bac hai thuc (tir cap lién hop), réi giai nhan tir bac hai con lai (thuong s6) dé
tim hai nghiém thuc con lai — néu nhan tir d6 1a binh phuong ding (z — k)2 thi d6 chinh la
nghiém I3p.

4.3 Modulus-Argument (Polar) Form
4.3.1 Modulus and argument; the principal value
Represent z = 2+ iy as the point (z, y) on an Argand diagram (a Cartesian plane with horizontal axis
Re(z) and vertical axis Im(z)). Two further quantities describe this point using polar coordinates:
e the modulus r = |z| = /22 + y?2, the distance from the origin to z;
e the argument 0 = arg z, the angle (measured anticlockwise as positive) between the positive real
axis and the line from the origin to 2.

The argument is not unique (adding any multiple of 360°, or 27, gives the same direction), so by
convention we quote the principal argument, the unique value satisfying

—180° < 0 < 180° (equivalently — 7 < 0 < 7).

To find 6, first plot the point (z,y) to identify its quadrant, compute the reference (acute) angle

o = arctan ‘y , and then adjust the sign/quadrant: 8 = « (first quadrant), § = 180° — « (second),
X

0 = —(180° — «) (third), 6 = —a (fourth).

. GIAI THICH TIENG VIET

Modulus r = |z| la khodng cach tir goc toa do dén diém z; argument 6 = arg z la géc (duong
khi nguoc chiéu kim déng ho) tir truc thuc duwong dén doan néi goc toa do véi 2. Quy udce lay
argument chinh trong khoang —180° < 6 < 180°. Ludn vé diém (z,y) trudc dé xac dinh ding
géc phan tu, roi tinh goc tham chiéu (gdc nhon) bang arctan |y/z|, sau d6 diéu chinh dau/goc
phan tu — khéng bam may tinh arctan(y/x) roi lay ludn két qua.

(!) L6i thudng gdp: A calculator’s arctan (or tan~') button always returns a value in (—90°,90°),
regardless of which quadrant z is actually in. For z in the second or third quadrant, you must
adjust by +180° after finding the reference angle — otherwise the argument will be off by 180°
(pointing in exactly the opposite direction).
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4.3.2 Conversion between Cartesian and polar form
In polar (modulus-argument) form,

z=r(cosf +isinf) =rcish, where x = rcosf, y = rsiné.

Vi du mau - Worked example

Express z = —1 + i1/3 in modulus-argument form.

r=1/(—=1)2 + (v/3)2 = /1 + 3 = 2. The point (—1, v/3) lies in the second quadrant. Reference
V3

angle: arctan T = 60°, so 6 = 180° — 60° = 120°.

z =2(cos 120° + isin 120°) = 2cis 2F.

Im(z)

—1+14V3 2
N
L1
L 60° \

; i : : Re(z)
—2 —1 1 2
Argand diagram for z = —1 + /3 = 2cis 120°: the reference angle 60° is measured from the negative real axis.

Conversely, to convert from polar back to Cartesian form, simply evaluate r cos 6 and rsin 6:
for instance 4 cis(—120°) = 4 (—% - @z) = —2 — 2V/34, using cos(—120°) = cos120° = —1 and
sin(—120°) = —sin120° = —¥3,

2
4.3.3 The Argand diagram

On the Argand diagram, z = z+ iy is plotted as the point (z, y), or equivalently as the position vector
from the origin to (z, y). Addition of complex numbers corresponds to vector addition (parallelogram
rule); the conjugate z* is the reflection of z in the real axis; and —z is the reflection of = through the
origin. The modulus |z| is the length of this vector, and arg z is the angle it makes with the positive
real axis.

Polar form summary. For z = z + iy = rcis6:
o r=|z| =+/22+y%(>0); 6=argz, principal value —180° < # < 180°.

e x =rcosf, y=rsind.

Multiplication: 7, cis @, - ry Cis 0y = ;74 Cis(6; + 6,) — moduli multiply, arguments add.

Division: 1271 — "L ¢is(g, — ¢,) — moduli divide, arguments subtract.
roCiSly 7o

After adding/subtracting arguments, add or subtract 360° (or 2r) if necessary to return the
result to the principal range.
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4.3.4 Multiplication and division in polar form

The multiplication and division rules above follow from the compound-angle identities for cos and
sin. Geometrically, multiplying z by r, cis 6, scales |z| by the factor r, and rotates z anticlockwise
about the origin by angle 6,; dividing scales by 1/r, and rotates by —6,.

Vi du mau - Worked example

Let z; = 6¢is80° and z, = 3 cis(—50°). Find z; 2, in polar form and convert it to exact Cartesian

form, and find “Lin polar form.
22

. . 3 1. .
2125 = (6 x 3) cis(80° + (—50°)) = 18cis 30° = 18 (*g + 21) = 9v/3 + 9.

6 . :
L — 2 cis (80° — (—50%)) = 2cis 130°.
Z9 3

Geometrically, multiplying z; by z, scales its length by 3 and rotates it anticlockwise by 50°
clockwise (since —50° is a clockwise rotation) about the origin.

Vi du miu - Worked example

Express z = —3 — 3v/3 ¢ in modulus-argument form.

r = /(=32 +(=3v3)> = V827 = V36 = 6. The point (—3,~3v/3) lies in the third

quadrant (both coordinates negative). Reference angle: arctan 3\3/3 = arctan v/3 = 60°, so

0 = —(180° — 60°) = —120°.
~z = 6cis(—120°).
Check: 6cos(—120°) = 6 (—3) = —3 and 6sin(—120°) = 6 (=%} ) = —3V/3. v

Vi du mau - Worked example

The point P, represents z, = 4. Each successive point P, ; represents z,,,; = z,,(1 + ). Find
Z1, %9, 23, 24, and describe the geometric transformation that takes each point P, to the next
point P, ;.

Note 1+ i = v/2cis 45°, so multiplying by 1+ scales the modulus by /2 and rotates anticlock-
wise about the origin by 45°.

2y =41 +1i) =4+ 4,
zg =2 (1414) = (4+4i)(1 +14) = 4+ 4i + 4 + 4% = 84,
z3 = 29(1 +1) = 8i(1414) = 8 + 8i* = —8 + 8i,
2y = 23(1+1i) = (=8 +8i)(1 +1i) = —8 — 8 + 8 + 8> = —16.
Each step multiplies the modulus by v/2 and rotates the point 45° anticlockwise about the

origin; after four steps the total rotation is 4 x 45° = 180° and the total scale factoris (v/2)* = 4,
consistent with z, = —16: |z,| = 4|2y| = 16 and arg z, = arg 2z, + 180° = 180°.
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GIAI THICH TIENG VIET
V6i s6 phirc & géc phan tu thdr ba (cd z, y déu am), argument chinh luén nam trong khoang
(—180°, —90°): tinh géc tham chiéu arctan |y /z| r6i lay 6 = —(180° —gdc tham chi€u). Khi nhan
lien ti€p mot diém véi mot sé phirc ¢6 dinh w = rcisd, moi [an nhan sé phéng to (hoic thu
nho) d6 dai theo hé s6 r va quay diém quanh géc toa dd mét géc 6 (ngugce chiéu kim déng ho
néu 6 > 0).

4.4 Lociin the Argand Diagram

A locus is the set of all points z satisfying a given condition. Four standard loci appear repeatedly in
Paper 3: circles, perpendicular bisectors, half-lines, and combinations/regions built from these.
4.4.1 |z — a| = r: circles

Since |z — al is the distance between the points representing z and «, the equation |z — a| = r
describes all points at a fixed distance r from a — a circle of centre a and radius r.

Im(z)

> Re(z)
10

The locus |z — 3 — 4i| = 5 is a circle of radius 5 centred at 3 + 4.

. GIAI THICH TIENG VIET

|z — a| = r nghia 13 khoang cach tir z dén di€m c6 dinh a ludn bang r = quy tich la dudng tron
tam a, ban kinh . Cha y dau: néu dé bai viét |z + 3 — 2i|, hay viét lai thanh |z — (=3 + 2i))|
trude khi doc ra tam.

() Léi thuweng gap: When reading off the centre of |z — a| = r, watch the sign. For example
|z + 3 — 2i| = |z — (—3 + 2i)| has centre —3 + 2i, not 3 — 2i. Always rewrite the expression
inside the modulus as z — (centre) before identifying the centre.

4.4.2 |z —a| = |z — b|: perpendicular bisectors

The equation |z — a| = |z — b| says that z is equidistant from the fixed points a and b. The set of
points equidistant from two fixed points is the perpendicular bisector of the segment joining them
— a straight line through the midpoint of a and b, perpendicular to that segment.
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ENGLISH

Vi du miu - Worked example

Describe the locus |z + 1 — 2i| = |z — 3 + 2i|.
Rewrite: |z — (—1 4 2i)| = |z — (3 — 2i)], so this is the set of points equidistant from A(—1,2)

. . . . —1+3 2-2
and B(3,—2) — the perpendicular bisector of AB. Midpoint of AB: ( 2+ , T) = (1,0).
—2—-2 —4
Gradient of AB: m == —1, so the perpendicular bisector has gradient 1. Equation:

y—0=1—1)=[y=2—1}

Im(2)
6 -
y =
)
4 *.
4(2,2)
2 £
=, - Re(z)
—2 2 44 6
9l

The locus |z — 4] = |z — 41| is the perpendicular bisector of the segment joining 4 and 4i: the line y = «.

GIAI THICH TIENG VIET
z —a| = |z — b| nghia la z cach déu hai diém c6 dinh a va b = quy tich la duwéng trung truc
cla doan néi a, b: dudng thang di qua trung diém, vudng géc véi doan do.

4.4.3 arg(z — a) = 0: half-lines

The vector from a to z is represented by z — a. The condition arg(z — a) = 6 fixes the direction of
this vector (angle 6 from the positive real direction) but not its length, so the locus is a half-line (ray)
starting at a and going in direction 6 — it does not include the point a itself (since arg 0 is undefined),
and it does not extend in the opposite direction.

Im(z)
4 1 «
arg(z — ¢
2 0l
: — : : - Re(z)
—2 2,3 4 6 8
—2 fexclided ray
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The locus arg(z — 3) = 45° is the half-line from 3 (open circle, excluded) in direction 45°; the opposite ray (dashed) is not
part of the locus.

- GIAI THICH TIENG VIET
arg(z —a) = 6 nghia la vector tir a dén z ludén tao goc 0 véi truc thyc duong = quy tich 1a mét
nira duong thang (tia) xuat phat tir a, khong 13y diém « va khéng kéo dai vé phia nguoc lai.

(!) L&i thuong gap: arg(z — a) = 6 describes only a half-line, not a full line. Students often
sketch the entire line through « in direction 6; but the opposite ray has argument 6 & 180°, not
0, so it must be excluded (usually drawn dashed, with an open circle at a).

4.4.4 Combined loci and inequality regions

Loci summary.
e |z —a| = r: circle, centre a, radius .

e |z —a| < r(or < r): the interior (open/closed disc) of that circle; |z — a| > r is the exterior.

|z — a| = |z — b] : perpendicular bisector of the segment ab.

arg(z — a) = 0 : half-line from « in direction 6 (excluding a).

Combined conditions (e.g. two inequalities, or an equation and an inequality) describe the
intersection of the individual loci/regions.

When a question combines two conditions with "and”, the required region or set of points is
the overlap (intersection) of the two individual loci. A strict inequality (<) is usually drawn with a
dashed boundary (not included); a non-strict inequality (<) is drawn with a solid boundary (included).
Occasionally two conditions are joined by "or” instead, in which case the required set is the union of
the two loci; the method is unchanged — sketch each locus separately first, then read off the overlap
or union as required.

. GIAI THICH TIENG VIET

Khi dé bai néi hai diéu kién bang "va” (and), mién can tim 1 phan giao (overlap) cta hai quy
tich; khi néi bang "hoac” (or), mién can tim 13 phan hgp (union). Trong ca hai trudng hop, ludn
vé tirng quy tich riéng lé trudc, roi méi xac dinh phan giao hay phan hop theo yéu cau dé bai.
Pudng bién vé nét dirt néu bat dang thirc nghiém ngit (<, khong 13y bién) va nét lién néu
khoéng nghiém ngat (<, c6 |13y bién).
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2] < 4
1 0<argz <90°
f - - T } f Re(z)
—1 1 2 3 4 5
_1 €

The shaded region satisfies both |z| < 4 and 0 < arg z < 90° simultaneously: a quarter-disc.

Vi du miu - Worked example

The locus L, is |z — 4] = |z — 4i| and the locus L, is |z| = 4. Find the points where L, meets
L,.

L, is the perpendicular bisector of the segment joining 4 and 4i; by symmetry (or by direct
algebra: (z —4)?+y? =2+ (y—4)? = -8+ 16 = —8y + 16 = x = y), L, is the line y = z.
L, is the circle 22 + y? = 16. Substituting y = z: 222> = 16 = 22 = 8 = = +2V/2.

w2 =2V242V2i or z=—-2V2—2V2i.

Vi du miu - Worked example

Shade the region R defined by |z — 2 — 3i| < 4and 30° < arg(z — 2 — 3i) < 120°, and find the
exact area of R.

The condition |z — 2 — 3i| < 4 describes the open disc of centre « = 2 + 3i and radius 4. The
condition 30° < arg(z — 2 — 3i) < 120° restricts z to the region between the two half-lines
from a at 30° and 120°. Together, R is the (open) sector of this disc between those two angles,
with vertex at a. The angle swept by the sector is 120° — 30° = 90° = g radians. The area of a

sector of radius r and angle ¢ (in radians) is $r?¢, so

1 1
Area:f(4)2.z:f-16'zz47f'
2 2 2 2

Area of a circular sector. For a sector of a circle with radius r and angle ¢ (in radians) between
two bounding radii, Area = %'r2¢. A combined locus of the form |z — a| < r together with
0, < arg(z —a) < 6, always describes such a sector, of radius ~ and angle ¢ = 6, — 6,
(converted to radians), with vertex at a.

Vi du mau - Worked example

Describe the region satisfying 2 < |z — 3 — 2i| < 5, and find its exact area.
Both conditions concern distance from the fixed centre a = 3 + 2i: the region consists of all
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points strictly more than 2 from a, but at most 5 from a. This is an annulus (ring-shaped region)
between the circle of radius 2 (excluded) and the circle of radius 5 (included), both centred at
3 + 2i. The area of an annulus between radii ; < r, is the difference of the two disc areas:

Area = 2 — mr? = (5% — 22) = m(25 — 4) = 21~7.

Since the inner boundary (|z — 3 — 2i| = 2) is strictly excluded but the outer boundary (|z —3 —
2i| = 5)is included, only the outer circle forms part of R itself; the inner circle is drawn dashed
and is not part of R.

GIAI THICH TIENG VIET
mEhi hai diéu kién |z — a| < r va 0, < arg(z — a) < 6, xuat hién cung lic, mién thod man ca hai
la mét hinh quat cta hinh tron tam a ban kinh r, giéi han béi hai nira dudng thang xuat phat
tlr a & cac goc 4, 6,. Dién tich hinh quat tinh theo céng thirc 51%¢ v&i ¢ = 6, — 6, d6i sang
radian. Khi hai diéu kién la r; < |z — a| < 7, (hai ban kinh khac nhau, cung tam), mién thoa
man la mét hinh vanh khan, dién tich = 7r2 — 2.

4.4.5 Greatest and least values of |z| and arg z
A very common exam question gives a locus (typically a circle |z — a| = r) and asks for the greatest
or least possible value of |z| (distance from the origin) or of arg = for points z on that locus. Both are
solved by pure geometry, not algebra.

Greatest/least |z|: the point on the circle closest to (respectively farthest from) the origin O lies
on the straight line through O and the centre C' = a. If O is outside the circle (i.e. |a| > 7),

‘Z’min = ‘a‘ -, ’Z’max = ’a‘ +r.

Greatest/least arg z: if the circle does not contain the origin, the extreme values of arg z occur
where the two tangent lines from O touch the circle. In the right-angled triangle formed by O, the
centre C, and a point of tangency T (with the right angle at T, since a radius is perpendicular to a

tangent), sina = " Where « is the angle ZTOC; the extreme arguments are then arga + a.

|a|
Vi du miu - Worked example

For points z satisfying |z — 6 — 8i| = 4, find the greatest and least possible values of |z|.
Centre a = 6 + 84, 50 |a| = V62 + 82 = /36 + 64 = /100 = 10; radius r = 4. Since |a| = 10 >
r = 4, the origin lies outside the circle, so:

‘Z‘max:’a‘+r:10+4:14, ‘Z‘mm:‘a|—7':10—4:6
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— 1 1 1 1 1 Re(z)
—2 01 2 4 6 8 10
24

The extreme values of |z| on the circle |z — 6 — 8i| = 4 occur where the line OC meets the circle.

Vi du m3u - Worked example

Points z satisfy |z — 8| = 4. Find the greatest and least values of arg z, in degrees.

Centre a = 8 (on the positive real axis, so arga = 0°), radius r = 4; |a| = 8 > 4, so the origin
is outside the circle. Let T be a point of tangency from O; in right triangle OCT (right angle at
7),

sin or _r _4_1 = 30°
o= = — = — = — = .
OC Jaf 8 2 ¢
By symmetry about the real axis, the greatest value of arg z is 0° 4+ 30° = 30° and the least value
is 0° — 30° = —30°.

GIAI THICH TIENG VIET

&i quy tich la dudng tron khéng chira goc toa do: (1) |z| I&n nhat/nhé nhat dat dugrc tai giao
diém clia duding thang néi O va tdm C véi dudng tron — gid tri 12 |a| + r; (2) arg z I&n nhat/nho
nhat dat duoc tai ti€p diém cla hai ti€p tuyén ké tir O dén dudng tron, dung tam gidc vudng
(g6c vuong tai ti€p diém) vai sina = r/|al, réi gia tri cyc tri la arga + a.

4.4.6 Least distance from a fixed point to a half-line or perpendicular-bisector locus

When the locus itself is a straight line (a perpendicular bisector) or a half-line (arg(z — a) = 6) rather
than a circle, the least distance from a fixed external point B to a point z on that locus is found using
perpendicular distance: it is the shortest distance from B to the line containing the locus, provided
the foot of the perpendicular actually lies on the included part of the locus (the ray itself, not the
excluded opposite ray).

Perpendicular (shortest) distance from a point to a line. For a line with Cartesian equation
ax + by + ¢ = 0, the shortest distance from the point (z, y,) to that line is

_ |ax0 + by + c|
va? + b2

This formula applies directly to a perpendicular-bisector locus (already a full line). For a half-
line locus arg(z — a) = 6, apply the formula to the underlying full line, then check that the foot
of the perpendicular lies on the included ray before accepting the result as the true minimum.

d
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Vi du mau - Worked example

Points z satisfy arg(z — 1) = 45°. Find the least possible value of |z — 4|, and state the complex
number at which this least value occurs.

The locus is the half-line from A(1,0) in direction 45°, i.e. the ray y = = — 1 with z > 1 (equiva-
lently z —y —1 = 0, z > 1), excluding A itself. We want the least distance from the fixed point
B(4,0) to a point on this ray. The perpendicular distance from B to the full inez —y—1=10

IS

4—-0—-1] 3  3V2

VIZF(—1)2 V2 2
To confirm this minimum is attained on the half-line, find the foot of the perpendicular. Us-

ing the unit direction vector of the ray, (cos45°,sin45°) = (@, @) and AB = (3,0), the

projection of AB onto this direction is

tzTB-(ﬁ @):3.§:ﬂ>0

27 2 2 ’

so the foot lies in the direction of increasing ¢t from A — i.e. on the included ray. The foot is

A+t(F.F) = L0)+(5.3)=(5.3).

3v2 : 5 3.
|2 = 4Ain = \Qf, occurring at z = 2 + 20
Im(z)
4 5

-1

The least value of |z — 4] on the half-line arg(z — 1) = 45° occurs at the foot of the perpendicular from 4, at
z=2.5+1.51.

(1) Léi thuwong gap: The perpendicular-distance shortcut only gives the correct minimum when
the foot of the perpendicular lies on the included part of the locus. If the projection parameter
t (measured from the vertex q, in the direction of the half-line) comes out negative, the foot
lies on the excluded opposite ray, and the minimum distance must instead be investigated
near the vertex a (approached but not necessarily attained, since a itself is excluded) or by
comparing points directly.

GIAI THICH TIENG VIET
Khi quy tich 1a mét dudng thang (trung truc) hodc nira dudng thang (tia tirarg(z —a) = 6) chir
khéng phai dudng tron, khodng cach ngan nhat tir mot diém cé dinh B dén quy tich chinh 13
khoadng cach vudng géc tir B dén dudng thang chira quy tich d6 — vaéi diéu kién chan dudng
vudng goc thuc su nam trén phan tia duoc 1ay (kiém tra bang dau ctia tham s6 chiéu ¢).
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Vi du miu - Worked example

Points z lie on the perpendicular bisector of the segment joining 6 and 2i. Find the least possible
value of |z|.

. . - . 6+0 0+2 .

The bisector is equidistant from (6,0) and (0, 2): midpoint (%, %) = (3,1); gradient
2—0 1 . . . . .

of the segment = 6= 3 so the bisector has gradient 3 (negative reciprocal). Equation:

y—1=3(x—3) = y=3zr—_8,ie 3z—y—8=0. Since this locus is a full line (not merely a
half-line), the least value of |z| for z on it is simply the perpendicular distance from the origin
0(0,0) to the line:

] _3(0)—0—8 8  8/10 4v10
min — /7324_(_1)2—\/%— 0 5

In every extremal-distance question, first sketch the locus to decide which method applies: pure
circle geometry (line through the centre, or tangents from the fixed point) when the locus is a circle,
or the perpendicular-distance formula when the locus is a straight line or half-line.

4.5 Chapter Practice Problems

A. Cartesian form and arithmetic

Bai tap luyén tap

Simplify (2 — )% — (1 +4)(1 — ).

(A) 1—4i (C) 1+ 44
(B) 3 —4i (D) —1 —4i

Loi gidi chi tiét
2—i)2=4—4i+i2=4—-4i—1=3—-4i. (1+i)(1—i)=1—42=1+1=2. Result:
(3—4i) —2=1—4i. (A).

Bai tap luyén tap

If z=2— 3¢, find zz*.

(A) 13 (C) 5
(B) —13 (D) 13i

Loi giai chi tiét

22" = |22 =22 + (=3)2 =4+ 9 = 13. (A).

Bai tap luyén tap

+ 3¢

L

in the form a + b:.

4
Express
1—2¢
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Loi giai chi tiét

. . (4+3)(1+2) A4+8 +3i+62 4+11i—6 —2+11i
Multiply by the conjugate: = = = =
S U8t T 20y (1 + 24) 1+4 5 5

2 11,

— + —i.

ot
_|_
ot

Bai tap luyén tap

Find real numbers z and y such that (z + yi)(2 —i) = 8 +i.

Loi giai chi tiét
Expand: (z +yi)(2—1i) = 2x 4+ y) +i(2y — z). Equate: 22 +y =8, 2y —z =1= 2 =2y — 1.
Substitute: 2(2y — 1) +y =8 = 5y = 10 = y = 2, z = 3. Check: (3 + 2i)(2 —1i) =
6—-3i+4+2=8+41 ~x=3,y=2.

Bai tap luyén tap

Simplify 5.
(A) —i (€)1
(B) i (D) —1

Loi giai chi tiét

-

Powers of i cycle with period 4: 15 = 4(3) + 3, s0 !5 = i3 = —i. (A).

Bai tap luyén tap

Find the square roots of —5 + 12i.

Loi giai chi tiét

Let a + ib be a square root, a,b € R. Then a? —b? = —5 and 2ab = 12 = b = 6/a. Substituting:

54 /251 144 _

a?—36/a®> = -5 = a*+5a>—36 =0. Letu = a®: u> +5u—36 =0 = u =

2
—5+13 . . .
Qi = u=4o0oru=—9(rejected,asu > 0). Soa? =4 = a = +2;ifa =2,b = 3;if

a = —2,b = —3. Square roots: +(2 + 3i). Check: (2+3i)? =4 +12i —9 = -5+ 12i. v

Bai tap luyén tap

Express (1 —i)* in the form a + bi.

(A) —4 (C) 4i
(B) 4 (D) —4i

Loi giai chi tiét

-

(1—i)2=1—2i+i%=—2i. (1—14)* = (=2i)2 = 4i2 = —4. (A).
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Bai tap luyén tap
Simplify (3 + )% — (2 —4)(2 + ).

(A) 3+6i (C) —3+6i
(B) 3—6i (D) 13 + 64

Lai giai chi tiét

-

(3+i)2=9+6i +i2=8+6i. (2—14)(2+1i) =4 —i%>=5. Result: (8 +6i) — 5 =3 + 6i. (A).

Bai tap luyén tap

-

Express
Press 37

t
[\

Z, in the form a + b:.
43

Loi giai chi tiét
(5 —24)(3 — 4i) 15 — 20i — 6i + 832 15 — 267 — 8

Multiply by the conjugate: _ _ _
(IHPly by the conueate: 373 —4) 9+ 16 25
72 7 26

— — —1i.

25 25 25

Bai tap luyén tap

Solve the simultaneous equations z +w = 5+ 37 and 2z — w = 1+ 9: for the complex numbers
z and w.

Loi giai chi tiet

Adding the equations: 3z = (5 4+ 3i) + (1 + 9i) = 6 + 12i = z = 2 + 4i. Substituting:
w=(543i)—2z=(543i) — (2+4i) = 3 —i. Check: 2z —w = (4+8i) — (3—i) = 1 + 9. v

B. Complex roots of polynomials

Bai tap luyén tap
Solve 2% + 2z +5 = 0.

(A) —1+2i (C) -2+
(B) 1+2i (D) 2+

Loi giai chi tiet

—24+ 49
A=4—-20=—-16.z = ;t zz—l:l:%.(A).

Bai tap luyén tap

Solve 22 + 4z + 13 = 0.
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Loi giai chi tiét

A=16—52=—36. 2= ;61:—2131'.

Bai tap luyén tap
One root of 222 + pz +q = 0(p,q € R) is 3 —i. Find p and ¢.

(A) p=—12, ¢ =20 (C) p=-12,¢=10
(D) p=6, ¢ =10

)

Loi giai chi tiét

—_
o)
-~
i
Il
—_
[N}
Q
Il
[N}
(e}

Otherroot3+i. Sum=6=—2 = p = —12. Product=(3—4)3+i)=9+1=10=1% =

2
q = 20. (A).

(G

Bai tap luyén tap

Given that 22 — 622 + 21z — 26 = 0 has root 2 + 3i, find the other two roots.

Loi giai chi tiét

Since coefficients are real, 2—3i is also a root, giving quadratic factor 22 —42z+13 (sum 4, product
449 = 13). Let the third root be r: comparing constant terms, (22 —42+13)(z—r) has constant
term —13r, so —13r = —26 = r = 2. Check 2?2 coefficient: —(r + 4) = —6 = r = 2. v Roots:
2+3i, 2—3i, 2.

Bai tap luyén tap

A cubic equation with real coefficients has roots 5 and 1 + 2i (and its conjugate). Which of the
following is the cubic, in expanded form?

(A) 22 —7224+152—25=0 (C) 22 —722—152—25=0
(B) 22 +722+152—25=0 (D) 23 —722+152+25=0

Loi giai chi tiét

Pair 1 + 2i: sum 2, product 1 +4 = 5 = 2?2 — 2z + 5. Cubic = (z — 5)(2% — 2z + 5) =
23— 222 + 52— 522 + 102 — 25 = 2® — 722 + 152 — 25. (A).

Bai tap luyén tap

The cubic 22 4+ pz? + gz + 50 = 0 (p, ¢ € R) has root 1 + 3i. Find p, ¢, and the third root.

Loi giai chi tiét

Conjugate 1 — 3i is also a root: sum 2, product 1 + 9 = 10, giving factor z?> — 2z + 10. Let
third root = r: (22 — 22+ 10)(2 — r) = 2% — (r + 2)22 + (2r + 10)z — 10r. Constant term:
—10r =50 = r = —5. Thenp = —(r+2) = —(—=5+2) = 3,and ¢ = 2r+ 10 = 2(—5) + 10 = 0.
~p=3, ¢ =0, third root = —5.
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Bai tap luyén tap

Find, in expanded form, a quartic equation with real coefficients having roots 2+, 2—i, —1+ 31,
—1—3s.

Loi giai chi tiet

-

Pair 24 4: sum 4, product4+1 = 5 = 2?2 — 42+ 5. Pair —1 4 3i: sum —2, product 1 +9 = 10 =
2% + 2z + 10. Multiply:

(22 — 42 + 5)(2% + 22 + 10) = 2* + 223 + 1022 — 42° — 822 — 402 + 522 + 10z + 50
=24 — 223 + 722 — 302 + 50.

So 2%+ — 222 + 722 — 30z + 50 = 0.

Bai tap luyén tap

Solve 22 — 8z + 25 = 0.
(A) 4+ 3i (C) 4+5i
(B) —4 + 3¢ (D) 8 &+ 3¢

Loi giai chi tiet

-

_ 846i

A =64 —100 = —36. z =44 3i. (A).

Bai tap luyén tap

One root of 22 + pz+q=0(p,q € R) is 5 + 2i. Find p and ¢.

Loi giai chi tiet

Other root 5 — 2i. Sum = 10 = —p = p = —10. Product = (5 +2i)(5 —2i) =25 +4 =29 = q.

Bai tap luyén tap

Given that 22 — 522 + 11z — 15 = 0 has root 1 + 2i, find the other two roots.

Loi giai chi tiet

Since coefficients are real, 1 —2i is also a root, giving quadratic factor 22 —2z+5 (sum 2, product
144 = 5). Let the third root be r: (22 —22+5)(2—r) = 22— (r+2)2%+(2r+5)z—5r. Comparing
constant terms: —5r = —15 = r = 3. Check 2?2 coefficient: —(r +2) = —5 = r = 3. v Check
z coefficient: 2r +5 =11 = r = 3. v Roots: 1 + 24, 1 — 24, 3.

Bai tap luyén tap

A quartic equation with real coefficients has roots 3, —2, and the conjugate pair 1 + 7. Which
of the following is the equation in expanded form?
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(A) 2 —322—2224+102—12=0 (C) 24 —322+222+102—12=0
(B) 24 +323—2224+102—12=0 (D) 24 —323—222—-102—12=0

Loi giai chi tiét

Pair 1 +4: sum 2, product 1 + 1 = 2 = 22 — 22 + 2. Roots 3, —2: (2 —3)(z +2) = 22 — 2 — 6.
Multiplying:
(22 —22+2)(22 —2—6) = 2% — 323 — 222 + 102 — 12.

(A).

C. Modulus-argument (polar) form

Bai tap luyén tap
Simplify 4 cis %’r = 2is %, giving the answer in Cartesian form.

(A) 2i (C) 2
(B) —2i (D) —2

Loi giai chi tiet

-

Modulus 3 = 2; argument 2 — = = Z_ Result = 2cis I = 2(0 + i) = 2i. (A).

Bai tap luyén tap

Express z = 1 — iv/3 in modulus-argument form, with the argument in the principal range
(radians).

Loi giai chi tiet

-

r = +/1+ 3 = 2. Point (1, —/3) is in the fourth quadrant; reference angle arctan \/T§ = 60°, so
T 7T
0= 60 =T, - =2cis (-Z),
60 5 2 cis 5

Bai tap luyén tap

Which of the following gives the modulus and principal argument of z = —47?

(A r=4,0=n C)r=—40=n
(B) r=4,0=0 D) r=4,0=1

Loi giai chi tiet

2z = —4 lies on the negative real axis, distance 4 from O, so r = 4 and 6§ = 180° = 7. (A).

Bai tap luyén tap

z, = 6¢is80°, z, = 3cis(—50°). Find z; z, in exact Cartesian form.

Thay Twdng 0332747169 - Cd Nancy 0983422 692Cambridge International AS & A Level Mathematics - Trang 120



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Loi giai chi tiét

: : 3 1 .
2125 = 18¢is (80° — 50°) = 18cis 30° = 18 (% + §z) — 9v/3 + 9i.

Bai tap luyén tap

) . .
The complex number z has modulus 3 and argument % Express z in Cartesian form.

3V3 3 33 3
A ——=+35 © -5

3vV3 3. 3 3V3.
B) =+ 35 B) 5 ——-i

Loi giai chi tiét

V3 1
cos150° = ———,sin150° = =. z = AL
50 5 Sinls0 = 2. 2=3 + 5

Bai tap luyén tap

Express z = 5 cis(—90°) in Cartesian form.

(A) —5i (C) 5
(B) 5i (D) —5

Loi giai chi tiet

-

cos(—90°) = 0, sin(—90°) = —1. z = 5(0 — i) = —5i. (A).

Bai tap luyén tap

If z, = 8cis160° and z, = 2cis(—95°), find “Lin modulus-argument form, with argument in

22
the principal range.

Loi giai chi tiet

-

Modulus: 8/2 = 4. Argument: 160° — (—95°) = 255°, which exceeds 180°, so subtract 360°:

955° — 360° = —105°. z—l = 4cis(—105°).
2

Bai tap luyén tap

Simplify 5 cis 100° x 4 cis(—40°), giving the answer in Cartesian form.

(A) 10 + 1034 (C) 20 + 20i
(B) 10 — 10v/34 (D) —10 + 10+/31
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Loi giai chi tiét
Modulus 5 x 4 = 20; argument 100° + (—40°) = 60°. Result = 20cis60° = 20 (% + */ng) =
10 + 10v/3 1. (A).

Bai tap luyén tap

Express z = —4 — 44 in modulus-argument form, with the argument in degrees.

Loi giai chi tiét
r = /16 + 16 = /32 = 4v/2. The point (—4,—4) is in the third quadrant; reference angle
arctan - = 45°,50 0 = —(180° — 45°) = —135°. z = 4+/2cis(—135°).

Irlkrlk

Bai tap luyén tap

Express z = —5 — 127 in modulus-argument form, giving the argument in degrees correct to 1
decimal place.

Loi giai chi tiét

r = /254 144 = /169 = 13. The point (—5,—12) is in the third quadrant; reference angle
12 .

arctan T 67.4°,50 0 ~ —(180° — 67.4°) = —112.6°. 2z ~ 13cis(—112.6°).

Bai tap luyén tap

If z, = 2cis(—160°) and z, = 5cis70°, find “Lin modulus-argument form, with argument in

Z9
the principal range.
(A) 0.4cis130° (C) 2.5cis 130°
(B) 0.4cis(—230°) (D) 0.4cis(—130°)

Loi giai chi tiét
Modulus = 2/5 = 0.4. Argument = —160° — 70° = —230°, which is below —180°, so add 360°:

—230° + 360° = 130°. 21 0.4 cis 130°. (A).
&)

D. Loci in the Argand diagram

Bai tap luyén tap

Describe the locus |z — 3 — 4i| = |z + 1 — 2i].

Loi giai chi tiét

This is the set of points equidistant from 3 + 47 and —1 + 24, i.e. the perpendicular bisector
. . . —1 4+2 .

of the segment joining A(3,4) and B(—1,2). Midpoint = <3T’ %) = (1, 3); gradient of
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2—-14 ? 1 . . :
AB = 3= 1= 3% the bisector has gradient —2. Equation: y —3 = —2(z — 1) =
y=-—2r+5

Bai tap luyén tap

Describe fully the locus |z + 2 —i| = 3.

Loi giai chi tiét

Rewrite as |z — (—2 +4)| = 3: acircle, centre (—2, 1), radius 3.

Bai tap luyén tap

Sketch and describe the region |z — 1 —i| < 2.

Loi giai chi tiet

-

Rewrite as |z — (1 + ¢)| < 2: this is the closed disc (interior together with the boundary circle)
of centre (1, 1) and radius 2 — all points whose distance from (1, 1) is at most 2.

Bai tap luyén tap

Which statement correctly describes the locus arg(z — 3) = %?
(A) Half-line from (3,0) at 45° to the positive  (C) Half-line from the origin at 45°
real direction, excluding (3,0)

(B) The full circle centre (3,0) (D) The perpendicular bisector of 0 and 3

Loi giai chi tiét

arg(z—3) = /4 fixes the direction of the vector from 3 to z at 45°; the point 3 itself is excluded
and the locus does not extend backwards. (A).

Bai tap luyén tap

Find the Cartesian equation, in the form y = mxz + ¢, of the perpendicular bisector locus
|z — 4| = |z + 2.

Loi giai chi tiét
|z — 4] = |z — (—2i)|: equidistant from (4,0) and (0, —2). Algebraically: (z — 4)? + ¢y? =
>+ (y+2?2=-8r+16=4y+4=y=—2x+3.

Bai tap luyén tap

For points z on the locus |z| = 6, find the greatest and least possible values of |z — 8|.

(A) max 14, min 2 (C) max 8, min 2
(B) max 14, min 6 (D) max 2, min 14
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Loi giai chi tiét

The fixed point 8 is at distance 8 from O; the circle has radius 6 centred at O. Since 8 > 6, the
point 8 lies outside the circle, so max [z — 8] =8 + 6 = 14 and min |z — 8] = 8 — 6 = 2. (A).

Bai tap luyén tap

For points z satisfying |z — 5| = 3, find the greatest and least possible values of arg z, correct
to one decimal place.

Lai giai chi tiét

. . 3
Centre a = 5 (so arga = 0°), radius 3; |a| = 5 > 3. Tangent half-angle: sina = == 06 =a=
36.87°. Greatest arg 2z ~ 36.9°; least arg z ~ —36.9°.

Bai tap luyén tap

The locus L, is |z — 4] = |z — 4i| and the locus L, is |z| = 4. Find the points of intersection of
L, and L,.

Loi giai chi tiet

L,: equidistant from 4 and 4i = y = . Ly: 22 +y? = 16. Substituting: 222 = 16 = 2 = +-2v/2.
Intersection points: z = 2v/2 + 2v/2i and z = —2v/2 — 2V/21.

Bai tap luyén tap

Describe the locus |z — 2| = |z + 2/, and hence state which axis it coincides with.

Loi giai chi tiét

Equidistant from 2 and —2: the perpendicular bisector of the segment joining (2,0) and (—2,0),
which passes through the origin (0, 0) perpendicular to the real axis. This is exactly the imag-
inary axis, x = 0.

Bai tap luyén tap
Describe the locus |z — 3 4 4i| = 6.

(A) Circle, centre (3,—4), radius 6 (C) Circle, centre (3,4), radius 6

(D) Perpendicular bisector of 3 — 4; and the
(B) Circle, centre (—3,4), radius 6 origin

Loi giai chi tiét

Rewrite as |z — (3 — 44)| = 6: a circle, centre (3, —4), radius 6. (A).

Bai tap luyén tap

For points z satisfying |z — (2 + 5¢)| = 3, find the greatest and least possible values of |z|.
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Loi giai chi tiét

Centre a = 2 + 5i, so |a| = v/4 + 25 = /29; radius r = 3. Since /29 ~ 5.39 > 3, the origin lies
outside the circle, so |z| 1. = V29 + 3 and |z| i, = V29 — 3.

Bai tap luyén tap

Points z satisfy arg(z — 2) = 60°. Find the least possible value of |z — 7|, and state the complex
number at which this least value occurs.

Loi giai chi tiét

The locus is the half-line from A(2,0) in direction 60°, i.e. the line v/3z — y — 2¢/3 = 0 with
x > 2. The perpendicular distance from B(7,0) to this line is

. [V3(7) —0—2v3| _ 5\/3.

V3+1 2
Using the unit direction (cos 60°,sin 60°) = (%7 @) and AB = (5,0), the projection t = 5 x
3 = 2 > 0, so the foot of the perpendicular lies on the included ray, at A + ¢ (%7 @) =
(2+3.57) = (3. 59).
5v/3 : 13 5V3,
w2 = Tlmin = 5 occurring at z = s 4 5

On tap nhanh. (1) i2 = —1; nhan/chia sd phtrc nhu da thire, chia thi nhan véi lién hop ctia mau.
(2) Pa thirc hé sé thuc: nghiém phirc luén di theo cp lién hop p + ¢i — ding téng 2p va tich
p? 4+ ¢% d€ dung nhan tlr bac hai. (3) Dang cuc z = r cis #: nhan thi nhAn médun cdng argument,
chia thi chia médun trir argument; luén dua argument vé khoang (—180°,180°]. (4) Quy tich:
|z —a| = r 12 dudng tron, |z — a| = |z — b| la trung truc, arg(z — a) = 0 1a nlra dudng thang; bai
toan GTLN/GTNN cua |z| hay arg z ludn giai bang hinh hoc (duéng thang qua tdm, hoic tiép
tuyén tlr goc toa do), khong phai dai sé thuan tuy.
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CAMBRIDGE INTERNATIONAL AS & A LEVEL « Unit 5

Mechanics

Muc tiéu Unit: Dong hoc chuyén ddng thang (suvat, do thi v-t, chuyén dong v&i gia téc bién thién dung
dao ham/tich phan, hanh trinh nhiéu giai doan); Iuc va can bang (so do luc, phan tich luc thanh hai thanh
phan, mat phang nghiéng, ma sat gidi han); dinh luat Newton va hé vat néi (rong roc, mit phang nghiéng
c6 ma sat, doan tau nhiéu toa, thang may); dong lwong, va cham (ké ca va cham dinh vao nhau) va xung
lwong; cong, nang lwong va cong suat (bao gdbm cong suat va téc dd téi da cta xe khi luc kéo can bang
lwc can). Trong toan bod chuong nay lay g = 9.8 m/s” theo dung quy wéc Cambridge (mirc A Level, Paper
4) — khong dung 9.81 hay 10.

5.1 Kinematics of Motion in a Straight Line

5.1.1 The suvat equations

For motion in a straight line with constant acceleration «, starting velocity u, velocity v at time ¢,
and displacement s, the four standard equations (suvat equations) are derived from the definition of
acceleration and the area under a velocity-time graph.

v=1u-+ at, s:ut+%at2, v? = u? + 2as, s:%(u—kv)t.

The first equation follows directly from a = ? Substituting v = u + at into s = %(u + o)t

(the area of a trapezium under a v-t graph) gives s = ut + %atQ; eliminating ¢t between v = u + at
and s = %(u + v)t gives v? = u? + 2as. In any problem, list the five quantities s, u, v, a, t, mark the
three that are known and the one required, then choose the equation that does not involve the fifth
(unused) quantity. For motion under gravity alone (free fall, projectile drop), take the acceleration to
beg=09.8 m/s’ directed vertically downward.

(') L6i thueng gip: Cambridge International A Level Mechanics (Paper 4) uses g = 9.8 m/s’
throughout — not ¢ = 9.81 (the more precise value used in some other syllabuses) and not the
convenient approximation ¢ = 10 used at IGCSE level. Using the wrong value of g will shift
every numerical answer in a kinematics-with-gravity, connected-particle, or energy question,
even when the method is entirely correct. Always substitute g = 9.8 unless a question explic-
itly states a different value.

5.1.2 Velocity-time and displacement-time graphs

On a velocity-time graph, the gradient at any instant equals the acceleration at that instant, and
the (signed) area between the graph and the t-axis over an interval equals the displacement over
that interval; if the graph dips below the axis, the area there counts as negative displacement (but
positive distance). On a displacement-time graph, the gradient at any instant equals the velocity at
that instant.
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Vi du miu - Worked example

A car accelerates uniformly from rest to 24 m/s in 8 s. Find the acceleration and the distance

travelled.
24 —0
o= =3 m/s>. s = L(u+v)t = 3(24)(8) = 96 m.
24 +
Q
£
>
Area= distance = 96 m
0
0 8
t(s)

Velocity-time graph: uniform acceleration from rest to 24 m/sin 8 s.

- GIAI THICH TIENG VIET
Trén d6 thi v-t: d6 déc (gradient) chinh 13 gia toc; dién tich gitra d6 thi va truc ¢ chinh la quang
dudng (hodc do dich chuyén néu tinh cé dau). Trén dé thi s-t: dd déc chinh la van téc. Néu d6
thi v-t di xuéng dudi truc ¢ (van téc am), dién tich phan dé tinh 13 dé dich chuyén 4m nhung
van cong duong vao quang dudng di duoc.

5.1.3 Motion with variable acceleration: calculus

When acceleration is not constant, the suvat equations no longer apply, and calculus must be used
to relate displacement, velocity and acceleration, each defined as a rate of change of the previous
quantity with respect to time ¢:

2
a = % = % v = %, v = /adt (using an initial condition to find +C), s =

/vdt (using an initial condition to find +C).
A particle is instantaneously at rest when v = 0 (this does not require ¢ = 0 at the same instant).
The distance travelled over an interval equals / |v| dt; if v does not change sign on the interval, this

is simply ’ vdt|, but if v changes sign, the interval must be split at each root of v(¢) and the absolute

value of each piece added, since a net displacement of zero over a there-and-back journey is not the
same as zero distance travelled.

Vi du miu - Worked example

A particle moves so that s(t) = t3 — 6t2 + 9¢ (m). Find its velocity and acceleration at t = 2's,
and when it is at rest.

v=3t" —12t+9att =2 0v=12—24+9=—-3m/s. a =6t—12;att =2:a = 0. Atrest:
B2 —12t4+9=0=(t—1)(t—3)=0=t=1,3s.
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Vi du miu - Worked example

A particle starts at the origin with velocity 4 m/s and has acceleration a = (12 — 6t) m/s” at
time ¢ seconds. Find v(¢) and s(t), the maximum velocity attained, and the displacement after
the first 4 seconds.

v:/(12—6t)dt: 12t —3t2 + C; sincev = datt = 0, C = 4, s0 v(t) = 12t — 3t + 4.

s = /vdt:6t2—t3—|—4t+02; sinces = 0att =0,C, = 0, s0 s(t) = 61> — 3 + 4t.

Maximum velocity occurs whena =0: 12 -6t =0 =1t = 25, giving v(2) =24 — 124+ 4 = 16
m/s (a maximum, since a changes from positive to negative here). Solving v(t) = 0 gives

12 + /192 .
t= 124 v192 ~ —0.31 or 4.31 s, both outside [0, 4], so v(¢) > 0 throughout the first 4 seconds
and displacement equals distance: s(4) = 6(16) — 64 + 16 = 48 m.

GIAI THICH TIENG VIET

ia toc la dao ham clia van toc theo thoi gian (@ = dv/dt); van toc la dao ham ctia do dich
chuyén (v = ds/dt). Khi gia toc thay doi theo thoi gian, ta phai tich phan a(t) dé ra v(t) (nh&
cong hang s6 C va dung diéu kién ban dau dé tim C), réi tich phan tiép v(t) dé ra s(t). Vat
ding yén tirc thoi khi v = 0, khéng nhat thiét a = 0 cung luc. Khi tinh quang dudng (distance)
chir khéng phai dé dich chuyén (displacement), phai ki€m tra xem v c6 d6i dau trong khoang
thoi gian xét hay khéng — néu cé, phai tach khoang tai tirng diém v = 0 va cong tri tuyét doi
tirng doan.

5.1.4 Multi-stage journeys

Many real journeys consist of several stages, each with its own (constant) acceleration — for example
accelerating from rest, travelling at a steady speed, then decelerating to rest. Each stage is treated
separately using the suvat equations (matching the final velocity of one stage to the initial velocity
of the next), and the total displacement is the sum of the displacements of each stage, which is also

the total area under the composite velocity-time graph. The average speed for the whole journey is
total distance

total time ]
the stages take equal time.

— this is generally not the same as the average of the individual stage speeds unless

15 ¢
g
£ Stage 2
2 180 m
0
t(s)

Multi-stage journey: accelerate from rest to 15 m/s in 5 s, travel at constant 15 m/s for 12 s, then decelerate to rest in 3
s. Total distance = 37.5 + 180 + 22.5 = 240 m over 20 s, so average speed = 240/20 = 12 m/s.
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. GIAI THICH TIENG VIET

V6i hanh trinh nhiéu giai doan, giai tirng doan riéng biét bang cong thirc suvat, |y van téc cudi

doan nay lam van téc dau doan sau. Téng quang duong la téng dién tich cac hinh (tam giac,

hinh chir nhat, hinh thang) duéi d6 thi v-t. Téc dd trung binh ctia ca hanh trinh luén duoc tinh
. o ang dud

bing —rc A-an8 CTONE

tong thoi gian
doan.

, chr khéng phai trung binh cong don gian cua cac téc do tirng giai

5.1.5 Relative motion: when do two particles meet?

When two particles move along the same straight line, a common question asks for the time (and
position) at which they meet, or the time at which one catches up with the other. The standard
method is to write a separate expression for the displacement of each particle, measured from a
common fixed origin using a common clock (time t); a particle that starts moving later than ¢t = 0
must have its own suvat equation written in terms of ¢ minus its own starting time, not in terms of ¢
itself. The particles meet at the instant their displacements from the common origin are equal.

Meeting condition: s,(t) = s,(¢), using one common origin and one common clock ¢ for both
particles. If a particle starts at ¢t = ¢, > 0, substitute 7 = ¢ — ¢, into its own suvat (or calculus)
equations, valid only for t > t; reject any solution of the meeting equation with ¢ < .

Vi du miu - Worked example

Car A passes a fixed point O with constant speed 15 m/s and continues at this speed. Car B
starts from rest at O, 4 seconds after A passes O, with constant acceleration 3 m/s>. Find the
time (measured from the instant A passes O) at which B catches up with A4, and the distance
from O at which this happens.

Measuring ¢ in seconds from the instant A passes O: A’s displacement is s, = 15¢. B starts
4 s later, so for ¢t > 4, writing 7 = ¢ — 4 for the time B has been moving, B’s displacement
is sp = 3(3)7%2 = 1.5(t — 4)%. They meet when s, = sp: 15t = 1.5(t — 4)* = 10t =

1841324 — 64 184 /2 18 + 16.12
(b= ) =28t + 16 = 2 — 18t + 16 = 0. t — > & z 01 _ 18+ V200 _ 15+ 1612

2 2
giving t = 17.06 sort = 0.94 s. Since B has not even started moving at ¢ = 0.94 s (this
is before B's start time of 4 s), only t = 17.06 s is a valid meeting time. Distance from O:
s, = 15(17.06) = 255.9 m (check: sp = 1.5(17.06 — 4)? = 1.5(13.06)% = 255.8 m v').

255.9 +
Car A
— s = 15t
£
Na)
Car B
s=1.5(t—4)2
4 17.06

t(s)

Displacement-time graph: car B starts 4 s after car A passes O, and catchesup att ~ 17.06 s, s ~ 255.9 m.
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GIAI THICH TIENG VIET

Khi hai vat chuyén doéng trén cing mét dudng thang va dé bai hoi thoi diém gip nhau (hoic
thoi diém vat ndy dudi kip vat kia), luén chon mét mdc théi gian chung va mot goc toa dé
chung, viét do dich chuyén ctia méi vat theo cung bién ¢ d6. Néu mot vat xuat phat tré hon
(vi du tré 4 gidy), phai dung 7 = t — 4 (th&i gian riéng ctia vat dé) trong cong thirc suvat ctia vat
nay, khéng phai ¢ truc ti€p. Hai vat gap nhau khi do dich chuyén ctia ching (tinh tir cung goc)
bang nhau; néu phuong trinh cho ra nhiéu nghiém t, phai loai nghiém khéng hop Ié (vi du nhd
hon thoi diém vat thi hai bat dau chuyén dong).

5.2 Forces and Equilibrium

5.2.1 Force diagrams and resolving forces into components

The first step in any statics or dynamics problem is to draw a clear force diagram (free-body diagram)
showing every force acting on the particle: weight W = mg (always vertically down), normal reaction
R (perpendicular to the contact surface), applied forces, tension in strings, and friction. A force I’
acting at angle 0 to a chosen reference direction has components F cos 6 along that direction and
F'sin @ perpendicular toit. For a particle in equilibrium under several coplanar forces, resolving in two
perpendicular directions (usually horizontal/vertical, or along/perpendicular to a slope) gives two
independent equations, Y F, = 0and ) F,=0, which is the standard 9709 method (equivalent to
the geometric triangle of forces, in which three concurrent forces in equilibrium can be represented
by the three sides of a closed triangle taken in order).

Vi du m3u - Worked example

A particle of weight 45 N hangs in equilibrium, held by two light strings attached to fixed points;
one string makes 25° with the horizontal ceiling and the other makes 50° with the horizontal
ceiling, on opposite sides of the vertical through the particle. Find the tensions T} (in the 25°
string) and T, (in the 50° string).

Resolve horizontally (the two horizontal components must balance): T} cos 25° = T, cos 50°.
Resolve vertically (the two vertical components support the weight): T} sin 25° 4+ T}, sin 50° =

45.
. cos 50° -
From the first equation, T}, = T,——— = 0.70897,. Substituting: 0.70897,(0.4226) +

o

COoS
T,(0.7660) = 45 = 1.0656 T, = 45 = T, = 42.2 N, s0 T, = 0.7089(42.2) = 29.9 N.

GIAI THICH TIENG VIET

VN
Vi bai toan 3 luc dong phang can bang (vi du vat treo bai hai soi day), luén phan tich méi luc
thanh hai thanh phan vuong géc (thudng 1a phuong ngang va phuong thang dirng), sau dé 1ap
hai phuong trinh " F, = 0va) F, =0 roi giai hé. Day 1a phuong phap chinh dung trong
9709 (thay cho dinh ly hinh tam gidc luc dung hinh hoc thuan tay).

5.2.2 Equilibrium of a particle under coplanar forces

A particle is in equilibrium when the resultant of all forces acting on it is zero, so it remains at rest or
moves with constant velocity (Newton'’s first law). For a particle acted on by exactly three coplanar
forces in equilibrium, an alternative (equivalent) approach is to represent the forces as a closed vector
triangle: draw the three force vectors head-to-tail, in order; if they form a closed triangle, the particle
is in equilibrium, and unknown magnitudes/angles can be found using the sine and cosine rules.
In examinations, resolving into perpendicular components is normally faster and less error-prone,
especially with more than three forces, and is the method used throughout this chapter.
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ENGLISH

Lami’s theorem (an equivalent, purely geometric alternative to resolving): for three concurrent
. A P
coplanar forces P, O, R in equilibrium, — = ,Q = —
sina sing  siny
Q and R (i.e. opposite P), and similarly for 3 (opposite @) and ~ (opposite R); the three angles
sum to 360°.

, Where « is the angle between

As a check, Lami’s theorem reproduces the two-string example above without resolving into
components at all: measuring angles between each pair of force directions gives 140° (between the
50° string and the weight), 115° (between the weight and the 25° string), and 105° (between the two

. . 45sin140°  45(0.6428) 45sin115°
t , which t °. Then T} = —; = =299Nand 7, = ————— =
Z;'Egg‘c’())ﬁ‘;' ch sum 10 360" Then T = “Gto5 = “ooes0 00 a2 T Tgnon
éé(j59> = 42.2 N — identical to the component method, confirming both approaches are equiva-

lent; resolving remains the preferred method here because it extends directly to four or more forces,
whereas Lami’s theorem only applies to exactly three.

5.2.3 Particles on an inclined plane

For a particle of mass m resting on a plane inclined at angle 6 to the horizontal, the weight mg
(vertically down) must be resolved into a component along the slope, mgsin 6 (down the slope),
and a component perpendicular to the slope, mg cos 6 (into the surface). On a smooth (frictionless)
incline, the normal reaction balances the perpendicular component exactly, R = mgcos 6, and any
force needed to hold the particle in equilibrium along the slope must balance mgsin 6.

On anincline at angle 8: component of weight along the slope = mg sin ; component of weight
perpendicular to the slope = mg cos 6; on a smooth incline with no other forces along the slope,
R = mgcosé.

5.2.4 Friction

When two surfaces in contact are rough, the contact force has a component along the surface
(friction, F) as well as the normal component R. Friction always opposes the direction of relative
sliding (or the tendency to slide) between the surfaces. Provided the particle is not sliding, friction
can take any value up to a maximum, F' < uR, where p is the coefficient of friction between the
two surfaces; when the particle is on the point of sliding (limiting equilibrium) or is actually sliding,
friction takes its maximum (limiting) value, F' = pR.

F < puRin general; F = pR at limiting equilibrium or while sliding, where R is the normal re-
action and p the coefficient of friction. Friction acts to oppose relative sliding (or the tendency
to slide).

Vi du miu - Worked example

A 5 kg box on a rough horizontal surface accelerates at 1.5 m/s> under a horizontal force of 20
N. Find the friction force and p.

12.5
20— F=ma=5(15)=75=F=125N. R=mg=>5(9.8) =49 N. p= o - 0.255.
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R = 49N

Frriction = 12.5N -———— > Fpiied = 20N

Y

W =mg = 49N

Free-body diagram for the 5 kg box on a rough horizontal surface.

- GIAI THICH TIENG VIET
Vé so db luc tu do (free-body diagram) 13 buéc bat budc: liét ké da trong luc W = myg (ludn
thang dirng xudéng), phan luc R (vudng géc mat tiép xuc), luc kéo/day, va ma sat (lubn ngugc
chiéu chuyén déng hoic xu hudng chuyén dong). Ma sat chi dat gia tri I6n nhat ©R khi vat
trugt hodc sap truot (can bang giéi han); néu vat dirng yén va chua sap truwot, ma sat cé thé
nhé hon uR, du dé gilr can bang. Sau d6 ap dung Fhop iye = ma theo ting phuong.

5.2.5 Inclined planes with friction

On a rough incline, the normal reaction is still R = mg cos 6 (provided all other forces act along the
slope or are perpendicular to it), but friction ' < pR now also acts along the slope, opposing the
direction of sliding or impending sliding. Whether a particle remains at rest, slides down, or needs
an applied force to stay in place depends on comparing mgsin 6 (the driving component down the
slope) with the maximum available friction pmgcosé. If a force P acts up the slope to hold the
particle in equilibrium, then at the minimum value of P the particle is on the point of sliding down
(friction acts up the slope, at its maximum): P, = mgsinf — umgcos 6. At the maximum value
of P before the particle is on the point of sliding up, friction acts down the slope, at its maximum:

P .x = mgsin® + pumgcos 6.

R

!

W =mg

Free-body diagram on a rough inclined plane: weight W resolves into mg sin 8 (down the slope) and mg cos 6 (into the
surface, balanced by R); friction F' opposes sliding; P is an applied force up the slope.

Vi du mau - Worked example

A parcel of mass 8 kg rests on a rough plane inclined at 30° to the horizontal, where ;1 = 0.2
between the parcel and the plane. Find the minimum force P, acting up the line of greatest
slope, needed to keep the parcel in equilibrium.
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mgsin30° = 8(9.8)(0.5) = 39.2 N. R = mgcos30° = 8(9.8)(0.8660) = 67.90 N, so maximum
friction = pR = 0.2(67.90) = 13.58 N. Since 39.2 > 13.58, the parcel would slide without
support; at the minimum P, friction acts at its maximum value up the slope, assisting P:

Pin + #mg cos 30° = mgsin30° = P, = 39.2 — 13.58 = 25.6 N.

(1) Léi thueng gap: On an inclined plane, always resolve the weight mg into two components
relative to the slope — mgsin 6 along the slope and mg cos 6 perpendicular to the slope — and
never resolve horizontally/vertically instead when other forces (friction, an applied force along
the slope) are naturally along/perpendicular to the incline. A very common error is swapping
sind and cosf: the component along the slope uses siné (it vanishes as § — 0, correctly
matching a flat, horizontal surface), while the component perpendicular to the slope uses cos 6
(it equals mg, correctly matching a flat surface, as 6 — 0). Also remember that on an incline
the normal reaction R = mgcos @ is less than mg (unless another force also has a component
perpendicular to the slope), so friction xR must be computed using mg cos 6, not mg.

5.2.6 A force applied at an angle to the slope

An applied force does not always act exactly along the line of greatest slope. If a force P acts at
angle o above the slope (tilted away from the surface, not purely up the slope), it has a component
P cos o up the slope and a component P sin o away from the surface — which reduces the normal
reaction, since it partly “lifts” the particle off the plane: R = mgcos 6 — P sin «. This reduced normal
reaction in turn reduces the maximum available friction pR, so both effects of P (driving the particle
along the slope, and changing the friction resisting it) must be included.

Vi du miu - Worked example

A block of mass 6 kg rests on a rough plane inclined at 20° to the horizontal, where . = 0.3.
A force P acts on the block at 15° above the line of the slope (i.e. between the slope direction
and the outward normal), pulling the block up the slope. Find the value of P for which the
block is in limiting equilibrium, on the point of sliding up the slope.

On the point of sliding up, friction acts at its maximum value, down the slope. Resolving per-
pendicular to the slope: R = mgcos20° — Psin15°. Resolving along the slope: Pcos15° =
mgsin 20° + uR = mgsin 20° + u(mg cos 20° — P sin 15°). Rearranging: P(cos 15° + psin15°) =
mg(sin20° + 11cos 20°). With mg = 6(9.8) = 58.8 N: mg(sin20° + 11€0s 20°) = 58.8(0.3420 +

0.3 x 0.9397) = 58.8(0.6239) = 36.69. cos15° + psin15° = 0.9659 + 0.3(0.2588) = 1.0436.

36.69

P = 10436 — 35.2 N. (Check: R = 58.8(0.9397) — 35.2(0.2588) = 55.25 — 9.11 = 46.15 N, and

Pcos15° = 35.2(0.9659) = 34.0 ~ mgsin20° + pR = 20.11 + 13.85 = 34.0 v'.)

(1) L6i thuwong gap: When a force applied to a body on an incline is not parallel to the slope,
it still has a component perpendicular to the slope, and this component changes the normal
reaction R — and hence the maximum friction R — even though the force may not seem
to be obviously “pushing into” or “pulling away from” the plane. A force directed above the
slope (away from the surface) reduces R; a force directed into the slope (below the line of
greatest slope, angled into the surface) increases R. Always resolve the applied force into its
two components relative to the slope before writing the perpendicular equation for R.
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. GIAI THICH TIENG VIET

Khi luc kéo/day P khong ndm doc theo mit phang nghiéng ma lIéch mot géc so véi mat nghiéng,
lwc nay cé hai thanh phan: mot thanh phan doc theo mat nghiéng (gép phan kéo vat [én hoac
xuéng doc) va mét thanh phan vuéng géc véi mat nghiéng (Iam thay ddi phan luc R). Néu P
huéng ra xa mat phang (Ién trén so véi mit nghiéng), phan luc R sé giam (vi mét phan luc P
“nang” vat |én), kéo theo ma sat téi da xR clng giam. Phai luén viét lai phuong trinh can bang
vudng goc vdi mat nghiéng dé tim R chinh xac trudc khi tinh ma sat.

R

W =mg

Free-body diagram: force P applied at 15° above the line of the slope (itself inclined at 20° to the horizontal), so that P’s
perpendicular component reduces the normal reaction R.

Resolving forces Inclined planes & friction

F, = Fcost, F,= Fsing Along the slope: mgsind

Equilibrium: 3 F, =0, > F, =0 Perpendicular to the slope: mg cos 6
Q R

Smooth incline (no other forces): R = mgcos @
Friction: FF < uR; F = pR limiting/sliding

Lami’s theorem:

sina sinf siny

Quick-reference summary: resolving forces, inclined planes, and friction.

5.3 Newton's Laws of Motion

5.3.1 Newton’s second law: F' = ma

Newton's first law states that a particle remains at rest or moves with constant velocity unless acted
on by a resultant force. Newton’s second law gives the relationship between the resultant force and
the resulting acceleration: the resultant force F (the vector sum of all forces acting) on a particle of
mass m produces an acceleration a = F'/m in the same direction as the resultant force, i.e. F' = ma.
Newton's third law states that if body A exerts a force on body B, then B exerts an equal and opposite
force on A; this underlies the analysis of connected particles, since the tension pulling one particle
forward is matched by an equal tension pulling the other particle back.

F = ma, where F is the resultant (net) force in the direction of motion. Weight W = mg is a
force (measured in newtons), not the same quantity as mass m (measured in kilograms).

(1) L6i thuong gap: Mass (m, in kg) is the amount of matter in a body and does not change;
weight (W = myg, in N) is the force of gravity on that body and depends on g. A very common
error is writing F' = ma but then substituting a "weight” value in kilograms, or conversely using
m (in kg) directly as a force in newtons without multiplying by g. Always check units: forces
are in newtons, masses in kilograms, and g = 9.8 m/s” is the conversion factor between an
object’s mass and its weight (on Earth’s surface).
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5.3.2 Connected particles: strings and pulleys

When two particles are joined by a light (massless), inextensible string, the string exerts equal tension
T on both particles, and — provided the string remains taut and does not stretch — both particles
have the same magnitude of acceleration « at all times. If the string passes over a smooth, light
(massless) pulley, the tension is the same on both sides of the pulley (the pulley simply changes the
direction of the string’s action, doing no work and exerting no net resisting force of its own).

For two masses m (lighter) and m,, (heavier) connected by a string over a smooth pulley, hang-

. . = 2
ing freely (an Atwood machine): a = w T = w.
my + My mqy + My

Y
myg

Connected particles: mass m., on a rough incline, joined by a light string over a smooth pulley at the top of the slope to a
hanging mass m.

5.3.3 Connected particles on an inclined plane

When one particle hangs vertically and the other lies on an inclined plane (connected by a string
over a pulley fixed at the top of the incline, with the string running parallel to the slope), each parti-
cle’s equation of motion is written separately, taking a consistent positive direction (the anticipated
direction of motion) for each: the hanging particle’s weight m, g drives the system, opposed by the
sliding particle’s slope component m,gsin# and any friction. Before assuming the system acceler-
ates, it is essential to check whether the driving imbalance actually exceeds the maximum available
friction — if not, the system remains in equilibrium.

Vi du mau - Worked example

Masses m; = 3 kg (hanging freely) and m, = 5 kg (on a rough plane inclined at 25°, with
u = 0.25) are connected by a light inextensible string over a smooth pulley fixed at the top of
the incline, with the string parallel to the slope. The system is released from rest. Show that
the system remains in equilibrium, and find the tension in the string and the friction force on
the 5 kg mass.

Without friction, m;g = 3(9.8) = 29.4 N would tend to pull the system so that m, de-
scends and m, moves up the slope, since mygsin25° = 5(9.8)(0.4226) = 20.71 N is less
than 29.4 N; the imbalance is 29.4 — 20.71 = 8.69 N. The maximum available friction on m, is
pmeyg €0s 25° = 0.25(5)(9.8)(0.9063) = 11.10 N, acting down the slope to resist this tendency.
Since the required friction, 8.69 N, is less than the maximum available, 11.10 N, the system does
not accelerate: it stays in equilibrium. With a = 0: for m;, m;¢g—7 =0 =T = 29.4 N. For
ms, (resolving along the slope), T'— m,gsin25° — f =0 = f =29.4 — 20.71 = 8.69 N (acting
down the slope on m,).
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GIAI THICH TIENG VIET
Vi bai toan vat ndi qua rong roc trén mit phang nghiéng cé ma sat, khong dugc voi gia sir hé
chuyén déng. Trudc tién tinh "luc chénh l1éch” khi bé qua ma sat (chénh léch gitra trong luong
vat treo va thanh phan trong luc doc mat nghiéng cltia vat kia); néu chénh léch nay nhé hon
ma sat nghi cuc dai uR, hé dirng yén (can bang) — khi d6 luc cing day va luc ma sat tim duoc
tr phuong trinh can bang (a = 0), khdng phai tir F = ma vdi a # 0.

5.3.4 Connected particles: one particle on a rough horizontal table

A common configuration has one particle on a horizontal table (or bench) connected by a string over
a smooth pulley fixed at the edge of the table to a second particle hanging freely over the edge. If
the table is rough, friction acts on the particle on the table, opposing its motion (which is toward the
pulley, i.e. toward the edge), and must be included in that particle’s equation of motion alongside the
tension.

For m, hanging freely and m., on a rough table (coefficient of friction ), joined by a string over
— 1
a smooth pulley at the table’s edge: a = w, T = w (

settin =0
mqy + My mq + My gH

recovers the smooth-table result).

Vi du mau - Worked example

A block of mass 5 kg lies on a rough horizontal table, where ;1 = 0.3 between the block and
the table. It is connected by a light inextensible string, passing over a smooth pulley fixed at
the edge of the table, to a mass of 3 kg hanging freely. The system is released from rest. Find
the acceleration of the system and the tension in the string.

For the hanging mass (m, = 3 kg), taking the direction of motion as positive: m,¢g—7T = m,a =
29.4 — T = 3a. For the block on the table (m, = 5 kg), friction opposes its motion toward the
pulley: normal reaction R = myg = 5(9.8) = 49 N, so friction = pR = 0.3(49) = 14.7 N,
and T — uR = mgya = T — 14.7 = 5a. Adding the two equations (the tension T cancels):
204 —14.7=8a = 147 =81 = a = 1.84m/s". T = 5(1.84) + 14.7 = 9.19 + 14.7 = 23.9 N
(check via the hanging mass: 7' = 29.4 — 3(1.84) = 29.4 — 5.51 = 23.9 N V).

. GIAI THICH TIENG VIET

Khi mét vat nam trén ban (cé6 ma sat) néi qua rong roc & mép ban véi mét vat treo tu do,
phuong trinh chuyén dong cda vat trén ban phai cé thém lwe ma sat pR (véi R = my,g vi ban
nam ngang), luc ndy luén can tr& chuyén déng clia vat (hwdng ra mép ban). Cong hai phuong
trinh chuyén déng cua hai vat lai (theo chiéu duong da chon nhat quan) sé triét tiéu luc cang
day T, cho phép tim gia toc a trudc, réi thay nguoc lai dé im T — va luén nén kiém tra chéo
bang phuong trinh cta vat con lai.

5.3.5 Multiple connected vehicles

For a train, truck, or convoy made of several coupled vehicles moving together with common accel-
eration q, first treat the whole system as a single particle (total mass = sum of all masses) to find
a from the total driving force minus total resistance. Then, to find the tension (or thrust) in any in-
dividual coupling, apply F' = ma to just the vehicle(s) on one side of that coupling — most simply,
to the vehicle(s) beyond the coupling, which experience only that one coupling force plus their own
resistance.
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Vi du miu - Worked example

An engine of mass 5000 kg pulls two trucks: truck A (mass 2000 kg, coupled directly behind the
engine) and truck B (mass 1500 kg, coupled behind truck A), along a straight, level track. The
engine’s driving force is 9000 N; the resistances to motion are 1000 N (engine), 400 N (truck A),
and 300 N (truck B). Find the acceleration of the train and the tension in each coupling.
Whole system (mass = 5000 + 2000 + 1500 = 8500 kg): 9000 — (1000 + 400 + 300) = 8500a =
7300 = 85000 = a = 0.859 m/s". Coupling between engine and truck A (T}): consider trucks
A + B together (mass 3500 kg): 7 — (400 + 300) = 3500(0.859) = T; = 3006 + 700 = 3706 N.
Coupling between truck A and truck B (T5,): consider truck B alone (mass 1500 kg): T, —300 =
1500(0.859) = T, = 1288 4+ 300 = 1588 N. (Check using the engine alone: 9000 — 1000 — T, =
5000(0.859) = T, = 8000 — 4294 = 3706 N. v')

5.3.6 Apparent weight: lifts and elevators

A person of mass m standing on scales inside a lift (elevator) has a true weight mg, but the scales
actually measure the normal reaction R between the person and the floor — the apparent weight.
Applying F' = ma to the person, taking "upward” as positive:

R—mg = ma = R = m(g+a)if the lift accelerates upward with magnitude a; R = m(g—a) if
the lift accelerates downward with magnitude a; R = my if the lift moves at constant velocity
(or is stationary), since then a = 0.

The apparent weight is greater than the true weight while accelerating upward (or decelerating
while moving downward), and less than the true weight while accelerating downward (or deceler-
ating while moving upward) — matching the everyday sensation of feeling heavier or lighter in a
lift.

Vi du mau - Worked example

A man of mass 70 kg stands on scales in a lift. Find the scale reading when the lift (a) accelerates
upward at 2 m/s2; (b) accelerates downward at 2 m/s2; (c) moves at constant velocity.

(@ R =m(g+a) =70(9.8+2) =70(11.8) = 826 N. (b) R = m(g —a) = 70(9.8 —2) =
70(7.8) = 546 N. (c) R = mg = 70(9.8) = 686 N.

Kinematics (suvat) Momentum & impulse

v=u-+at p=1mu

s =ut + sat? MUy + Moty = My vy + Myvs (collision)
v? = u? + 2as myuy + myuy = (my 4+ my)v (coalescence)
s=2(utv)t Impulse = FAt = Ap = m(v — u)

Quick-reference summary: kinematics and momentum-impulse formulas.

5.4 Momentum and Impulse

5.4.1 Momentum and conservation of momentum

The momentum of a particle of mass m moving with velocity v is p = muv (a vector, in the direction
of motion, measured in kgm/s or, equivalently, newton-seconds). When two particles collide (or
otherwise interact) with no external horizontal force acting on the system, the total momentum
is conserved: the total momentum immediately before the collision equals the total momentum
immediately after.
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mqug+myuy = my v, +myvsy, Where uy, u, are velocities before collision and v, v, are velocities
after. A single positive direction must be chosen and used consistently for every velocity in the
equation.

Vi du mau - Worked example

A 0.5 kg ball moving at 6 m/s collides with a stationary 1 kg ball; after impact the first ball
rebounds at —1 m/s. Find the second ball’s velocity and the impulse on the first ball.

0.5(6) = 0.5(—1)+1(vy) = vy, =3.5m/s. Impulseonball 1=m(v—u) =0.5(—1—6) = —3.5
Ns.

(1) L6i thuong gap: Before writing a momentum conservation equation, fix one positive direc-
tion (for example, "rightward is positive”) and use it for every velocity in the equation, including
any that reverse direction after the collision — a rebounding object must be substituted with
a negative velocity, not its magnitude. A sign error on just one velocity, or forgetting that
momentum is a vector (not a speed), is one of the most common ways to get a momentum
question wrong even when the conservation equation itself is set up correctly.

5.4.2 Coalescence

If two particles collide and coalesce (stick together and move on with a single common velocity, e.g.
a bullet embedding in a block, or railway trucks coupling automatically on impact), the conservation
equation simplifies since there is only one combined mass afterwards:

I myu, + myuy = (mq + my)v, where v is the common velocity after coalescence.

Coalescence is always an inelastic collision: kinetic energy is conserved in momentum, but not
in kinetic energy — some kinetic energy is converted to heat, sound, and deformation, so the total
kinetic energy after coalescence is always less than before (except in the trivial case of no relative
motion).

5.4.3 Two-stage collisions

Some problems involve a chain of collisions: one particle collides with a second, and the resulting
motion of the second particle then causes it to collide with a third. Each collision is treated as a sep-
arate application of conservation of momentum, using the velocities immediately after the previous
collision as the "before” velocities for the next.

Vi du mau - Worked example

A sphere A of mass 4 kg moving at 5 m/s collides directly with a stationary sphere B of mass 2
kg. Immediately after this collision, A continues moving in the same direction at 2 m/s. Sphere
B then travels on and collides directly with a stationary sphere C of mass 1 kg, with which
it coalesces. Find the common velocity of B and C' after the second collision, and the total
kinetic energy lost over both collisions.

Collision 1 (A and B): 4(5) 4+ 2(0) = 4(2) 4+ 2vg = 20 = 8+ 2uz = vz = 6 m/s. Collision 2 (B
and C, coalescing): 2(6)+1(0) = (2+1)v = 12 = 3v = v = 4 m/s. Kinetic energy: initially only
Amoves: By jia = 5(4)(5%) = 50 J. After collision 1: E, = 1(4)(2?)+3(2)(6?) = 8+36 = 44 J
(aloss of 6 J in collision 1). After collision 2: A still has 8 J; the coalesced B+C has (3)(4%) = 24
J, giving a total of 32 J (a further loss of 36 — 24 = 12 J in collision 2). Total kinetic energy lost
over both collisions: 50 — 32 = 18 J (matching 6 + 12 = 18 J V).
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Before collision 1
@ .6 m/s

After collision 1 (before B meets stationary C)

Schematic: sphere A strikes stationary sphere B; B then moves off to collide with, and coalesce with, stationary sphere
C.

GIAI THICH TIENG VIET

“ﬁ’/m bai todn va cham hai giai doan (vat A va vao B, roi B ti€p tuc va vao C), phai giai [an lugt
tirng va cham: ap dung bao toan ddng lwong cho va cham thd nhat dé tim van téc cta B ngay
sau va cham do, ro6i dung chinh van téc nay lam van toc "truwde va cham” cta B trong phuong
trinh bao toan ddng lvong cua va cham thr hai. Khi tinh téng ddng nang mat di, nén coéng
phan mat & tirng va cham riéng biét dé thé hién ré tirng giai doan, du két qua cudi cung phai
khép véi (dong nang ban dau cla toan hé) trir (ddng nang cudi cling cda toan hé).

(') L6i thuerng gap: In a two-stage (or multi-stage) collision, use exactly the same positive direc-
tion convention throughout the whole process — do not restart the sign convention indepen-
dently for each collision. As an overall check, the total momentum of all particles combined
must be conserved from the very start to the very end of the whole process, even though
kinetic energy is not: in the worked example above, 4(5) = 20 before anything happens, and
4(2) + 3(4) = 8 + 12 = 20 once both collisions are complete, confirming the arithmetic is
self-consistent.

5.4.4 Impulse

The impulse of a constant force I’ acting for a time At is defined as I = FAt, and by Newton’s
second law this equals the resulting change in momentum of the particle it acts on:

I = FAt = Ap = m(v—u), a vector quantity measured in newton-seconds (Ns), equivalent to
kgm/s.

Impulse problems typically involve a large force acting for a very short time (an impact, a bat
striking a ball, a wall stopping a ball) where only the constant (or average) force over the contact
time is required — variable force over the impact is not required at this level.

Vi du mau - Worked example

A cricket ball of mass 0.16 kg travelling at 30 m/s is struck by a bat and rebounds at 20 m/s in
the opposite direction. The bat is in contact with the ball for 0.01 s. Find the impulse exerted
by the bat on the ball, and the average force exerted.

Taking the ball’s original direction as positive: v = 30, v = —20. Impulse = m(v —u) =
0.16(—20 — 30) = 0.16(—50) = —8 Ns (magnitude 8 Ns, directed opposite to the ball’s original

impulse -8 . . )
Gme . — 00l = 800 N (magnitude 800 N, opposing the ball’s

motion). Average force =

original motion).

- GIAI THICH TIENG VIET
Xung lugng (impulse) I = FAt luén bang dé bién thién déng luong Ap = m(v — u) — day
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chinh la dang tich phan cuta dinh luat [ Newton theo thai gian. Khi vat bat ngwoc lai (rebound),
phai Iy van téc sau va cham 13 s6 am (theo chiéu duwong da chon ban dau) trudce khi trir, néu
khong xung lugng tinh ra sé sai ca do 16n 1an dau. O mirc 9709, luc trong va cham luén coi la
khong déi (hang s6) trong sudt thoi gian ti€p xtc — khéng can tich phan luc bién thién.

5.5 Work, Energy and Power

5.5.1 Work done by a constant force

The work done by a constant force I acting on a particle that moves a distance d in the direction of
the force is W = Fd. If the force acts at an angle 6 to the direction of motion, only the component
of the force along the direction of motion does work:

W = Fd cos 6, measured in joules (J), where @ is the angle between the force and the direction
of displacement. If & = 90° (force perpendicular to motion, e.g. the normal reaction on a surface,
or the weight of a particle moving horizontally), the force does no work.

5.5.2 Kinetic and gravitational potential energy

The kinetic energy of a particle of mass m moving at speed v is E;, = %mvg. The gravitational
potential energy of a particle of mass m at height h above a fixed reference level is E, = mgh. Both
are measured in joules.

E, = %mv2, E, = mgh. Work-energy principle: the total work done by all forces

acting on a particle equals its change in kinetic energy, > W = AE, = %va — %muz.

5.5.3 Conservation of mechanical energy

If the only forces doing work on a particle are gravity and (possibly) a constant applied force, and
there is no friction or resistance, then mechanical energy (kinetic + potential) is conserved: any loss
in potential energy appears entirely as a gain in kinetic energy, and vice versa. When friction or
resistance does act, mechanical energy is not conserved — some of it is converted (irreversibly) to
heat, and this is described as energy "lost” to friction, equal to the work done against the resistive
force (= friction force x distance moved). A full energy accounting must therefore include every
force that does work: E, |, = Ej gained + (WOrk done against friction/resistance).

Vi du miu - Worked example

A 2 kg block is released from rest and slides 6 m down a rough plane inclined at 25° to the
horizontal. Its speed at the bottom is 4 m/s. Find the work done against friction, and the
coefficient of friction .

Height dropped: h = 6sin25° = 6(0.4226) = 2.536 m. Loss in PE: mgh = 2(9.8)(2.536) = 49.70
J. Gain in KE: 1mv? = 1(2)(4%) = 16 J. Work done against friction = PE lost — KE gained

= 49.70 — 16 = 33.70 J. Friction force F' = work ~_ 33.70

= 5.617 N. Normal reaction

dist}a}nce5_17 6
R = mgcos25° = 2(9.8)(0.9063) = IT.T6 N. p = 55 = -2 = 0.316.

. GIAI THICH TIENG VIET

Khi mat phang cé ma sat (hodc c6 luc can), co nang khong bao toan: mot phan thé ndng mat
di bién thanh céng thuc hién chéng lai ma sat (roi thanh nhiét), phan con lai méi chuyén thanh
dong nang. Ludn viét day du: (thé nang mat di) = (dong nang tang thém) + (cong chéng lai
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ma sat/luc can). Néu dé khong cé ma sat/luc can, co nang bao toan hoan toan: thé nang mat
ding bang déng nang tang.

5.5.4 Power

. . . . w
Power is the rate at which work is done (equivalently, the rate of transfer of energy), P = R
measured in watts (W) = J/s. For a force F acting on a particle moving at (instantaneous or constant)
velocity v in the direction of the force:

P = Fv(constant force, velocity in the direction of the force). For a vehicle moving at constant
speed, the driving force from the engine exactly balances the total resistance (including any
component of weight along an incline), so P = (driving force) x v = (total resistance) x v.

Vi du miu - Worked example

A 40 kg crate is pulled at constant speed up a smooth 20° incline, a distance of 10 m, by a force
parallel to the slope. Find the work done, and the average power if this takes 5 s.

Smooth incline, constant speed = work done = APE = mgh = mg(10sin20°) =

1341
40(9.8)(3.420) = 1341 J. Power = 3T =268 W.

5.5.5 Power, resistance and the maximum speed of a vehicle

A vehicle's engine typically works at a given constant power P. As the vehicle speeds up, the driv-
ing force it can exert, F = P/v, decreases with speed (for fixed power), while the resistance to
motion (from friction, air resistance, and any incline) typically stays constant or increases. The ve-
hicle reaches its maximum speed v,,,, when the driving force has fallen to exactly balance the total
resistance — at this point the acceleration is zero:

. P . .
At maximum speed: —— = Rl = VUmax = , where R, is the total resistance

I
. . max . . Rrotal
opposing motion, including mg sin 6 if travelling up an incline at angle 6.

Vi du mau - Worked example

A car of mass 1200 kg has an engine working at a constant power of 36 000 W. The resistance
to motion is constant at 600 N. Find the maximum speed of the car (a) on a level road, and (b)
up an incline for which sin§ = 0.05.

P
(@) On the level, the only resistance is 600 N, sO v, = B = % = 60 m/s. (b) Up the

incline, total resistance = 600 + mgsinf® = 600 + 1200(9.8)(0.05) = 600 + 588 = 1188 N.

36 000
Umax — m =30.3 m/S.

5.5.6 Power and acceleration: combining F' = P /v with F' = ma

When a vehicle's power is constant but its speed is not constant (the vehicle is still accelerating, not
yet at its maximum speed), the driving force at any instant is still given by F' = P /v, using the speed
v at that instant. This instantaneous driving force can then be substituted into Newton’s second law,
F — (resistance) = ma, to find the acceleration at that particular instant — the acceleration will itself
change as v changes, since F' = P /v changes with v even though P stays constant.
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Vi du miu - Worked example

A car of mass 1000 kg moves up a slope inclined at angle 6 to the horizontal, where sinf = 0.1,
against a constant resistance to motion of 400 N. The engine works at a constant power of
20000 W. Find the acceleration of the car at the instant when its speed is 8 m/s.

P 20000

Driving force at this instant: F' = = 2500 N. Newton’s second law along the slope:

v
F—R—mgsinf =ma = 2500 — 400 — 1000(9.8)(0.1) = 1000a. 2500 — 400 — 980 = 1120 =
10006 = a = 1.12 m/s>.

(1) L6i thueng gap: Do not confuse this instantaneous-acceleration calculation with the max-
imum speed calculation: at maximum speed, a = 0 and P/v,,,, exactly balances the total re-
sistance. At any other speed (while the vehicle is still speeding up or slowing down), F = P/v
still gives the correct driving force at that instant, but this force does not balance the resistance
— the imbalance is precisely ma, the (non-zero) instantaneous acceleration. Always substitute
the specific speed given in the question into F' = P /v, not the (generally different) maximum
speed.

. GIAI THICH TIENG VIET

Khi cong suat dong co khéng déi nhung xe chuwa dat téc dd téi da (nghia |a van con dang ting
toc), luc kéo tai mot thai diém bat ky van tinh bang F' = P /v, nhung dung van téc tirc théi
v tai thoi diém do (khéng phai van téc téi da). Sau dé thay F nay vao dinh luat Il Newton,
F — (lyc cdn) = ma, dé tim gia toc tai dung thoi diém do6. Day khac véi bai toan téc do toi da,
noi gia téc bang khong va luc kéo can bang chinh xac vai téng luc can.

Work & energy Power

W = Fdcos# P:¥:FU

E, = 3mv?, E, =mgh At maximum speed: . Riotal
Work-energy principle: > W = AE, Instantaneous: F = —, then F — R = ma

v
Energy “lost” to friction = Fyiqon X d  Constant speed: driving force = total resistance

Quick-reference summary: work, energy, and power formulas.

Bai tap luyén tap

A stone is thrown vertically upward at 14 m/s. Find the maximum height and the total time to
return to the ground (g = 9.8).

(A) h =10m, t = 2.86s (C) h=10m, t = 1.43s
(B) h =14m, t = 2.8s (D) h=9.8m,t=2s

Lai giai chi tit
v? =u? —2gh = 0 =196 —19.6h = h = 10 m. Time up: t = u/g = 14/9.8 = 1.4286s; total
(symmetric) = 2.857 ~ 2.86s. (A).
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Bai tap luyén tap

A particle decelerates uniformly from 30 m/s to rest, travelling a distance of 225 m. Find the
deceleration and the time taken.

(A) 2m/s®, 15 s (C) 3m/s>, 10's
(B) 1.5 m/s>, 20 s (D) 2 m/s>, 7.5s

Loi gidi chi tiét
, 900 2 : 2
v? = u® 4+ 2as = 0 = 900 + 2a(225) = a = —— = —2 m/s” (deceleration 2 m/s”). t =

0 30 450
YU _ T 455 (A).

S
|
N

Bai tap luyén tap

A cyclist accelerates uniformly from rest to 8 m/s in 4 s, travels at this constant speed for 20
s, then decelerates uniformly to rest in 5 s. Find the total distance travelled and the average
speed for the whole journey.

Loi giai chi tiét

Stage 1: s; = 3(0+8)(4) = 16 m. Stage 2: s, = 8(20) = 160 m. Stage 3: s3 = £(8+0)(5) = 20
m. Total distance = 16 + 160 + 20 = 196 m. Total time = 4 + 20 + 5 = 29 s. Average speed

196
=59 6.76 m/s.

Bai tap luyén tap

A van accelerates uniformly fromrestto 15 m/sin 5 s, travels at 15 m/s for 12 s, then decelerates
uniformly to rest in 3 s. Find the total distance travelled and the average speed.

(A) 240m, 12m/s (C) 240m, 15m/s
(B) 225m, 11.25m/s (D) 180m, 9m/s

Loi giai chi tiét

Areas: $(5)(15) 4+ 12(15) + 3(3)(15) = 37.5+ 180+ 22.5 = 240 m. Total time =5+ 12+3 = 20
s. Average speed = 240/20 = 12 m/s. (A).

Bai tap luyén tap

A particle moves so that its velocity is v = 3t2 — 18t 4+ 24 (m/s) for 0 < ¢ < 6. Find (a) the
times at which the particle is instantaneously at rest, (b) the acceleration at ¢t = 5, (c) the total
distance travelled in the first 6 seconds.

Loi giai chi tiét

(@) 3t2 — 18t +24 = 3(t—2)(t—4) =0 = t = 2,45s. (b)a = % — 6t — 18; at t = 5

a=30—18 = 12m/s”. (c) s(t) = t3— 9t + 24t (taking s(0) = 0). 5(0) = 0, 5(2) = 8—36+48 =
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20, s(4) = 64 — 144 + 96 = 16, s(6) = 216 — 324 + 144 = 36. On [0, 2], v > 0: distance = 20.
On [2,4], v < 0: distance = |16 — 20| = 4. On [4,6], v > 0: distance = 36 — 16 = 20. Total
distance = 20 + 4 + 20 = 44 m (net displacement is 36 m).

Bai tap luyén tap

A particle has velocity v = 6t — t* (m/s) for 0 < t < 6. Find the distance travelled and the
maximum speed.

(A) 36m, 9m/s (C) 36m, 6m/s
(B) 72m, 9m/s (D) 18m, 9m/s

Lai giai chi tiét

6 6
v = t(6 —t) > 0 throughout, so distance = / (6t — t2)dt = [3t2 - %} = 108 — 72 = 36m.
0

0
d
d—::6—2t:0:>t:3,v(3):18—9:9m/s. (A).

Bai tap luyén tap

A ball is dropped from rest from a height of 45 m. Find the time taken to reach the ground and
the speed of impact (ignore air resistance).

(A) t = 3.03s, v =29.7m/s (C) t =2.14s5,v = 21m/s
(B) t = 3s, v =30m/s (D) t = 3.03s, v = 45m/s

Lai giai chi tiét

s=2gt> =45 =49t = 1> = 9.184 = t = 3.03s. v? = 2gs = 2(9.8)(45) = 882 = v = 29.7
m/s. (A).

Bai tap luyén tap

Three coplanar forces act on a particle in equilibrium: 10 N due north, 10 N due east, and a
third force F. Find the magnitude and direction of F.

(A) 14.1IN, S45°W (C) 14.1N, N45°E
(B) 20N, S45°W (D) 10N, S45°W

Lai giai chi tiét

Resultant of the two given forces: magnitude = /102 + 102 = /200 = 14.1 N, direction N45°E
(bisecting north and east). For equilibrium, F must be equal in magnitude and exactly opposite
in direction: 14.1 N, S45°W. (A).

Bai tap luyén tap

A 6 kg block rests in equilibrium on a smooth plane inclined at 25° to the horizontal, held by a
force P acting parallel to the plane, up the slope. Find P and the normal reaction R.
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Loi giai chi tiét
P = mgsin25° = 6(9.8)(0.4226) = 24.8 N. R = mgcos25° = 6(9.8)(0.9063) = 53.3 N.

Bai tap luyén tap

A horizontal force of 15 N just moves a 4 kg block at constant velocity across a rough horizontal
surface. Find the coefficient of friction .

(A) 0.383 (C) 0.417
(B) 0.255 (D) 0.75

Lai giai chi tiét

Constant velocity = equilibrium: applied force = friction = uR = pumg. 15 = u(4)(9.8) =

15

Bai tap luyén tap

A block of mass 10 kg lies on a rough horizontal surface (x = 0.25). Find the least force P,
applied at 30° above the horizontal, needed to make the block just start to move.

Loi giai chi tiét
At limiting equilibrium: horizontally, P cos 30° = uR; vertically, R = mg— P sin 30° (the upward

component of P reduces R). P cos30° = pu(mg — Psin30°) = P(cos30° + usin30°) = umg.

0.25(10)(9.8) 24.5 o5

~ os 30° +0.25sin30°  0.8660 + 0.125  0.9910

Bai tap luyén tap

A 5 kg box on a rough plane inclined at 35° is in limiting equilibrium, on the point of sliding
down. Find the coefficient of friction p.

(A) 0.700 (C) 0.819
(B) 0.574 (D) 0.35

Loi giai chi tiet

On the point of sliding down, friction acts up the slope at its maximum: mgsin35° =
pwmg cos 35° = p = tan 35° = 0.700. (A).

Bai tap luyén tap

A parcel of mass 12 kg rests on a rough plane inclined at 20° to the horizontal, where . = 0.15.
A force P acts on the parcel up the line of greatest slope. Find the range of values of P for
which the parcel remains in equilibrium.
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Loi giai chi tiét

mgsin20° = 12(9.8)(0.3420) = 40.2 N. umgcos20° = 0.15(12)(9.8)(0.9397) = 16.6 N. Py, =
40.2 — 16.6 = 23.6 N (on the point of sliding down). P, = 40.2+ 16.6 = 56.8 N (on the point
of sliding up). Range: 23.6 N < P < 56.8 N.

Bai tap luyén tap

A particle of weight 30 N hangs in equilibrium, supported by two light strings inclined at 30°
and 60° to the horizontal on opposite sides of the vertical (so the strings are perpendicular to
each other). Find the tension in each string.

(A) 15N and 26.0N (C) 15N and 15N

(B) 26.0N and 15N (reversed) (D) 30N and 17.3N

Loi giai chi tiét

Let 7, be the tension in the 30° string, T, in the 60° string. Horizontal: T, cos 30° = T, cos 60°.

Vertical: T3 sin30° 4+ 1, sin60° = 30. From the first equation, T} = Tz%ggo = T,(0.5774).

Substituting: 0.5774T}(0.5) + T,(0.8660) = 30 = 1.1547T, = 30 = T, = 26.0 N, T}, = 15.0 N.
(A).

Bai tap luyén tap

Masses A = 2kg and B = 5kg hang from a light inextensible string over a smooth pulley
(Atwood machine). Find the acceleration and the tension.

(A) a = 4.2m/s°, T = 28N (C) a =4.2,T = 49N
(B) a =3.5,T = 25N (D) a =2.8,T = 28N

Loi giai chi tiét

o= M2e=m)g 308 o s (g4 a) = 298+ 4.2) = 28N (check via B:
m]_ + m2 7

T = my(g— a) = 5(9.8 — 4.2) = 28N). (A).

Bai tap luyén tap

A resultant force of 24 N acts on a particle of mass 3 kg, initially at rest. Find the distance
travelled in the first 4 seconds.

(A) 64m (C) 96m
(B) 48m (D) 32m

Loi giai chi tiét
F 24
a=_—=%5=8 m/s’. s = Lat? = 1(8)(16) = 64 m. (A).
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Bai tap luyén tap

Blocks A (3 kg) and B (2 kg) are in contact on a smooth horizontal surface. A horizontal force
of 20 N pushes A into B. Find the acceleration of the system and the contact force between
A and B.

Loi giai chi tiét

20 . :
Whole system: a = 313 4m/s’. Considering B alone (only force on B is the contact force

N from A): N =mpga =2(4) =8 N.

Bai tap luyén tap

A woman of mass 60 kg stands on scales in a lift that accelerates downward at 1.5 m/s°. Find
the reading on the scales.

(A) 498N (C) 678N
(B) 588N (D) 498N, plus 90N less than her true weight

Loi giai chi tiét

R =m(g—a)=160(9.8—1.5) = 60(8.3) = 498 N. (A) (her true weight is 588N, so the reading
is 90N less, but the requested value is 498N).

Bai tap luyén tap

A 4 kg block on a smooth horizontal table is connected by a light inextensible string, pass-
ing over a smooth pulley at the edge of the table, to a 6 kg mass hanging freely. Find the
acceleration of the system and the tension in the string.

Loi giai chi tiet

Only the hanging mass’s weight drives the (frictionless) system: a = M29  _ S =
my + my 10
588 m/s”. T = mya = 4(5.88) = 23.5 N (check via the hanging mass: T' = my(g — a) =

6(9.8 — 5.88) = 23.5 N V).

Bai tap luyén tap

An engine of mass 8000 kg pulls a single truck of mass 2000 kg along a level track with accel-
eration 0.5 m/s”. The resistance to the engine’s motion is 1000 N and to the truck’s motion is
300 N. Find the engine’s driving force and the tension in the coupling.

(A) 6300N, 1300N (C) 6300N, 1000N

(B) 5000N, 1000N (D) 5300N, 1300N

Lai giai chi tiét

Whole system (mass 10000 kg): Fyive — (1000 + 300) = 10000(0.5) = 5000 = Fy,e = 6300 N.
Truck alone: T'— 300 = 2000(0.5) = 1000 = T' = 1300 N. (A).
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Bai tap luyén tap

Particles A (2 kg, hanging vertically) and B (3 kg, on a smooth plane inclined at 30°) are con-
nected by a light string over a smooth pulley at the top of the incline. Find the acceleration of
the system and the tension in the string.

Loi giai chi tiét

Check direction: m 49 = 2(9.8) = 19.6 N versus mpzgsin30° = 3(9.8)(0.5) = 14.7 N; since
19.6 > 14.7, A descends, pulling B up the slope. (m 4 + mg)a = m 49 — mpgsin30° = 19.6 —

4.9 .
147=49=a = 5 = 0.98 m/s”>. T = my(g—a) =2(9.8—0.98) = 17.64 N (check via B:
T = mpgsin30° + mpa = 14.7 + 3(0.98) = 17.64 N V).

Bai tap luyén tap

A 2000kg truck at 3 m/s couples with a stationary 3000kg truck. Find the common velocity and
the KE lost.

(A) v =1.2m/s, loss= 5400J (C) v =1.8, loss= 3000J
(B) v = 1.2, loss= 9000J (D) v = 1.2, loss= 3600J

Loi giai chi tiét

2000(3) = 50000 = v = 1.2 m/s. KE before = £(2000)(9) = 9000J; KE after = (5000)(1.44) =
3600J. Loss = 5400J. (A).

Bai tap luyén tap

A ball of mass 2 kg moving at 5 m/s collides directly with a ball of mass 3 kg moving at 2 m/s
in the opposite direction. After the collision the 2 kg ball moves at —1 m/s. Find the velocity
of the 3 kg ball after the collision.

(A) 2m/s (C) 3m/s

(B) 1m/s (D) 0.5m/s

Lai giai chi tiét

Taking the 2kg ball’s initial direction as positive, the 3kg ball’s initial velocity is —2m/s. Momen-
tum before = 2(5) + 3(—2) = 10 — 6 = 4. Momentum after = 2(—1) +3v =4 = -2+ 3v =
4 =v=2m/s. (A).

Bai tap luyén tap

A constant force of 15 N acts on a 3 kg mass, initially at rest, for 4 seconds. Find the impulse
given to the mass and its final velocity.

Loi giai chi tiét

i I
Impulse = FAt = 15(4) = 60 Ns. Av = IMPHIse _ %O = 20 m/s, so the final velocity is 20
m

m/s (from rest).
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Bai tap luyén tap

A 0.3 kg ball moving at 8 m/s embeds itself in a stationary 0.9 kg block. Find the common
velocity after impact and the kinetic energy lost.

(A) v =2m/s, loss= 7.2) (C) v =6m/s, loss= 2.4J
(B) v = 2m/s, loss= 9.6J (D) v =2.67Tm/s, loss= 4.8)

Loi giai chi tiét

(8) = (0.3+0.9)v = 1.20 = v = 2 m/s. KE before = 1(0.3)(64) = 9.6J. KE after =
1.2)(4) = 2.4). Loss = 9.6 — 2.4 = 7.2J. (A).

= O
Aw

Bai tap luyén tap

A gun of mass 5 kg fires a bullet of mass 0.05 kg at 400 m/s. Find the recoil velocity of the gun.

Loi giai chi tiét
Total momentum before firing is zero (both at rest), so it remains zero after firing: 0 = 5V +

20 . . . . .
0.05(400) = V = -5 = —4 m/s, i.e. the gun recoils at 4 m/s in the direction opposite to the
bullet.

Bai tap luyén tap

A tennis ball of mass 0.06 kg hits a wall at 25 m/s (perpendicular to the wall) and rebounds at
20 m/s. The impact lasts 0.05 s. Find the average force exerted by the wall on the ball.

(A) 54N (C) 60N
(B) 30N (D) 27N

Lai giai chi tiét

Taking the direction toward the wall as positive: u = 25, v = —20. Impulse = m(v — u) =

=2 . .
0.06(—45) = —2.7Ns. Force = T()57 = —b54N, so the magnitude of the average force is 54N.

(A).

Bai tap luyén tap

Particles A (mass 4kg, velocity 6 m/s) and B (mass 2kg, at rest) collide directly; after the collision
A has velocity 2 m/s in the same direction. Find B’s velocity after the collision, and determine
whether kinetic energy is conserved in this collision.

Loi giai chi tiet

Momentum: 4(6) + 0 = 4(2) + 2v = 24 = 8 4+ 2v = v = 8 m/s. KE before = 1(4)(36) = 72J.
KE after = 1(4)(4) + (2)(64) = 8 + 64 = 72J. Since KE before = KE after, kinetic energy is
conserved — this is an elastic collision.
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Bai tap luyén tap

A 900kg car travels at constant 20 m/s against 500N resistance. Find the engine power, then
the power needed on a hill with sin(incline) = 5 at the same speed and resistance.

(A) 10kW then 18.8kW (C) 18kW then 10kwW
(B) 10kW then 9.41kW (D) 10kW both

Loi giai chi tiet

Flat: F = resistance = 500N, P = Fv = 10000W= 10kW. Hill: F’ = 500 + mgsinf =
500 4 900(9.8)(0.05) = 941N, P’ = 941(20) = 18 820W~ 18.8kW. (A).

Bai tap luyén tap

A force of 25 N, acting at 40° above the horizontal, pulls a box a distance of 8 m across a
horizontal floor. Find the work done by the force.

(A) 153J (C) 128)
(B) 200J (D) 161J

Loi giai chi tiét

W = Fd cos 6 = 25(8) cos 40° = 200(0.7660) = 153J. (A).

Bai tap luyén tap

A 1500kg car travelling at 20 m/s brakes and comes to rest after travelling 50 m. Find the
(constant) braking force.

Lai giai chi tiét

300000
50

Work-energy principle: F x d = AE;, = F(50) = 5(1500)(20?) = 300000)= F =
6000N.

Bai tap luyén tap

A skier of mass 60kg slides from rest down a smooth slope of vertical height 40m. Find her
speed at the bottom.

(A) 28m/s (C) 40m/s
(B) 19.6m/s (D) 8.85m/s

Loi giai chi tiet

Energy conservation (smooth = no energy lost): mgh = mv? = v = /2gh = /2(9.8)(40) =
V784 = 28m/s. (A).
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Bai tap luyén tap

A cyclist and bicycle of total mass 80kg travel up a slope for which sin = 0.1, at constant
speed 5m/s, against a resistance of 30N. Find the power developed by the cyclist.

(A) 542W (C) 392W
(B) 150W (D) 490W

Loi giai chi tiét

At constant speed, driving force = resistance +mgsinf = 30 + 80(9.8)(0.1) = 30 + 78.4 =
108.4N. P = Fv = 108.4(5) = 542W. (A).

Bai tap luyén tap

A van of mass 1500kg has an engine working at a constant power of 45kW against a constant
resistance of 750N. Find the maximum speed on a level road, and the maximum speed up an
incline for which sin 9 = % (same resistance).

Loi giai chi tiét

-

P 4 . .
Level: v = = = % = 60 m/s. Incline: total resistance = 750 + 1500(9.8) (5=) =
45000
750 4 588 = 1338N. v = T338 — 33.6 m/s.

Bai tap luyén tap

A 3 kg block is released from rest and slides 4 m down a rough plane inclined at 20° to the
horizontal, where 1 = 0.2. Find its speed at the bottom of the incline.

(A) 3.48m/s (C) 3.66m/s
(B) 5.19m/s (D) 4.85m/s

Loi giai chi tiét
Height dropped: h = 4sin20° = 4(0.3420) = 1.368 m. PE lost = mgh = 3(9.8)(1.368) =

40.22 J. Normal reaction R = mgcos 20° = 3(9.8)(0.9397) = 27.63 N, so friction F' = yR =
0.2(27.63) = 5.53 N. Work done against friction = F' x 4 = 5.53(4) = 22.10 J. KE at the bottom

2(18.12
=40.22 —22.10=18.12J. v = L = 1/12.08 = 3.48 m/s. (A).

Bai tap luyén tap

A particle moves in a straight line so that its velocity is v = 4t — ¢2 (m/s) for 0 < t < 5. Find
the total distance travelled and the displacement, both over the first 5 seconds.

(A) 13.0m, 8.33m (C) 13.0m, 10.7m
(B) 10.7m, 8.33m (D) 8.33m, 13.0m
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Loi giai chi tiét

v=t(4d—t)=0att=0,4;v>00n[0,4] and v < 0 on [4,5]. Taking s(0) = 0: s(t) = 2t*> — g
s(4) = 32— % =10.67m, s(5) = 50 — 122 = 8.33m. Distance on [0, 4] is 10.67m; distance on
[4,5] is [8.33 —10.67| = 2.33m. Total distance = 10.67 + 2.33 = 13.0m. Displacement over the

first 5 seconds = s(5) — s(0) = 8.33m. (A).

Bai tap luyén tap

Particles P and @ start moving towards each other along a straight line, initially 200 m apart.
P moves at a constant 12 m/s and Q moves at a constant 8 m/s. Find the time until they meet,
and the distance from P’s starting point at which they meet.

Loi giai chi tiét
The dithggce between them closes at a combined rate of 12 + 8 = 20 m/s, so the time to meet
ist = — = 10 s. Distance from P’s start: s = 12(10) = 120 m (check: @ travels 8(10) = 80

20
m, and 120 + 80 = 200 m v").

Bai tap luyén tap

A particle of weight 60 N is held in equilibrium by a horizontal force H and a light string inclined
at 40° to the vertical. Find the tension T in the string and the force H.

(A) T =78.3N, H = 50.3N (C) T =78.3N, H = 60N
(B) T'= 60N, H = 50.3N (D) T'=50.3N, H = 78.3N

Loi giai chi tiét
Resolving vertically (the string’s vertical component supports the weight): T cos 40° = 60 =
60 60 . . .
= 78.3 N. Resolving horizontally: H = T'sin40° = 78.3(0.6428) = 50.3

T P— p—
cos 40° 0.7660
N. (A).

Bai tap luyén tap

A block of mass 4 kg is placed on a rough plane inclined at 28° to the horizontal, where 1 = 0.35.
Determine whether the block remains in equilibrium or slides down, and if it slides, find its
acceleration.

Lai giai chi tiét

Driving component: mgsin28° = 4(9.8)(0.4695) = 18.40 N. Maximum available friction:
umg cos 28° = 0.35(4)(9.8)(0.8829) = 12.11 N. Since 18.40 > 12.11, the block slides down

(friction cannot hold it in equilibrium). Net force down the slope = 18.40 — 12.11 = 6.29 N.

6.29
a = T = 1.57 m/52.

Bai tap luyén tap

A 3 kg block on a rough horizontal surface requires a horizontal force of 10 N to move it at
constant velocity. Find the coefficient of friction p.
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(A) 0.340 (C) 0.408
(B) 0.294 (D) 0.255

Loi giai chi tiét

Constant velocity = equilibrium: applied force = friction = pmg. 10 = 1(3)(9.8) = 29.4u =

10
= —— =0.340. (A).
=S LA

Bai tap luyén tap

A car of mass 900 kg tows a trailer of mass 300 kg on a level road. The driving force is 3000 N;
resistances are 400 N (car) and 200 N (trailer). Find the acceleration of the car and trailer, and
the tension in the tow-bar.

(A) a =2m/s?, T = 800N (C) a =2m/s?, T = 600N

(B) a =2.5m/s%, T = 750N (D) a = 1.5m/s?, T = 800N

Lai giai chi tiét

Whole system (mass 1200 kg): 3000 — (400 + 200) = 1200a = 2400 = 1200a = a = 2 m/s>.
Trailer alone: T'— 200 = 300(2) = 600 = T' = 800 N (check via the car: 3000 — 400 — T' =
900(2) = T = 3000 — 400 — 1800 = 800N v'). (A).

Bai tap luyén tap

A man of mass 80 kg stands on scales in a lift that is moving upward but decelerating at 2.5 m/s’.
Find the reading on the scales.

Lai giai chi tiét

Decelerating while moving upward means the acceleration is directed downward, magnitude
2.5m/s’,s0 R = m(g—a) = 80(9.8 —2.5) = 80(7.3) = 584 N.

Bai tap luyén tap

Masses A = 4kg (hanging freely) and B = 6kg (on a rough plane inclined at 20°, ;. = 0.2) are
connected by a light string over a smooth pulley at the top of the incline. Show the system
accelerates, and find the acceleration and the tension in the string.

Lai giai chi tiét

Without friction: m 49 = 4(9.8) = 39.2 N versus mggsin20° = 6(9.8)(0.3420) = 20.11 N;
imbalance = 39.2 —20.11 = 19.09 N. Maximum friction: pum gg cos 20° = 0.2(6)(9.8)(0.9397) =
11.05 N. Since 19.09 > 11.05, the system does accelerate (A descends, B moves up the slope,
friction acts down the slope on B). (m, + mpg)a = myg — mpgsin20° — um g cos20° =

8.04
39.2-20.11—11.05=8.04 = a = —-~ = 0.804 m/s>. T = m (g —a) = 4(9.8 —0.804) = 36.0

N (check via B: T = mpggsin20° + um g cos20° + mga = 20.11 + 11.05 + 6(0.804) = 36.0N
V).
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Bai tap luyén tap

Spheres A (mass 3kg, velocity 4 m/s) and B (mass 2kg, velocity 6 m/s in the opposite direction)
collide directly. After the collision A has velocity 2 m/s in the direction opposite to its original
motion. Find the velocity of B after the collision.

(A) 3m/s (C) 6m/s
(B) —3m/s (D) 1.5m/s

Loi giai chi tiét

Taking A’s original direction as positive, B’s initial velocity is —6 m/s and A’s final velocity is
—2 m/s. Momentum before = 3(4) + 2(—6) = 12 — 12 = 0. Momentum after = 3(—2) + 2v =
0= —6+2v=0= v=3m/s(in A's original positive direction). (A).

Bai tap luyén tap

A ball of mass 0.2 kg falls and strikes the ground at 14 m/s, rebounding vertically at 10 m/s.
The ball is in contact with the ground for 0.02 s. Find the impulse exerted by the ground on
the ball, and the average force exerted.

Lai giai chi tiét

Taking downward (the direction of approach) as positive: © = 14, v = —10. Impulse = m(v —
u) =0.2(—10—14) = 0.2(—24) = —4.8 Ns (magnitude 4.8 Ns, directed upward). Average force
impulse 4.8

= —240N, so the ground exerts an average force of 240N upward on the

time  0.02
ball.

Bai tap luyén tap

A car of mass 1200 kg travelling at 25 m/s brakes with a constant braking force of 3000 N; in
addition, a constant resistance of 500 N acts throughout. Find the distance travelled before
the car comes to rest.

(A) 107m (C) 75m
(B) 125m (D) 214m

Loi giai chi tiet

Total retarding force = 3000 + 500 = 3500 N. Work-energy principle: 3500d = 1(1200)(25%) =

375000
J = =1 . (A).
375000)= d 3500 07m. (A)

Bai tap luyén tap

A lorry of mass 2500 kg moves up a slope inclined at angle 0, where sinf = 0.08, against a
constant resistance of 600 N. The engine works at a constant power of 45000 W. Find the
acceleration of the lorry at the instant its speed is 12 m/s.
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Loi giai chi tiét

.. .. P 4
Driving force at this instant: F' = — = 751(;00
v

600 — 2500(9.8)(0.08) = 2500a = 3750 — 600 — 1960 = 1190 = 2500a = a = 0.476 m/s’.

Bai tap luyén tap

A particle starts from rest at the origin with acceleration a = (6 — 2t) m/s” at time ¢. Find its
displacement after 5 seconds and the maximum velocity it attains.

= 3750 N. FF— R — mgsinf = ma = 3750 —

(A) 33.3m, 9m/s (C) 33.3m, 6m/s
(B) 41.7m, 9m/s (D) 25m, 9m/s

L&i giai chi tiét
v:/(6—2t)dt:6t—t2+0;v(0):0:>C:0,50v:6t—t2:t(6—t),whichi520

for 0 < ¢ < 6 (no sign change on [0,5]). s = /vdt = 3t? — % + Cy; 5(0) =0=C, = 0.

s(5) = 3(25) — 125 = 75— 41.67 = 33.3 m. Maximum velocity whena = 0: 6 —2t =0 =t = 3,
v(3) =18 — 9 = 9 m/s. (A).

Bai tap luyén tap

A block of mass 5 kg is projected up a rough plane inclined at 25° to the horizontal, with initial
speed 6 m/s, where . = 0.25. Find the distance travelled up the slope before the block comes

instantaneously to rest.

(A) 2.83m (C) 2.20m
(B) 4.35m (D) 3.67m

Loi giai chi tiét

Moving up the slope, both gravity's component and friction act down the slope (opposing the
motion), so the total retarding force is mgsin25° + umgcos25° = mg(sin25° + pcos 25°).
mg = 5(9.8) = 49 N. sin25° + 1.€0os 25° = 0.4226 + 0.25(0.9063) = 0.4226 + 0.2266 = 0.6492.
Retarding force = 49(0.6492) = 31.81 N. Work-energy principle: 1muv? = (retarding force) x

90
d= 1(5)(6%) =90 =31.81d = d = SeL = 283 m. (A).
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Probability & Statistics 1

Muc tiéu Unit: Biéu dién di¥ liéu (trung binh, phuong sai, dd 1éch chuan, t& phan vi, biéu d6 hop, biéu do
than-13, biéu do tan sé tich [y, ma hda dit liéu); chinh hop - t6 hop; xac suat (bién cé déc 1ap, xac suat
c6 diéu kién, so d6 cay, so do Venn); bién ngiu nhién rdi rac va phan phaéi nhj thirc; phan phdi chuan va
xap xi chudn cho phan phdi nhj thire (Cambridge 9709 Paper 5).

6.1 Representation of data

6.1.1 Measures of central tendency: mean, median and mode
Three single numbers are commonly used to describe the “centre” of a data set.

dox

e The mean r = = uses every value and is the most commonly quoted average, but it is sensitive
mn
to extreme values.

¢ The median is the middle value when the data are arranged in order. For n values, it is the ”7“—
th value; if n is even, it is the average of the two middle values. The median is not affected by
extreme values (it is resistant to outliers).

e The mode (or modal value/class) is the value(s) occurring most frequently. It is the only average
that can be used for non-numerical (categorical) data.

. GIAI THICH TIENG VIET

Trung binh cdng (mean) dung tat ca cac gia tri nén nhay vadi so liéu bat thudng (outlier); trung
vi (median) 13 gia tri & gilra khi s3p xép th(r tv, it bi anh huwdng béi outlier; mode 13 gia tri xuat
hién nhiéu nhat. Khi dit liéu c6 outlier manh, trung vi thuong mo ta "trung tam” tét hon trung
binh.

6.1.2 Variance and standard deviation from raw data

2 ~\2
_ T . T _ r— X Q. nQ g
Mean z = Z—; variance = 2 —z2= L; standard deviation = v/variance.

n n n

The two forms of the variance formula are algebraically identical; the “sum of squares minus
square of the mean” form (3" 2% /n — 72) is almost always faster to compute by hand or calculator
than expanding >_(z — 7)? directly.

Vi du miu - Worked example

Find the mean and standard deviation of 4,7,7,9, 10, 13.

. 464
Sx=50=7=28333. Y 2% = 16+49+49+81+100+ 169 = 464. Variance = ?—8.3332 =
77.333 — 69.444 = 7.889. SD = /7.889 = 2.8009.
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. GIAI THICH TIENG VIET

Phuong sai (variance) do dd phan tan cua dir liéu quanh gia tri trung binh; dé 1éch chuan (SD)
la c3n bac hai ctia phuong sai, cing don vi véi dir liéu géc nén dé so sanh hon. Céng thirc
nhanh: phuong sai = 22 — z2 (trung binh binh phuong trtr binh phwong trung binh).

(') L6i thueng gdp: Some calculators and statistics courses define variance/SD with a divisor of
n — 1 (the “sample” variance, used to estimate an unknown population variance). Throughout
Cambridge 9709 Paper 5, variance and standard deviation are defined with a divisor of n (or
>~ f for grouped data), exactly as in the formulas above — do not switch to n — 1 unless a
question explicitly asks for an estimate of a population variance from a sample.

6.1.3 Mean, variance and standard deviation from a frequency table

When data are given as a frequency table (value x with frequency f), each value is effectively re-
peated f times,son =) f and:

> fx , i g .

= variance = — % SD = +v/variance.

> f > f

For grouped (continuous) data, z is taken as the mid-point of each class interval; the formulas

above then give estimates of the mean, variance and SD, since the exact values within each class are
unknown.

Vi du mau - Worked example

The number of goals scored by a football team in each of 30 matches is summarised below.
Find the mean and standard deviation of the number of goals scored.

T =

Goals, z 0 1

2 3 4
Frequency, f 6 10 8 4 2

4
SO f=30. Y fz =0(6)+ 1(10) + 2(8) + 3(4) + 4(2) =10+ 16+ 12+ 8 = 46 = 7 = £ =
1.533. 32 fa2 = 02(6) + 12(10) + 22(8) + 32(4) + 42(2) = 10 + 32 + 36 + 32 = 110. Variance

11
= 3—00 —1.533%2 = 3.667 — 2.351 = 1.316. SD = /1.316 = 1.147 (3 s.f.).

GIAI THICH TIENG VIET
Khi dir liéu cho theo bang tan s6, phai nhan méi gia tri v&i tan s6 tuong (rng truéc khi cong:
S fx thay cho Y, va Y fx? thay cho Y 2% n = > f la tong tan s6 (khong phai s6 dong
trong bang). V&i dit liéu ghép nhém (khoang 16p), dung gia tri dai dién (mid-point) ctia moi I&6p
lam z.

6.1.4 Quartiles, interquartile range and outliers

The quartiles @Q,, @, (median), Q5 divide ordered data into four equal parts. A common method
(used throughout this unit): find the median Q,; then @, is the median of the values below @, and
@, is the median of the values above @, (excluding the median itself when n is odd).

Interquartile range IQR = Q; — Q. A value is classified as an outlier if it lies

below @; — 1.5 x IQR or above @5 + 1.5 x IQR.
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A box-and-whisker plot displays the minimum, @,, median, @5 and maximum as a box (from @,
to @5, divided by the median) with whiskers extending to the smallest and largest values that are not
outliers; outliers are plotted individually as separate points.

Vi du mau - Worked example

The following 15 values are house prices, in $1000s, arranged in order:

12, 15, 18, 19, 21, 22, 24, 25, 27, 29, 31, 33, 35, 38, 60.

Find the median, quartiles, IQR, and determine whether 60 is an outlier.

n = 15, so the median is the 8th value: @, = 25. Lower half (values 1-7):
12,15, 18,19, 21, 22, 24; the median of these 7 values is the 4th: @, = 19. Upper half (values
9-15): 27,29, 31, 33, 35, 38, 60; the median of these is the 4th: Q; = 33. IQR = 33 — 19 = 14.
Upper fence = Q5 + 1.5(14) = 33 4+ 21 = 54. Since 60 > 54, the value 60 is an outlier; the
whisker on the right should therefore stop at the largest non-outlier value, 38.

» value ($1000s)
0 10 20 30 40 50 60

Box-and-whisker plot: min = 12, Q,; = 19, median = 25, Q3 = 33, largest non-outlier = 38; the point at 60 lies beyond
the upper fence 54 and is marked separately as an outlier.

- GIAI THICH TIENG VIET
T& phan vi chia dir liéu da s3p xép thanh 4 phan bang nhau; khoang t& phan vi IQR = Q5 — Q,
do do phan tan & "50% gilra” cua d liéu, it bi anh hudng bai gia tri cuc tri hon so v&i khoang
bién thién (range). Quy tic "rao chan” Q; — 1.51QR va Q; + 1.5 QR gilip phat hién outlier mét
cach khach quan; trén bi€u dé hop, outlier duoc vé thanh diém riéng, con rau (whisker) chi kéo
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ENGLISH

I dai dén gia tri hop 1é gan outlier nhat.

6.1.5 Stem-and-leaf diagrams

A stem-and-leaf diagram retains the actual data values (unlike a histogram) while showing the shape
of the distribution. Each value is split into a “stem” (leading digit(s)) and a “leaf” (final digit); leaves
are listed in increasing order on each stem row, and a key states how to read an entry.

For the data 12, 15, 18, 21, 23, 23, 27, 31, 34, 38, 42:

Stem Leaf
1 258
2 1337
3 148
4 2

Key: 1|2 means 12. Back-to-back stem-and-leaf diagrams (leaves for one data set to the left, another
to the right of a shared central stem) are often used to compare two distributions directly.

. GIAI THICH TIENG VIET

Bi€u d6 than-1a gilr nguyén tirng gia tri dir liéu gdc (khac véi histogram chi cho biét tan sé theo
khoang), déng thai van cho thay hinh dang phan phéi. "Than” 1a (cac) chir s6 dau, "13” 1a chir s6
cudi, sap x&p tang dan; luén phai c6 chu giai (key) dé ngudi doc biét cach dién gidi mdt muc.

6.1.6 Histograms with unequal class widths

For grouped data with class widths that are not all equal, a histogram must be drawn using frequency
density, not frequency, on the vertical axis, so that the area of each bar (not its height) represents
the frequency.

frequency

Class width: AArea of bar = frequency density x class width = frequency.

Frequency density =
Bars are drawn with no gaps between them (the horizontal scale is continuous), positioned at the
true class boundaries.

freq. density
A

» class boundary
0 10 20 50 70

Histogram with unequal class widths: class [0, 10) has frequency 10 (FD = 1.0); [10, 20) has frequency 24 (FD = 2.4);
[20, 50) has frequency 36 (FD = 1.2); [50, 70) has frequency 16 (FD = 0.8).

. GIAI THICH TIENG VIET
Khi cac khoang 16p khéng bang nhau, truc dirng ca histogram khéng phai 13 tan s6 ma 13 mat
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ENGLISH

dd tan s6 = tan s6 = do rong |6p, dé dién tich moi cot (chir khéng phai chiéu cao) thé hién
ding tan s6 cla I6p dé. Day 1a 16i rat hay gdp: néu vé truc tiép tan s6 lam chiéu cao khi do
rong I&p khac nhau, hinh sé sai léch nghiém trong.

6.1.7 Cumulative frequency graphs

A cumulative frequency graph plots cumulative frequency (vertical axis) against the upper class
boundary (horizontal axis) of each class, and the points are joined with a smooth curve (or ruled

lines). It is used to estimate the median and quartiles of grouped data: the median is read at cumu-

lative frequency 3, Q, at %, and Q5 at ?jT” (some syllabuses instead use ”7“ ”T“, % for grouped

estimates; either convention is acceptable provided it is applied consistently).

60 1
50 |
40 |
30 f-------------o----

20 1

cumulative frequency

10 |

0

0 10 20 30 40 50
time (minutes)

Cumulative frequency curve for 60 students’ completion times; the median is read where cumulative frequency
=n/2=30.

GIAI THICH TIENG VIET

N

Trén biéu d6 tan sé tich Iy, luén vé diém tai can trén cta méi I6p (upper class boundary),
khong phai mid-point. D€ wdc lugng trung vi, gidng ngang tir n/2 trén truc tung sang dudng
cong réi giéng xuéng truc hoanh; twong ty va&i Q; tai n/4 va Q4 tai 3n/4. Doc sai truc (nham
tan s6 vai tan s6 tich Iy, hodc doc nham vach chia) 13 16i rat phé bién khi lam bai.

6.1.8 Comparing distributions

To compare two data sets, quote a measure of location (mean or median) together with a measure
of spread (standard deviation, range, or IQR) for each, and interpret them in context:

e A larger mean/median indicates a data set with generally higher values.

e A larger SD or IQR indicates a data set that is more variable (spread out); a smaller SD or IQR
indicates data that are more consistent.

e If a distribution is skewed or has outliers, the median and IQR are usually more appropriate (re-
sistant) than the mean and SD.

Comparative statements should always be written in context, e.g. “On average, Class A scored higher
than Class B (mean 72.4 vs. 68.1), but Class A’s scores were more variable (SD 9.8 vs. 6.2).”

Vi du miu - Worked example

The test scores (out of 20) of two classes are given below.

Class A: 12,14,15,16,16,17,18,20  Class B: 8, 10, 13, 15,17, 18, 19, 20.
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Find the mean and standard deviation for each class, and comment on the comparison.

128 : 2090

ClassA:> "z =128 = 1, = e 16. 5" 2% = 2090 = variance = T—162 = 261.25—256 =
120

525 = s, = /5.25 = 2.291 (4 s.f.). Class B: Y-z = 120 = 7y = < =15 Sx? = 1932 =

. 1932 .
variance = % —15% = 241.5—225 = 16.5 = sz = v/16.5 = 4.062 (4 s.f.). Comparison: Class

A had a slightly higher mean score (16 vs. 15), so on average Class A performed marginally
better. However, Class B’s standard deviation (4.06) is almost double Class A’s (2.29), so Class
B’s scores were considerably more variable (more spread out), while Class A’s scores were more
consistently clustered around its mean.

GIAI THICH TIENG VIET

hi so sanh hai b d{ liéu, luén néu ca hai loai dai lwgng: moét dai lwgng do vi tri trung tam
(mean hodc median) va mét dai lugng do dé phan tan (SD, range, hodc IQR), va dién giai theo
ding nglr canh dé bai (vi du diém thi, chiéu cao, thoi gian...). Khéng dugc chi so sdnh moi gia
tri trung binh ma boé qua dé phan tan.

6.1.9 Coding of data

Coding replaces each value x by y = r—a (a linear transformation), typically to simplify arithmetic
(e.g. large means, decimal data).
Tr—a _ Ir—a S . .
If y = — theny = and Sy = f (SD is unaffected by the subtraction of a constant a,

but scales by [b]). Equivalently, z = a + by and s, = bs,,.

Adding/subtracting a constant shifts the mean but leaves the SD unchanged; multiplying/dividing
by a constant scales both the mean and the SD by that constant (in magnitude).

Vi du mau - Worked example

The times, in seconds, taken by a group of athletes to complete a race are coded using y =
T — 60

. The coded values have mean y = 4.2 and standard deviation s, = 1.6. Find the mean
and standard deviation of the original times =.

. — 60 _ _
Sincey = xT,we have x = 5y+60,s0a = 60,b = 5. £ = 5y+60 = 5(4.2) +60 = 21+ 60 =
81 seconds. s, = 5s, = 5(1.6) = 8 seconds.

- GIAI THICH TIENG VIET
Ma héa dir liéu (coding) 1a phép bién d&i tuyén tinh y = (2 —a)/b nham don gidn hoa tinh toan.
Quy tac quan trong: cong/trlr hang s6 a chi ldm dich chuyén trung binh, khéng thay déi do
léch chuan; nhan/chia cho hang sé b lam trung binh va dé léch chuan clng co gian theo hé s&
do (SD luodn Iy gia tri duong ctia hé sé nhan). Khi dé cho y, s, va yéu cau tim z, s,, hdy dao
ngugc cong thirc: = = a + by.

6.1.10 Combining two data sets

When two samples are combined into one larger data set, the combined mean and variance can be
found directly from the totals >~z and 3 22 of each sample, without needing the original raw data.
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ENGLISH

If sample 1 has n; values with mean z, and sample 2 has n, values with mean z,, the combined

mean of all n; + n, values is
N1T + NoTy

T =
ny + Ny
The combined variance is found from the combined " 22 (obtained by adding the two samples’
2
totals) together with the combined mean: variance = 271‘ —z2
ny + Ny

Vi du miu - Worked example

Sample A has n; = 10 values with mean 8 and 3" z? = 760. Sample B has n, = 15 values with
mean 12 and 3" 22 = 2400. Find the mean and standard deviation of all 25 values combined.

Yxy =nyzy, =10(8) = 80. > xp = ny@y = 15(12) = 180. Combined 3" = = 80 + 180 = 260,
. . 260 . .
so the combined mean is 9 = 10.4. Combined > z? = 760 + 2400 = 3160. Combined

. 1 .
variance = % —10.4%> = 126.4 — 108.16 = 18.24. Combined SD = 1/18.24 = 4.271 (4 s.f.).

GIAI THICH TIENG VIET
Khi gép hai m3u di¥ liéu thanh mét mau I6n hon, khéng can di liéu géc: chi can cong > z (tinh
tlr nz) va > 22 cla tirng mau dé€ co téng clia mAu gop, roi 4p dung lai cong thirc z = >~ 2/n va
phuong sai = > 22 /n — 22 nhu binh thudng, v&i n = n; + ny. Luu y quan trong: trung binh
gop khong don gian la trung binh céng cla z, va z,, trir khin, = n, — phai nhan trong s6 theo
Ny, No.

6.2 Permutations and combinations

6.2.1 Factorial notation and counting principles
For a positive integer n, n! = n x (n —1) x (n —2) x -+ x 2 x 1, with 0! = 1 by convention. Two
fundamental counting principles underpin this topic:

e Multiplication principle: if one task can be done in m ways and, independently, a second task
can be done in n ways, the two tasks together can be done in m x n ways.

¢ Addition principle: if a task can be done in m ways or (mutually exclusively) in n different ways,
it can be done in m + n ways in total.

GIAI THICH TIENG VIET
Quy tac nhan dung khi cac budc xay ra lién tiép (budc nay roi dén budc kia) — nhan sé cach
cla tirng budc; quy tic cong dung khi cac trudng hop loai trir nhau (chi mét trong cac trudng
hop xay ra) — cong s6 cach cla tirng trudng hop. Xac dinh dang "va” (nhan) hay "hoac” (cong)
|3 budc quan trong nhat trudce khi tinh toan.

6.2.2 Permutations of n distinct objects

A permutation is an ordered arrangement. The number of ways to arrange r objects chosen from n
distinct objects, where order matters, is

|

nP:

i ﬁ In particular, " P, = n! (arrangements of all n objects).
n—r).
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GIAI THICH TIENG VIET

" P dém s6 cach sap x€p c6 thr tu r vat khic nhau |8y tir n vat; déi thir tw cho ra mét cach
sap xép khac. Truong hop dic biét P, = n! 13 s6 cach x€p tat ca n vat thanh mot hang.

6.2.3 Permutations with repeated objects
If n objects are arranged in a row but some objects are identical (indistinguishable), the number of
distinct arrangements is reduced, since swapping identical objects produces the same arrangement.
If n objects consist of groups of p;, p,, ..., p,, identical objects (p; + --- + p,, = n), the number of

!

distinct arrangements of all n objects is

Vi du miu - Worked example

(@) In how many ways can 4 books be chosen from 9 different books? (b) How many arrange-
ments are there of the letters of apple?

9! . . bl
(@) °C, = — =126. (b) 5 letters with P repeated twice: — = 60.
47 4151 2!

P1!po! "'Pk!.

GIAI THICH TIENG VIET
Khi cé chir cai hodc vat |3p lai, phai chia cho giai thira ctia s6 [an [3p mdi loai dé loai bé cac
hoan vi triing nhau (d6i chd hai vat giéng nhau khéng tao ra cach s3p x&p mai). Néu cé nhiéu
loai 13p (vi du 2 chir P va 3 chir S), chia dong thai cho giai thira cua tirng loai.

6.2.4 Permutations with restrictions

Restricted arrangements are typically handled with one of these strategies:

¢ |tems together: glue the required items into a single “block”. Arrange the block with the remaining
items, then multiply by the number of internal arrangements of the block.

¢ |tems not together: compute (total arrangements) — (arrangements with the items together).

¢ Fixed positions: fix the specified items in their required places first, then arrange the remaining
items in the remaining positions.

Vi du miu - Worked example

Find the number of ways of arranging the 6 letters of the word marble if (a) A and E must be
together, (b) A and E must not be together.

All 6 letters are distinct, so the total number of arrangements is 6! = 720. (a) Treat A, E as one

block: this gives 5 units to arrange (5! = 120 ways), and the block itself can be ordered 2! = 2
ways (AE or EA). Together: 120 x 2 = 240. (b) Not together = 720 — 240 = 480.

- GIAI THICH TIENG VIET
V&i rang budc "phai dirng canh nhau”: gdp cac vat dé thanh mét khoi, xép khéi cling cac vat
con lai, réi nhan véi s6 cach sap xép bén trong khéi. V&i rang budc "khéng dugc dirng canh
nhau”: 1ay tong sé cach xép trir di s6 cach ma ching ding canh nhau (phan bu). Vi vi tri c6
dinh: c& dinh vi tri d6 trudc, roi xép phan con lai vao cac vi tri con tréng.
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6.2.5 Combinations
A combination is an unordered selection: the order in which the objects are chosen does not matter.

! "p
RO = [ [ L — Symmetry: "C,. ="C, _,.
r ri(n —r)! 7!

Since " P, counts ordered selections and each unordered group of r objects can be internally
ordered in r! ways, dividing " P, by r! removes the ordering, giving "C,..

(!) Léi thuong gap: Confusing "C,. with " P, is one of the most common errors in this topic.
Ask: does the order of selection/arrangement matter? If the question asks to choose a commit-
tee, team or subset (roles not distinguished), use "C.,. If it asks to arrange, seat in a row, or
assign distinct roles (e.g. chairperson vs. secretary), use "P,.. Using "C, when positions are
distinguishable (or vice versa) silently gives an answer that is out by a factor of r!.

GIAI THICH TIENG VIET
"C,. dém s6 cach chon (khéng quan tam thir tu), con " P, dém s6 cach chon va sip xép (c6 thir
tu). Vi méi nhém 7 vat co thé s3p xép theo r! cach khac nhau, ta c6 "P, = "C,. x rl. Ludn ty
hoi: dé bai cé phan biét vai tro/th tu hay khong, trude khi chon cong thirc.

6.2.6 Combined permutation and combination problems
Many exam problems require two stages: first choose a subset (combination), then arrange or assign

distinct roles within that subset (permutation). The multiplication principle links the two stages:
multiply the number of ways to complete each stage.

Vi du mau - Worked example

A team of 4 is to be chosen from 7 boys and 5 girls, to include at least 2 girls. From the chosen
team of 4, a captain and a vice-captain are then selected (the other two are ordinary members).
In how many ways can the team be chosen and the two roles assigned?

Stage 1 — choose the team (combinations), splitting into cases by number of girls:

2 girls, 2 boys : °C, x "Cy = 10 x 21 = 210
3 girls, 1 boy: °C; x 7C; =10 x 7 =70
4 girls, 0 boys : 5C, x "Cy =5x1=5
Total number of valid teams = 210 4+ 70 + 5 = 285. Stage 2 — assign captain and vice-captain

(permutation) from the 4 chosen members: *P, = 4 x 3 = 12. By the multiplication principle,
total number of ways = 285 x 12 = 3420.

- GIAI THICH TIENG VIET
V&i bai toan két hop ca té hop va chinh hgp: trude tién xac dinh giai doan nao 1a "chon” (dung
", c6 thé phai chia thanh nhiéu truéng hop roi cong lai) va giai doan nao I "s3p xép/gan vai
trd” (dung " P.), sau d6 nhan két qua hai giai doan theo quy tic nhan. Khi cé nhiéu trudong hop
loai trir nhau & giai doan chon, phai cong chiing lai trudc khi nhan véi giai doan sap xép.

6.2.7 Circular permutations

When objects are arranged around a circle rather than in a row, arrangements that differ only by
a rotation are considered the same arrangement (there is no fixed “starting point”), so the count is
smaller than for a row of the same objects.

Thay Twdng 0332747 169 - Cd Nancy 0983422 692Cambridge International AS & A Level Mathematics - Trang 164



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

The number of ways to arrange n distinct objects in a circle, where rotations are regarded
as identical, is (n — 1)! (fix one object to remove the rotational symmetry, then arrange the
remaining n — 1 objects, in order, in the remaining positions).

Vi du miu - Worked example

In how many ways can 8 people be seated at a round table (a) with no restriction, (b) if two
particular people, Minh and Lan, must sit next to each other?

(a) Circular arrangements of 8 distinct people: (8 — 1)! = 7! = 5040. (b) Treat Minh and Lan
as a single block; together with the other 6 people this gives 7 units to arrange around the
table: (7 —1)! = 6! = 720 circular arrangements of the units. The block itself can be internally
ordered 2! = 2 ways (Minh-Lan or Lan-Minh). Total = 720 x 2 = 1440.

GIAI THICH TIENG VIET

V6i bai toan x€p vong tron (circular arrangement), vi khdong cé diém "bat dau” c6 dinh nén cac
cach xép chi khac nhau do xoay vong duoc xem |3 giéng nhau; do d6 sé cach xép n vat khac
nhau quanh mot vong tron la (n — 1)! (it hon n! cta x€p hang ngang, ding bang sé vi tri c6 thé
xoay t6i). Khi cé rang budc "phai ngdi canh nhau” quanh ban tron, van goép thanh moét khéi nhu
x€p hang ngang, nhung s6 don vi con lai dugc xép theo vong tron bang (k — 1)! chir khéng
phai k!.

6.3 Probability

For any event A, the complement A’ (“not A”) is the event that A does not occur.

P(A’) = 1— P(A), since A and A’ together account for the whole sample space, and their
probabilities must sum to 1.

This simple rule is often the fastest route to a probability that would otherwise require summing
many separate cases (e.g. “at least one” events, handled by finding 1 — P(none)).

- GIAI THICH TIENG VIET

Bién c6 bu (complement) A’ 13 bién c6 "A khong xay ra”; vi A va A’ ludn cung lap day
toan bd khéng gian miu nén P(A’) = 1 — P(A). Quy tic ndy dic biét hiru ich vdi
cac bai toan "it nhat mét” (at least one): thay vi cdng nhiéu truong hgp, chi can tinh
1 — P(khong cé truong hop nao).

6.3.1 The addition rule and mutually exclusive events

P(AUB) = P(A)+ P(B)— P(AN B). If Aand B are mutually exclusive (they cannot both
occur, AN B = (), then P(ANB) =0and P(AU B) = P(A) + P(B).

- GIAI THICH TIENG VIET
Cong thirc cong xac sudt P(AU B) = P(A) + P(B) — P(AN B) trir di phan giao dé tranh dém
lap phan chung ctia A va B. Néu A, B xung khac (khéng thé cung xay ra), phan giao bang 0
nén chi can cong truc ti€p P(A) + P(B).
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6.3.2 The multiplication rule and independent events

Events A and B are independent if and only if P(A N B) = P(A) x P(B) (equivalently, P(A |
B) = P(A), i.e. knowing B has occurred does not change the probability of A).

For a sequence of independent events, the probability that all of them occur is the product of
their individual probabilities.

- GIAI THICH TIENG VIET
Hai bién c6 doc 1ap khi viéc biét bién cé nay xay ra khéng lam thay déi xac suat cua bién cé
kia: P(AN B) = P(A)P(B). Day khac vai bién c6 xung khic (mutually exclusive) — hai khai
niém nay thudng bi nham Ian: bién cd xung khic khéng thé doc 1ap (trir trudng hop xac suat
bang 0), vi bi€t mét bién cé xay ra sé loai trir hoan toan bién cé con lai.

6.3.3 Conditional probability

P(A|B) = P(I;‘l(;)B)

P(ANB) =P(A| B) x P(B).

, read as “the probability of A given that B has occurred”. Rearranging:

In “without replacement” problems, conditional probability arises naturally: the sample space for
the second draw is reduced by whatever was removed on the first draw.

Vi du mau - Worked example

A bag has 5 red and 3 blue balls. Two are drawn without replacement. Find P(both red) and
P(exactly one red).

P(both red) — g

L35 _15 15 15
8 7 56 56 28

| w

4 5 b
= P(exactly one red) = 3

(!) Léi thueng gap: P(A | B) and P(B | A) are generally different quantities — always iden-
tify which event is the “given” (conditioning) event before dividing. In “without replacement”
problems, remember that both the numerator counts and the total change after each draw.

. GIAI THICH TIENG VIET

Xac suat cé diéu kién P(A | B) la xac suat cta A véi diéu kién B da xay ra — ludn xac dinh
ro bién c6 nao la diéu kién (dirng sau dau |) trwdc khi chia. Trong bai toan "khéng hoan lai”
(without replacement), téng s6 phan tir va sé phan t& thuan loi déu thay déi sau méi [an 13y,
nén xac suat lan sau ludn phu thudc vao két qua lan trude.

6.3.4 Tree diagrams

A tree diagram displays sequential events as branches, with probabilities labelled on each branch;
probabilities on branches from the same node sum to 1. To find the probability of a particular out-
come path, multiply along the branches; to find the probability of an event that can occur via several
different paths, add the probabilities of those paths (multiplication rule along a path, addition rule
across alternative paths).
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Vi du miu - Worked example

A factory has two machines. Machine A produces 60% of the items and machine B produces
the remaining 40%. It is known that 5% of items from A are defective, while 8% of items from
B are defective. An item is chosen at random and found to be defective. Find the probability
that it came from machine B.

P(A) =0.6, P(B) = 0.4, P(D | A) = 0.05, P(D | B) = 0.08.

P(D) = P(A)P(D | A) + P(B)P(D | B) = 0.6(0.05) + 0.4(0.08) = 0.03 + 0.032 = 0.062.

P(B)P(D|B) 0032 16
P(B| D)= = = = ~0.516.
(B|D) P(D) 0.062 31

Item

0.6

A B
0.0/ \.95 0.0% &.92
D D’ D D’

Tree diagram for the machine/defective-item problem: P(A) = 0.6, P(B) = 0.4; P(D | A) = 0.05, P(D | B) = 0.08.

. GIAI THICH TIENG VIET
So d6 cay (tree diagram) thé hién cac bién cd xay ra tudn tu: nhan xac suit doc theo mét nhanh
dé dugc xac suat cia mot két qua cu thé; cong xac suat cia cac nhanh khac nhau nhung cung
dan dén két qua can tim. Bai toan "biét két qua sau, tim nguyén nhan trudc” (nhu vi du trén)
chinh la dinh ly Bayes — luén tinh P(D) bang cach cdng tat ca cdc nhanh dan dén D truéc, roi
md&i lap ti s6 diéu kién.

6.3.5 Venn diagrams for probability

A Venn diagram represents events as regions inside a rectangle (the sample space); overlapping
circles represent A N B. Venn diagrams are especially useful for organising probabilities involving
unions, intersections and complements (e.g. “A but not B” is the region A N B’, with probability
P(A)— P(ANB)).

35 outside both circle
oo-outside-both-circie

Venn diagram: of 100 people surveyed, 50 like tea (A), 30 like coffee (B), 15 like both; so n(A U B) = 65 and 35 like
neither.
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From the diagram, P(A) = 0.50, P(B) = 0.30, P(AN B) = 0.15,s0 P(AUB) = 0.50+ 0.30 — 0.15 =
0.65, and P(neither) = 1 — 0.65 = 0.35, matching the 35 people outside both circles.

- GIAI THICH TIENG VIET
So d6 Venn gitp truc quan hoéa cac bién ¢d va phan giao ctia chiing: méi vung trong hinh chir
nhat (khéng gian mau) (rng véi mot trudng hop loai trir nhau, nén cé thé cong truc tiép cac s
trong tirng vung dé kiém tra téng bang n (hodc bang 1 néu ghi xac suat). Vung "chi A” (khéng
c6 B) cé xac suat P(A) — P(AN B), con vung ngoai ca hai vong tron cé xac suat 1 — P(AU B).

Vi du mau - Worked example

In a survey of 120 students, 50 play football (F), 45 play basketball (B), and 40 play tennis (7).
Of these, 18 play both football and basketball, 15 play both football and tennis, 12 play both
basketball and tennis, and 8 play all three sports. (a) Find the number of students who play
none of the three sports. (b) Given that a student plays football, find the probability that this
student also plays tennis. (c) Given that a student plays at least two of the three sports, find
the probability that the student plays all three.

Using inclusion-exclusion: n(F U BUT) = 50 + 45 + 40 — 18 — 15 — 12 + 8 = 98, so the
number playing none is 120—98 = 22. Splitting the pairwise overlaps into “exactly two” regions
(subtracting the all-three region 8 from each): FNBonly = 18—8 = 10; FNT only = 15—8 = T;
BNTonly=12—8 = 4. (Check: only F =50—-10—7—8 = 25,only B=45—10—4—8 = 23,
onlyT =40 —-7—4—8=21;total 25 +234+21 + 10+ 7+ 4+ 8+ 22 = 120.) (b)P(T | F) =
n(FNT) 15

o 0" 0.3. (c) Students playing at least two sports = 10 + 7 + 4 + 8 = 29; of these,
n

8
8 play all three. P(all three | at least two) = 29 = 0.276 (3 s.f.).

22 play none
F B

&
a%

Venn diagram for the three-sport survey: only F' = 25,0only B=23,0only T'=21; Fn Bonly =10, FNT only = 7,
BN T only = 4; all three = 8; 22 play none.

- GIAI THICH TIENG VIET
Vi so d6 Venn c6 ba bién c6, trugc tién dung cong thirc bao ham-loai trir d€ tim n(FUBUT),
sau dé tach cac vung giao déi thanh phan “chi hai” bang cach trir di phan giao ba; ludn kiém
tra téng tat ca cac vung (k€ ca ving "khéng thudc bién ¢6 nao”) phai bang téng s6 phan tlr ban
dau. Xac suat cé diéu kién tir so d6 Venn duoc tinh bang cach 13y sé phan tr cha vung giao
chia cho s6 phan tir ctia bién c6 diéu kién (mau sé 1a bién c6 dirng sau "given”/"biét rang”).
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6.3.6 Probability with permutations and combinations
Some probability problems require counting favourable and total outcomes using permutations or
combinations, then dividing:

number of favourable arrangements/selections
total number of arrangements/selections

P(event) =

For example, if 3 cards are drawn at random (without replacement) from 10 cards numbered 1 to

. - - . L1 1 .
10 and placed in a row, the probability that they appear in increasing order is ETh since exactly
one of the 3! = 6 equally likely orderings of any particular set of 3 cards is iricreasing. Likewise,
if a committee of 4 is chosen at random from a group, the probability that it contains a particular
composition (e.g. exactly 2 men and 2 women) is found by dividing the relevant combination count

by the total number of ways to choose the committee.

- GIAI THICH TIENG VIET
Khi bai todn xac suat lién quan dén viéc chon hodc sap xép, chién lugc chung 13: d€m s6 cach
thuan loi (favourable) bang chinh hop/té hop, dém téng s6 cach c6 thé xay ra (cling bang chinh
hop/t6 hop), réi 1ay ti s6. Phai dung cung mét phuong phap dém (déu 1a chinh hop hoac déu
|a t6 hop) cho ca tir s6 va mau s6, néu khéng ti s6 sé sai.

6.4 Discrete random variables

6.4.1 Probability distributions, F(X) and Var(X)

A discrete random variable X takes a finite (or countable) set of values, each with an associated
probability; the probabilities must satisfy Y- P(X =) = 1.

E(X)=Y xP(X==); Var(X)=E(X?) - [E(X)]?, where E(X?) =) 2?P(X = x).

Vi du mau - Worked example

X:P(X=1)=0.2,P(X =2)=0.5,P(X =3) =0.3. Find E(X) and Var(X).
BE(X)=02+10409=21. E(X?) =02+2.0+2.7=4.9. Var(X) = 4.9 — 2.12 = 0.49.

(!) Léi thueng gap: Var(X) = E(X?) — [E(X)]? is not the same calculation as E(X) — [E(X)]?
or Y 2% — [ z]%. Compute E(X?) = Y. 22P(X = z) (square each value then weight by
probability and sum) as one number, compute E(X) separately, square E(X), and only then
subtract. Forgetting to square E(X) — or squaring x but not weighting by P(X = z) —isa
very common source of error.

. GIAI THICH TIENG VIET

E(X) la gia tri "trung binh ly thuyét” ctia bién ngiu nhién, tinh bang cach nhan maéi gia tri véi
xac suat tuwong (ng roi cong lai. Var(X) = F(X?) — [E(X)]?: phai tinh E(X?) (trung binh cta
X?)va [E(X)]? (binh phuong cua trung binh X) 13 hai dai lvgng khac nhau, réi méi trir.

6.4.2 E(aX +b) and Var(aX +b)
I For constants a,b: E(aX +b) = aE(X) + b; Var(aX + b) = a?Var(X).

Adding a constant b shifts the mean but does not affect the variance (spread); multiplying by a
constant a scales the mean by a and the variance by «? (since variance has “squared” units).
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- GIAI THICH TIENG VIET
Cong thém hang s6 b chi dich chuyén gia tri ky vong, khéng anh huéng dén phuong sai (d6
phan tan khéng déi khi cdng cung mét s6 vao moi gia tri). Nhan véi hang s6 a 1am ky vong
nhan véi a nhung phuong sai nhan véi a? (vi don vi cta phuong sai 1a "binh phuong” don vi
goc).

6.4.3 The discrete uniform distribution
If X takes each of the values 1,2, ..., n with equal probability %, then X follows a discrete uniform
distribution.

n+1 n?—1

For the discrete uniform distributionon 1,2, ... ,n: E(X) = 5 Var(X) = 5

A fair die is the classic example (n = 6): each face has probability %.

. GIAI THICH TIENG VIET

Phan phéi déu roi rac (discrete uniform) mé ta cac bién ngiu nhién ma moi gia tri c6 cung xac
suat xay ra — vi du dién hinh 1a mot con xuc xac can déi, hoic rat mét 1a sé ngau nhién tir 1
dén n. Hai cong thirc E(X) = (n+1)/2 va Var(X) = (n? — 1) /12 chi 4p dung khi cac gia tri la
1,2,...,n va xac suat bang nhau.

6.4.4 Expectation and variance in decision problems

Expectation is often used to evaluate whether a game or decision is favourable. A game is called fair
if the expected net gain (winnings minus cost/stake) is exactly 0; if the expected net gain is positive,
the game favours the player, and if negative, it favours the organiser.

. GIAI THICH TIENG VIET

Mot trd choi dugc goi la "cong bang” (fair game) khi ky vong loi nhuan rong (tién thang trir tién
dat cugc) bang 0. Néu ky vong duong, ngudi choi ¢6 Igi vé 1au dai; néu am, nha té chirc ¢ loi.
Day la irng dung thyc té€ quan trong cla F(X) trong cac bai toan ra quyét dinh.

6.4.5 The binomial distribution

The binomial distribution B(n, p) models the number of successes X in n independent trials, each
with the same probability p of success, provided:

e there is a fixed number n of trials;
e each trial has exactly two outcomes (“success” / “failure”);
o the probability of success p is constant across trials;

¢ the trials are independent of one another.

If X ~ B(n,p), then P(X = r) = (2)19%1 —p)" " forr = 0,1,..,n; and BE(X) = np,
Var(X) = np(1 —p).

Vi du miu - Worked example

A biased coin has P(head) = 0.3. It is tossed 8 times, and X is the number of heads obtained.
Find (a) P(X = 3), (b) £(X) and Var(X).
X ~ B(8,0.3), so this satisfies the binomial conditions withn = 8, p = 0.3. (a) P(X = 3) =
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2) (0.3)3(0.7)5 = 56 x 0.027 x 0.16807 = 0.2541 (4 s.f.). (b) E(X) = np = 8(0.3) = 2.4.

Var(X) = np(1 —p) = 8(0.3)(0.7) = 1.68.

- GIAI THICH TIENG VIET
Phan phéi nhi thirc B(n,p) ap dung khi c6 ding n phép thir ddc 1ap, moi phép thir chi c6 2
két qua (thanh céng/that bai) v&i xac suat thanh cong p khdng d6i qua cac [an thir. Cong thirc
P(X=r)= (:)pT(l —p)"": hé sO ( ) dém sb cach chon vi tri cda r [an thanh céng trong n
phép thir. Ky vong E(X) = np va phuong sai Var(X) = np(1 — p) nén nh& ngay khéng can
chirng minh lai tr dau.

Vi du mau - Worked example

X ~ B(10,0.4). Find P(2 < X < 4).
P2 < < 4 = PX = 2+ PX = 3+ PX = 4. PX =

X
(1) 6)® = 45(0.16)(0.01679616) = 0.12093 (5 s.f). P(X = 3) =

13()) (0.4)3(0.6)" = 120(0.064)(0.0279936) = 0.21499 (5 s.f.). P(X = 4) = (140> (0.4)4(0.6)% =

210(0.0256)(0.046656) = 0.25082 (5 s.f.). So P(2 < X < 4) = 0.12093 + 0.21499 + 0.25082 =
0.58675 ~ 0.587 (3 s.f.).

GIAI THICH TIENG VIET

hi dé bai yéu cau tinh xac suat trén mét khoang gia tri (vi du P(2 < X < 4)) thay vi mot gia tri
don |é, phai cong P(X = r) cho tirng gia tri » nguyén trong khoang d6 — khéng cé céng thirc
rat gon, nén tinh [an lugt tirng s6 hang réi cong lai, va gilr da chir sé thap phan & cac budc
trung gian dé tranh sai s6 lam tron tich IGy.

6.5 The normal distribution

6.5.1 The normal distribution and standardisation

The normal distribution X ~ N(u,0?) is a continuous probability distribution with a symmetric,
bell-shaped curve centred on the mean p, with spread controlled by the standard deviation o. Since
areas under the general normal curve are not directly tabulated, we standardise using

X_
7 = H

g
®(z) = P(Z < z) using standard normal tables (or a calculator).

, where Z ~ N(0,1) is the standard normal variable. Probabilities are read from
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. GIAI THICH TIENG VIET

Phan phéi chuan N (i, 02) c6 d6 thi hinh chuéng, d&i xirng quanh . Vi méi gia tri p, o khac
nhau cho mét dudng cong khac nhau, ta luén phai chuin héa (standardise) vé phan phdi chuin
tdc Z ~ N(0,1) bang cong thirc Z = (X — p) /o trudc khi tra bang ®(z) = P(Z < z).

6.5.2 Finding probabilities using ®(z)

Because the standard normal curve is symmetricabout 0: ®(—z) = 1—®(z),and P(Z > z) = 1—®(=2).

Vi du mau - Worked example

X ~ N(50,64). Find P(X < 58). Then, for X ~ N(70,100), find k£ with P(X > k) = 0.10.

58 — 50
Z="g—=1=P(X <58)=2(1) = 08413. P(X > k) = 0.10 = B(z) = 0.90 = z =
1.2816 = k = 70 + 1.2816(10) = 82.8.

. GIAI THICH TIENG VIET

Ludn chuan héa (standardise) trudce khi tra bang: Z = (X — ) /0. ®(2) la xac suat liy tich bén
trdi P(Z < z). Néucan P(Z > z),lay 1—®(z); néu z am, dung tinh d6i xitng ®(—z) = 1—®(2).

6.5.3 Finding an unknown mean or standard deviation

When 1 or o is unknown, convert each given probability statement into a z-value (using ®1!), then
solve the resulting linear equation(s) in © and/or o. If both 1 and o are unknown, two probability
statements are needed, giving two simultaneous equations.

Vi du miu - Worked example

The heights of a certain species of plant are normally distributed. It is known that 20% of plants
are taller than 150 cm, and 5% of plants are shorter than 90 cm. Find the mean p and standard
deviation o of the height.

P(X > 150) = 0.20 = P(X < 150) = 0.80 = z, = ®~(0.80) = 0.8416, so

150 — .
TR _ 08416 = =150 — 0.84160. (i)
g

P(X <90) = 0.05 = 2z, = ®1(0.05) = —1.6449, so

90 — 1
o

=—1.6449 = =90+ 1.64490. (ii)

Setting (i) = (ii): 150 — 0.84160 = 90 + 1.64490 = 60 = 2.48650 = o = 24.13 (4 s.f.). Then
=90+ 1.6449(24.13) = 129.7 (4 s.f.). So u ~ 129.7cm, o ~ 24.1 cm.

. GIAI THICH TIENG VIET

Khi 1 hodc o chua biét, d6i mbi phat biéu xac suat thanh mét gia tri z (dung &', tlrc tra bang
nguac), tir dé 1ap phuong trinh bac nhat theo i va o. Néu ca hai déu chua biét, can hai phuong
trinh tir hai dir kién xac suat khac nhau, réi giai hé phuong trinh déng thoi — day la ky thuat
quan trong can luyén tap thanh thao.
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6.5.4 The normal approximation to the binomial distribution

When n is large, computing binomial probabilities directly can be impractical; if np > 5and n(1—p) >
5, the binomial distribution B(n,p) can be approximated by the normal distribution

X ~ N(np, np(1—p)).
Because the binomial distribution is discrete but the normal distribution is continuous, a continuity

correction of +0.5 must be applied when converting a discrete inequality into a continuous one:

PX <r)~ PY <r+05); PX>r) ~PY >r—05; PX <r) ~PY <
r—05); P(X>r)~PY >r+05); P(X=r)~Pr—05<Y <r+0.5), where
Y ~ N(np,np(1—p)).

Vi du mau - Worked example

X ~ B(100,0.4). Use a normal approximation to estimate P(X < 35).

np = 100(0.4) = 40 > 5 and n(1 — p) = 100(0.6) = 60 > 5, so the approximation is valid.
Y ~ N(40,24), since np(1 — p) = 100(0.4)(0.6) = 24, so 0 = /24 = 4.899. Applying the
continuity correction for P(X < 35): P(X < 35) ~ P(Y < 35.5).

35540
7 71899

So P(X < 35) ~ 0.179 (3 s.f.).

=—0919(~ —0.92) = P(Y <35.5) = ®(—0.92) = 1—P(0.92) = 1—0.8212 =

(1) L6i thueng gap: Forgetting the continuity correction (or applying it in the wrong direction)
is a very common error when approximating a binomial distribution by a normal one. Always
translate the exact discrete inequality first (e.g. “X < 35", “X < 35", “X > 35", “X > 35" are
four different statements) and only then decide whether to add or subtract 0.5: for “<” and “<”
the boundary moves up by 0.5 from the smaller of the two relevant integers, and for “>" and
“>" it moves down by 0.5 — sketching the discrete values on a number line before applying the
correction avoids sign errors.

- GIAI THICH TIENG VIET
Xap xi chuan cho phan phéi nhi thirc chi hop 1€ khi np > 5 va n(1 — p) > 5. Vi nhi thic 13 roi
rac con chuan 13 lién tuc, phai dung hiéu chinh lién tuc (continuity correction) 4-0.5 khi chuyén
bat dang thirc roi rac sang lién tuc — day 13 16i cuc ky hay bi bd sét. Ludn viét rd bat dang thirc
géc (<, <, >, >) trudce khi cong/trir 0.5 dé tranh nham chiéu.

Vi du m3u - Worked example

X ~ B(120,0.25). Use a normal approximation, with continuity correction, to estimate P(25 <
X < 35).

np = 120(0.25) = 30 > 5 and n(1 — p) = 120(0.75) = 90 > 5, so the approximation is valid.
Y ~ N(30,22.5), since np(1 — p) = 120(0.25)(0.75) = 22.5, 50 0 = /22.5 = 4.743 (4 s.f.).
Applying the continuity correction to the two-sided inequality: P(25 < X < 35) ~ P(24.5 <
Y < 35.5).

24.5 — 30 35.5 — 30
= 20T 1160 _ 20T
T T3 r 2T T

By symmetry, P(24.5 <Y < 35.5) = 29(1.16) — 1 = 2(0.8770) — 1 = 0.7540. So P(25 < X <
35) ~ 0.754 (3 s.f.).

= 1.160.
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GIAI THICH TIENG VIET
Vi bat dang thirc hai chiéu P(a < X < b), phai 4p dung hiéu chinh lién tuc & ca hai dau: can
dudi trir 0.5 va can trén cong 0.5, tirc P(a < X < b) ~ P(a— 0.5 <Y < b+ 0.5). Khi khoang
cach tlr hai can da hiéu chinh dén trung binh np bang nhau (nhu vi du trén), c6 thé dung tinh
d6i xtrng 2®(z) — 1 dé rat ngan phép tinh.

6.6 Practice problems
6.6.1 Representation of data

Bai tap luyén tap

Find the standard deviation of 12, 15, 15, 18, 20.

(A) 2.76 (C) 3.00
(B) 7.60 (D) 1.66

Loi giai chi tiet

T =16; ) x? = 1318; variance = 38 — 256 = 7.6; SD = /7.6 = 2.76. (A).

Bai tap luyén tap

The number of children in each of 40 households is recorded: « : 0, 1,2, 3,4 with frequencies
f:8,14,10,6,2. Find > fz, the mean, and the variance.

(A) > fx =60, mean 1.5, variance 1.25 (C) > fz = 60, mean 1.5, variance 2.25
(B) > fxr = 40, mean 1.5, variance 1.5 (D) > fx = 60, mean 1.0, variance 1.25

Loi giai chi tiét

S fz = 0(8) + 1(14) + 2(10) + 3(6) + 4(2) = 14 + 20 + 18 + 8 = 60. Mean = 60/40 = 1.5.
S fr? =04 14 + 40 + 54 + 32 = 140. Variance = 140/40 — 1.5% = 3.5 — 2.25 = 1.25. (A).

Bai tap luyén tap

The following 12 values, in order, are the marks (out of 30) of a class quiz:
3,5,7,8,9,11,12, 14,15, 18, 20, 25. Find Q,, Q5 and the interquartile range.

Loi giai chi tiet
n = 12 (even). Lower half (1st-6th): 3,5,7,8,9,11 = @, = % = 7.5. Upper half (7th-12th):

12,14,15,18,20,25 = Q5 = 2318 = 16.5. IQR=16.5— 7.5 =9.

Bai tap luyén tap

The ordered house prices ($1000s) of 11 properties are:
150, 160, 165, 170, 175, 180, 185, 190, 195, 200,310.  Which value is an outlier, using the
1.5 x IQR rule?
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(A) 310 (C) 150
(B) 200 (D) 195

Lai giai chi tiét

n = 11, median (6th value) = 180. Lower half: 150, 160, 165,170,175 = @, = 165 (3rd value).
Upper half: 185,190, 195,200,310 = Q5 = 195 (3rd value). IQR = 195 — 165 = 30. Upper
fence = 195 + 1.5(30) = 240. Since 310 > 240, it is an outlier. (A).

Bai tap luyén tap

A histogram has the following classes: [0, 10) frequency 10; [10, 20) frequency 24; [20, 50) fre-
quency 36; [50,70) frequency density 0.8. (a) Find the frequency density of the class [0, 10).
(b) Find the frequency of the class [50, 70).

Loi giai chi tiét

-

(a) Frequency density = 10/10 = 1.0. (b) Frequency = 0.8 x (70 — 50) = 0.8 x 20 = 16.

Bai tap luyén tap

The cumulative frequency table for the time (minutes) taken by 60 students to complete a task
is: time < 10: cf 5; < 20: cf 18; < 30: cf 38; < 40: cf 52; < 50: cf 60. Estimate the median and
the interquartile range.

Loi giai chi tiét

Median position = n/2 = 30: this lies in class 20-30 (cf jumps from 18 to 38). Fraction = (30 —
18)/(38—18) = 12/20 = 0.6; median ~ 20+ 0.6(10) = 26. ), position = 15: lies in class 10-20
(cf from 5 to 18). Fraction = (15—5) /(18 —5) = 10/13 = 0.769; Q; ~ 10+0.769(10) = 17.7. Q5
position = 45: lies in class 30-40 (cf from 38 to 52). Fraction = (45—38)/(52—38) = 7/14 = 0.5;
Qs ~ 30 4 0.5(10) = 35. IQR ~ 35 — 17.7 = 17.3.

Bai tap luyén tap

Data coded using y = r—40 has mean y = 6 and standard deviation s, = 3. Find the mean
and standard deviation of .

(A) £=52,5, =6 (C) z=525,=3

(B) x =46,s, =3 (D) z=12,5,=6

Lai giai chi tiét

x =2y +40,s50 & = 2(6) + 40 = 52 and s, = 2(3) = 6. (A).

Bai tap luyén tap

Two data sets record the number of hours of sleep (per night) for two groups of 6 people:

Group P :5,6,8,9,10, 12 Group Q:2,4,7,9,13, 15.
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Find the mean and standard deviation of each group, and compare the two groups.

Loi giai chi tiét
50
Group P: Y@ =50 = &p = "= = 8.333. Ya? = 25+ 36 + 64 + 81 + 100 + 144 = 450 =

. 450
variance = - 8.333% = 75 — 69.444 = 5.556 = sp = V/5.556 = 2.357 (4 s.f.). Group Q:

50 .
Yr =50 =25 = - 8.333. Y. 2% = 4+ 16 + 49 + 81 + 169 + 225 = 544 = variance

44
= % — 8.333%2 = 90.667 — 69.444 = 21.222 = sg = V21.222 = 4.607 (4 s.f.). The two groups

have identical means (8.33 hours), but Group @ has a much larger standard deviation (4.61
vs. 2.36), so Group Q's sleep hours are considerably more variable, while Group P’s are more
consistent around the common mean.

Bai tap luyén tap

The cumulative frequency table below shows the weights (kg) of 80 parcels: weight < 20: cf
5; < 40: cf 22; < 60: cf 50; < 80: cf 72; < 100: cf 80. Estimate the median, @,, @5 and the
interquartile range.

Loi giai chi tiet

Median position = n/2 = 40: lies in class 40-60 (cf 22 to 50). Fraction = (40 — 22)/(50 — 22) =
18/28 = 0.643; median ~ 40 + 0.643(20) = 52.9. @, position = 20: lies in class 20-40 (cf
5 to 22). Fraction = (20 — 5)/(22 — 5) = 15/17 = 0.882; Q, ~ 20 + 0.882(20) = 37.6. Q4
position = 60: lies in class 60-80 (cf 50 to 72). Fraction = (60 —50) /(72 —50) = 10/22 = 0.455;
Q3 ~ 60 4 0.455(20) = 69.1. IQR ~ 69.1 — 37.6 = 31.5.

6.6.2 Permutations and combinations

Bai tap luyén tap

A committee of 3 is chosen from 6 men and 4 women. In how many ways can it be chosen
with at least one woman?

(A) 100 (C) 60
(B) 80 (D) 24

Loi giai chi tiet

-

Total 1°Cy = 120; all-men 6C,; = 20. At least one woman = 120 — 20 = 100. (A).

Bai tap luyén tap

7!
Evaluate TETL
(A) 35 (C) 840
(B) 210 (D) 5040
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Loi giai chi tiét
7! 74 TX6X5

— = =~ 35 (A).
413! 37 3x2x1 35. (A)

Bai tap luyén tap

Find the number of distinct arrangements of the letters of the word statistics.

Loi giai chi tiét

-

statistics has 10 letters, with S repeated 3 times, T' repeated 3 times, I repeated 2 times, A
10! 3628800 50400

313121 72

and C once each. Number of arrangements =

Bai tap luyén tap

In how many ways can 5 friends be seated in a row if two particular friends, Ann and Ben,
refuse to sit next to each other?

(A) 72 (C) 96
(B) 48 (D) 24

Loi gidi chi tiét
Total arrangements = 5! = 120. Arrangements with Ann and Ben together = 4! x 2! = 48. Not
together = 120 — 48 = 72. (A).

Bai tap luyén tap

How many ways can the letters of the word number be arranged if the arrangement must
begin with N and end with R?

(A) 24 (C) 720
(B) 120 (D) 48

Loi giai chi tiét

number has 6 distinct letters. Fixing N first and R last leaves 4 letters (U, M, B, E) to arrange
in the middle 4 positions: 4! = 24. (A).

Bai tap luyén tap

A quiz team of 5 is chosen from 8 students. In how many ways can the team be chosen if two
particular students, Long and Mai, must both be included?

(A) 20 (C) 336
(B) 56 (D) 15
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Loi giai chi tiét

Long and Mai are already in the team; choose the remaining 3 members from the other 6
students: 5C; = 20. (A).

Bai tap luyén tap

A school committee of 4 people is to be formed from 10 candidates. First 4 candidates are
chosen from the 10; then a chairperson and a secretary are selected from these 4 (the other
two become ordinary members). Find the total number of ways this can be done.

Lai giai chi tiét

Choosing the 4 candidates: °C, = 210. Assigning chairperson and secretary (ordered) from
the 4 chosen: 4P, = 4 x 3 = 12. Total = 210 x 12 = 2520.

Bai tap luyén tap

In how many ways can 6 friends be seated around a circular table?

(A) 120 (C) 360
(B) 720 (D) 24

Loi giai chi tiet

-

Circular arrangements of 6 distinct people = (6 — 1)! = 5! = 120. (A).

Bai tap luyén tap

The word square has 6 distinct letters: 3 vowels (U, A, E) and 3 consonants (S, @, R). Find the
number of arrangements of these 6 letters in which no two vowels are adjacent.

Lai giai chi tiét

Arrange the 3 consonants first: 3! = 6 ways, creating 4 gaps (before, between and after them)
in which vowels may be placed: O C O COC . Choose 3 of these 4 gaps for the 3 vowels
(at most one vowel per gap, so no two vowels are adjacent): C; = 4 ways, and arrange the 3
vowels within the chosen gaps: 3! = 6 ways. Total = 3! x 4C3 x 3! =6 x 4 x 6 = 144.

Bai tap luyén tap

5 people are seated around a round table. Two particular people, X and Y, must not sit next
to each other. Find the number of possible seating arrangements.

(A) 12 (C) 18
(B) 6 (D) 24

Loi giai chi tiét

Total circular arrangements of 5 people = (5 — 1)! = 4! = 24. Treating X, Y as a block gives 4
units to arrange circularly: (4 — 1)! = 3! = 6, times 2! = 2 for the internal order of the block,
giving 6 x 2 = 12 arrangements with X, Y together. Not together = 24 — 12 = 12. (A).
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6.6.3 Probability

Bai tap luyén tap

A box has 4 red and 6 blue pens. Two are drawn without replacement. Given the first is blue,
find P(2nd blue | 1st blue), then P(both blue).

5 1 1 5
(A) § and § (C) 5 and §
6 5 2 1
(B) i and . (D) . and 5

Loi giai chi tiet
1

P(2nd blue | 1st blue) = g (5 blue left of 9). P(both blue) =

Sle
O] ot

Bai tap luyén tap

A card is drawn at random from a standard deck of 52 playing cards. Find the probability that
the card is a King or a Heart.

4 1
17 3
B) - D) =

Loi giai chi tiét

P(King) = &, P(Heart) = 23, P(King of Hearts) = = (not mutually exclusive). P(King U
Heart) = & + £ — L =18 =1 (A).

Bai tap luyén tap

Events A and B are independent with P(A) = 0.4 and P(B) = 0.5. Find P(AN B), P(AU B)
and P(A | B).

Loi giai chi tiét

P(ANB) = P(A)P(B) = 0.4(0.5) = 0.2. P(AUB) = 04+ 0.5—0.2 = 0.7. P(A | B) =
P(ANB)/P(B) =0.2/0.5 = 0.4 (equal to P(A), confirming independence).

Bai tap luyén tap

In a survey of 100 students, results are: Male-Pass 45, Male-Fail 15, Female-Pass 32, Female-Fail
8. Find P(Pass | Male) and P(Female | Pass).

Loi giai chi tiét
Total male = 60, total pass = 45 + 32 = 77. P(Pass | Male) = 45/60 = 0.75. P(Female |
Pass) = 32/77 = 0.416 (3 s.f.).
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Bai tap luyén tap

Bag A contains 3 red and 2 blue balls; bag B contains 1 red and 4 blue balls. A bag is chosen at
random (equally likely) and one ball is drawn from it. (a) Find P(red). (b) Given the ball drawn
is red, find P(it came from bag A).

P(A) = P(B) = 05. P(Red | A) = 3/5 = 0.6, P( d | z)z) 1/5 = 0.2. (a) P(Red) =
0.5(0.6) 0.3

0.5(0.6) + 0.5(0.2) = 0.3 + 0.1 = 0.4. (b) P(A | Red) =

Bai tap luyén tap

.
o
I
D>
-Q)»

A committee of 4 is chosen at random from 6 men and 5 women. Find the probability that the
committee contains exactly 2 men and 2 women.

> © -
2
® > o ;
Total ways = 1C, = 330. Favourable ways = °C, x 5C, = 15 x 10 = 150. P = 3—;8 i (A).

Bai tap luyén tap

v
5
I
D>
Q)

In a class of 30 students, 18 study French (F), 15 study Spanish (S), and 8 study both. A student
is selected at random and is found to study French. Find the probability that this student also
studies Spanish.

4 3
N © 5
8 15
B) - 0

.
.
v
X

Loi giai chi tiét

n(FNS) 8 4
— 2 = — = — x~0.444. (A).
nF) 18 g0

Bai tap luyén tap

Of 150 people surveyed, 70 read newspaper A, 60 read B, 50 read C'; 25 read both A and B, 20
read both A and C, 15 read both B and C, and 10 read all three. Find (a) the number of people
who read none of the three newspapers, (b) the probability that a randomly selected person
reads exactly one newspaper.

P(S|F) =
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Loi giai chi tiét

n(AUBUC) = 70 + 60 + 50 — 25 — 20 — 15 + 10 = 130, so the number reading none is
150 — 130 = 20. Exactly-two regions: AN Bonly = 25— 10 = 15; AN C only =20 — 10 = 10;
BnConly=15—10=5.0nly A =70—15—10—10 = 35; only B =60 — 15 —5 — 10 = 30;
only C =50 —10 — 5 — 10 = 25 (check: 35 + 30 + 25 4+ 15 4+ 10 + 5 + 10 + 20 = 150). Exactly

one newspaper = 35 + 30 + 25 = 90, so P(exactly one) = % =g = 0.6.

Bai tap luyén tap

Two fair dice are rolled. Given that the first die shows a number greater than 4, find the
probability that the sum of the two dice is 8.

1 1
(A) - © -

1 1
(B) 5 D) -

Lai giai chi tiét

-

Given the first die is 5 or 6, the reduced sample space has 2 x 6 = 12 equally likely outcomes.

2 1
Sum = 8 occurs for (5,3) and (6,2): 2 outcomes. P = T (A).

6.6.4 Discrete random variables

Bai tap luyén tap
X:P(X=0)=kP(X=1)=2k P(X =2) =3k, P(X =3) =4k. Find kand E(X).

(A) k=0.1, B(X) = 2.
(B) k= 0.1, B(X) = 1.

(C) k = 0.25, B(X) = 2
(D) k=0.1,E(X)=1.0

Loi giai chi tiét
10k =1=k=0.1. E(X) = 0(0.1) + 1(0.2) 4 2(0.3) + 3(0.4) = 2.0. (A).

-

Bai tap luyén tap

For the distribution P(X = 0) = 0.1,P(X = 1) = 0.2, P(X =2) = 0.3,P(X = 3) = 0.4 (as
above, with E(X) = 2.0), find Var(X).

(A) 1.0 (C) 0.5
(B) 2.0 (D) 4.0

Lai giai chi tiét

E(X?) =0(0.1) + 1(0.2) + 4(0.3) + 9(0.4) = 0.2 + 1.2 + 3.6 = 5.0. Var(X) = 5.0 — 2.0 = 1.0.
(A).
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Bai tap luyén tap
Given E(X) =3and Var(X) =2, find E(4X — 1) and Var(4X — 1).

(A) 11 and 32 (C) 12 and 32
(B) 11 and 8 (D) 11 and 2

Loi giai chi tiet

-

E(4X —1) =4(3) — 1 =11. Var(4X — 1) = 42(2) = 32. (A).

Bai tap luyén tap
A fair die numbered 1 to 6 is rolled and X is the score obtained. Find E(X) and Var(X).

Loi giai chi tiét

-

. . e 6+1 62—1 35
Discrete uniform distributionon 1, ..., 6: E(X) = % =3.5. Var(X) = 5 -1 2.917

(4 s.f.). (Check: >~ 22 =91, B(X?) = 91/6 = 15.167, Var(X) = 15.167 — 3.5% = 2.917.)

Bai tap luyén tap

In a game, a player pays $5 to roll a fair die. If the score is 6, they win $20; otherwise they win
nothing. Find the player’s expected profit, and state whether the game favours the player or
the organiser.

(A) —$1.67 (favours organiser) (C) $0 (fair game)
(B) +$1.67 (favours player) (D) —$5 (favours organiser)

Loi giai chi tiet

.. 1 5 20
E(winnings) = 20 (6) +0 (6) =% = 3.333. Expected profit = 3.333 — 5 = —1.667 ~
—$1.67; the game favours the organiser. (A).

Bai tap luyén tap

X ~ B(10,0.25). Find P(X = 2).

(A) 0.282 (C) 0.250
(B) 0.300 (D) 0.188
P(X=2)= (120) (0.25)2(0.75)8 = 45 x 0.0625 x 0.100113 = 0.2816 ~ 0.282. (A).

Bai tap luyén tap
X ~ B(20,0.35). Find E(X) and Var(X).
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Loi giai chi tiét
E(X)=np=20(0.35) = 7. Var(X) = np(1 — p) = 20(0.35)(0.65) = 4.55.

Bai tap luyén tap

X ~ B(6,p). Given that P(X = 6) = 0.015625, find p.
(C) 0.6
(D) 0.4

(A) 0.5

(B) 0.25

L& giai chi tiét
P(X = 6) = p® = 0.015625 = p = ¢/0.015625 = 0.5 (since 0.55 = 0.015625). (A).

Bai tap luyén tap
X ~ B(n,0.2). Given that P(X = 0) = 0.32768, find n.

Loi giai chi tiét
0.2)" = 0.8" = 0.32768. Since 0.8° = 0.32768, we have n = 5.

—
|

P(X =0)=(

6.6.5 The normal distribution
Bai tap luyén tap
Male heights ~ N(175,49). Find P(165 < X < 185).

(C) 0.5
(D) 0.929

(A) 0.847
(B) 0.923

Loi giai chi tiet

-

Z=+— =+143. P = 20(1.43) — 1 = 2(0.9236) — 1 = 0.847. (A).

—
\IOI

Bai tap luyén tap

X ~ N(30,25). Find P(X > 36).

(C) 0.067
(D) 0.230

(A) 0.115
(B) 0.885

Loi giai chi tiét

w
(@)
ol |
w
(@)

=1.2. P(X >36) =1—®(1.2) = 1 — 0.8849 = 0.1151 ~ 0.115. (A).

)
Il
ot
N
Il
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Bai tap luyén tap
X ~ N(40,16). Find & such that P(X < k) = 0.9505.

(A) 46.6 (C) 43.3
(B) 45.6 (D) 44.6

Loi giai chi tiet
o =4. &(2) = 0.9505 = z = 1.65. k = 40 + 1.65(4) = 46.6. (A).

Bai tap luyén tap

The lifetime of a battery, in hours, is normally distributed with standard deviation 12. Given
that 15% of batteries last longer than 250 hours, find the mean lifetime p.

Lai giai chi tiét

= 1.036 =

P(X > 250) = 0.15 = P(X < 250) = 0.85 = z = ®1(0.85) = 1.036.
250 — = 12.44 = ;1 = 250 — 12.44 = 237.6 (4 s.f.).

250 — p
12

Bai tap luyén tap

The volume of drink in a bottle is normally distributed. Given that 2.5% of bottles contain less
than 495 ml, and 1% of bottles contain more than 525 ml, find the mean and standard deviation
of the volume.

Loi gidi chi tiét
P(X < 495) = 0.025 = z, = —1.96,50495— 1 = —1.960 => j1 = 495+1.960. P(X > 525) =
0.01 = P(X < 525) = 0.99 = z, = 2.3263, 50 525— 1 = 2.32630 = p = 525—2.32630. Setting

equal: 495+1.960 = 525—2.32630 = 4.28630 = 30 = 0 = 7.00(3s.f.). u = 495+1.96(7.00) =
495 + 13.72 = 508.7 (4 s.f.). So pu ~ 508.7ml, o ~ 7.00 ml.

Bai tap luyén tap
X ~ B(150,0.5). Use a normal approximation (with continuity correction) to find P(X > 80).

(A) 0.233 (C) 0.767
(B) 0.500 (D) 0.115

Loi giai chi tiét

np =75>5n(l—p)=175>5 Y ~ N(75,37.5) since np(1 — p) = 150(0.5)(0.5) = 37.5,
79.5— 175

o =375 =6.124. P(X > 80) ~ P(Y > 795): 2 = —° = 0.735 ~ 0.73. P(Y >

6.124
79.5) = 1 — &(0.73) = 1 — 0.7673 = 0.2327 ~ 0.233. (A).
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Bai tap luyén tap
Given X ~ N(u,0?) and P(X < 70) = 0.7324, find P(X > 2u — 70).

(A) 0.7324 (C) 0.5
(B) 0.2676 (D) 0.8662

Lai giai chi tiét
The point 2u — 70 is the reflection of 70 about p: if 70 corresponds to z, = (70 — u)/o, then

2p — 70 corresponds to z = (u — 70)/0 = —z,. By symmetry, P(X > 2u —70) = P(Z >
—2y) = P(Z < z,) = P(X < 70) = 0.7324. (A).

Bai tap luyén tap

X ~ B(200,0.3). Use a normal approximation, with continuity correction, to estimate P(X <
50).

(A) 0.0708 (C) 0.5
(B) 0.9292 (D) 0.150

Loi giai chi tiét

np = 60 > 5, n(l —p) = 140 > 5. Variance = np(1 — p) = 200(0.3)(0.7) = 42,s0 0 =
50.5 — 60

V42 = 6.481. P(X < 50) ~ P(Y < 50.5): 2 = TRl — 1466 ~ —1.47. P(Y < 50.5) =

®(—1.47) = 1 — (1.47) = 1 — 0.9292 = 0.0708. (A).

Bai tap luyén tap

Test scores are normally distributed. It is known that 10% of students score above 84, and 30%
of students score below 55. Find the mean p and standard deviation o of the scores.

Loi giai chi tiet

P(X > 84) = 0.10 = P(X < 84) = 0.90 = z, = ®1(0.90) = 1.2816, s0 = 84 — 1.28160.
P(X < 55) = 0.30 = z, = ®1(0.30) = —0.5244, so u = 55 + 0.52440. Setting equal:
84 — 1.28160 = 55 + 0.52440 = 29 = 1.8060 = o = 16.06 (4 s.f.). u = 55 + 0.5244(16.06) =
55 + 8.42 = 63.42 ~ 63.4 (4 s.f.). So u ~ 63.4, 0 ~ 16.1.
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Probability & Statistics --- Further

Muc tiéu Unit: Phan phdi Poisson, t6 hop tuyén tinh ctia bién ngiu nhién (linear combinations of random
variables), 3y miu va uéc lwgng (sampling & estimation) gom uéc lugng khéng chéch va khoang tin cay,
kiém dinh gia thuyét (hypothesis testing) cho trung binh va cho tham sé Poisson, bién ngau nhién lién
tuc (mirc A Level, Paper 6). Cudi chuong c6 phan 6n nhanh trudc ngay thi.

7.1 The Poisson distribution

7.1.1 Conditions for a Poisson model

A random variable X can be modelled by a Poisson distribution when events occur in a fixed interval
of time or space subject to four conditions: (i) events occur singly, i.e. not simultaneously; (i) events
occur independently of one another; (jii) events occur at a constant average rate over the interval;
(iv) the interval considered is fixed in length (time, area, volume, or another continuous measure).
When these hold, the number of events X in that interval satisfies X ~ Po(\), where X is the mean
number of events in the interval.

Typical Poisson contexts include: telephone calls arriving at a switchboard, misprints on a page
of text, radioactive particle emissions in a fixed time, or vehicles passing a checkpoint. By contrast,
events that cluster (e.g. buses arriving together after a delay, breaking independence) or whose rate
changes noticeably within the interval (breaking the constant-rate condition) should not be modelled
by a single Poisson distribution — this is exactly the kind of judgement a "state the conditions” exam
question is testing.

. GIAI THICH TIENG VIET

Poisson mo6 ta s6 [an mot su kién hiém, ddc 1ap xay ra trong mot khoang thoi gian/khéng gian
c0 dinh, vai trung binh = phuong sai = \. Bon diéu kién can nhg: xay ra don lé (khéng hai su
kién cung luc), déc lap, téc dé trung binh khéng d6i, va khoang xét 1a ¢ dinh. Khi déi khoang
thai gian/khong gian (vi du tir 1 phut sang 2 phut), A phai nhan theo ti I1é twong (rng.

7.1.2 Poisson probabilities, mean and variance

A\

If X ~ Po()) then P(X = z) = < ,A forz = 0,1,2,..., and E(X) = Var(X) = \. The
X

distribution is defined for every non-negative integer, so probabilities such as P(X > k) are
foundusing P(X > k) =1—-P(X <k—1).

Vi du miu - Worked example

Flaws in fabric occur as Po(2) per 10m roll. Find P(X = 3) and P(X > 1).
—293
P(X=3) =72 = ¢2(1.3333) = 0.135335 x 1.3333 = 0.180. P(X >1)=1—P(X =

0)=1—e2=1-0.1353 = 0.8647.
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7.1.3 Sum of independent Poisson variables

If X ~ Po(\;)and Y ~ Po()\,) are independent, then X +Y ~ Po(\; + \;). This extends to any
number of independent Poisson variables: their sum is Poisson with mean equal to the sum of the
individual means. This is why, when combining events from two independent sources over the same
interval, the rates simply add. Equivalently, this is the same additive property used when scaling A
for a longer interval: n independent, identical intervals combine into one interval with mean nA\.

Note carefully that this additive property applies only to sums: the difference of two indepen-
dent Poisson variables is not itself Poisson (a Poisson variable can never take negative values, but a
difference can), so questions about a difference of counts must be handled directly rather than by
claiming X — Y ~ Po(A; — A,).

Vi du mau - Worked example

Orders arrive at Counter A as Po(2) per 10 minutes and at Counter B, independently, as Po(3)
per 10 minutes. Let T be the total number of orders at both counters in 10 minutes. Find
P(T =4)and P(T > 6).

—5r4
Since A, B are independent Poisson, ' ~ Po(2 + 3) = Po(5). P(T = 4) = ¢

4!
0. 0067379 625
* P20 _ 0.1755. Building up P(T < 6) term by term: P, = 0.0067,P, =

0.0337, P2 = 0.0842, P, = 0.1404, P, = 0.1755, P, = 0.1755, P, = 0.1462, giving P(T < 6) =
0.7622, s0 P(T > 6) = 1 — 0.7622 = 0.2378.

7.1.4 Poisson approximation to the Binomial distribution

When X ~ B(n,p) with n large and p small (so the mean np stays moderate), the Poisson distribu-
tion with A\ = np gives a very close approximation: X a Po(np). This is useful because Binomial
probabilities with large n are awkward to compute directly, whereas Poisson probabilities are quick.
A common working guideline is n > 50 together with np < 5; the larger n is and the smaller p is, the

better the approximation. The approximation works because as n — oo and p — 0 with np = X held
fAAw

fixed, the Binomial pmf (7)p”(1 — p)"~* converges term by term to ¢

Vi du mau - Worked example

A factory finds that 0.5% of components are defective, independently of each other. In a batch
of 400 components, estimate the probability that more than 3 are defective.

n = 400 is large and p = 0.005 is small, so use X ~ Po(\) with A\ = np = 400 x 0.005 = 2.
P(X <3)=PF,+ P, + P, + P, =0.1353 + 0.2707 + 0.2707 + 0.1804 = 0.8571. P(X > 3) =
1 —0.8571 = 0.1429.

- GIAI THICH TIENG VIET
Quy tac xap xi: khi n 16n va p nhd (moi phép thir hiém khi "thanh céng”), Nhj thirc B(n, p)
duoc xap xi bang Poisson v&i A = np. Day 13 ly do vi sao dé bai Paper 6 hay cho n hang tram,
p vai phan nghin/phan tram — tinh truc ti€p Nhi thirc sé rat cong kénh, trong khi Poisson tinh
nhanh va cho két qua rat gan dang.
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Model Describes Mean Variance Related approxima-
tion
Binomial count of successes in  np np(l —p) — Po(np) if n large,
B(n,p) n independent trials, p small
fixed p
Poisson count of rare inde- A A — N(\ ) if Alarge
Po()\) pendent events in a
fixed interval
Normal continuous, symmet- u o? used to approximate
N(u,o0?) ric bell-shaped data the above for large
parameters

Summary of when each of the three distributions models a situation, and how they connect through approximation.

Vi du mau - Worked example

A component manufacturer knows that 2% of components are oversized, independently of
each other. In a random sample of 100 components, let X be the number that are oversized.
Find P(X = 2) (a) exactly, using the Binomial distribution, and (b) using a Poisson approxima-
tion, and compare the two answers.

(a) Exactly, X ~ B(100,0.02), so

100
P(X =2)= ( 5 )(0.02)2(0.98)98 = 4950 x 0.0004 x 0.98%.

A calculator gives 0.98% = 0.1381 (4 s.f.), so P(X = 2) = 4950 x 0.0004 x 0.1381 = 1.98 x
0.1381 = 0.2734 (4 s.f.). (b) Approximating: n = 100 is large and p = 0.02 is small, so use
X ~ Po()\) with A = np = 100 x 0.02 = 2:

e 222 0.135335 x 4
21 2

= 0.2707 (4 s.f.).

(c) Comparing: the exact Binomial value 0.2734 and the Poisson approximation 0.2707 differ by
only 0.0027, agreeing to 2 significant figures — confirming that the approximation is excellent
here because n is large and p is small.

. GIAI THICH TIENG VIET

Vi du trén cho thay dé chinh xac thyc té cta viéc xap xi Nhj thirc bang Poisson: dii P(X = 2)
tinh chinh xac tir B(100, 0.02) (0.2734) va tinh xap xi tir Po(2) (0.2707) dung hai cdng thirc hoan
toan khac nhau, két qua chi léch khoang 0.003 — vi vy trong phong thi, khi n I&n va p nho, ta
luén duoc phép dung Poisson dé tinh nhanh ma khong lo sai s6 dang ké.

7.1.5 Normal approximation to a Poisson distribution

When X ~ Po()\) and ) is large (a common working guideline is A > 15), the Poisson distribution
can itself be approximated by a normal distribution, using the fact that its mean and variance are
both \: X ~ N (A, \). Because X is discrete and the normal distribution is continuous, a continuity
correction of +0.5 must be applied before standardising: P(X < k) is approximated by P(Y <
k+0.5),and P(X > k) by P(Y > k—0.5), where Y ~ N(\, \).
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For X ~ Po()\) with A large: X ~ N(A, \), with continuity correction +0.5 applied to the
discrete boundary before standardising: z = (kio\/?_)‘

Vi du miu - Worked example

A radioactive source emits particles at a mean rate of Po(25) per minute. Use a normal ap-

proximation to estimate P(X > 30) in a randomly chosen minute.

Since A\ = 25 is large, use Y ~ N(25,25), SD = 5. With continuity correction, P(X > 30) ~
305—25 5.5

P(Y >305). 2= " = =LLP(Y >305) =1 - &(L1) = 1 - 0.8643 = 0.1357.

- GIAI THICH TIENG VIET
Khi A da 1&n (thudng 1dy mSc A > 15), c6 thé xap xi Poisson bang phan phdi chudn N (A, \) —
dang nhu dong th hai cia bang téng két & trén. Vi X la bién roi rac con phan phéi chuan la
lién tuc, bat budc phai dung hiéu chinh lién tuc (4-0.5) trudc khi chuan héa vé z, néu bod qua
budc nay két qua sé l1éch dang ké so véi gia tri Poisson that.

Bai tap luyén tap

Accidents on a road follow Po(1.5) per week. Find P(X > 2).

(A) 0.442 (C) 0.223
(B) 0.557 (D) 0.335

Loi giai chi tict

P(X>2)=1—P0)—P(1)=1—¢15 —15e 15 =1 —0.2231 — 0.3347 = 0.442. (A).

Bai tap luyén tap

Calls arrive at 3 per minute (Po). Find P(exactly 5 calls in 2 min).

(A) 0.161 (C) 0.175
(B) 0.146 (D) 0.061

Lai giai chi tiét

For2min, A =6. P(X =5) =

Bai tap luyén tap

Text messages to a helpdesk arrive as Po(2.5) per hour. Find P(X = 0) in a randomly chosen

e %6°  0.002479(7776)
51 120

= 0.161. (A).

hour.
(A) 0.0821 (C) 0.250
(B) 0.100 (D) 0.500
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Loi giai chi tiét

P(X =0) = e 2% = 0.0821. (A).

Bai tap luyén tap

A shop receives orders as Po(4) in the morning and, independently, Po(3) in the afternoon.
Find the probability that the shop receives at most 2 orders in total during the day.

Loi giai chi tiét
4

Total ~ Po(4 + 3) = Po(7). P(X <2) =7 (1 +7+ ?9) = ¢7(32.5) = 0.0009119 x 32.5 =

0.0296.

Bai tap luyén tap

In a large population, 1% of items are faulty (n = 300). Using a Poisson approximation, find
P(X =2).

(A) 0.224 (C) 0.161
(B) 0.199 (D) 0.184

Loi giai chi tiet

7332
A=np=300x00l=3 PX=2) =2 g = € (4.5) = 0.049787 x 4.5 = 0.224. (A).

Bai tap luyén tap

For X ~ Po(\), which statement is always true?

(A) E(X) = Var(X) =\ (C) Var(X) =+
(B) E(X)=\2 (D) B(X) =2\

Loi giai chi tiet

By definition of the Poisson distribution, mean and variance are both equal to \. (A).

Bai tap luyén tap

X ~Po(3)and Y ~ Po(4) are independent. Let Z = X + Y. Find P(Z = 5).

Loi giai chi tiet

-

e 7% 0.0009119 x 16807

Z ~Po(7). P(Z=5) = — 50

= 0.1277.

Bai tap luyén tap

X ~ Po(4). Find P(X = 2).
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(A) 0.1465 (C) 0.1954
(B) 0.0733 (D) 0.0183

Loi giai chi tiét
e 442
P(X=2)= T 8e~* = 8(0.018316) = 0.1465. (A).

Bai tap luyén tap

Defects on Machine A occur as Po(1.2) per hour and, independently, on Machine B as Po(0.8)
per hour. Find the probability that at most 1 defect occurs across both machines in one hour.

Loi giai chi tiét

-

Total T ~ Po(1.2 4+ 0.8) = Po(2). P(T < 1) = e 2(1 + 2) = 3¢~2 = 3(0.135335) = 0.4060.

Bai tap luyén tap

In a factory, 1.2% of items are defective (n = 250). Using a Poisson approximation, find P(X <
2).

(A) 0.4232 (C) 0.2231
(B) 0.6767 (D) 0.1494

Loi giai chi tiét

-

9
A=np=250x0012=3 P(X<2) =e3 (1 +3+ 5) = 8.5¢~3 = 8.5(0.049787) = 0.4232.
(A).

7.2 Linear combinations of random variables

7.2.1 Expectation and variance of a X + b

For a random variable X and constants a,b: E(aX + b) = aFE(X) + b and Var(aX + b) = a*Var(X).
Adding a constant b shifts the mean but leaves the spread unchanged; scaling by a scales the mean
by a and the variance by a? (never by « itself).

Both results follow directly from the definitions of £ and Var (writing the argument for a contin-
uous X with pdf f(x); the discrete case is identical with )" replacing [):

E(aX—H))—/(a:):—i—b)f(x)dx—a/xf(x)dx+b/f(:r)d:r—aE(X)—I—b,

since [ f(xz)dx = 1. For the variance, using Var(Y) = E[(Y — E(Y))?] with Y = aX + b so that
Y — E(Y) = a(X — E(X)):
Var(aX +b) = E[a®(X — E(X))?] = a®E[(X — E(X))?] = aVar(X).

I E(aX +b)=aE(X)+b ; Var(aX +b)=a?Var(X) (note: nobterm in the variance).
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Vi du mau - Worked example

X has E(X) =5and Var(X) = 4. Find E(3X — 2), Var(3X — 2) and the standard deviation of
3X —2.

E(3X —2) =3(5) —2=13. Var(3X —2) = 3%(4) = 36. SD = /36 = 6.

- GIAI THICH TIENG VIET
Vi bién d6i tuyén tinh aX + b: ky vong bién d6i gidng hét phép bién d6i (aE(X) + b), nhung
phuong sai chi nhan theo a?, hang sé b khéng anh hudng dén phuong sai (vi cong mot hang sé
khoéng lam dir liéu phan tan thém). Day 13 16i sai phé bién nhat ctia phan nay: nhiéu ban quén
binh phuong a hodc cong nham b vao phuong sai.

7.2.2 Expectation and variance of a X + bY

For two random variables X, Y and constants a, b: E(aX+bY) = aE(X)+bE(Y) always (this identity
does not require independence). However, Var(aX +bY) = a*Var(X) + b2Var(Y') only when X and
Y are independent (so that any covariance term vanishes). Crucially, because the coefficients are
squared, the variance of a difference aX — bY is computed with exactly the same addition rule:
Var(aX — bY) = a*Var(X) + b*Var(Y).

More generally, for any X, Y (not necessarily independent), Var(a X +bY) = a*Var(X)+b?Var(Y )+
2abCov(X,Y), where Cov(X,Y) = E(XY) — E(X)E(Y) measures how X and Y vary together.
When XY are independent, E(XY) = E(X)E(Y) so Cov(X,Y) = 0 and the covariance term
disappears, leaving the simple addition rule above. The 9709 syllabus restricts to the independent
case, so the covariance term should always be taken as zero unless a question states otherwise.

Forindependent X,Y: E(aX+bY) = aE(X)+bE(Y); Var(aX-+bY) = a*Var(X)+b*Var(Y)
(variances always add, even for a difference, because the coefficients are squared).

(!) Léi thuong gap: Var(aX +bY) = a®Var(X)+b?Var(Y) requires X and Y to be independent
— never apply it to dependent variables without a covariance term. Just as important: even
when finding the variance of a difference such as X —Y, the variances still add (never subtract),
because (—1)? = 1. Writing Var(X —Y) = Var(X) —Var(Y) is one of the most common errors
in this topic.

7.2.3 Linear combinations of independent normal variables

If X ~ N(uq,0%)and Y ~ N(u,y,032) are independent, then any linear combination is also normal:
aX +bY ~ N(ap, + busy, a’c? + b*03). In particular, the sum of n independent copies of the same
normal variable X ~ N(u,0?) satisfies X, + X, + -+ + X,, ~ N(nu,no?) — note carefully that
this is not the same as nX ~ N(nu, n2cr2), since n.X means one observation scaled by n, whereas
X, + -+ X,, means n separate independent observations added together.

This "closure under linear combination” is a special property of the normal family: an arbitrary
linear combination of independent normal variables is again exactly normal, with mean and variance
found from the ordinary E(aX + bY) and Var(aX + bY) rules above. This applies to any number
of independent normal variables, not just two: if X, ..., X, are independent with X, ~ N(u,,0?),

then 3= a; X; ~ N(X ap;, 35 a7o7).

Thay Twdng 0332747 169 - Cd Nancy 0983422 692Cambridge International AS & A Level Mathematics - Trang 192



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Vi du miu - Worked example

Packets of flour have mass X ~ N(500, 16) grams, independently of each other. Four packets
are chosen at random and their total mass is T' = X, + X, + X, + X,. Find E(T), Var(T'), and
hence P(T > 2012) and P(1990 < T < 2010).

E(T) = 4(500) = 2000. Var(T) = 4(16) = 64, so T ~ N(2000,64), SD = 8. P(T > 2012):

2012 — 2000
= T 15 = P=1—®(15) =1—0.9332 = 0.0668. P(1990 < T < 2010): z, =

8
1990 — 2000 2010 — 2000

3 =—1.25, 2 = g =1.25. P =2®(1.25) — 1 = 2(0.8944) — 1 = 0.7888.

I '

Vi du miu - Worked example

Independently, X ~ N(20,9) and Y ~ N(15,4). Let W = 2X — Y. Find the distribution of W
and P(W > 30).
E(W) = 2(20) — 15 = 25. Var(W) = 22(9) + (—1)*(4) = 36 +4 = 40 = W ~ N(25,40), SD

=140 = 6.3246. 2z = ?:3032465 =0.79=P(W >30)=1—®(0.79) = 1 — 0.7852 = 0.2148.

GIAI THICH TIENG VIET
Khi két hop cac bién ngau nhién chuan déc lap theo t6 hop tuyén tinh a X + bY, két qua van
Ia phan phéi chuan, véi trung binh méi = apuy + buy va phuong sai méi = a?0? + b%03 (lubn
cong, k€ ca khi lay hiéu). Phan biét ro: tong cta n bi€n doc 1ap cung phan phdi (X; + -+ + X))
c6 phuong sai no?, con nX (mét quan sat nhan n) c6 phuong sai n?0? — hai dai lwong khac
nhau hoan toan du tréng giéng nhau.

Vi du mau - Worked example

Independently, X has E(X) = 12,Var(X) =5and Y has E(Y) = 7,Var(Y) = 3. Find E(3X —
2Y + 1), Var(3X — 2Y + 1), and the standard deviation of 3X —2Y + 1.

EBX —2Y +1) = 3(12) —2(7) +1 = 36 — 14 + 1 = 23. Since X,Y are independent,
Var(3X —2Y + 1) = 3%2(5) + (—2)2(3) = 45 + 12 = 57 (the constant +1 shifts the mean but
leaves the variance unchanged). SD = /57 = 7.550 (4 s.f.).

,

Bai tap luyén tap

X and Y are independent with E(X) = 10, Var(X) =5, E(Y) = 6,Var(Y) = 3. Find E(2X —
3Y) and Var(2X — 3Y).

Loi giai chi tiét
E(2X —3Y) = 2(10) — 3(6) = 20 — 18 = 2. Var(2X — 3Y) = 22(5) + 32(3) = 20 + 27 = 47.

Bai tap luyén tap
E(X) = 8. Find E(5 — 2X).

(A) —11 (C) —6
(B) 11 (D) 21
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Loi giai chi tiét
E(—2X)=5-2(8)=5—16 = —11. (A).

Bai tap luyén tap

Var(X) = 3. Find Var(4X + 7).

(A) 48 (C) 55
(B) 19 (D) 12

Loi giai chi tiet

-

Var(4X +7) = 42(3) = 16 x 3 = 48. (A).

Bai tap luyén tap

Independently, Var(X) = 6 and Var(Y') = 10. Find Var(3X — 2Y).

Loi giai chi tiet

-

Var(3X —2Y) = 3%(6) + 22(10) = 54 + 40 = 94.

Bai tap luyén tap

Two independent machines fill cans with volumes X ~ N(330,4) ml and Y ~ N(330,9) ml.
LetT = X +Y. Find P(T > 665).

Loi gidi chi tiét
665 — 660
BE(T) = 660, Var(T) = 4 +9 = 13, SD = 3.6056. z = — o= = 1.39 = P(T' > 665) =

1— ®(1.39) =1 —0.9177 = 0.0823.

Bai tap luyén tap
Independently, X ~ N(50,4) and Y ~ N(45,9). Find P(X >Y).

(A) 0.918 (C) 0.500
(B) 0.082 (D) 0.650

Loi giai chi tiét

Let D = X—Y. E(D) = 5,Var(D) — 449 — 13,SD = 3.6056. P(D > 0): z = —— > — _1 39

= 3.6056
so P(D > 0) = ®(1.39) = 0.9177 ~ 0.918. (A).

Bai tap luyén tap

For independent X, Y, Var(X —Y) equals:
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(A) Var(X) + Var(Y) (C) [Var(X) — Var(Y)]?
(B) Var(X)— Var(Y) (D) 0

Loi giai chi tiet

The coefficient of Y is —1, squared to 1, so variances always add for independent variables
regardless of + or —. (A).

Bai tap luyén tap

Independently, E(X) = 15,Var(X) = 8, E(Y) = 9,Var(Y) = 5. Find E(4X — 3Y + 2) and
Var(4X —3Y +2).

Loi giai chi tiet

E(4X —3Y +2) = 4(15) — 3(9) + 2 = 60 — 27 + 2 = 35. Var(4X — 3Y + 2) = 4%(8) + 32(5) =
128 + 45 = 173.

Bai tap luyén tap

Independently, X ~ N(40,25) and Y ~ N(30,16). Let W = X — Y. Find P(W > 5).

(A) 0.7823 (C) 0.5000
(B) 0.2177 (D) 0.9878

Lai giai chi tiét

—1
E(W) = 10, Var(W) = 25 + 16 = 41, SD = 6.4031. z = 5~ 1078 so POW > 5) =

6.4031
®(0.78) = 0.7823. (A).

7.3 Sampling and estimation

7.3.1 Population and sample; unbiased estimators

A population is the entire set of items of interest, with (usually unknown) mean . and variance
o2. A sample is a subset of n items drawn from the population, used to estimate the population

>

parameters. The sample mean z = =" is an unbiased estimator of x, meaning E(X) = u. The
n
population variance o2 is estimated unbiasedly not by dividing by n but by

2o Yo = (Cat ) = L (T 22,

Dividing by n — 1 (rather than n) corrects for the fact that z is itself estimated from the same data,
which would otherwise make the estimate of spread systematically too small.

To see why X is unbiased for u, suppose X, ..., X, are independent observations each with
E(X,) = p. Then

B0 = B(FEEE R0 2 B00) 4 (X)) = ) =

n n n

using the linear combination rule E(aX + bY) = aE(X) + bE(Y) from the previous section, ex-
tended to n terms. An "unbiased estimator” is one whose expected value equals the true population
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ENGLISH

parameter it estimates — this is exactly the property X has for y, and S? = ﬁ S (X — X)? has for

a2,

(') L6i thuong gap: The unbiased estimator of population variance divides by n — 1, not n.

>’

n
biased estimator of the population variance. Always check which formula a question requires:
"variance of this data set” (divide by n) versus "unbiased estimate of the population variance”
(divide by n — 1).

Vi du miu - Worked example

A sample of 8 measurements gives: 12,15, 14, 11,13,16,12, 15. Find the sample mean and an

unbiased estimate of the population variance.

108
Yx=108 =1 = 5 = 13.5. Y 2?2 = 144 + 225+ 196 + 121 + 169 + 256 + 144 + 225 = 1480.

The formula — 2?2 (dividing by n) gives the variance of the sample itself — it is a slightly

1 1 22
57 = - (1480 — 8(13.5)°) = (1480 — 1458) = = = 3.14 (3 5f), 505 = 1.77.

GIAI THICH TIENG VIET

= 12 wéc lugng khéng chéch (unbiased) cta trung binh téng thé 1, nghia la ky vong clia X ding
bang . V&i phuong sai téng thé, phai chia cho n — 1 (khéng phai n) dé€ bu trir viéc = da "dung
mat” moét bac ty do tir chinh dir liéu mau — cong thirc s? = L5 3" (z — z)? ludn cho két qua
I&n hon mét chut so v&i chia cho n.

7.3.2 The Central Limit Theorem

The Central Limit Theorem (CLT) states that if X, X,, ..., X, are independent observations from
any population with mean . and variance o2, then for sufficiently large n the sample mean X is

approximately normally distributed:
_ 2
XAN (u, “) ,
n

regardless of the shape of the parent population’s distribution. This is what allows normal-distribution
methods (probabilities, confidence intervals, hypothesis tests) to be applied to sample means even
when the underlying population is not normal, provided the sample is large (in practice n > 30 is a
common working guideline). If the population itself is normal, X ~ N(u, 02 /n) exactly, for any n.

How large n needs to be for the approximation to be good depends on the shape of the parent
population: a population that is already roughly symmetric needs a smaller n for X to look normal,
whereas a heavily skewed population needs a larger n. In every case, note that Var(X) = o2/n
decreases as n increases — averaging more observations always produces a less variable sample
mean, which is also the intuitive reason why larger samples give narrower confidence intervals, as
the next subsection shows directly.

Lo/ =05

population, o =
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CLT illustration: the sampling distribution of X (pink, n = 16) is centred at the same mean as the population (grey) but is
much narrower, since its variance is o2 /n.

- GIAI THICH TIENG VIET
Dinh ly gi&i han trung tam (CLT) khang dinh: du téng thé géc c6 phan phdi gi (khdng nhat thiét
chuan), khi c& m3u n da |&n, trung binh mau X sé xap xi phan phéi chudn N (u, 0% /n). Day la
céng cy manh nhat cta Paper 6: n6 cho phép dung bang ®(z) dé tinh xac suat va lam khoang
tin cay/kiém dinh cho X ngay ca khi khong biét téng thé gbc cé chuan hay khéng — mién 13
mau du 16n.

7.3.3 Confidence intervals for a population mean

A confidence interval gives a range of plausible values for the unknown population mean , centred
on the sample mean z. When ¢ is known, a 100(1 — «)% confidence interval for p is

:E—z-% < p < f—i—z-%,
where z is the critical value cutting off area /2 in each tail of N(0,1): z = 1.645 (90%), z = 1.960
(95%), = = 2.576 (99%). When o is unknown and the sample is large, the CLT justifies replacing o
by the unbiased sample estimate s, giving the large-sample confidence interval z + 2 - = (the 9709
n

NG

syllabus uses z, not ¢, throughout). Every confidence interval has the same general shape: estimate
-+ margin of error, where the margin of error = z x (standard error of X) and the standard error is

a/\/n(or s/y/n).

Confidence level 90% 95% 99%
Critical value z (two-tail) 1.645 1.960 2.576

Standard critical values of z for the most commonly required confidence levels.

~

T
|
|

T —z—— T+ 2z

NG

A confidence interval is centred on z and extends z - o//n (or z - s/\/n if o is unknown) on either side.

Vi du mau - Worked example

A machine fills bags whose weight has known standard deviation ¢ = 2.4kg. A random sample
of 50 bags gives x = 50.3kg. Find a 95% confidence interval for the population mean weight.

2.4
z = 1.960. Margin = 1.960 x Wi = 1.960 x 0.3394 = 0.665. Confidence interval: (50.3 —
0.665, 50.3 4+ 0.665) = (49.63, 50.97)kg.

Vi du mau - Worked example

A random sample of 100 students’ exam marks gives z = 64.8 and an unbiased estimate of the
population variance s = 138.7. Find a 99% confidence interval for the population mean mark.

s = /1387 = 11.777. Since n = 100 is large, use the CLT with = = 2.576: margin

11.
= 2.576 x e 2.576 x 1.1777 = 3.034. Confidence interval: (64.8 —3.034, 64.843.034) =
/100
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(61.77, 67.83) marks.

Vi du m3u - Worked example

A random sample of 50 components is measured, giving >_ z = 610 and }_ 22 = 7845 (lengths
in mm). (a) Find an unbiased estimate of the population variance. (b) Hence use the Central
Limit Theorem to construct a 95% confidence interval for the population mean length.

610 1 6102 1 403
= — =122, 2 = — 45 — = — (7845 — 7442) = — = 8.224 (4 s.f.
(@ 50 s 19 (78 5 50 ) 49(78 5 — 7442) 19 8 (4 s.f), so
B 2
s = 1/8.224 = 2.869. (b) Since n = 50 is large, the CLT justifies X ~ N (u, S) with z = 1.960:
n

. 2.869 .
margin = 1.960 x Wi = 1.960 x 0.4057 = 0.795. Confidence interval: (12.2 —0.795, 12.2 4

0.795) = (11.41, 13.00)mm (4 s.f.).

. GIAI THICH TIENG VIET

Khoang tin cay 95% nghia la: néu ta I3p lai viéc 18y mau ngau nhién nhiéu [an va méi lan tinh
mot khoang tin cdy theo cung cong thirc, thi khodng 95% trong s cac khoang do6 sé chira gia
tri 1 that cha téng thé — khéng phdi "c6 95% xac suat 1 nam trong khoang nay” (vi x4 1a mét
hang s6 c6 dinh, khéng phai bién ngiu nhién). Khi o chua biét va mau I6n, ta thay o bang uwéc
luvong khoéng chéch s nho CLT.

(1) Loi thueng gap: Do not confuse the width of a confidence interval with the significance
level of a test — both use a critical z-value, but they answer different questions. A confidence
interval estimates a plausible range for u; a hypothesis test decides whether to reject one
specific claimed value of u. Also, "95% confident” does not mean "95% probability that . lies
in this particular interval” — p is fixed, not random; the 95% refers to the long-run proportion
of such intervals (across repeated sampling) that would contain .

7.3.4 Choosing a sample size for a required margin of error

Before collecting data, it is often useful to work out how large a sample is needed so that a confidence

interval has at most a specified width. Since the margin of error for a known-o confidence interval
2

isE = z- \%, rearranging for n gives n > (%) . Because n must be a whole number of items
n

sampled, the result of this calculation is always rounded up to the next integer, even when the raw
value is only slightly above a whole number, since rounding down would give a wider interval than
required.

Vi du miu - Worked example

A researcher wants a 95% confidence interval for a population mean to have a margin of error
no more than 1.5, given that ¢ = 8. Find the minimum sample size required.

. 8 1.960 x 8 15.68
z = 1.960. Require 1.960 x — < 1.5 = /n > . 5X = TF
n . .

Since n must be a whole number and rounding down would give too wide an interval, the
minimum sample size required is n = 110.

= 10.453 = n > 109.3.
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7.3.5 Confidence interval for a population proportion

When a random sample of n items from a large population contains x "successes” (items with some
attribute of interest), the sample proportion p = Z is an unbiased estimator of the population pro-
n

portion p, since E(p) = p. For large n (in practice, once np and n(1 — p) are both at least about 5),

L A . . p(1—p ..
the CLT justifies treating p as approximately normal, with standard error u (using p in place
n

of the unknown p). A 100(1 — «)% confidence interval for p is therefore

- p(1—1p _ p(1—p

P p(1—p) <p < Piz p( p>7

n n
using the same critical values of z as for a confidence interval for a mean.
p(1—p)

Sample proportion: p = E, unbiased for p. Confidence interval: p & 2
n

Vi du mau - Worked example

In a survey of 200 randomly chosen shoppers, 56 said they preferred Brand A. Find a 95%
confidence interval for the population proportion who prefer Brand A.

56 0.28(0.72)

D= 200 = 0.28. Standard error = 200 = 1/0.001008 = 0.03175. z = 1.960: margin

= 1.960x0.03175 = 0.0622. Confidence interval: (0.28—0.0622, 0.284-0.0622) = (0.218, 0.342)
(3s.f).

GIAI THICH TIENG VIET
.
Tilé mau p = = la uwéc lugng khdng chéch cua ti 1€ téng thé p, déng vai tro tuong tu = wéc

n
lugng . Sai s6 chuan (standard error) ctia p la \/p(1 — p) /n — khac cong thirc o/+/n diing cho
trung binh, vi phuong sai cia mét bién nhi thirc chuan héa la p(1 — p). Khoang tin cdy van gilr
dang quen thudc: uéc luong 42 x sai s6 chuan.

Bai tap luyén tap

In a random sample of 150 voters, 45 said they support a proposal. Find a 90% confidence
interval for the population proportion in favour.

Lai giai chi tiét

. /0.3(0.7 .
p= 50 = 0.3. SE= 1(50 ) =+1/0.0014 = 0.03742. z = 1.645: margin = 1.645 x 0.03742 =

0.0616. Confidence interval: (0.3 — 0.0616, 0.3 + 0.0616) = (0.238, 0.362) (3 s.f.).

Bai tap luyén tap

A sample of 10 values: 23,25, 22,28, 24, 26, 23, 27, 25, 24. Find £ and an unbiased estimate of
the population variance.
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Loi giai chi tiét

S =247 = 7 =24.7. Y 2% = 529+ 6254484 +784+576+676+529+729+625+576 = 6133.

1 32.1
52 = = (6133 — 10(24.7)2) = §(6133 —6100.9) = — = 3.57 (3 s.f.).

I©H

Bai tap luyén tap

o =5,n = 64, z = 100. Find the margin of error for a 90% confidence interval for p.
(A) 1.03 (C) 1.23
(B) 0.63 (D) 0.78

Loi giai chi tiet

z = 1.645. Margin = 1.645 x D = 1.645 x 0.625 = 1.028 ~ 1.03. (A).

V64

Bai tap luyén tap

A large sample of n = 120 delivery times gives £ = 45.6 and unbiased variance estimate
52 = 64. Find a 95% confidence interval for .

Loi giai chi tiét

s = 8. Margin = 1.960 x
(44.17, 47.03).

8
= 1.960 x 0.7303 = 1.431. Cl = (45.6 — 1.431, 45.6 + 1.431) =
V120 ( )

Bai tap luyén tap

A 95% confidence interval for p is correctly interpreted as:

(A) if many random samples were taken and (C) 95% of the population data lie inside this
a 95% Cl computed from each, about 95% interval

o e iarvels wetle @o iEn (D) the interval contains 95% of all possible

(B) there is a 95% chance that p equals = sample means

Loi giai chi tiét

The correct frequentist interpretation refers to the long-run proportion of such intervals (from
repeated sampling) that capture the fixed population mean . (A).

Bai tap luyén tap

If the sample size is quadrupled (with o unchanged), the width of a confidence interval for
(known o) is:

(A) halved (C) quartered
(B) doubled (D) unchanged
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Loi giai chi tiét

'_\I

Margin o T; since v/4 = 2, quadrupling n divides the margin (and hence width) by 2: it is
n
halved. (A).

Bai tap luyén tap

The Central Limit Theorem states that for large n, the sample mean X:

(A) is approximately N (u, 0% /n) regardlessof  (C) has the same distribution as a single ob-
the population’s distribution servation

(B) is exactly normal only if the population is
normal (D) has variance o2 regardless of n

Loi giai chi tiét

The CLT guarantees approximate normality of X with mean p and variance o2 /n for large n,
whatever the shape of the parent population. (A).

Bai tap luyén tap

A sample of 12 measurements gives > x = 180 and >_ z? = 2820. Find an unbiased estimate
of the population variance.

Lai giai chi tiét

1 1 1 12
T = 180 =15. 8% = 11 (2820 — 12(15)?) = ﬁ(2820 —2700) = 120 =10.9 (3 s.f.).

11
Bai tap luyén tap

o = 3 (known), n = 49, r = 28.4. Find the margin of error for a 99% confidence interval for p.

(A) 1.10 (C) 1.47
(B) 0.86 (D) 0.63

Lai giai chi tiét

-

. 3 3
z = 2.576. Margin = 2.576 x —— = 2.576 x — = 2.576 x 0.4286 = 1.104 ~ 1.10. (A).
V49 7

7.4 Hypothesis testing

7.4.1 Setting up a hypothesis test

A hypothesis test uses sample data to assess a claim about a population parameter. We state a null
hypothesis H|, (the assumed/status-quo value) and an alternative hypothesis H,; (what we test for),
choose a significance level (e.g. 5%, 1%), compute a test statistic from the sample, and compare it
with a critical value. A one-tail test is used when H, specifies a direction (1 < p, or u > p); a
two-tail test is used when H, merely states 1 #+ u,, splitting the significance level equally between
both tails.
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Wording in the question determines the tail: phrases like "has increased”, "is greater than”, "is
more effective” point to a one-tail test in a specific direction, while "has changed” or "is different
from” point to a two-tail test. There are two equivalent ways to reach a conclusion: (1) compare
the test statistic with the critical value (the critical region method used throughout this chapter), or
(2) compute the probability of a result at least as extreme as the one observed, and compare that
probability directly with the significance level (the method used naturally for a Poisson mean below).
Both methods always give the same decision.

Standard method for any hypothesis test: (1) state H, and H; in terms of the population pa-
rameter; (2) state the significance level and whether the test is one-tail or two-tail; (3) calculate
the test statistic (or the relevant probability) from the sample data; (4) compare with the criti-
cal value (or with the significance level); (5) state the conclusion in the context of the original
question, avoiding the word "prove”.

7.4.2 Testing a population mean

When ¢ is known, the test statistic for a population mean, based on a sample of size n, is z = z /_\/Mf
g n
When o is unknown but n is large, the CLT justifies the same statistic with o replaced by the unbiased

T — Ho
S n
critical value(s)); otherwise there is insufficient evidence to reject H,,.

sample estimate s: z = . Reject H,, if the test statistic falls in the critical region (beyond the

Common critical z-values: one-tail 5% — 1.645, one-tail 1% — 2.326; two-tail 5% — +1.960,
two-tail 1% — +2.576.

Vi du mau - Worked example

Bottles claim mean volume 500ml, o = 8ml. A sample of 40 has z = 497ml. Test at 5% (one-tail)

whether bottles are under-filled.

497 — 500 -3
Hy: =500 H, : n <500 z= = = —2.372. Critical value (5%, one-tail
0 H 1K & 8/v/40 1.2649 (6% )

= —1.645. Since —2.372 < —1.645, reject H,,: significant evidence of under-filling.

Vi du miu - Worked example

A large company claims the mean commute time for its employees is 75 minutes. A random
sample of 80 employees gives £ = 76.8 minutes and an unbiased estimate of the population
variance s? = 144 minutes?. Test at the 5% significance level whether the mean commute time
differs from 75 minutes.

Hy : p =75 H, : p #+ 75 (two-tail, since "differs from” gives no direction). s = V144 = 12.

76.8 — 75 1.8

= = 1.342 (4 s.f.). Critical value (5%, two-tail) = +1.960. Since [1.342| <
12/V30  1.3416 (4 s.f) (5% ) == |1.342]
1.960, do not reject H,: there is insufficient evidence at the 5% level that the mean commute

time differs from 75 minutes.

(!) Léi thueng gap: "Reject H,” does not prove H, true — it means the sample evidence is
unlikely under H, at the stated significance level. Always match the critical value to a one-tail
or two-tail test as appropriate, and state the conclusion in context.
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7.4.3 Testing a Poisson mean

When testing a claimed Poisson mean ), (rather than a large-sample normal mean), the test statistic

is not a z-value: instead, the Poisson probability of the observed count (or a more extreme count)
—AO)\:U
is calculated directly from P(X = z) = c ' 0 and compared with the significance level. Since a
xX.
Poisson count is discrete, an exact critical region cannot always be chosen to give exactly 5% (or 1%)
in the tail; the convention is to reject H, whenever the calculated tail probability is less than the

significance level.

Vi du mau - Worked example

A website historically receives complaints at a mean rate of 6 per week, modelled as Po(6).
After a site redesign, one week produces only 1 complaint. Test at the 5% significance level
whether the mean complaint rate has decreased.

Hy:X=6,H : A\ <6. Under Hy: P(X < 1) = P(0)+ P(1) = e 5(14+6) = 7e ¢ =
7(0.0024788) = 0.01735. Since 0.01735 < 0.05, reject H,: significant evidence at 5% that the
complaint rate has decreased.

GIAI THICH TIENG VIET

V6i tham s6 Poisson )\, ta khéng chuan héa vé z nhu véi trung binh mau 16n — thay vao dé
tinh truc ti€p xac suat Poisson cua gia tri quan sat dugc (hodc cuc doan hon) dudi H,, réi so
v@i mirc y nghia. Vi X 13 bién roi rac, xac suat thuc té cda viéc bac bo H, dung thuong nho
hon mdrc y nghia danh nghia (vi du 5%) — day 13 diém khac biét quan trong so vd&i ki€ém dinh z
lién tuc.

7.4.4 Critical regions, critical values and Type | error

The critical region is the set of values of the test statistic (or of z, or of the Poisson count) for which
H, is rejected; its boundary is the critical value. A Type | error occurs when H, is rejected even
though it is actually true; for a continuous test statistic, the probability of a Type | error is exactly
the chosen significance level. For completeness: a Type Il error is the opposite mistake — failing to
reject H, when it is in fact false. Unlike the Type | error rate, the probability of a Type Il error is not
fixed by the significance level alone; it depends on the true (unknown) value of the parameter and
on the sample size.

Vi du mau - Worked example

A factory sets H, : p = 50 against H, : u # 50 (two-tail, 5%), with ¢ = 6 known and n = 36.
Find the critical region for z, and state the probability of a Type | error.

o/v/n = 6/6 = 1. Critical z = £1.960, so the critical region is z < 50 — 1.960(1) = 48.04 or
x > 50+ 1.960(1) = 51.96. P(Type | error) = significance level = 0.05, by construction of the
test.

7.4.5 Testing a population proportion
To test a claimed population proportion p, using a large sample of size n with = observed successes,
compute p =  and use the test statistic

n

b — Do
Po(lfpo)
n
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noting that the standard error under H,, uses the claimed value p, (not the sample estimate p), since
the test assumes H,, is true throughout. The decision rule is exactly as for a test of a mean: compare
z with the appropriate one-tail or two-tail critical value.

b — Doy

Test statistic for a population proportion: 2 = —————
po(1 —pg)/n

, compared with the usual critical

z-values.

Vi du miu - Worked example

A company claims that 40% of its customers are aged under 30. In a random sample of 100
customers, 52 are found to be under 30. Test at the 5% significance level (one-tail) whether the
true proportion is greater than claimed.

~ 52 0.52—-04 0.12 0.12
Hy:p=04,H,:p>04. p = 100 = 0.52. z = \/0.4(0.6)/100 = /00021 0.04899
2.449. Critical value (5%, one-tail) = 1.645. Since 2.449 > 1.645, reject H,: significant evidence
at 5% that the true proportion of customers under 30 is greater than 40%.

Parameter Test statistic Notes
tested
T .
Mean, o known z= exact for any n if popu-
_J/\/ﬁ lation normal
Mean, o un- z= T~ o s is the unbiased sample
known, n large s/vn estimate; relies on the
CLT

Poissonmean A compare P(X < ) or no z-value; exact dis-
P(X > =x) under H, di- crete probability

rectly with «
Proportion p, n z= __P7B standard error uses
large po(1 —po)/n claimed p,, not p

Summary of the four hypothesis-test statistics required for Paper 6, and when each applies.

Bai tap luyén tap

A factory claims that 10% of its output is Grade A. In a random sample of 80 items, 4 are Grade
A. Test at the 5% significance level (one-tail) whether the true proportion of Grade A items is
less than claimed.

Lai giai chi tiét

4 0.05 0.1 0.05 0.05
Hy:p=01H, :p<01l.p=— =0.05 z= = = =
0P Lep P~ %0 0.1(0.0)/80  +0.001125  0.03354

—1.491. Critical value (5%, one-tail) = —1.645. Since —1.491 > —1.645 (not beyond the critical
value), do not reject H: insufficient evidence at 5% that the true proportion of Grade A items
is less than 10%.
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Bai tap luyén tap

Steel rods have historical mean 25cm, o = 0.5cm. A sample of 50 gives z = 25.15cm. Test at
1% (two-tail) whether the mean has changed.

Loi giai chi tiét
25.15—25  0.15

: 25. z = =

o 0.5/v/50  0.0707
= 42.576. Since |2.121] < 2.576, do not reject H,,: no significant evidence at 1% that the mean
has changed.

H, : p = 25, = 2.121. Critical value (1%, two-tail)

=

|
DO
>
S

Bai tap luyén tap

A shop assumes complaints arrive at mean rate 4/week (Po(4)). One week, 9 complaints occur.
Test at 5% (one-tail) whether the mean rate has increased.

Loi giai chi tiét

Hy:A=4,H, : \>4. Under Hy;: P(X >9) =1— P(X < 8) =1—0.9786 = 0.0214. Since
0.0214 < 0.05, reject H,: significant evidence at 5% that the complaint rate has increased.

Bai tap luyén tap

Bolts have historical mean length 10cm, o = 0.2cm. A sample of 36 gives £ = 9.94cm. Test at
5% (one-tail) whether the mean length has decreased.

Loi giai chi tiét

9.94 — 10 —0.06
H, : = 10, H, : < 10. = = = —1.8. Ciritical value (5%, one-
o Lo “ 7 02/v36 003333 (5%

tail) = —1.645. Since —1.8 < —1.645, reject H,: significant evidence the mean length has
decreased.

Bai tap luyén tap

o = 4 known, n = 25, & = 52. Test H, : u = 50 against H, : u # 50 at 5%. Find the test
statistic and conclusion.

(A) z = 2.5, reject H, (C) z=0.4, reject H,
(B) =z = 2.5, do not reject H, (D) z = 1.25, reject H,

Lai giai chi tiét

52 — 50 2
Z = = — = 2.5. Critical value (5%, two-tail) = +1.960. Since 2.5 > 1.960, reject H,,.
4/ o 08 (5% ) ] 0
(A).

Bai tap luyén tap

Accidents on a stretch of road have historically followed Po(3) per month. After a speed cam-
era is installed, one month records 0 accidents. Test at 5% (one-tail) whether the mean rate
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has decreased.

Loi giai chi tiét

Hy:A=3,H, : \<3. P(X =0)=e3 =0.0498. Since 0.0498 < 0.05, reject H, (marginally):
significant evidence at 5% that the accident rate has decreased.

Bai tap luyén tap

The probability of a Type | error in a hypothesis test is:
(A) the significance level of the test (C) the probability that H, is true
(B) the probability that H,, is true (D) always 0.5

Loi giai chi tiet

-

By definition, a Type | error is rejecting a true H,,; for a continuous test statistic its probability
equals the chosen significance level. (A).

Bai tap luyén tap

For a one-tail test at the 1% significance level (upper tail), the critical value of z is:

(A) 2.326 (C) 2.576
(B) 1.645 (D) 1.960

Loi giai chi tiet

-

The upper 1% tail of N(0, 1) begins at z = 2.326. (A).

Bai tap luyén tap

A random sample of 90 delivery times has £ = 38.4min and unbiased variance estimate s = 49.
Test at 1% (two-tail) whether the mean delivery time differs from the target of 40 minutes.

Loi giai chi tiet

384—-40 1.6
= = = —2.17. Critical value (1%, two-tail
7/4/90 0.7379 1% )
= 42.576. Since | — 2.17| < 2.576, do not reject H,: no significant evidence at 1% that the

mean delivery time differs from 40 minutes.

Hy:p=40,H; : p#40.s=7. 2

Bai tap luyén tap

The historical mean waiting time at a clinic is 12 minutes, with o = 3 minutes known. A random
sample of 45 patients gives z = 13.1 minutes. Test at 5% (one-tail) whether the mean waiting
time has increased.
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Loi giai chi tiét
13.1-12 1.1

3/V45  0.4472
= 1.645. Since 2.460 > 1.645, reject H,: significant evidence at 5% that the mean waiting time

has increased.

Hy:p=12, H : p > 12. z = = 2.460. Critical value (5%, one-tail)

Bai tap luyén tap

A random sample of 64 items gives z = 51.5 and unbiased variance estimate s> = 36. Test
H, : =50 against H, : u # 50 at 5%. Find the test statistic and conclusion.

(A) z = 2.0, reject H, (C) z = 1.5, reject H,,
(B) 2z = 2.0, do not reject H, (D) z =0.75, do not reject H,,

Loi giai chi tiét
_515-50 15

s=06.z= =
6/v/64  0.75
reject H,. (A).

= 2.0. Critical value (5%, two-tail) = +1.960. Since 2.0 > 1.960,

Bai tap luyén tap

A hospital’'s emergency admissions historically follow Po(5) per night. One night, 8 admissions
occur. Test at 5% (one-tail) whether the mean admission rate has increased.

Loi giai chi tiét

Hy:\=5H,:A>5 Under H;: P(X >8)=1—P(X <7)=1-—0.8666 = 0.1334. Since
0.1334 > 0.05, do not reject H,: there is insufficient evidence at 5% that the admission rate
has increased.

7.5 Continuous random variables

7.5.1 Probability density functions
A continuous random variable X has a probability density function (pdf) f(x) satisfying f(z) > 0

for all = and /f(m) dz = 1 over the range of X. Probabilities correspond to areas: P(a < X <

b
b) = / f(z) dx. Because a single point has zero width, P(X = a) = 0 for any particular value a, so

P(X <a)=P(X < a).

Outside the stated range of X, f(x) = 0 — this must always be included (implicitly or explicitly)
when integrating over "all ", otherwise the region of integration is unclear. The pdf can be thought
of as the limiting shape of a relative-frequency histogram as the class width shrinks to zero and the
sample size grows to infinity: taller regions of the curve correspond to values of X that occur more
densely.

Vi du miu - Worked example

X has pdf f(z) = kx(4 —),0 < o < 4. Find k, then P(X > 3), E(X), E(X?) and Var(X).
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4
B(X?) = 32/ (423 — 2¥)dx = 3%[954 - ﬁ] = 3 (256 — 102) = 3 (51.2) = 4.8. Var(X) =

5

0
E(X?) — [E(X)]? = 4.8 —4 = 0.8. Since f(z) = f(4 — x), the pdf is symmetric about = = 2:
the mode, median and mean all equal 2.

f(z)

0.4+

0.2 |

P(X>3\

1 2 3 4
pdf f(z) = <5 x(4 — z); shaded region is P(X > 3) = %
. GIAI THICH TIENG VIET
Véi bién ngiu nhién lién tuc, xac sut tai mot di€m luén bang 0 (P(X = a) = 0); chi c6 xac

suat trén mot khoang méi cé nghia, tinh bang tich phan cta f(z). F(X) va Var(X) dugc tinh
bang tich phan giéng nhu Y~ 2 P(X = 2) & bién rdi rac, chi thay téng bang tich phan.

7.5.2 The cumulative distribution function

The cumulative distribution function (cdf) is F'(z) = P(X < x) / f(t)dt. It is non-decreasing,

with F'(z) = 0 below the range of X and F'(z) = 1 aboveit; dlfferentlatmg recovers the pdf: F’(z) =
f(z). The cdf gives a fast way to compute probabilities: P(a < X < b) = F(b) — F(a).

Once F(x) has been found, it becomes the standard tool for locating the median and quartiles
(solve F'(x) = 0.5, 0.25, 0.75 respectively) without repeating the integration each time — this is the
main practical reason for finding the cdf explicitly rather than always integrating the pdf from scratch.

7.5.3 Expectation and variance by integration

E(X) = /xf(x) dr and E(X?) = /x2f(:c) dx, so Var(X) = E(X?) — [E(X)]? exactly as for

discrete variables but with integration replacing summation. Because these are still defined via the
general expectation operator E(-), the linear combination rules from Section 2 — E(aX + b) =
aE(X)+band Var(aX +b) = a?Var(X) — apply unchanged to continuous random variables as well.

Vi du miu - Worked example

Using the distribution f(z) = Sx(4—x),0 < x < 4, from the earlier example (where E(X) = 2
and Var(X) = 0.8), find E(5X — 3) and Var(5X — 3).
By the linear combination rules, which apply unchanged to continuous random variables:
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E(X —3)=5(2) —3="7.Var(5X — 3) = 52(0.8) = 25(0.8) = 20.

Discrete Continuous
Distribution given P(X =x) f(z), with f(z) >0
by
Total probability SP(X=1z)=1 [ flz)dx =1
E(X) Y xP(X =x) Jxf(z)dx
P(X =a) canbe >0 always = 0

Comparing the discrete and continuous frameworks: sums become integrals, but the underlying ideas (total probability
= 1, expectation as a weighted average) are identical.

7.5.4 Median, quartiles and mode

The median m satisfies F'(m) = 0.5, i.e. it splits the area under f(z) into two equal halves. The lower
quartile (), satisfies F'(Q,) = 0.25 and the upper quartile Q)5 satisfies F'(Q3) = 0.75. The mode is the
value of = where f(z) is greatest; for a pdf that is monotonic (always increasing or always decreasing)
on its domain, the mode occurs at an endpoint of the range rather than at a turning point.

As with discrete data, the interquartile range IQR = Q5 — ), measures the spread of the middle
50% of the distribution, and is found the same way here: solve F(z) = 0.25 and F(z) = 0.75 and
subtract. When a pdf has an interior turning point, the mode is found by differentiating f(z), setting
f/(x) = 0, and checking it gives a maximum (as in the symmetric parabola example above, where the
mode coincided with the mean by symmetry).

Vi du mau - Worked example

X has pdf f(x) = % 2,0 < x < 2. (a) Verify f is a valid pdf and find F'(z). (b) Find the median,
the quartiles, and P(X > 1). (c) State the mode.
2

2
(a)/ S22dw = %[%3]0 = g-% = 1,and f(x) > 0on [0,2], so f is a valid pdf. F(z) =
0

/ St2dt = % for 0 < z < 2 (check: F(2) = § = 1). (b) Median: %3 =05=>m3=4=
0

m = /4 = 1.587. Lower quartile: Q—? =025=Q=2=Q, = /2 = 1.260. Upper quartile:

CH —075:>Q3—6:>Q3— f_ 1817. P(X > 1) =1—F(1) =1 -1 =T = 0.875.
(c) fx) = :r is strictly increasing on [0, 2], so the greatest density occurs at the right-hand
endpoint: the mode is z = 2.

f(x) F(x)
1.5 1 1l
1 i
0.5
0.5 |
t t t X f t t t x
0.5 1 1.5 > 0.5 1 1.5 2

The pdf f(x) = %xQ (left) and its cdf F'(z) = % (right), 0 < = < 2: F'is the running area under f, rising from O to 1.
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- GIAI THICH TIENG VIET
Trung vi (median) chia dién tich dudi dudng cong pdf thanh hai phan bang nhau: F(m) = 0.5.
T phan vi dudi/trén tng voi F(Q,) = 0.25 va F(Q3) = 0.75. Mot (mode) la diém f(z) dat gia
tri I6n nhat — néu f(z) don diéu tang hoic giam trén toan mién, mét nam & dau mat cta mién
xac dinh, khéng phai & diém cuc tri bén trong.

Vi du mau - Worked example

X has probability density function f(z) =
(a) Verify that f is a valid pdf. (b) Find P(—

the mode.
1

@ [ 30-adr=3fr-%] =30-H-(1+5)] = §(3) = Land f@) 2 00n
—1 -
0.5

%(1—x2)dx =

3(1—2?) for—1 <z < 1(and f(z) = 0 otherwise).
0.5 < X < 0.5). (c) Find F(X) and Var(X). (d) State

[—1,1], so f is a valid pdf. (b) By symmetry, P(—0.5 < X < 0.5) =

S—

0.5
g[x - %3]0 = 3(0.5— 0.0417) = 3(0.4583) = 0.6875. (c) Since f(z) = f(—z) is an even

1 1
function, zf(x) is odd, so E(X) = / xf(z)dr = 0. 2/ 2?31 — 2?)de =
1 0
1
g/ (22—at)dz =3 (53— 1) =3(&)=4%=02Var(X) = B(X?)—[E(X)]*=0.2-0=0.2.
0
d) f(z) = —%:c =0=z=0,and f"(z) = —% < 0 confirms a maximum: the mode is z = 0,

consistent with the symmetry of f about z = 0.

- GIAI THICH TIENG VIET
Ham mat do f(z) = %(1 — 22) trén [—1,1] 13 mét pdf déi xirng qua = = 0 (dang parabol
Up nguoc), khac han hai vi du pdf truéc doé (don diéu hoic parabol trén mién duong). Vi
f(z) = f(—=) (ham chan), nén E(X) = 0 ngay lap tirc nha tinh d6i xirng — khdng can tinh tich
phan [ zf(z)dxz mot cach "vat va”, vi tich ctia mot ham chan (f(z)) véi mot ham 1€ (z) luén 13
ham [&, va tich phan cta ham 1 trén mot mién déi xirng ludn bang 0.

Bai tap luyén tap
Y has pdf f(y) = 1y, 0 < y < 4. Find the median of Y.

(A) 2v/2 ~ 2.83 (C) 3
(B) 2 (D) 2.5

Loi giai chi tiét

;
.
o
>\

m
/ Ydy =" =0.5=m?=8=m=2V2~ 283. (A).
0

Bai tap luyén tap

X has pdf f(z) = kx?,0 < 2 < 3. Find k.

(A)
(B)

Q) 5
(D) 3

Wl O~
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Loi giai chi tiét
3 3
1

S—
Pyl
S
[\&)
QL
8
Il
Pyl
o,

Bai tap luyén tap

Using f(z) = $22, 0 < 2 < 3 (from the previous question), find P(1 < X < 2).

Loi giai chi tiet

-

Bai tap luyén tap

Using f(z) = 522, 0 < z < 3, find the cdf F(z) and use it to find P(X > 2).

Loi giai chi tiét

-

HI

w

1,2
14

T
—
8
S~—
Il
QU
~
Il
wli%

3
&)
IN
8
IN
&9

3
<
V

&

Il
—_
|
T

—
[\

S~—

I
—
|

e

Il
l\)l»a
N{1%)
%
(@]
\]
(e}
g

(=)

' Bai tap luyén tap

Using f(z) = $22,0 <z < 3, find E(X).

(A) 2.25 (C) 2
(B) 1.5 (D) 3

Loi giai chi tiét

-

3
=51 =225 (A)

>
P
a
Il
S—0
w
8
Ol
8
[}
IS
8
I
Ol
INEN

Bai tap luyén tap

State the mode of X with pdf f(z) = %xQ, 0 < z < 3, justifying your answer.

Loi giai chi tiét

flz) = %xQ is strictly increasing on [0, 3] (it has no interior turning point), so its greatest value
on the domain occurs at the right-hand endpoint: the mode is + = 3.

Bai tap luyén tap

Using F'(z) = ’2”—; 0 <z < 3, find the lower quartile Q.
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Loi giai chi tiét

F(Q,)=025=Q3=6.75=Q, = v6.75 ~ 1.89.

Bai tap luyén tap
Y has pdf f(y) = k(2 —y),0 <y < 2. Find k, and hence find P(Y > 1).

Loi giai chi tiet

[

0.5 [Qy -

-

2

% 2
k(2y)dy:k:[2y%]Ozk(él2):2k:1:>k::0.5.P(Y>1):/ 0.5(2—y)dy =
1

2

]j — 0.5[(4— 2) — (2 — 0.5)] = 0.5(0.5) = 0.25.

2

w“’:

Bai tap luyén tap

X has pdf f(z) = kz, 0 <2 < 5. Find k.

(A) 0.08 (C) 0.2
(B) 0.04 (D) 0.4

Loi giai chi tiet

5 5
/kxdx:k{ﬂﬂ;] — 2k — 125k =1 = k = 0.08. (A).
0 0

On nhanh truéc ngay thi: (1) luon kiém tra A/domain trudc khi két ludn nghiém; (2)
Rsin /cos(f + «) gidi nhanh acosf + bsind = c¢; (3) vector: cosf = ;“;, dudng thang
chéo nhau khi hé vé nghiém; (4) DE tach bién = mé hinh mi y = y,e*; (5) Co hoc: vé so
do luc, dung F = ma theo tirng phuong; (6) chuan héa trude khi tra ®(2); (7) Poisson: \ doi
theo ti I& khodng thoi gian, téng cac bién Poisson ddc 1ap van la Poisson; (8) t6 hop tuyén tinh:
E(aX+bY) = aE(X)+bE(Y) luén ding, con Var(aX +bY) = a?Var(X) +b2Var(Y') chi ding
khi X,Y déc lap (lubn cdng phuong sai, k& ca khi 13y hiéu); (9) 13y miu & udc lugng: © uéc
lugng , s* = 15 3 (z — 2)? wdc lugng khong chéch o2, CLT cho X ~ N(u,o?/n) khin l6n,
khoang tin cdy = + z - 0//n (hodc s néu o chua biét); (10) kiém dinh luén néu ré H,, H,, dung
dang z mét/hai dudi, va két luan theo nglr canh dé bai.
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