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Loi mé dau - Foreword
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— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
b6 néi dung duoc bién soan bai doi ngl Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co | gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.
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Doi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky su’ Amazon) - TS Nguyén Phudc Trudng (Toan, DH
Klagenfurt) - cing doi ngli gidng vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
Microeconomics) - IB 90/100 (Economics) - Duolingo 110 - PTE 90 - TOEFL 120. Bang vang SAT:
Khanh Bang 1510 - Thao Nguyén 1520 - Tam Anh 1530.

“Cudi cung da ddu vao trudng top nhu mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: méi Unit gdm (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 161 giai; (3) Hé théng bai tap kém 16 giai chi tiét. Hay tu lam bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 1

Limits and Continuity

Muc tiéu Unit: Hi€u khai niém gigi han (limit) mot cach truc quan va qua ki hiéu hinh thirc; wéc luong
gidi han tir d6 thi va bang gia tri; tinh gidi han bang cac dinh ly gii han (limit laws) va cac ky thuat dai sé
(phan tich nhan ttr, nhan lién hop, quy déong mau, xét ham tirng khic); nam hai gidi han luong giac dac
biét va Dinh ly Kep (Squeeze Theorem); phan loai cac dang gian doan (khir duoc, nhay, vo cuc) va phat
biéu dinh nghia lién tuc tai mét diém cling nhu trén mét khodng; xr ly gidi han vo cuc, tiém can ding,
tiém can ngang (k€ ca véi ham ma); va ap dung Dinh ly Gi tri Trung gian (Intermediate Value Theorem)
dé chirng minh su tén tai ctia nghiém ho3c ctia mot gia tri ham sé.

1.1 From Average Rate of Change to the Idea of a Limit

Calculus begins with a single question that algebra cannot answer on its own: how fast is a quantity
changing at a single instant? Algebra is very good at describing change over an interval — given two
data points, it readily produces a single average rate — but a single instant is not an interval at all, so no
ordinary algebraic ratio can be built from it directly. Every major idea in the chapters ahead, from the
derivative (an instantaneous rate of change) to the definite integral (an instantaneous accumulation,
built from infinitely many infinitesimally thin pieces), is constructed by taking exactly this kind of
limiting process and making it precise; understanding limits thoroughly here is what makes those
later constructions possible. If a car’s position at time ¢ (in seconds) is s(t) = t2 + 2t (in meters), the
average rate of change of s over an interval [q, 0] is the slope of the secant line joining (a, s(a)) and

(b, 5(b)):

s(b) — s(a)
b—a
This number is easy to compute and tells us the car’s average velocity over the whole interval, but
it says nothing about how fast the car was moving at one particular moment, say ¢ = 1. To isolate
the behavior at a single instant, we shrink the interval down: instead of [1, 4], consider [1,1 + h] for
smaller and smaller values of h, and ask what the average rate of change over [1, 1 + h] approaches
as h shrinks toward 0 (without ever letting h actually equal 0, since the interval [1, 1] has zero width
and the ratio w is undefined at h = 0). The value this ratio approaches — not the value it
takes on at h = 0, which does not even exist — is called a limit, and it is the central object of study
of this entire chapter.

average rate of change on [a, b] =

Vi du miu - Average vs. instantaneous velocity

A car'’s position is s(t) = 2 + 2t meters, t in seconds. (a) Find the average velocity on [1, 4]. (b)
Estimate the instantaneous velocity at ¢ = 1 by computing the average velocity on [1,1 + h]
and examining what happens as h — 0.

(@) s(4)=16+8=24and s(1) =1+2=3,s0

s(4)—s(1)  24—3 21
-1~ 3 —3—7m/s.

(b) Compute the difference quotient on [1,1 + Aj:
s(1+h)=(1+h)?2+2(14+h)=1+2h+h?>+2+2h =3+ 4h + h?,

average velocity =
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SO
1+h)—s(1 4h + h?) — 4h + h?
s(—i—})l S():(3—|— —}il- ) 3: Z _44h (h£0).

As h is taken closer and closer to 0 (from either side), the expression 4+ h gets closer and closer
to 4. We say the limit of the average velocity, as h — 0, is 4 — and this is exactly what we mean
by the instantaneous velocity at ¢t = 1: 4 m/s. Notice that the average velocity over the much
longer interval [1, 4], at 7 m/s, is a completely different number from the instantaneous velocity
at the single instant ¢t = 1.

- GIAI THICH TIENG VIET
T6c do thay doi trung binh (average rate of change) trén mét doan [a, b] chi la d6 déc cua dudng
thang ndi hai diém dau-cudi — tinh duoc ngay bang dai s6. Nhung téc do thay déi tirc thoi
(instantaneous) tai mot di€ém duy nhat doi hoi ta thu hep doan [a, b] lai thanh mét doan cuc
ngan quanh diém d6 réi xem ti s6 thay d6i tién téi gia tri ndo — day chinh 13 khai niém gidi
han (limit). D3y 13 y twdng nén tang sé tra lai trong Chuong sau khi ta dinh nghia dao ham
(derivative) chinh la gidi han nay.

1.2 Defining Limits and One-Sided Limits

1.2.1 The intuitive meaning of a limit

We write

lim f(x) =L

r—c
to mean: as x takes values closer and closer to ¢ (from either side, but always with = #+ c¢), the
corresponding outputs f(x) get closer and closer to the single number L. Read this as “the limit of
f(z), as x approaches ¢, is L.”

Approach, not arrival

A limit describes what f(z) is heading toward as 2 approaches ¢ — it makes no claim what-
soever about the actual value f(c). Three situations can occur, and all three are perfectly
compatible with lim,_,. f(z) = L: f(c) = L (the ordinary case); f(c) equals some other num-
ber entirely; or f(c) is not defined at all. The limit only cares about values of x near ¢, never
about z = c itself.

GIAI THICH TIENG VIET

i6i han mo ta gia tri ma f(x) tién téi khi x ti€n rat gan ¢ — hoan toan khong lién quan dén
gia tri that cta f(c). C6 ba kha nang déu tuong thich véilim, .. f(x) = L: f(c) = L (truong
hop thudng gap); f(c) bang mot s6 khac; hodc f(c) khéng xac dinh. Hoc sinh mai hoc thudng
nham Ian "tinh gidi han” véi "tinh gia tri ham s&” — day 1a hai viéc khac nhau.

1.2.2 One-sided limits
Sometimes it matters from which side x approaches c. The left-hand limit, written lim f(x), only
r—c—
considers values of z less than c approaching c; the right-hand limit, written Iim+ f(x), only considers
xr—c

values of x greater than c approaching c¢. The two-sided limit exists precisely when both one-sided
limits exist and agree.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 10
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;L'anﬂx) =L < acILrTc]* f(z) = $I|_>rrc\+ f(z)=L.
If the two one-sided limits are unequal, or if either one fails to exist (e.g., is infinite), the two-
sided limit lim f(z) does not exist (abbreviated DNE).

xr—c

GIAI THICH TIENG VIET
%ic’ri han tréi lim,_, .- f(x) chi xét z ti€n t&i ¢ tr phia nhé hon ¢; gidi han phai lim,,_, .. f(x) chi
xét x tién tdi c tir phia I&n hon c. Gigi han hai phia chi ton tai khi va chi khi hai gigi han mét
phia ciing ton tai va bang nhau. Day 13 céng cu chu dao dé xét gidi han cla ham tirng khic
(piecewise) va dé xét gian doan ki€u "nhay” (jump discontinuity) & phan sau chuong nay.

() Li thuong gap: "f(c) khéng xac dinh” va ”QICiLnc f(z) khéng ton tai” 1a hai diéu hoan toan
khac nhau, du hoc sinh rat hay gdp chung. Mét ham s6 cé thé khéng xac dinh tai ¢ (vi du cé
mot "6 héng” trén d6 thi) nhung gidi han tai ¢ van tén tai va hiru han — day chinh 13 ban chat
cla gian doan khtr duoc (removable discontinuity), trinh bay chi tiét & phan sau. Nguoc lai,
f(c) c6 thé xac dinh rd rang nhung gidi han tai ¢ van khong ton tai (vi du gian doan kiéu nhay).
Ludn ki€m tra hai cadu hoi nay mét cach déc lap.

1.3 Estimating Limits Graphically and Numerically

1.3.1 Reading limits from a graph

On a graph, lim f(z) is the height the curve is heading toward as you trace it from the left and from
Tr—c

the right toward x = ¢ — completely independent of whether the graph shows an open circle, a filled
dot, or nothing at all plotted directly above x = c. To read a one-sided limit, trace the curve from
only one direction.

|

-1 1 2 3 4

1 1
flx) = N ++’4 v i x Tracing from the left, the curve heads toward the open circle at height 2: lim__,; - f(z) = 2.
—x , T >
Tracing from the right, the curve heads toward the filled dot at height 3: lim__;+ f(x) = 3. Since 2 # 3, lim,_; f(x)

does not exist, even though f(1) = 3 is perfectly well defined.

- GIAI THICH TIENG VIET
Trén do6 thi, gidi han tai z = ¢ chinh 13 d6 cao ma dudng cong dang hudng tai khi ta "di doc”
theo dudng cong tir trai va tir phai vé phia z = ¢ — hoan toan khéng quan tam diém do vé
b3ng vong tron réng, cham dic, hay khéng vé gi ca. Trong hinh trén, gidi han trai 13 2 (vong
tron réng), giGi han phai 1a 3 (chdm dic, cling chinh 12 f(1)); vi hai gi¢i han mot phia khac nhau
nén gidi han hai phia khdng tén tai.
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1.3.2 Estimating limits from a table of values

Another way to estimate a limit is to build a table of f(x) for values of x that get closer and closer to
¢ from both sides, and observe the pattern the outputs follow. This numerical approach is especially
useful when a formula is hard to simplify by hand, or as a way to check an algebraic answer.

Vi du mAau - Estimating a limit numerically

x2—1

1 using a table of values.

Estimate lim
x—1 1 —

T 0.9 099 0999 1.001 1.01
f(z)y 1.9 199 1999 2.001 2.01

As x approaches 1 from either side, f(x) appears to approach 2. This matches the algebraic

computation: for = # 1, ~ _ @-D=+1)

=g+ 1l,andz+1 = 2aszxz — 1. So

r—1 r—1
2
. -1 .. . . .
I|m1 x = 2, even though the original expression is the indeterminate form % atz =1
x—1 T —
itself.

GIAI THICH TIENG VIET
Bang gia tri 1a cdng cu truc quan dé udc luwgng gidi han: cho x tién gan ¢ tir ca hai phia bang
nhirng gia tri cu thé (vi du 0.9, 0.99, 0.999, ...) va quan sat f(z) tién vé dau. Day chila phuong
phap udc luwgng, khong phai chirng minh chit ché — muén khang dinh chic chan gia tri gidi
han, ta van can ky thuat dai s6 (Muc tiép theo) hodc phép thé truc tiép.

1.4 Determining Limits Using Algebraic Properties of Limits

When both lim f(z) = L and lim g(z) = M exist (as finite numbers), limits interact predictably with
Tr—c xr—c

the basic algebraic operations. These limit laws let us break a complicated limit into simpler pieces.

B The limit laws

Suppose lim f(z) = L and lim g(z) = M, and k is a constant. Then:
T—cC r—c

e Sum: ngIan [f(z) +g(x)] =L+ M

Difference: llinm [f(z)—g(z)]=L—M

Constant multiple: lim [k f(z)] = kL

r—cC

Product: ;L'Tc [f(z)g(x)] = LM

f(z)

. . L .
Quotient: lim = —, provided M + 0
a—c g(z) M

Power: |lim [f(:z;)]n = L™ for any positive integer n (and more generally for rational powers
r—c
LP/1, whenever LP/? is defined)

A direct and enormously useful consequence of the limit laws is that for a function built entirely
out of sums, differences, products, quotients, and powers of simpler continuous pieces — polyno-
mials, root functions, sine and cosine, exponentials, logarithms — the limit at any point ¢ inside the
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function’s domain can be found by direct substitution:

lim f(z) = f(c) whenever f is continuous at c.

r—c

This is by far the fastest technique and should always be tried first. It fails only when substitution
produces an undefined expression, such as division by zero.

Vi du miu - Applying the limit laws

Suppose Ier%p(x) = 4 and ILrn5 q(x) = 13. (a) Find IiLn5 [p(x)g(z)+5]. (b) Find lim /q(z) — p(z).

z—5
3420 —1 N
rher—l by direct substitution.

(c) Evaluate lim 5
T—2 x4+ 1

(a) By the product law, limp(z)q(z) = (4)(13) = 52; by the sum law, lim [p(z)g(z) + 5] =
592 4+ 5 = 57.
(b) By the difference law, lim [¢(z) — p(z)] = 13 — 4 = 9; by the power law (square root is the
power 1), lim \/q(z) — p(z) = V9 = 3.

3+ 22 —1
© —5———
= +1
nonzero; since 22 + 1 = 5 # 0, substitute z = 2 directly:

is a quotient of polynomials, continuous everywhere the denominator is

22+22) -1 84+4-—1 11

22 41 441 57

GIAI THICH TIENG VIET

ac dinh ly gidi han (limit laws) cho phép "tach” mét gidi han phirc tap thanh cac gidi han don
gian hon: gii han cua téng bang téng cac gidi han, gidi han cla tich bang tich cac gisi han,
V.v. — mién la cac gi6i han thanh phan déu ton tai (va v&i phép chia, mau s6 khéng tién veé 0).
Hé qua quan trong nhat: néu f lién tuc tai c (da thirc, ham can, ham lugng giac, ham mi/log
trong mién xac dinh), ta chi can thé truc ti€p « = ¢ vao — day ludn |3 buéc thir dau tién.

1.5 Determining Limits Using Algebraic Manipulation

Direct substitution fails whenever it produces an undefined expression — most commonly the inde-
terminate form %. This does not mean the limit is 0, and it does not mean the limit fails to exist; it
means the expression must first be rewritten in an equivalent form for which substitution does work.
The word “indeterminate” is precise: % alone tells us nothing about the eventual value of the limit,
since different functions that both produce % at a point can have completely different limits there (or
none at all) — the specific algebraic structure of the expression, not the symbol % itself, determines
the answer. Three algebraic techniques handle the overwhelming majority of such limits.

1.5.1 Factoring and canceling common factors

If both numerator and denominator share a common factor that vanishes at x = ¢, factor both and
cancel it. The resulting simplified expression agrees with the original everywhere except at x = ¢
itself — which is exactly what a limit needs, since it never looks at = = c.

Vi du mAu - Factoring and canceling

2 _
Evaluate lim x79
z—3 12 —Hr+6
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ENGLISH

Direct substitution gives %. Factor both numerator and denominator:

x2—9 z—3)(x+3 T +3
s oAy _chd Ly
?=5r+6 (r—-2)(x—3) =x-2
2 _
Now substitute x = 3 into the simplified form: %z%z& So li_%ﬁ:x%rﬁzﬁ

(!) LGi thuong gap: Théy 3 khi thé truc ti€p khéng c6 nghia la gigi han bang 0, va ciing khéng
c6 nghia la gigi han khong ton tai. 2 chila tin hiéu cho biét biéu thirc can dugc bién déi dai s6
trudc (phan tich nhan tlr, nhan lién hop, quy doéng, v.v.) trudce khi cé thé két luan duoc diéu gi.
Dlrng bao gio dirng lai va viét "gigi han = 0” ngay khi gap dang %.

1.5.2 Rationalizing using a conjugate
When a limit involves a square root and direct substitution gives %, multiply the numerator and

denominator by the conjugate of the radical expression. This uses the identity (v/A— B)(vV A+ B) =
A — B? to eliminate the square root from the piece that is causing the trouble.

Vi du mAau - Rationalizing with a conjugate

Evaluate lim @
z—0 €T
. . . . . . 4 2
Direct substitution gives 3. Multiply by the conjugate @;
Vo +4+2
Vi+td—2 Va+4d+2  (z+4)—4 . . o
: _ _ _ ) |
7 Vitd12 z(votd+2) a(Vatd+2) vridt2
1 11 i-2 1
Now substitute z = 0: = — . S0 lim @ _ 1

. GIAI THICH TIENG VIET

Khi gidi han cé chira can thirc va cho ra dang %, ta nhan ca tir va mau vaéi biéu thire lién hop
(conjugate) ctia phan chira can — dung hing dang thirc (VA — B)(V/A+ B) = A— B? dé "pha
can”. Sau khi nhan lién hop, nhan t&r gay ra 0 & mau (thudng 13 « — ¢) sé xuat hién & tir va cé
thé rat gon dugrc.

1.5.3 Combining fractions into a single expression

When a limit contains a difference or sum of fractions, combine them over a common denominator
first. This often reveals a common factor that can then be canceled, exactly as in the factoring
technique.

Vi du miu - Combining fractions

1 1
Evaluate lim £+2 2
x—0 x
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Combine the numerator over a common denominator:

1 1 2—(z+2)  —x

c+2 2 2@+2)  2x+2)

Now divide by = (equivalently, multiply by 1):

—T 1 —1
w19 7 2wry @7V
1 1
. —1 1 . B 1
Substitute z = 0: —— — ——. So lim £+t2 2 _ -~
2(2) 4 x—0 X 4

GIAI THICH TIENG VIET
Khi biéu thirc c6 chira hiéu hodc téng clia cac phan s6, hay quy déng mau sd truéc tién roi rat
gon tir s6. Sau budc quy dong, thudng sé xuat hién nhan tir chung véi miu s6 bén ngoai (&
day 13 x) dé c6 thé triét tiéu, dua biéu thirc vé dang thé truc tiép dugc.

1.5.4 Limits of piecewise-defined functions

For a piecewise-defined function, the limit at a point that lies strictly inside one piece’s domain
is found by direct substitution (or algebraic simplification) using that single piece. The limit at a
breakpoint — where the formula changes — must be found using one-sided limits, computing each
side with its own piece and then comparing.

Vi du mAu - A piecewise limit

Let f(z) — {‘7”2 LTS i im ).

3r—1, z>2 T2

Since the formula changes at x = 2, compute both one-sided limits separately, using the piece
valid on each side:

lim f(z)= lim (22 +1)=4+1=5, lim f(z)= lim 3z—1)=6—-1=5.

T2~ T2~ r—2+1 r—21

Both one-sided limits equal 5, so the two-sided limit exists: Iim2 f(z) = 5. (Since f(2) =
r—

3(2) — 1 = 5 also matches, f is in fact continuous at = = 2 — a property examined closely later
in this chapter.)

GIAI THICH TIENG VIET

V&i ham tirng khuc (piecewise), néu diém can xét gigi han ndm han bén trong mot nhanh, chi
can dung dung nhanh dé. Nhung néu diém doé 13 diém néi gitra hai nhanh (breakpoint), bat
budc phai tinh riéng biét gidi han trai (dung nhanh bén trai) va gidi han phai (dung nhanh bén
phai) r6i so sdnh — day la &rng dung truc ti€ép cta khai niém gidi han mét phia da hoc.

1.6 Selecting Procedures for More Complex Limits

Not every limit yields to a single technique; often the right move is to recognize the type of expression
in front of you and select — or combine — the appropriate tool.
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ENGLISH

A general strategy. (1) Try direct substitution first. (2) If it gives 8 and the expression involves
polynomials or rational functions, try factoring and canceling. (3) If it involves a square root,
try rationalizing with a conjugate. (4) If it involves a sum or difference of fractions, combine
them first. (5) If it involves trigonometric functions divided by z (or a multiple of z), look for the
special trigonometric limits below. (6) If none of these apply directly, look for a way to bound
the expression between two simpler functions with the same limit (the Squeeze Theorem, next
section).

1.6.1 The special trigonometric limits

Two limits involving trigonometric functions occur so frequently that they are worth memorizing
outright, since neither can be evaluated by direct substitution (both give %) nor by ordinary factoring:
sinx . l—cosz

lim — =1, lim —— =
z—0 X z—0 x

. . . . sin(0.1 0.09983 .
Both are believable numerically: taking z = 0.1 radians, 0(1 ) ~ 01 0.9983, and taking x =

in(0.01 . .. 1—cos(0.1 .004
0.01, smO(OO;)) ~ 0.99998 — clearly heading toward 1. Likewise C(;)i(o ) ~ 0 08 1996 = 0.04996,

and at z = 0.01 this ratio is about 0.00005 — clearly heading toward 0. Graphically, both y = %
and y = H% have a hole at z = 0 (since both are undefined there), but the curves approach the
heights 1 and 0 respectively as z — 0 from either side. Both facts can be proven rigorously with the
Squeeze Theorem, introduced in the next section; here we treat them as established tools.

GIAI THICH TIENG VIET
Hai gi6i han lugng gidc dac biét lim,_,, S22 = 1 va lim,_,, =52 — ( khéng th€ tinh bing thé
truc ti€p (déu cho 9) va ciing khong phan tich nhan tir dugc — can ghi nhé nhu cong cu c6
san. V& mat db thi, ca hai ham déu c6 "16 héng” tai = 0 nhung dudng cong van tién rd rang
vé cac d6 cao 1 va 0 tuong irng khi z — 0 tir hai phia; bang gia tri véi x = 0.1, 0.01, ... xac nhan
diéu nay bang s6.

1.6.2 Combining techniques
A limit involving trigonometric expressions often needs to be reshaped algebraically first — multiply-
ing by a strategic constant, or by a conjugate-like factor — before one of the special trigonometric
limits can be applied directly.

Vi du mAu - Special trigonometric limits, combined with algebra

. sin(4 . 1—cos
(a) Evaluate lim ( x). (b) Evaluate lim 733
z—0 €T z—0 xSINx

(a) Multiply and divide by 4 so the argument of sine matches the denominator:

sin(4x) _ 4. sin(4x) 4.1-4
T dr  x-0

(b) Multiply numerator and denominator by the conjugate-like factor (1 + cosz):

l—cosz 1+cosz 1—cos?x B sin’z _sinz 1
rsint 14+cosz zsinz(l4+cosz) asinxz(l+cosz) x 14+cosz
sin 1 1 1 1 1
Asz — 0: ¥ 5 1 and — = —. Sothe product - 1-- = —.
x 1+ cosx 141 2 2 2
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1.7 The Squeeze Theorem

Some limits cannot be evaluated directly by any algebraic simplification because the function os-
cillates or is otherwise too complicated to manipulate — yet it can be trapped, near the point in
question, between two simpler functions that share the same limit. The Squeeze Theorem (also
called the Sandwich Theorem) makes this idea precise.

Squeeze (Sandwich) Theorem. If g(x) < f(z) < h(x) for all z near c (except possibly at c itself),
and

1|,|£n>C g(x) = glﬁl_rpc h(z) =L,

then lim f(z) = L as well — f is "squeezed” between g and h into the same limiting value.
Tr—cC

The wiggly curve f(x) = x? sin(8x) is trapped between g(x) = —z2 and h(x) = x? for every z, since | sin(8x)| < 1. As
x — 0, both bounding curves converge to 0, so f(x) is squeezed to 0 as well, regardless of how wildly it oscillates
elsewhere.

Vi du miu - The Squeeze Theorem in action

. At
Evaluate lim z2 sin (—)
x—0 X

Direct substitution fails (sin(1/z) is undefined at 2 = 0 and oscillates infinitely often near 0,
so this limit cannot be found by simplification). However, for every x # 0, the sine function
satisfies —1 < sin(%) < 1. Multiplying through by 2 > 0 (which does not flip the inequalities)
gives

/1
—x2 < 22 sm( ) < x? for all x # 0.
x

Since lim (—z?) = 0 and lim 22 = 0, the Squeeze Theorem guarantees

z—0 z—0

(1
lim z*sin[ — ) = 0.
xz—0 x

- GIAI THICH TIENG VIET
Dinh ly Kep dung khi ham s6 qua phire tap (dao déng, khéng rat gon duoc) nhung cé thé "kep”
gitra hai ham don gian hon cling tién vé moét gia tri. Vi du kinh dién: sin(1/z) dao déng v6 han
lan khi z — 0 nén khéng thé tinh truc tiép, nhung vi luén c6 —1 < sin(1/z) < 1, nhan vai
x? > 0 ta kep dugc 22 sin(1/x) gitra —2? va 22 — ca hai déu tién vé 0, nén ham & gilra cling
budc phai tién vé 0.
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1.8 Connecting Graphical, Numerical, Analytical, and Verbal Representations

A single limit statement can be approached — and confirmed — through four different lenses: a
graph (visualizing what height the curve approaches), a table of numerical values (watching outputs
settle toward a number), an analytical argument (algebraic simplification or a limit law), and a verbal
description (a sentence describing the approach in words, often arising from an applied context).
Fluent use of limits means being able to translate freely among these four representations — and,
when they are all available, checking that they agree.

Vi du mAu - Four representations, one limit

A demographic model predicts a town’s population (in thousands), ¢ years after its founding,
2

using P(t) = for t + 2. A table of the model’s predictions is shown below.

t—2

t 1.9 199 201 21
P(t) 39 399 401 4.1

Connect the four representations: Numerically, the table shows P(t) — 4 ast — 2 from either

(t—2)(t+2)
2

side. Analytically, factoring gives P(t) = =t+2fort #+ 2,andt+2 — 4ast — 2.

Graphically, the model’s graph is the line y = ¢+2 with an open circle (a hole) at (2, 4), since the
model provides no value at ¢ = 2 itself. Verbally, this all says: “as the town’s age approaches 2
years from either side, the model’s predicted population approaches 4,000 residents.” All four
representations agree that er; P(t) = 4 — even though P(2) itself is undefined in the model,

a removable discontinuity examined further in the next section.

. GIAI THICH TIENG VIET

M6t gidi han c6 thé dugc ti€p can qua 4 hinh thic: d6 thi (d6 cao dudng cong hudng téi),
bang s6 (gia tri s6 cu thé tién gan mot so), dai s6/gidi tich (bién doi cong thirc dé thé truc tiép),
va l&i van (mé ta bang ngdn nglr tu nhién, thudng xuat phat tir bai toan thuc té). Ky ning
quan trong 1a chuyén déi linh hoat gitra bén hinh thic nay va kiém tra ching c6 khép nhau
hay khéng — nhu vi du trén, ca bén cach déu cho cung mét két luan: gidi han bang 4.

1.9 Types of Discontinuity

A function fails to be continuous at x = ¢ in one of three characteristic ways, distinguished by what
happens to the one-sided limits there.

Three types of discontinuity

e Removable discontinuity: lim f(x) exists (both one-sided limits exist and are equal), but
Tr—cC

either f(c) is undefined or f(c) does not equal that limit. Graphically, a single “hole” — the
discontinuity can be fixed (removed) by defining or redefining the one value f(c).

¢ Jump discontinuity: both one-sided limits exist (are finite) but are unequal, so the two-sided
limit does not exist. Graphically, the curve “jumps” from one height to another at z = ¢; no
single value of f(c) could ever repair this.

¢ Infinite discontinuity: at least one one-sided limit is +0o or —co. Graphically, the curve
shoots off toward a vertical asymptote at = = ¢; again, no redefinition of f(c) could repair
this.

The table below summarizes how the three types differ in terms of one-sided limit behavior, and
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— critically for the next section — whether the discontinuity can be repaired by changing a single

function value.

Type One-sided limits Two-sided limit  Fixable by redefining
f(e)?
Removable Both exist and are equal Exists (finite) Yes
Jump Both exist but are unequal Does not exist No
Infinite At least one is +00 or —co Does not exist No
Y
6 i
4

-

-1 1 2 3 4 5
g(z) = - __2 =z + 2 for z # 2, undefined at = = 2. The line has a hole at (2, 4): lim__,, g(x) = 4 exists, but g(2) is
undefined — a removable discontinuity.

Vi du mau - Classifying discontinuities

Classify the discontinuity of each function at the indicated point.

22 —1

_ —1 1

@h(z)=<9 z—1" x#latle. Forx#l,h(a:):w:x—i—l,so lim h(x) =
3’ r=1 r—1 z—1

2. But h(1) = 3 # 2. The limit exists yet disagrees with the function value = removable.

1 1
(b) g(z) = x2+ » TS ate =1, lim g(x) =1+1=2; lim g(x) = 12 = 1. The one-
x°, r>1 r—1- z—1+t
sided limits are finite but unequal (2 # 1) = jump.
1
(c) k(x) = 32 atz = 3. Asax — 3 from either side, (z — 3)? — 0%, so k(z) — +oo. At

least one one-sided limit is infinite = infinite (with a vertical asymptote at x = 3).

GIAI THICH TIENG VIET

a dang gian doan phan biét bang hanh vi cta gi¢i han mét phia: khir dwoc (removable) — gidi
han ton tai nhung f(c) sai hodc khéng xac dinh (d6 thi c6 "16”); nhay (jump) — hai giéi han mot
phia déu hiru han nhung khac nhau (d6 thi "nhay bac”); vé cuc (infinite) — it nhat mot gidi han
mot phia 13 +00 (d6 thi cé tiém can dirng). Chi loai khir dug'c méi cé thé "stra” bang cach dinh
nghia lai ding mot gia tri f(c).

1.10 Continuity at a Point and on an Interval
1.10.1 The formal definition of continuity

Intuitively, a function is continuous at a point if its graph can be traced through that point without
lifting the pen. This intuition is captured precisely by three conditions that must all hold simultane-
ously.
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ENGLISH

f is continuous at = = ¢ if and only if all three conditions hold:
1. f(c) is defined (c is in the domain of f);

2. lim f(x) exists (both one-sided limits exist and are equal);
xTr—cC

S8 IiLn f(z) = f(c) (the limit actually equals the function value).

If any one of the three fails, f is discontinuous at c.

Vi du mau - Checking the three conditions

T
Determine whether f(z) =< 2 —2" v

4, =2
Condition 1: f(2) = 4 is defined. v/

Condition 2: for z # 2, f(z) = @5—3:2)_(37;2)
v

Condition 3: the limit (4) equals f(2) (4). v/
All three conditions hold, so f is continuous at = = 2.

is continuous at z = 2.

=z + 2,50 Iim2 f(z) = 2+ 2 = 4, which exists.
T—

- GIAI THICH TIENG VIET
Ba diéu kién lién tuc phai dong thai dung: (1) f(c) xac dinh; (2) gii han tai ¢ ton tai; (3) gidi
han dé bang f(c). Chi can mot diéu kién sai la ham gian doan tai c. Day chinh 13 "phién ban
chdt ché” cta ba loai gian doan vira hoc: removable thuong vi pham diéu kién (1) hoac (3);
jump va infinite vi pham diéu kién (2).

1.10.2 Continuity over an interval and at endpoints

A functionis continuous on an open interval (a, b) if itis continuous at every point inside that interval.
Continuity on a closed interval [a, b] additionally requires appropriate one-sided behavior at the two
endpoints, since a two-sided limit cannot even be discussed there (there is no “outside” the interval
to approach from).

Continuity on a closed interval

f is continuous on [a,b] if: f is continuous at every point of the open interval (a,b); and
f is right-continuous at a, meaning lim f(z) = f(a); and f is left-continuous at b, meaning
rz—at

lim (@) = f(b).

Vi du mau - Continuity on a closed interval

Explain why f(z) = v4 — z? is continuous on the closed interval [—2, 2].

On the open interval (—2,2), f is a composition of the continuous function 4 — 22 (positive
there) with the continuous square-root function, so f is continuous at every interior point
by direct substitution. At the left endpoint x = —2, only the right-hand limit makes sense
(there is no domain to the left of —2): lim V4—22 = V4—4 = 0 = f(=2), so fis

r——2F
right-continuous at —2. At the right endpoint z = 2, only the left-hand limit makes sense:
lim V4 —22 =+v4—4=0= f(2),s0 fis left-continuous at 2. All requirements are satisfied,

T2
so f is continuous on [—2, 2].
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GIAI THICH TIENG VIET
Lién tuc trén khoang mé (a,b): chi can lién tuc tai moi diém bén trong. Lién tuc trén doan
dong [a, b]: can thém lién tuc moét phia tai hai dau mut — lién tuc phai tai a (vi khong cé gi bén
trai a d€ so sanh) va lién tuc trai tai b (vi khdng co gi bén phai b). Day 1a diém hoc sinh hay bd
s6t khi xét cadc ham c6 mién xac dinh gidi han, vi du ham can.

() L6i thueng gap: Khi kiém tra tinh lién tuc tai mot diém néi (breakpoint) ctia ham tirng khdc,
mot 16i rat phd bién Ia chi tinh gigi han tir mot phia réi két luan voi. Ludn phai kiém tra ca hai
gigi han mot phia, xac nhan ching bang nhau, réi méi so sanh vai f(c). Bé sét mét phia c6 thé
khién ta két luan sai mot ham khéng lién tuc I3 lién tuc (néu tinh c& chi phia d3 kiém tra khép
véi f(c)), hodc nguoc lai.

1.11 Removing Discontinuities
When a function has a removable discontinuity at + = ¢ — meaning lim f(z) exists even though f(c)
r—c

is undefined or wrong — a new function can be built that agrees with f everywhere except at ¢, and
is assigned the value of the limit exactly at c. This new function is continuous at c; informally, we
say the discontinuity has been “removed.” This is precisely why this type of discontinuity earns the
name removable — unlike jump or infinite discontinuities, which no single redefinition of one point
could ever fix.

Vi du miu - Removing a discontinuity

. 25246 . , .
The function f(z) = % is undefined at z = 3. Find the value k such that defining

f(3) = k produces a function that is continuous at z = 3.
Factor the numerator: z? — 5z + 6 = (z — 2)(x — 3), so for z # 3,

_(z—-2)(x—-3)
f(x) = 3 =z —2.
Then Iin}) f(z) = 3 —2 = 1. For the redefined function to be continuous at + = 3, condition
T—

(3) of the continuity definition requires f(3) to equal this limit, so k£ = 1.

- GIAI THICH TIENG VIET
"Khi” mét gian doan nghia la dinh nghia lai ding mét gia tri f(c) sao cho né bang gidi han
lim, . f(z) da tinh dugc — khi d6 ham m&i thoa ca ba diéu kién lién tuc tai c. Ky thuat luén
giéng nhau: rat gon biéu thirc (thudng bang phan tich nhan tir) dé tim gidi han, réi gan gia tri
do cho f(c).

1.12 Infinite Limits and Vertical Asymptotes
When f(z) grows without bound as = approaches ¢ from one or both sides, we write lim f(z) = +oo
Tr—cC

(or —o0). Strictly speaking, this limit still “does not exist” as a finite number — but the 4+-co notation
is far more informative than simply saying DNE, since it describes precisely how the function fails to
settle down.
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Vertical asymptotes

The line z = ¢ is a vertical asymptote of f if at least one of lim f(z) or lim f(z)is 400 or

r—c™ r—ct
—o0. For arational function IQ in lowest terms, vertical asymptotes occur exactly at the real

q(z)

zeros of g(z) (points where the denominator vanishes but the numerator does not).

If p(x) and ¢(z) share a common factor that vanishes at = = ¢ (so the fraction is not in lowest
terms there), that zero of the denominator produces a removable discontinuity instead of a ver-
tical asymptote — exactly the situation analyzed algebraically in the factoring technique earlier in
this chapter. Always cancel common factors first; only the zeros of the denominator that survive
cancellation give genuine vertical asymptotes.

To determine the sign of an infinite one-sided limit, examine the sign of the numerator and the
sign of the denominator separately as x approaches ¢ from that side, then apply the usual division
sign rules.

Vi du mAu - Vertical asymptote sign analysis

Analyze lim and lim
r—4- r — r—4t X —

The numerator is the constant 3 > 0 throughout. As z — 4~ (e.g., z = 3.99), the denominator

3
— — = —o00. Asx — 47 (e.g., z = 4.01), the
r—4 0-

denominator z — 4 — 0" (a small positive number), so

x — 4 — 0~ (a small negative number), so

3
x_4—>0—+—+oo.Thus

lim = —00 lim = 400
z—4-x — 4 ’ z—dt x —4 ’

and z = 4 is a vertical asymptote across which the function’s sign flips from negative to posi-
tive.

Y
J : 5 |
: y = 2
; L ; > T
—6 —4 —2 / 2 4 6
r=—1 E E |
flx) = 2 _11: a vertical asymptote at z = —1 (denominator zero, numerator —3 = 0 there), with f(z) — +oco as
X

z — —1" and f(z) = —oo as x — —17; and a horizontal asymptote y = 2, approached as z — +oo (discussed in the
next section).

(1) L6i thuong gip: Xac dinh dau cda gidi han vo cuc mét phia 13 budc dé sai nhat. Cach an
toan nhat: chon mét gia tri  cu thé, rat gan ¢ vé dang phia dang xét (vi du z = 3.99 cho
x — 47), thé vao va xem dau cla tlr va mau riéng biét — dirng suy luan "chay” trong dau. Mot
16i thudng gap 1a mac dinh ca hai gidi han mét phia tai ciing mét tiém can dirng phai cung dau;
trong vi du trén, dau ddi tir —oo sang +oo ngay tai z = 4.
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1.13 Limits at Infinity and Horizontal Asymptotes

A different question asks what happens to f(x) as x itself grows without bound, in either the positive
or negative direction. We write lim f(x) = L(or lim f(x)= L)tomean f(z) gets arbitrarily close
Tr—r 00 Tr——00

to the finite number L as z increases (or decreases) without bound. When such a limit exists, the
line y = L is a horizontal asymptote of f, describing the function’s long-run end behavior.

Two different uses of co

It is easy to conflate two independent ideas that both involve the symbol co. An infinite limit
(previous section) asks what happens to the output f(z) as the input = approaches a specific,
finite number ¢ — this is behavior in the vertical direction, near a vertical asymptote. A limit at
infinity asks what happens to the output f(x) as the input x itself grows without bound — this
is behavior in the horizontal direction, far to the left or right, near a horizontal asymptote. A
single function can have vertical asymptotes, horizontal asymptotes, both, or neither; the two
questions are answered by entirely different reasoning, and neither implies the other.

1.13.1 End behavior of rational functions

For a rational function }Lx), end behavior is governed entirely by comparing the degree n of the
q(x
numerator p(x) to the degree m of the denominator ¢(x); dividing numerator and denominator by

the highest power of = present makes the pattern clear.

End behavior of rational functions. Let n = degp, m = deggq.

o Ifn<m: lim M = 0; horizontal asymptote y = 0.
T—+00 q(x)
. plx) a,, . . . .
o Ifn = m: |Ill1 —> = the ratio of the leading coefficients; horizontal asymptote
Tz—to00 (T -

. . . . . H i 2 1
Evaluate each limit and identify the horizontal asymptote, if any. (a) lim :§+ - (b)
T—00 I —
322 —br+1 Lot —1
lim =———— (¢) lim .
z—o0 622 42— 7 z—o0 202 + 5
. . . . 2 1 2
(a) Numerator degree 1 < denominator degree 2. Dividing every term by z: m
— T
0+0 .
ﬁ = 0. Horizontal asymptote y = 0.

3—5/r+ 1/ 3—0+0 3 1

6+1/z—7/2 6+0-0 6 2

(b) Both degrees equal 2. Dividing every term by 22

. 1
Horizontal asymptote y = 7

(c) Numerator degree 3 > denominator degree 2. The numerator dominates: as x — oo,

3 —1 a3 T e . .
92255 No3 T g — oo. The limit is +o0; there is no horizontal asymptote.
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GIAI THICH TIENG VIET
V6i ham phan thirc, so sanh bac tir (n) va bac miu (m): n < m = tiém can ngang y = 0;

n=m=y= Z—” (ti s6 hé s6 bac cao nhat); n > m = khong c6 tiém can ngang (ham

m o -
tang/giam khong gigi han). Meo chirng minh: chia ca t&r va mau cho luy thira bac cao nhat cua
x & mau, moi s6 hang dang L (k > 0) sé tién vé 0 khi z — +o0.

1.13.2 End behavior of functions built from exponentials

Exponential functions dominate polynomials at infinity in a way that produces distinctive end be-

havior. The key facts are lim e¢* = +ocoand lim e* = 0. For a ratio built from exponentials, divide
T—00 T—>—00

through by the fastest-growing exponential term present, exactly as with rational functions.

Vi du mau - End behavior with exponentials

T __ T __
Evaluate lim i 3 and lim il 3.
x—o0 2eT + 7 x——00 2e% 4+ 7

As © — oo: divide numerator and denominator by e* (the dominant term):

5e* — 3 _ 5—3e7*
2T +7 24 Te '

As x — 00, e — 0, so this ratio — >0 = §
24+0 2
As r — —oo: here e — 0 directly, so substitute e* = 0 into the original expression:
50)—3 -3
2000+7 7
. be*—3 5 . . be"—3 3 . .
So JLFQO szﬁ =3 while zﬂrpoo 2; T =T two different horizontal asymptotes, one

for each direction.

GIAI THICH TIENG VIET

6i ham dung tur e, dung lim,_, _ e* = oo valim,, _e* = 0. Ky thuat gidng ham phan
thirc: chia cho s6 hang e® chiém wu thé nhat (khi z — oo) hodc thay truc tiép e — 0 (khi
x — —oo). Diém khac biét quan trong so v&i ham phan thirc: mot ham dung tir e* hoan toan
c6 thé cé hai tiém can ngang khac nhau — moét khi x — 400 va mét khi z — —oo — trong khi
ham phan thirc (khi cé tiém can ngang) luén cho cung mot gia tri & ca hai phia.

(1) L6i thwong gip: Ding nham Ian tiém can ngang v4i tiém can dirng: do thi khéng bao gio
cham hodc vuot qua tiém can dirng (vi ham khong xac dinh tai dé), nhung do thi hoan toan cé
thé& cham hoac cat ngang qua tiém can ngang tai mot vai diém hiru han — tiém can ngang chi

mo ta hanh vi khi z — oo, khong phai mét "ranh giGi cdm” trén toan mién xac dinh. Vi dy
flz) = MNT 6 tiém can ngang y = 0 nhung c3t truc hoanh (y = 0) vé s6 lan.
T

The table below collects the end-behavior rules from this section into a single quick-reference
summary.
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Function type Asz — 400 Asr — —o0

Rational, n < m —0 — 0 (same on both sides)
Rational, n = m —a,/b,, — a,,/b,,, (same on both sides)
Rational, n > m — 400 or —oo (no HA) — 400 or —oo (no HA)

Built from e* determined by the dominant e® term  substitute e* — 0 directly

1.14 The Intermediate Value Theorem

Continuity has a powerful geometric consequence: the graph of a continuous function cannot “skip
over” any y-value between two of its outputs — to get from one height to another, a continuous
curve must pass through every height in between.

Intermediate Value Theorem (IVT). If f is continuous on the closed interval [a, b], and N is any
number between f(a) and f(b), then there exists at least one ¢ € (a, b) such that f(c) = N.

Geometrically, if you draw a horizontal line y = N at any height strictly between f(a) and f(b),
that line must cross the graph of f at least once somewhere between x = a and x = b — continuity
leaves no way to jump over it. It is essential to understand what the IVT does not say: it guarantees
the existence of at least one such ¢, but it does not say how many such points exist (there could be
several), and it gives no method for actually locating ¢ exactly.

Y
10 »

(b, f(b))

1 1 (‘u“/‘m:)) ‘ 1 1 1 T
0.5 1 1.5 2 2.5 3 3.5 4
f(z)=x%onla,b] =[1,3]: f(1) = 1and f(3) = 9. Since N = 5 lies between 1 and 9, IVT guarantees some c € (1, 3)
with f(c) = 5; indeed ¢ = v/5 ~ 2.236.

Vi du mau - Using the Intermediate Value Theorem

(a) Show that f(z) = 23 — x — 1 has at least one real root in the interval (1,2).

fis a polynomial, so it is continuous everywhere, in particular on [1, 2. Evaluate the endpoints:
f)y=1-1—-1=-1, f(2)=8-2—-1=5.

Since f(1) = —1 < 0 < 5 = f(2), the value N = 0 lies between f(1) and f(2). By the IVT,
there exists ¢ € (1,2) with f(¢) = 0 — that is, a root of f in (1,2). (The IVT confirms a root
exists but does not tell us its exact value.)

(b) A tank of water is heated over 10 minutes; its temperature T'(¢) (in °C) is a continuous
function of time ¢ € [0, 10}, with T'(0) = 20 and 7°(10) = 310. Explain why the water must, at
some moment, have had a temperature of exactly 150°C.

T is continuous on [0, 10] (given), and N = 150 satisfies 7(0) = 20 < 150 < 310 = 7'(10).
By the IVT, there exists some ¢t € (0,10) with T'(¢) = 150 — the water’s temperature must
have passed through 150°C at some instant, even though we cannot say exactly when from
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this information alone.

GIAI THICH TIENG VIET

Dinh ly Gia tri Trung gian (IVT) n6i rang: néu f lién tuc trén [a, b], thi v&i moi gia tri N nam gitra
f(a) va f(b), ton tai it nhat mot diém ¢ € (a,b) sao cho f(c) = N. V& hinh hoc: dudng cong
lien tuc khéng thé "nhay qua” mot dd cao nao dé ma khéng cat ngang né. Diéu quan trong
can nhé: IVT chi dam bao sur tén tai cia ¢ — khéng cho biét cé bao nhiéu diém ¢ nhu vay, va
khoéng cho cach tim ra gia tri ¢ chinh xac.

1.15 Problem Bank

Bai tap luyén tap

A ball's height is h(t) = —16t> + 64t + 5 feet, t in seconds. Find the average velocity of the ball
on the interval [1, 3].

Loi giai chi tiét
h(1) = —16 + 64 + 5 = 53 and h(3)
h(3) —h(1) 53 —53

—16(9) + 64(3) + 5 = —144 + 192 + 5 = 53. Average
= 0 ft/s. The ball's heights at ¢t = 1 and ¢t = 3 happen

to coincide (the [;arabola is symmetric about its vertex at t = 2), so despite rising and falling in
between, its net average rate of change over [1, 3] is exactly 0.

Bai tap luyén tap

For s(t) = t3 — 3t, the instantaneous velocity at ¢ = 2, found as }!Lin})
—

velocity =

volo |l

w equals:

(A) 2 (€9
(B) 6 (D) 12

Loi giai chi tiét
5(2) =8 —6 =2. Expand s(2 + h) = (2+ h)®> —3(2+h) = 8 + 12h + 6h? + h> — 6 — 3h =
2+ 9h + 6h% + h3. So

92 _ 9 2 3
s(2+h) s():9h+6h +h 94 6h 4 B2 0.
h h—0

(C).

Bai tap luyén tap

2 1
Let f@) =4 =t <Y Eiod lim f(z)and lim f(z), and state whether lim f(z) exists.
z2—1, >0 z—0~ z—0+ z—0
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Loi giai chi tiét
lim f(z) = lim 2z +1) = 2(0) +1 = 1. lim f(z) = lim (#> —1) = 0—1 = —1. Since
x—0— rz—0— x—0t x—07t
1 # —1, the one-sided limits disagree, so Iing) f(x) does not exist.
T

Bai tap luyén tap
Suppose Iirg f(z) =5and Iin; f(z) =5, but f(3) = 2. Which statement is true?
T3~ r—3+

(A) lim,_; f(x) does not exist (C) lim, 5 f(z)=5
(B) lim,_,5 f(z) =2 (D) fis continuous at x =3

Loi giai chi tiet

Since both one-sided limits exist and agree (5 = 5), the two-sided limit exists and equals 5,
regardless of f(3). (C). Note that f is not continuous at = = 3, since f(3) =2 # 5 =lim,_,5 f(z)
— this is a removable discontinuity, so (D) is false.

Bai tap luyén tap

x3 —27

Estimate Iim3 using a table of values at + = 2.9, 2.99, 2.999, 3.001, 3.01, then confirm
xr— 95 —

your estimate algebraically.

Loi giai chi tiét

x3 —27

Algebraically, 23 —27 = (z—3) (22432 +9), so for z # 3, = 22 +32+9. The table values

x J—
are: f(2.9) = 8.41+8.74+9 = 26.11; f(2.99) =~ 26.9101; £(2.999) ~ 26.9910; f(3.001) ~ 27.0090;
£(3.01) ~ 27.0901 — clearly approaching 27. Algebraically, 2% + 3z +9 — 9 +9 +9 = 27 as
3 —27
= 27
m JR—

x — 3, confirming lim
x—3

Bai tap luyén tap

Suppose Iimsp(x) =4and Iim5 q(x) = 13. Find Iim5 [p(z)g(z) + 5] and Iim5 Vaq(x) — p(z).
T— T— r— r—

Loi giai chi tiét

By the product and sum laws: lim [p(z)q(z) +5] = (4)(13) +5 = 52+ 5 = 57. By the difference
and power laws: lim \/q(z) — p(z) = V13 —4 =9 = 3.

Bai tap luyén tap

3 _
Evaluate lim % by direct substitution.
z—2 x4+ 1
(A) i (C) 2
5
5
B) —
(B) o (D) 11
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Loi giai chi tiét

The function is a quotient of polynomials, continuous at z = 2 since 22+1 = 5 = 0. Substitute
directly: ST4=1 11
Y31 T

Bai tap luyén tap

. x> +5x+6
Evaluate lim ———.
r——2 x —4

N

Loi giai chi tiét

(x+2)(x+3) x+3

243 1 1
(z—2)(z+2) x-2 B

for x #+ —2. Substitute z = —2: e ey b

Factor:

Bai tap luyén tap

[\
|

16

Evaluate achLT}L m
) €0
)
B) 2 (D) DNE

Loi giai chi tiet

(x—4)(x+4) x+4

Factor: =
O D@+ T+l

for z + 4. Substitute z = 4: § (A).

Bai tap luyén tap

Evaluate lim Va — 3.
x—9 T — 9

Loi giai chi tiet

. . VZ+3 z—9 1 .

Multiply by the conjugate : = for 9. Substitute z = 9:

SHR By ugate = o) (Va1 3) | Jaia o &7 9 Substitutes

1 1
3+3 6
Bai tap luyén tap

1 B 1
Evaluate lim 2+2 3
x—0 xX

Loi giai chi tiet

Combine: 1 el CR) -7 . Divide by z: _—1 Substitute z = 0: %1

34z 3  3(83+z) 33B+x) 3(3+ 1)
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Bai tap luyén tap

xe, xr >

—2 <1
Let f(z) = {3”2” = - Then lim f(z) =

(A) 1 (C) —2
(B) DNE (D) 0

Loi giai chi tiet

lim f(z) =3(1) —2=1. lim f(z) =12 = 1. Both equal 1, so the limit is 1. (A).

z—1- z—1+

Bai tap luyén tap

sin(7x)

Evaluate lim ——~.
20 sin(2x)

Loi giai chi tiet

i 2
Rewrite as sin(7z) Tz =T Asz— 0, the first and last factors each — 1, leaving T —.
Tr 2z sin(2z) or

So the limitis —.

IM\]

Bai tap luyén tap

Evaluate lim LS(B@.
x—0 xr

(A) 0 © -

(B) 3 (D) DNE

Loi giai chi tiét

L = 1— . 1—
erteﬂz&%(?’x). Asw—>0,lethngu=3x—>0,$—>O,sothe

a5 &L
whole expression — 3 -0 = 0. (A).

Bai tap luyén tap

Suppose 5 — 22 < f(x) < 5+ 22 for all z near 0. Find Iim0 f(z), and name the theorem used.
T—

Loi giai chi tiét
Both bounding functions satisfy Iirrg)(5 —2?) =5 and Iin?)(5 + 22) = 5. Since f(x) is trapped
= q5—
between them near 0, the Squeeze (Sandwich) Theorem guarantees Iing) f(z) =5.
T—

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 29



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Bai tap luyén tap

A table of values for r(z) = 2% + 5 near z = 2 gives r(1.9) = 8.61, 7(1.99) = 8.9601, r(2.01) =
9.0401, r(2.1) = 9.41. (a) Estimate Iim2 r(z) from the table. (b) Confirm analytically. (c) Is r
T—

continuous at x = 2? Justify using the three-condition definition.

Loi giai chi tiét
(a) The table values approach 9 from both sides, so the estimate is Iim2 r(z) =~ 9.
Tr—r
(b) r is a polynomial, continuous everywhere, so Iim2 r(z) =r(2) =4+ 5 =9 by direct substi-
xr—r

tution — matching the table.
(c) Yes. r(2) = 9 is defined (condition 1); Iim2 r(z) = 9 exists (condition 2); and this limit equals
r—r

r(2) = 9 (condition 3). All three conditions hold, so r is continuous at z = 2.

Bai tap luyén tap

Classify the discontinuity of w(x) =

Lai giai chi tiét

Factor the denominator: 22 — 25 = (z — 5)(z + 5).
(a) At x = 5: the numerator = + 5 = 10 # 0 while the denominator — 0, so w(z) — +00 — an
infinite discontinuity (vertical asymptote) at =z = 5.

T+5

(b) At = = —5: both numerator and denominator vanish, and the common factor cancels:
z+5 1 . . o e e 1 1 1
= = for -5, ng a finite limit lim = — = ——,
w(x) @—5)@+5) _ 2-5 x # giving ite limit lim_ w(x) 0 10
while w(—5) itself is undefined — a removable discontinuity at z = —5.

Bai tap luyén tap

|z|
Let m(z) = {x’ s 0. At 2 = 0, m has:

1, x=0
(A) A removable discontinuity (C) An infinite discontinuity
(B) A jump discontinuity (D) No discontinuity — m is continuous at 0

Loi giai chi tiét

Forx<0,m:_—x:—1;forx>0,m:§:1. So lim m(z) = —1and lim m(z) = 1:
T

€T €T a8 z—0~ x—07t
both finite but unequal. (B).

Bai tap luyén tap

A function ¢ satisfies Iim1 q(z) =3, Iim1+ q(z) =3,and ¢(—1) = —2. Whatistrueatz = —1?
z——1" T——

(A) qis continuous there (C) ¢ has a removable discontinuity

(B) ¢ has a jump discontinuity (D) lim__, , ¢(x) does not exist
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Loi giai chi tiét
The one-sided limits agree (3 = 3), so the two-sided limit exists: Iim1 q(x) = 3 — this rules out
T——

(B) and (D). But ¢(—1) = —2 # 3, so condition (3) of continuity fails and ¢ is not continuous —
this rules out (A). Since the limit exists but disagrees with the function value, this is exactly a
removable discontinuity. (C).

Bai tap luyén tap

Explain why f(z) = V4 —z? is continuous on the closed interval [—2, 2], addressing both
endpoints.

Loi giai chi tiét
On (—2,2), f is a composition of the continuous functions 4 —x% and /", hence continuous at
every interior point by direct substitution. At z = —2, only Iim2 flz)=v4—4=0= f(—2)
r——27F
needs to hold (right-continuity), and it does. At x = 2, only Iinr21 fl®)=v4—4=0= f(2)
Tr—4

needs to hold (left-continuity), and it does. Since f is continuous on the interior and one-sided
continuous at each endpoint, f is continuous on [—2, 2].

~ ~

Bai tap luyén tap
22+z—6

Find the value of ¢ that makes g(z) = { w9 72 continuous at z = 2.
c, =%

Loi giai chi tiét
Factor: 22 + 2 — 6 = (z + 3)(z — 2), s0 g(x) = x + 3 for x #+ 2. Then Iing(x) —213=5, For
T—
continuity, ¢ must equal this limit: ¢ = 5.

Bai tap luyén tap
—2 oo . .
For p(z) = — the pair (lim,_,; p(z), lim,_,: p(z)) is:

(A) (400, +00) (C) (400, —0)
(B) (—o0,—00) (D) (—o0,+00)

Loi giai chi tiét
Asz — 1" (eg,2=099),z—1— 07, so
—2

x_1—>07+:—00.(c).

—2 —2
— — = +o00. Asz — 11 (e.g,, z = 1.01),
r—1 0~

r—1— 0%, so

Bai tap luyén tap

2
—1

Evaluate lim L
z—oo 222 + 3x
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" - (€) o

(B) 0 © :

Lai giai chi tiét

7—1/z?

Degrees of numerator and denominator are both 2. Divide by z2: 253/
A

i g (A).

Bai tap luyén tap

S
& I
w

. = . .
Evaluate lim le and state whether a horizontal asymptote exists.
T—00 I

Lai giai chi tiét

. e ) 423 — 2z 423
Numerator degree 3 > denominator degree 2, so no finite limit exists. Since e N —
a5 T
4x — oo as x — oo, the limit is +00, and there is no horizontal asymptote.

Bai tap luyén tap

2x2 —

2

Find all vertical and horizontal asymptotes of f(x) =
Tr< — T —

5 and identify any removable
discontinuity (hole).

Loi giai chi tiét
Factor: numerator 222 — 8 = 2(x — 2)(z + 2); denominator 22 —z — 6 = (z — 3)(z + 2). The

common factor (z + 2) cancels:

2@ —-2)(z+2) 2x-2)

@) = 9@+ = -3 (@ #=2).

At x = —2: this factor canceled, so there is a removable discontinuity (a hole), not a vertical
2(—4 8 . .
asymptote, at (—2, (5> = <—2, 3>. At x = 3: the denominator vanishes but the numer-

ator does not (2(3 — 2) = 2 # 0), so z = 3 is a genuine vertical asymptote. For the horizontal

asymptote, both the original numerator and denominator have degree 2, so the ratio of leading

2x—-2) 2z

-~ 3 —=2as
z—3 T

x — +00). Summary: vertical asymptote x = 3; horizontal asymptote y = 2; hole at (—2, %)

2
coefficients gives y = 7= 2 (confirmed by dividing the simplified form:

Bai tap luyén tap

Evaluate lim Bl .

z——o0 | —e®
(A) 3 (C) 1
(B) -3 (D) 0
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Loi giai chi tiét
3+0

As z — —o0, e® — 0. Substituting: —— = 3. (A).

1—-0
Bai tap luyén tap

Show that f(z) = 2° — 322 + 1 has at least one real root in (0, 1).

Loi giai chi tiét

[ is a polynomial, continuous on [0,1]. f(0) =0—-0+1=1>0. f(1)=1—-3+1=—-1<0.
Since f(0) = 1 and f(1) = —1 have opposite signs, N = 0 lies between them, so by the IVT
there exists ¢ € (0,1) with f(¢) =0 —arootof fin (0,1).

Bai tap luyén tap

A rock’s temperature 7'(¢) (in °C) is continuous on [0, 10] minutes, with 7°(0) = 20 and 7'(10) =
310. Which of the following must be true by the Intermediate Value Theorem?

L

(A) T'(t) = 20 for some t € (0, 10) (C) T is increasing on [0, 10]
(B) T'(t) = 150 for some ¢ € (0, 10) (D) T(5) = 165

Loi giai chi tiét

Since 150 lies strictly between 7'(0) = 20 and 7'(10) = 310, and T is continuous on [0, 10],
the IVT guarantees some ¢t € (0,10) with T'(¢) = 150. (B). Choice (A) is not guaranteed (the
temperature need not return to 20); (C) is not guaranteed (IVT says nothing about monotonic-
ity); (D) is not guaranteed (IVT does not pinpoint where ¢ occurs, nor that it is the midpoint
average).

Bai tap luyén tap

r—3"

2 .
mxi_xgﬁ’ v
Let f(z) k, z — 3. (a) Simplify the piece for z < 3 and find lim f(x). (b) Find

—x + 8, >3
IirT31 f(x). (c) Find the value of £ that makes f continuous at z = 3. (d) Using this &, is f
r—3*

continuous on all of R? Explain.

Loi giai chi tiét
(@a2%2—2—6=(xr—3)(z+2),s0forz <3, f(x) = x + 2. Then Iin?')l flx)=3+2=5.
r—3~

(b) lim f(z)= lim (—x +8)=—-3+8=5.

r—3T z—3T
(c) Both one-sided limits equal 5, so the two-sided limit is 5; continuity at z = 3 requires
f(8)=k=5.
(d) Yes. Forz < 3, f(x) = x+2is a polynomial, continuous on (—o0, 3). Forxz > 3, f(z) = —2+8
is a polynomial, continuous on (3,00). At x = 3, with &k = 5, all three continuity conditions

hold as shown in (c). Since f is continuous on each piece and matches up seamlessly at the
one breakpoint, f is continuous on all of R.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 33



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Bai tap luyén tap

z3—1

Let g(z) = { r—1" T F 1. (a) Find the value of m that removes the discontinuity at z = 1.
m, r=1

(b) Using that value of m, use the Intermediate Value Theorem to show that g(z) = 2 has a

solution in (0, 1), and verify this solution algebraically.

Loi giai chi tiét
(@) Factor: 23 —1 = (z — 1)(z* + = + 1), so for z # 1, g(z) = 2* + = + 1. Then lim g(z) =
z—

1+ 1+ 1= 3,s0m = 3 removes the discontinuity. With this choice, g(z) = 2% + z + 1 for

every real x — a polynomial, continuous everywhere.

(b) 9g(0) =0+0+1=1andg(l) =1+ 1+ 1= 3. Since g is continuous on [0,1] and N = 2

satisfies 1 < 2 < 3, the IVT guarantees some ¢ € (0,1) with g(¢) = 2. Verification: solve

-1++5 —1++5
2 2

indeed lies in (0, 1), confirming the IVT’s guarantee.

2+z+1=2=2?+2—1=0,givingz = . The positive root z = ~ 0.618
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 2

Differentiation: Definition and
Fundamental Properties

Muc tiéu Unit: Dinh nghia téc dé thay déi trung binh (thuong sai phan, hé s6 goc cat tuyén) va téc do
thay déi tirc thoi (dao ham tai mot diém, hé sé goc tiép tuyén) théng qua gidi han; cac ky hiéu dao ham
(Leibniz, Lagrange, Newton) va cach udc lugng dao ham tir bang sé liéu hodc d6 thi; méi quan hé gilra
tinh kha vi va tinh lién tuc, cing bén dang diém khong kha vi (géc nhon, diém nhon/cusp, ti€p tuyén
ding, gian doan); quy tac Iy thira (k& ca s& md am, phan s6); quy tic téng-hiéu-nhan hang s6; dao
ham cuda e® va In z; chérfng minh dao ham sin z, cos z tr dinh nghia gidi han; quy tic tich (product rule)
va quy tic thuong (quotient rule); dao ham cuda tan z, cot z, sec z, csc z.

2.1 Average and Instantaneous Rates of Change

2.1.1 The difference quotient and secant lines

Suppose f is a function defined on an interval containing two distinct points ¢ and b. The average
rate of change of f over [a, b] measures how much the output changes per unit of input, on average,
across that interval:

f(b) — f(a)

b—a

This ratio is called the difference quotient. Geometrically, the two points (a, f(a)) and (b, f(b)) both
lie on the graph of f, and the line joining them is called a secant line (from the Latin secare, "to cut”

f(b) — f(a)
b

—a
of that secant line, since slope is "rise over run” and the rise is f(b) — f(a) while the runis b — a.

The difference quotient

For any two distinct points a, b in the domain of f,

f(b) — f(a)
b—a

average rate of change =

— it cuts through the curve at two points). The difference quotient is exactly the slope

is simultaneously (i) the average rate of change of f on [a, b], and (ii) the slope of the secant
line through (a, f(a)) and (b, f(b)). If f represents position as a function of time, this quantity
is the average velocity on [a, b].

GIAI THICH TIENG VIET
VN .
o £(b) — f(a)
b—a i
thoi cling 12 hé s6 goc clia dudng thang cat tuyén néi hai diém (a, f(a)) va (b, f(b)) trén d6 thi.
Néu f la ham vi tri theo thai gian, dai lwgng nay chinh |a van téc trung binh. Ghi nhé: "trung
binh” & day cé nghia la ta chi nhin vao hai diém dau-cuéi cta khodng, khéng quan tdm ham sé
bién thién nhu thé ndo & gilra khoang dé.

Thuong sai phan chinh 13 téc dd thay d6i trung binh cua f trén doan [a, b], dong
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Vi du miu - Average rate of change as a secant slope

Let f(z) = 2® — 2z + 3. Find the average rate of change of f on [1, 4], and give the equation of
the secant line through the corresponding two points.

Compute the two function values: f(1) =1—2+3=2and f(4) =16 —8+3 = 11.

J@—f1) 11-2 9
average rate of change 11 3 3 3

The secant line passes through (1, 2) with slope 3: y —2 = 3(x — 1), i.e. y = 3z — 1. This line
crosses the parabola at exactly the two points x = 1 and =z = 4 and nowhere else between
them.

2.1.2 From secant to tangent: the derivative at a point

The average rate of change depends on the choice of two points, but many questions in science and
engineering — "how fast is this car going right now?”, "how fast is the tumor growing at this instant?” —
ask about a rate of change at a single instant. To capture this, fix the first point at « and let the second
point slide toward a. Write the second point as a + h, where h is a small (possibly negative) number
representing the horizontal distance between the two points. The difference quotient becomes

fla+h)— f(a)
h, b
and as h — 0 this secant line’s slope approaches the slope of a limiting line called the tangent line at

(a, f(a)) — the line that just "touches” the curve at that one point and best approximates it locally.
This limiting slope is the derivative of f at a, written f'(a):

Definition of the derivative at a point.

f'(a) = lim flath) =1 equivalently, f'(a) = lim fl@) = fa) )

h—0 h r—a Tr—a

When this limit exists (and is finite), f is said to be differentiable at a, and f’(«a) is simultaneously
the instantaneous rate of change of f at a and the slope of the tangent line to y = f(x) at
Tr = Q.

The second form, lim,_,, f@:j:(“), is the same limit written with z = a + h (so h = =z — a and

h — 0 < x — a); the two are algebraically interchangeable, and either may be more convenient
depending on the problem.

1 , : : : ¥

—1 1 2 3 4 5

For f(z) = 0.4z at a = 2: the secant with h = 1.5 has slope £&-2/-/2) — 4.9-1.6 _ 3 9: the secant with i = 0.75 has
slope L2701 7(2) — 3.025°1.6 — 1 9. As h — 0 these slopes approach the tangent slope f/(2) = 1.6.
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Né&u dao ham 13 "hé sé gdc clia cat tuyén khi hai diém tién sat lai gan nhau”, thi vé ban chat ta
dang lay gidi han cua thuong sai phan khi k. — 0. Dai lugng f/(a) vira la tdc dd thay dai tirc
thoi tai © = a (vi du: van téc tie thoi néu f 13 vi tri), vira 1a hé s6 géc cua ti€p tuyén tai diém
(a, f(a)). Hinh vé minh hoa: khi & giam dan (h = 1.5 — h = 0.75 — --- — 0), duwong cat tuyén
"xoay dan” va tién sat t&i duong tiép tuyén — hé sé goc cat tuyén 2.2 —+ 1.9 — - — 1.6.

Vi du miu - Derivative from the limit definition, then the tangent line

Let f(x) = x2. (a) Use the limit definition to find a general formula for f/(a). (b) Evaluate f/(3).
(c) Find the equation of the tangent line to y = z2 at z = 3.

(a) By definition,
_ 2 _ 2 2 2 _ 2 2
F/(a) = lim flath)—fla) _ . (e+h?—a® . a®+2h+h*—a® . 20h+h?

h—0 h h—0 h h—0 h h—0 h

Factor h out of the numerator and cancel (valid since h #+ 0 throughout the limit process):

sov e h(2a4h) _
f'(@) = Jim MR fim (20 + ) = 2.

(b) Substituting a = 3: f/(3) = 2(3) = 6.
(c) The point of tangency is (3, f(3)) = (3,9) and the slope is f'(3) = 6, so the tangent line is

y—9=6(zx—3) = y=62—09.

2.2 Derivative Notation and Numerical Estimation

2.2.1 Leibniz, Lagrange, and Newton notation
Three notations for the derivative are in common use, and it is essential to read all three fluently.

Lagrange notation: f’(x), read " f prime of x”; higher derivatives f”(x), f” (z), ...

S . d d .. . . e
Leibniz notation: &2 or e [f(z)], emphasizing the derivative as a ratio of infinitesimal changes;
X

xr
. . d
the value at z = a is written )

Tlz=aqa
Newton notation: a dot over the variable, 3 or $(t), used almost exclusively for derivatives

with respect to time in physics and mechanics (e.g., if s(¢) is position, $(t) is velocity).

. . d
All three notations denote the exact same object; f/(a) = d—y
xr Tr=aqa

Leibniz notation is especially convenient later for the chain rule and for related-rates problems, be-
cause it visually tracks which variable is changing with respect to which.

= y(a) whenever y = f(z).

- GIAI THICH TIENG VIET
Ba ky hiéu dao ham phé bién: Lagrange (f’(z) — gon, hay dung khi lam viéc v&i ham s6 triru
. . d ~ Ve . SA ~ ~ e ~ ;Y e . A ~ N 3
tuwong); Leibniz (d—y — hiru ich khi can thay ro bién s6 nao dang thay déi theo bién s6 nao, dac
T
biét trong cac bai lién quan dén toc doé lién hé sau nay); Newton (ddu cham trén dau bién, ¢ —
chi dung cho dao ham theo thoi gian trong vat ly, vi du s(t) la van téc). Ca ba chi la ba cach viét
khac nhau ctia cing mét dai luong.
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2.2.2 Estimating derivatives from tables and graphs

When f is known only through a table of sampled values (not a formula), the derivative at an interior
point can be estimated using a symmetric (central) difference quotient — averaging the secant slope
just before and just after the point — which is generally more accurate than a one-sided estimate:

N (LT (L)

At an endpoint of the table, only a one-sided difference quotient (forward or backward) is available.

Vi du mAu - Estimating a derivative from a table of values

A bacterial colony is measured every 2 hours; P(t) is the population in thousands.

t (hours) 0 2 4 6 8
P(t) (thousands) 12 18 29 45 68

Estimate (a) P’ (4), (b) P’(0), and (c) P’(8).

(a) t = 4 is an interior point, so use the central difference quotient with the neighboring data
att=2andt =6:
P(6)—P(2) 45—-18 27

P'(4) ~ 63 =0 =" 6.75 thousand/hour.

(b) t = 0 is the left endpoint of the table, so only a forward difference is available:

P’(0) ~ P(2; : (J;(O) _ 18 g 2 _3 thousand/hour.

(c) t = 8 is the right endpoint, so only a backward difference is available:

Pg)—P —4 2
P'(8) ~ (8; - (6) _ 8 5 o _ ?3 = 11.5 thousand/hour.

When f is given only as a graph, f’(a) can be estimated by sketching the tangent lineat x = a as
accurately as possible and reading its slope from two clearly identifiable points on that line (ideally
where it crosses grid lines).

Estimating f/(2) graphically: the tangent line drawn at P crosses grid points at (0, 0.2) and (4, 4.2), giving slope
Ay 42-02 4
el =-=1,5f/(2) ~ 1.
Az~ a—0 ~1_ b f@
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Khi ham sé chi duogc cho dudi dang bang so liéu, cach uéc lugng dao ham chinh xac nhat
tai mot diém ndm gitra bang 13 dung thuong sai phan déi xirng (central difference) — |3y hai
diém cach déu hai bén réi chia cho téng khodng cach; con tai hai dau bang, ta budc phai dung
thuong sai phan mét phia. Khi ham s6 chi duoc cho dudi dang dé thi, ta udc lugng f/(a) bang
cach vé ti€p tuyén tai diém dé cang chinh xac cang tét, réi doc hé sé goc A—z tlr hai diém ré

rang trén dudng ti€p tuyén do (t6t nhat 13 cac diém cat ludi 6 vuéng).

2.3 Differentiability and Continuity

2.3.1 Differentiability implies continuity

There is a precise logical relationship between differentiability and continuity, and it runs in only one
direction.

Theorem: differentiability implies continuity

[ If fis differentiable at a, then f is continuous at a.

f(x) — f(a)

Tr—a

Proof. Suppose f’(a) = lim exists as a finite number. To prove continuity at a, it

r—a
suffices to show lim,_,, f(z) = f(a),i.e., lim__,, [f(z) — f(a)] = 0. For z # a, algebraically rewrite:

f(x) = f(a)

f@) = fla) = FE="0 (@~ a).
Now take the limit as x — a of both sides. The right-hand side is a product of two quantities that
both have limits as « — a: the first factor tends to f’(a) (by hypothesis), and the second factor

(z — a) tends to 0. By the product rule for limits,

. T fx) = fla) _ g _
lim [f(z) = fa)] = lim =———""="lim (z —a) = f(a) - 0 = 0.
Hence lim,_,, f(z) = f(a), so f is continuous at a. &
Crucially, the converse is false: a function can be continuous at a point yet fail to be differentiable
there. Four distinct geometric situations cause this failure.

- GIAI THICH TIENG VIET
Chirng minh trén cho thay: néu gidi han f(a) ton tai (hiru han), thi bat buéc lim_ ., f(z) = f(a)
— tlrc la ham lién tuc tai a. N6i cach khac, kha vi la diéu kién "manh” hon lién tuc: mudn kha vi,
ham phai lién tuc va con phai "tron” (khong gap khuac, khéng nhon, khéng cé tiép tuyén dirng).
Chiéu nguoc lai KHONG diing — sé c6 bon dang minh hoa cu thé ngay sau day, moi dang déu
la mét ham lién tuc nhung khong kha vi tai mét diém.
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2.3.2 Where derivatives fail to exist

Type Example (atz = 0) Behavior of f/(z) near 0 Continuous?
Corner f(z) = |z| left/right slopes are finite but un- Yes
equal (—1 vs. +1)
Cusp f(x) =223 slopes — —oo from the left, — Yes
~+oo from the right (infinite, oppo-
site signs)
Vertical tan- f(z) =2'/3 slopes — +oo from both sides (infi-  Yes
gent nite, same sign)
Discontinuity  jump at a point f itself has no limit at the point, so No
the difference quotient cannot con-
verge

18

-2 -1 1 2 —2 -1 1 2
Left: f(x) = |x| — a corner at z = 0 (finite but unequal one-sided slopes). Right: f(x) = 2?/> —acuspatz =0
(/' () = 22% = Foo).

f(x) = J: a vertical tangent at = 0. Since f/(x) = 322/> — 400 from both sides, the curve is still increasing
smoothly through the origin — no corner, just an infinitely steep (vertical) tangent line.

Vi du mAu - Verifying each type of non-differentiability

(a) Corner. For f(x) = |z —2|+ 1, check differentiability at z = 2. Forz < 2, f(z) = —(z —2) +
1=3—uzs0 f'(x) =—1;forx > 2, f(x) =(x—2)4+1=2—1,s0 f'(x) = 1. The left-hand
derivative (—1) and right-hand derivative (1) disagree, so f’(2) does not exist, even though f is
continuous at = = 2 (both pieces give f(2) = 1).

(b) Cusp. For f(z) = 2?/3, f'(x) = 22 3 forz # 0. Asz — 07, z71/% — 400,50 f/(2) = +0c.
As z — 0~, z'/3 is negative (e.g. at x = —0.001, z'/3 ~ —0.1), so /3 — —o0, giving f'(z) —
—oo. The one-sided slopes both blow up but with opposite signs — a cusp.

(C) Vertical tangent. For f(x) = a:l/3, f'(z) = lx_2/3 = . Since 1’2/3 >0 always and — 07
3 312/3
X

as ¢ — 0 from either side, f’(x) — +oo from both sides — the same (infinite) sign, so the graph
has a genuine vertical tangent rather than a corner.

(d) Discontinuity. Let f(z) =z + 1forz < 1and f(z) = 2?forz > 1. Asx — 17, f(z) — 2,
but f(1) = 12 = 1. Since 2 # 1, f has a jump discontinuity at z = 1; by the contrapositive of
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the theorem above, a function that is not continuous at a point cannot be differentiable there.

GIAI THICH TIENG VIET

on dang "gdy” kha vi can phan biét r6: géc nhon (corner) — hai hé s6 goc trai/phai hitu han
nhung khac nhau (nhu |z); di€m nhon (cusp) — hai hé s6 goc trai/phai déu tién ra vé cuc nhung
trdi ddu (nhu 2%/3, tao hinh chir V nhon); ti€p tuyén dirng (vertical tangent) — hai hé s6 goc
trai/phai déu tién ra vo cuc cung ddu (nhu z1/3, d6 thi van "tron” va tang lién tuc, chi 1a tiép
tuyén thang dirng); va diém gian doan — ham con chua lién tuc nén chic chin khéng thé kha
vi. Phan biét cusp va tiép tuyén dirng thudng gy nham 1an nhat: cung 1a "vé cuc” nhung cusp
¢6 hai ddu khdc nhau con tiép tuyén dirng cé cung ddu.

(1) L6i thuwong gap: "Ham lién tuc thi ch3c chan kha vi” 1a mét suy luan sai chiéu. Dinh ly chi
dam bao chiéu khd vi = lién tuc, khong cé chiéu ngugc lai. Ham f(x) = |z| 1a vi du kinh dién:
lién tuc tai = = 0 (d6 thi khong dirt doan) nhung khong kha vi tai do (d6 thi coé goc nhon, hé s6
goc trai = —1 # hé s6 goc phai = 1). Khi dugc yéu cau chirng minh mot ham KHONG kha vi,
dirng chi chirng minh né lién tuc — diéu do khoéng du.

2.4 The Power Rule and Linearity of Differentiation
2.4.1 The Power Rule

Power Rule. For any real number n for which both sides are defined,

a4
dx

[a;”] = nx" L.

. d . .
As special cases, T [c] = 0 for any constant ¢ (an n = 0-type function with a flat graph — slope
HA

d . .
0 everywhere), and d—[x] = 1 (an n = 1-type function whose graph already is a line of slope 1).
X

Derivation for a positive integer n. Using the limit definition and the algebraic factorization
" —a" = (x—a)(z" '+ 2" %a + 2" 3a® + -+ a™ 1) (a sum of exactly n terms):

" —a”

f(a) = lim =lim (z" '+ 2" 2a+ - +a" ).
T—=a T —a z—a

As © — a, every one of the n terms in the sum tends to a® !, so the whole sum tends to n - a™ .

Hence f’'(a) = na™1, as claimed.
Extension to negative integers. Write n = —m with m > 0, so f(z) = 2=™ = 1/2™. Then

1 1 m m
— T T a”t —x
/ . xm am
a) = lim = lim
f ( ) r—a I — a T—a xmam(x — a)
™ —a™ 1 1
= ||m — . = —(mam71> 5 — ma*Tnfl’
z—a r—a zma™ a“m

using the positive-integer result already proved. This matches naz"~! with n = —m: —maz=""L
Extension to fractional exponents. A fully general proof for arbitrary rational (or irrational) n

requires implicit differentiation or logarithmic differentiation, developed in the next chapter; for

now, the pattern can be verified directly for specific cases. For instance, with f(z) = /2 = xt/2,
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rationalizing the difference quotient gives

Flay=tim Yotrh=va _ . ath—a _ . 1 _ 1
h—0 h h—)Oh(\/m_i_\/a) h—0 \/m-i-\/a 2\/67

which is exactly %a—l/z — matching the power rule with n = % The power rule is used freely for
every real exponent from this point forward.

IAI THICH TIENG VIET
G C G VIE

g 1~ . d . o R oA
Quy tac lay thira d—x” = na" ! 4p dung cho moi sé mii thuc n — nguyén duong, nguyén am,
X

phan s6, tham chi vé ti — mién 1a ca z™ va ™! ¢6 nghia. V&i n nguyén duong, ta chirng minh
chit ché bang cach khai trién 2z — a™ thanh nhan t; véi n nguyén am, dung lai két qua dé
cong vdi bién d6i dai s6 cta phan thic; vai n phan s6, phép chirng minh téng quat can dén
dao ham ham an (chuong sau), nhung c6 thé kiém chirng truc tiép tirng trudng hop cu thé —
vi du \/z = z'/? bang cach nhan lién hgp. Diém mau chét: quy tic Idy thira chi 4p dung khi
bién s6 nam & co s6 (nhu z"), khéng ap dung cho ham mii cé co s hang s6 (nhu 2%) — hai
dang nay c6 cong thirc dao ham hoan toan khac nhau.

Vi du mau - Power rule with negative and fractional exponents

Differentiate each function.

@ f(z)=2" B f@) =22 (©f(@=2*" (d)f@)=Va> (@) f(x)= %
(@) f'(x) = 5.
(B) 7'(x) = 324 = >
(© f/a) = 22/t = Zy000,
(d) Rewrite V22 = 22/3 first: f/(x) = §x2/3*1 ggfl/?'.
(e) Rewrite i “dfirst: f(z) = —da 5 = —%

(1) L6i thuwong gap: Khéng dugc nham z™ (co s6 bién, sé mi hang — dung quy tic Iy thira) véi
a® (co s6 hing, s6 mi bién — ham s6 mi, c6 cong thirc dao ham khac han). Vi du: d—(2””) +
xr

x - 27~1 — ap dung quy tic lay thira vao 27 13 sai, vi bién s6 2 nam & s6 mi chr khéng phai co
s6. (Dao ham dung ctia a® can ky thuat khac, sé gap sau khi hoc dao ham ham hgp.) Luén hoi:
"bién s6 = dang nam & co s6 hay s6 mi?” trwdc khi chon cong thirc.

2.4.2 Sum, difference, and constant multiple rules
Differentiation is linear: it distributes over addition/subtraction and pulls constant factors outside.

Linearity of differentiation. If f and g are differentiable and c is a constant,

[f(@) £9@)] = (@) g (@), [ef@)] =cf (@)
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Proof (sum rule). By the limit definition,

[f(x+h)+g(x+h)] — [f(x)+ g(z)]

A f@) + g@)] = lim

dx h—0 h
i [f@ ) = @) | gt h) — g(2)
h—0 h h

Since both limits on the right exist (as f’(z) and ¢’ (x)), the limit of the sum equals the sum of the
limits: f’(z) + ¢’(x). The difference rule follows identically with a minus sign, and for the constant

multiple rule,

kf@ﬂ:Hmcf@+h%%#®):cmnﬂ$+2_f@>:cf@) n

h—0 h h—0

4
dx
Combined with the power rule, linearity lets any polynomial be differentiated term by term.

GIAI THICH TIENG VIET
Dao ham c6 tinh tuyén tinh: dao ham ctia mét téng bang téng cac dao ham, dao ham clia mot
hiéu bang hiéu cac dao ham, va hang s6 nhan cé thé "kéo ra ngoai” phép 1ay dao ham. Nh&
tinh chat nay, két hop véi quy tic Iy thira, ta ¢ thé 13y dao ham cha bat ky da thirc ndo chi
bang cach 13y dao ham tirng s6 hang mot — day 1a k¥ ndng nén tang duoc dung 13p lai xuyén
sudt cd mén hoc.

Vi du miu - Differentiating a polynomial term by term

Differentiate p(z) = 32* — 523 + 222 — 7z + 9, then evaluate p’(1).
Apply linearity and the power rule to each term:

p'(x) = 3(423) — 5(32%) + 2(22) — 7(1) + 0 = 1223 — 1522 + 42 — 7.

Thenp’(1) =12—15+4—7 = —6.

Vi du mau - Where the tangent line is horizontal

Find all points where the tangent line to f(z) = 2% — 32% — 92 + 2 is horizontal.
A horizontal tangent occurs exactly where f’(z) = 0. Differentiate:

f(z) =322 — 62 —9=3(22 — 22 —3) =3(z — 3)(x + 1).
Setting f'(x) = 0 gives = 3 or x = —1. Compute the corresponding y-values:
f(3)=27T—27T—27+2=-25 f(—-1)=—-1—-349+2=T.

The tangent line is horizontal at (3, —25) and at (—1,7).

2.5 Derivatives of Exponential and Logarithmic Functions
The number e ~ 2.71828 can be characterized as the unique base for which the exponential func-

tion’s growth rate exactly equals its own value; formally, e is defined so that
fim €1
h—0 h

=1 (equivalently e= lim(1+ h)l/h> )
h—0
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d d 1
@[em]:el’, @[Inx]:; (x > 0).
Justification for ¢*. By the limit definition,
d N . ea:+h . . ex(eh o 1) . . eh -1 Y N
gl = fim = = im g =t im g = et L=

where the constant factor e* was pulled out of the limit (it does not depend on h), and the remaining
limit equals 1 by the very definition of e above. This is what makes ¢ special among exponential
functions: it is literally its own derivative.

Justification for In z. By the limit definition and the logarithm law In(z + k) — Inz = In(1 + 2),
In(z +h) —Inx 1 In(1+2)

i[In ] = lim = lim =
de b T Rk h Chs0xT h/x

Substitute u = h/x (so u — 0 as h — 0, for fixed = # 0):

1. In(1 1
:fhmﬂzi.l:i,
T u—0 u T X

using the standard fact lim,,_,, "4

limit e = lim,,_,o(1 4 u)'/®

= 1, which is equivalent (by continuity of In) to the defining

GIAI THICH TIENG VIET

S6 e duoc dinh nghia chinh xac 1a co s6 khién lim,_,, L}:l = 1 — né6i cach khac, e 1a ham

mi duy nhat ma téc dé tang trudng tai moi diém dung bang gia tri cia chinh noé tai diém d6
((e‘”)' = ¢%). Day |3 ly do e® xuat hién tu nhién trong moi mé hinh tidng trudng/phan rd ma.
Dao ham cta Inz (= 1/x) cb thé suy ra truc tiép tr dinh nghia gigi han két hgp vai tinh chat
logarit, khéng can dén quy tic day chuyén.

Vi du miu - Combining exponential and logarithmic derivatives

Let f(z) = 3¢ —4Inz + 2. Find f’(z) and evaluate f’(1).
Apply linearity term by term:
, 4
f(z) :3670—;4-21'.

Atz =1: f/(1)=3e—4+2 = 3e — 2 ~ 6.155.

2.6 Derivatives of the Sine and Cosine Functions

Two special trigonometric limits are needed to differentiate sin x and cos x from first principles:

im sinh_1 lim 1—cosh
heo b o ho
Derivation of (sinz)” = cos z. By the limit definition and the angle-addition identity sin(x +h) =
sinz cos h + cosz sin h,

d ., . . sin(x+h)—sinz . sinzcosh+cosxsinh —sinx
— [sinz] = lim = lim )
dx h—0 h h—0 h
Group the terms containing sin x together:
. . 1—-cosh sinh .
= lim [—smx-i =—sinz-04cosz-1=cosx.
h—0 h
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Derivation of (cos )" = — sin z. By the same method, using cos(x+h) = cos z cos h—sin z sin h,
d . Ccosxzcosh—sinzsinh —cosx
—[cosz] = lim
dx h—0 h
. l1—cosh . sinh . .
= lim |—cosx- —— —sinz- ——| = —cosz-0—sinz -1 = —sinz.
h—0 h
i[sinaz]:COSx, i[COSx]:—sinx.
dx dx

GIAI THICH TIENG VIET

a hai cong thirc (sinz)’ = cosz va (cos x)” = — sin z déu dugc suy ra truc tiép tir dinh nghia
gigi han ctia dao ham, két hop céng thic cong goc luvong gidc va hai giéi han lwgng giac dic
biét: lim;,_,, % = 1valim,_, 1“;?5" = 0. Meo ghi nh& dau: dao ham cua sin "gilr nguyén
dau” ra cos; dao ham cua cos "d6i dju” ra — sin — day 1a diém hoc sinh hay quén nhat (xem
phan Lbi thuong gdp bén dudi).

Vi du miu - Differentiating a sine-cosine combination and its tangent line

Let g(z) = 2sinx — 3cosz + 5. Find ¢’ () and the equation of the tangent line to y = g(z) at
z=0.

g () =2cosx —3(—sinz) = 2cosz + 3sinz.

Atz =0: g(0) =2(0)—3(1)+5=2and ¢’(0) = 2(1) 4+ 3(0) = 2. The tangent lineat x = 0 is

y—2=2(x—-0) = y=2x+2.

(") L6i thweng gap: Lbi dau kinh dién: di(cos x) = —sinx, khéng phai +sinz. Hoc sinh
i

thuong nhé nham vi sin va cos "trong giong nhau”, nhung chi cé dao ham clia cos = mang dau

trir. Kiém tra nhanh bang do thi: tai z = 0, cos = dang gidm (di qua dinh cuc dai) nén dao ham

phai am — khdp véi —sin(0") < 0 ngay sau 0; néu nh& nham thanh + sin z thi tai z hoi 16n

hon 0 sé cho gia tri dwong, mau thuan véi viéc ham dang giam.

2.7 The Product Rule

When differentiating a product of two functions, it is not true in general that (uv)” = v'v’. The
correct rule is:

Product Rule. If © = u(x) and v = v(x) are both differentiable,

[u(z)v(z)] = o (z)v(z) + u(z)v'(z).

In words: derivative of the first, times the second, plus the first, times derivative of the second.

Derivation. By the limit definition, and adding and subtracting the intermediate term u(x+h)v(z)
in the numerator:

uw(x + h)v(z + h) —u(z)v(z)

(uv)’ (z) = lim

h—0 h
_lim w(z + h)v(z + h) —u(z + h)v(z) + u(z + h)v(x) — u(z)v(z)
h—0 h '
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Group and split into two limits:

u(z + h) —u(z)
h

:}Ili_% w(z+h) v(w—kh})b—v(a:)}

+ lim [ () -

h—0
= u(z)v' (x) + v(z)u'(x),

where u(x + h) — u(z) as h — 0 because w is differentiable, hence continuous (the theorem proved
earlier in this chapter). Rearranging gives v'v + uv’.

An intuitive picture: think of u(z) and v(x) as the side lengths of a rectangle, so u(z)v(z) is its
area. A small change h in x changes u by roughly «’(x)h and v by roughly v’ (x)h; the resulting change
in area is approximately one thin strip of width «’(z)h along one side plus one thin strip of width
v’(z)h along the other side (the tiny corner rectangle of area u’(z)v'(x)h? is negligible as h — 0),
giving AA ~ v/ (x)v(x)h + u(xz)v' (z)h — consistent with the formula after dividing by h.

For a product of three factors, apply the two-factor rule twice by treating uvw as u - (vw):

(wvw)” = (vw) + u(vw)” = v'vw + u(v'w + vw') = vow + wW'w + wow'.

- GIAI THICH TIENG VIET
Quy tac tich: dao ham cla cdi thi nhat, nhan cdi thi hai, cong cdi thir nhdt nhan dao ham cla
cdi thur hai — tuyét déi khong |3y tich cta hai dao ham riéng 1é (u/v’). Phan chirng minh dung
dang ky thuat "cong r6i trir mot sé hang trung gian” quen thudc, va dac biét can dung lai két
qua "kha vi = lién tuc” da chirng minh & dau chuong dé khang dinh u(z + h) — u(z). V6i
tich ba ham s6, chi can ap dung quy tic tich hai [an lién tiép (nhém hai ham cuéi lai thanh mot
"khoi”).

Vi du miu - Product rule with two factors

Differentiate f(x) = (322 + 1)(2® — 2z) using the product rule, and verify by expanding first.

Let w =322 + 1 (sow’ = 6z) and v = 23 — 2z (so v/ = 3x2 — 2).

f(x) =vv+u =6x(x® —2z) + (322 + 1)(32% — 2)
= (62* — 122?) + (92* — 622 + 322 — 2) = 152% — 1522 — 2.

Check by expanding: f(z) = 32° — 623 + 2° — 22 = 32° —52% — 22, s0 f/(z) = 152* — 1522 — 2
— the two methods agree.

Vi du mAau - Product rule with three factors

Differentiate g(z) = z - ¢* - cos x.

letu=2 @ =1),v=¢e* (v =€%), w=cosz (w = —sinz). Then

g (z) = vvw + uv'w + vvw’ = e* cosx + xe® cosx — xe” sin .

Factor out e*:
g (r)=¢€e"|(1+x)cosz —xsinx|.

(1) L6i thueng gap: Loi thudng gap nhat khi gap tich cda hai biéu thirc chira bién: hoc sinh vé
tinh 18y dao ham tirng phdn réi nhdn lgi — tirc 13 tinh v’ - v’ thay vi v’v + uv’. Kiém tra nhanh
bang phan vi du: v&i u = v = z, tich uv = 22 cé dao ham dung 13 2z; nhung "quy tac sai”
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w'v' = 1-1 =1 +# 2z — sai hoan toan (trir tai diém z = %, mot su trung hop s6 hoc, khéng phai
quy luat). B4t cr khi ndo thay hai biéu thirc chira bién sé nhan véi nhau, dé 13 tin hiéu phai
dung quy tac tich.

2.8 The Quotient Rule

Quotient Rule. If u = u(z) and v = v(x) are differentiable and v(z) # 0,

[u(x)} _ M(:U)U(:C)(;)u(:c)v’(:v)'

[o()]”

Derivation from the product rule. Let ¢(z) = ZEZ“;)) so that u(x) = q(z)v(z). Differentiate both

sides using the product rule (treating ¢ as an unknown differentiable function for now):
uw =q'v+qv.
Solve for ¢’:
u—qu  w =3 wo—w

N v N v N v2
(multiplying the numerator’s inner fraction by v/v to clear it). This matches the boxed formula. An
equivalent derivation works directly from the limit definition using the same add-and-subtract tech-
nique as the product rule, and gives the identical result.

Vi du mau - Quotient rule

Let h(x) = if;g Find h’(x) and evaluate h’(2).

letu=2z—1(@w =2),v=22+3@ =2z).

/

wo—uv  2(a*+3)— (20 —1)(2z) 22*4+6—42?+2x 22> +2z+6

h/ == g p— =
() 2 (22 + 3)2 (22 + 3)2 (22 + 3)2
At x = 2: numerator = —2(4) + 2(2) + 6 = —8 + 4 + 6 = 2; denominator = (4 + 3)? = 49. So
2
"(2) = —.

Vi du mau - When to rewrite instead of using the full quotient rule

1
Differentiate = —.
! f(@) 2+ 1
Here the numerator is the constant © = 1 (v’ = 0), so the quotient rule simplifies nicely with
v=2a241@F = 22):
0-(22+1)—1-(22) 2

f@) = (22 +1)2 T @+

Notice that f(x) could also be viewed as u - v=! with w = 1 and v = 22 + 1; for a numerator

that is not constant, rewriting Y as w - v~! and differentiating with the product rule requires
(%

knowing how to differentiate v=* = (22 + 1)~!, which needs the derivative of a composite

function (an "outer” power applied to an "inner” polynomial). That technique — the chain rule
— is developed fully in the next chapter and will make expressions like this one even faster to
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differentiate; for now, the quotient rule (or, as here, a simplified case of it) handles every such
problem correctly.

(1) L6i thueng gap: Hai 16i phd bién véi quy tac thuong: (1) sai thir tw trir — viét nham thanh
wv’ — v thay vi dang u/v — uv’ (d6i thi tu sé doi dau toan bo két qua); (2) quén binh phuong
mau sé — chi chia cho v(z) thay vi [v(x)]?. Meo ghi nhé thir tu: "dao ham tir nhdn mdu, trir tir
nhdn dao ham mau” (nhu doc tir trai sang phai ctia céng thirc) — ludn bat dau bang v’v, khéng
phai uv’.

2.9 Derivatives of the Other Trigonometric Functions

The remaining four trigonometric derivatives all follow from the quotient rule applied to the identi-

. sinx osx 1
tlestanx = ,cotr = ——,secx = ,CSCox = ——.
cos . sinz cosz sinz
Tangent. With v = sinz (v’ = cosz), v = cosz (v = —sinz):
. . . 2
, cosz-cosz—sinx-(—sinz) cos’z+sin”z 9
(tanx)’ = 5 = 5 = —5— =sec’u,
cos? x cos? z cos? x
. . . . 2
using the Pythagorean identity sin” z 4+ cos? z = 1.
Cotangent. With v = cosz (v’ = —sinz), v = sinz (v/ = cos z):
. . . 2
, —sinz-sinz—cosx-cosz  —(sin”x + cos?x) 1 9
(cotx) = —3 = — =——5— = —Csc’m.
sin”“ x sin“x sin“x
Secant. Withu =1 (v’ =0),v =cosz (vV = —sinz):
, 0-cosz—1-(—sinz) sinz sinz 1
(secz) = 5 =——= : =tanxsecx.
cos? x cos’x Ccosx COSw
Cosecant. Withu =1 (v =0), v =sinz (v = cos z):
, 0-sinx—1-cosx cosx cosx 1
(cscx) = 5 =——% =——_— - =—cotxcscz.
sin = sin” SInx SInx
Function Derivative Function  Derivative
sinx cosz cotzx —csc2z
cos —sinz secz secxtanz
tanx sec? ¢ csczx —cscxcotx

GIAI THICH TIENG VIET

Ca bén cong thirc dao ham con lai (tan, cot, sec, csc) déu dugc suy ra bang cach viét ching
dudi dang thuong cla sin x va cos x rdi ap dung quy tic thuong — khéng can hoc thudc long
may moc, chi can nhé quy tic thuong va dinh nghia ctia bén ham nay (tan = sin / cos, cot =
cos /sin, sec = 1/ cos, csc = 1/sin) la c6 thé tu suy ra lai bat c lGc nao. Meo nho: tanz va
sec z di cing nhau trong cong thirc dao ham cua nhau (sec? z va sec z tan z); twong tu cotz
va csc z ludn xuat hién cé dau trr.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 48



858359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Vi du miu - Combining the product rule with the new trig derivatives

Let f(z) = ztanx — secz. Find f’(x) and evaluate f’(0).
Apply the product rule to z tan z (with v = z, v’ = 1, and v = tan z, v’ = sec? z), then subtract
the derivative of sec z:

f/(x) =tanz + zsec’r —secxrtanz.
| { 7, | { 7 }

(ztanz)’ (secx)’

Atz =0:tan0=0andsec0=1,s0 f/(0)=0+0-1—1-0=0.

Rules established so far.

Power: Lgm = ngn ! Sum/diff/const. mult.: Exp/Log: ‘Le”=e”, L Inz=1
(f+9)'=f"+g", (cf)'=cf’

Sine/Cosine: Product: (uv)" = v'v 4+ uv’ Quotient: (%)/ = ulv—uu

(sinz)’=cosz, (cosz)'=—sinz

Tan/Cot: sec? z, —csc? x Sec/Csc:

secxtanxz, —cscxcotx

2.10 Problem Bank

Bai tap luyén tap

Let f(z) = 22 + 3z. The average rate of change of f on [2,5] equals:

(A) 10 (C) 15
(B) 13 (D) 8
[ hive
40—-10 30
f(2) =4+6 =10and f(5) = 25+ 15 = 40. Average rate of change = Emo s 5 10. (A).

L

Bai tap luyén tap

A particle’s position is s(t) = t3 — 4¢? + 2t meters. Find its average velocity on [1, 3].

Loi giai chi tiét

. —s(1
s(1) =1—-4+4+2 = —1ands(3) =27 —36+6 = —3. Average velocity = o) =&l =

3—(=1) -2 .
fZTZ—lm/s.

Bai tap luyén tap
Using the limit definition of the derivative, f(2) for f(z) = 2? + 1 equals:

(A) 4 (C) 5
(B) 2 (D) 1
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Loi giai chi tiét

(a+h)?*+1—(a®>+1) . 2ah + h?
5 = limy,_o ——

f'(a) = lim;_,, = lim,_,(2a + h) = 2a. Ata = 2:

F(2) = 4. (A).

Bai tap luyén tap

Use the limit definition of the derivative to find f’(x) for f(z) = 322 — 2z.

Loi giai chi tiét

3 h)2 —2 h) — (322 -2 h+ 3h% —2h
#(z) = lim (x+ h) (x+h)— (3 x)  lim 6zh + 3
h—0 h h—0 h

= lim (6x + 3h — 2) = 62 — 2.
h—0

(Consistent with the power/linearity rules: - (32?) = 6z and -L (—2z) = —2))

Bai tap luyén tap
The slope of the tangent linetoy = 22 — 4z + 1 atx = 3 is:

(A) 2 (C) —2
(B) 6 (D) 4

Loi giai chi tiet

-

f'(z) =2z —4,50 f'(3) =6 —4=2. (A).

Bai tap luyén tap

Find the equation of the tangent line to f(z) = 2% — 2z + latz = —1.

Loi giai chi tiét

f(=1) = =1 —(=2)+1 = 2. f/(z) = 322 — 2,50 f/(—1) = 3(1) — 2 = 1. Tangent line:
y—2=1x—(-1)=z+1,soy=x+3.

Bai tap luyén tap

Given the table for g(t): t = 1,2,3,4,5 with g(t) = 5,9, 15,23, 33. The best estimate of ¢'(3)
using a central difference quotient is:

(A) 6 (C) 8
(B) 7 (D) 14

Loi giai chi tiét

-

yoay o 94 —g(2) _23-9 14
JB)~=f——"=—F—=5 ="

—
~—
[\]
w
NeJ
—_
=~
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Bai tap luyén tap

A smooth curve passes through (0, 2), and the tangent line drawn at the point where z = 1
passes through the grid points (—1,1) and (3, 5). Estimate f’(1) and explain the reasoning.

Lai giai chi tiét

Ay 5—1 4 . .

—~ = ——— = — =1. Since the tangent line's slope
Az 3-(-1) 4 ! SEmEL >
at the point of tangency equals the derivative there, f'(1) ~ 1.

The slope of the drawn tangent line is

Bai tap luyén tap

Which function fails to be differentiable at x = 0 specifically because of a corner (finite but
unequal one-sided slopes), rather than a cusp or vertical tangent?

r2/3

Jz

(A) f(z)=z/3 (C) f(=)
(B) f(z) = || (D) f(=)

Loi giai chi tiét

|z| has left-hand slope —1 and right-hand slope +1 at x = 0 — both finite but unequal, the
defining feature of a corner. (/3 has a vertical tangent; 2/® has a cusp; /= has a one-sided
vertical tangent at its domain endpoint.) (B).

Bai tap luyén tap

Show that f(z) = |x — 3] is continuous at = 3 but not differentiable there.

Loi giai chi tiét

Continuity: lim__ 5 |x — 3| = 0 = f(3), so f is continuous at z = 3.

Differentiability: for x < 3, f(z) =3 —x = —(x —3),s0 f'(z) = —1; forz > 3, f(z) = = — 3,
so f’(z) = 1. The left-hand derivative (—1) and right-hand derivative (1) are unequal, so f’(3)
does not exist — f has a corner at x = 3.

Bai tap luyén tap
At 32 2 e
The derivative of f(z) = 42%* — — + Tis:
T

6 ) 6
(A) 6z + © Vit 5

B) 6y — - (D) 67+ +7

Loi giai chi tiét
d

. 2 o q NPT _ _
@(4:53/2) =4- 222 = 6,/z. Rewrite —5 = 3: its derivative is —2(—3)x™* = 627* =

6 . . 6 . . .
— The constant 7 differentiates to 0. Sum: f’(z) = 6y/z + — (A). (Choice (D) is the classic
X X
error of forgetting that a constant term vanishes.)
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Bai tap luyén tap

. . 1
Differentiate f(z) = ¥z + A 5.

Loi giai chi tiét

-

Rewrite as f(z) = 2'/3 + 271/2 — 52. Then

1 1
fl(x) = 55672/3 - §m’3/2 — 5.

Bai tap luyén tap

For p(z) = 22* — 323 + x — 8, the value of p/(1) is:

(A) 0 (C) -9
(B) 8 (D) 1

Loi giai chi tiét

-

p'(z) =822 — 922 + 1,50 p’(1) =8 — 9+ 1 = 0. (A).

Bai tap luyén tap

Find all points where the tangent line to f(z) = 223 — 322 — 12z + 5 is horizontal.

Loi giai chi tiét
f(x) =622 —6x—12=6(2> —x—2) =6(z —2)(x +1),zeroatz = 2and x = —1.
f(2)=16—-12—-24+5 = —15, =l == =84 1 5 = 10

Horizontal tangents occur at (2, —15) and (—1, 12).

Bai tap luyén tap
For f(z) = 5e¢* — 3Inz, the value of f/(1) is:

(A) 5e —3 (C) 5—3e

(B) 5e +3 (D) 5e — -

Loi giai chi tiét

@) = 56— L. Ata = L: f(1) = 5e — 3. (A)

Bai tap luyén tap

Using the limit definition of the derivative and the fact lim,, ehh—l = 1, show that di [e”] = e®.
Xz
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Loi giai chi tiét

The factor ¢* does not depend on £, so it can be pulled outside the limit; the remaining limit
equals 1 by the defining property of e.

Bai tap luyén tap

™

For f(x) = 4sinxz — cos z, the value of ]”(2) is:

(A) 1 (C) —1
(B) 4 (D) 0

Loi giai chi tiét

f'(z) =4cosz +sinz. Atz =F:cos5 =0,sinT =1,50 f(5) =0+ 1= 1. (A).

Bai tap luyén tap

Using the limit definition and the two special trigonometric limits, derive —|[cos z] = —sinx.

Loi giai chi tiét

Using cos(z + h) = cosx cos h — sinx sin h:

. coszcosh—sinzsinh —cosz . 1—cosh . sinh

—[cosz] = lim = lim |—cosz - ——— —sinz - ——
dx h—0 h h—0 h h
Since 1=5%% —; 0 and 02 — 1 as h — 0, this limit equals —cosz - 0 —sinz - 1 = —sinz.

Bai tap luyén tap

For f(z) = (22 + 1)(3z — 2), the value of f/(2) is:

(A) 31 (C) 34
(B) 28 (D) 22

Loi giai chi tiét
Product rule: f/(z) = 22(3z —2) + (22 +1)(3) = 622 — 42 + 322 + 3 =922 — 42 + 3. Atz = 2

9(4) —8+3 = 36 — 8 + 3 = 31. (A). (Check by expansion: f(z) = 32% — 22% + 3z — 2, so
[/ (z) = 922 — 4z + 3 — matches.)

Bai tap luyén tap

Differentiate g(z) = 22 - €% - cos x and write the result in fully factored form.
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Loi giai chi tiét
With u = 22 (u/ = 2z), v = e® (v = €*), w = cosz (W’ = —sinz):
/ —a/ / / x 2 8 2, o
g (z) = vw'vw + w'w + vvw” = 2ze® cosx + xe® cosx — xe” sinx.

Factor out ze”:
g (x) = ze® [(2 + x)cosz — xsin x] .

Bai tap luyén tap
For f(z) = —— L the value of £(0) is
) =—2, :
z+1

(A) 2 (C) —2
(B) 1 (D) 0.5

Loi giai chi tiet

-

Quotientrule withu =z —1(u' =1),v =241 =1): f'(z) = i +(24:1()$2_ - (z f 12
Atz = 0: f/(0) = = = 2. (A).
Bai tap luyén tap
Differentiate h(x) = i
 2r 45

Loi giai chi tiét

-

Withu =322 —1 (v =6x),v=2z+5 @ =2):

W (z) = S22e£5) = (322 —1)(2) _ 122° 4+ 30z —62° +2 _ 62> + 30z 4 2
B (2z + 5)2 B (2z + 5)2 T (224 5)2

Bai tap luyén tap

,

For f(x) = tanx + secz, the value of f/(0) is:

(A) 1 (C) 2
(B) 0 (D) —1

Lai giai chi tiét

-

f/(z) =sec?z +secxtanz. Atz = 0: secO = 1,tan0 =0,s0 f/(0) =1+ 1-0 = 1. (A).

Bai tap luyén tap

Differentiate f(x) = x cotz — cscz and evaluate f’ (g)
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Loi giai chi tiét
d 2 2 . .
Product rule on x cot z: d—(:c cotz) = cotx + x(—csc®z) = cotx — xcsc” z. Derivative of
i
—cscx is —(—cscx cotx) = cscxcotz. So

f'(x) = cotx — xcsc? z + cscx cot z.

Ate=%:cotF =0,csc3 =150 £/(5) = 0—5(1) +1(0) = —3.
Bai tap luyén tap
Let f(z) = sm2:13 (z # 0). Find f’(z) in simplified form, and determine whether f is increasing
X
or decreasing at z = .
Loi giai chi tiét
Quotient rule with © = sinz (v’ = cosz), v = 22 (v = 2z):
, r?cosx —2xsinz  wcosx —2sinz . . . .
fl(x) = 1 = 3 (dividing numerator and denominator by x).
x X
. , m(—1)—0 —m 1 , .
Atz = m: cosm = —1,sinTt =0, s0 f'(m) = —— == == Since f'(m) < 0, fis
™ ™ ™

decreasing at x = 7.

Bai tap luyén tap

A function is defined piecewise: f(z) = 2?2 forz < land f(x) = 2z —1forx > 1. Is f
differentiable at z = 17

(A) Yes — both one-sided derivatives equal 2  (C) No — f is discontinuous at z = 1

(B) No — it is a corner since the two pieces
are different formulas (D) Cannot be determined without a graph

Lai giai chi tiét

Continuity: lim_ ;- 22 = 1, lim, ,;.(2x — 1) = 1, and f(1) = 12 = 1 — all agree, so f is
continuous at z = 1.

Differentiability: for x < 1, f'(z) = 2z — 2(1) = 2; for z > 1, f'(x) = 2 (constant). Both one-
sided derivatives equal 2, so f is differentiable at z = 1 with (1) = 2 — the two pieces join
smoothly even though they are different formulas. (A). (This shows that a piecewise definition
does not automatically create a corner; the one-sided derivatives must always be checked
directly.)

Bai tap luyén tap

Let f(z) = x3e®. (a) Find f’(x) using the product rule. (b) Find all = where the tangent line is
horizontal, and give the corresponding points.
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Loi giai chi tiét
(a) With u = 23 (v’ = 322), v = e (v = €®):
f/(x) = 3x2%e® + z3e® = 2%e*(3 + 7).
(b) Since e + 0 for all z, f'(z) = 0 exactly when 2?(3 + z) = 0, i.e.z = 0 or z = —3.
f(0) =0, f(=3) = (=27)e 3 = —27¢e 3.

Horizontal tangents occur at (0,0) and ( — 3, —27¢73).

Bai tap luyén tap

The following table gives values of a differentiable function r(x): z = 0,1, 2, 3,4 with r(z) =
2,5,9, 14, 20. (a) Estimate ’(2) using a central difference quotient. (b) Estimate »’(0) using the
best available one-sided difference quotient.

Loi giai chi tiét

@~ _M25 9,

(b) Since = = 0 is the left endpoint, use the forward difference: r’(0) ~ r . = =

Bai tap luyén tap

cos(z + h) — cosz

’Ilnlz) . equals:
(A) sinz (C) cosz
(B) —sinz (D) —cosx

Loi giai chi tiét

This limit is exactly the definition of %[cos x], which was derived to equal — sin z. (B).

Bai tap luyén tap
2
1
Let f(x) = Tt
the power and sum rules. (b) Verify your answer using the quotient rule. (c) Find the equation
of the tangent linetoy = f(z) atz = 1.

(z # 0). (a) Rewrite f(x) as a sum of power functions and differentiate using

Loi giai chi tiét

2
(@) f(x) :%—I—%:x—l—x’l,sof’(x) =1—z2 :1_$.
(b) Quotient rule with u = 2% + 1 (v’ = 2z), v =2 (" = 1)

2z-z— (22 +1)-1 222 —22-—1
= 5 = 3 = _]_——
x

[

~—

X

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 56



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

which matches part (a).
1+1 . . L :
(€) (1) = % =2and f’(1) = 1 — 1 = 0. Since the slope is 0, the tangent line is horizontal:
=
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 3

Differentiation: Composite, Implicit, and
Inverse Functions

Muc tiéu Unit: Quy t3c day chuyén (chain rule) cho ham hop mét 16p 13n nhiéu I6p, ké ca khi phdi hop
V@i quy tac tich va quy tac thuong; ky thuat dao ham ham an (implicit differentiation) dé tim ¢ va y” tir
mot phuong trinh khéng giadi dugc y theo z, gdbm ca viét phuong trinh ti€p tuyén va xac dinh diém cé
. A7 ~ S 3 < a ~ a Y Y ~ ye 1
ti€p tuyén nam ngang hoac thang dirng; cong thirc dao ham ham ngugc tong quat ¢’ (z) = m va
cach ap dung tir bang gia tri cia f va f’; dao ham cta ba ham lugng giac ngugc co ban arcsin x, arccos =,
arctan z; chién lugc lia chon dang quy tic phu hop cho mét biéu thire bat ky; va dao ham bac cao (cap
hai, cap ba, va quy luat téng quat) ctia da thirc, ham luong giac, va ham ma.

The differentiation rules built up so far — the Power Rule, the Sum/Difference Rule, the Product
Rule, and the Quotient Rule — handle functions written explicitly and directly in terms of x. This unit
extends that toolkit in four directions: differentiating composite functions (one function plugged
inside another) using the Chain Rule; differentiating relations that mix x and y implicitly, where y
cannot be isolated as a single formula; differentiating inverse functions, both in general and for the
standard inverse trigonometric functions; and computing derivatives of higher order. These four
ideas — chain rule, implicit differentiation, inverse functions, and higher-order derivatives — are
the machinery behind nearly every later application of the derivative, from related rates to curve
sketching to optimization. Mastering these techniques introduces very little in the way of brand-
new differentiation formulas — a short reference table holds all of them — so the real skill this unit
builds is recognizing, quickly and reliably, which combination of rules a given expression calls for,
and executing that combination without dropping a factor along the way.

3.1 The Chain Rule

A composite function y = f(g(x)) is built in two stages: the inner function g is applied to x first, and
then the outer function f is applied to the result g(z). Functions such as sin(z?), (3z — 7)5, e%s2,
and v4 — z2 are all composite functions of this kind — none of them is a sum, a plain product, or a
simple power of z by itself. The Chain Rule is the differentiation rule for exactly this situation:

< [fa(a)] = £ (gl@) - o (@),

Read this as “outer times inner.” Differentiate the outer function f, evaluated at the inner function
g(z) (leaving g(x) completely untouched inside), and then multiply the result by the derivative of
the inner function, ¢’(z). This second factor matters because g(z) is not simply z: as = changes,
the inner function has its own rate of change, and that rate scales how quickly the whole composite
output changes. Omitting this factor — differentiating only the outer layer and stopping — is the
single most common error at this level of calculus.

Composite functions of this kind are not a mathematical curiosity — they are the rule rather
than the exception whenever real quantities are modeled together. The temperature at a weather
balloon’s location depends on its altitude, which itself changes with time; the area of a spreading
oil slick depends on its radius, which itself changes with time; the volume of a melting snowball
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depends on its side length, which itself changes with time. Every one of these is naturally written as
one function of a second, time-dependent quantity — exactly the composite-function structure the
Chain Rule is built to differentiate, and exactly the structure exploited later when studying related
rates.
Writing y = f(u) where u = g(x) makes the same idea transparent in Leibniz notation:
dy dy du

de  du dx’

d d . . . . . .
Although Y and d—u are not literally fractions, this notation is a genuinely useful memory device:
u X
the “du” factors behave as though they cancel, leaving the overall rate of change of y with respect

to x.

B Chain Rule

For a composite function y = f(g(x)), writing u = g(z):

dy ;o dy du
o = @) g’ (@) =~ —.
Identify the outer function f and the inner function u = g(z) first; differentiate the outer

function at « (leaving v untouched), then multiply by 2—”
i

outer function f(-)

T —— B — y = f(g(x))
u=g(z)

H £ iy
T Tarcoront

The value z is substituted into the inner function g first; the result w = g(z) is then substituted into the outer function
f» producing y = f(g(x)). Differentiating undoes this in the same order, from the outside in.

. GIAI THICH TIENG VIET

Quy tic day chuyén: 13y dao ham ham NGOAI (giir nguyén ham trong bén trong nd), réi NHAN

vGi dao ham ham TRONG. Ludn tu hoi “dau 1a ham trong, dau 1a ham ngoai?” trudc khi b3t dau
g i o . d dy d R N . N T

lay dao ham. Ky hiéu Leibniz ﬁ = ﬁ . i tuy khéng phai phép chia phan soé that su, nhung

la cach ghi nhé truc quan va hiru ich: cac du “triét tiéu” nhau vé mat hinh thirc.

Vi du mAu - Basic chain rule

Differentiate y = (322 — 5)%.
The outer function is (- )* and the inner function is u = 322 — 5.

dy 2 3 d 2
T = 4(3z° —5) - [32% — 5]
= 4(32% —5)3 - 6x

= 24x(32% — 5)3.
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Generalized Power Rule. A special case of the Chain Rule that appears constantly in practice:
if y = [g(z)]™ for a differentiable function g and a real exponent n, then

d
= =nlg@)]" " - g (@).
This is simply the ordinary Power Rule, —[z"] = na™"!, applied with the inner function g(x)

X
standing in for = — the extra factor ¢’ (z) is exactly what the Chain Rule contributes on top of
the Power Rule.

The same pattern — “ordinary derivative formula, with an inner function u = g(z) in place of z,

times v’” — applies to every basic differentiation formula already known, giving a compact chain-rule
reference for the composite forms that appear most often:
d [sinu| = cos ’ d [cos u] sin !
—|sinu| = U-U = ul = —Ssnu-u
dx dx
d d
—[tanu] = sec?u - u’ —le%] =e* - u’
dx[ u] u-u o [e“] =e" - u
d u d u
—[lInu] = — — = —
dx[ Y u dz Vel 2y/u
(In every entry, u = g(x) stands for an arbitrary differentiable inner function, and v’ = g’ (x).)

3.1.1 Nested (Multi-Layer) Compositions

When a function is built from three or more layers of composition, apply the Chain Rule repeatedly,
peeling off exactly one layer at a time, always from the outside in. For a triple composition y =
flg(h(z))): .
Yy y ’ ’
2= F(gh(@)) - g (h()) - 1 (x).

Each layer of composition contributes exactly one multiplicative factor — no layer, however deeply
buried, may be skipped. More generally, for a composition of k layers, y = f1(fo(f5(-+ fi(z)-))),
the derivative is a product of exactly k factors, one contributed by each layer and each evaluated at
the appropriate nested input — the same peeling process simply continues for as many layers as the

expression actually has.

Vi du mau - Nested chain rule

3

Differentiate y = [sin(z? + 1)]
Three layers: outer (-)3, middle sin(-), inner 22 + 1.
Z—i = 3[sin(z? + 1)]2 -cos(z? +1) - %[mz + 1]
=3sin’(22 + 1) cos(22 + 1) - 2z

= 6 sin’(22 + 1) cos(z2 + 1).

- GIAI THICH TIENG VIET
Khi c6 tir ba 16p ham hop trd [én, boc tirng 16p mot tir NGOAI vao TRONG, mdi I16p nhan thém
mot dao ham tuong ing. Dirng bo sét I6p trong cung — day 1a 16i phd bién nhat khi ham hop
c6 nhiéu tang.
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x. R . . d . . .
() Loi thuwong gap: Writing e sin(3z) = cos(3z) leaves out the derivative of the inner func-
XL

tion. The correct derivative is cos(3z) - 3 = 3cos(3x). Every layer of a composite function
contributes its own factor — never stop differentiating after handling just the outer function.

3.1.2 Combining the Chain Rule with the Product and Quotient Rules

A great many derivatives require more than one rule at once. Recognizing when this happens is
mostly a matter of identifying the outermost operation, then checking whether any piece under-
neath it is itself a composite function. If the outermost operation is a product of two factors, apply
the Product Rule, and apply the Chain Rule to any factor that is itself a composition. If the outer-
most operation is a quotient, apply the Quotient Rule the same way, checking the numerator and
the denominator separately for hidden compositions.

In general, if y = u(x) - v(x) where v(z) = h(k(z)) is itself a composition, the Product Rule gives
Yy =u'v+wuv',and finding v" = h'(k(x)) - k' (x) is a separate Chain-Rule computation nested inside
that larger derivative. The same logic applies when the composition sits in a quotient’s numera-
tor, its denominator, or both: differentiate each piece with whatever rule it individually needs, then
assemble the pieces using the Product or Quotient Rule.

GIAI THICH TIENG VIET

Quy tic tich va quy tic thuong KHONG thay thé quy tic day chuyén — ching phdi hop voi
nhau. Khi ap dung quy tic tich/thuong, néu mét thira s (hodc tir s6/mau s6) la ham hop, phai
dung thém quy tic day chuyén dé 13y dao ham riéng cua thira s& do, réi maéi thay vao cong
thire tich/thuong.

Vi du mAau - Chain rule with the product rule

Differentiate y = 23 sin(2z).
Product rule with u = 23, v = sin(2x); note v" = 2 cos(2z) by the chain rule.

Z—y = 3z?sin(2z) + 2 - 2 cos(2x)
T

= 3z?sin(2z) 4 22° cos(2x).

Vi du mAau - Chain rule with the quotient rule

2x
Differentiate y = cos(a?)’
Quotient rule with u = 2%, v = cos(x?); note u’ = 2¢2* and v" = —2z sin(2?), both by the
chain rule.
dy  2e?*cos(z?) — e**( — 2z sin(z?))
dzr cos?(x?)
_ 2e* cos(x?) 4 2xe” sin(z?)
B cos?(x2?)

2e** [ cos(z?) + x sin(z?)]
cos?(z2?) '

- . . . d
Dividing each term in the bracket by cos?(z?) gives the equivalent factored form d—y =

T
2e2* sec(x?)[1 + x tan(z?)].
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3.2 Implicit Differentiation

Every function differentiated so far has been given explicitly: y isolated on one side of an equation,
written directly as a formula in z. Many curves that matter, however, are described by an equation
that mixes = and y together in a way that cannot be solved for y as a single formula — or that can
only be solved by splitting into multiple awkward branches. The equation of a circle, 22 + y? = 25,
is one of the simplest examples: solving for y produces two separate branches, y = v/25 — 22 and
y = —V/25 — 2, and messier relations such as sin(zy) = x + y? cannot be solved for y in terms of
elementary functions at all. Even when an equation could in principle be solved for y, doing so is

sometimes needlessly painful; implicit differentiation finds d—y directly from the original equation,
X

without that detour.

Implicit differentiation sidesteps this problem entirely. Instead of solving for y first, treat y as an
unspecified differentiable function of x — mentally write y = y(z) — and differentiate both sides of
the given equation with respect to x, term by term. Every term containing only x differentiates as
usual. Every term containing y must be treated as a composite function of x, and therefore requires

the Chain Rule, contributing a factor of y’ (also written d—y) each time y is differentiated:
xr

d

/ d. . , d )
el =nynty, lsing] = (cosy)y', T[] =ery.

dx dx

A term containing both x and y, such as zy or 2233, additionally requires the Product Rule. After every
term has been differentiated, the resulting equation is linear in y’: collect every term containing 3’
on one side, factor ¢’ out, and divide to solve for 3" explicitly.

Implicit differentiation, step by step.
1. Differentiate both sides of the equation with respect to z, term by term.

2. Every term containing y picks up a factor of ¢’ (Chain Rule); a term containing both x and y
together also needs the Product Rule.

3. Collect every term containing ¢y’ on one side of the resulting equation; move every other
term to the other side.

.. d ..
4. Factor 3’ out of the collected terms, then divide to solve for ¢/ = d—y explicitly, usually
X

leaving an expression in both x and y.

d n n—1,,/ d /
%[y ] =ny"ly %[fvy] =y+ay
Ly —omP sty fsing] = (cosy)y
Lo =evy Ziny =L
%[tan yl =sec’yy’ % m =2 _yf A

GIAI THICH TIENG VIET
Dao ham ham an: coi y 1a mét ham theo z, nén moi sé hang chira y khi 13y dao ham phai nhan
thém 3’ (4p dung quy tic day chuyén, vi ban than y 12 ham hop theo z). Néu s6 hang chira ca
x 1an y (vi du zy, 2%y3), phai dung thém quy tic tich. Sau khi lay dao ham hai vé€, gom tat ca s6
hang chira i/ vé mét phia, dat 3/ lam nhan tlr chung, r6i chia dé gidira y'.
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Vi du mAu - Implicit differentiation

Find v if 2%y +v3 =z + 5.

Every term on the left involves y, either directly or raised to a power, so each requires the
Chain Rule (and the mixed term 22y additionally requires the Product Rule); the right side is an
ordinary polynomial in z alone. Differentiate both sides, using the product rule on 22y and the

chain rule on 33:

2zy + 2%y + 3Py =1

y (22 +3y%) =1—2zy
1—2zy
22 + 3y?’

/

y:

3.2.1 Finding the Tangent Line at a Point
Once y’ has been written as a formula in terms of x and y, substituting the coordinates of a spe-
cific point that lies on the curve produces a numerical slope — exactly what is needed to write the

equation of a tangent line, y — y; = m(x — zy).

Tangent line to 22 + y2? = 25 at (3, 4).

Vi du mau - Tangent line to an implicit curve

Find the tangent line to 22 + y? = 25 at (3, 4).

Differentiate implicitly:
X
20 42yy =0 = ¢y = ——.
Yy

3 Lo
At (3,4): y' = I The tangent line is

3.2.2 Horizontal and Vertical Tangent Lines
An implicitly defined curve has a tangent line at essentially every point, including points where an
explicit formula y = f(x) would be undefined or multi-valued. Two special cases are worth locating
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directly from the formula for 3/, which for an implicit curve is typically a ratio of two expressions
in z and y. A horizontal tangent occurs where y* = 0 — that is, where the numerator of 3" equals
zero, provided the denominator is nonzero at that same point. A vertical tangent occurs where 3’
is undefined — that is, where the denominator of 4y’ equals zero, provided the numerator is nonzero.
Because both cases depend on the point actually lying on the curve, always substitute the candidate
x- or y-value back into the original equation to solve for the matching coordinate, and always check
that the other part of the fraction does not also vanish there.

GIAI THICH TIENG VIET
Tiép tuyén NAM NGANG khi y’ = 0, tirc 13 TU SO ctia biéu thirc i bing 0 (trong khi mau s6
khac 0 tai diém dé). Tiép tuyén THANG DUNG khi i’ khong xac dinh, tirc 13 MAU SO cta v/
bang 0 (trong khi ttr s& khac 0). Sau khi tim dugc gia tri « hoac y nghi ngd, luén thay nguoc
vao phuong trinh géc clia dudng cong dé tim toa dod diém day du.

Vi du miu - Horizontal and vertical tangents

Find all points on the ellipse 422 4 32> = 8 where the tangent line is horizontal, and all points
where it is vertical.

Differentiate implicitly:
8r+2yy =0 = 3y = ——.
Y
Horizontal tangents (y” = 0, numerator zero, y # 0): need —4z = 0 = x = 0. Substitute into

the original equation: 4(0)2 +42? = 8 = 2 = 8 = y = +2v/2. Since y # 0 at both points, these
are genuine horizontal tangents:

(0,2v2) and (0, —2v/2).

Vertical tangents (' undefined, denominator zero, numerator nonzero): need y = 0. Substi-
tute into the original equation: 422 + 0 = 8 = 22 = 2 = 2 = ++/2. Since the numerator
—42 = F4v/2 # 0 at both points, these are genuine vertical tangents:

(v2,0) and (—v2,0).

Notice the fourfold symmetry: because the ellipse 422 + y? = 8 is unchanged under x — —z
and under y — —y, the two horizontal-tangent points are reflections of each other across the
x-axis, and the two vertical-tangent points are reflections of each other across the y-axis.

3.2.3 Second Derivatives of Implicit Relations

To find the second derivative y” of an implicitly defined relation, differentiate the expression already
found for 3y’ one more time with respect to z, treating y as a function of x exactly as before — any
y appearing inside that expression again contributes a factor of 3y’ when differentiated. As soon as
a lone y’ appears in the resulting expression, substitute the already-known first-derivative formula
back in, so the final expression for 3" is written purely in terms of z and .

This extends naturally to questions of concavity: since y” > 0 corresponds to a curve bending
upward and y” < 0 to a curve bending downward, exactly as for an explicit function, the same
second-derivative expression found here can be used to decide whether an implicitly defined curve
is concave up or concave down at a given point — without ever solving the original equation for .
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Vi du mAu - Implicit second derivative

Continuing the circle 2 + y? = 25 withy’ = —, find y” at (3,4).
Yy

Differentiate ¢/ = _z using the quotient rule:
Yy

( x) y? + 2
, —T|\——
" __ <1)(y)—$y __y Yy _ — 1’2+y2

Y
y = — et — R
y? y? y? y3
. . . 25
Since z* 4 y* = 25 on the curve, this simplifies to y” = —=. At (3,4):
b 262
43 64

(1) L6i thueong gap: Treating y as a constant while differentiating an equation in z and y is the
most common implicit-differentiation error. Since y represents a function of x, every term

containing y picks up a factor of y/': di[yQ] = 2yy’ (not 2y), and di[xy] =y + zy’ (product rule
X X
— not just y/').

- GIAI THICH TIENG VIET
Dé tinh dao ham cap hai y” theo ki€u an, 1ay dao ham biéu thirc ¢ (da tim dugc) mot [an nira
theo z, va thay y’ da biét vao ngay khi né xuat hién dé rat gon két qua theo = va y.

3.3 Derivatives of General Inverse Functions

A function has an inverse only if it is one-to-one: no two different inputs may produce the same
output, since otherwise there would be no way to decide which input a given output should be sent
back to (graphically, this is the horizontal line test). For a differentiable function, one-to-one on
an interval is guaranteed whenever f’ does not change sign there — that is, whenever f is strictly
increasing throughout (f” > 0) or strictly decreasing throughout (f” < 0) on that interval. Assuming
f is one-to-one and differentiable, its inverse ¢ = f~! satisfies, by definition,

flg(x)) ==
for every x in the domain of g. This is itself a composite-function identity, so it can be differentiated
using the Chain Rule. Differentiating both sides with respect to z — the right-hand side is simply =z,
whose derivative is 1:

fg@)-g(x)=1 = g'(a)= f(g(x)) # 0.

flg(x))’

This single formula lets us find the derivative of an inverse function at a point without ever writing
down a formula for g itself — all that is required is the value of g at that point (i.e., knowing which
input to f produces the desired output) and the value of f’ there.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 65



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

l Derivative of an inverse function

If g = f~!is differentiable, then f(g(x)) = z for every x in the domain of g. Differentiating
both sides with respect to x:

b
f'(g(x))’

Geometrically, if the point (a,b) lies on the graph of f, then (b, a) lies on the graph of g, and
the tangent slopes at these mirrored points are reciprocals of one another.

flg@)-g(x)=1 = g'(z)= F(g(z)) £ 0.

f(z) = e® and f~1(x) = Inz are mirror images of each other across the line y = z (dashed); at mirrored points, their
tangent slopes are reciprocals.

- GIAI THICH TIENG VIET
Néu g 1d ham ngugc cha f thi d6 thi cta ¢ 1a dnh phan chiéu cta do thi f qua dudng thing
1 . . Z o A @ i 3
y = x. Vivay ¢'(x) = ———— — hé s6 gbc cla g tai = la NGHICH BAO ctia hé s6 goéc cua f

, f(g(z))
tai diém tuong ing g(z) (khéng phai tai z).

The condition f'(g(z)) # 0is not a technicality — itidentifies exactly the points where the inverse
function has a vertical tangent. For instance, f(z) = 2% has f/(z) = 322, so f/(0) = 0; its inverse

. . . 1 .
g(z) = ¢z indeed has a vertical tangent at z = 0, since ¢'(z) = g31:_2/3 is undefined there. Geomet-

rically, a horizontal tangent on the graph of f (slope 0) always mirrors into a vertical tangent on the
graph of g (slope undefined) at the corresponding reflected point, echoing the horizontal/vertical
tangent analysis already carried out for implicit curves.

To use this formula from a table of values, first find g(z) = f~*(x) by locating z in the row of
f-values (i.e., finding which input produces that output), then look up f’ at that input.

Vi du mau - Inverse function from a table

x 1 2 3 4
fz) 3 6 10 15
fflxy 2 3 4 5

Let g = f~L. Find ¢/(6).
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Since f(2) = 6, we have ¢(6) = 2. Then

0) = 56 = 73 = 3
T T ) T R s
() Léi thueng gap: Given g = f~1, a frequent error is computing ¢’(a) = f/t) instead of
a
1

m. The formula requires evaluating f’ at g(a) — the output of the inverse function —
not at the original input «a itself. Always find g(a) first (by solving f(-) = a, or reading a table
backward), then look up f” there.

3.4 Derivatives of Inverse Trigonometric Functions
The derivatives of the inverse trigonometric functions can be derived using implicit differentiation.
Let y = arcsin z, so that siny = « with y € [—3, Z]. Differentiating both sides with respect to x:

/ / 1
cosy-y =1 = y :@.

On [—%,5],cosy > 0,50 cosy = m = V1 — 22. Therefore

d . 1
— [arcsinz] =

dx V1—a?

Y
V1—x2
Reference triangle for y = arcsin z: siny = % so the adjacent side is v1 — z2 and cosy = V1 — x2.

By the same method, let y = arccos z so that cosy = = with y € [0, n]. Differentiating: —siny -
vy’ =1, and since siny > 0 on [0, 7], siny = V1 — a2, giving

1
V1—22

Let y = arctanz so that tany = = with y € (-3, 7). Differentiating: sec?y -y = 1, and using the
identity sec2y = 1 +tan’y = 1 + 22

4 [arccos x| = —
dx B

i[arctan ] = ——.
dx 1+ 22
The restricted ranges used above — [—7, 7] for arcsin, [0, 7] for arccos, and (—%, %) for arctan

— are exactly what make sin, cos, and tan one-to-one and therefore invertible in the first place, and
they are also what pin down the sign used to simplify each derivative (e.g., cosy > 0 on [—g, g]). On
a different branch, the same identities would produce the opposite sign, which is exactly why the

standard inverse trigonometric functions are always defined with these particular ranges.
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d [arcsin z] ! (domain —1 < z < 1)
e r| = — T
dx Vv1—2?
d 1
—Jarccosz| = ———— (domain -1 <z <1
| ] T ( r<1)
d
—J[arctan z] = domain: all real
dx[ 2] 1+ x2 ( @)

GIAI THICH TIENG VIET

Ba cong thirc dao ham ham lugng gidc nguoc can thudc long: arcsinz va arccos z cé6 CUNG
mau s6 v'1 — 22 nhung KHAC dau; arctan z ¢ mau s6 1 + z2 va khéng chira can.

———————————— Y 2 R

The graph of y = arctan x: domain is all real numbers, range is (—%, Z); the horizontal lines y = 4+-7/2 (dashed) are
asymptotes that the graph approaches but never reaches.

Vi du mAau - Derivative of arcsin

Differentiate y = arcsin(4x).
Chain rule with inner function uv = 4x:

dy 1 4
-7 — . 4 = .
dz /1 — (4x)2 Vv1— 1622

Vi du miu - Derivative of arctan

Differentiate y = arctan(3x).
Chain rule with inner function v = 3z:

dy 13
dr 1+ (3z)2 °  1+922

(1) L6i thweng gdp: arcsin 2z and arccos z share the same denominator v/1 — z2 but opposite

1 1
signs: (arcsinz)’ = ———— while (arccosz)’ = —————. This is consistent graphically —
V1 — 22 V1 — 22

arcsin z is increasing while arccos z is decreasing on (—1, 1).

- . e d
(') Loi thuong gap: A common shortcut error is writing . [arctan(5z)] = and stop-
qy

1+ 2522

. 1 . N .
ping there. The formula (arctanu)” = T is only the outer derivative; since the argument
u
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here is © = 5z, not z itself, the Chain Rule still requires multiplying by «* = 5. The correct
derivative is ——_——. This omission is the single most common error when combining in-

1+ 25z
verse trig derivatives with the chain rule.

3.5 Selecting Procedures for Differentiation

Most derivatives on an exam require combining more than one rule. Before writing anything down,
scan the expression from the outside in and identify the outermost structure.

Decision strategy

Before differentiating, scan the expression from the outside in and ask:
1. Is the outermost operation a sum or difference? Differentiate term by term.

2. Isthe outermost operation a product of two factors? Apply the product rule; check whether
either factor itself needs the chain rule.

3. Is the outermost operation a quotient? Apply the quotient rule; check whether the numer-
ator or denominator needs the chain rule.

4. |s one function plugged inside another (a composition)? Apply the chain rule, peeling one
layer at a time from the outside in.

5. Does the equation mix = and y with no way to isolate y, or does y appear more than once?
Differentiate implicitly, remembering the factor 3’ on every term containing v.

6. Only substitute specific numeric values after the derivative expression has been fully sim-
plified.

The six checks above introduce no new differentiation rule; they are simply a disciplined way of
applying the rules already established in this and the previous unit in the correct order, so that no
layer of an expression is left undifferentiated and no factor is invented that was never actually part
of the original function.

Spot the right tool — four quick diagnoses.
2 +1
[ ] y = =
sin(4x)
itself a composition, so its derivative needs the Chain Rule (4 cos(4x)) before it is substituted
into the quotient formula.

: outermost operation is a quotient = Quotient Rule; the denominator sin(4x) is

o y = (2% + tan 33)7: the outermost operation is a single expression raised to a power =
Chain Rule only, with outer function (-)” and inner function u = 2® + tanz. There is no
separate product or quotient to handle, because the whole sum is packaged inside one set
of parentheses.

e /y+a* = y?: cannot be solved for y as a single explicit formula = differentiate implicitly.
Every term containing y (including ,/y = y'/?) picks up a factor of /.

e y = 5"(2%) cos z: outermost operation is a product of ¢5"2*) and cos 2 = Product Rule;
the first factor is itself a nested composition (outer e(*), inner sin(2z), innermost 2z), so
differentiating it alone requires two applications of the Chain Rule before the Product Rule
can even be written down.
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GIAI THICH TIENG VIET

Khi mot bai toan két hop nhiéu quy tic, hay xtr ly theo diing THU TU cau trdc ctia biéu thirc:
nhan dién phép toan NGOAI CUNG trudc (téng, tich, thwong, hay ham hop), ap dung quy tic
tuong rng, réi mai x&r ly cdc ham nam bén trong.

Vi du mau - Mixed differentiation strategy

Find y if sin(zy) = = + 32

Reading the equation from the outside in: the left side is a single composition sin( - ) whose
argument xy is itself a product; the right side is a sum whose second term y? is itself a power
of y. Because y cannot be isolated on one side, the entire equation must be differentiated
implicitly, applying the Chain Rule to every piece that involves y. Differentiate both sides:

d /7 / /
cos(xy) - %[xy] =1+ 2yy’ = cos(xy)(y+zy’') =1+ 2yy’.

Expand and collect the 3" terms:

ycos(zy) + xy’ cos(zy) = 1 + 2yy’
y' [z cos(zy) — 2y] = 1 — ycos(zy)

, _ 1—ycos(zy)

v= x cos(xy) — 2y’

3.6 Higher-Order Derivatives

3.6.1 Notation and the Meaning of Higher-Order Derivatives

Differentiating a function repeatedly produces higher-order derivatives. The second derivative is
the derivative of the first derivative, the third derivative is the derivative of the second, and so on.

1st derivative:  f/(z) Leibniz: Z—y
€T
2nd derivative:  f”(x) Leibniz: Ly
' © dz?
3rd derivative: " (x) Leibniz: @
' © da®
. o d™y
n-th derivative:  f(™(z) Leibniz:  ——=

The sign of f” describes how the graph of f curves: f” > 0 corresponds to the graph bending
upward and f” < 0 to the graph bending downward, a connection developed further when studying
the shape of a graph. Higher-order derivatives also carry direct physical meaning: if s(t) gives the
position of an object moving along a line, then s’(t) gives its velocity and s”(t) gives its acceleration,
a connection developed in depth in the unit on contextual applications of the derivative.
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41
y = x3 — 3z bends downward for x < 0 (where y” < 0) and upward for = > 0 (where y” > 0); the origin is where that
behavior switches.

. GIAI THICH TIENG VIET

Dao ham bac cao la lay dao ham lién ti€p nhiéu lan: f” |a dao ham cua f, f” la dao ham cla
f”, va c ti€p tuc nhu vay. Dau ctia f” mo ta chiéu cong cta d6 thi f, mot y sé dugc khai thac
sau hon khi khao sat hinh dang d6 thi.

3.6.2 General Patterns for Polynomials, Trig, and Exponential Functions

Three families of functions display especially clean patterns under repeated differentiation, and rec-
ognizing them turns what looks like a tedious problem into a quick one. For a polynomial of degree
m, each differentiation reduces the degree by one, and every derivative of order m + 1 or higher is
identically zero. This happens because a degree-m term 2™ becomes mz™ 1, then m(m — 1)z 2,
and so on, until after m differentiations it becomes the constant m! — and differentiating a con-
stant one more time gives 0, after which every further derivative remains 0. For sine and cosine,
differentiation cycles with period 4:

. d/dz d/dz . d/dz d/dz . d/dz
smyx ——— cosr —— —SIhy — —CoOsx — SIhx —— -

so the n-th derivative of sin z (or cos z) depends only on the remainder when n is divided by 4. For
the natural exponential function ¢**, each differentiation multiplies by the constant k, so

dﬂ

w[ekx] — knekx'
Polynomial, degree f(™ (x) = 0 for every n > m (each derivative lowers the
m degree by exactly 1)
sinx cycles sinz — cosx — —sinxz — —cosx — sinxz — .-
(period 4; use n mod 4)
cosx cycles cosx — —sinz — —cosx — sinz — cosx — -
(period 4; use n mod 4)
ek f(n) (SU) = kneke

Other elementary functions display their own patterns under repeated differentiation. For in-
stance,
d" 11 (=1)"n!
dzn [w} gl
alternating sign with every derivative while the power of z in the denominator grows by exactly one
each time — a pattern easily confirmed by differentiating = a few times by hand and tracking the
accumulating constant: —z 2, then 2273, then —62~4, and so on.
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SO

Vi du mAu - Higher-order and pattern derivatives

() Find f”(z) if f(z) = 2° — 32* + 2u.
Differentiate three times in succession:

f/(x) =5zt — 1223 4 2,

(b) Find f23 () if f(x) = sina.
Using the period-4 cycle sinz — cosxz — —sinxz — — cos z, only the remainder of 23 divided
by 4 matters: 23 = 4(5) + 3, so the remainder is 3. The third derivative in the cycle is — cos z,

(c) Find £10)(2) if f(x) = €.
Each differentiation multiplies by 3, so f(™)(z) = 3™¢3*. With n = 10 and 3'° = 59049:

Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Vé&i ham luong giac (sin z, cos z), dao ham |3p lai theo chu ky 4; mudn tim dao ham cap n rat
I&n, chi can 13y phan du ctia » khi chia cho 4 r6i tra chu ky. V&i ham mii €%, méi [an dao ham
nhan thém mot thira s6 k&, nén dao ham cap n 13 k™e**. Vé&i da thirc bac m, moi dao ham tir
cdp (m + 1) tr& [én déu bang 0 — vi moi [an dao ham lam giam bac di dang 1.

17 (z) = 2023 — 3622, 17 (x) = 60x% — 72z.

f23)(x) = —cos .

A9 (z) = 59049 €3,

3.7 Problem Bank
Bai tap luyén tap

dy
If — 4 1 5, th =
y = (4o + 1)°, then T

(A) 5(4x +1)*
(B) 20(4z + 1)*

Lai giai chi tiét

Bai tap luyén tap

U
SHESY
8

oo Ltan(@?)] =

(A) sec?(z?)
(B) 2x sec?(x?)

Lai giai chi tiét

(C) 4(4x +1)4
(D) 20(4z + 1)°

Chain rule: 22 = 5(4z + 1)* - 4 = 20(4z + 1)*. (B).

(C) 2z tanz secx

(D) sec?z

: . . d
Outer function tan( - ), inner function u = x?: %[tan(az?)] = sec?(z?) - 2z = 2z sec?(z?). (B).
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Bai tap luyén tap

Find ;i_y if y=+v4x3 — x.
7

Loi giai chi tiet

-

Write y = (42% — z)/2.

dy 1 1222 —1
L= —(4xd— ) V2 (1222 1) =
e ol ) ( ) W/
Bai tap luyén tap
Find i[cos2(3:c)].
dx
Lai giai chi tit
Write y = [cos(3x)]2. Outer (- )2, middle cos(-), inner 3z:
dy . .
== 2cos(3z) - (—sin(3z)) - 3 = —6sin(3z) cos(3x).

(Equivalently —3sin(6x) using the double-angle identity sin(6z) = 2 sin(3z) cos(3x).)

Bai tap luyén tap

cos(3x)

Differentiate: (a) y = 22 sin(3z); (b) y = 2

Loi giai chi tiét
(a) Product rule, with di[sin(Bx)] = 3 cos(3x) by the chain rule:

X

y' = 2xsin(3x) + 322 cos(3z).

(b) Quotient rule, with %[cos(iﬂa:)] = —3sin(3z) by the chain rule:

_ —3sin(3z) - 22 — cos(3x) - 2z 3z sin(3x) + 2 cos(3x)

/

y = = = = .
T

¢ eQw h ,
If f(z) = x——H’t en f'(z) =

e2*(2z + 1) e?*(2z — 1)
) (x+1)2 © (x+1)2

2€2x e2z

D) —

(B)x-i-l ( )(554‘1)2
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Loi giai chi tiét

Quotient rule, with v’ = 2e2* by the chain rule:

2e%(x +1)—e?®(1)  e*[2x+1)—1] e*®*Q2x+1)

fi(z) = (x +1)2 B (x+1)2  (z+1)?

(A).

Bai tap luyén tap

d .
If 22 + 2y + y* = 7, find d—y at the point (1, 2).
X

© —>

(A) _g 4

® ; o °

Loi giai chi tiet

Differentiate implicitly (product rule on zy):
/7 / / 2:E +
20+ (y+zy')+2yy =0 = Yy (z+2y) =—2x+y) = vy :—ﬁ.

At (1,2): o = —% _ —g. (A).

Bai tap luyén tap

Find v’ if y® + 2%y = 6.

Loi giai chi tiét
2xy

Y+ ey +a%y) =0 = vy +2%) = 2wy = ¢ =—g 5.

Bai tap luyén tap

The tangent line to 2% + 4y?> = 8 at (2,1) is

L

(A)yz—%a:+2 C)y=—2x+5
1 1

Loi giai chi tiét
First confirm (2, 1) lies on the curve: 22 + 4(1)? = 4 +4 = 8 /. Differentiate: 2x + 8yy’ = 0 =

T 2 1 1 1
fm L A (2,1) ) = =S =T ty—1=—=(z—2 — _—z+2 (A).
y 1y (2,1):y i 5+ Tangent: y 2(96 )=y 5T T (A)
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Bai tap luyén tap

Find all points on the curve 22 + zy + 32 = 3 where the tangent line is horizontal, and all points
where it is vertical.

Loi giai chi tiét
. T , , , , 2z +y
Differentiate implicitly: 2z + (y+2y') +2yy' = 0=y (v +2y) = -2z +y) =y = —

x4+ 2y
Horizontal 2z + y = 0 = y = —2x, with = + 2y # 0): substitute into 22 4+ zy + v = 3:

22 +z(—2z) + (—22)2=3= 322 =3 = z = +1.

This gives (1, —2) and (—1, 2); at both points z 4 2y = F3 # 0, so these are genuine horizontal
tangents.
Vertical (z + 2y = 0 = x = —2y, with 2z + y # 0): substitute into 2% + zy + y* = 3:

(—2y)2 + (“2y)y+9y° =3=>3y* =3 =y =+1.

This gives (—2, 1) and (2, —1); at both points 2z + y = F3 # 0, so these are genuine vertical
tangents.

Bai tap luyén tap
2

d?y .
For 22 — y? = 16, find Y in terms of = and Y.

pred
16 16
s © ——
L y?
B) 2 (D) &

Loi giai chi tiet

20 —2yy’ = 0=y = ? Differentiate again with the quotient rule:
Y

. 1
Since 22 — y? = 16, we have 32 — 22 = —16,s0y” = _y_g' (A).
Bai tap luyén tap
For xy = 6, find y” at the point (2, 3).
3
A) - C) -
() < ©

®) o -
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ENGLISH
Loi giai chi tiét

yo— YTy _y—yw
L G

Since y'z = —y, the numeratoris y — (—y) = 2y, so y” =

Bai tap luyén tap

Find the slope of the tangent line to 42 = x3 — 32 4 1 at the point (2,/3).

Loi giai chi tiet

xr2

322 —3

% At (2,V3):

2uy’ =322 -3 =19y =

, 3(4)—3 9 93 33

The tangent lineis y — v/3 = %g(x —2).

Bai tap luyén tap

Using the table

s 0 1 2 3
fla) -1 1 4 9
fix) 3 4 5 6
let g = £~ Find ¢’ (4).
1 1
) © ;
(B) 5 (D) 4
T
Since £(2) = 4, g(4) = 2. So g'(4) = —— = 1_(A)
SR EERIE T e T s
[ o ven o
Using the table
r 2 4 6 8
fl@) 5 9 15 23
flz) 2 3 5 7

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC

First confirm (2,3) liesonthecurve: 2x3=6v.y+zy =0=1y = Y Differentiate again:
X

First confirm (2, v/3) lies on the curve: 23 —3(2) +1 =8 —6+1 = 3 = (v/3)? /. Differentiate:
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let b = f~'. Find 1/ (15).

1 1
(B) 5 (D) 3
. , 11
Since f(6) = 15, h(15) = 6. So h'(15) = 76 5 (A).

Bai tap luyén tap

Suppose f is differentiable and invertible, f(3) = 7, and f/(3) = % Find (f‘l)/(7).

) @

(B) 2 (D) 3
J i o i et

(F) (1) = s = e = —= = 2. (B).

Bai tap luyén tap

Let p(z) = 23 + 2z + 5 and let ¢ = p~!. Find ¢/(8).

Loi giai chi tiét

Since p’(z) = 3z% + 2 > 0 for all z, p is increasing and therefore invertible. Solve p(z) = 8:
23 +2x —3=0,and x = 1 works since 1 +2 — 3 = 0. So ¢(8) = 1.

pP(1)=3(12+2=5 = (8= -

Bai tap luyén tap

x

Differentiate: (a) y = arcsin(5x); (b) y = arcsin < 2), and evaluate 3/ (0) for part (b).

Lai giai chi tiét

(a) i[arcsin(5x)] ! 5= > .
dx v/1— (57)2 V1 — 2522
) y = 1 112
1-(g) 2 Vi-o/
Atz =0:y'(0) = # = %
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ENGLISH

Bai tap luyén tap

Q‘I

g @ 3
Find dgc[arctan(:c )]

Loi giai chi tiet

-

d
%[arctan(aﬁ)] =

Bai tap luyén tap

If y = arccos(2z), then ¢/ (0) =

(A) —2

(B) 2

Loi giai chi tiét

, 2

2
V1

Bai tap luyén tap

Loi giai chi tiét

the inner function is z itself):

T
Second term (chain rule):

d J1 9
- [5 In(1 + z )]
Subtracting:

’ = arctanz +

d
7 [zarctanz| = arctanz + x -

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels

2
; .32 = Sz i
1+ (23)2 1+ 26

1
© -1
1
o
—2. (A).

. 1
Show that if y = x arctanz — 3 In(1 + 2?), then ' = arctan z.

1422

2z T

1
2 1422 1422

= arctanz.

Bai tap luyén tap
If y = (22 + 1)3(x — 4)2, find ' (4).

(A) 0
(B) 173

Thay Tuwong 0332747169 - Co6 Nancy 0983422 692

z z
1+2 1+ 22

(C) undefined
(D) 1

AP Calculus BC

Differentiate term by term. First term (product rule; the chain rule on arctan z is trivial since
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Loi giai chi tiét
Product rule, with chain rule on (22 + 1)3:
y =3(22 4+ 1)2(22)(z — 4)? + (2% + 1)3 - 2(z — 4).

Both terms contain a factor of (z — 4), so both vanish at z = 4: y’(4) = 0. (A).

Bai tap luyén tap
sin(2z)

Differentiate y = 3
X

Loi giai chi tiet

-

Quotient rule, with chain rule on sin(2z):

_ 2cos(2z) -z —sin(2z) - 322

2?2z cos(2x) — 3sin(2x)] 2z cos(2z) — 3sin(2z)
750 70 N 3 '

4

/

Y

Bai tap luyén tap

Find " at the point (0, 1) if ™Y = x + y.

(A) 0 (C) —1
(B) 1 (D) undefined

Loi giai chi tiét

Check the point: ¢! = 1and 0+ 1 = 1, so (0, 1) is on the curve. Differentiate implicitly (chain
rule on e*¥, product rule inside):

eV(y+azy)=1+y".

At (0,1): %140y )=1+y =1=1+y =y =0.(A).

Bai tap luyén tap

Differentiate y = In(sec x + tan ).

Loi giai chi tiet

-
/

. u
Chain rule: ¥/ = — where u = secx + tanz and v’ = secztanx + sec? z.
u

_ secxtanz +sec’z  secxz(tanxz + secx)
~ secx+tanz  secx+tanw

/

= Secux.

Bai tap luyén tap

I @

If f(z) = 32* — 223 + z, then f(z) =
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(A) 3622 — 122 (C) 3622 — 122 +1
(B) 1222 — 6x (D) 24z — 12

Loi giai chi tiét

-

f/(x) = 1223 — 622 + 1, then f”(z) = 3622 — 12x. (A).

Bai tap luyén tap

. d?y . .
Find 72 if y = sin(z?).

Loi giai chi tiet

y’ = 2x cos(x?) (chain rule). Differentiate again with the product rule, using the chain rule on
cos(z?):
y” = 2cos(x?) + 2z - ( —sin(z?) - 2z) = 2 cos(x?) — 4a? sin(z?).

Bai tap luyén tap
If g(z) = €%, find g (z), the fourth derivative.

(A) 16e%* (C) 2%ze?®
(B) 8e2* (D) 4¢2*

Loi giai chi tiét

Each differentiation multiplies by 2: ¢ = 2¢%?, ¢” = 4¢%*, ¢” = 8€2*, g¥) = 16¢€%. (A).

Bai tap luyén tap

Use implicit differentiation to find y” at the point (1,1) on the curve y? = 3.

Loi giai chi tiet

. . . . 32
First confirm (1,1) lies on the curve: 12 = 13 /. Differentiate once: 2yy’ = 32?2 = y = %
3
At (1, 1) y, = 5

Differentiate again, using the quotient rule (equivalently, differentiating 2yy’ = 322 directly
with the product rule on the left):

% ” o 62 — 2(y)? 3 7\2
Q(y)2+2yy =6x:>y:%:__(y)'
Y Yy Y

At (1,1) with ¢’ = g:
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Bai tap luyén tap

Using the pattern for repeated differentiation, find: (a) f*°)(z) if f(z) = cosz; (b) £ (z) if
fz) =2

Loi giai chi tiét
(a) The cycle for cosx is cosz — —sinz — —cosz — sinx — cosx — --- (period 4, starting
from the first derivative). Since 15 = 4(3) + 3, the remainder is 3, and the third derivative in
the cycle is sin z:
f19)(z) = sinz.
(b) Each differentiation of e~2* multiplies by —2, so (™) (z) = (—2)"e2*. With n = 6 (even, so
the sign is positive) and (—2)¢ = 64:

fO(z) = 6422,
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 4

Contextual Applications of Differentiation

Muc tiéu Unit: Dién giai y nghia clia dao ham trong bdi canh thuc t&, kém don vi va cau vin chinh xac;
phan tich chuyén déng thang qua vi tri - van toc - toc do - gia tdc, xac dinh khi vat ting téc, giam toc,
hay d&i huéng; thiét 1ap va dién giai dao ham trong cac b&i canh phi chuyén déng nhu kinh t& (chi phi
bién, doanh thu bién, loi nhuan bién), dan s8, thé tich, dién tich; ndm virng phuong phap téc do lién hé
(related rates) theo quy trinh ndm budc va ap dung cho hinh ciu gidn nd, thang trugt, bong dé, va bé
nuéc hinh nén; xap xi gia tri ham sé bang dudng ti€p tuyén (linearization) va vi phan (differentials), danh
gia sai s6 truyén; str dung quy tic LUHépital dé tinh gidi han dang vé dinh % va 2.

4.1 Interpreting the Derivative in Applied Context
4.1.1 Units of the derivative

. N dy . .
Whenever y = f(z) models a real quantity, the derivative f'(z) = d—y is itself a rate of change, and
X

rates of change always carry compound units: units of the output divided by units of the input.

. , units of f(x)
units Off <.’1}'> = m
If f(z) is measured in liters and = in minutes, then f’(z) is measured in liters per minute. If
P(t) is a population count (people) and ¢ is measured in years, P’(t) is measured in people per
year. The units of f” are never the same as the units of f itself - this is one of the most reliable

checks that a derivative has been set up correctly.

The sign of f’(a) tells the direction of change: positive means the quantity is increasing at = = a,
negative means it is decreasing. The magnitude |f’(a)| tells how fast: a large magnitude means rapid
change, and a magnitude near 0 means the quantity is nearly stationary (momentarily) at that instant.
It is important to remember that f’(a) is an instantaneous rate - the rate at which f would change
over the next unit of z if that instantaneous rate stayed constant, which in general it does not.

GIAI THICH TIENG VIET

on vi cta dao ham f’(z) ludn la don vi cta f chia cho don vi ctia = - khéng bao gid trung
vGi don vi cha chinh f. Day la cich ki€m tra nhanh xem mét dao ham cé duoc thiét 1ap ding
hay khéng. Dau clia f’(a) cho biét dai lvgng dang tang hay giam; dé I&n | f/(a)| cho biét toc
do thay doi nhanh hay cham. f/(a) la téc do tire thoi tai ding thoi diém o = a, khong phai téc
do trung binh trén cd mot khoang.

4.1.2 Writing correct interpretation sentences

A correctly written interpretation of f'(a) = k must contain four pieces of information: the identity
of the quantity being described, the direction of change (increasing/decreasing, from the sign of k),
the numerical rate |k| together with its correct compound units, and the specific input value a (with
its own units).
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ENGLISH

A template for interpretation sentences

‘At [input value a, with units], [the quantity described by f] is [increasing / decreasing] at a rate of
[|k|, with compound units].”

A sentence that reports only the bare number & - with no units, no direction, and no mention
of what quantity or instant is being discussed - is not an acceptable interpretation, even if the
number itself is correct.

Vi du mau - Interpreting a derivative value

Let W (t) be the number of gallons of water remaining in a fire truck’s tank ¢ minutes after it
begins spraying water on a fire, with W (6) = 450 and W’ (6) = —25. Interpret both values in
the context of the problem.

W (6) = 450 is a function value: six minutes after spraying begins, the tank holds 450 gallons of
water.

W’ (6) = —25is a derivative value, with units gallons per minute (gallons, the units of 17/, divided
by minutes, the units of t). Since the sign is negative: at ¢t = 6 minutes, the amount of water in
the tank is decreasing at a rate of 25 gallons per minute.

It is worth distinguishing the average rate of change of f overaninterval [a, b], given by f(bl))—f(a)

(the slope of a secant line through (a, f(a)) and (b, f(b))), from the instantaneous rate of change f%a)
(the slope of the tangent line at the single point x = a). The average rate summarizes overall be-
havior across a whole interval and can hide large swings within it; f’(a) describes behavior at one
exact instant only. When a problem supplies an explicit formula for f, differentiation rules give f’(a)
exactly; when a problem supplies only a table of values, as below, an average rate of change over a
nearby interval is the best available estimate of f'(a).

Vi du mAu - Estimating a rate from a table of values

The amount of water W (¢), in liters, in a drainage tank is recorded every 10 minutes:

t (min) 0 10 20 30 40
W (t) (liters) 500 430 375 335 310

Use the data to estimate W’ (25), and write a sentence interpreting your result, including units.
Since t = 25 is not one of the recorded times, estimate W’ (25) using the average rate of change
over the smallest available interval centered at ¢ = 25, namely [20, 30]:

W(30) —W(20) 335—375 —40
30 — 20 B 10 10

W’'(25) ~ = —4 L/min.

Interpretation: at ¢ = 25 minutes, the amount of water in the tank is decreasing at an approx-
imate rate of 4 liters per minute.

- GIAI THICH TIENG VIET
Khi dé bai cho mét bang so6 liéu rai rac (khéng cé cong thirc tuong minh), ta uéce luong dao
ham tai mét thoi diém ¢t = o nam gitra hai gia tri da cho bang téc dé thay déi trung binh

f(b) = f(e)
b

(average rate of change) trén khodng nho nhat chira a ma bang cung cap: f'(a) ~
—C
véi c < a < b cang gan a cang tot. Day la ky thuat xuat hién thuong xuyén trong dé thi AP khi
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I d{r liéu chi c6 dang bang.

4.1.3 Function value versus rate of change

A recurring source of error in applied problems is confusing f(a) (a state - how much of the quantity
exists at x = a) with f’(a) (a rate - how fast that quantity is changing at - = a). These two numbers
answer entirely different questions and, in general, have no numerical relationship to each other: a
quantity can be large but decreasing (f(a) large, f'(a) < 0), small but increasing rapidly (f(a) small,
f’(a) large and positive), or any other combination.

(') Loi thuweng gap: A written interpretation that reports a rate of change (units: [out-
put]/[input]) without stating those compound units, or that reports a bare number with no
sentence explaining what is increasing/decreasing and at what instant, will not communicate
the intended meaning - and on a scored free-response item, will not earn full credit even if the
numerical value is correct. Always attach the correct compound units and identify the specific
instant being described.

4.2 Straight-Line Motion

4.2.1 Position, velocity, and acceleration

For a particle moving along a straight line (the xz-axis or a number line), let s(¢) denote its position at
time t. Two further functions are obtained by successive differentiation:

v(t) = s'(t) (velocity), a(t) =v'(t) = s”(t) (acceleration).

Speed is defined as |v(¢)| - the magnitude of velocity - and is never negative. Velocity, by
contrast, is signed: it encodes both how fast the particle is moving and which direction it is
moving. The particle moves in the positive direction when v(¢) > 0, in the negative direction
when v(t) < 0, and is momentarily at rest when v(t) = 0.

- GIAI THICH TIENG VIET
s(t) la vi tri, v(t) = s’(t) 1a van téc (cé dau - duong nghia la chuyén dong theo chiéu duong,
am nghia 13 chuyén dong theo chiéu am), va a(t) = v'(t) = s”(t) la gia toéc. Téc dd (speed)
= |v(t)| luén khéng am - day la dai lugng do "dd nhanh cham” thuan tay, khéng quan tam
chiéu chuyén déng. Vat dirng yén tire thai khiv(t) = 0.

4.2.2 Speed and the direction of motion

Because speed is |v(t)|, the particle "speeding up” means |v(t)| is increasing, and "slowing down”
means |v(t)| is decreasing. Whether the speed is increasing or decreasing at a given instant is deter-
mined not by v(t) alone, but by comparing the signs of v(¢) and a(t) at that instant.

Speeding up versus slowing down: at a given instant ¢,
e if v(¢) and a(t) have the same sign (both positive or both negative), the speed |v(¢)| is in-
creasing - the particle is speeding up;

e if v(¢) and a(t) have opposite signs, the speed |v(¢)| is decreasing - the particle is slowing
down;

e if u(t) = 0 or a(t) = 0 at that instant, the particle is (instantaneously) neither speeding up
nor slowing down.
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(1) L6i thuong gap: Velocity and speed are not the same quantity, and "the velocity is decreas-
ing” does not mean "the particle is slowing down.” For example, if v(t) goes from —2 to —5 m/s,
the velocity value has decreased (—5 < —2), yet the speed has increased from 2 to 5 m/s - the
particle is moving in the negative direction and speeding up. Never judge speeding up/slowing
down from whether v(t) itself is numerically growing or shrinking; always compare the signs
of v(t) and a(t).

4.2.3 Speeding up, slowing down, and changing direction

A zero of v(t) means the particle is momentarily at rest, but this does not automatically mean the
particle reverses direction there. The particle genuinely changes direction at t = c only if v(¢) = 0
and v(t) actually changes sign as ¢ passes through ¢ (from positive to negative, or negative to positive).
If v(t) = 0 at ¢t = ¢ but v(¢) has the same sign immediately before and after ¢, the particle merely
pauses and continues in the same direction.

v>0 v <0 v>0

s(t) (meters)

2 3
t (seconds)

Position s(t) = t — 6t2 + 9t. The curve rises where v(t) > 0 (moving right) and falls where v(¢) < 0 (moving left).
Direction reverses exactly where v changes sign,at ¢t = 1 and ¢t = 3.

Vi du mAu - Full motion analysis of a cubic position function

A particle moves along a line with position s(t) = t3 — 6t? + 9t (meters, t in seconds) for
0 < t < 4, graphed above. Find when the particle is at rest, describe its direction of motion,
determine when it speeds up or slows down, and state the times at which it changes direction.
Velocity: v(t) = s'(t) = 3t2 — 12t + 9 = 3(t — 1)(t — 3). Setting v(t) = 0 givest = 1 and t = 3:
the particle is at rest at these two instants.
Direction: testing a value in each sub-interval, v(¢) > 0on (0, 1), v(t) < 0on(1,3),and v(t) > 0
n (3,4). So the particle moves right on (0, 1), left on (1, 3), and right again on (3,4).
Acceleration: a(t) = v'(t) = 6t — 12 = 6(t — 2),so a(t) < 0on (0,2) and a(t) > 0 on (2,4).
Speeding up / slowing down - compare the signs of v and a on each sub-interval:

Interval signofv signofa same/opposite conclusion

0,1) + — opposite slowing down
(1,2) — — same speeding up
(2,3) — + opposite slowing down
(3,4) + + same speeding up

Change of direction: since v(t) actually changes sign at ¢ = 1 (from + to —) and again at ¢t = 3
(from — to +), the particle reverses direction at botht = 1 and ¢t = 3.
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Vi du miu - Motion given by a velocity function directly

A particle moves along the z-axis with velocity v(t) = t2—6t+5 (m/s) for 0 < t < 6. Determine
whether the particle is speeding up or slowing down at ¢ = 4, and find all times in [0, 6] at which
the particle changes direction.

Factor: v(t) = (t —1)(t —5),so0v(t) = 0att = 1and ¢t = 5. Testing signs: v > 0on [0,1),v < 0
on (1,5), v > 0 on (5,6]. Since v genuinely changes sign at both zeros, the particle changes
directionatt =1andatt¢ = 5.

Acceleration: a(t) = v'(t) =2t — 6 = 2(t — 3),s0 a(t) < 0on [0,3) and a(t) > 0 on (3, 6].
Att=4:v(4)=16—244+5=—-3(sov<0),anda(4) =2(4) —3-2=2(4) —6=2(soa > 0).
Since v(4) < 0 and a(4) > 0 have opposite signs, the particle is slowing down at ¢t = 4 (speed
at that instant is |v(4)| = 3 m/s, and that speed is decreasing).

Note that a(t) = 0 att = 3, but v(3) = 9 — 18 + 5 = —4 # 0 there - the acceleration vanishing
does not cause a direction change; only a sign change in v(¢) does, and v does not change sign
att = 3.

GIAI THICH TIENG VIET
Durng 13n hai loai "diém dic biét”: v(t) = 0 (vat dirng yén tirc thoi - chi déi hudng néu v thuc
sy doi dau quanh dd) va a(t) = 0 (chi la ranh gidi gilra hai ki€u tang/giam toc, khéng lién quan
dén viéc déi huéng). O Vi du mau thir hai, a(3) = 0 nhung vat khéng hé déi huéng tai t = 3
viv(3) = —4 # 0 - gia t6c bang 0 chi danh dau ranh gidi chuyén tur "giam téc” sang "ting toc”
(hoac nguoc lai), khéng phai diém déi chiéu chuyén déng.

4.3 Rates of Change Beyond Motion
4.3.1 Marginal cost, revenue, and profit

The derivative-as-rate-of-change idea applies far beyond motion. In economics, if C(z) is the total
cost (in dollars) to produce x units of a good, the derivative C’(x) is called the marginal cost: the
approximate cost, in dollars per unit, of producing one additional unit beyond the current production
level z. Likewise, if R(z) is total revenue from selling = units, R’(z) is the marginal revenue; and if
P(x) = R(z) — C(x) is total profit, P’ (z) = R’(z) — C’(x) is the marginal profit.

Marginal quantities

For any total quantity Q(z) that depends on the number of units z, the marginal @ at pro-
duction level z is Q’(x), with units [dollars, or whatever @ is measured in] per unit. A positive
marginal profit at x = z;, means producing more units beyond x, increases total profit; a neg-
ative marginal profit means producing more units beyond z, decreases total profit.

Vi du mau - Marginal cost, revenue, and profit

A company’s cost to produce z office chairs is C(z) = 0.0122 + 20z + 500 dollars, and the
revenue from selling x chairs is R(z) = 60z — 0.0222 dollars. Find the marginal cost, marginal
revenue, and marginal profit at z = 300 units, and interpret the marginal profit.

Marginal cost: C’(z) = 0.02z + 20, so C’(300) = 0.02(300) + 20 = 6 + 20 = $26 per chair.
Marginal revenue: R’(z) = 60 —0.04z, so R’'(300) = 60 — 0.04(300) = 60 — 12 = $48 per chair.
Marginal profit: P(z) = R(z) — C(z) = —0.032? + 40z — 500, so P’(x) = —0.06x + 40, and
P’(300) = —0.06(300) +40 = —18+40 = $22 per chair. (Check: R’(300)—C’(300) = 48— 26 =
22, consistent.)
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Interpretation: at a production level of 300 chairs, profit is increasing at approximately $22
for each additional chair produced - since marginal revenue ($48) exceeds marginal cost ($26),
producing more chairs beyond 300 is profitable.

- GIAI THICH TIENG VIET
Chi phi bién (marginal cost) C’(x) xap xi chi phi dé san xuat thém mét don vj ké tir mdrc z;
twong tu cho doanh thu bién R’ (z) va loi nhuan bién P’(z) = R’(z) — C’(x). Néu loi nhuan
bién duong tai mot mirc san luong, cong ty nén tiép tuc tang san lugng (lgi nhuan con dang
tang); néu am, nén gidm san lugng. Murc san luong toéi wu (lgi nhudn cao nhat) chinh 13 noi
P’(z) = 0, tirc doanh thu bién bang chi phi bién.

4.3.2 Other applied rates of change

The same idea - differentiate a total-quantity function with respect to its input, then read off sign
and units - applies to population counts, volumes, areas, and countless other applied quantities. The
essential skill is simply setting up the correct function and units before differentiating. In every case,
the input variable does not have to be time: a chemist might track the rate of change of reaction
yield with respect to temperature, or a physiologist the rate of change of drug concentration with
respect to dosage. Whatever the input variable represents, the same interpretation rules from the
beginning of this chapter still govern how the resulting derivative is read: units of output per unit of
input, sign gives direction, and magnitude gives speed of change.

Vi du miu - Rate of change of a population

The number of subscribers to a streaming service, in thousands, ¢t months after launch is mod-
eled for 0 < ¢ < 30 by

S(t) = 800 + 120t — 3t.

Find S’(t), evaluate and interpret S’(10) and S’(25), and determine the month in which the
subscriber count stops growing.

S’(t) = 120 — 6t (thousand subscribers per month).

S’(10) = 120—6(10) = 120—60 = 60: at ¢t = 10 months, the number of subscribers is increasing
at a rate of about 60,000 subscribers per month.

S’(25) = 120 — 6(25) = 120 — 150 = —30: at ¢ = 25 months, the number of subscribers is
decreasing at a rate of about 30,000 subscribers per month.

Growth stops when S’(t) = 0: 120 — 6t = 0 = t = 20. At ¢t = 20 months, the subscriber count
is momentarily neither increasing nor decreasing (its maximum).

Vi du miu - Rate of change of a melting volume

A block of ice has volume V' (t) = 1200 — 8t2 cubic centimeters, t minutes after being removed
from a freezer, for 0 < ¢ < 10. Find the rate at which the volume is changing at ¢ = 5 minutes,
and interpret the sign and units of the result.

V'(t) = —16t,s0 V'(5) = —16(5) = —80 cm?®/min. At ¢t = 5 minutes, the volume of the ice
block is decreasing at a rate of 80 cubic centimeters per minute - the ice is melting.

GIAI THICH TIENG VIET

N 3 > o n” ~
Ky thuat chung khéng déi du béi canh 13 gi: xac dinh ham biéu dién tdng lugng theo bién doc
lap (thudng 13 thoi gian), 1y dao ham, réi doc dau (ting hay giam) va don vi (luén la don vi dai

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 87



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

lwong chia don vi bién). Luu y sy khac biét véi phan toc doé lién hé (related rates) & cac muc
ti€p theo: & day chi cé mét ham phu thudc thoi gian dugce cho truc ti€p, con related rates lién
quan hai (hay nhiéu) dai lirong rang budc véi nhau bdi mét phuong trinh hinh hoc hoac dai sé.

4.4 Related Rates: The General Method

4.4.1 The general method for related rates

A related rates problem involves two or more quantities that are all changing with time and are
linked by a fixed geometric or algebraic relationship. Knowing the rate of change of one quantity at
a particular instant, the goal is to find the rate of change of another quantity at that same instant.
Every variable in a related rates problem is implicitly a function of time, even though ¢ rarely ap-
pears explicitly in the relating equation itself. Differentiating with respect to ¢ is therefore always an

. . . d d . .
application of the chain rule: for instance, %(r?’) = 3r? ditﬂ because r is secretly r(t), and differen-

tiating ()3 with respect to ¢ requires the chain rule exactly as differentiating (g(ac))3 with respect
to x would.

Five-step strategy for related rates

1. Identify variables. List every quantity that changes with time, assign it a symbol, and note
which rates are given and which rate is unknown. Draw and label a diagram if the problem
is geometric.

2. Write a relating equation. Find a single equation, valid at every instant of time (not just
the instant in question), that connects the variables - typically a geometric formula (area,
volume, Pythagorean theorem, similar triangles) or a given algebraic relationship.

3. Differentiate implicitly with respect to t. Apply % to both sides of the equation, using

the chain rule for every variable that depends on t (this is exactly implicit differentiation,
treating ¢ as the independent variable).

4. Substitute known numerical values - after differentiating, never before. Plug in the spe-
cific values of the variables and known rates that describe the instant in question.

5. Solve for the unknown rate, and state the answer with correct units, including a sentence
of interpretation if the problem asks for one.

- GIAI THICH TIENG VIET
Quy trinh ndm budc cho related rates: (1) liét ké cac dai luvong thay déi theo thai gian; (2) viét
mot phuong trinh lién hé ding tai moi thoi diém; (3) dao ham an theo ¢ ca hai vé (dung chain
rule cho méi bién phu thudc ¢); (4) chi sau khi da dao ham, m&i thay cac gia tri s6 da biét vao;
(5) giai ra téc do can tim, kém don vi. Thr tu budce (3) trude budce (4) 1a diéu quan trong nhat
clia toan bo chu dé nay.

(1) L6i thuong gap: The single most common fatal error in related rates is substituting the
known numerical values into the relating equation before differentiating. For example, in a
problem about a sphere with V' = 2713, if a student is told » = 5 cm at the instant in question

3
and immediately substitutes to get V' = 37(5)® = 2% - now a fixed number - and then

differentiates, they will get di‘t/ = 0, since the derivative of a constant is 0. This is wrong.

The relating equation V' = %wr?’ must be differentiated first, while r is still treated as a variable
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. .. dv d . . . . . .
function of ¢, giving %: 47rr2d—z - only thenis r = 5 substituted into this derivative equation.

Vi du mAu - A first related-rates computation

Suppose = and y are both differentiable functions of ¢ satisfying 22 + y? = 25. At the instant

d—x = 3. Find @ at that instant.
dt dt

Differentiate implicitly with respect to ¢:

when z =3 (and y = 4 > 0),

d, 5 d dx dy
g ty) = 5 (25) T T =Y
d . .. .
Now substitute z = 3, y = 4, d—f = 3 (after differentiating, as required):
dy dy dy 18 9
—_— = 1 —_— = —_—=—— = ——,
23)(3) +24) 7 =0 = 1848 =0 = — g 1

So % = —2.25 at that instant.

4.5 Solving Related Rates Problems
4.5.1 An expanding sphere

Vi du mAu - A spherical balloon being inflated

A spherical weather balloon is inflated with helium gas pumped in at a constant rate of
8 m3/min. Find the rate at which the radius is increasing at the instant the radius is 2 me-
ters.

Step 1 - variables: let V' be the volume and r the radius of the balloon, both functions of .

Given: %&/ = 8 m3/min (constant). Find % whenr =2m.

. . 4
Step 2 - relating equation: V' = §W3'
Step 3 - differentiate with respect to ¢:

dV_4 er_ o dr
E—gﬂ' 37’ 5—47['7' %
Step4—subsﬁtute% =8andr =2:
dr dr
=47(2)?— = 16m—.
8 (2) o 67Tdt

Step 5 - solve:

dr 8 1 .
= = — ~0.159 m/min.
dt 160 2w 0.159 m/min

At the instant the radius is 2 m, the radius is increasing at about 0.159 meters per minute.
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4.5.2 A ladder sliding down a wall

dy

= \
at <0
ladder, length L (constant)

y(t)

= >0
wall meets ground z(t) dt

A ladder of fixed length L leans against a vertical wall. As the foot slides away from the wall (z(¢) increasing), the top
slides down the wall (y(t) decreasing).

Vi du mau - A ladder sliding down a wall

A 10-meter ladder leans against a vertical wall. The bottom of the ladder is pulled away from
the wall at a constant rate of 1.2 m/s. How fast is the top of the ladder sliding down the wall
at the instant the bottom of the ladder is 6 m from the wall?

Variables: let z(¢) be the distance from the wall to the foot of the ladder, and y(t) the height

. d . .
of the top of the ladder on the wall. Given d—f = 1.2 m/s (constant, since the ladder length is

.. d
fixed at 10 m). Find d—?z when z = 6 m.
Relating equation (Pythagorean theorem, true at every instant): 22 + % = 10% = 100.
When z = 6: y? = 100 — 36 = 64,50y = 8 m.
Differentiate with respect to ¢:

dx dy dx dy
20— +2y—= = — — =0.
T T =0 = vy Ty =0
. dx
SubStltute:U:6,y:8,£:1.2:

dy dy dy 7.2
1.2 —= = 248—== —=——=-0. .
(6)( )+8dt 0 =7 +8dt 0:>dt 3 0.9 m/s

The top of the ladder is sliding down the wall at 0.9 m/s at the instant the bottom is 6 m from
the wall. (The negative sign is expected: y is decreasing.)
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4.5.3 A shadow lengthening along the ground

streetlight
18 ft
person
S 6ft
pole base feet tip of shadow
z(t) s(t)

Similar triangles: the large triangle (pole, ground, light ray) and the small triangle (person, ground, same light ray) share
the same light ray as hypotenuse, so their height-to-base ratios are equal.

Vi du mau - A shadow problem via similar triangles

A street lamp is 18 ft above the ground. A person 6 ft tall walks away from the lamp at a
constant rate of 5 ft/s. At what rate is the length of the person’s shadow increasing? At what
rate is the tip of the shadow moving away from the pole?

Variables: let z(¢) be the distance of the person from the base of the pole, and s(¢) the length
of the person’s shadow, both in feet. Given CCle =5 ft/s. Find %

Relating equation: the pole, the person, and the light ray to the tip of the shadow form two
similar right triangles (as shown above), so the ratio of height to base is the same for both:
18 6 x

=- = 18s=6(zx+s)=6x+6s = 12s =6 = s= —.
T+s S 2

Because this relationship holds at every instant, it is valid to differentiate directly:

ds 1ldx 1

The shadow is lengthening at 2.5 ft/s.

The tip of the shadow is located at distance = + s from the pole, so its speed is

d dr ds
@t =+ =5+25=T5ft/s

GIAI THICH TIENG VIET
Bai toan "bdng dé” luén dua trén tam gidc déng dang: chiéu cao chia dé€ cta tam giac I6n (cot
dén) bang chiéu cao chia dé cia tam gidc nhé (ngudi). Vi ti [é nay 1a mét hang sé hinh hoc ding
tai moi thoi diém, ta c6 thé rat gon thanh mét phuong trinh tuyén tinh don gian (s = 5 trong
vi du trén) réi dao ham truc ti€p - khong can dung cong thirc dao ham cua thuong s6.
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4.5.4 A draining conical tank

H=12m r(t)

draining,
4V — —10 m3/min
Inverted conical tank, height H = 12 m and top radius R = 4 m. At water depth h(t), the water’s surface has radius r(t),
and similar triangles force r/h = R/H = 1/3 at every instant.

Vi du mAu - A draining conical tank

Water drains from an inverted conical tank of height 12 m and top radius 4 m at a constant rate
of 10 m3/min. Find the rate at which the water level is falling at the instant the water is 6 m
deep.

Variables: let V' be the volume of water, h the depth of water, and r the radius of the water’s
surface, all functions of ¢t. Given % = —10 m?/min (negative, since draining). Find % when
h=6m.

Relating equation: the volume of aconeisV = 17rr2h. This has two time-dependent variables,
r and h, so first eliminate r using similar triangles: since the full tank has radius 4 at height 12,

] r 1. h N
at every instant P13 3 ie.r= 3 Substituting,
1 2 2 3
V:W<h> P S
3 3 3 9 27

Differentiate with respect to ¢ (only V' and i remain, both functions of ¢):

V.7 adh o db
dt 27 dt 9 dt’

Substitute %/ =—10and h = 6:

7(6)2dh 36w dh dh
10 = an _ DT Ar 4 4
O=—w =9 a u

Solve: i 0 .
At the instant the water is 6 m deep, the water level is falling at about 0.796 meters per minute.
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(') L6i thuong gédp: In the conical tank example, the volume formula V = %wrQh contains two
variables that both change with time, » and h, but only one rate is wanted (dh/dt) and only
one is given (dV /dt). Differentiating V' = %wrQh directly (using the product rule on 2h) would
introduce an extra unknown rate dr/dt with no way to find it. The fix is always to first use the
fixed geometric relationship between r and h (here, similar triangles, » = h/3) to rewrite V" as

a function of h alone, and only then differentiate with respect to ¢.

4.6 Approximating Values Using Local Linearity

4.6.1 The tangent line as a local approximation

If fis differentiable at x = a, the tangent line to the graph of f at the point (a, f(a)) is called the
linearization of f at a:

L(z) = f(a) + f'(a)(z — a).

Local linearity is the principle that, for x sufficiently close to a, the curve y = f(z) is very
well approximated by its tangent line: f(z) ~ L(z). This is the same idea used to define the
derivative in the first place (the tangent line is the limit of secant lines), used here in reverse -
to estimate function values near a point where f(a) and f’(a) are known or easy to compute
exactly.

The quality of the approximation f(z) ~ L(x) degrades as = moves farther from a, because the
tangent line is a straight line while the actual curve may bend away from it. This is why linearization
is only reliable "locally” - near the point of tangency.

Linearization is useful precisely because f(a) and f’(a) are often easy to compute exactly (for a
"nice” input a, such as a perfect square or a point where a formula simplifies), while f(z) at a nearby
but "messy” input x is not. Estimating f(x) by evaluating the much simpler linear function L(z)
avoids the need for a calculator or a more complicated exact computation, at the cost of a small,
predictable amount of error.

- GIAI THICH TIENG VIET
Duong tiép tuyén tai x = a, viét dudi dang L(z) = f(a) + f'(a)(z — a), dugc goi la xap xi
tuyén tinh (linearization) cta f tai a. Nguyén ly tuyén tinh hoa dia phwong (local linearity):
khi z du gan a, d6 thi y = f(z) gan nhu trung véi duong ti€p tuyén, nén f(z) ~ L(x). Xap xi
nay cang kém chinh xac khi z cang xa a, vi dudng thing khong thé "bam” theo dé cong clia do
thi mai mai.

Vi du miu - Linearizing the square-root function

Use linearization to approximate v/4.1, based on f(z) = \/z at a = 4.
1

f4) = 2. f'(x) = 2\} S0 f/(4) = .

1 1
L(z) =2+ [(x —4) = L(4.1) =2+ 2(0.1) = 2+ 0.025 = 2.025.

(For comparison, the true value is v4.1 ~ 2.02485, so the linear approximation is accurate to
about 0.00015.)
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4.6.2 Overestimates, underestimates, and concavity
Whether L(x) over- or under-estimates the true value f(x) near z = a is controlled entirely by the
concavity of f near a - that is, by the sign of f”.

o If f”(x) > 0 near a (concave up), the tangent line lies below the curve, so L(z) underesti-

mates f(x).
e If f”(x) < 0 near a (concave down), the tangent line lies above the curve, so L(z) overesti-
mates f(x).
1 .
For f(x) = /= above, f”(z) = —Zx*’/g < 0forallz > 0, so f is concave down everywhere

on its domain; the linearization L(4.1) = 2.025 should therefore overestimate the true value - and
indeed 2.025 > 2.02485, confirming the concavity argument.

> _ >
1 [ - .
0 | | | | | | | | |
0 2 4 6 8 3.6 3.8 4 4.2 4.4
X
Full view on [0, 9]: f(x) = /z (solid) and its tangent line Zoomed to [3.5, 4.5]: near a = 4 the curve and the
L(x) at a = 4 (dashed). The lines visibly separate away tangent line are nearly indistinguishable - this is local

froma = 4. linearity.

Vi du miu - Reasoning about over/underestimates without a formula

Suppose f(3) = 7, f'(3) = —2, and f”(x) > 0 for all z near 3. Use linearization to estimate
f(3.2), and state whether this estimate is larger or smaller than the true value of f(3.2).

Lz)=f3)+f3)(x—3)=7T—2(x—3) = L(3.2)=7-2(02)=7—-0.4=6.6.

Since f”(x) > 0 near x = 3, f is concave up there, so the tangent line lies below the curve.
Therefore L(3.2) = 6.6 is an underestimate: the true value of f(3.2) is greater than 6.6.

Vi du mAu - Linearizing the sine function near zero

Use linearization to approximate sin(0.1) (radians), based on f(x) = sinx at a = 0, and deter-
mine whether the approximation is an over- or underestimate.

f(0)=0, f'(x) =cosz, f/(0)=1.So L(z) =0+ 1(x —0) = z,and L(0.1) = 0.1.

Since f”(z) = —sinz, and sinz > 0 for z € (0,0.1], we have f”(z) < 0 on this interval: fis
concave down just to the right of a = 0, so the tangent line lies above the curve there, and
L(0.1) = 0.1 overestimates sin(0.1). (Indeed, sin(0.1) ~ 0.09983, slightly less than 0.1.)

4.7 Differentials

4.7.1 The differential and propagated error
Closely related to linearization is the notion of a differential. Writing Az = dx for a small change in
z, the differential of y = f(x) is defined as
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dy = f'(x) dx.

The differential dy approximates the true change Ay = f(x + Az) — f(x) for small Az: Ay ~
dy. This is exactly the same approximation as linearization, restated in differential notation:
flx+ Azx) = f(z) + f'(z) Az, i.e. f(x + Azx) — f(z) ~ dy.

GIAI THICH TIENG VIET

i phan (differential) dy = f/(z) dz |a mot xap xi ctia do bién thién thuc Ay = f(z+Az)— f(x),
khi Az = dx da nho. Vé ban chat, day chinh 13 y tudng xap xi tuyén tinh viét dudi dang ky
hiéu vi phan - dy luon 1a mét gia tri gan dung, khong phai gia tri chinh xac ctia Ay (trir khi f 1a
ham bac nhat).

Vi du mau - Comparing the differential to the true change

Lety = f(z) = 23, and let = change from 2 to 2.1 (so dz = Az = 0.1). Compute the differential
dy and the true change Ay, and compare.

f/(x) =322, s0dy = f'(2) dr = 3(2)%(0.1) = 3(4)(0.1) = 1.2.

True change: Ay = f(2.1) — f(2) = (2.1)> — 23 = 9.261 — 8 = 1.261.

The differential dy = 1.2 is close to, but not exactly equal to, the true change Ay = 1.261 -
the difference (0.061) is the error introduced by using the (straight) tangent line instead of the
(curved) graph of f.

(1) L6i thueng gap: The differential dy is an approximation of Ay, not an exact restatement
of it - the two are generally different numbers, as the example above shows (dy = 1.2 versus
Ay = 1.261). Writing "dy = Ay” as though they are always identical is incorrect; the correct
relationship is Ay ~ dy for small d, with the approximation improving as dz — 0.

Vi du mAau - Propagated error using differentials

The radius of a sphere is measured to be » = 10 cm, with a possible measurement error of
dr = +0.1 cm. Use differentials to estimate the resulting error in the computed volume, and
express this as a percent error.

4 av
V = Zar3 s0 — = 4xr?. Atr = 10:
3 dr
dV = 47(10)2 dr = 4007(0.1) = 407 ~ 125.66 cm?.
. 4 5 4000w 3
The volume computed from the measured radius, V' (10) = g7r(10) =—3 ~ 4188.79 cm?,
therefore carries a propagated error of about +125.66 cm?.
Percent error:
av 407 40 x 3
— x 100% = ———~ x 100% = 100% = 3%.
X 100% = Jo00573 X 100% = Z5gg X 100% = 3%

. . . . d 0.1
This matches the general rule for a power relationship V' « r3: a relative error of o 0=

,
1% in the radius propagates to a relative error of 3 x 1% = 3% in the volume (the exponent 3
multiplies the relative error).
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4.8 L'Hopital's Rule for Indeterminate Limits

4.8.1 Statement and conditions of the rule

f(z)

Some limits of the form lim —( ) cannot be evaluated by direct substitution because doing so pro-
z—e g(x
. . 0 . . ) H )
duces a meaningless expression such as — or 2 _ these are called indeterminate forms. L'Hopital’s

o
Rule gives a way to evaluate such limits using derivatives.

L'Hopital’s Rule. Suppose f and g are differentiable near ¢ (except possibly at c itself), ¢’ () # 0

near ¢, and
lim @ is of the form 9 or iﬁ.

Then
lim @ = lim f'z)
T—e g(:p) z—c g’ (:L’)
provided the limit on the right exists (as a finite number) or is +-0c0. The rule applies equally to
one-sided limits and to limits as x — +o0.

)

Two conditions are essential and frequently overlooked. First, L'Hopital's Rule applies only to the
indeterminate forms % and %2 (and, after algebraic rewriting, a few related forms) - it must never
be applied to a limit that is not indeterminate, even if it looks superficially similar. Second, if ap-
plying the rule once produces another indeterminate form, the rule may be applied again - but the
indeterminate form must be verified freshly before every single application, not assumed to persist
automatically.

It is also worth emphasizing what L'Hopital’s Rule is not: it does not say to apply the quotient

f(z)

rule to =——. Instead, the numerator and denominator are differentiated separately, and the new

g9(z)
f'(z)

derivatives are placed in a brand-new fraction =

source of algebra errors even among students who correctly recognize the indeterminate form.

. Confusing the two procedures is a common

. GIAI THICH TIENG VIET

Quy tac U'Hépital chi &p dung duoc cho cac dang vé dinh % hodc 2: ldy dao ham tir s6 va mau
s6 riéng biét (khéng phai dao ham cuia cd phan thirc theo quy tic thuong sé!), réi tinh lai gidi
han. N&u sau mét [an 4p dung van con ra dang vo dinh, cé thé ap dung ti€p - nhung méi [an
déu phai kiém tra lai xem c6 ding |3 dang vo dinh hay khéng trude khi dao ham thém mét [an
nira.

(') L6i thuerng gap: LHopital’s Rule may be applied only when the limit is genuinely in the form

. 4 . . . oL . 0+4 4
% or 2. For example, lim i is not indeterminate: direct substitution gives s ===
&2 z—0 1 + 2 0+ 2 2

perfectly well-defined finite answer. A student who mistakenly applies L'Hopital’s Rule anyway

. . . .1 .
- differentiating numerator and denominator to get Ilrrz) 1= 1 - obtains the wrong answer (1
T—

instead of the correct 2). Before invoking the rule, always substitute first to confirm the limit
truly is 2 or 2.
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4.8.2 Worked applications

Vi du mAu - A single application, form zero over zero

e’ —1

T

Evaluate lim
x—0

eV —1

Direct substitution gives = —, an indeterminate form, so L'Hopital’s Rule applies. Dif-

ferentiate numerator and denominator separately:
. et —1 . e
lim =

x—0 X z—0 1

Check (Taylor series): e =1 4+ x + %2 + - 50e¥ —1 =g+ % + -+, and dividing by z gives
1+ 35+ — lasx — 0. Consistent.

Vi du miu - A single application, form infinity over infinity

. Inz
Evaluate lim —.

T—00 I

As z — oo, bothInz — ooand x — oo, so thisis 2. Differentiate numerator and denominator:

In 1 1
lim nr_ lim ﬁ: lim — =0.

r—o0 T—00 T—00 T

This confirms the standard fact that In z grows more slowly than z as z — oo.

Vi du miu - Two applications, rechecking the indeterminate form each time

1—cosx

x2
Check the form: at x = 0, numerator = 1 — cos0 = 0, denominator = 0: form %. Apply
L'Hopital once:

Evaluate lim
x—0

. 1—coszx . Sinx
lim ——— = lim ——.
z—0 x =0 2%
Recheck the form before differentiating again: at z = 0, numerator = sin(0 = 0, denominator

=2(0) = 0: still %. Apply L'Hopital a second time:

. sinz . cosx cosO 1
lim — = lim = = —.
z—0 2x x—0 2 2 2
Check (Taylor series): cosz =1 — % + % —-,501—cosz = %2 — % + ---, and dividing by z2

. 2 .
gives 1 — 2 +... » L asz — 0. Consistent.

Why the indeterminate form must be rechecked before each step

After one application of L'Hopital’s Rule, the resulting limit is not automatically indeterminate
again. If the new limit already evaluates to a definite finite number or 00 by direct substitu-
tion, that is the final answer - differentiating a second time would change the expression into
something unrelated to the original limit and would generally produce an incorrect result.
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4.9 Problem Bank
Bai tap luyén tap

If C'(x) is the cost, in dollars, to produce z office chairs, what are the units of C”(250)?

(A) chairs (C) dollars per chair
(B) dollars (D) chairs per dollar

Loi giai chi tiét

C’(x) = — has units of C (dollars) divided by units of « (chairs): dollars per chair. (C).

Bai tap luyén tap

|
Q.| &
I H

Let A(¢) be the number of gallons of water in a swimming pool ¢ hours after an automatic
pump is turned on, and suppose A(3) = 850 and A’(3) = 40. Write one sentence interpreting
A(3) = 850, and one sentence interpreting A’(3) = 40, including units. Then briefly explain
the difference between what each value tells you.

, Loi giai chi tiét
A(3) = 850: three hours after the pump is turned on, the pool contains 850 gallons of water (a
state, measured in gallons). A’(3) = 40 gallons per hour: at t = 3 hours, the amount of water
in the pool is increasing at a rate of 40 gallons per hour (a rate, measured in gallons/hour). A(3)
tells you how much water is present at that instant; A’(3) tells you how fast that amount is
changing at that instant - the two carry different units and answer different questions.

Bai tap luyén tap

A cup of coffee has temperature F(¢), in degrees Fahrenheit, ¢t minutes after being poured,
with F(5) = 145 and F’(5) = —6. A student writes: “The temperature of the coffee at¢ = 5
is —6." Explain what is wrong with this statement, and write a corrected pair of sentences
describing F'(5) and F”(5).

Loi giai chi tiét

-

The student has confused the derivative value with the function value: F’(5) = —6 is a rate
of change (units °F per minute), not a temperature, and a temperature cannot correctly be
reported as a bare number with no units. Corrected: F'(5) = 145 means that at ¢ = 5 minutes,
the coffee’s temperature is 145°F. F’(5) = —6 °F/min means that at ¢ = 5 minutes, the coffee’s
temperature is decreasing at a rate of 6°F per minute.

Bai tap luyén tap

A particle moves along the z-axis with position s(t) = —t% + 3t? + 9t (meters) for ¢t > 0. For
which interval is the particle moving in the negative direction?

(A 0<t<3 Co<t<1
(B) t >3 (D) never
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Loi giai chi tiét

v(t) = s'(t) = =3t> + 6t +9 = —3(t> — 2t — 3) = —3(t — 3)(t + 1). For t > 0, the only relevant
zeroist = 3. Testingt = 0: v(0) =9 > 0; testing t = 4: v(4) = —3(16) +24+9 = —15 < 0. So
v(t) < 0 for ¢ > 3. (B).

Bai tap luyén tap

For the same position function s(t) = —t3+3t2+9¢, determine whether the particle is speeding
up or slowing down att = 2 and at ¢t = 4.

Loi giai chi tiét

v(t) = =3t 4+ 6t +9and a(t) = v'(t) = —6t + 6 = —6(t — 1).

Att =2:v(2) = -34)+124+9=9 > 0;a(2) = —6(2—1) = —6 < 0. Opposite signs =
slowing down.

Att =4 v(4) = —3(16) +24 +9 = —15 < 0; a(4) = —6(4 — 1) = —18 < 0. Same sign =
speeding up.

Bai tap luyén tap

A particle moves along a line with velocity v(5) = —8 m/s. What is the particle’s speed at
¢t =57

(A) —8 m/s (C) 0m/s

(B) 8 m/s (D) cannot be determined

Lai giai chi tiét

-

Speed is |v(t)], so the speed at t = 5 is | — 8] = 8 m/s. (B).

Bai tap luyén tap

A particle moves along the x-axis with velocity v(t) = t? — 5t + 4 for 0 < ¢ < 6. Find all times
in this interval at which the particle changes direction, and justify your answer.

Lai giai chi tiét
Factor: v(t) = (t — 1)(t — 4), zero at t = 1,4. Testing signs: v(0) =4 > 0;v(2) =4—10+4 =

—2<0;v(5) =25—254+4=4>0.Sov>00n]0,1),v <0on(1,4),v > 0on (4, 6] - velocity
changes sign at both zeros, so the particle changes directionat¢ = 1 and ¢ = 4.

Bai tap luyén tap

The cost to produce z units of a product is C'(x) dollars, and C”(400) = 12.5. Which statement

correctly interprets this value?

(A) It costs exactly $12.50 to produce the (C) The cost of producing one additional unit
400th unit. beyond 400 is approximately $12.50.

(B) The average cost per unit at 400 units is
$12.50. (D) Total cost is decreasing at 400 units.
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Loi giai chi tiét

Marginal cost C’(z) is an instantaneous rate that approximates the cost of one more unit - it is
neither an exact discrete cost nor an average cost, and it is positive here, so cost is increasing,
not decreasing. (C).

Bai tap luyén tap

Using C(z) = 0.0122 +20x + 500 and R(x) = 60x —0.0222 (dollars) from the worked marginal-
analysis example, (a) find the marginal profit at x = 500 units and interpret it, and (b) find the
production level at which marginal profit equals zero.

Loi giai chi tiet

(@) C’(x) = 0.02z + 20 = C’(500) = 10 + 20 = $30/unit. R'(z) = 60 — 0.04z = R’(500) =

60 — 20 = $40/unit. Marginal profit P’(500) = R’(500) — C’(500) = 40 — 30 = $10/unit: at

a production level of 500 units, profit is increasing at about $10 for each additional unit, so

increasing production is worthwhile.

(b) P(z) = R(z) — C(z) = —0.03z2 + 40z — 500, so P’ (z) = —0.06x + 40. Setting P’ (z) = 0:
e —— ~ 666.7 units - the (continuous) profit-maximizing production level, where

N = — =
0.06 3 _
marginal revenue equals marginal cost.

Bai tap luyén tap

A bacteria population is modeled, in thousands, by N(t) = 200 + 45t — 1.5t2 for 0 < t < 20
hours. (a) Find N’(¢) and interpret N’(6), with units. (b) Find the time at which the population
is at its maximum, and the maximum population.

Lai giai chi tiét

(@) N’(t) = 45 — 3t (thousand bacteria per hour). N’ (6) = 45 — 18 = 27: at t = 6 hours, the
population is increasing at about 27,000 bacteria per hour.

(b) N’(t) =0 = 45 — 3t = 0 = ¢ = 15 hours. N(15) = 200 + 45(15) — 1.5(15)% = 200 + 675 —
337.5 = 537.5 thousand bacteria, i.e. about 537,500 bacteria.

Bai tap luyén tap

A block of ice has volume V (¢) = 1200 — 8¢ cubic centimeters, t minutes after being removed
from a freezer, for 0 < t < 10. Find the rate at which the volume is changing at ¢t = 3 minutes,
and interpret the sign of your answer.

Loi giai chi tiét

V’(t) = —16t, so V'(3) = —48 cm®/min. At ¢t = 3 minutes, the volume of the ice block is
decreasing (melting) at a rate of 48 cubic centimeters per minute.

Bai tap luyén tap

Which of the following is the correct final step in solving a related rates problem?
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(A) Substitute all known numerical values (C) Solve for the unknown variable alge-

into the relating equation, then differen- braically without ever differentiating.
tiate.

(B) Differentiate the relating equation im- (D) Substitute known values into the deriva-
plicitly with respect to time, then substi- tive equation before actually differentiat-
tute known numerical values. ing.

Lai giai chi tiét

The relating equation must be differentiated first, while all variables are still treated as func-
tions of ¢; only afterward are the known numerical values substituted into the resulting deriva-
tive equation. (B).

Bai tap luyén tap

A circular oil slick spreads on the surface of the ocean so that its radius increases at a constant
rate of 1.5 m/min. Find the rate at which the area of the slick is increasing at the instant the
radius is 40 m.

Loi giai chi tiét

IS
>I

d d

A=nr? = = :27r7"d—:. At r = 40, d—: =1.5:
dA P
i 27(40)(1.5) = 1207 ~ 376.99 m*/min.

Bai tap luyén tap

A 10-meter ladder leans against a vertical wall. The bottom of the ladder slides away from the
wall at a constant rate of 1.2 m/s. How fast is the top of the ladder sliding down the wall at
the instant the bottom is 6 m from the wall?

Loi giai chi tiét

22 +y? = 100. Atz = 6: y = /100 — 36 = /64 = 8. Differentiate: 2292 + 2y% = (.

Substitute x = 6, y = 8§, —flif =1.2:
dy dy dy
1.2) +8—2 = 24+8% — Y _ _9.9m/s.
(6)(1.2) 8dt 0=7 8dt 0:>dt 0.9 m/s

The top of the ladder is sliding down at 0.9 m/s.

Bai tap luyén tap

A street lamp is 20 ft above the ground. A person 5 ft tall walks away from the lamp at a
constant rate of 6 ft/s. At what rate is the length of the person’s shadow increasing?

Loi giai chi tiét

- . 2
By similar triangles, 0 _» = 20s = 5(x+s) = bx + 55 = 15s = br = s = z
T+ s S 3
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. . d 1d 1 )
Differentiating, d—i = gd—f = §(6) = 2 ft/s. (The tip of the shadow moves at d—f%—% =6+2=28
ft/s.)

Bai tap luyén tap

An inverted conical tank has height 9 m and top radius 3 m. Water is pumped into the tank at
a rate of 2 m3 /min. Find the rate at which the water level is rising at the instant the water is 4
m deep.

Loi giai chi tiét

By similar triangles, r/h = 3/9 = 1/3,s0r = h/3,and V = imr?h = ir (&) h = 5 Then
dV  wh?dh dV
—=——Ath=4, — =2
dt 9 dt th dt
_w(16)dh _l6mdh __ dh 18 9

Bai tap luyén tap

Car A leaves an intersection traveling east at a constant 50 mph. At the same moment, Car
B leaves the same intersection traveling north at a constant 30 mph. Find the rate at which
the distance between the two cars is increasing at the instant Car A is 8 miles east of the
intersection and Car B is 6 miles north of it.

Loi giai chi tiét
. . . . oo d
Let x be Car A's distance east of the intersection and y Car B’s distance north of it, with d—? =50

mph and % = 30 mph. The distance between the cars is z = /22 + y2, s0 2% = 22 + ¢°.

. L. . dz dx dy . dz dx dy
Differentiating with ttot: 2:2° = 2222 1 9y e 22 = 220 4 Y,
Irrerentiating wi respect to Zdt ﬂj’dt + ydt l.e Zdt xdt —|—ydt
Atz =8,y =06z =8 + 62 =100 = 10 miles. Substituting:
d dz 580
10d—;’ — (8)(50) + (6)(30) = 400 + 180 = 580 —> d—’; = = = 58 mph.

Bai tap luyén tap

A rectangle always has length equal to twice its width, L = 2w, where both dimensions change

with time. Which equation correctly relates % to %)?
dA dw dA o dw
dA dw dA dw
Loi giai chi tiét
dA dw
_ — — 2 2 = -
A= Lw= (2w)w = 2w?, so p 4w o (B).
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Bai tap luyén tap

Each side of a square is increasing at a rate of 3 cm/s. Find the rate at which the area of the
square is increasing at the instant the side length is 10 cm.

Loi gidi chi tiét
dA ds

A=s*= — = 23E = 2(10)(3) = 60 cm?/s.

-

Bai tap luyén tap
If fis differentiable at z = a, the linearization of f at a is given by:

(A) L(z) = f(a) + f'(x)(z — a) (C) L(z) = f(a) + f'(a)(x — a)
(B) L(z) = f(x) + f'(a)(z —a) (D) L(z) = f'(a) + f(a)(z —a)

Lai giai chi tiét

The linearization is the tangent line at a: L(z) = f(a) + f'(a)(z — a), using the constants f(a)
and f’(a), not f(x) or f'(x). (C).

Bai tap luyén tap

Let f(z) = Inz. (a) Find the linearization L(z) of f at a = 1. (b) Use L(x) to approximate
In(1.05). (c) Is this approximation an overestimate or underestimate of the true value? Justify
using the concavity of f.

Lai giai chi tiét

@f1)=0,f(z)=1/z= f(1)=1,s0L(z) =0+ 1(z—1) =z — 1.

(b) L(1.05) = 1.05 — 1 = 0.05.

(€) f7(z) = —1/2® < 0 forall z > 0, so f is concave down: the tangent line lies above
the curve, so L(1.05) = 0.05 is an overestimate. (True value In(1.05) ~ 0.04879, confirming
0.05 > 0.04879.)

Bai tap luyén tap

Use linearization based on f(z) = x'/3 at a = 27 to approximate /28, and state whether the
approximation over- or underestimates the true value.

Loi giai chi tiét

f27) =3, f(x) =323 = f(27)=1.2 =L SoL(z) =3+ & (z —27),and

1
L(28) = 3+ - (1) = 3+ 0.0370 ~ 3.0370.

Since f”(z) = —2 ~5/3 < 0 for x > 0, f is concave down, so L(28) overestimates /28 (true
value ~ 3.0366).
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Bai tap luyén tap

The differential dy of a differentiable function y = f(z) is defined as:

(A) dy = f(z + dx) — f(x) () dy = f(@+dz) — f(z)
dx
(B) dy = f'(z)dx (D) dy = f"(z)dx

Loi giai chi tiét
By definition, dy = f’(z) dz - an approximation of the true change Ay = f(z + dx) — f(z).
(B).

Bai tap luyén tap

The radius of a circular disk is measured to be 8 cm, with a possible measurement error of
+0.05 cm. Use differentials to estimate the propagated error in the calculated area of the disk,
and find the approximate percent error.

Loi giai chi tiét
A=mr? = dA=2rrdr. Atr =8, dr = 0.05: dA = 27(8)(0.05) = 0.87 ~ 2.51 cm?.
0.87

dA ,
A(8) = 7(64) = 64w. Percent error = - X 100% = e x 100% = 1.25%. (Consistent
T

with the shortcut: relative error in A is twice the relative error in r, since A « r%: 2 x % =
2 x 0.625% = 1.25%.)

Bai tap luyén tap

Which of the following limits is in an indeterminate form to which LU'Hopital's Rule can be
directly applied?

. x+3 . ox—2
(A) slclm) z+5 (€ :J!:I[PQ 2
(B) lim 2% (D) lim ©

z—0 X r—00 I

Lai giai chi tiét

(A) evaluates directly to 3/5; (C) evaluates directly to 0/4 = 0; (D) evaluates directly to 0 - none
of these are indeterminate. Only (B) gives sin(0)/0 = 0/0, a genuine indeterminate form. (B).

Bai tap luyén tap

tanz

Evaluate lim
x—0 x

Lai giai chi tiét

-

sec? z
Form ¢. U'Hopital: lim =sec2(0)= ——— = 1.
g ptal- 2 1 ©) cos?(0)
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Bai tap luyén tap

U‘I
8
+

. 7T ., . . . .
Evaluate lim 5 3 using L'Hopital’s Rule, and verify your answer using an algebraic method.

r—00 20 —

Lai giai chi tiét

. BB . . .. .
Form 2=, L'Hopital: lim I Verify algebraically: divide numerator and denominator by z:

T—r o0
b+7/x — 5 as x — oo. Consistent.
2—3/z 2

Bai tap luyén tap

. x—Ssinx
Evaluate lim —————.
x—0 .IS

Loi giai chi tiét

1— . .

At z = 0: form 2. Apply UHopital: lim SO recheck: still © at z = 0. Apply again:
0 z—0 31‘2 0

. i . . . . 0 1

lim e recheck: still %. Apply a third time: lim cosw _ CosU _

z—0 61 z—0 6 6

. . 3 o . . 3 .
Taylor series sinz = x — % + -+, giving z — sinz ~ %, so the ratio —

. (Consistent with the
)

o= |

Bai tap luyén tap

. 4 T . | .
A student wants to evaluate lim + > and applies L'Hopital’s Rule to obtain Img) 7= 1. Explain
r—

z—0 1 +
the error in this reasoning, and give the correct value of the limit.

Lai giai chi tiét

4 4
Direct substitution gives 812 =3 = 2, a well-defined finite value - this limit is not an

indeterminate form, so L'Hopital’s Rule does not apply at all. Differentiating numerator and
denominator anyway produces an unrelated (and incorrect) result. The correct value of the
limit is 2, obtained by direct substitution.

Bai tap luyén tap

A particle’s velocity v(t), in m/s, is recorded at selected times:

t(s) 0 2 4 6 8
v(t)(m/s) 5 2 -3 -1 4

Assuming v is continuous, between which consecutive recorded times can you guarantee (by
the Intermediate Value Theorem) that the particle changed direction? Justify your answer.

Loi giai chi tiet

A direction change requires v to cross zero, i.e. change sign. Reading the signs: +, +, —, —, +
att = 0,2,4,6,8. The sign changes from + (at t = 2) to — (at ¢ = 4), so by the Intermediate
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Value Theorem v must equal 0 somewhere in (2,4) - a guaranteed direction change on (2, 4).
The sign changes again from — (at ¢ = 6) to + (at ¢ = 8), guaranteeing a second direction
change on (6,8). No sign change occurs between t = 0 and ¢ = 2, nor between ¢t = 4 and
t = 6, so no direction change is guaranteed on those intervals.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 5

Analytical Applications of Differentiation

Muc tiéu Unit: Dinh ly Gia tri Cuc tri (Extreme Value Theorem) va diém t&i han (critical points); Dinh
ly Rolle va Dinh ly Gia tri Trung binh (Mean Value Theorem); xét tinh don diéu (d6ng bi€n/nghich bién)
bing dau cta dao ham bac nhat va cach 1ap bang xét dau; Quy tic Dao ham Bac nhat (First Derivative
Test) dé phan loai cuc tri dia phuong; Quy tic Diém Ung vién (Candidates Test) dé tim cuc tri tuyét
d6i trén mot doan déng; tinh 16i-16m (concavity) va Quy tic Pao ham Bac hai (Second Derivative Test);
diém uén (inflection points); phac hoa dé thi ham sé tir théng tin vé f’ va f”, va mai lién hé nguoc lai
gitra do thi cua f, f/, f”; giai cac bai toan t6i uu hda (optimization) cé rang buéc; va rng dung dao ham
dé phan tich cac quan hé cho dudi dang an (implicit relations).

5.1 Extreme Values and Critical Points

Many of the most useful applications of the derivative — from finding the cheapest way to manu-
facture a container to locating the highest point on a roller-coaster track — boil down to a single
question: where does a function attain its largest or smallest value? This chapter develops a com-
plete toolkit, built entirely on the sign of f” and f”, for answering that question rigorously.

5.1.1 The Extreme Value Theorem

A function f has an absolute (global) maximum at = = ¢ on an interval I if f(c) > f(x) for every x
in I; it has an absolute minimum at = = c if f(c¢) < f(x) for every x in I. Not every function attains
such extreme values — for instance, f(x) = z on the open interval (0,1) gets arbitrarily close to 0
and to 1 but never actually reaches either value. The following theorem gives a simple, powerful
guarantee.

Extreme Value Theorem (EVT). If f is continuous on a closed, bounded interval [a, 0], then f
attains an absolute maximum value and an absolute minimum value on [a,b] — each at least
once, at some point(s) in [a, b].

Both hypotheses matter. If the interval is not closed (e.g., (0,1) or [0,1)), or if f has even a
single discontinuity inside [a, b] (for instance a vertical asymptote or a jump), the guarantee can fail:
the function may increase or decrease without bound, or approach a value without ever attaining
it. The EVT does not tell us where the extrema occur — only that they exist — so we still need a
systematic search procedure, which is exactly what the rest of this chapter builds.

- GIAI THICH TIENG VIET
Dinh ly Gia tri Cuec tri (EVT) khang dinh: néu f lién tuc trén mét doan déng va bi chan [a, b],
thi f chdc chan dat duoc gia tri In nhat (max) va gia tri nhd nhat (min) tuyét déi trén doan do.
Ca hai diéu kién — lién tuc va doan dong — déu bat budc: néu khoang khéng déng (vi du (0, 1))
hodc ham sé c6 diém gian doan bén trong doan, dinh ly cé thé khéng con ding nira. EVT chi
dam bao su tén tai cla cuc tri, ch&r khéng néi cuc tri nam & dau — ta can thém céng cu (dao
ham) dé xac dinh vi tri cu thé.

5.1.2 Critical Points
The search for extrema begins by locating a short list of "candidate” locations.
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Critical point

A number c is a critical point of f if ¢ is in the domain of f, and either
f'(e)=0 or f’(¢) is undefined.

Geometrically, this means the graph of f has a horizontal tangent line at x = ¢ (when f’(¢) = 0),
or a corner, cusp, or vertical tangent at x = ¢ (when f/(c¢) fails to exist).

Critical points matter because of a basic fact: if f has a local maximum or local minimum at an
interior point ¢ of its domain, then ¢ must be a critical point. (If f/(c) existed and were nonzero, the
function would be strictly increasing or decreasing right through ¢, ruling out a local extremum there.)
This gives a necessary — but, as we will see repeatedly in this chapter, not sufficient — condition:
every local extremum is a critical point, but not every critical point is a local extremum.

- GIAI THICH TIENG VIET
Diém t&i han (critical point) 13 di€ém c thudc tap xac dinh clia f ma tai d6 f'(c) = 0 hoac f/(c)
khéng xac dinh (vi du tai géc nhon, diém gap khtc, hoic ti€p tuyén ding). Moi cuc tri dia
phuong (local max/min) déu phai la diém téi han — day 13 diéu kién can. Nhung diéu nguoc
lai khéng ding: mot diém t&i han chuwa chac 13 cuc tri (diéu kién khong phai [a da) — ta sé thay
rat nhiéu vi du vé viéc nay trong chuong nay.

Vi du mAu - Locating critical points

Find all critical points of f(z) = x® — 32? — 9z + 5. Then find the critical point of h(z) =
(x—1)%3 +2.

Part 1. Differentiate: f/(z) = 322 — 62 — 9 = 3(2? — 22 — 3) = 3(x — 3)(z + 1). Since f’isa
polynomial, it is defined everywhere, so critical points occur only where f’(x) = 0:

3x—3)(z+1)=0 = x=—1lorz=3.

Both values are in the domain of f (all real numbers), so f has two critical points: z = —1 and
x = 3. This cubic will serve as a running example through the next several sections.
2 2
Part 2. Differentiate using the chain rule: h/(z) = =(z — 1)"Y/3 = —=——. This expression
g (1) = o =177 = oo i This exp

is undefined at « = 1 (division by zero), but (1) = 02/3 4+ 2 = 2is defined, so = = 1is in the
domain of h. Therefore z = 1 is a critical point of h — one where the derivative fails to exist
(the graph has a sharp cusp there, since h behaves like |z — 1|*/2 near 2 = 1).

The phrase "¢ is in the domain of f” in the definition is not a technicality to skip over — it actively

rules out points where f itself is undefined, even if the algebraic form of f” appears to vanish or blow
2

up there. For instance, k(x) = ’

domain of k£ (division by zero in the original expression); consequently z = 1 can never be a critical

. N N o 1 1
point of &, no matter what the simplified derivative suggests. Likewise, m(x) = — has m/(z) = ——,
x x

which is never zero and is undefined only at x = 0 — but z = 0 is not in the domain of m either, so
m has no critical points at all. Always check domain membership before declaring a critical point.

simplifies to = + 1 algebraically, but z = 1 is excluded from the

5.2 Rolle's Theorem and the Mean Value Theorem
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5.2.1 Rolle’s Theorem

Rolle’s Theorem is the simplest case of a family of results connecting the average behavior of a func-
tion on an interval to its instantaneous behavior at a single point inside that interval.

Rolle’s Theorem. If f is continuous on [a, b], differentiable on (a, ), and f(a) = f(b), then there
exists at least one number c in (a, b) such that

f(e)=o.

Geometrically: if a smooth curve starts and ends at the same height, it must have at least one
point in between where the tangent line is horizontal — the curve cannot climb away from its starting
height and come back down (or vice versa) without leveling off somewhere.

GIAI THICH TIENG VIET

inh ly Rolle: néu f lién tuc trén [a, b], kha vi trén (a,b), va f(a) = f(b) (hai ddu mut cé cung
do cao), thi ton tai it nhat mot diém ¢ bén trong khoang (a,b) sao cho f’(c) = 0 — tirc ti€p
tuy€n tai ¢ nam ngang. Vé mat hinh hoc: dudng cong xuat phat va két thic & cing mot dé cao
thi chac chan phai "1am phang” (ti€p tuyén ngang) it nhat mot [an & giira.

Vi du miu - Applying Rolle’s Theorem

Verify that Rolle’s Theorem applies to f(z) = 23 — 322 on [0, 3], and find the guaranteed value
of c.

Check hypotheses: f is a polynomial, so it is continuous on [0, 3] and differentiable on (0, 3).
Also f(0) =0—0=0and f(3) =27 —27 =0, so f(0) = f(3). All three hypotheses hold, so
Rolle’s Theorem guarantees at least one ¢ € (0, 3) with f'(¢) = 0.

Find c: f/(x) = 322 — 62 = 3x(x — 2). Setting f'(x) = 0 gives x = 0 or x = 2. The value z = 0
is an endpoint, not inside the open interval (0, 3), so it does not count. The guaranteed value is

c=2.

5.2.2 The Mean Value Theorem

Rolle’s Theorem is the special case of a more general statement in which the two endpoint heights
need not be equal.

Mean Value Theorem (MVT). If f is continuous on [a, b] and differentiable on (a, b), then there
exists at least one number c in (a, b) such that

£(b) = (@)

o =10=2

The right-hand side is the slope of the secant line joining the endpoints (a, f(a)) and (b, f(b))
— the average rate of change of f over [a,b]. The MVT says this average rate of change is always
achieved as an actual instantaneous rate of change at some interior point: the tangent lineat x = ¢
is parallel to the secant line. (Rolle’s Theorem is the special case where f(a) = f(b), so the secant is
horizontal and f’(¢) = 0.)
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tangent at C'

—4 —2 2 4
Geometric meaning of the MVT: for f(z) = {52® — « + 3 on [-3, 3], the secant line through A(—3, 3.75) and
B(3,2.25) has slope —%; the tangent line at C' ~ (1.73, 1.70) has the same slope, so it is parallel to the secant.

GIAI THICH TIENG VIET
mBinh ly Gia tri Trung binh (MVT): néu f lién tuc trén [a, b] va kha vi trén (a, b), luén ton tai mot
diém ¢ bén trong sao cho hé s& géc ti€p tuyén tai ¢ bang ding hé s géc cla dudng thang
néi hai dau mat (cat tuyén, secant line) — noi cach khéc, "téc d6 trung binh” trén ca doan luén
duoc dat téi nhu moét "tdc dé tire thoi” tai it nhat mot thoi diém ndo dé bén trong. Dinh ly
Rolle chi Ia truong hop riéng khi f(a) = f(b) (cat tuyén nam ngang nén f/(c) = 0).

Vi du mAu - Finding the guaranteed ¢

Let f(x) = 2® — 22 + 1 on [—1, 2]. Verify the hypotheses of the MVT and find every value of ¢
guaranteed by the theorem.

Hypotheses: f is a polynomial, so it is continuous on [—1, 2] and differentiable on (—1,2). The
MVT applies.

Average rate of change: f(—1)=—-1+2+1=2and f(2) =8—-4+1=5,s0

f(2)—f(—1)_5—2_1
2—(-1) 3

Solve f'(c) = 1: f/(x) = 32% — 2, s0

2

32-2=1 = 32=3 = *=1 = c=+1.

The value ¢ = —1 is the left endpoint, not an interior point, so it is rejected. The guaranteed
value is
c=1,

which indeed lies in (—1, 2).

(1) Léi thueng gap: Dlrng quén kiém tra ca hai gia thiét ciia MVT/Rolle trudc khi ap dung: lién
tuc trén doan déng [a, b] va kha vi trén khodng m& (a,b). Mot ham cé géc nhon bén trong
doan (vidu f(z) = |z — 1| trén [—1, 3]) la lién tuc nhung khong kha vi tai = 1 — MVT khéng

ap dung dugrc, du ham tréng "lién mach”. Ngoai ra, khi gidi phuong trinh f/(¢) = ... ra nhiéu
nghiém, phai loai bd nghiém nam ngoai khoang mé& (a, b) (k€ ca khi nghiém dé trung véi dau
mut).

5.3 Increasing and Decreasing Functions
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5.3.1 The Sign of the Derivative

The single most important consequence of the Mean Value Theorem is a rigorous link between the
sign of f and the monotonic behavior of f.

Monotonicity from f”

Let f be differentiable on an open interval 1.
o If f'(x) > 0forevery zin I, then f is increasing on I.

o If f'(x) < 0 forevery zin I, then f is decreasing on I.

(This follows directly from the MVT: for any z; < x, in I, f(zy) — f(zy) = f'(¢)(zy — x;) for
some ¢ between them, and the sign of f’(c¢) determines the sign of f(x,) — f(z).)

- GIAI THICH TIENG VIET
Day la &rng dung quan trong nhat cua MVT: dau cla f’ trén mot khoang quyét dinh hoan toan
tinh don diéu cta f trén khoang dé. f/(x) > 0 trén ca khodng = f dong bién (tang); f'(z) < 0
trén ca khoang = f nghich bién (giam). D3y chinh |3 cong cu ta sé dung lién tuc trong suot
chuong nay dé phan tich hinh dang d6 thi.

5.3.2 Constructing and Reading Sign Charts

Because f’ can only change sign at a critical point (or at a point of discontinuity of f’), the critical
points found in Section 5.1 split the domain into open intervals on which f’ has constant sign. A
sign chart (or sign diagram) organizes this: mark the critical points on a number line, then test one
convenient point from each resulting interval in f’ to determine the sign on that whole interval.

Vi du mau - Building a sign chart

Determine the intervals on which f(z) = 23 — 322 — 92 + 5 (from the earlier example, with
critical points = —1 and x = 3) is increasing and decreasing.

Recall f'(z) = 3(x — 3)(z + 1). The critical points x = —1 and = = 3 divide the real line into
three intervals: (—oo0, —1), (—1,3), (3, 00). Test one point in each:

o x=—2 f/(=2) =3(—2—3)(—2+1) = 3(=5)(—1) = 15 > 0.
o z=0:f/(0)=3(0—3)(0+1) =3(—3)(1) = —9 < 0.

o x=4:f'(4)=34-3)4+1)=3(1)(5) =15>0.
So f is increasing on (—oo, —1), decreasing on (—1, 3), and increasing on (3, c0).

- - -

Y

rz=-—1 r=3

f increasing f decreasing f increasing

Sign chart for f/(z) = 3(x — 3)(z + 1): f increases on (—oo, —1), decreases on (—1, 3), increases on (3, co). The sign
switches from + to — at « = —1 and from —to + at « = 3.

5.4 The First Derivative Test

The sign chart from the previous example does more than describe monotonic behavior — it tells us
exactly which critical points are local extrema, and of which type.
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First Derivative Test. Suppose c is a critical point of a continuous function f.
¢ If f” changes from positive to negative at c (increasing, then decreasing), f has a local max-
imum at c.

¢ If f” changes from negative to positive at ¢ (decreasing, then increasing), f has a local min-
imum at c.

e If f/ does not change sign at ¢ (same sign on both sides), f has no local extremum at ¢ —
the graph merely levels off (or has a cusp) momentarily.

Applying this to the running example: at z = —1, f’ changes from + to —, so f(z) = z® —
3z% — 9z + 5 has a local maximum at z = —1, with value f(—1) = (—1)3 = 3(=1)2 —9(—1) + 5 =
—1—-349+5 = 10. Atz = 3, f’ changes from — to +, so f has a local minimum at = = 3, with value
f(3) =27 —27— 27+ 5 = —22. Every critical point of this particular function turns out to be an
extremum — but that is not guaranteed in general, as the next example and the pitfall below make
clear.

. GIAI THICH TIENG VIET

Quy tiac Pao ham Bac nhat (First Derivative Test): nhin vao su déi dau cta f’ khi di qua diém
t&i han c. Doi tir + sang — = cuc dai dia phuwong. Doi tir — sang + = cuc tiéu dia phuong.
Néu khéng d6i dau (cing dau & hai bén) = khong phai cuc tri — day I3 trudng hop hoc sinh
hay bé soét.

Vi du mAu - First Derivative Test with ze

Find and classify all local extrema of f(z) = ze™*.

Derivative (product rule): f'(z) = (1)e * +xz(—e*) = e *(1—x). Since e~* > 0 for every real
x, the only critical point comes from 1 —z = 0, i.e. x = 1 (and f’ is defined for all z, so there
are no other critical points).

Sign chart: the sign of f'(x) = e *(1 — x) matches the sign of (1 — x), since e=* > 0 always.
e Forz<1:1—2 > 0= f'(z) > 0 (increasing).
)

e Forz>1:1—2 < 0= f'(z) <0 (decreasing).

f’ changes from + to — at x = 1, so f has alocal maximum at x = 1, with value f(1) = 1-e~! =

1 ~ 0.368.
e

(!) Léi thuong gap: "Diém tdi han” khéng déng nghia vai "cuc tri”. Xét g(z) = (z —2)3 + 1:
g (z) = 3(z —2)? > 0 v&i moi z, va ¢’(2) = 0 nén x = 2 la diém t&i han. Nhung ¢'(z) > 0 &
ca hai phia ctia z = 2 (khéng d6i ddu) — ham sé van déng bién xuyén suét, chi "khung lai” tic
thoi tai z = 2. Vay z = 2 khéng phai 13 cuc tri. Ludén kiém tra su déi dau, dirng voi két luan chi

vi f'(¢) =0.

5.5 The Candidates Test for Absolute Extrema

The First Derivative Test locates and classifies local extrema. When a function is continuous on a
closed interval [a, b], the EVT guarantees that absolute extrema exist as well — and locating them is
even simpler than running a full sign chart.
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Candidates Test. If f is continuous on [a, b], the absolute maximum and absolute minimum of
f on [a, b] each occur either at a critical point inside (a, b), or at one of the two endpoints a or
b. To find the absolute extrema:

1. Find all critical points of f that lie inside (a, b).
2. Evaluate f at every such critical point and at both endpoints a, b.

3. The largest value found is the absolute maximum; the smallest is the absolute minimum.

GIAI THICH TIENG VIET
Quy tic Diém Ung vién (Candidates Test) [a cAch nhanh nhat dé tim curc tri tuyét d6i trén mot
doan déng [a, b]: chi can tinh gia tri f tai tat ca di€m t&i han ndm trong doan va tai ca hai dau
mut, roi so sdnh. Gia tri I&n nhat trong danh sach la max tuyét déi, gia tri nhé nhat 1a min tuyét
déi — khong can lap bang xét dau day da nhu First Derivative Test.

Vi du mAu - Candidates Test

Find the absolute maximum and absolute minimum of f(z) = 23 — 322 — 92 + 5 (the running
example) on the closed interval [—2, 4].

Critical points inside (—2,4): from before, f'(z) = 3(x —3)(zx +1) =0atz = —land z = 3;
both lie inside (—2,4).

Evaluate f at critical points and endpoints:

f(=2)=—8—-12418+5=3, f(-1)=10, f(3)=-22, f(4)=64—48—36+5=—15.

T —2 (endpoint) —1 (critical pt.) 3 (critical pt.) 4 (endpoint)
f(z) 3 10 —22 —15

Comparing all four values, the largest is 10 and the smallest is —22. So the absolute maximum
is 10 at x = —1, and the absolute minimum is —22 at + = 3. Notice that in this case neither
endpoint produced the extreme value — but that will not always be true, as the next pitfall
emphasizes.

() Loi thueng gép: L6i cuc ky phé bién: chi tim cuc tri dia phwong bang First Derivative Test
roi dirng lai, quén khéng kiém tra hai dau mat. Trén mot doan dong [a, b], gia tri I&n nhat/nho
nhat tuyét déi hoan toan cé thé nam ngay tai z = a hodc z = b — ké ca khi dao ham tai do
khac 0. Vidu: f(z) = 23 — 3z +1trén[0,2] c6 f'(x) = 322 — 3 = 3(x — 1)(z + 1), chi mét diém
t&i han 2 = 1 nam trong (0, 2) v&i f(1) = —1; nhung f(2) = 8 — 6 + 1 = 3 tai dau mat phai lai
I6n hon f(1), nén max tuyét déi la 3 tai x = 2 ch&r khong phai tai diém tai han.

5.6 Concavity and the Second Derivative Test

5.6.1 Concavity

Knowing where f increases and decreases describes the overall trend of the graph, but not its shape.
The second derivative captures shape: whether the curve bends upward like a cup, or downward
like a dome.
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Concavity from f”

Let f be twice differentiable on an open interval I.

e If f”(z) > 0forevery zin I, the graph of f is concave up on I (it bends upward, like y = 22;
the graph lies above its tangent lines, and f” is increasing).

o If f”(x) < 0 forevery z in I, the graph of f is concave down on I (it bends downward, like
y = —x?; the graph lies below its tangent lines, and f’ is decreasing).

GIAI THICH TIENG VIET
mIf‘.l'nh [6i-16m (concavity) dugc xac dinh béi dau ctia f” — dao ham cta f’. f”(z) > 0 trén mot
khoang = do6 thi Iom Ién (concave up), giong hinh chir U, va f’ dang tang (d6 thi "doc” ngay
cang nhanh theo chiéu duong). f”(z) < 0 = d6 thj Iom xuéng (concave down), giong mai
vom, va f’ dang gidm. Hay nhag: 16i-16m noi vé dao ham bac nhat dang tang hay giam, khong
phai ban than f dang tang hay giam.

5.6.2 The Second Derivative Test
Concavity gives a second — often faster — way to classify a critical point where f’(c) = 0.

Second Derivative Test. Suppose f'(c¢) = 0 and f” exists near c.
o If f”(c) > 0, the graph is concave up at ¢, so f has a local minimum at c.
(

o If f”(c) <0, the graph is concave down at ¢, so f has a local maximum at c.

e If f”(c) = 0, the test is inconclusive — it gives no information either way, and the First
Derivative Test must be used instead.

. GIAI THICH TIENG VIET

Quy tic Dao ham Bac hai (Second Derivative Test) 4p dung khi f’(c) = 0: néu f”(c) > 0 (I6m
lén tai d6) = cuc ti€u; néu f”(c) < 0 (I16m xudng) = cwe dai. Nhung néu f”(c) = 0, quy tic
nay khong cho két luan gi ca (inconclusive) — bat budc phai quay lai dung First Derivative Test
(xét dau f’ hai bén c) dé xac dinh.

Vi du miu - Second Derivative Test (successful case)

Classify the critical points of f(z) = 23 — 622 + 9.
f/(z) = 32% =122+ 9 = 3(22 — 42+ 3) = 3(x —1)(z — 3), so critical points are z = 1 and z = 3.
f"(z) =6z —12.

f7(1)=6—12=—6 <0 = local maximum at x =1, f1)=1-6+9=4.

f7(3)=18—12=6 >0 = local minimum at x = 3, f(3)=27—-54+27=0.

So f has a local maximum (1, 4) and a local minimum (3, 0).

Vi du miu - Second Derivative Test (inconclusive case)

Analyze the critical points of g(x) = 2% — 43,

g (z) = 423 — 122% = 42°(x — 3), so critical points are z = 0 and z = 3.
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g"(z) = 1222 — 241 = 12z(x — 2).
9" (3) =12(3)(1) =36 > 0 = local minimum at x = 3, g(3) =81 —108 = —27.

g”(0) =12(0)(—2) = 0 = inconclusive at = = 0.

Since the Second Derivative Test fails at = 0, fall back on the First Derivative Test. Because
g'(z) = 42%(z — 3) and 2% > 0 always, the sign of ¢’ matches the sign of (x — 3) — which is
negative for every z near 0 (both slightly less than and slightly greater than 0, since 0 < 3). ¢’
does not change sign at x = 0, so z = 0 is not a local extremum — it is a critical point where
the graph merely has a momentary horizontal tangent while continuing to decrease. (Section
5.7 will show that = = 0 is, however, a genuine point of inflection.)

(!) L&i thuong gap: NEu f7(c) = 0, tuyét déi khéng dugc két luan "khéng phai cuc tri” hay
doan blra max/min. f”(c) = 0 chi c6 nghia Second Derivative Test bat Iyc tai diém d6 — n6
khéng néi 1én duoc diéu gi vé ban chat cta diém c. Bat budc quay lai First Derivative Test (xét
dau f’ & hai bén ¢) dé c6 két luan chac chdn. Vidu g(z) = 2* — 423 & trén: ¢”(0) = 0 nhung
x = 0 hoan toan khéng phai cuc trj (vi ¢’ khéng d6i dau) — néu chi dya vao f”(0) = 0 ma doan
ngau nhién, két luan rat dé sai.

5.7 Points of Inflection

Point of inflection

A point (¢, f(c)) is a point of inflection of the graph of f if f is continuous at ¢ and the concavity
of f actually changes — from concave up to concave down, or from concave down to concave
up — as x passes through c.

Because concavity is governed by the sign of f”, a necessary condition for an inflection point at ¢
is that f”(c) = 0 or f”(c) is undefined. But — exactly parallel to the critical-point situation in Section
5.1 — this is a necessary, not a sufficient, condition. The only way to confirm a genuine inflection
point is to verify that f” actually changes sign on either side of ¢, using the same test-point method
as a first-derivative sign chart.

. GIAI THICH TIENG VIET

Diém uén (inflection point) |a noi tinh [6i-16m thuc sy déi chiéu. Diéu kién can la f”(c) = 0
(ho3c khéng xac dinh), nhung day khéng phai diéu kién di — hoan toan giéng tinh huéng "diém
t&i han chua chic 12 cuc tri”. Phai kiém tra f” c6 thuc su déi dau hai bén ¢ hay khéng bang
cach thir diém, giéng hét cach 1ap bang xét dau cho f.

Returning to g(z) = z* — 423 from the previous section: ¢”(x) = 12x(x — 2), which is zero at
x = 0 and z = 2. Testing points in the three resulting intervals:

g"(—1) = 12(—1)(—3) = 36 > 0 (concave up), g”(1) =12(1)(—1) = —12 < 0 (concave down),

g”(3) = 12(3)(1) = 36 > 0 (concave up).

The sign of ¢” genuinely changes at both z = 0 (from + to —) and z = 2 (from — to +), so both are
points of inflection: (0,0) and (2,¢(2)) = (2,—16). Notice that z = 0 is simultaneously a critical
point (horizontal tangent) that is not a local extremum, and a point of inflection — a single z-value
can carry both roles.
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inMO)

-1

Y

920 | inflection (2, —16)

local min (3, —

g(z) = z* — 423: alocal minimum at = = 3 (confirmed by the Second Derivative Test), and inflection points at z = 0 and
x = 2 where the concavity genuinely switches sign. Note x = 0 is a critical point but not an extremum.

() Léi thueng gap: f”(c) = 0 khéng tw déng nghia 13 ¢ |3 diém udn — phai kiém tra d6i dau
that su. Vi du kinh dién: g(z) = 2% ¢6 ¢”(x) = 1222, va ¢”(0) = 0. Nhung ¢”(z) = 1222 > 0
vGi moi x (khéng bao gid am) — tirc f” khdng hé déi dau tai z = 0, d6 thi luén I6m 1én (hodc
phang tlrc thai) & ca hai phia. VAy 2 = 0 khéng phai diém uén cta z*, mic du ¢”(0) = 0 —
n6 thuc ra 1a mot diém cuc tiéu (kiém tra bang First Derivative Test vi Second Derivative Test
cling vo hiéu & day).

5.8 Curve Sketching: Connecting a Function and Its Derivatives

5.8.1 Reading Derivative Graphs

Every fact established so far can be read in either direction. Given a formula (or graph) for f, we
can deduce the shape of f” and f”; and given information about f’ or f” (a sign chart, a table, or a
graph), we can deduce the shape of f itself. AP exam questions frequently give the graph of f’ (not
f) and ask about the behavior of f — so it is essential to internalize the translation table below.

f/ > 0on aninterval f is increasing there

f < 0on aninterval f is decreasing there

f/ changes + — —at ¢ local maximum of f at ¢

f/ changes — — +at ¢ local minimum of f at ¢

f” > 0on aninterval f is concave up there (f’ increasing)

f” < 0on aninterval f is concave down there (f’ decreasing)
f” changes sign at ¢ point of inflection of f atc

f”(c) = 0 only, no sign change not an inflection point — verify first!

- GIAI THICH TIENG VIET
Bang trén 13 "tr di€én” chuyén déi hai chiéu gilra £, f/, va f”. Dé thi AP rat hay cho d6 thi ctia
f’ (khéng phai f) réi héi vé hanh vi cta f: hay doc diu va su d8i dau cha dd thi f’ (né nam
trén hay dudi truc hoanh, va cé cit truc hoanh hay khéng) dé suy ra f dang tang/giam va cé
cuc tri & dau; tuong tu, doc xem do thi f/ dang ting hay gidm (ch(r khdng phai nam trén/duéi

truc) dé€ suy ra tinh 16i-16m cua f.
\4?@)
—o— 2
/ 1 3
4
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Top to bottom, on the same z-scale: f(z) = 22 — 3z, f'(z) = 322 — 3, f”(z) = 6x. Where f’ > 0 (outside [-1, 1]), f is
increasing; where f/ < 0 (inside (—1, 1)), f is decreasing; f’ = 0 at the local max/min = = 4+1. Where f” <0 (z < 0), f
is concave down; where f” > 0 (z > 0), concave up; the sign change of f” at x = 0 marks the inflection point.

5.8.2 A Complete Curve Sketch

The following example walks through a full analysis, combining every tool from this chapter: domain,
symmetry, intercepts, first-derivative behavior, second-derivative behavior, and asymptotes.

Vi du mAu - Full curve analysis

1
241
Domain and symmetry: z2 + 1 > 0 for every real z, so the domain is all reals. Since f(—z) =
1

m:f@)

Analyze and sketch f(z) =

, [ is even — its graph is symmetric about the y-axis.

1
Intercepts: f(0) = 0Tl 1, so the y-intercept is (0, 1). Since the numerator 1 is never zero,

f(z) is never zero — there are no z-intercepts.

—2z
— . Si 2+ 12 >0al , th I
1) ince (z* 4+ 1)% > 0 always, the only
critical point is z = 0 (from the numerator). For x < 0, —2z > 0 so f’ > 0 (increasing); for
x >0, —2x < 0so f’ < 0 (decreasing). f’ changes + — — atx = 0, so f has a local (in fact

absolute) maximum at (0, 1).

First derivative: f/'(z) = —2x(2? +1)72 =

Second derivative: differentiating f’(x) = —2z (22 + 1)~2 with the product rule,

[7(2) = =2(a? + 172 + (~22)(~2) (2 + 1) (2) = _2<fxz++1)1>+3 - <f§§ +_1§3.

V3

. . 1 . .
Setting 62> — 2 = 0 gives 22 = 1, s0 & = i% =+ Since (z2 + 1)3 > 0 always, the sign
of f” matches the sign of 622 — 2: negative (concave down) for |z| < % positive (concave up)

! V3

for |z| > A genuine sign change at both roots. So f has inflection points at z = i?,

where f(i\/g) L = %

3 ) T4l
Asymptotes: as © — +oo, f(x) — 0, so y = 0 is a horizontal asymptote. The denominator
x2 + 1 is never zero, so there is no vertical asymptote.
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inflection
_¥3 3
) 4

3

flx) = poa (the Witch of Agnesi): even, no z-intercepts, absolute maximum (0, 1), inflection points at
X

T = i@ ~ +0.577, horizontal asymptote y = 0, no vertical asymptote.

- GIAI THICH TIENG VIET
Quy trinh phac hoa db thi day du luén theo thir tu: (1) mién xac dinh va tinh d&i xirng (chan/18);
(2) giao di€m vai hai truc; (3) f/ dé tim diém t&i han, khoang déng bién/nghich bién, va curc tri;
(4) f” dé tim khoang 16i/16m va diém udn; (5) tiém can (dirng va ngang). Vidu f(z) = I%H o
trén minh hoa day du ca nam budc — k& ca trudng hop "khéng cé” (khéng cé giao diém vai
truc hoanh, khéng cé tiém can ding) cling 1a thong tin quan trong can néu ro.

5.9 Optimization Problems

5.9.1 Setting Up Optimization Problems

Optimization problems ask for the largest or smallest possible value of some quantity, subject to a
constraint. The calculus is usually the easy part; the hard part is translating a word problem into a
single-variable function.

General optimization procedure.

1. Identify the quantity to be maximized or minimized, and write it as a function of the relevant
variables (the objective function).

2. Identify the constraint — a fixed relationship among the variables (fixed perimeter, fixed
volume, a point restricted to lie on a curve, etc.) — and use it to eliminate all but one variable
in the objective function.

3. Determine the domain of the resulting single-variable function from the physical context
(e.g., lengths must be positive).

4. Find critical points of the objective function by setting its derivative to zero (or finding
where it is undefined).

5. Justify that the critical point actually gives the desired maximum or minimum — using the
First Derivative Test, the Second Derivative Test, or (on a closed domain) the Candidates
Test, comparing against the domain’s endpoints/limits.

6. Answer the question actually asked — often a dimension or a maximal/minimal value, not
just the critical z-value.

GIAI THICH TIENG VIET

uy trinh giai bai toan t6i wu (optimization) luén gém cac budc: (1) viet ham muc tiéu (objective
function) — dai lugng can max/min — theo cac bién; (2) dung rang budc (constraint) dé rit mot
bién, dua ham muc tiéu vé mét bién duy nhat; (3) xac dinh mién xac dinh hgp ly theo ngir cdnh
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thuc té (d6 dai phai duong, v.v.); (4) tim diém t&i han bang dao ham; (5) bat budc chirng minh
diém do thuc su 13 max/min (bang First/Second Derivative Test hodc so sanh véi bién mién) —
day 13 budc hoc sinh hay bé qua nhat nhung lai chiém diém quan trong trong bai thi tu’ luan.

T Plot 1 Plot 2

Yy

A rectangular region of dimensions x by v, divided into two equal plots by an internal dividing fence (pink) parallel to the
sides of length x. Total fencing needed equals the outer perimeter plus this internal divider.

5.9.2 Optimization Worked Examples

Vi du miu - Minimizing surface area for fixed volume

A closed cylindrical can must have volume 167 cm3. Find the radius and height that minimize
the total surface area (top, bottom, and lateral surface), and find that minimum area.

Objective: surface area S = 27r? + 27rh (two circular ends plus the lateral surface).

. 16
Constraint: volume V = 7r2h = 167, s0 h = —-
T
Reduce to one variable:

16 32
S(r):27rr2+27r7“-—2:27rr2+—ﬂ, r> 0.
r r

2 .
Critical points: S'(r) = 4nr — 3—: Setting S’(r) = 0«
T

327

dnr = — = 43 =32 = r
r

3 =8 = r=2cm.

. . . 64 .
Justify the minimum: S”(r) = 47 + —;T > 0 for every r > 0, so S is concave up everywhere
T
on its domain — the unique critical point r = 2 must be an absolute minimum (also consistent
with S(r) — oo asr — 07 or r — o).

16 .. .
Answer: r =2cm, and h = T 4 cm (so h = 2r). The minimum surface area is

32
S(2) = 27 (4) + 7” = 87 + 167 = 247 cm? ~ 75.4 cm?.

Vi du mau - Maximizing area for fixed fencing

A farmer has 240 m of fencing to build a rectangular pen that is divided into two equal-sized
plots by an internal fence parallel to one pair of sides (as in the figure above). Find the dimen-
sions that maximize the total enclosed area, and find that maximum area.

Setup: let 2 be the length of each of the three fence segments running in one direction (the
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two outer sides plus the internal divider, all parallel to each other), and y the length of the other
two (undivided) sides. Total fencing used is 3z + 2y, and the total enclosed area is A = xy.

. 240 — 3
Constraint: 3z + 2y =240 = y = Tx
Reduce to one variable:

240 — 3z

3
Alx) == = 120z — 5932, 0 <z <80.

Critical point: A’(z) = 120 — 3z. Setting A’(z) = 0 gives x = 40.
Justify the maximum: A”(z) = —3 < 0 for all z, so A is concave down everywhere — the
unique critical point is an absolute maximum on the domain (also A — 0asz — 0" orz — 807,
consistent with an interior maximum).

240 — 120

Answer: z =40 m,and y = — = 60 m. The maximum area is

A(40) = 40 x 60 = 2400 m?.

Vi du miu - Minimizing distance

Find the point on the parabola y = 22 that is closest to the point (3,0), and find that minimum
distance.

Objective: rather than minimizing distance directly (which involves a square root), minimize
the square of the distance — it is minimized at the same z-value, since t — /% is increasing.
For a point (x, z?) on the parabola,

D@):(5'3—3)24'(302—0)2:($—3)2+$4:x4+x2—6x+9.

Critical points: D’(z) = 423 + 2z — 6. Setting D’ (z) = 0: 42® +22—6 = 0, i.e. 22° + 2 —3 = 0.
Testing x = 1: 2(1) + 1 — 3 = 0 — a root. Factoring,

223 + 2 —3=(x—1)(22 4+ 2z + 3).
The quadratic factor 222 + 2z + 3 has discriminant 22 — 4(2)(3) = 4 — 24 = —20 < 0, so it has

no real roots. Thus z = 1 is the only critical point.

Justify the minimum: D”(z) = 1222 + 2 > 0 for every real z, so D is concave up everywhere
(strictly convex) — the unique critical point z = 1 must give the absolute minimum of D, and
hence of the actual distance.

Answer: the closest point is (1,1), and the minimum distance is

VD) =+/(1-32+14=V4+1=5.

(1) Loi thuong gip: Tim duoc diém téi han trong bai toan t6i wu chwa phai 1a xong — phai
chirng minh dé thuc su 13 max hay min theo ding yéu cau dé bai, khéng duoc ngdm gia dinh.
Cach phé bién nhat: dung Second Derivative Test (néu f” luén cting diu trén mién xac dinh
thi két luan ngay 1a max/min tuyét d6i), hoac First Derivative Test (Iap bang xét dau), hodc so
sanh vai gia tri tai bién mién (ddc biét khi ham muc tiéu khéng xac dinh trén toan truc s6, vi du
do6 dai phai duwong). Bé qua buéc nay 13 16i bi trir diém nhiéu nhat trong cac bai tu luan téi uu
héa ctia dé thi AP.
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5.10 Implicit Relations: Tangent Lines and Monotonicity

Not every curve is the graph of a function y = f(x); many important curves (circles, ellipses, and
more general relations) are defined implicitly by an equation in z and y. Implicit differentiation —
treating y as an unspecified function of = and applying the chain rule to every y-term — produces a
formula for &2 that is itself usually a function of both = and y. That formula is exactly what is needed

A
to locate horizontal and vertical tangent lines, and to determine where the curve is rising or falling.

Horizontal and vertical tangents on implicit curves

e . d N(z,
Suppose implicit differentiation produces - (z,y)
dz  D(z,y)

¢ A horizontal tangent occurs where N (z,y) = 0 while D(z,y) # 0 (slope equals 0).

(a ratio in lowest terms).

¢ A vertical tangent occurs where D(z,y) = 0 while N(z,y) # 0 (slope is undefined).

e Where both N = 0 and D = 0 simultaneously, the point requires separate investigation (it
is often not even on the curve, or is a singular point).

In both cases, the candidate x- or y-values must be substituted back into the original equation

of the curve to find the actual point(s), and then checked against the other (numerator or

denominator) condition.

GIAI THICH TIENG VIET
dy _ N(z,y)
dx D(ac, Y)
ngang (horizontal tangent, hé s6 géc = 0) xay ra khi tirsé N = 0 (va mau s6 khac 0). Tiép tuyén
dirng (vertical tangent, hé s6 géc khong xac dinh) xay ra khi mau sé D = 0 (va tir s& khac 0).
Sau khi tim dugrc diéu kién, ludn phai thay nguoc lai phuong trinh géc ctia dudng cong dé tim
toa do diém cu thé — dirng quén budc nay.

V&i mét quan hé an (implicit relation), sau khi dao ham an ta dugc —= . Tiép tuyén

Vi du mau - Horizontal and vertical tangents

Find all points where the curve 22 — zy + y? = 3 has a horizontal tangent, and all points where
it has a vertical tangent.

Implicit differentiation (product rule on the xy term):

dy dy dy dy y—2z
2 — I poy st = oy —z)=y—2 = .
x <y+xd >+ Y1 0 = . 2y—z)=y—2z = i y—

Horizontal tangents (y — 22 = 0, i.e. y = 2z, with 2y — z # 0): substituting into the original
equation,
22 —2(22)+ (22)? =3 = 322 =3 = z=+1.

This gives points (1 2) and (—1,—2). Checking the denominator at each: at (1,2), 2y — x =
4—1=3+#0;at(—1,—-2),2y—x = —4+41 = —3 # 0. Both are valid horizontal-tangent points.

Vertical tangents (2y —x =0, i.e. x =2y, with y — 2z # 0): substituting,
(29)* - 2y +y° =3 = 3y’ =3 = y=+L

This gives points (2, 1) and (—2, —1). Checking the numerator: at (2,1), y—2z = 1—4 = —3 # 0;
at (—2,—1),y — 2z = —1 4+ 4 = 3 # 0. Both are valid vertical-tangent points.

Summary: horizontal tangents at (1, 2) and (—1, —2); vertical tangents at (2,1) and (—2,—1).
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it

5

-

-

d . . . .
The same formula for 2 also tells us where the curve is rising or falling at any specific point on
x
— simply substitute the coordinates and read the sign, exactly as with an explicit function.

.11 Problem Bank

Bai tap luyén tap

Explain whether the Extreme Value Theorem guarantees an absolute maximum and absolute

minimum for g(x) =
[1,3].

1 . 1 .
5 On theinterval [0, 1], and separately for h(x) = 5 On theinterval
w J—

Lai giai chi tiét

On [0, 1], the value = = 2 (where g is undefined) does not lie in the interval, so g is continuous
on all of [0,1]. Since [0, 1] is closed and bounded, the EVT applies: g is guaranteed to attain
both an absolute maximum and an absolute minimum on [0, 1]. On [1, 3], however, © = 2 does
lie inside the interval, and h(z) = -1 has a vertical asymptote there —  is not continuous on
[1, 3], so the EVT’s hypotheses fail, and it gives no guarantee. Indeed, h(z) — +occ as v — 2~
and h(z) — —oo as x — 27, so h has neither an absolute maximum nor an absolute minimum
on [1,3].

Bai tap luyén tap

How many critical points does f(z) = 223 + 322 — 12z + 7 have?

(A) 0 (C) 2
(B) 1 (D) 3

Loi giai chi tiét

f(z) =622+ 62 —12 =6(2? + 2 —2) = 6(x + 2)(z — 1), which is defined for all = and equals
zero at z = —2 and z = 1. Both are in the domain, so f has exactly 2 critical points. (C).

Bai tap luyén tap

What is the critical point of f(z) = (x + 3)%/3 —1?

(A) 2 =3 (C)z=0
(B) z = -3 (D) x =—1

Loi giai chi tiét

MI

2
4 = — 71/3 = = i i e i — — 2/3 — —
f'(z) 3(95 +3) Y which is undefined at 3. Since f(—3) =0 1 1

is defined, x = —3 is in the domain, so it is a critical point (a cusp). (B).

Bai tap luyén tap

Verify that Rolle’s Theorem applies to f(x) = sinz on [0, 7], and find the value of ¢ it guaran-
tees.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 122



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

f(z) = sinzx is continuous on [0, 7| and differentiable on (0, ) (sine is differentiable every-
where), and f(0) = sin0 = 0, f(7) = sinT = 0, so f(0) = f(x). All hypotheses hold. Since

f/(x) = cosz, solving cos ¢ = 0 on (0, 7) gives ¢ = g

Bai tap luyén tap

Let f(z) = 2® — 42 on [0, 3]. Find the value(s) of ¢ guaranteed by the Mean Value Theorem.

Loi giai chi tiét
f is a polynomial, so it is continuous on [0, 3] and differentiable on (0, 3); the MVT applies.

. 15—-0 .
f(0) =0, f(3) = 27 — 12 = 15, so the average rate of change is 300 5. Since f'(z) =
322 —4,s0lve3c? —4=5=3c2=9=c?>=3=c=43. Onlyc = V3 ~ 1.73 lies in (0, 3),

soc = /3.

Bai tap luyén tap

Let g(z) = 22® — 322 — 12z + 1. On which interval is g decreasing?

(A) (—o0,—1) (C) (2,00)
(B) (—1,2) (D) g is never decreasing

Loi giai chi tiét

g (z) = 622 — 62 —12 = 6(22> —2 —2) = 6(z — 2)(x + 1), zero at x = —1,2. Testing z = 0:
g9’ (0) =6(—2)(1) = —12 < 0, so g is decreasing on (—1, 2); testing x = —2 and x = 3 both give
g’ > 0, confirming g increases outside [—1, 2]. (B).

Bai tap luyén tap

Let h(x) = x* — 822 + 3. Construct the sign chart for 1/, and classify every critical point as a
local maximum, local minimum, or neither.

Lai giai chi tiét

B (x) = 423 — 162 = 4a(2? — 4) = 4z(z — 2)(x + 2), with critical points z = —2,0, 2. Testing
points:
B (=3) = 4(=3)(5)(—1) = —60 < 0, H'(—1) = 4(~1)(~1)(3)?
(

Recomputing carefully: h'(—1) = 4(—1)((—1) — 2)((—1) + 2) = 4(-1

=3)(1) = 12 > 0;
R(1)=4(1)(1—2)(14+2) =4(1)(—-1)(3) = —12 < 0; R’ (3) = 4(3)(1)(5) = 60 > 0.

Interval (—00,—2) (=2,0) (0,2) (2,00)
Sign of i’ - + - +

h’ changes — — + at x = —2: local minimum, h(—2) = 16 — 32 + 3 = —13. A’ changes
+ — — at 2 = 0: local maximum, h(0) = 3. h’ changes — — + at x = 2: local minimum,
h(2) =16 —32+3 = —13.
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Bai tap luyén tap
At which z-value does f(x) = xze~* have a local maximum?

(A) =0 (C) z=ce

B) z=1 (D) f has no local maximum

Loi giai chi tiét

f'(z) =e*(1—x),zeroonly at x = 1 (since e=* > 0 always); f* > 0 for z < 1 and f’ < 0 for
x > 1, s0 f has a local maximum at z = 1. (B).

Bai tap luyén tap

Show that 2 = 2 is a critical point of f(z) = (x —2)3 + 1, but that it is not a local extremum.
Use concavity to describe what kind of point it is instead.

Loi giai chi tiét

f/(x) = 3(x—2)2,s0 f/(2) = 0and x = 2is a critical point. Since (z—2)? > 0 forall z, f'(z) > 0
everywhere — in particular f’ is positive on both sides of 2 = 2 (it never becomes negative), so
f does not change sign there, and z = 2 is not a local extremum (f is increasing right through
that point). Checking concavity: f”(x) = 6(x — 2), which is negative for < 2 and positive for
x > 2 — a genuine sign change. So x = 2 is a point of inflection (with a momentarily horizontal
tangent).

Bai tap luyén tap

Find the absolute maximum and absolute minimum of f(z) = z* — 222 + 3 on [-2, 2].

Loi giai chi tiét
f/(x) = 423 —4x = 4x(x—1)(z+1), with critical points x = —1, 0, 1, all inside (—2, 2). Evaluate:
f(-2)=16—-8+3=11, f(-1)=1-24+3=2, f(0)=3, f(1)=2, f(2) =11.

Comparing all five values, the largest is 11 (attained at both z = 42) and the smallest is 2
(attained at both z = +1). Absolute maximum = 11; absolute minimum = 2.

Bai tap luyén tap
Let f(z) = 2 — 3z + 1 on [0, 2]. The absolute maximum value of f on this interval is:

(A) —1 (C) 3
(B) 1 (D) cannot be determined

Loi giai chi tiét

f/(x) = 32® — 3 = 3(x — 1)(x + 1); the only critical point inside (0,2) is z = 1. Candidates:
f(0)=1,f1)=1—-3+1=—1, f(2) =8—6+ 1= 3. The largest value is f(2) = 3, occurring
at the endpoint = = 2, not at the critical point. (C).
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Bai tap luyén tap
For f(z) = * — 622, the Second Derivative Test classifies the critical point = = 0 as a:

(A) Local maximum (C) Inflection point

(B) Local minimum (D) Point where the test is inconclusive

Lai giai chi tiét

f/(z) = 42® — 120 = 4z(2? — 3), critical points z = 0, /3. f”(x) = 1222 — 12, so f7(0) =
—12 < 0, which by the Second Derivative Test means x = 0 is a local maximum. (A).

Bai tap luyén tap

Let f(x) = x°. Show that the Second Derivative Test is inconclusive at the critical point z = 0,
then use the First Derivative Test to determine whether z = 0 is a local extremum.

Loi giai chi tiét

f/(x) = 524,50 f/(0) = 0and =z = Ois a critical point. f”(z) = 2023, so f”(0) = 0 — the Second
Derivative Test is inconclusive. Using the First Derivative Test instead: f/(z) = 5z* > 0 for
every real z (an even power), so f’ does not change sign at x = 0 — f is increasing on both
sides, and = = 0 is not a local extremum. (Checking concavity confirms f”(z) = 2023 changes
from negative to positive at z = 0, so x = 0 is instead a point of inflection.)

Bai tap luyén tap

Which statement correctly describes the behavior of g(z) = z* at z = 0?

(A) z = 0 is an inflection point because (C) z = 0is a local maximum
g”(0)=0

(B) = = 0 is not an inflection point because (D) g is concave down on an interval contain-
g” does not change sign there ing 0

Lai giai chi tiét

g"(z) = 1222 > 0 for every z, so g” never becomes negative — it does not change sign at
x = 0, so z = 0 is not an inflection point despite g”(0) = 0. (Separately, ¢’(x) = 423 changes
from negative to positive at x = 0, so z = 0 is actually a local minimum.) (B).

Bai tap luyén tap

For f(x) = x® — 622 + 92 + 1: find all local extrema (using the Second Derivative Test) and all
points of inflection, and describe the concavity of f on each relevant interval.

Loi giai chi tiét

f(x) = 322 — 120 + 9 = 3(x — 1)(z — 3), critical points z = 1,3. f”(x) = 6z — 12. Since
f7(1) = —6 < 0, z = 1is alocal maximum, f(1) =1—-6+9+ 1 = 5. Since f”(3) =6 > 0,
x = 3is a local minimum, f(3) =27 —54 + 27+ 1= 1.

For inflection: f”(z) = 62 —12 = 0 at x = 2; since f” is linear and increasing, f” < 0 for xz < 2

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 125



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

(concave down) and f” > 0forz > 2 (concave up) — a genuine sign change, so (2, f(2)) = (2, 3)
is a point of inflection. Summary: concave down on (—o0, 2), concave up on (2, o), local max
(1,5), local min (3, 1), inflection point (2, 3).

Bai tap luyén tap

Let f(x) = * — 423 + 422. (a) Find all critical points and classify each with the First Derivative
Test. (b) Find all points of inflection, in exact form.

[ g o

Note f(r) = 2?(z — 2)2.

@) f/'(z) = 423 — 1222 + 8z = 4x(2? — 3z + 2) = 4z(z — 1)(x — 2), critical points z = 0,1, 2.
Testing: f'(—1) = 4(—1)(—2)(—3) = —24 < 0; f(0.5) = 4(0.5)(—0.5)(—1.5) = 1.5 > 0;
f/(1.5) = 4(1.5)(0.5)(—0.5) = —1.5 < 0; f(3) = 4(3)(2)(1) = 24 > 0. So f decreases, then
increases, then decreases, then increases: local minimum at x = 0 (f(0) = 0), local maximum
atz =1(f(1) = 1), local minimum at z = 2 (f(2) = 0).

. 6+ /36 — 24
(b) f”(x) = 1222 — 242 + 8 = 4(32% — 6z + 2). Solving 322 — 62 +2 =0: z = oEVHZ

6
6+ 2v/3 V3

. =14+ 5 Since 322 — 6z + 2 is an upward parabola in z, f” < 0 between the roots
and f” > 0 outside — a genuine sign change at both, so both are inflection points. Writing
g =1+twitht=+£L (02 = Lhale—2)= A +)t— V=2 —1=12—1=-2 50
f(z) = [z(x — 2)]* = § at both roots. Inflection points: ( ol é) and (1 B8 %)

379
Bai tap luyén tap

The sign of f’(x) is given on four intervals: positive on (—oo, —2), negative on (—2, 1), positive
on (1,4), negative on (4, co). Which z-value is a local minimum of f?

(A) 2 =—2 (C) z=14

(B) z=1 (D) f has no local minimum

Loi giai chi tiét

A local minimum requires f’ to change from negative to positive. That happens only at z = 1
(negative on (—2, 1), positive on (1,4)). At z = —2, f’ changes + — — (local max); at =z = 4, f’
changes + — — (local max). (B).

Bai tap luyén tap

The table below gives the sign of f’(z) and f”(x) on four intervals determined by the values
A<B<C.

Interval (—o0,A4) (A,B) (B,C) (C,0)

Sign of f’ + + = =
Sign of f” + = = +

Describe the behavior of f (increasing/decreasing, concave up/down) on each interval, and
identify which of A, B, C are local extrema and which are points of inflection.
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Loi giai chi tiét

On (—o0, A): f increasing, concave up. On (A, B): f increasing, concave down. On (B, C): f
decreasing, concave down. On (C, c): f decreasing, concave up.

At x = A: f’ stays positive on both sides (no sign change) = not a local extremum; but f”
changes + — — = Ais a point of inflection. At x = B: f’ changes + — — = local maximum;
f” stays negative on both sides = not an inflection point. At z = C: f’ stays negative on both
sides = not a local extremum; f” changes — — + = C'is a point of inflection.

Bai tap luyén tap
If f”(x) > 0 for every z in (a, b), then on (a, b) the graph of f is:
(A) Increasing (C) Concave up

(B) Decreasing (D) Concave down

Lai giai chi tiét

By definition, f/” > 0 on an interval means the graph is concave up there. (Concavity says
nothing by itself about whether f is increasing or decreasing.) (C).

Bai tap luyén tap

An open-top box with a square base must have volume 64 ft3. The base material costs $4 per
square foot and the (four) side material costs $2 per square foot. Find the dimensions that
minimize the total cost, and find that minimum cost.

Loi giai chi tiét
. . 5 64
Let z be the side of the square base and h the height. Volume: z°h = 64 = h = = Cost:
base costs 422; the four sides have combined area 4zh, costing 2(4xh) = 8zh. Total cost

64 512

C($):4$2+8xh:4m2+8x.7:4x2+77 > 0.
x x
' bl2 i ! 3 3 64
C($>:8x——2. Setting C’(z) = 0: 82° =512 =« :64:>$:4ﬂ.Thenh:E:4ﬁ;
KA
i . 1024 . L. -
(the box is a cube). Since C” (z) = 8 + 03 > ( for all z > 0, this critical point is an absolute
X

minimum. Minimum cost:

512
C(4) = 4(16) + —~ = 64 + 128 = §192.

Bai tap luyén tap

A rectangle has its base on the z-axis and its two upper corners on the parabola y = 9 — z2.
Find the dimensions of the rectangle with maximum area, and find that maximum area.
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Loi giai chi tiét

By symmetry, let the upper corners be (—z,9 — 2?) and (z,9 — 2?) for 0 < z < 3. Width = 2z,
height = 9 — 22, so

A(z) = 2z2(9 — 22) = 18z — 223.

A’(x) = 18 — 622. Setting A’(z) = 0: 22 = 3 = x = /3 (rejecting the negative root, since = >
0). A”(z) = —12x,and A”(+/3) = —12/3 < 0, confirming a maximum (also A(0) = A(3) = 0 at
the domain’s edges, consistent with an interior maximum). Width = 2v/3, height = 9 — 3 = 6.
Maximum area:

A(V3) = 18v3 — 2(3v/3) = 18V3 — 6v/3 = 12/3 ~ 20.8.

Bai tap luyén tap

A rectangular garden of area 150 m? is to be divided into two equal-size plots by a fence parallel
to one pair of sides (as in the earlier figure). Find the dimensions that minimize the total length
of fencing used (outer perimeter plus the dividing fence), and find that minimum length.

Loi giai chi tiét

Let = be the length of each of the three parallel fence segments (two outer sides plus the

- . . 150
divider) and y the length of the other two sides. Area constraint: zy = 150 = y = —. Total
x

fence: i

F(x):3x+2y:3x+7, x> 0.

. 1
F'(z)=3— 3—020 Setting F/(z) = 0: 322 = 300 = 22 = 100 = z = 10 m. Then y = %0 =15
T
m. Since F’(z) = @ > 0 for z > 0, this is an absolute minimum. Minimum fencing:
€T
300
F(10) = 3(10) + T0 = 30 + 30 =60 m.

Bai tap luyén tap

Two positive numbers have a product of 100. The minimum possible value of their sum is:

(A) 10 (C) 25
(B) 20 (D) 50

Lai giai chi tiét

1 1 1
Let the numbers be x and % x > 0. Sum S(z) =z + % S'(x) =1-— % =0=z?=
- 2 .
100 = = = 10, giving the other number also 10. S”(z) = % > 0 for z > 0, confirming a

minimum. Minimum sum = 10 + 10 = 20. (B).

Bai tap luyén tap

An open-top box with a square base must have volume 4000 cm?. Find the dimensions that
minimize the total surface area (base plus four sides), and find that minimum surface area.
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Loi giai chi tiét
4000

x2

Let = be the base side and A the height, with 22k = 4000 = h = Surface area: S(z) =

16000 16000 .
z? 4+ dxh = 22 + ,x>0. 8 (x) =2z — xQ.samgS%@:Jxmﬁzlmmo:x3:
4 2 .
8000 = x =20 cm. Then h = 4000 10em. 87 (z) =2+ 32000 > 0 for z > 0, confirming a

3

- - 400
minimum. Minimum area:

16000
5(20) = 400 + — ;= = 400 + 800 = 1200 cm”.

Bai tap luyén tap

. d .
For the circle 2% + y? = 25, find d—y at the point (3, 4).
i

3 4

A) _° _=
™ - © —;

3 4

hd D) =
B) D) -
Loi giai chi tiét
Differentiating implicitly: 2z + 2y@ =0= dy -2 At (3,4): dy = —§. (A).

dx dzx Y dx 4

Bai tap luyén tap

Find all points on the curve y? = 23 — 3z + 4 where the tangent line is horizontal.

Loi giai chi tiét

. e d dy 32*-3
Differentiating implicitly: Zy—y — 323 _ 2
dx dx 2y
numerator to vanish (withy #0): 322 —3=0=2=+1. Atz =1 > =1-3+4=2=y =
+v2. Atz = —1: > = —1+3+4 =6 = y = +/6. All four y-values are nonzero, so all are

valid. Horizontal tangents occur at (1,/2), (1, —v/2), (—1,v/6), (—1, —V6).

. A horizontal tangent requires the

Bai tap luyén tap
The curve (x — 4)? + (y + 3)? = 25 (a circle) has vertical tangent lines at:

(A) (9,—3)and (—1,-3) (C) (9,—3) only
(B) (4,2) and (4,-8) (D) (4,2) only

Lai giai chi tiét

- . . T d d
Writing the circle as 22 +y? — 8z + 6y = 0 and differentiating implicitly: 2z + 2yd—y —8+ 62Y _
x

dr

d 4— . . . . N

0= d—y = TS‘; Vertical tangents require the denominator to vanish: y = —3. Substituting
€z Y

into the circle equation: (x —4)?+0 = 25 = z = 9 or z = —1. Both give a nonzero numerator
(4—9=—-5and 4 — (—1) = 5), so both are valid: (9,—3) and (—1,—3). (A).
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Bai tap luyén tap

d . .
For the curve 22 — zy + y? = 3, find d—y at the point (\/3, 0), and state whether the curve is
45
rising or falling there.

Loi giai chi tiét

First confirm (1/3,0) lies on the curve: (v/3)2 — (v/3)(0) + 02 = 3, which checks out. From the
dy 0-2v3 23

. .. d -2 . .
earlier derivation, d—y _ o m. At (\/3, 0): == = = 2. Since the slope is
44 35

2y — dx 0—v3 —/3

positive, the curve is rising (increasing) as it passes through (1/3,0).

Bai tap luyén tap

Which of the following is not part of the definition of a critical point of f at z = ¢?

(A) cisin the domain of f (C) f has a local maximum or minimum at
r = C
(B) f'(c) =0or f'(c) does not exist (D) All of the above are required

Loi giai chi tiét

A critical point requires only that ¢ be in the domain of f and that f’(¢) = 0 or fail to exist
— it does not require ¢ to be a local extremum (many critical points are not extrema, as seen
throughout this chapter). (C).

Bai tap luyén tap

Let f(z) = 32° —5z3. Find all intervals of increase and decrease, classify all critical points with
the First Derivative Test, find all intervals of concavity, and find all points of inflection (exact
form).

Loi giai chi tiét

Monotonicity: f'(z) = 15z* — 1522 = 152%(2% — 1) = 152%(z — 1)(z + 1), critical points
r = —1,0,1. Since 2 > 0 always, the sign of f’ matches the sign of (22 — 1): testing z = —2
gives f’ > 0 (increasing); testing x = —0.5 and x = 0.5 both give f’ < 0 (decreasing on all
of (—1,1), including straight through = = 0); testing = = 2 gives f* > 0 (increasing). So f
increases on (—oo, —1), decreases on (—1, 1), increases on (1, o).

Extrema: at x = —1, f’ changes + — —: local maximum, f(—1) = 3(—1) — 5(—1) = 2. At
x =1, f’ changes — — +: local minimum, f(1) =3 —5 = —2. Atz = 0, f’ is negative on both
sides (no sign change): not an extremum.

1 2
Concavity: f”(z) = 6023 — 30x = 30x(222 — 1), zeroat x = 0 and z = :I:—2 = i‘g.
Testing: f”(—1) = —30 < 0 (down); f”(—0.5) = 7.5 > 0 (up); f”(0.5) = —7.5 < 0 (down);
f7(1) =30 > 0 (up). So f is concave down on (—oo, —@) concave up on (—@, 0), concave
down on (O, @) concave up on (@, oo).
Inflection points: sign changes occur at all three roots. f(0) = 0. Using f odd (only odd powers

Ofx),f<§) :3(§)5—5<§)3:3-§—5-§:¥—%:—%ﬁ,andbyoddness
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f(—?) = %\/5. Inflection points: (—@, %ﬂ) (0,0), (@7 _%ﬂ)'

Bai tap luyén tap

The function f(z) = Ina — z (for > 0) has a local maximum at z =
(A) 1 (C) —1

(B) e (D) 0

Loi giai chi tiet

1 1 . . . 1
f'(z) = — —1, zero when = = 1, i.e. = 1 (in the domain z > 0). f"(z) = ——5, SO

X X x
f7(1) = —1 < 0, confirming a local maximum by the Second Derivative Test, with value f(1) =
In1—1=—1. (A).

Bai tap luyén tap

An open-top cylindrical container (a base but no lid) must hold a volume of 277 cm?. Find the
radius and height that minimize the total surface area (base plus lateral surface only), and find
that minimum area.

Loi gidi chi tiét
2
Let r be the radius and h the height. Volume: 7r?h = 277 = h = —z Surface area (one circular
T

base, no top, plus the lateral surface):

27 54
S(r):7T1"2+27r7“h:7r7“2+27rr-—2:7r7°2—|——7r, r > 0.
r r
, BAm ., s s 27
S'(r) = 2nr — —-. Setting §'(r) = 0: 27r° = 54w = r° =27 = r = 3 cm. Thenh:§:3
r
. 108 s _ -
cm. Since S”(r) = 27 + 37r > 0 for every r > 0, this critical point is an absolute minimum.
r
Minimum surface area:
o4 9 9
S(3)=m(9) + = = 97 + 187 = 277 cm* ~ 84.8 cm~.

Bai tap luyén tap

. . d . .
The curve zy — 2% = 4 passes through the point (1,5). Find d—y at that point, and determine
M
whether the curve is increasing or decreasing there.

Loi giai chi tiét
Check the point: (1)(5)—(1)? = 5—1 = 4, so the point is valid. Differentiate implicitly (product

rule on zy):
dy dy d 2r —y
= _2:=0 = =2 — = = .
y—l—xdl_ 48 - xdac T—y = I -
dy 2(1)—5 . . . . . .
At (1,5): i —3. Since the slope is negative, the curve is decreasing as it passes
T
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through (1, 5).

On tap nhanh: (1) moi cuc tri 13 diém t&i han, nhung khéng phai moi diém t&i han 13 cuc tri —
luén kiém tra déi dau; (2) Candidates Test = diém t&i han cdng hai dau mat, khéng duoc thiéu
bén nao; (3) f”(c) = 0 khong tu dong la diém uén va khéng lam Second Derivative Test vo hiéu
hoan toan — né chi budc quay lai First Derivative Test; (4) bai toan téi wu ludn can buéc chirng
minh max/min, khéng chi tim di€ém téi han; (5) ti€p tuyén ngang < tir sé cua g—g bang 0; tiép
tuyé&n dirng < mau s6 bang 0.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 6

Integration and Accumulation of Change

Muc tiéu Unit: Tich lay su’ thay d6i qua dién tich dudi d6 thi ham téc do thay déi; xap xi dién tich bang
téng Riemann (trai, phai, trung diém) va quy tac hinh thang; dinh nghia hinh thirc ca tich phan xac dinh
nhu giéi han cha téng Riemann; cac tinh chat ctia tich phan xac dinh (tuyén tinh, céng tinh, d6i can, so
sanh); hai phan ctia Dinh ly co ban ctia Giai tich (FTC); nguyén ham va tich phan bat dinh cung hang s6
+C'; ky thuat d6i bién u cho ca tich phan bat dinh 1an xac dinh; va cac phép bién déi dai s6 (chia da thirc,
tach phan thirc, viét lai can thirc) trudce khi lay nguyén ham.

6.1 Accumulation of Change

Every derivative answers the question "how fast is a quantity changing?” Integration answers the
reverse question: given how fast a quantity is changing, how much has it changed in total? If r(¢) is
the rate of change of some quantity @ at time ¢ (with units of “quantity per unit time”), then the total
accumulated change in () from ¢ = a to ¢t = b is recovered by adding up all the small contributions
r(t) At over the interval — and geometrically, that sum is exactly the area between the graph of
and the horizontal axis on [a, b).

The simplest case to picture is motion along a line. If v(¢) is the velocity of a particle (its rate of
change of position), then over a short time interval At the particle’s displacement is approximately
v(t) At — velocity times elapsed time, which is precisely the area of a thin rectangle of height v(¢)
and width At. Adding up all such thin rectangles across [a, b] and refining the partition gives, in the
limit, the exact displacement: the area under the velocity graph equals displacement. The same
idea applies to any rate: the area under an income-rate graph is total income earned; the area under
a flow-rate graph is total volume that has flowed; the area under a population growth-rate graph is
the total change in population.

Rate graph — accumulated change

If »(¢) is continuous on [a, b], the (signed) area between y = r(t) and the ¢-axis on [a, b] equals
the total accumulated change of the quantity whose rate of change is r. Area above the axis
counts as positive change; area below the axis counts as negative change. Units check: (rate)
x (time) = (quantity) — the units of the horizontal axis cancel against the “per unit time” in the
vertical axis, leaving the units of the accumulated quantity itself.

GIAI THICH TIENG VIET
Dao ham tra |&i cau hoi "dai lugng dang thay déi nhanh thé n3o?”; tich phan tra |&i cau héi
nguoc lai: "biét toc dé thay déi, tong lugng thay doi 1a bao nhiéu?” Néu r(t) 1a téc do thay déi
ctia mot dai lugng Q, thi dién tich gitra d6 thi r(¢) va truc hoanh trén [a, b] chinh |a téng lugng
thay daéi tich liy cta Q tir t = a dén t = b. Trudng hop quen thudc nhat: dién tich dudi doé thi
van toc v(t) bang d6 dai (displacement) clia vat. Phan dién tich ndm trén truc hoanh duoc tinh
la thay d&i duong, phan nam dudi truc hoanh duoc tinh 13 thay déi am.

When the rate function is linear (or piecewise linear), the "area under the graph” can be computed
directly with elementary geometry — triangles, rectangles, and trapezoids — before any integral ma-
chinery is introduced. This is the most direct way to see accumulation in action.
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t (s)

|
‘ 1 2 3 4 5 6
Displacement equals the area of the shaded trapezoidal region under v(t) = 3¢ + 4 on [0, 5]: a straightforward geometry
computation before any integration technique is needed.

Vi du miu - Displacement as area under a velocity graph

A car travels along a straight road with velocity v(t) = 3t + 4 (in m/s) for 0 < ¢ < 5 (in seconds).
Find the car’s displacement over this interval using geometry alone.

Because v(t) is linear, its graph on [0, 5] is a straight line from (0,v(0)) = (0,4) to (5,v(5)) =
(5,19),and v(t) > 0 throughout, so the region under the graph is a trapezoid with parallel sides
of length 4 and 19 and width 5. Its area is

Area — %(b1 +by)h = %(4 +19)(5) = %(23)(5) — 57.5.

Since velocity is positive on the whole interval, the displacement equals this area exactly: the
car travels 57.5 meters in the forward direction over the first 5 seconds.

For a curved (nonlinear) rate function, no elementary shape describes the exact region, and this
is precisely the gap that Riemann sums and the definite integral are built to close: first approximate
the area with shapes whose areas we can compute (rectangles, trapezoids), and then take these
approximations to their limit for an exact value.

6.2 Approximating Areas with Riemann Sums

6.2.1 Left, right, and midpoint sums

To approximate the area under y = f(z) on [a, b], partition the interval into n subintervals of equal
width Az = b_Ta, with partition points z, = a, z,, x5, ..., ©,, = b. On each subinterval [z,_,, z,],

build a rectangle of width Az whose height is the value of f at some chosen point in that subinterval,
and add up the n rectangle areas. The three standard choices of "which point” give the left, right,
and midpoint Riemann sums.

b—a
—

For n subintervals of equal width Az =

L, = Az[f(zg) + f(z1) + + f(zac)],  Rp=Az[f(zy) + flza) + - + f(=,)],

M, = Az[f(my) + f(my) + -+ f(m,)],

where m; = 1(z,_; + ;) is the midpoint of the i-th subinterval. Each sum is a total area of n
rectangles: L, uses the left endpoint of each subinterval as the rectangle’s height, R,, uses the
right endpoint, and M,, uses the midpoint.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 134



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

GIAI THICH TIENG VIET

Dé xap xi dién tich duéi do thi f(z) trén [a, b], chia doan thanh n phan bang nhau, mdi phan

b—a .. . e Ak s L A " . . e
rong Az = a, roi dung n hinh chir nhat cé chiéu rong Az. Tong Riemann trai (L,,) 1y chiéu
cao mdi hinh chir nhat bing gia tri ham s6 tai ddu trdi ciia méi doan con; téng Riemann phai
(R,,) 13y chiéu cao tai ddu phdi; tdng Riemann trung diém (1/,) Idy chiéu cao tai trung diém cta

moi doan con. Téng dién tich cac hinh chir nhat I3 gia tri xap xi cho tich phan xac dinh.

Whether a given sum over- or under-estimates the true area depends on the shape of f on each

subinterval — specifically, on whether f is increasing or decreasing there.

On aninterval where f is increasing: the left endpoint gives the smallest function value on each
subinterval (rectangle lies below the curve) and the right endpoint gives the largest (rectangle
lies above the curve). So L,, underestimates and R,, overestimates the true area.

On an interval where f is decreasing: the roles reverse — the left endpoint gives the largest
value and the right endpoint the smallest. So L,, overestimates and R,, underestimates the
true area.

Vi du mAu - Left, right, and midpoint sums from a formula

4
Let f(z) = 2% + 1. Approximate / f(z) dz using n = 4 subintervals of equal width with (a)

0
a left Riemann sum, (b) a right Riemann sum, (c) a midpoint Riemann sum. Then compare all
three to the exact value.

Withn = 40n [0, 4], Az = 1, and the partition pointsare x, = 0,2, = 1,2, = 2,25 = 3,2, =4,
giving

fO) =1, f)=2, f(2)=5, [f(3)=10, [f(4)=17.
(a) Left sum: L, = Az[f(0) + f(1)+ f(2)+ f(3)] = 1(1+2+5+10) = 18.
(b) Right sum: R, = Ax[f(1) + f(2) + (3)+f4]: (2+5+10+17) = 34.
(c) Midpoint sum: the midpoints are 0.5, 1.5, 2.5, 3.5, with f(0.5) = 1.25, f(1.5) = 3.25, f(2.5) =
7.25, f(3.5) = 13.25, 50

M, = 1(1.25 + 3.25 + 7.25 + 13.25) = 25.

4 4
The exact value (computed later by antiderivatives) is / (2% + 1) dx = [%3 + x] = % +
0 0

4 = T ~ 25.33. Because f is increasing on [0,4], L, = 18 underestimates and R, = 34
overestimates, exactly as predicted; the midpoint sum M, = 25 lands much closer to the true
value than either one-sided sum.

20 5

15 f

10 f
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Left sum (left panel, heights at left endpoints) versus right sum (right panel, heights at right endpoints) for f(z) = 22 + 1
on [0, 4] with n = 4. Because f is increasing, every left rectangle sits below the curve (L, = 18, an underestimate) while
every right rectangle sits above it (R, = 34, an overestimate).

(1) L6i thuong gap: Do not memorize "left sum = underestimate, right sum = overestimate” as a
universal rule — it only holds while f is increasing. On a subinterval where f is decreasing, the
relationship flips: the left endpoint gives the larger value (overestimate) and the right endpoint
gives the smaller value (underestimate). Always check monotonicity on the specific interval in
question before declaring which sum is too big or too small; on an interval that is increasing in
part and decreasing in part, neither one-sided sum needs to be uniformly above or below the
true area.

6.2.2 Riemann sums from a table of values

On the AP exam, Riemann sums are frequently built not from a formula but from a table of values
recorded at discrete times or positions — for instance, sensor readings, flow-rate measurements,
or tabulated experimental data. The rectangle-building process is identical; only the source of the
function values changes.

Vi du mAu - Left and right sums from a table

Water drains from a tank at rate R(¢) (liters per minute), recorded every 5 minutes:

10 15 20

t (min) 0
8 5 3 2

5
R(t) (L/min) 6

20
Use these five values to estimate / R(t) dt, the total volume drained, with (a) a left Riemann
0

sum and (b) a right Riemann sum using n = 4 subintervals of width At = 5. State whether each
is an over- or underestimate.

(@) L, =5[R(0) + R(5) + R(10) + R(15)] =5(8 + 6+ 5+ 3) = 5(22) = 110 liters.

(b) R, = 5[R(5) + R(10) + R(15) + R(20)] =5(6 + 5+ 3+ 2) = 5(16) = 80 liters.

The data is decreasing throughout, so the left endpoint of each subinterval gives the larger
reading (rectangle above the true drain-rate curve) while the right endpoint gives the smaller
reading (rectangle below the curve): L, = 110 overestimates the total volume drained, and
R, = 80 underestimates it.

Vi du m3u - Midpoint sum from a table

Values of a rate function g are recorded at z = 2, 6, 10, 14 — chosen so that each is the midpoint
of one of four subintervals of width 4 partitioning [0, 16]:

z (midpoint) 2 6 10 14
g(z) 4 9 13 16

16
Use these values to estimate / g(x) dz with a midpoint Riemann sum.
0

Each subinterval [0, 4], [4, 8], [8, 12], [12, 16] has width Az = 4, and its midpoint value is already
given directly in the table, so

M, = 4[g(2) + g(6) + g(10) + g(14)] = 4(4 + 9 + 13 + 16) = 4(42) = 168.
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This is the standard table-based setup for a midpoint sum: the given z-values are the midpoints
of equal-width subintervals spanning the full interval, so no additional averaging of table en-
tries is needed.

6.3 The Trapezoidal Rule

Rather than approximating each strip of area with a flat-topped rectangle, the Trapezoidal Rule ap-
proximates each strip with a trapezoid whose slanted top connects the function values at the two
endpoints of the subinterval. This single change usually produces a noticeably better estimate than
either one-sided Riemann sum, because a trapezoid follows the general upward or downward trend
of the curve across the subinterval instead of using a single, possibly unrepresentative, height.

. . b— . " .
For n subintervals of equal width Az = 279 with partition points x, z, ...,z
n

n?

T, = S2[flag) + 2£(@1) + 2£(25) + - + 2f (20 1) + Fla)].

2
Geometrically, T, is the sum of the areas of n trapezoids, each with parallel sides f(x; ;) and
f(z;) and width Az. Every interior data point is used twice (once as the right edge of one
trapezoid and once as the left edge of the next), which is exactly why it carries a coefficient of
2, while the two endpoints f(z,) and f(z,,) are each used only once.

For equal-width subintervals, the Trapezoidal Rule has a clean relationship to the left and right
Riemann sums built from the same partition: since each trapezoid’s area is the average of the left-
rectangle and right-rectangle areas on that subinterval, summing over all subintervals gives T, =
%(Ln + R,)) — the Trapezoidal Rule estimate is always exactly the average of the corresponding left
and right sums.

Vi du mAu - Trapezoidal Rule from a table, compared to Riemann sums

Using the same drainage-rate table as before —

10 15 20

t (min) 0
8 5 3 2

)
R(t) (L/min) 6

20
estimate / R(t) dt with the Trapezoidal Rule using n = 4, and compare to the left and right

0
sums L, = 110 and R, = 80 computed earlier.

With At = 5,
T, = g[R(O)+2R(5)+2R(10)+2R(15)+R(20)} = g[8+2(6)+2(5)+2(3)+2] = 2(38) = 95 liters.

As expected, T, = 95 is exactly the average of the left and right sums: 1 (L, + R,) = (110 +
80) = 95. It also lies squarely between the overestimate L, = 110 and the underestimate
R, = 80, illustrating why the trapezoidal estimate is generally more reliable than either one-
sided Riemann sum alone.
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10 %
R(t) (L/min)

o

(min)

5 10 15 20
The Trapezoidal Rule joins consecutive data points with straight segments, forming four trapezoids whose combined
areais T, = 95 liters.

. GIAI THICH TIENG VIET

\
Quy tic hinh thang (Trapezoidal Rule) thay hinh chir nhat bang hinh thang: canh trén néi truc
ti€p hai gia tri f(x;, ;) va f(z;) & hai ddu moi doan con, thay vi I8y mét chiéu cao cé dinh. Céng
A g .
thiac T, = T:E[f(xo) + 2f(zq) + -+ 2f(z, 1) + f(z,)] c6 hé s6 2 & moi diém bén trong vi
diém do vira 13 canh phai cta hinh thang nay vira 1a canh trai cta hinh thang ké ti€p. Véi cac
doan con réng bang nhau, T,, luén dung bang trung binh cdng cua téng Riemann trai va phai:
T, = 3(L,+R,).

n

The Trapezoidal Rule's over/underestimate behavior depends on concavity, not monotonicity:
if f is concave up (f” > 0) on [a,b], the straight trapezoid tops lie above the curve, so T,
overestimates the true integral; if f is concave down (f” < 0), the trapezoid tops lie below the
curve, so T, underestimates it.

6.4 Formal Riemann Sum Notation and the Definite Integral

b—a

Summation (X) notation lets any of the sums above be written compactly. With Az = and

n
x; denoting whichever sample point is chosen in the i-th subinterval (left endpoint, right endpoint,
midpoint, or any other pointin [z, ;,z;]),

> f@) Ax
=1

represents the total area of the n approximating rectangles. As n increases, Ax shrinks, the rectan-
gles hug the curve more and more tightly, and the approximation improves — regardless of which
sample point within each subinterval was chosen. This motivates the formal definition of the definite
integral as a limit of Riemann sumes.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 138



8020

ENGLISH

Definition of the definite integral. If f is continuous on [a, b], the definite integral of f from a
tobis

b . = b—a

/a fe)de= i 3 s ar,  Aw="T

n

provided this limit exists and is the same regardless of which sample points x7 are chosen. The
symbol / is an elongated "S” for "sum,” f(z) dz recalls the "height times infinitesimal width”
of each rectangle, and a, b are called the limits of integration. Geometrically, fab f(z)dx is the

signed area between the curve y = f(z) and the z-axis on [a, b]: positive where f > 0, negative
where f < 0.

GIAI THICH TIENG VIET
Tich phan xac dinh duoc dinh nghia chinh thirc 12 gidi han caa téng Riemann khi sé doan con
b n
n — oo (va do dé Az — 0): / fz)dz = lim Y f(z}) Az. Mién 13 f lién tyc trén [a,b],
A n—oo =
gidi han nay ton tai va cho cing mét gia tri du ta chon diém mau x} & dau tréi, dau phai, trung
diém, hay bat ky diém nao trong méi doan con — day chinh laly do L,,, R,,, M,, déu hoi tu vé

cing mét gia tri chinh xac khi n da 1&n. Vé mat hinh hoc, tich phan xac dinh 1a dién tich cé dau:
duong khi d6 thi nam trén truc hoanh, am khi nam dudi.
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Vi du miu - Evaluating a definite integral from the limit definition

2
Use the formal limit definition (with right endpoints) to evaluate / z? dx.
0

Partition [0, 2] into n equal subintervals: Az = —, and the right endpoint of the i-th subinterval
n

. 27 442
is x; = EZ Then f(z;) = 22 = !

17 e

n

R, = Zf(xi)A:c = 2

=1 i=

M=
:M‘ gi
S
I
Sw‘ [0%)
i
sl\')

—_

. . u 1(2n+1
Using the summation formula Z 2 = n(n+1)@2n + >,
=1 6
r -8 nin+1)(2n+1) 4n+1)2n+1)  8n®+12n+4 _§+é+i
o3 6 N 3n? N 3n? 3 n 3n?%
2 8
Taking n — oo, the last two terms vanish, Ieaving/ r?2dx = lim R, = 3 (This matches
0 n—oo

the antiderivative computation [%3]3 = £ from later in this unit — confirming that the limit-of-
Riemann-sums definition and the Fundamental Theorem of Calculus agree.)

6.5 Properties of Definite Integrals

Because the definite integral is built from sumes, it inherits several algebraic properties directly from
the properties of summation and limits. These properties let complicated integrals be broken apart,
combined, or reasoned about without ever computing an antiderivative.
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Properties of the definite integral

For continuous functions f, g on the relevant intervals and constants a, b, ¢, ky, k:

b b b
e Linearity: / [k1f(z) + kog(x)] dz = Ky / f(x)dz + kz/ g(z) dx.

a

b @ @
Additivity over adjacent intervals: / f(z)dx +/ f(z)dx = / f(z)dx (for a,b, cin any
a b

a
order, as long as f is continuous on the interval containing all three).

b a
Reversing the limits of integration: / f(z)de = — / f(z)dz
a b

Zero-width interval:/ f(z)dx = 0.

b b
Comparison: if f(z) < g(z) for all z in [a, ], then / flz)dz < / g(x)dx; and if m <

F(z) < M on [, b], then m(b— a) < /b (@) dz < M(b—a).

GIAI THICH TIENG VIET
Tich phan xac dinh c6 cac tinh chat dai s6 quan trong: tuyén tinh (tich téng, dua hang s6 ra
ngoai); cong tinh theo cac doan k& nhau (fab —|—j;C = fac); d6i can thi déi dau (fab = —j;a); tich
phan trén doan c6 dé dai 0 ludn bang 0; va tinh chat so sanh: néu f(x) < g(z) trén [a, b] thi
[7f< [ g connéum < f(x) < M thi tich phan bj "kep” gitra m(b — a) va M(b — a). Nhing
tinh chat nay cho phép tinh todn ma khéng can tim nguyén ham.

Vi du mau - Combining integrals using properties

5 8 5
S )dx =12, dx =7,and dx = 4. Find (a) 3 —2 dz,
uppose/ f(z)dx / g(x)dx an /5 f(z)dx in a/o [3f(z)—2g(x)] dx
/f dx,(c)/ f(a) da.
5
(a) By linearity: 3/ f(z dgc—2/ g(x)dr =3(12) — 2(7) = 36 — 14 = 22.
0
(b) By additivity over adjacent intervals: / flz dm_/ flz dx+/ f(z)dx =12+4 = 16.

(c) By reversing the Iimits:/ f(z)dx = / f(x
5

6.6 The Fundamental Theorem of Calculus, Part 1

The Fundamental Theorem of Calculus is the bridge that connects the two central operations of
calculus — differentiation and integration — showing that they are, in a precise sense, inverse pro-
cesses. Part 1 of the theorem addresses what happens when the definite integral’s upper limit is
allowed to vary: define an accumulation function

:[f(t)dt
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which reports the accumulated (signed) area under f from the fixed point a up to the variable point z.
FTC Part 1 says that differentiating this accumulation function simply returns the original integrand.

FTC Part 1. If f is continuous on an interval containing a, then for every z in that interval,

2 " F)dt = f(a).

Chain-rule extension. If the upper limit is itself a differentiable function g(x) instead of x alone,

d 9()
i |,

The extended version is nothing more than FTC Part 1 combined with the chain rule: think of
= fau f(t)dt as the "outer function” (with F’(u) = f(u) by Part 1) and u = g(z) as the "inner

function”; then %F(g(az)) =F'(g(x)) ¢ (x) = flg(z)) - ¢'(x).

. GIAI THICH TIENG VIET

FTC Phan 1 khang dinh: néu F(z f f(t) dt (ham tich lay, v&i can trén la bién ), thi F' (z) =
f(z) — lay dao ham "huy” tich phan dua ta tré lai ding ham ban cTau Kh| can trén khong phai

12 x ma 1a mot ham g(z), ta 4p dung thém quy tic day chuyén: dd f f( t)dt = f(g(z))-g'(x)
— lay f tai can trén réi nhan véi dao ham cua can trén do.

Vi du miu - FTC1, direct case

Let F(x) = / (t3 — 4t) dt. Find F’(z) and evaluate F’(3).
2

By FTC Part 1, differentiating simply substitutes z for ¢ in the integrand: F’(z) = 23 — 4x.
Then F/(3) = 3% — 4(3) =27 — 12 = 15.

Vi du mau - FTC1 with the chain rule and a variable lower limit

2

(@) Let G(z) = /m sin(t) dt. Find G’ ().

(b) Let H(x / V12 + 1dt. Find H' ().

(a) The upper limit is g(z) = 22, with ¢’(z) = 2z. By the chain-rule extension of FTC1,

4 [2?] = 2z sin(z?).

G’ (x) = sin(z?) - .

(b) Here the variable is the lower limit, not the upper one, so first reverse the limits of integration
to move the variable to the top:

5 T
:/ \/t2+1dt:/ V2 + 1dt.
T 5

Now FTC Part 1 applies directly to the rewritten form (upper limit z, lower limit fixed at 5):

H'(z) = —Va? + 1.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 141



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

—2

The accumulation function g(z) = fom(t —2)dt = % — 2z alongside f(t) =t — 2. Where f < 0(on [0, 2]), g is
decreasing; where f > 0 (on [2, 6]), g is increasing; g has a minimum exactly where f crosses zero, at z = 2 — a direct
visual statement of ¢’(x) = f(z).

(1) L6i thueng gdp: When the variable of integration appears in the lower limit instead of

b
the upper limit, do not apply FTC1 directly and forget the sign. j/ f(t)dt is not f(x) —
Z X

it is —f(x), because reversing the limits to put the variable on top, f; ft)dt = — fbm f(t)dt,
. . . . d gz .
introduces a minus sign before FTC1 can be applied. More generally, for . fhg(( >> f(t)dt, split

ap x
at any convenient constant ¢ in the domain: fhc(x) f(t)dt + fcg(:c) ft)dt = —fch(x) f(t)dt +

fcg(z) f(t) dt, then differentiate each piece separately: —f(h(z))h'(z) + f(g(z))g’ ().

6.7 The Fundamental Theorem of Calculus, Part 2

While Part 1 differentiates an accumulation function, Part 2 goes the other direction: it turns eval-
uating a definite integral into a simple two-step arithmetic process, using any antiderivative of the
integrand — no limits, no Riemann sums required.

FTC Part 2. If f is continuous on [a, b] and F is any antiderivative of f (thatis, F’ = f) on [a, b],
then

b
/ f(z) dz = F(b) — F(a),

often written [F(x)]z. Because two antiderivatives of the same function differ only by a con-

stant, the choice of antiderivative (and, in particular, the value of +C) does not affect the result:
the constant would appear in both F'(b) and F'(a) and cancel in the subtraction.

- GIAI THICH TIENG VIET
FTC Phan 2 bién viéc tinh tich phan xac dinh thanh phép trir don gidn: tim mét nguyén ham
F(z) bat ky cta f(x), roi tinh F(b) — F(a). Vi hai nguyén ham bat ky ciia cuing mot ham chi
chénh nhau mot hang s6 C, hang s6 nay ludn b triét tiéu khi 1y hiéu F(b) — F(a) — do d6 khi
tinh tich phan xac dinh, ta khong can viét +C.

Vi du mAu - Evaluating a definite integral with FTC2

2 1
Evaluate / (31:2 — —2> dz.
1 X
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e . 1, . d e
An antiderivative of 32% —z 72 is F(z) = 2% + - (since . [271] = —2~2, the antiderivative of
—22is +271). By FTC2,

/12 (33:2—;2>d:c: [m3+iﬁ:<23+;>—(13+1)

1 17 17 4 13
<8+ ) (1+1) 2 2 2 2

The value of the integral is| — |

Vi du miu - Two more applications of FTC2

/2 2
(a) Evaluate / cosxdx. (b)Evaluate / (2% — 22) dzx.
0

-1

(a) An antiderivative of cos z is sin z:

/2
/ cos:cdx:[sinx]gp:sin(E)—sin(O):l—O:l.
o 2

4
(b) An antiderivative of 2> — 2z is % —z2

[j(a:3_2x)dx= [T—x2:|i1: (f—4>—<i—1) :(4_4)_<_z> :O+izi'

6.8 Antiderivatives and Indefinite Integrals

An antiderivative of f is any function F with F’(z) = f(z). Antiderivatives are never unique: if
F is one antiderivative of f, then F(z) + C is also an antiderivative for every constant C, since

d e .
d—[F(x) + C| = F’(z) + 0 = f(z). Conversely, any two antiderivatives of the same continuous
X

function on an interval differ by exactly a constant — so the collection of all antiderivatives of f is
the single family F'(z) 4+ C. This family is written as the indefinite integral,

/f(w)dw—F(x)—i—C,

where C'is called the constant of integration. Graphically, the graphs of F'(x)+C for different values
of C are vertical translates of one another — an entire family of parallel curves, all sharing the same
slope f(z) at every z-value, but stacked at different heights.
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Basic antiderivative rules.

Function Antiderivative Function Antiderivative
anrl

" (n # —1) n+1+C sinx —cosz+C

% In|z| +C coszx sinz +C

e® e+ C sec’z tanz + C

csc?z —cotz +C secxtanz secx + C

Each rule is simply the corresponding differentiation rule read backwards; every entry can
be checked by differentiating the right-hand column and confirming it returns the left-hand
function.

- GIAI THICH TIENG VIET
Nguyén ham (antiderivative) ctia f 1a bat ky ham F nao thod F’(z) = f(xz). Vi dao ham cla
mot hang s6 luén bang 0, néu F(x) 1a mét nguyén ham thi F(z) + C ciing la nguyén ham vai
moi hing s6 C' — do dé tich phan bat dinh [ f(z) dz = F(x)+ C dai dién cho cd mét ho duong
cong, tat ca co6 cung do déc f(z) tai moéi diém nhung ndm & cac dé cao khac nhau (cac dudng
cong nay chi |3 tinh tién theo phuong thiang dirng ctia nhau). Bang nguyén ham co ban chinh
I3 bang dao ham "doc nguoc”.

(') L6i thuong gip: Forgetting the "+C” on an indefinite integral is one of the most common
point losses on the AP exam. [ f(z)dx represents an entire family of antiderivatives, not a

single function — omitting +C effectively claims there is only one antiderivative, which is false
for every function. (The constant does disappear when evaluating a definite integral by FTC2,
because it cancels in the subtraction F'(b) — F'(a) — but that cancellation is a consequence of
having limits of integration, and does not apply to an indefinite integral.)

n+1

(1) L6i thuong gap: The reverse power rule /:v” dx = $+ 7 + C fails at n = —1, because the
n

L I 0 L
formula would require dividingby n+1 = 0. So | — dx is not % (undefined) —itis In|z| + C,
X
a separate rule that must be memorized on its own. The absolute value is essential: In |z| is

. . . . 1
defined for all z # 0 (both positive and negative), matching the domain of —, whereas Inx
44

alone would only be defined for = > 0.

Vi du mau - Finding a particular antiderivative and applying the basic rules

(a) Find f(x) given f'(z) = 423 — 62 + 5 and f(1) = 3.

2
(b) Evaluate / <36‘"” + o 5 sec? iL') dz.

(a) Antidifferentiate term by term: f(z) = 2* — 322 + 52 + C. Apply the initial condition
7(1) = 3
1-3+54C=3 = 34+C=3 = C=0.

So this initial condition picks out exactly one curve from the family: f(z) = 2* — 322 + 5z.
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(b) Applying the table of rules to each term:

2
/(Sex+—5sec2x> dr =3e” +2In|z| —5tanz + C.
xr

6.9 Integration by u-Substitution
6.9.1 Indefinite integrals

Many integrands are the result of a chain-rule differentiation, and u-substitution is essentially the

chain rule run in reverse. If an integrand can be seen as f(g(x)) - ¢’(x) for some "inner function” g,
substituting u = g(x) (so du = ¢’ (x) dx) rewrites the whole integral in terms of the single variable u,
often reducing it to a basic rule from the previous section.

u-substitution procedure

1. Identify an inner function u = g(x) whose derivative ¢’(x) (up to a constant multiple) also
appears in the integrand.

2. Compute du = ¢’(x)dz and solve for dx (or for whatever combination, such as x dx, is
needed to match the integrand).

3. Rewrite the entire integral in terms of u only — no z's should remain.

4. Integrate with respect to u using the basic rules, then substitute g(x) back in for u (for an
indefinite integral only — see the next subsection for definite integrals).

- GIAI THICH TIENG VIET
Dai bién u (u-substitution) thuc chat 13 "quy tic day chuyén chay nguoc”. Chon w 1a mét "ham
trong” sao cho dao ham cutia né (sai khac mét hang s6) cling xuat hién trong biéu thirc tich
phan; tinh du; viét lai toan bo tich phan theo u (khéng con z); tich phan theo u bang cac quy
tac co ban; va vai tich phan bat dinh, thay u tré lai bang g(x) & budc cudi dé dua dap an vé
bién z ban dau.

Vi du mAu - Indefinite integral by u-substitution

Evaluate /x\/ 2 + 1dx.

Let u = 22 + 1, so du = 2x dx, which gives z dz = d?u Substituting,

d 1
/:v\/x2+1dx:/\/ﬁ-;:2/u1/2du:
Substituting u = 22 + 1 back in (since this is an indefinite integral):

1
/a:\/xz—i-ld:c: g(x2+1)3/2+0.

12, 1
. Z2,3/2 — —,3/2
5 g4 +C ke +C.

1 1
Check: di [g(:rz + 1)3/2} =3 ;(1'2 + 1Y% . 20 = x(2? + 1)Y/2 = 2/22 + 1, matching the
X

original integrand.
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6.9.2 Definite integrals: changing the limits

When u-substitution is applied to a definite integral, there are two valid strategies: substitute back
to z at the end and evaluate at the original z-limits (as in an indefinite integral), or — more efficiently
— convert the limits of integration to u-values at the moment of substitution, so the entire remaining
computation stays in terms of « and no back-substitution is ever needed.

b
For / flg(z)) ¢’ (x) dx with u = g(z): once du = ¢'(z)dz is substituted, also replace the

Iimitsaof integration — the new lower limit is u = g(a) and the new upper limit is u = g(b) —
and evaluate the resulting u-integral directly at these new limits:

b g(b)
flg(x)) g’ (x)dx = f(u) du.
/a (9(2)) ¢ (@) /g@ ()

(1) Léi thueng gap: The single most common error in definite-integral u-substitution is finding
the antiderivative in terms of v and then plugging the original z-limits directly into it, without
converting them to u-limits and without substituting back to x first. Both of the following are
correct: (1) change the limits to u = g(a) and u = g¢(b) and evaluate the u-antiderivative at
those u-values, or (2) substitute back to get the antiderivative in terms of z and evaluate at the
original z-limits. Mixing the two — a u-antiderivative evaluated at z-limits — silently produces
a wrong numeric answer with no error message to warn you.

Vi du miu - Definite integral with changed limits

1
Evaluate / 62%(z® + 2)* du.
0

. . d -
Let u = 22 + 2, so du = 322 dz, which gives z2dx = ?u Convert the limits: when z = 0,

uw=034+2=2;whenz =1, u = 13 4+ 2 = 3. Substituting everything, including the new limits,

1 3 du 3 9 3
/ 622(23 4+ 2)*dx = / 6ut - — = / 2ut du = {fuﬂ
0 2 3 2 5 J2

2 2 2 422
= 2(35—-25) = 2(243 — 32) = =(211) = —=.
Notice the final numerical evaluation used only u-limits (2 and 3) — the original z-limits (0 and

1) were never needed again once they were converted.

Vi du mAu - A second definite u-substitution

e 2
Evaluate/ (In ) dz.
1

x

d ..
Let w = Inz, so du = —x. Convert the limits: when z = 1, v = In1 = 0; when z = ¢,
X

e 2 1 3.1 1 1
/ (Inz) dx:/uzdu:[u] =-—0=.
L x b 3o 3 3

u=Ine=1. Then
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6.10 Algebraic Manipulation Before Integrating
Not every integrand is ready to integrate in the form it is given. A short algebraic rewrite — dividing,

splitting a fraction into separate terms, or converting a radical to a fractional power — often turns
an intractable-looking expression into a sum of pieces that each match a basic rule directly.

Three algebraic rewriting techniques

¢ Polynomial long division: if the integrand is an "improper” rational function (degree of nu-
remainder

merator > degree of denominator), divide first to rewrite it as polynomial + divicor

sum the basic rules (including In |z|-type terms) can each handle separately.

K

e Splitting a fraction: if the numerator is a sum but the denominator is a single term, split

A+B+C . A B (C
T into D I+ = ) + ) and simplify each piece into a power of .

L. . . . 1 .
e Rewriting radicals as fractional powers: replace {/z™ with 2™/ (and —— with 2—™/")

l.m
so the reverse power rule applies directly.

- GIAI THICH TIENG VIET
Khéng phai biéu thirc nao cling san sang dé 13y nguyén ham ngay — dbi khi can bién déi dai
s6 trudc: chia da thire khi tir c6 bac > bac mau (phan thirc "khéng thuc su”), dua vé dang da
thirc cong v6i phan thirc don gian hon; tach phan thire khi mau chi c6 mét s6 hang nhung tor
¢6 nhiéu s6 hang, tach thanh téng cac phan thirc luy thira cla z; va viét can thirc dudi dang
luy thira phan s6 ({/z™ = z™/™) dé 4p dung truc ti€p quy tic luy thira nguoc.

Vi du mAu - Algebraic manipulation before integrating

2 2 o
(a) Evaluate / T D 4 then use the result to evaluate / e ATES
r+1 A 1
3 _
(b) Evaluate / w dx.
T

4
(c) Evaluate/ (2 T — \;}) dx
1

(a) Long division: 22 + 32 + 5 divided by = + 1 gives quotient = + 2 with remainder 3 (check:
(x+1)(z+2)+3=2?+32+2+3=2?+3z+5),s0
:1:2+3x+5 3 /x2+3:c+5 x?

r+24+ —— = dr = — +2z+3In|z+ 1|+ C.
z+1 z+1 r+1 2

Evaluating from 0 to 2:
112 2
[2+2:):+3|n]x+1@ =(2+4+3In3)—(0+0+3In1)=6+3In3.
0

23 — b+ 7 5

(b) Split the fraction term by term: =2 — — + 722,50
X

2

) 7
/<2x—+7x2>dx::):2—5|n|w]—+0.
x x

. . 3 e e
(c) Rewrite the radicals: 2y/z = 22!/ and 7 = 3271/2 50 an antiderivative is
T

4
F(x) = §x3/2 — 62124+ C.
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Evaluating (with 43/2 = 8,41/2 = 2,13/2 = 11/2 = 1);
s (-am)-(-an) - (-] -0) - ()-(2) -2

6.11 Integration by Parts

Phan danh riéng cho AP Calculus BC (CED 6.11-6.14): tich phan tirng phan (ké ca phuong phap bang
va tich phan ”13p vong”), tach phan thic véi mau 13 tich cac nhan tir bac nhat phan biét, tich phan suy
rong (can vé han va ham khéng bi chin), va chién lugc chon ky thuat 13y nguyén ham. Cac muc nay chi
xuat hién trong dé BC.

u-substitution undoes the chain rule. Integration by parts undoes the product rule, and it is the
tool for integrands that are a product of two unrelated kinds of function — a polynomial times an
exponential, a polynomial times a trigonometric function, a logarithm times a power of + — where
no inner function and its derivative appear together.

6.11.1 Deriving the formula

. . . d d d .
If © and v are differentiable functions of x, the product rule says oy [uv] = u d—v + v d—u Integrating
X X X

both sides with respect to x gives uv = /u dv + /v du, and solving for the first integral produces

the formula.

Integration by parts
b b b
/udv = uv—/vdu / udv = [uv] —/ vdu

Procedure. (1) Split the integrand into a factor « (to be differentiated) and a factor dv (to be
integrated; dv includes dz). (2) Compute du = v'(z) dz and v = [ dv (any one antiderivative
— no +C needed here). (3) Substitute into uv — [ vdu. The method succeeds when the new
integral [ v du is simpler than the original.

- GIAI THICH TIENG VIET
Tich phan tirng phan 13 "quy tac dao ham cta tich chay nguoc”: [udv = uwv — [vdu. Ta tach
biéu thirc dudi dau tich phan thanh hai phan — phan v sé duoc ldy dao ham (nén chon phan
tréd nén don gian hon khi dao ham, nhu da thirc hay In z) va phan dv sé duoc ldy nguyén ham
(phai la phan ta biét 1y nguyén ham, nhu e®, sin z, cos ). Cong thirc chi cé ich khi tich phan

ma&i [ vdu dé hon tich phan ban dau. Véi tich phan xac dinh, phan uv ciing phai duoc thay
b
can: [uv] .

a

The formula has a clean geometric meaning. If u increases from u, to u, while v increases from v,
to vy, the twointegrals [ wdvand [ v du are the two pieces into which the curve splits the "L-shaped”
difference of two rectangles:
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Pink area + navy area = u,v, — uyv; = [uv], which rearranges to [u dv = [uv] — [vdu.

6.11.2 Choosing u: the LIATE guideline

The whole method rests on a good choice of u. A reliable rule of thumb is to choose « as the factor
that appears first in the list below; whatever is left (including dx) becomes dv.

Type Examples Why it makes a good u
L Logarithmic Inz, In(2z 4+ 1) derivative % is algebraic; hard to integrate directly
I Inverse trigonometric  arctanz, arcsinz  derivative is algebraic
A Algebraic (polynomial) =z, 22,3z —1 each derivative lowers the degree
T Trigonometric sinx, cos 3x cycles under differentiation
E Exponential ev, e easiest to integrate — best left as dv

Vi du mau - Polynomial times exponential

Evaluate/xe% dz.

The factors are algebraic (x) and exponential (e?*); A comes before E, so take

u=u=x, dv=-e**dx = du=dzr, v= %eQm.
Then )
2@ 7. 1 2z 1 20 3. _ % og 2z
/:Ue dr =z - 5e —/26 dl‘—§€ —Ze + C.
d 1 1 1
Check: I [ge% — Ze%} = 56236 + e — 562$ = ze?®, v
x

Had we chosen u = e** and dv = z dz instead, the new integral would be [ % 2627 dx —
worse than the original, since the power of x went up.

Vi du miu - Polynomial times trigonometric

Evaluate/:ccosafdar.

Take v = z, dv = cosz dz, SO du = dx and v = sin z:

/xCOSxda::xsinx—/sinxdaz:xsinx+cosaz+0.

d ) . .
Check: — [z sinz + cosz| =sinz + zcosx —sinz = x cosz. v/
xr
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6.11.3 Integrals with a "hidden” dv = dxz

Some single functions — Inz, arctan z, arcsin x — have no basic antiderivative rule, but they have
simple derivatives. Treat them as a product with 1: choose u to be the function itself and dv = dx.

Vi du mau - The integrals of In z and arctan z

Evaluate (a)/lna:dx and (b)/arctan:vd:n.

1
(a)uzlnx,dvzdx:du:gdaj,v::v:

1
/Inxdx:xln:z:—/x'da;:xlna:—/lda::azln:c—x—i—C.
x

1
(b) w = arctanz, dv =dz = du = —— dz, v =
1+ 22

/arctanxdx:xarctanx—/ x dx
1+ 22

The remaining integral is a u-substitution (w = 1 + 22, dw = 2z dx): /
2?) + C. Hence

x
1+ z2

1
dzr = = 1In(1
T =g (14

/arctanxdx = zarctanz — 3 In(1+2%) + C.

(No absolute value is needed because 1+ 22 > 0.) Both results are worth remembering — they
appear inside larger problems.

6.11.4 Repeated integration by parts

If v is a polynomial of degree n, one application lowers the degree by one, so n applications are

needed. Keep the same type of choice (u = the polynomial part) each time — switching mid-problem
simply undoes the previous step.

Vi du mau - Two applications

Evaluate/xze“ dz.

First application: u = 22, dv = e dx = du = 2z dx, v = €%:
/xQe"’ dr = z%e® — /29069” dz.
Second application (on [ 2ze® dx): u = 2z, dv = e* dx = du = 2dz, v = €":
/Qme’” dr = 2xe® — /26”” dr = 2ze® — 2e* + C.
Combine (watch the sign — the whole second result is subtracted):

/x2ew dz = 2%e® — (2ze® — 2¢%) + C = e®(2? — 22+ 2) + C.
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6.11.5 The tabular method

When u is a polynomial that eventually differentiates to 0, and dv can be integrated repeatedly
without difficulty, the bookkeeping of repeated integration by parts can be organized in a table.
Write the successive derivatives of « in one column (until reaching 0) and successive antiderivatives

of dv in the other. Then multiply along the diagonals, attaching alternating signs +, —, +, —, ..., and
add.
Sign D: differentiate u I: integrate dv

+ 3 sinx

- 32 \ —cosz

+ 6z \ —sinz

- 6 \ cosz

0 \ sinx

Tabular method for [z sin z dz: each pink diagonal arrow is one product, taken with the sign in its row. The process
stops when the D-column reaches 0.

Vi du mau - Tabular integration

Evaluate / x3sinx dz.

Reading the four diagonals of the table above with signs +, —, +, —
/:v3 sinzdr = (+) 23(—cosz) (—) 32%(—sinz) (+) 6z(cosz) (—) 6(sinx) + C

= —z3cosz + 3zx2sinz + 6z cosx — 6sinz + C.

This is exactly what three applications of integration by parts would give, with every sign han-
dled automatically by the alternating column.

- GIAI THICH TIENG VIET
Phuong phap bang (tabular) dung khi « |a da thirc (dao ham nhiéu [an sé vé 0) va dv |ay nguyén
ham lién tiép duoc dé dang. Cot D ghi cac dao ham lién tiép cta u dén khi bang 0; cot I ghi
cac nguyén ham lién ti€p cta dv. Nhan theo duwong chéo (hang k clia cot D véi hang k + 1 clia
cot I), gan dau luan phién 4+, —, +, —, ... r6i cong lai. L6i hay gip nhat 13 quén d&i dau, hoic |ay
nguyén ham sai dau cla sinz va cos z (| sinz dz = — cos x).

6.11.6 Integrals that return to themselves

For products such as e” sinz or 2 cos z, neither factor ever differentiates to 0. Two applications
of integration by parts bring back the original integral; it can then be solved for algebraically, like an
unknown in an equation.

Vi du mAu - A cyclic integral

Evaluate I = /em sinz dzx.
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First application: v = sinz, dv = e dx = du = cosz dz, v = e*:
I =¢e%sing — /e”C coszdzx.
Second application (keep u trigonometric!): ©w = cosz, dv = e* dx = du = —sinz dx, v = €*:
/e“ cosxdxr = e* cosxz — /ew(—sinx) dx =e*cosz + I.

Substitute back: I = e” sinz — (e” cosz + 1) = e” sinz — e” cosz — I. Adding I to both sides,
2] = e*(sinz —cosx), SO

. *(sinx — cos
/ewsmxda:: e’( 3:2 z) + C.

d . . . .
Check: . 1e?(sinz — cos x)} = le(sinz — cosz) + Le®(cosz + sinz) = e”sinz. v/

(1) Loi thweng gap: In a cyclic integral, if the second application uses u = e* (the opposite
choice from the first), the computation collapses to the useless identity I = I. Keep the same
type of function as u in both steps. Also, the constant +C' is added only at the very end, after
solving for I.

6.11.7 Definite integrals by parts
For a definite integral, the boundary term uv must be evaluated at the limits too:

b b b
/ uwdv = [uv] —/ vdu.
Vi du miu - Two definite integrals

Evaluate(a)/ xsinzdr and (b)/ zlnzdax.
0 1

(@ u==zdv=sinzdr = du=dzx,v=—cosz:

/acsinxda::[—xCOSa:} +/ COSxdaz:(—wCOSW—i—O)—i—[Sinx} =7+0=m.
0 0 0

1
(b) L comes before A,sou =Inz, dv=2dr = du = ~dz, v = —:
X
/e ned _[$2In r /61‘2 1d _é? {x2r_62 e?—1 e*+1
A e P A s T A P R R

(The boundary term at =z = 1 vanishes because In1 = 0.)
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y=axsinx

The region under one arch of y = x sin = has area exactly m — a value reachable only through integration by parts.

6.11.8 Integration by parts with tables of values

A favorite free-response format gives a table of values of f and f’ (and sometimes f”) and asks for
an integral such as [z f’(z) dx. No formula for f is available, so integration by parts is the only way
in: it trades the unknown integral for boundary values from the table plus an integral that is given.

Vi du mau - FRQ-style table

The function f is twice differentiable, and selected values of f and f” are shown below. It is
4

known that/ f(x)dx = 14.
1

z 1 2 4
fx) 5 4 71
Fx)y -2 0 6

4 2
(a) Evaluate/ x f(x)dx. (b) Evaluate/ x f"(x)dx
1 1

(@) Let u = z,dv = f’(z) dx, s0 du = dz and v = f(x):
4

/xf( Ydx = :Ef /f Jdz =(4-7—1-5)—14=23—-14=09.

1
(b) Let u = z, dv = f”(x)dz,s0 du = dx and v = f'(x):

2

| o @iz =ofia /f Jda = (2-0—1-(=2)) = (£(2)— f(1) = 2— (4—5) = 5.
1

The last integral used the Fundamental Theorem: f12 f(x)de = f(2) — f(1).

(1) L6i thuong gap: Three classic errors: (1) dropping the boundary term [uv]z in a definite
integral, or evaluating it only at the upper limit; (2) losing the minus sign in front of [vdu
when the result of a second application is substituted back — always wrap it in parentheses;

(3) choosing u = € or u = sinz with a polynomial dv, which raises the power of z instead of
lowering it.

6.12 Integrating Using Linear Partial Fractions

The integral/ 21
22 —

arctangent (the sign is wrong). But 22 — 1 = (z — 1)(x + 1) factors into distinct linear factors, and the

1 dx is neither a u-substitution (the numerator is not a multiple of 2z) nor an
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fraction can be split into two simpler fractions, each of which integrates to a logarithm:

112 1/2
2—1 x—1 z+41

This splitting is called partial fraction decomposition. On the AP Calculus BC exam it is required
only when the denominator factors into nonrepeating linear factors.

Linear partial fractions

Let SELE; be a rational function with deg P < deg (), where Q(z) = (x —ay)(x —ay) - (z —a,,)
x
has distinct real roots. Then there are constants 4, ..., A, with
P A A A
(z—a))(x—ay)(z—a,) z—a z—a z —ap

P = — . .

so that / QE$; dz =Y AIn|z — a,| + C. Finding the constants. Multiply both sides by
x k=1

Q(x) to clear denominators, then substitute each root x = a;: every term but one vanishes,

leaving A, directly. (Equivalently, cover up the factor (z — a;,) on the left and evaluate the rest

atx = ay.)

If deg P > deg Q, first use polynomial long division to write 0 = ponnomlal+g withdeg R <

deg Q, then decompose Z

GIAI THICH TIENG VIET

VN

Tach phan thirc (partial fractions): khi mau sé phan tich duwgc thanh tich cac nhan tir bac nhat

phadn biét (z — a,)(z — a,) -, ta viét phan thic thanh téng xf‘él + mi‘zQ + .-, rdi moi s6 hang
cho mét In|z — a,|. Cach tim hang s6 nhanh nhat: nhan hai vé€ véi mau chung réi thay [an lugt
cac nghiém = = a,, (méi [an chi con lai mét hang s6) — con goi 1a "che nhan ti” (cover-up). Nh&
hai diéu: (1) néu bac tir > bac mau thi phai chia da thirc truéc; (2) dé BC chi yéu cau mau cé
nhan tir bac nhat khéng 13p — cac mau nhu 22 + 1 (v6 nghiém) dan t&i arctan chir khéng tach
duoc.

Vi du mAu - Two linear factors

5r — 4
Eval ———dux.
va uate/(x_2>(m+1) dx
S5x —4 A B .
Set up: Tt 12 + Tl Multiply through by (z — 2)(x + 1):

Sr—4=A(x+1)+ B(x —2).

Substitute theroots. x =2: 6=34=A4A=2. z=-1: —-9=-3B= B=23.
Check (compare coefficients): 2(x + 1) +3(z —2) =5z — 4. v
Integrate:

2 3
/( + )dx:QIn\x—2\+3|n\x+1\+C.
r—2 x+1
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Vi du mAu - Three linear factors

422 —3x — 4
Evaluate | ———— dx.
/:c3+a:2—2x v

Factor the denominator: 23 + 2% — 2z = z(22 + 2 — 2) = x(z — 1)(z + 2) — three distinct linear
factors. Write
40% —3x —4 A B C

x(x—1)(z +2) ;+az—1+x—|—2

= 42%2-32—4 = A(z—1)(z+2)+Bx(x+2)+Cz(z—1).

x=0:—4=A-1)(2)=>A=2 2=1:4-3-4=-3=B(1)3)=B=-1. z=-2
16 +6—4 =18 = C(—2)(—3) = C = 3.

402 —3x —4
/‘”‘”cmz2mmp4mx—u+Mnu+m+c.
3+ 22— 2z

Vi du mAu - Divide first

3
2
Evaluate / ;Ei da.
x4 —x—2

The numerator has degree 3 > 2, so divide first. Since (z + 1)(2?> — 2 — 2) = 23 — 3z — 2, the
remainder is (2% + 2x) — (2% — 3z — 2) = bz + 2

23 + 27 14 5z 4 2
—— ==z e ———
x?—x—2 (x —2)(z+1)
Decompose theremainder: 5242 = A(z+1)+B(z—2). 2 =2:12=3A=>A=4. z=-1
—3=—-3B=B=1

2

342 4 1
/md:z::/<a:+1++ )d:n:x—+x—|—4|n|x—2|—i—|n|x—|—1|—|—0.
x2—x—2 x 2

Vi du mau - A definite integral and the log rules

3
1
Evaluate / —— dx exactly.
1?2 —1

1 A B
= with1 = A )+ Bx—1):z=1gvesA=32=-1
D@+ z-1 z+1 (x+1)+Blx—1):z=18g L
gives B = —1. Therefore
3
dx 1 3 1 r—1n3 1 9 1 1 3

Combining logarithms with Ina — Inb = In § before substituting keeps the arithmetic short.
(3In3 ~0.203)
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Integrand Denominator Technique and result

zzi 1 numerator is 3 (z% — 4)’ u-sub: 1 In|z? — 4|+ C

ﬁ (x — 2)(z + 2), distinct linear partial fractions: 1 In ‘i ; ;‘ +C
%4_4 irreducible (no real roots) arctangent: %arctan g +C
%4_4 irreducible, numerator matches u-sub: 1 In(2? +4) + C

Four integrands that look alike but call for three different techniques. Always check for a u-substitution before reaching
for partial fractions.

(1) L6i thueng gap: Partial fractions apply only to proper rational functions. Applying the de-
3
. 2 . - .
composition to % without dividing first produces constants that cannot satisfy the
Ir< — T —

identity, because no combination % + I—f_l can ever grow like z. A second common slip is

integrating as Aln(xz—a) without the absolute value, which loses the part of the domain
Tr—a

where z < a.

6.13 Evaluating Improper Integrals

The definite integral j;b f(z) dx was defined for a bounded function on a finite interval. An improper
integral relaxes one of those two requirements: either an endpoint is infinite, or the integrand be-
comes unbounded (has a vertical asymptote) at some point of [a,b]. In both cases the integral is
defined as a limit of ordinary definite integrals.

6.13.1 Infinite limits of integration

Improper integrals with infinite limits

If fis continuous on the indicated interval,

/:Of““’)d”f:b'ﬁ‘;/abf@)d% [;f(ﬂf)dxzaﬂfﬁoo/abf(x)dx.

If the limit exists as a finite number, the improper integral converges to that number; otherwise
it diverges. For a doubly infinite integral, split at any convenient point c:

/:f(w)dwZ/;f(w>dw+/coof(x>dx,

which converges only if both pieces converge.

0.5 1 total area = 1

continues forever

>
1>

x

|

|

|

|

|

|

|

|

|

|

|

; T T ¥ f f
1 2 4 6 8 10

The region under y = 1/x2 for x > 1 is unbounded in extent, yet its area is finite: flb z2dr=1—14 —1asb— oco.
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Vi du miu - Convergent versus divergent

Determine whether each integral converges or diverges; evaluate it if it converges.

(a) /1 e (O /1 Yir @ era
b

0

>~ d . 1 . 1
(a)/ % = lim {_ 7] = lim (1 — —) = 1. Converges to 1.

z ) b

T b—oo

T b—oo b—oo

oo b
(b)/ dw = lim [In 1:] = lim Inb = co. Diverges.
1 1

o0 b
—2x H 1 _—2x H 1 1_-2b 1 1
C e **dx = lim [— e } = lim (5 — ze = =. Converges to =.
( )/0 b—o0 2 0 b—oo (2 2 ) 2 g 2

Parts (a) and (b) show how delicate the question is: 1 and -} both approach 0, but < does not
approach 0 fast enough for the area to be finite.

——y = 1/x (area = )
—y=1/x2% (area = 1)

1 2 4 6 8

On [1, oo), the extra navy sliver between 1/x and 1/z2 already has infinite area. The rate at which f(z) — 0, not merely
the fact that it does, decides convergence.

6.13.2 The p-integrals

Examples (a) and (b) are the two most important members of a family that serves as a benchmark for
every other improper integral.

p-integrals (with p a constant):

> dz 1
— converges < p>1 (value );
1 xP p— 1

Y dx 1
— converges < p<1 (value )
b P 1—p

b 1—
. . b P —1
At p = 1 both diverge. Derivation for p #+ 1: / x Pdr = = and b'? - 0asb — oo
1 Y
exactly when1 —p < 0.

- GIAI THICH TIENG VIET
Tich phan suy rong dugc dinh nghia bang gidi han: thay can vé han (hodc diém ma ham khéng
bi chan) bang mét bién b, tinh tich phan xac dinh théng thudng, roi cho b tién téi gidi han. Néu
gidi han 1a mét s6 hiru han thi tich phan hdi tu, nguoc lai thi phan ky. Méc so sdnh quan trong
nhat la tich phan p: floo 92 hoi tu khi va chi khip > 1; con fol 92 hoi tu khi va chi khip < 1. Vi
p = 1 ca hai déu phan ky. Trén dé AP, phai viét ré ky hiéu gigi han lim, ,  — viét thang "co”
vao nguyén ham sé bi trir di€ém.
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Vi du mAu - Integration by parts inside a limit

Evaluate/ ze % dx.
0

First find an antiderivative by parts: ©v = 2, dv = ¢ *dx = du = dz, v = —e %:

/a:e”” de = —xe ™ + /ew dr=—ze ™ —e*+C=—(z+1)e*+C.

Then ,
> . . b+1
/ ze *dx = lim [— (x + l)e—m] = lim (1 — +b ) .
o b—oo 0 b—oo e
. b+1 . . e  b+1 1
The fraction o+l has the indeterminate form g; by L'Hopital’s Rule, lim T — =0.
eb 00 booo  eb b—oo eb

The integral converges to 1.

Vi du mAu - A doubly infinite integral

< dx
Evaluate .
[OO 1+ 22

Split at 0 and treat each half separately:

*© dx ) b . s
— 5 = lim [arctan a:] = lim arctanb = —,
o 1+=x b—o0 0 b—oo 2
0
dx . T
/Oo m = aﬂmoo (O — arCtan a) = 5

Both halves converge, so the integral converges to % + g =.

Vi du miu - Partial fractions on an infinite interval

Evaluate / dz
2

x2—1"

. . T ! -1 . b—1
From the previous section, an antiderivative is = In ’x ’ Since —— — landIn1 =0,
2 lx+1 b+1
* dx 1 b—1 1 1 1
= lim=(In——=—In= ) ==(0—Ini) = =1In3 ~ 0.549.
/2 22 — 1 b%oz( b+1 3) 2 =35

Notice that separately j;o % and f;o j—ﬁ both diverge; it is essential to combine the loga-
rithms before taking the limit.

6.13.3 Integrands that are unbounded

If f has a vertical asymptote at an endpoint or inside the interval, the Fundamental Theorem cannot

be applied across that point directly. Again we approach the trouble spot with a limit.
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Improper integrals with unbounded integrands

b t
If fis continuous on [a, b) and unbounded near b: / f(z)dx = lim / f(z)dx

t—b—
a

b b
If fis continuous on (a, b] and unbounded near a: / flz)dx = tlim / f(z) dx.
a —a* t

If fis unbounded near an interior point ¢ of (a, b), split there,

/a"f@ o — [ F(a) do + /C"f@ s

and the integral converges only when both pieces converge.

Vi du mau - Asymptote at an endpoint

1 1
dx
Evaluate (a)/ — and (b)/ Inzdz.
h VT 0

1 ! 1
(a) 7 — o0 asz — 0t /O V2 dy = tirgh {2\/:EL = t[)r(r;+ (2 — 2V/t) = 2. Converges (a

p-integral on [0, 1] with p = £ < 1).
(b) Inz — —ocasz — 0. Using [Inzdz = zInz — a:

1 1
/ Inxzdz = lim [xlna:—:c] =(0—1)— lim (tint—t).
0 t—0t

t t—0

, 1/t . .
Write ¢tInt = 1/ (form —=); L'Hopital gives I|m —1//t2 = t|l>r8+(_t) = 0. So the integral

converges to —1 (negative, since Inz < 0 on (O, 1))

IS area 3v/2 -

> 3

e i

An interior asymptote at = = 1: the integral over [0, 3] must be split there. Each piece converges, so
Sz —1)"2/% da = 3+ 372 ~ 6.780.

Vi du miu - Asymptote inside the interval

Evaluate(a)/ 2/3 and (b)/ dm.
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(a) The integrand is unbounded at = = 1 € (0, 3). An antiderivative is 3(x — 1)/3.

/01 <—df>/ = i [s - 1] =0-3-1) =3,

/13 (d”: = lim |3z - 1)1/3}3 = 3V2.

X — 1)2/3 t—1+t t
Both converge, so the integral converges to 3 + 3v/2 ~ 6.780.
(b) The integrand is unbounded at 2 = 0. On the right half,

Y da . 171 ) 1
—2:|Im[—f} = lim (—14—7):00,
b t—0* xly t
so the whole integral diverges (one divergent piece is enough). Ignoring the asymptote and

computing [ — ]1 =2 gives a negative "area” for a positive integrand — a sure sign that the
Fundamental Theorem was misapplied.

(1) L6i thueng gap: Before evaluating any definite integral, scan the interval for points where
the integrand is undefined (zeros of a denominator, In at 0, tan at Z, ...). The Fundamental The-
orem requires continuity on the whole closed interval; across a vertical asymptote it produces
a number that is simply wrong, as in part (b) above.

6.13.4 Comparing improper integrals visually

Sometimes an antiderivative is unavailable, but convergence can still be decided by comparing
graphs. If 0 < f(x) < g(z) for x > a, the region under f fits inside the region under g. Hence:

o if f x) dx converges, so does f f(z) dz (a smaller region inside a finite one);

o if fa f(z) dx diverges, so does fa g(x) dx (a larger region containing an infinite one).

Comparing with a p-integral is the usual move. This reasoning reappears in Unit 10 as the comparison
test for series.

Vi du mau - Deciding by comparison

* dx
a)Forz > 1,0 < < —. Since 42 converges, —— converges. (Partial
(@) = 2+ x2 f 8 /1 2+ g (
b 1
_1_ x P T
fractions confirm it: ac(erl) = z+1’ and the value is bILrgo {In oy 1] = 0 In =1In2.)

(b) For x > 1, e=** < e~ (because x2 > z). Since floo e *dxr = e~ converges, /
converges — even though e=*” has no elementary antiderivative.

(c) For =z > 2,

>

> 0. Since [~ 27 '/2dx diverges (p = 3 /

Sl

Vi1

diverges.
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6.14 Selecting Techniques for Antidifferentiation

On the exam, an integral does not come labeled with its technique. Topic 6.14 of the Course and
Exam Description asks you to recognize the structure of an integrand and choose among the meth-
ods of this unit. A quick, systematic scan saves time and prevents the most expensive mistake:
committing to a long method when a one-line one exists.

1. Is it a basic rule after simplifying? | Y©S | Power, exponential, trig, In|z|, arctan, arcsin
(expand, split, rewrite powers) " | rules; long division for improper fractions.

¢ no
2. Is there an inner function whose | Y5 |wu-substitution (change the limits for a definite
derivative is also a factor? integral).

¢ no
yes |deg P > degQ: divide first. Distinct linear

3. Rational function? » factors: partial fractions. =2 + bx + ¢
¢ irreducible: complete the square — arctan.
no

4. Product of two different types Yes | Integration by parts (LIATE); tabular if « is a

Y

Y

(poly - exp/trig, In, inverse trig)? polynomial; solve for I if it cycles.
¢ no
5. Infinite limit or asymptote Yes | Improper integral: replace the trouble point by
on the interval? | b (or t), integrate, then take the limit.

A decision sequence for antiderivatives. Step 5 is not an alternative to steps 1-4: an improper integral still needs an
antiderivative from steps 1-4, followed by a limit.

- GIAI THICH TIENG VIET

Khi gdp mét tich phan bat ky, hay ra soat theo thdr tu: (1) rat gon/khai trién xem cé ra ngay
quy tac co ban khéng; (2) c6 "ham trong” ma dao ham clia né ciing xuat hién khéng — d6i bién
w; (3) 13 phan thdrc hiru ti = chia da thirc néu can, tach phan thirc néu miu 13 tich nhan tr bac
nhat phan biét, hoac binh phuwong du (completing the square) dé ra arctan néu mau bac hai
vo nghiém; (4) la tich cda hai loai ham khac nhau — tirng phan; (5) néu can vé han hodc ham
khoéng bi chan trén doan — tich phan suy réng (van phai tim nguyén ham bing cac buéc trén
roi 1y gidi han). Thoi quen tét: ludén thir d6i bién u trwde khi dung cac ky thuat dai hon.

6.14.1 Completing the square
A quadratic denominator with no real roots cannot be split into linear factors. Completing the square

o . d 1
turns it into the form (x — h)? + a2, which matches / 27u2 — —arctan -~ + C.
uc+a a a
Vi du miu - Completing the square
Evaluate / dix
2+ 2245
The discriminant 22 — 4(5) = —16 < 0, so the denominator does not factor over the reals.
Complete the square: 22 + 22 + 5 = (z + 1)? + 4. Withu = 2 + 1, du = da:
dx 1 r+1
———————5 = - arctan C.
/(:c+1)2+22 2 2 *
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6.14.2 Mixed examples

Vi du mau - Choose the technique

Evaluate each integral, stating the technique.
2x + 3 T 9 Jz
(a)/x2+1dx (b)/x2—5x+6dm (C)/:z: Inzdzx (d)/e dx

. . 2 3
a) Split, then two basic rules. id:c—k ———dx=In(z?+1)+3arctanz + C. The
(a) Split, then two b I 1
X

2 +1
first piece is a u-substitution with v = 22 + 1; the second is an arctangent. Partial fractions do
not apply (z2 + 1 is irreducible).

(b) Partial fractions. z2 — 52 + 6 = (x — 2)(z — 3) and the numerator is not a multiple of 2z — 5.
Fromz = A(x — 3) + B(x — 2): x = 2 gives A = —2; x = 3 gives B = 3:

(c) Parts with u = Inx (L before A), dv = 22 dz, du = %, v = %1

x

3 2 3 3
/lenxdazzgInx—/gdx:glnx—g;+C.

(d) Substitution, then parts. Let w = /7, so x = w? and dx = 2w dw: /e\/5 der = /Qwew dw.
By parts (u = 2w, dv = €% dw): 2we® — 2e® + C. Returning to z:

/eﬁda:: 2eVe(x — 1)+ C.

Vi du mau - Same look, different methods

Evaluate (a)/q:e“’Q dr and (b)/xezm dr and (C)/:L“\/x—l—ldx.

(a) The factor z is half the derivative of the exponent z%: u-substitution, u = z2, gives %e‘”Q +C.
Integration by parts would go nowhere here.

(b) The exponent’s derivative is the constant 2, not z, so no substitution absorbs the factor z:
integration by parts gives Ze2* — 1e?* + C (first example of Section 6.11).

(c) Parts would work, but the substitution w = = + 1 (so z = w — 1, dz = dw) is quicker:

/(w— Dw'/? dw = / (w2 —w'?) dw = 2(z +1)°% — 2(z + 1)*2 + C.
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Integrand pattern — first technique to try

Pattern Technique
f(g(x)) ¢’ (x) (up to a constant) u-substitution, v = g(z)
P
%, deg P > deg @ long division first

X

P .

¢, degP <2,a+#b linear partial fractions
(x —a)(x—b)
———— With b2 —4c <0 complete the square, then arctan
T bx + ¢
e x™ sin kx, 2™ cos kx parts (tabular), u = 2™
2" Inz, Inz, arctan z, arcsin x parts, u = the log / inverse trig factor
€% sinbx, e** cos bx parts twice, solve for the integral

limit +-00, orintegrand unbounded on [a,b]  improper integral: limit of a definite integral

6.15 BC Practice: Integration Techniques

Bai tap luyén tap

/xe_“" dr =

(A) —ze*+e*+C (C) %:c%‘m +C

(B) —ze % —e*4+C (D) ze @ —e @+ C

u =2z dv = e %dr = du = dx,v = —e%. Then fxe_w dr = —xe % — f(—e‘””) dr =
—ze "+ [ePdx = —ze * —e 4+ C. Check: %[—xe‘x —e %l =—eT+re T+e T =ze "

v (B). Choice (A) comes from writing [ e * dz = e~*; choice (D) from taking v = e~ and also
JeTdr=e".

Bai tap luyén tap

e
Evaluate/x2 Inz dx and/ z?Inz dx.
1

Loi giai chi tiét

3 2 3 3
uzlnﬂc,dv:xzdzv,du:%daj,v:%:/:ﬁlnxdaﬁ:%lnx—/%daj:%lnx—%+a
e 2e3 +1
o 3 3 . 3 3 1) _ 2e8 1 N
Definite: | Inz— 5] =(§-5)-(0-3) =% +§= ~ 4574,

L

Bai tap luyén tap

1
/ ze?® dx =

0
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e? e2+1
m < © =

e?—1 e+ 1
®) 0

Loi giai chi tiet

An antiderivative is Ze?* — 1€ (worked example in Section 6.11). Evaluate: (% —

SIS

)= (o-
e 1 L choice (B) f hat the lower limit contrib 1y — 41
Z>—I+Z— 7 . (C). Choice (B) forgets that the lower limit contributes —( — ) = +1.

Bai tap luyén tap

/xsechdx:

(A) ztanz +In|cosx| + C (C) iztanz +C

(B) ztanz —In|cosz| + C (D) ztanz —sec?z + C

Loi giai chi tiét

u=z,dv=sec?zdr = du = dx,v = tanz. Then [zsec’ zdz = ztanz — [tanxz dz. Since
Jtanzdz = —In|cosz| + C, the result is ztanz + In|cos z| + C. (A). Choice (B) uses the
wrong sign for [ tanz dz.

Bai tap luyén tap

Evaluate /e% sin z dz.

Loi giai chi tiet

Let I = [ e**sinz dz. Keep u trigonometric both times.

First: u = sinz, dv = €2* dz, du = cos z dx, v = %62””: I = %6290 sing — % fezx cosz dzx.
Second: u = cosx, dv = e2* dx, du = —sinxz dx, v = %62“”: f e?* cosxdr = %e% coszx + %I.
Substitute: I = Je?*sinz — 1e2* cosz — 11,50 51 = ;e**(2sinz — cos ) and

. 2z (2 sin z — cos
/ezxsmcvdx:e ( IC; :E)-l-C'.

Check: derivative = {[2¢*7(2sinz — cosz) + €**(2cosz + sinz)| = 1e2*(5sinz) = e** sinx.

Bai tap luyén tap

I\

Use the tabular method to evaluate /a:2 cos(3z) dz.
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Loi giai chi tiét
D-column: z?, 2z, 2, 0.  I-column: cos 3z, g sin3z, —3 cos 3z, —y- sin 3z. Diagonals with

signs +, —, +:

/x2cos3:cdx::c2‘},)sin3x—2x‘(—écos3x)+2-(—217$in3:c)+(]

2

. 2 2
= %sm3x+§cos3x—2—75m3x+0.

Bai tap luyén tap
/arcsin rdr =

(A) xarcsinz —vV1—22+C (C) zarcsinz +v1—22+C
1
(B) N +C (D) i(arcsinz)?+C

Loi giai chi tiet

arcsinz, d dz, d dz arcsinz d arcsin x d
u = x, dv = dx, du = —, v = x: rdr = x x — —— dx.
V1— 22 V1— 2
dx 1
With w = 1 — 22, dw = —2zdx: _raw - w2dw = —V1 — 22 + C. Hence
’ V1—22 2/

zarcsinz + V1 — z22 + C. (C). Choice (A) loses the sign from dw = —2x dz.

Bai tap luyén tap

The function g has continuous derivatives, with ¢(0) = 2, g(3) = —1, ¢’(0) = 4, ¢’(3) = 5, and
3
/ g(x)dx = 6.
0

3 3 3
(a) Find / x g (z)dz.  (b) Find / xg”(x)dz.  (c) Find / (22 + 1) ¢’(z) dz given also
0 0 0

/OBxg(as)d@“:Q.

[liciione
3
@u=uzdv=yg(z)dz,v=g(x): [:Eg(x)]o — jg)s g(z)dx = (3(—=1) —0) — 6 = —9.

(b)u =z, dv = ¢’ (2)dz, v = g'(x): [scg/(x)}z — [ g (@) dz = (3-5—0) — (9(3) — g(0)) =
15— (—1—2) = 18.
(©u=2a%+1,dv=g (z)dz, du = 2xdr,v=g(x):

3

3
[(gﬁ n 1)g(:c)] - / 21 g(z) dz = (10(—1) — 1(2)) — 2(2) = —12 — 4 = —16.
0

0
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Bai tap luyén tap

/ dzx B
22 —3x+92
(A) In|2?2 -3z +2|+C (C) In|(z —1)(z—2)|+C
(B) |n|””_1|+c (D) In‘$_2‘+0
x—2 —1

Loi giai chi tiét

22 —3r+2=(z—1)(z—2). From1 = A(z —2) + B(x — 1): = 1 gives A = —1; x = 2 gives
B:l.So/( L )de =Infz 2 ~Infz 1|+ C = In|2=2| + C. (D). Choice
r—2 xz-—1 z—1

(A) treats the integrand as if the numerator were the derivative of the denominator; choice (B)
has the signs of A and B reversed.

Bai tap luyén tap

3 11
Evaluate / Qx; dz.
¢ —xz—06

Loi giai chi tiét
?—2—6=(z—3)(z+2),and3z+11=A(z+2)+ Bz —3). 2 =3:20=54 = A =4.
x=-2:5=—-5B= B=—-1.Check:4(z +2)— (x—3) =3z +11. vV

2 —z

3 11
/Lﬁda::4|n|x_3|_|n|x+2|+c.

Bai tap luyén tap

22 —4
Evaluate/&daz.

22—z

Loi giai chi tiet

. .. 3x —4
Degrees are equal, so divide: 222 +2—4 = 2(2%—x)+ (32 —4), giving 2~|—x(i—_1>. Decompose:
3r—4=Ax—1)+Br.x2=0.—4=—A=A=42z=1:-1=B. S0

4 1
/<2+__ )dg;:2:c+4|n|z|—|n]x—l|+C.
T

r—1

Bai tap luyén tap

(A) Ini2 (€ ;Ing
5

(B) £Ini2 (D) fIn3
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Loi giai chi tiét

H I
|

/4 1/4
(x—2)(z+2) 2z—-2 =x4+2
1 —27° 1 1 1 1 . .
Z[ln’i-I-QHg = Z(Ing —In g> = Zln75 ~ 0.191. (A). Choice (D) is only the value at
the upper limit.

(from 1 = A(z + 2) + B(z — 2) at z = +£2). Then

Bai tap luyén tap

Which of the following improper integrals converge?

|/°°dl‘ : /1d$ T /1611‘

L a3 VT

(A) lonly (C) 1and Il only
(B) Il only (D) I, II, and llI

Loi giai chi tiét
l:p=23>1on]l,00) — coqverges (to 2). Il: on [0, 1] convergence needs p < 1, butp = 3 —
diverges (lim,_,,. [— 2x‘1/2]t =o0). lll:p = % < 1on [0,1] — converges (to 2). (C).

Bai tap luyén tap

(o ¢]
Evaluate / ze=* dx, or show that it diverges.
0

Loi giai chi tiet

0 b
With u = 22, fa:e’xQ dr = —%e’”z + C. Then / re " dr = lim {— %e’ﬁ] = lim (% —
0 0

b—oo b—o0

1,-b%) _ 1 1
5C ) = 5. Converges to 3.

Bai tap luyén tap

el .
Evaluate / n—f dx, or show that it diverges.
1 X

Loi giai chi tiet

I I d I

Byparts:u=|n:v,dv=x‘2dx,du=%dx,vz—%:/n—fd — e —fz—ﬂ—
X T x X

1

- +C.

xr

“Inz . Inb 1 WA . Inb . 1/b .
/ ?dx_blLrgo(—T—g)—(O—l). By L'Hopital, bhjo]oT _bILToT = 0. The integral

1
converges to 1.
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Bai tap luyén tap

2 dx
/0 oS
(A) —2 (C) 2
(B) 0 (D) divergent

Loi giai chi tiét

2
. . . d
The integrand is unbounded at z = 1 € (0, 2), so split there. / (7:6 = lim
1

. 1 72
x—1)2 o1+ [_x—l]t:
lim ( -1+ ﬁ) = oo. One piece diverges, so the integral diverges. (D). Choice (A) is the

t—1+ —
result of applying the Fundamental Theorem across the asymptote — impossible anyway, since

the integrand is positive.

Bai tap luyén tap

Determine whether each integral converges; evaluate those that do.
(a) /Oo dx (b) /Oo dx
. z(lnz)? . zlnz

Lai giai chi tiét

Letu = Inz, du = %; whenz = e,u=1,and u — oo as z — oo.

>~ d ) 1
(a)/ —Z = lim (1 = 7> = 1. Converges to 1.
1 u b—oco b

(b)/ d—u = blim Inb = co. Diverges. (These are p-integrals in disguise, withp = 2andp = 1.)
1 U —00

Bai tap luyén tap

*  dz
/1 z(x+1) B
(A) 1 (C) —In2
(B) In2 (D) divergent

Loi giai chi tiét

1
= lim In —In==0+1In2 =1In2. (B).
.CL'—i—l]l b—woo b+1 2 + ( )

— separately to co and concluding co — oo diverges.

1 1 1
—_ = . Then lim {In
zz+1l) =z z+1 b—00

Choice (D) results from integrating % and

Bai tap luyén tap

Let R be the unbounded region in the first quadrant under the graph of y = ze~*/2, for z > 0.
(a) Find the area of R.
(b) Find the volume of the solid generated when R is revolved about the z-axis.
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Loi giai chi tiét

(@) By parts (u = z, dv = e */2dz, v = —2e*/2); fxe*x/z dz = —2ze %/ + Qfe*a’/Q dr =
—2ze~%/2 — 4e7%/2 4 C,

Area = lim [— (22 + 4)e‘m/2]b = lim (4 — 2bj> =4,

b—oo 0 b—oo eb/2

. 2b+4 o 2
since i — 0 (L'Hopital: W — 0).

oo o0
(b) Disks: V = 77/ (:Ce_‘”/2)2da: = w/ x?e®dx. Tabular: D: 22 22,2,0; I:
0 0
e, —e e —e % 50 [2?e Tdr=—e (2 + 22 +2)+ C.
b

V=rlim [—e®(@®+20+2)] =n(0+2)=2r~ 6283

b—oo 0

Bai tap luyén tap

1
/ arctanxz dz =
0

(A 5 (© 7 —In2
(B)%+%In2 (D)%—%Inz
Using [arctanz dz = zarctanz— 3 In(1+2?): |zarctanz— % In(1+2?) L Z—2In2~0.439.

0

(D).

Bai tap luyén tap

For each integral, name the most efficient first technique (do not evaluate):

x2 dx dx 5 . -
(a)/$3+1dx (b)/aMM% (c)/m2+6m+8 (d)/xedm (e)/xe dz

(a) u-substitution, u = 2® + 1 (numerator is 1u/): result £ In |23 + 1| + C.

(b) Discriminant 36 — 52 < 0: complete the square, (x + 3)? + 4, giving %arctan “T’L?’ + C.
(c) 2® + 62 + 8 = (x + 2)(x 4 4): partial fractions, giving 3 In|£3| 4 C.

(d) Integration by parts three times — tabular with u = 23: e*(2® — 32% + 62 — 6) + C.
(e) u-substitution, v = x3: 1e*® + C.

3
Bai tap luyén tap

Evaluate /x\/ac + 1dx.

L
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Loi giai chi tiét
2
letw=2z+1,502 =w—1, de = dw: /(w— 1)vVwdw = /(w3/2 —wl/z)dw = gw5/2 =

2 2 2
§w3/2 +C = 5(3: +1)5/2 — §(x +1)3/2 + C. (By parts with u = 2, dv = V= + 1dx gives an

equivalent answer.)

Bai tap luyén tap

The function h is defined by h(z) = / _dt forz > 1.
L t(t+2)
(a) Find h(x) explicitly.  (b) Find lim h(x), and interpret it as an improper integral.
Tr—r o0

Loi giai chi tiet

1 /2 1/2 @
a =1~ (froml=A(t+2)+Btatt=0andt = —2). Soh :l[lni} =
()t(t+2) t t+2( Pl ) @) =2 2]y
1 1 1 _ 1 33
zinzz —5ng =35In 25,
3 . 1 e . < dt
(b) — 3,50 lim h(z) = = In3 ~ 0.549. This limit is exactly the definition of ,
x+ 2 Z—00 2 1 t(t—|—2)

which therefore converges to % In 3.

6.16 Problem Bank

Bai tap luyén tap

A particle moves along a line with velocity v(t) = 6 — 2t (m/s) for 0 < ¢ < 3. Using geometry,
the particle’s displacement over [0, 3] is:

(A) 9 (C) 6
(B) 18 (D) 12

Lai giai chi tiét

v(t) is linear with v(0) = 6 and v(3) = 0, and v(¢) > 0 throughout [0, 3], so the region under
the graph is a triangle with base 3 and height 6. Area = 1(3)(6) = 9. (A).

Bai tap luyén tap
On an interval where a function f is decreasing, the left Riemann sum L,, and right Riemann

sum R, satisfy:

(A) L, underestimates, R,, overestimates (C) Both overestimate

(B) L,, overestimates, R,, underestimates (D) Both underestimate

Loi giai chi tiét
On a decreasing interval, the left endpoint of each subinterval gives the largest function value

there (rectangle sits above the curve, overestimate), while the right endpoint gives the smallest
value (rectangle sits below the curve, underestimate). (B).
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Bai tap luyén tap

The rate of change h(x) of a quantity is recorded at x = 0, 3,6, 9, 12:

0 3 6 9 12
h(z) 2 5 9 14 20

Use a left Riemann sum with n = 4 and a right Riemann sum with n = 4 to estimate

12
/ h(zx) dx, and state which is the over- and which is the underestimate.
0

Loi giai chi tiét
Az = 3. Leftsum: L, = 3(2+ 5+ 9+ 14) = 3(30) = 90. Right sum: R, = 3(5+9 + 14 +
20) = 3(48) = 144. Since h is increasing throughout, L, = 90 underestimates and R, = 144
12

overestimates / h(z)dz.
0

Bai tap luyén tap

Values of p(z) are given at x = 1.5,4.5, 7.5, 10.5, the midpoints of four subintervals of width 3
covering [0, 12]:

T 1.5 45 7.5 105
p(x) 3 6 11 15

12
Estimate / p(x) dx using a midpoint Riemann sum.
0

Loi giai chi tiét
Each subinterval has width Az = 3, and the given values are already the midpoint values, so
M, =3(3+6+11+15) = 3(35) = 105.

Bai tap luyén tap

Using the data z = 0,2,4,6 with f(z) = 3,7,12,20, the Trapezoidal Rule estimate for
6

/ f(z)dx (with n = 3, Az = 2)is:

0

(A) 61 (C) 55

(B) 44 (D) 70

Tl = %[f(o) +2£(2) +2f(4) + f(6)] = %[3+2(7) +2(12) 4+ 20] = 1[3 + 14 + 24 4 20] = 61.
(A).
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Bai tap luyén tap

A rainfall-rate sensor r(¢) (mm/hr) is recorded every 2 hours:

t (hr) 0

2 4 6 8
r(t)(mm/hr) 10 8 5 3 1

8
Compute L,, R,, and T, for / r(t) dt, and verify that Ty = (L, + R,).
0

Loi giai chi tiét

At =2 L,=2(10+8+5+3)=2(26) =52. R, = 2(8+5+3+ 1) = 2(17) = 34.
2

5[10+2(8) +2(5)+2(3)+1] =1[10+ 16 + 10+ 6 + 1] = 43.
Check: 1(Ly + Ry) = 5(52 + 34) = (86) = 43, which matches T}, exactly.

Bai tap luyén tap
n

The expression lim Z (2 + ﬁ) L equal to which definite integral?
n n

n—oo 4
=1

& 2
(A) / 2+ z) do (©) / (3+1z)dx
0 0

(8) /Sazd:n (D) /32xdx
2 0

Lai giai chi tiét

T4 =

Comparing to 3 f(z;) Az with Az = 2 (so b — a = 3) and right endpoints z; = 2! on [0, 3], the
3
summand 2 + 2! = 2 + z; = f(x;) identifies f(z) = 2 + z. So the limit equals / (24 z)dx.
0

(A).

Bai tap luyén tap

1 n
Evaluate / 23 dz using the limit definition of a right Riemann sum. (Use Zz’?’ =
0 =1

n(n+1) 2)
= .
Loi giai chi tiét
. 1 ) i3
With Az = L and z, = £, f(z,) = 5,50
n -3 1 1 n 1 1 2 2 12 12
R T ) T
- v Nt n 2 4dn 4n
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(n+1)2
2

Bai tap luyén tap

6 6 6
If/ f(x)dz =10 and / g(x) dx = =3, then / [4f(z) + g(z)] dz =

(A) 37 (C) 43
(B) 7 (D) 13

Loi giai chi tiét

By linearity: 4(10) + (—3) = 40 — 3 = 37. (A).

Bai tap luyén tap

4 7 7 1
S / f(z) dz = 9 and / (@) dz = 20, find / f(z) dz and / f(z) da.
1 1 4 7

Loi giai chi tiet

7

7 4
By additivity, / f(z)dx = / f(z)dx —/ f(z)dx = 20 — 9 = 11. By reversing the limits,
4 1 1

1
—1, so/ r3dr = lim R, = l (Matches FTC2: [2—4]1 = }1.)
o n—00 4

As n — oo, 0

1 7
/ flz)dx = —/ f(z) dz = —20.
7 1
Bai tap luyén tap

9
If 3 < f(x) < 7forall zin [2,9], which inequality must be true for/ f(z)dz?
2

9 9
(A) 21 < / f(z)dx <49 (C) 14 < / f(z)dx < 42
2 2

9 9
(B) 3< / flx)de <7 (D) / f(z)dx = 35 exactly
2 2

Loi giai chi tiét

The comparison property gives m(b — a) < fabf <Mb—a)withm=3 M=7b—a=T:
3(7) < [ <7(7)ie, 21 < [ fz)de < 49. (A).

Bai tap luyén tap

Let F(z) = / (2t2 — 7) dt. Find F’(x) and evaluate F’(4).
0
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Loi giai chi tiét
By FTC1, F’(z) = 222 — 7. S0 F’(4) = 2(16) — 7 = 32 — 7 = 25.

Bai tap luyén tap

3

If G(z) = /; cos(t) dt, then G'(x) =

(A) 322 cos(z?) (C) cos(3z?)
(B) cos(z?) (D) 322 cos(x)

Loi giai chi tiét

By FTC1 with the chain rule, upper limit g(z) = 2® with ¢/(z) = 322%: G’(z) = cos(23) - 322 =
3z2 cos(x?). (A).

Bai tap luyén tap

5
Let H(z) = / % T 1dt. Find H' ().
2x

Loi giai chi tiét

2x
Reverse the limits first: H(xz) = —/ V13 + 1dt. By FTC1 with the chain rule (upper limit
5

2z, derivative 2):

H'(z)=—+/(22)34+1-2=—-2/823+ 1.

Bai tap luyén tap

3
/ (4dr —1)dzx =
0
(A) 15 (C) 9

(B) 12 (D) 18

Loi giai chi tiét

Antiderivative: 2% — z. Evaluate: [22? — x]i = (18 = 3) — (0) = 15. (A).

Bai tap luyén tap

3
1 . .
Evaluate / (23}2 — —2) dx and simplify completely.
1 X
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Loi giai chi tiét

C e e 2 1, . e . .
An antiderivative is F(z) = ga:?’ + = (since the antiderivative of —z 2 is z!). Then
xr

rr- = (3o ) - (1) - (1) - (§) - 5 -3 2

Bai tap luyén tap

s
/ sinzdzr =
0

(A) 2
(B) 0

€)1
(D) —2

Loi giai chi tiet

Antiderivative: — cos x. Evaluate: [ — cos x]g = (—cosm) — (—cos0) = (1) — (—1) = 2. (A).

Bai tap luyén tap
Find f(x) given f”(z) = 6z — 4, f'(0) = 3, and f(0) = —2.

Lai giai chi tiét
Integrate once: f’(x) = 32% — 4z + C,. Using f/(0) = 3: C; = 3, so f'(z) = 32? — 4z + 3.

Integrate again: f(z) = 2® — 222 + 3z + C,. Using f(0) = —2: C;, = —2, so

-

f(z) = 2% — 22 + 3z — 2.

Bai tap luyén tap

/(%—BSinx) i =

(A) 4In|z| +3cosz + C
(B) 4In|z| —3cosx + C

(C) —4In|z| +3cosz + C
(D) 4In|z| 4 3sinz + C

Loi giai chi tiet
dx =4In|x|; /(—3 sinz)dx = —3(—cosz) = 3cosx. Sum: 4In|z| + 3cosz + C. (A).

-

—
AN

Bai tap luyén tap

5
3 . . . .
Evaluate / — dx, and explain why the reverse power rule cannot be applied directly to this
2

integrand.
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Loi giai chi tiét

5
An antiderivative of > is 3In|z], so/ © i = [3|n|:c|]z = 3In5—3In2 = 3In<g). The
X ) X

AR
reverse power rule [ 2" dx = m+ 7 + C requires dividing by n + 1; here the integrand is 1,
n
son = —1and n+ 1 = 0, making the formula undefined. The rule [ 1 dz = In|z| + C must be

used instead, since L In |z| = 1 for all z # 0.
X x

Bai tap luyén tap

/4:6(3:2 +3)°dx =
() S22+ 30 +C (©) (@2 +3)° +C
(B) é(:ﬁ +3)0+C (D) 2(22 + 3)° + C

Loi giai chi tiét

-

ub 1

Let u = 22 + 3, du = 2z dz, so 4z dx = 2du. Then/u5-2du:2-€+C:§u6+C:

%@?+$6+Cwm.

Bai tap luyén tap

2
Evaluate / 22/ x3 4 1 dx using u-substitution, converting the limits of integration.
0

Loi giai chi tiét

d -
Letuzx3+1,du:3:c2da:,soa:2d:c:?u. Limits: t =0=u=1;2=2=u=29. Then

9

2 ? du 1 [° 172
/:EQ\/x?’—i-lda::/ \/ﬂ‘—:—/ ul/Qdu:—[—u?’/Z}
0 1 3 3 313 1

2, . 2 2 52
= —(93/2 _13/2) = Z(27 — 1) = =(26) = —.
= )= 527 —1) = £(26) =
Bai tap luyén tap
w/4
/ sec’zxtanx dx =
0
1 ™
- C) -
(A) 5 (C) 7
(B) 1 (D) 0
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Loi giai chi tiét

1
Llet u = tanz, du = sec’zdz. Limits: 2 =0 =>u=02=5 = u =1 Then/ uwdu =
0

1

[“;L _ % (A).

Bai tap luyén tap

1
Evaluate / _ T e
Vx2 +2x+5

Loi giai chi tiét

Let u = 2% + 22 + 5, s0 du = (2z + 2) dz = 2(z + 1) dz, giving (x + 1) dx = dgu Then

1 du 1 1
/ﬁ-Tu:—/u‘l/zdu=5-2u1/2+0=u1/2+0=\/x2+2x+5+0.

2
Bai tap luyén tap
2

Rewriting x _31 using polynomial long division gives:
o
8 8
(A) z+3+—— C) z+3— —
r—3 r—3
8 2
B) x —3+ —— D) z+1+ —
r—3 r—3

[l |
Dividing: (z —3)(z +3) =22 —9,and (2> — 1) — (2> —=9) = 8,50 22 — 1 = (z — 3)(x + 3) + §,
2

. . —1
giving z =xr+3+ L (A).
3 r—3

€T —

Bai tap luyén tap

5
Using the division from the previous problem, evaluate /
4

Lai giai chi tiét
2 2

. —1 . .
From the previous problem, r-- 7 = r+ 3+ —8 ot with antiderivative F(z) = r + 3z +
— x p—
8In|z — 3|. Then

L

z?—1

xr —

dzx.

F(5) — F(4) = (§+15+8|n2) _ <?+12+8In1)

15
= (27.5+8In2) — (20+0) = 7.5+ 8In2 = -~ + 8In2.
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Bai tap luyén tap

& gy el
/udm:

s
2 2
(A)x—2|n\m|——2+C (C)x+2|n|x|——2+C’
x T
1
(Emdmm+%+c m1—%_%+c
T T T

Loi giai chi tiet

—2

3227 +4 2
Toer it 1 — = + 4273, Integrating: « — 2In|x| + 4 - w—2+0 =
:r —_—

3
2
x—2|n|x|—;+0. (A).

Split the fraction:

Bai tap luyén tap

4

Evaluate /19 (5\/5— %> dz.

Loi giai chi tiét

. . c e . 10 .
Rewrite as 52'/2 —42~1/2, with antiderivative F(z) = §x3/2—8x1/2. Using 93/2 = 27,91/2 = 3,
132 =112 =1:

F(9) — F(1) = (1—;(27) - 8(3)> . <1—30<1) - 8(1)) — (90— 24) — (? - 8)

. < M)_%+14_m2
B 3/ 3 3

Bai tap luyén tap

If F(z) = / V2 1 1dt, then F'(2) =
1

(A) V5 € 5
(B) V3 (D) 2

L&i giai chi tiét
By FTC1, F'(z) = vZZ + 1, 50 F'(2) = vA+ 1 = /5. (A).

Bai tap luyén tap

The rate of water flow into a tank, R(t) (gal/min), is recorded every 4 minutes:

-

t (min) 0 4 8§ 12 16
R(¢) (gal/min) 20 26 31 35 38

16
(a) Use a right Riemann sum with 4 subintervals to approximate / R(t) dt, and state whether
0

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 178



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

it over- or underestimates the total gallons that flowed in. (b) Use the Trapezoidal Rule with

16
the same data to approximate / R(t) dt.
0

Loi giai chi tiét
(@) At = 4. R, = 4(26 + 31 + 35 + 38) = 4(130) = 520 gallons. Since R(t) is increasing

throughout, the right endpoint of each subinterval gives the larger value, so R, overestimates
the total volume.

(b)

4
= B [20 + 2(26) 4 2(31) + 2(35) + 38] = 2[20 + 52 + 62 + 70 + 38] = 2(242) = 484 gallons.

Bai tap luyén tap

1
g5
Evaluate dx.
/o 2 +4 v

(A) ;m(i) € i In5

5 1
(B) In(;) (D) 3 In5
I Lo i i et

d ..
Letu:x2+4,du:2:pdx,soxda::?u. Limits: c =0=u=4;2=1= u = 5. Then

5
1 du 1 5 1 1 5
/4u 5 2[n|u]]4 2(n5 n4) 2n<4>

(A).

Bai tap luyén tap

4 4
Given / f(z)dx =6, find / [5f(z) + 3] dz.
0 0

Lai giai chi tiét

4
Split using linearity and the fact that / 3 dx is the area of a rectangle of height 3 and width 4:
0

4 4 4
/[5f(x)+3]dx:5/ f(x)dx—l—/ 3dz = 5(6) + 3(4) = 30 + 12 = 42.
0 0 0
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Bai tap luyén tap

2
Evaluate / |z — 1| dz by splitting the integral at the point where the absolute value changes

0
definition.

Loi gidi chi tiét
Forz<1,|z—1]=1—xz;forz>1,|z—1] =2 — 1. Splitatz = 1:

2
/ \m—l\dazz/
0 0

1

2
(1—az)daz+/ (x —1)dx.

First piece: [z — %2]1 = (1—1) =0 = 1. Second piece: [& — x]i =2-2)—(1-1) =
0—(-3) =1L Total: £ +1=1

Bai tap luyén tap

2
Evaluate / V4 — x2 dx using a geometric interpretation rather than an antiderivative.
0

Loi giai chi tiet

The graph of y = V4 — 22 on [0, 2] is the upper-right quarter of the circle 2% + y? = 4 (radius 2,
centered at the origin), since z > 0, y > 0 there. The area under this quarter-circle arc equals

. 1 1
one quarter of the full circle’s area: Zﬂ(2)2 = 71(47r> = .
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 7

Differential Equations

Muc tiéu Unit: Xay dung phuong trinh vi phan tir phat biu bang |6i; kiém chirng mét ham s6 cé phai [3
nghiém cua phuong trinh vi phan; vé va doc trudng dé déc (slope field) dé€ suy luan hinh dang nghiém
ma khoéng can giai phuong trinh; xap xi nghiém bing phuong phap Euler; tim nghiém téng quat bang
phuong phap tach bién (separation of variables), k& ca khi nghiém phai dé & dang an (implicit); dung
diéu kién dau dé tim nghiém riéng; mé hinh ting truéng - phan ra mi % = ky, ban chu ky phdéng xa,
va dinh luat lam ngudi Newton; va gidi thiéu dinh tinh phuong trinh vi phan logistic cling sirc chira moi
trurong (carrying capacity) va hinh dang duong cong chir S.

7.1 Modeling Situations with Differential Equations

A differential equation is an equation that relates an unknown function to one or more of its deriva-
tives. Instead of solving for a number, solving a differential equation means finding a function
y = g(x) whose derivative (or derivatives) make the equation true for every z in its domain. For

d . . . . . .
example, d—y = 2z is a differential equation whose solutions are all functions of the form y = 22+ C
T

— an entire family of functions, one for each choice of the constant C. This family is called the gen-
eral solution. If we additionally require the solution curve to pass through a specific point, such as
y(0) = 5, exactly one member of the family satisfies that requirement; this single function is called
a particular solution.

Differential equations are classified by their order: the order is the order of the highest deriva-

. . e e I . d d
tive that appears. Every equation studied in this unit is first order — it involves d—y (or d—i) but no
X
2

d . .
i + 4y = 0 would be second order and requires different

higher derivative. An equation such as T2
X

techniques not covered here.

Vocabulary: order = highest derivative present; general solution = the whole family of functions
satisfying the differential equation, written with an arbitrary constant C; particular solution =
the one member of that family singled out by an initial condition y(z,) = y,.

This unit develops two complementary ways to work with a first-order differential equation once
it is written down. The first is graphical and numerical: slope fields (Section 7.3) and Euler's Method
(Section 7.5) work for virtually any first-order equation and never require solving anything symbol-
ically — they trade an exact formula for a picture or a table of estimates. The second is algebraic:
separation of variables (Sections 7.6-7.7) produces an exact formula for y, but only when the equa-

tion can be written in the special separable form 4 _ g(x)h(y). Recognizing which approach a
X

given equation calls for is itself an important skill, since not every differential equation that arises
from a modeling situation is separable.
GIAI THICH TIENG VIET
huong trinh vi phan (differential equation) Ia mét phuong trinh ch&ra dao ham ctia mét ham
s6 chua biét - thay vi tim mét con s, ta can tim ca mét ham sé y = g(z) sao cho dao ham cua
né thoa man phuong trinh da cho. Cap (order) ciia phuong trinh vi phan 13 cip cao nhat cla
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dao ham xuat hién trong dé; chuong nay chi xét cac phuong trinh cap mét (chi chira %). Khi
“dich” mét cau phat biéu bang 16i sang phuong trinh vi phan, cum tir “tc dé thay déi cia X ti
|é thudn vai Y luén duoc viét thanh % = kY, trong d6 k 12 hang sé ti 1é (c6 thé duong hoic
am tuy ngilr canh).

Many real situations are described first in words, and the key skill is translating a verbal statement
about a rate of change into symbols. The phrase “the rate of change of X is proportional to Y” always

dX . . e .
becomes - = kY, where k is an unknown constant of proportionality (its sign and size are usually

determined later from data). Watch for variations: “proportional to the square of,” “proportional
to the product of ...and ..., or “proportional to the difference between ...and ...” each change the
right-hand side accordingly, but the left-hand side is always the derivative of the quantity that is
changing.

Translating words into symbols

. . . dP .
e “The rate of change of P is proportional to P itself” = o= kP (unrestricted growth/de-
cay).

e “Therate of change of y is proportional to the product of y and (N —y)” = dy = ky(N—y)

dt
(growth limited by a fixed total V).

¢ “The rate of change of T'is proportional to the difference between 7" and a fixed value 7,,,,,,”

= CZ—T:k(T—T

It L.mb) (@pproach to equilibrium).

Vi du miu - Translating verbal statements

Translate each statement into a differential equation.

(a) A population of fish P grows at a rate proportional to the current population.

(b) In a school of N students, a rumor spreads at a rate proportional to the product of the
number of students who have heard it, y, and the number who have not, (N — y).

(c) The temperature T of a metal rod changes at a rate proportional to the difference between
its temperature and the temperature of the surrounding air, 7,.

Reasoning: in each case, identify the quantity that is changing (this becomes the derivative
on the left) and identify exactly what that rate is said to be proportional to (this becomes the
right-hand side, multiplied by an unknown constant ).

P _ dy _ _ ar _ o on
(a)ﬁ—kP (b) dt—ky(N y) (o) dt—k(T T,)

These three equations reappear later in this unit: (a) leads to the exponential model, (b) is the
logistic model, and (c) is Newton’s Law of Cooling.

7.2 Verifying Solutions of Differential Equations

Given a candidate function y(z), we can check whether it actually solves a given differential equation
without solving anything: differentiate y(z) to get v’ (x) (and y” (z) if the equation is second order),
substitute both y and its derivative(s) into the differential equation, and simplify. If the resulting
statement is true for every z in the domain, y(x) is a solution; if it is only true for isolated values of
x, or never true, y(x) is not a solution.
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To verify y(x) solves a differential equation: (1) compute y'(x) (and higher derivatives if
needed); (2) substitute y and 3" into both sides of the equation; (3) simplify each side inde-
pendently; (4) check that the two sides are identical as functions of z — not just equal at one
point.

- GIAI THICH TIENG VIET
DE ki€ém chirng mét ham sé y(x) cé phai la nghiém cta mot phuong trinh vi phan hay khong,
ta tinh dao ham 3/ () (va y” (z) néu can), réi thay ca y 1an 3’ vao hai vé cla phuong trinh. Néu
hai vé& bang nhau v&i moi z trong mién xac dinh thi y(x) [a mot nghiém; néu chi ding tai mot
vai gia tri x riéng lé (hodc khong ding chut nao) thi y(x) khong phai la nghiém. Day thuan tuy
la mot phép thay thé va rut gon dai s6, khong can giadi phuong trinh.

Vi du mau - Verifying candidate solutions

. . . . d
Consider the differential equation d—y = —2y+6.
X

(a) Verify that y = Ce~2* 4 3 is a solution for every constant C.
(b) Determine whether y = e~2% + 5 is a solution.

(a) Differentiate: d—y = —2Ce 2% (the derivative of the constant 3 is 0). Substitute into the
xr

right-hand side:

2y +6=—2(Ce 2" +3) +6=—2Ce 2 —6+6=—20Ce 2",

. d . .
This matches d—y = —2Ce 2" exactly, for any value of C — so y = Ce 2% + 3 is a solution for

every constant a(:?; it is the general solution. (Verification is exactly the tool needed later in this
unit whenever a separable equation produces an implicit solution that cannot be solved for
y: instead of isolating y, we differentiate the implicit equation and confirm it reproduces the
original differential equation, as in Section 7.7.)

. . d . . . .
(b) Differentiate: d—z = —2e~ 27, Substitute into the right-hand side:

—2y+6=—2(e2"+5)+6=—-2¢2—10+6=—2¢ 2" — 4.

Comparing, —2e~2% £ —2¢72% — 4 (the two sides differ by 4 for every ), so y = e 2% + 5 is not
a solution. The additive constant must be exactly 3 (the value that makes the right-hand side
vanish, —2(3) + 6 = 0), not an arbitrary number — only the coefficient of 2% is free to vary.

7.3 Slope Fields
7.3.1 Sketching a Slope Field

A slope field (also called a direction field) is a picture of a differential equation j—y = f(z,y) built

entirely without solving it. At each point (z,y) on a grid, we evaluate f(z,y) axnd draw a short
line segment through that point with exactly that slope. Because f(z,y) can be evaluated at any
grid point using only arithmetic, a slope field can always be constructed even when the differential
equation cannot be solved by any technique in this course.
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Procedure: choose a grid of points (z,y); at each point, substitute the coordinates into the

right-hand side f(x,y) of % = f(z,y) to get a numerical slope; draw a short segment of

that slope centered at the point. Repeat for every grid point. The completed picture shows
the direction every solution curve must travel as it passes through each point, without ever
solving for y.

GIAI THICH TIENG VIET

Trudng do déc (slope field, con goi 1 direction field) [d mét tap hop cac doan thing ngan vé
tai nhiéu diém Iudi (z,y), moi doan c6 dé déc ding bang gia tri % ma phuong trinh vi phan
quy dinh tai diém dé - hoan toan khéng can giai phuong trinh. DEé vé, ta chi can thay toa dé
(x,y) cta tirng diém ludi vao vé phai ctia phuong trinh dé tinh d6 déc, rdi vé mét doan thang
ngan co6 do déc do tai dung diém ludi ay.

VY N N —
Voo N —
VNN — 7/
\\\\ ////;I
\ N — /]
N — /]
— 7/ [

Slope field for dy =z —u.
dx

Vi du mau - Computing slope field values

. . . d . . .
For the differential equation L y, compute the slope at each of the nine grid points
xr
with z € {—1,0,1} and y € {—1,0, 1}, and organize the results in a table.
Substitute each pair (z,y) directly into z — y:

x y x—y slope of segment

-1 -1 0 horizontal

-1 0 —1 falls at 45°

-1 1 —2 steep, falling
0o -1 1 rises at 45°
0 0 0 horizontal
0 1 -1 falls at 45°
1 -1 2 steep, rising
1 0 1 rises at 45°
1 1 0 horizontal

Notice that every point with y = = produces a slope of 0 — this line is where segments are
horizontal in the figure above, no matter which of these nine points we started from. This
systematic substitution, repeated over a full grid, is exactly how the slope field figure was
produced.
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7.3.2 Reasoning Using Slope Fields

Two exam-style skills follow directly from being able to read a slope field. First, matching: given
several differential equations and several slope-field pictures, identify which field belongs to which
equation by looking for distinguishing features — where the slope is 0 (the nullcline, found by solv-
ing f(z,y) = 0), where the slope is undefined (usually where a denominator vanishes), whether the
pattern depends on x only, on y only, or on both, and any symmetry (for instance, f(z,y) = f(—z,y)
gives a field symmetric about the y-axis). Second, sketching a particular solution curve: starting
from a given point, follow the direction of the nearby segments, moving in small steps in both the
increasing-z and decreasing-z directions, always keeping the curve locally tangent to the surround-
ing segments. A solution curve can never cross itself, and at any point it must be tangent to the
segment drawn there.

. GIAI THICH TIENG VIET

Khi cho mét phuong trinh vi phan va yéu cau chon diang treong do déc tvong (rng (trong nhiéu
lua chon), hdy tim nhitng dac diém dé nhan ra: noi dé déc bang 0 (dudng nullcline, giai % =0),
noi d& déc khéng xac dinh (thudng 13 mau s6 bang 0), va dé déc cé phu thudc vao z, vao v,
hay c3 hai. D& vé mot nghiém riéng di qua mot diém cho trude, xuat phat tir diém dé va “di
theo” huéng clia cac doan thing |an can, di chuyén tirng buéc nhé theo ca hai chiéu z ting va
x giam.

— [

d . . . s
Slope field for d—y = z — y with two particular solution curves traced through the field; the marked point is (0, 0.5).
x

Vi du mAu - Tracing a solution curve

. d . .
Using the slope field for d—y = x — y shown above, describe the shape of the solution curve

X
through the point (0,0.5) (the pink curve, marked with a dot).

At (0,0.5), the slopeis z —y = 0— 0.5 = —0.5: negative, so the curve initially heads down and
to the right. As x increases and y decreases along the curve, the value x — y increases toward
0 (both changes push it in the same direction), so the curve flattens out as it approaches the
line y = = — the nullcline, where every segment in the field is horizontal. Just below that line,
x —1y > 0, so the curve is pulled back upward, and it settles into a gentle rise that continues
to track the surrounding segments as x — oo. This is exactly the qualitative behavior the
pink curve in the figure displays: a shallow dip followed by a steady climb, staying close to the
direction of the field at every point it passes through.
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(1) L6i thueng gip: When matching a differential equation to a slope field, do not just look at

d
one or two segments — check whether the pattern as a whole matches. A field for d—y =r—y
X

d .. .. .
and one for 8y _ x + y can look similar near the origin (both have slope 0 at (0, 0)) but differ

X
sharply elsewhere: the first has slope 0 along the whole line y = z, the second along the whole
line y = —z. Always identify the full nullcline, not just a single matching point.

The table below organizes this reasoning for four common differential equations, to make the
matching process concrete.

Equation Nullcline (slope = 0) Notable feature

d

d—y =z thelinez =0 slope depends only on z; every point on
r a given vertical line has the same slope

d . .

d—z =y theliney =0 slope depends only on y; every point on

a given horizontal line has the same slope

d . .

d—y =2y both axes,z =0ory =0 180° rotational symmetry about the ori-
‘ gin, since f(—x,—y) = (—z)(~y) = 2y =

; f(z,y)

d—z =2 44?2 only the single point (0, 0) slope is never negative (@ sum of

squares), so every solution curve is
non-decreasing

7.4 Approximating Solutions Using Euler's Method

Slope fields show the shape of solutions without solving the equation; Euler’'s Method goes one
step further and produces numerical estimates of a particular solution, again without ever solving the
differential equation symbolically. The idea is to start at the known point (z,,y,) and repeatedly
step forward along the tangent line direction given by the differential equation itself.

Euler’'s Method: given Z—i = f(z,y), a starting point (z,y,), and a step size Az, generate
successive approximations by

'In+1 = 'xn + AJ?, yn+1 = yn + f(xnv yn) . A'I

At each step, the slope f(z,,, y,,) is evaluated using the current point (z,,, y,,) — never the point
being predicted. Smaller Az gives a more accurate approximation but requires more steps.

. GIAI THICH TIENG VIET

Phuong phap Euler xap xi nghiém ctia mét phuong trinh vi phan bang cach di theo dudng tiép
tuyén tirng buc nho: tai méi budc, ta dung dé déc hién tai f(z,,,v,,) = % tai diém dang ding
dé dy doan diém ti€p theo, theo cong thirc y,,., = v, + f(z,,,y,,) - Az. Budc nhay Ax cang
nho, xap xi cang chinh xac - nhung vai Az 16n, sai s6 co thé dang ké, dac biét khi dudng cong

nghiém that cong nhiéu (do 16m/I6i 1&n).

Vi du mau - Euler’s Method by hand

. . . d .
Use Euler’'s Method with step size Az = 0.25 to approximate y(0.75) for d—y = x + y, given
A

y(0) = 1. Show three steps in a table.
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Here f(z,y) =z +y. Apply y,, .1 =y, + f(x,,¥,)(0.25) three times:

n Ly Yn f(lE", yn) =T, +Y, Yn+1 = YUn + f : <O25)

0 0 1 1 141(0.25) = 1.25

1 025 1.25 15 1.25 + 1.5(0.25) = 1.625

2 05 1.625 2.125 1.625 + 2.125(0.25) = 2.15625

So y(0.75) ~ 2.156. For comparison, this equation can actually be solved exactly (it is linear,
using a technique beyond this unit): the exact solution is y = 2¢* — 2 — 1, giving y(0.75) =
2¢075 — 1.75 ~ 2.484. The Euler estimate (2.156) is noticeably below the exact value (2.484)
because y” = 2¢* > 0 everywhere — the true curve is concave up, so each tangent-line step
lies below the curve it is approximating, and the error accumulates in the same direction at
every step.

> T

0 0.25 0.5 0.75

Euler's Method (solid polyline, Az = 0.25) approximating the exact solution (dashed) of % =z + vy, y(0) = 1. Because

the exact solution is concave up, every tangent-line step falls below the true curve.

(1) Léi thueng gap: The single most common Euler’s Method error is evaluating the slope f at
the new point (z,,_,v,.,) instead of the current point (z,,,y,,) — but y, ., is not known yet
until after that slope is used. Always compute f(z,,,y,,) first, using values already in hand, and
only then step forward. A second common error is adding the raw slope f(z,,,y,,) instead of
f(z,,y,) - Az — forgetting to scale the slope by the step size.

Reducing Az always brings the Euler approximation closer to the exact value, since more (smaller)
tangent-line steps track the true curve more faithfully. The table below repeats the estimate of

d . .
y(0.75) for d—y =z 4y, y(0) = 1, from the worked example above, using progressively smaller step
X
sizes (and correspondingly more steps) to reach the same target z = 0.75:

Az Number of steps  Euler estimate of 4(0.75) Exact value

0.75 1 1.75 2.484
0.375 2 2.03125 2.484
0.25 3 2.15625 2.484

As Az shrinks from 0.75 to 0.25, the Euler estimate climbs steadily from 1.75 toward the exact value
2.484 — exactly the behavior expected of a convergent numerical method, though full convergence
to three decimal places would require far smaller steps than are practical to compute by hand.
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7.5 Finding General Solutions Using Separation of Variables

Many first-order differential equations that arise from the modeling situations in Section 7.1 have

the special form d—y = g(z)h(y) — the right-hand side factors into a piece depending only on z times
X

a piece depending only on y. Such equations are called separable, and they can be solved completely
using algebra and integration.

d . . .
Separation of variables: to solve % = g(x)h(y), divide both sides by h(y) (assuming h(y) # 0)
and multiply by dx to separate the variables:

dy
h(y)

then integrate each side independently:

dy
7y) = /g($) dz.

Each integration introduces its own constant of integration; combine them into a single con-
stant C' on one side. The result is the general solution — a family of functions, one for every
value of C.

= g(z) dx,

GIAI THICH TIENG VIET
Tach bién (separation of variables) 4p dung cho phuong trinh c6 dang % = g(x)h(y): ta dua
tat ca cac biéu thirc chira y (k€ ca dy) sang mot vé, tat ca biéu thirc chra = (ké ca dx) sang vé

con lai - % = g(x) dz - r6i |3y nguyén ham hai vé€ déc 1ap. Méi [an 13y nguyén ham sinh ra

mot hang s6 cong; gdp hai hang s6 do lai thanh mét hang s6 C duy nhat & nghiém téng quat.

Vi du mAu - Separable equation, exponential form

. . d
Find the general solution of d—y = 2%y.

X

Separate (assuming y = 0):

d d 3
y—x2d$:>/y—/xzdmﬁln]yl—x—i—a
Y Y 3

Exponentiate both sides: |y| = ¢**/37C = ¢Ce*”/3, 50 y = +eCe*’/3, Writing A = +e€ for the
arbitrary nonzero constant (and noting y = 0 is also a solution, absorbed into A = 0):

Y= Ae™’ /3.

Check: Z—y = A 727 /3 = p2 (Aexs/?’) = 2%y. v
x

Vi du mAiu - Separable equation, power form

@_:ﬁ—i—l
r oy

Find the general solution of
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Separate:

3 1'2

y?dy=(z+1)dr = /dey:/(x—i—l)da: = %:?jtx—i—c.

. 3
Multiply by 3 and rename the constant: y3 = 5:172 +3z+ K, so
3 1/3
y= <§$2+3$+K> :

d .
Check: letu = 222+ 32+ K,soy = u'/3 and d—y = tu /3. (3z43) = (z+1)u /3. Meanwhile
x
r+1 xz+1
y2 E

Vi du miu - Separable equation, logarithmic form

Find the general solution of ;Ly =gze Y.
i

= (z + 1)u~?/3 — the two match. v

Separate:
2

eVdy=xder = /eydy:/:vdx = ey:%_,_c‘
Solve for y by taking a logarithm of both sides:
x2
—=In| =
Y n( 5 T 0) ;
valid wherever “”—22 +C>0.
xr

L dy . - —In(22/24+C z
Check. % = m, Whlle ze Y=zx-e n(z®/2+ ): m_matches. \/

x. . . . d . .
(') Loi thuwong gap: When separating d—y = g(z)h(y), every term must carry its correct sign
HA

. . . d .
to the correct side. A frequent mistake: rewriting d—y = % ydy = zdx (dropping the
XL
minus sign) instead of the correct ydy = —x dx. The dropped sign turns a family of circles

(2 + y?> = K) into a family of hyperbolas (y> — 22 = K) — an entirely different geometric
answer, not just a numerically wrong constant.

x. R . d . . .
(') Loi thwong gap: Because /y = In|y| + C, the correct intermediate step is In|y| = -+,
Yy
never Iny = --- (which silently assumes y > 0 for every z under consideration). Dropping the
absolute value can produce a solution with the wrong sign or an artificially restricted domain.
The safe habit: always write |y| = ¢, then converttoy = +e = Ae™, where A ranges over all
nonzero constants (and sometimes A = 0 also works, recovering the constant solution y = 0).
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7.6 Finding Particular Solutions Using Initial Conditions

Once a general solution is found, an initial condition y(z) = y, pins down the value of the arbitrary
constant, producing a single particular solution. Sometimes, after integrating, the equation relating
x and y can be solved cleanly for y — this is an explicit solution. Other times the equation cannot (or
need not) be rearranged into the form y = ---, most often because y appears raised to a power of 3
or higher, or in a combination of terms that cannot be isolated; the answer is then left as an implicit
equation relating 2 and y, which is still a complete and valid solution.

A subtlety arises whenever solving for y requires taking a square root: algebra alone gives two
possible branches, y = +,/-and y = —, /-, but only one of them can pass through the given initial
point. The initial condition itself decides which branch is correct — if y, > 0, the positive branch is
required; if y, < 0, the negative branch is required. Once the correct branch is chosen, the domain
of the particular solution is also restricted to the interval around z, on which the expression under
the square root stays non-negative.

- GIAI THICH TIENG VIET
Sau khi cé nghiém téng quat (chira hang s6 C), ta thay toa do cla diéu kién dau (initial condi-
tion) y(z,) = y, vao dé giai ra gia tri cu thé cta C, thu dugc nghiém riéng (particular solution).
Dai khi, sau khi 18y nguyén ham, phuong trinh thu duoc khéng thé (hoac khéng can) giai twong
minh cho y theo z - ta dé€ nguyén dang an (implicit), vi du v — 3% = %, va dé van [a moét cau
tra 16i hoan chinh, hop |é.

Vi du mAu - Particular solution, explicit

I d
Solve the initial value problem d—y =2zy?, y(1) = —1.
T

Separate:
dy -2 1 2
— =2zdr = y “dy = 2xdx=>—§:x +C.
Yy

e 1
Apply the initial conditionz =1, y = —1: ——1:1+C:>1:1+C:>C:0. So

1
=2 = y=——.

y z?
dy 2 5 1 2 . L
Check: = = —, and 2zy° = 22 - — = — — matches. Since the solution is undefined at
x X

X X
2 = 0 and the initial condition is at x = 1, this particular solution is valid on the interval x > 0.

Vi du mAu - Particular solution, implicit

- d 2 . T
Solve the initial value problem d—y =2 5, Y(0) = 2, leaving the answer in implicit form.
r Y-y
Separate:
Wy P
(y—y?)dy =22 dz = /(y—y2)dy:/:1:2dx = 53" §+C’
4 8 8 2 . S 2 .
Apply z =0, y = 2: 373~ 2_§ =3 and the right sideis0+C,so C' = —3 The particular
solution is
2 3 3
2
% — ‘% = % -3 or, clearing denominators, 3y% — 2y3 = 223 — 4.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 190



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

This cubic in y cannot practically be solved for y in terms of z, so the implicit form is the final
answer. Check by implicit differentiation: differentiating 3y? — 2> = 222 — 4 gives 6yy’ —
2

6y%y’ = 622, so y' (6y — 6y*) = 622, and dividing by 6: ¢/ =

5 — exactly the original
y—
differential equation. v Also, (0, 2) satisfies the implicit equation: 3(4) —2(8) = 12—16 = —4,

and2(0) —4=—4. v

(') L6i thuong gip: Solve first, then apply the initial condition — never the reverse. A common
error is to integrate one side, immediately substitute the initial values, and only afterward
integrate the other side; this loses track of the constant of integration and typically makes it
impossible to determine C' correctly (or silently sets C' = 0 without justification). Always finish
separating and integrating both sides completely, producing exactly one combined constant C'
in the general solution, before touching the initial condition at all.

7.7 Exponential Models with Differential Equations
7.7.1 The Exponential Growth and Decay Model

The differential equation & ky — “the rate of change of y is proportional to y itself” — is separable
and appears throughout the sciences. Separating variables:

d
gy:kdt = Inly|=kt+C = y= AeM.

Applying the initial condition y(0) = y, gives A = y,, so the particular solution is always

Y= yoekt-

Exponential model: % =ky <= y = ype’. If k > 0, y grows without bound (population

growth, compound interest); if k& < 0, y decays toward 0 (radioactive decay). The half-life of a
decaying quantity is the fixed time t1 /2 required for y to fall to half its value, independent of
In2

the starting amount; it satisfies ¢, , = 7k

GIAI THICH TIENG VIET

Phuong trinh % = ky (t6c d6 thay dai ti Ié thuan véi chinh dai lwong dé) ludn c6 nghiém
y = yoe, trong do y, 1a gia tri tai ¢t = 0. Néu k > 0, dai lugng tang trudng mi (vi du s6
lugng vi khuan); néu k < 0, dai lugng phan rd mi (vi du khéi lugng chat phéng xa). Ban chu
ky (half-life) Ia khoang thai gian dé dai lugng giam con mét nira - khéng phu thudc vao gia tri
ban dau.
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1,000 | — k = 0.3 (growth)
--- k= —0.3 (decay)

500

____________________

Solutions of % = ky with y, = 100: exponential growth (k = 0.3 > 0) versus exponential decay (k = —0.3 < 0).

Vi du miu - Exponential growth and half-life

. . dP .
(a) A bacterial culture grows according to — = kP. Att = 0 there are 500 bacteria; after 3
hours there are 1400. Find &, then predict the population after 8 hours.

: In2.8  1.02962
P(t) = 500e*t. Using P(3) = 1400: 1400 = 500e3* = €3k = 2.8 = k = ~ ~

3 3
0.3432 per hour.

P(8) = 500e3% = 500 (2.8)%/3 ~ 500(15.575) ~ 7787 bacteria.

(b) A radioactive isotope has a half-life of 12 days. Starting with 80 mg, how much remains
after 30 days?

Rather than solving for £ numerically, use the half-life directly: 30 daysis 30/12 = 2.5 half-lives,
so the remaining fraction is (1/2)%°:

25 g0 80 20

30) =80 = = —=—=—=10v2 ~ 14.14 mg.
y(30) <2> 9225 42 V2 V2 &
. In2
(Equivalently, k = ——= ~ —0.05776 per day, and y(30) = 80e3°% = 80e~2-5"2 = 80 . 2725, the
12
same result.)

7.7.2 Newton’s Law of Cooling

A related model describes how the temperature of an object changes as it approaches the temper-
ature of its surroundings. Newton’s Law of Cooling states that the rate of change of an object’s
temperature T' is proportional to the difference between T and the ambient (surrounding) temper-
ature T, ,:

ar
— =k(T—T,,.,)-
dt ( amb)
This is separable, with g(t) = kand h(T) =T —T,,,,;:
dT » ”
ﬁ =kdi = |n|T—Tamb| :kt+C — T_Ta'mb = Ae — T:Tamb+Ae ,
— tamb

where A =T, —T,,., is the initial temperature difference. Because T"must approach T, ,, ast — oo
(an object left long enough always settles to room temperature), the term Ae** must shrink to 0, which
forces k < 0 — always, whether the object is cooling down toward T},,,,, or warming up toward it. A
positive k£ would make T diverge away from T, ., without bound, which does not describe cooling
or warming toward equilibrium at all.
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. GIAI THICH TIENG VIET

Dinh luat 1am ngudi Newton mé ta téc do thay ddi nhiét dé ciia mot vat ti [é véi hiéu gitra nhiét
do cua vat va nhiét do moéi trudng xung quanh: % = k(T —T,,,)- Pay la mét dang dac biét
clia phuong trinh tach bién, véi nghiém 7' = T,,,., + Ae*t - nhiét d6 ludn tién dan vé T,,,,, khi
t — 00, Vi vAy hang s6 k trong quy wéc nay luén am, bat ké vat dang ngudi di hay dang am lén.

Vi du mau - Newton’s Law of Cooling

A cup of coffee at 90°C is placed in a room kept at 20°C. After 10 minutes, the coffee has cooled
to 60°C. (a) Find . (b) Find the coffee’s temperature after 20 minutes.

(@)HereT,,,, =20and A =T, —T,,., = 90—20 = 70,s0 T(t) = 20+ 70e**. Using T'(10) = 60:

In(4/7)
10

4
60 = 20 4 70e'%% — 40 = 70e'%* — !0k = = = k= ~ —0.05596 per minute.

As expected, k < 0. (b) Since 20 = 2 x 10, we can reuse e'%% = 4/7 directly: ¢2°% = (elo’“)2 =

(4)2_16

7) 49
T(20) = 2 S =204 — = 20 + 22.857 ~ 42.9°C.
(20) =20+ 70 5 =20+ — = = 20 + 22.857 9°C

Ast — oo, T — 20°C — the coffee approaches, but never exactly reaches, room temperature.

16 1120

x. . o . . , . dT
(!) Loi thuwong gap: Two mix-ups are common with Newton’s Law of Cooling, i k(T —

. . . .. ar .
T.mo): (1) forgetting the ambient term entirely and writing i kT, which models unre-
stricted exponential growth or decay toward zero rather than toward room temperature; (2)
assuming k > 0 describes cooling. In this convention k is always negative, whether the object
is losing heat toward 7,,,,, or gaining heat toward 7,,,,,, — only the sign of the initial difference
A =1T,—1T,,,, changes between the two cases, never the sign of £.

7.8 The Logistic Differential Equation

The exponential model W ky predicts growth (or decay) without limit, which is unrealistic for

most real populations: food, space, and resources eventually cap how large a population can get.
The logistic differential equation builds in such a limit:

dP P
— —kP(1-=
dt ( L)’

where L is the carrying capacity — the maximum population the environment can sustain in the long
run — and k& > 0 is a growth-rate constant. When P is small compared to L, the factor (1 - %) is

P . . . . .
close to 1, so e kP and the population grows nearly exponentially, just as in the unrestricted

model. As P approaches L, the factor (1 — %) shrinks toward 0, so growth slows and eventually
stops.
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Vi du mAu - Logistic equilibria and max growth

dP P ) .
For i kP <1 — f): (a) verify that P = 0 and P = L are both equilibrium (constant)

. . . dP . .
solutions; (b) find the population level at which the growth rate r is largest, and its value
there.

. . N . dP
(a) A constant function P = c is an equilibrium solution exactly when — = 0 at that value. At
P=0:kP(1—P/L)=k(0)(1—-0)=0.v AtP=L: kL(1—L/L)=kL(1—1)=kL(0) = 0.
v Both are equilibrium solutions.

L L
Its maximum occurs where ¢’ (P) = 0:

) P k . . .
(b) Write g(P) = kP (1 — —) = kP——P? — adownward-opening parabolain P (since k > 0).

2k L
"(P\=k— —P = — P =—.
g (P) 7 0 5
. . L L 1 L 1 kL .
The maximum growth rate is g<§> =k- 3 (1 — 5) = k- 3 3= 1 So the population

. . kL
grows fastest exactly halfway to capacity, at P = L /2, and that fastest rate is VR

e . _ . dP
Logistic behavior: P = 0 and P = L are equilibrium solutions; for0 < P < L, % > 0 and the

. dP .
population increases toward L; for P > L, — < 0 and the population decreases back toward

L (the population can never cross L, only approach it). Growth is fastest at P = L/2, giving the
graph of P versus t its characteristic S-shape: nearly exponential at first, an inflection point at
P = L/2, then leveling off toward L. It can be shown that the closed-form solution has the

L . .. .
shape P(t) = 1T Ac W for a constant A determined by the initial population.

GIAI THICH TIENG VIET
Phuong trinh vi phan logistic 42 = kP (1 — £) m6 ta tang trudng c6 gisi han: hing s6 L goi
la strc chira méi trudng (carrying capacity) - gia tri I&n nhat ma quan thé co thé dat ti 1au dai.
Khi P con nho so véi L, phuong trinh gan giong 4 ~ kP (tang gan nhu ham ma); khi P tién
gan L, toc do tidng trwdng chdm dan vé 0. Téc do tiang trudng dat I6n nhat khi P = % tao nén
hinh dang dudng cong chir S dac trung.

1,000 + - ----moommeoooeooooooooo..

500 +

It It It It It It It It It t |
2 4 6 8 10 12 14 16 18 20

Logistic growth 42 = kP(1 — P/L) with L = 1000, k = 0.5: the S-shaped curve rises fastest near P = L/2 = 500
(around t ~ 4.4) and levels off toward the carrying capacity L = 1000 (dashed).
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Exponential versus logistic growth: both models start out looking similar for small P, but they
describe very different long-term behavior.

., dy . ,. dP P
E | —= = L — =kP(1—~—
Xponentia e ky ogistic 7 k ( L)
Equilibrium solution(s) onlyy =0 P=0and P=1L
Long-term behavior unbounded growth (or decay to 0) levels off at the carrying capac-
ity L
Shape of graph purely convex (for k > 0) S-shaped: convex, then con-
cave, with an inflection at P =
L/2

Summary of solution techniques in this unit:

Technique What it produces Requires the equation to be sepa-
rable?
Slope field a picture of the direction of every no — works for any Z—y = f(z,y)
X

solution curve; used to sketch or
match shapes

. . d
Euler's Method a numerical table of estimated y- no — works for any d—y = f(z,y)
values at chosen z-values *

Separation of an exact formula for y (explicit or yes — only when f(z,y) =
variables implicit), the general or a particular  g(z)h(y)
solution

Slope fields and Euler’s Method are the fallback tools when an equation is not separable (such
d d . . . .
as d—y =x—yor d—y = x + g, used throughout Sections 7.3-7.5); separation of variables is
xr H i

reserved for equations with the special product structure, but when it applies it gives an exact
answer rather than an approximation.

7.9 Euler's Method: Tables, Concavity, and Error

Phan danh riéng cho AP Calculus BC: trong CED, phuong phap Euler (Topic 7.5) va mé hinh logistic
(Topic 7.9) chi thuéc dé BC. Phan nay trinh bay dang cau hoi tu luan (FRQ) cta hai chu dé: Euler nhiéu
buéc trén bang, 1ap luan uéc luong thira/thi€u bang do 16m %, va gidi twdng minh phuong trinh logistic
bang tach phan thirc.

The earlier section on Euler’s Method introduced the recursiony,, ., = v,, + f(z,,, y,,) Az. On the
BC exam, Euler's Method almost never appears alone: it is paired with a second-derivative compu-
tation and a request to decide whether the estimate is too large or too small. This section develops
that full chain of reasoning.

7.9.1 The second derivative from a differential equation

dy d?y
If % = f(.’,lf,y), then @

. . . . d . .
bering that y is a function of  — and then replacing every d—y by f(z,y). The result is a formula in
X

is found by differentiating f(z,y) implicitly with respect to x — remem-

z and y alone, whose sign at any point tells the concavity of the solution curve through that point.
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Concavity decides over- or underestimate

Let y = f(x) be a solution curve.
d? . . . . .
o If d—z > 0 (concave up) on the interval in question, tangent lines lie below the curve, so a
xr

tangent-line approximation — and an Euler approximation built from tangent segments —
is an underestimate.

2

o If % < 0 (concave down) on the interval, tangent lines lie above the curve, and the ap-
proximation is an overestimate.

d?y
da?
For a multi-step Euler approximation, the concavity must hold along the entire path from the
initial point to the target.

For a single tangent-line approximation, the sign of near the point of tangency suffices.

GIAI THICH TIENG VIET
Dé biét wéc lugng bang ti€p tuyén hay bang Euler 13 thira hay thiéu, ta tinh % bang cach

dao ham &n biéu thirc % = f(z,y) theo x (nh& y |3 ham cua ), réi thay 22 bang f(z,y). Néu
% > 0 (I6m [én) thi tiép tuyén nam dudi db thi nén udc lvong thi€u (underestimate); néu
% < 0 (I6m xudng) thi wdc lugng thira (overestimate). Khi tra [6i FRQ, phai néu ré ddu cla
d?y

va trén khodng ndo — chi viét "concave up” ma khéng cé ly do sé khéng duoc diém.

dz?

Vi du mau - A complete FRQ chain

. . d .
Let y = f(x) be the particular solution to d—y = 2z —y with f(0) = 1.
xr
(a) Write an equation of the line tangent to the graph of f at z = 0, and use it to approximate

102,

(b) Find d—g in terms of = and y. Is the approximation in (a) an overestimate or an underesti-
e

mate? Justify.
(c) Use Euler’s Method, starting at x = 0 with two steps of equal size, to approximate f(1).
dy

(@) At (0,1): I 2(0) —1 = —1. Tangent line: y = 1 — 2. So f(0.2) ~ 1 —0.2 = 0.8.
T

. ., d .
(b) Differentiate d—y = 2x — y with respect to x:
X

d? .
At (0,1), dT:g =2—0+1=3>0,so the graph of f is concave up near z = 0 and the tangent

line lies below the curve there: 0.8 is an underestimate of f(0.2).

(c) Az = 0.5.
z, vy, slope2x,—vy, v, =y,+ (slope)(0.5)
0 1 -1 1+ (=1)(0.5) =05
05 05 0.5 0.5+ (0.5)(0.5) = 0.75

So f(1) ~ 0.75. (The exact solution is f(x) = 2z — 2 + 3e~*, with f”(z) = 3e~* > 0 for every
x; the curve is concave up everywhere, and indeed f(1) = 3/e ~ 1.104 > 0.75.)
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7.9.2 A concave-down example and the effect of step size

Vi du mau - Overestimate from concavity

Let y = f(x) be the solution to ;Ly =3 —ywith f(0) = 1.
T

(a) Use Euler’'s Method with step size 0.5 to approximate f(2).
(b) Show that every solution curve with y < 3 is concave down, and explain why the estimate
in (a) is an overestimate.

(a) Four steps of size 0.5:

n xn yn Slope 3 - yn ynJrl

0o 0 1 2 1+2(0.5) =2

1 05 2 1 241(0.5) = 2.5

2 1 25 0.5 2.5+ 0.5(0.5) = 2.75
3 15 275 0.25 2.75 4+ 0.25(0.5) = 2.875

So f(2) ~ 2.875.

d? d N . .
(b) d—'z = —d—y = —(3 —y) = y — 3, which is negative whenever y < 3. The solution starts at
X x
y =1 < 3 and, since d—y = 3—y > 0 whiley < 3, itincreases toward the equilibrium y = 3 but
A

d?y

dx?
segment lies above it, and 2.875 is an overestimate. (Exact: f(x) =3 —2e™*, f(2) ~ 2.729.)

never reaches it. So y < 3 and < 0 on all of [0, 2]: the curve is concave down, each Euler

- -~ equilibriumy =3
—exacty=3—2e 7
—eo— Euler Az =0.5

0.5 1 1.5 2

Euler's Method on a concave-down solution: every segment starts on (or above) the true curve and follows a tangent
direction that rises faster than the curve, so the polyline stays above the exact solution and the error grows with each
step.

Halving the step size roughly halves the error — Euler’'s Method is a first-order method. For the
same problem:

Step size Ax 1 0.5 0.25 0.1

Number of steps 2 4 8 20
Euler estimate of f(2) 3 2.875 2.800 2.757
Error (exact 2.729) 0.271 0.146 0.071 0.028

7.9.3 Stepping backward and stepping from a table

Euler’s Method works equally well with a negative step: to approximate f(0.8) from a known value
f(1), use Az = —0.1. The formula is unchanged; only the sign of Ax differs. Concavity reasoning
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is also unchanged: a concave-up curve lies above all its tangent lines on both sides of the point of
tangency, so the estimate is still an underestimate.

Vi du miu - Negative step size

d . . .
Let y = f(x) solve ﬁ = zy with f(1) = 2. Use Euler's Method with two steps of size Az =
—0.1 to approximate f(0.8).

Step 1: slope at (1,2)is1-2=2; y; =2+ 2(—0.1) = 1.8 atx =0.9.

Step 2: slope at (0.9,1.8)is0.9-1.8 =1.62; y, = 1.8+ 1.62(—0.1) = 1.638 at = = 0.8.
2

So f(0.8) ~ 1.638. Here % = y+x§—y = y+2%y = y(1+22) > 0 while y > 0, so the estimate
X xXr

is an underestimate. (Exact: f(z) = 2e@*~1/2, £(0.8) = 2 918 ~ 1.671.)

x. R . . . . d? . .

(') Loi thuang gap: For a multi-step Euler estimate, the sign of d—’z at the starting point alone
H A

does not justify "over” or "under”. A complete justification shows the sign holds along the

whole path — for instance by showing y stays in a region where Y keeps one sign, as in the

gg = 3 — y example. When the second derivative changes sign along the way, no conclusion

can be drawn from concavity.

7.10 Logistic Models: Long-Run Behavior and Explicit Solutions
7.10.1 Recognizing a logistic equation

A logistic differential equation can arrive in several algebraically equivalent forms. All of them are a
constant times y times (a constant minus y):

a (1 E) vy = ke
d . . o .
In the form d—gz = cy(a —y) with ¢ > 0, the carrying capacity is L = a and the relative growth
d
constant is k = ca. In the expanded form d—gz = ay — By?, factor out ay: ay(1l — gy), soL = %.

What the logistic equation tells you without solving it (for % @ =ky(1—4%),k>0):
e Long-run behavior: if y(0) > 0, then tlim y(t) = L. If y(0 ) =0, then y = 0.
—00

¢ Direction: 0 < y(0) < L gives an increasing solution; y(0) > L gives a decreasing solution;
y(0) = L gives the constant solution y = L.

o Fastest growth: %Y is a quadratic in y with maximum at y = % there = %, and the
solution curve has |ts point of inflection.
2

. d 2y\ d . e .
e Concavity: dTg = k(l — fy)—y for 0 < y < L this is positive when y < % and negative

dt
L
wheny > 3.
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2 4 6 8

Solutions of % = éy(ﬁ — y) with y(0) = 0.5, 2, 4, 9 (and the equilibrium y = 0). Every positive solution tends to
L = 6; those starting below L /2 = 3 have an inflection point when they cross y = 3; the one starting above 6 decreases
toward 6 and is concave up.

Vi du miu - Reading an expanded logistic equation

P
A population satisfies CjTt = 0.06P — 0.0002P2, with P(0) = 40.
(a) Find tlim P(t). (b) Find the population when it is growing fastest, and that maximum rate.
—00
(c) If instead P(0) = 400, find 1tlim P(t) and describe the behavior.
—00

0002
(a) 0.06P — 0.0002P2 = 0.06P<1 _ %P) - 0.06P<1
Since P(0) = 40 > 0, lim P(t) = 300. '

— 00

P
- %) so L = 300 and k = 0.06.

L dP
(b) Fastest growth at P = 5= 150, where s 0.06(150) — 0.0002(150)2 = 9 — 4.5 = 4.5 per

unit time (equivalently & = 09-06.300)

. dP .
(c) P(0) = 400 > 300 gives e 0.06(400)(1— %) < 0: the population decreases, approach-
ing 300 from above, so the limit is still 300.

45 |- 4P = 0.06P —0.0002 P2

P

150 3(})\
The growth rate as a function of the population is a downward parabola with zeros at the equilibria P = 0 and
P =L =300and its vertexat P = L/2 = 150.

7.10.2 Solving the logistic equation explicitly

The logistic equation is separable, and the integral it produces is exactly the kind handled by linear
partial fractions (Section 6.12).
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General solution of the logistic equation

. . d k
Separate variables in e y (L

pril A AL Ok

/MLL_y)dy:/kdt.

. . L 1
Partial fractions: =0 = -+ L (check <L - +y) Integrating, for 0 < y < L,
Yyl =y Yy
Iny —In(L —y) = kt C:>7 Be® = y(t B m——s = —",

(The same formula holds for y(0) > L, where A < 0.)

. GIAI THICH TIENG VIET

N
Phuong trinh logistic 1a phuong trinh tach bién; khi tach, ta gap tich phan f — chinh 13
dang tach phan thirc vai hai nhan tlir bac nhat phan biét (y va L — y). Két qua cu0| cung luén

. L " L— N . . . 2 1 Ay g

codangy = ——— VvGi A = “— % Nhe cong thirc twdng minh, ta tra 167 dugc cau hoi
14 Ae—kt Yo

"lGc nao tang nhanh nhat” (giéi y(t) = é dugc t = InA) con cau héi "tdng nhanh nhat khi y

bang bao nhiéu” thi khéng can giai: luén 13 y =

h

2

Vi du miu - BC free-response, logistic

The number of people y(¢) (in hundreds) who have heard a news story ¢ days after it breaks
satisfies % = éy (6 —y), with y(0) = 2.

(a) Find tllgjo y(t). If instead y(0) = 8, what is ltILrTO\O y(t)?

(b) For what value of y is y increasing most rapidly? Justify.

(c) Find y(¢) by separation of variables, and find the time at which y is increasing most rapidly.

d 1 . e . .
(a) d—gz = §y<6 —y) is logistic with L = 6. Since 0 < y(0) = 2 < 6, tllm y(t) = 6 (600 people). If
—00
y(0) = 8 > 6, y decreases toward 6, and the limit is again 6.

1
(b) % = —(6y — y?) is a quadratic in y with maximum where di {%(Gy - yz)] =3:(6—2y) =0,
Y

8
. . dzy 1 dy » .
ie.y = 3. Equwalently, — = §(6 — 2y>% changes from positive to negative as y passes 3

(with & dy >0for0<y< 6) so % has its maximum there.

dy 1 . . 1 1/1 1
(c) Separate:/:/dt. Partial fractions: — = — (= + ——. So
y(6 —y) 8 y(6 —y) 6<y 6—y>
t 3 Y
—(1 In(6 — =— | = 24 — Bedt/A
6(ny n6—y)) sTC = ey = 1 +Cl:>6—y e

Att=0: 2 = B,so B = 1. Solving y = 3e3/4(6 —y) for y:

6

y(t> = 1+ 26—31‘//4'

Fastest growth wheny = 3: 1 + 2e3/4 =2 = ¢34 = 1 = ¢ = 1In2 ~ 0.924 days.

1
2
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(1) L6i thueng gap: Two different questions sound alike: "for what value of y is y growing
fastest?” (answer y = % no solving needed) and "at what time is y growing fastest?” (requires
the explicit solution). Also, the carrying capacity of % = cy(a — y) is a, not ca; for % =
0.4y(50 —y), L = 50.

7.11 BC Practice: Euler's Method and Logistic Models

Bai tap luyén tap

d . . .
Let y = f(x) solve % = x + 2y with f(0) = 1. Use Euler’s Method with two steps of size 0.25

to approximate f(0.5). Is the approximation an overestimate or an underestimate? Justify.

Loi giai chi tiét

Step 1: slope 0+2(1) = 2; y; = 1+2(0.25) = 1.5atz = 0.25. Step 2: slope 0.25+2(1.5) = 3.25;
yy = 1.5+ 3.25(0.25) = 2.3125 at = 0.5. So f(0.5) ~ 2.3125.
d? d
d—‘g = 1+2d—y =14 2(x + 2y) = 1+ 2z + 4y. Along the path z > 0 and y starts at 1 and

45 95
increases (since g—g =z + 2y > 0 when z,y > 0), so 3272 > 0 on [0,0.5]: the curve is concave
up and the estimate is an underestimate. (Exact value 2e — I ~ 2.898.)

Bai tap luyén tap

Let y = f(z) solve ;Ly = y — x with f(0) = 2. The tangent line to the graph of fatz = 0is
x
used to approximate f(0.1). Which statement is true?

(A) f(0.1) ~ 2.2, an overestimate (C) f(0.1) ~ 2.2, an underestimate
(B) f(0.1) ~ 2.1, an underestimate (D) £(0.1) ~ 1.8, an overestimate

Loi giai chi tiét

. d? d
Slope at (0,2): 2 — 0 = 2. Tangent line y = 2 + 2z, so f(0.1) ~ 2.2. d—‘g = d—y —
X T
y—x — 1, which equals 1 > 0 at (0, 2): concave up, so the tangent line lies below the curve —

an underestimate. (C). (Exact: f(z) =z + 1+ €%, f(0.1) ~ 2.205.)

Bai tap luyén tap

d . . .
Let y = f(z) solve d—i = 22 + y with f(2) = 1. Use Euler's Method with two steps of size

Az = —0.1 to approximate f(1.8).

Lai giai chi tiét

Step 1: slopeat (2,1)isd+1=5;y, =1+5(—0.1) = 0.5 at 2 = 1.9. Step 2: slope at (1.9,0.5)
is 3.61 + 0.5 = 4.11; y, = 0.5 + 4.11(—0.1) = 0.089 at z = 1.8. So f(1.8) ~ 0.089. (Here
Ly _9p g2 + y, which is 9 > 0 at (2, 1); the exact value ~ 0.166 is indeed larger.)

dz?2 —
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Bai tap luyén tap

. . dP . . .
A population satisfies i 0.02P — 0.00004P2. What is the carrying capacity?

(A) 250 (C) 50
(B) 500 (D) 2000

Loi giai chi tiet
0.00004
0.02

P) — 0.02P(1 - i). L = 500. (B). Choice (A) is

02P — 0.00004P2 = 0.02P(1 —
0.0 0.0000 0.0 ( _

L/2, where growth is fastest.

Bai tap luyén tap
For the population in the previous problem, suppose P(0) = 700. Which describes P(t) for
t>0?
(A) increasing, with lim,_, . P(t) = oo (C) increasing, with lim,_, . P(t) = 700
=0

(B) decreasing, with lim,_, _ P(t) (D) decreasing, with lim,_,  P(t) = 500

Lai giai chi tiét

dpP
At P = 700 > 500, i 0.02(700)(1 — 228) = 14(—0.4) = —5.6 < 0, so P decreases.
Solutions starting above L decrease toward L without crossing it, so lim,_, ., P(t) = 500. (D).

Bai tap luyén tap

&‘I

Solve dit/ = 0.5y<1 — 4%) with y(0) = 10. Find y(4) and the time at which y = 20.

Lai giai chi tiét

40dy

40 — 10 40 ..
= (Derivation: fy(407y) =

H k = o ,L = 4 ) A = frnd 5 t —_
ere 0.5 g 0 1 1 10 3, so y(o) 7 +13670_
H _ H _ .5t _
J 0.5dt, with Jaoy) = 3 + 10—y 8iVes iy = Be®™, B = 3)
40
4)=——_
y(4) 1+ 3e2

~ 28.449. Settingy = 20: 1 4+ 3¢ 0 =2 = ¢ 0% = 1 = ¢t =2In3 ~ 2.197.

Bai tap luyén tap

&‘I

Let y(1) satisfy “ = y(l(;o—y) with y(0) = 2.
(a) Find thérg() y(t).
(b) Find % in terms of y. For what values of y is the graph of y concave up?

(c) Use Euler’'s Method with two steps of size At = 1 to approximate y(2).
(d) Given that y(t) < 5 for 0 < ¢ < 2, is the estimate in (c) an over- or underestimate? Explain.
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Loi giai chi tiét
(a) Logistic with L = 10; y(0) = 2 > 0, so the limit is 10.

dy 10y—y® d’ 10-2ydy (10—2y)y(10—y)
b —_— =, _— = 0o = . F 1 . 1 - ,
( )dt 20 =L di2 o0 dt or0 <y <10,y(10—y) >0

400
so the sign is that of 10 —2y: concave up for 0 < y < 5 (and also for y > 10, where both 10 —2y
and 10 — y are negative).

(c) Step 1: slope 23 = 0.8, y; = 2.8. Step 2: slope 2812 = 1.008, y, = 2.8 + 1.008 = 3.808. So
y(2) ~ 3.808.

(d)On [0,2],2 <y < 5,0 % > 0: the solution is concave up along the whole path and the
Euler estimate is an underestimate. (Exact: y = Hj%, y(2) ~ 4.046.)

Bai tap luyén tap

Which differential equation has solutions that, for y(0) = 1, approach 12 as ¢t — o0?

dy _ _ dy _
(A) i 0.3y(12 — y) (C) prie 0.3y + 12
dy _ _ dy _ _
(B) T =12y(0.3 —y) (D) i =0.3y(y —12)

Lai giai chi tiét

(A) is logistic with L = 12; since 0 < 1 < 12,y — 12. v (B) is logistic with L = 0.3, so y would
decrease to 0.3. (C) grows without bound. (D) has % < 0for0 < y < 12, so y decreases
toward 0. (A).

Bai tap luyén tap

A rumor spreads through a school of 1200 students at a rate proportional to the product of the
number y who have heard it and the number who have not. Initially 100 students have heard
it, and at that moment the rumor is spreading at 22 students per hour.

(a) Write the differential equation and find the constant of proportionality.

(b) How many students have heard the rumor when it is spreading fastest, and how fast is it
spreading then?

L& giai chi tiét
d
(a) diz = ¢y (1200 — y). Aty = 100: 22 = ¢(100)(1100) = ¢ =
1200

2
110000 = 0.0002.

d
(b) Fastestaty = = 600 students, where d—z; = 0.0002(600)(600) = 72 students per hour.

7.12 Problem Bank

Bai tap luyén tap

2
What is the order of the differential equation dy + 3@ —y =sinz?
dx? dx
(A) 1 (C) 3
(B) 2 (D) Cannot be determined
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Loi giai chi tiét

The order of a differential equation is the order of the highest derivative present. Here the

. o d? L .

highest derivative is d—g a second derivative, so the equation is order 2. (B).
X

Bai tap luyén tap

The rate at which a rumor spreads through a school of NV students is proportional to the prod-
uct of the number of students who have heard it, y, and the number who have not, (N — y).
dy

Write a differential equation for g

Loi giai chi tiét

. » . d
“Proportional to the product of y and (N — y)” translates directly to d—z = ky(N —vy), where k
is the constant of proportionality. This is a logistic-type equation.

Bai tap luyén tap

A tank drains so that the rate of change of the volume of water V' is proportional to the square
root of V. Which differential equation models this?

av av
A) =k (o JRy % v
() dt 4 () dt v
av dVv k
(B) 5 =&V ©) o =v

Loi giai chi tiet

“Proportional to the square root of V” means the right-hand side is kv/V, so % = kV. (B).

Bai tap luyén tap

. . d
Show that y = 5e¢3* — 4 is not a solution of d—y = 3y.
X

Loi giai chi tiét

&I

Differentiate: d—y = 15e3%. Substitute into the right-hand side: 3y = 3(5¢3* —4) = 15e3* — 12.
i
Since 15e3* # 15e3* — 12 (the two sides differ by 12 for every z), y = 5¢3% — 4 is not a solution.

Bai tap luyén tap

. . L . d
Which of the following functions is a solution of % = 2xy?

(A) y=e* (C) y = a?
(B) y = e?* (D) y =222+ C
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Loi giai chi tiét

d . .
Test (A): y = e = d—y = 27e% = 2zy. v This matches exactly. (Quick checks confirm the
a5
: d . d
others fail: for y = €22, dfy = 2¢2* = 2ze® in general; for y = 22, dﬁ = 2z + 223 for
T x

y =222+ C, Z—i = 4z # 22(22% + C).) (A).

Bai tap luyén tap

. . . d .
For the differential equation d—y = y — x, compute the slope at each of the points (0, 0), (0,1),
oA
(0,2), (1,0), (1,1), (2,0), and present the results in a table.

Lai giai chi tiét

Substitute each (z,y) into y — x:

(z,y) (0,00 (0,1) (0,2) (1,0) (1L,1) (z,9) (2,0)
slope 0 1 2 —1 0 slope -2

Bai tap luyén tap

d . . . . .
In the slope field for d—y = x — g, the line along which every segment is horizontal (slope 0) is:
M

(A) y ==z € y=0
(B) y=—x (D) =0

Loi giai chi tiét

Slope is 0 exactly where z —y = 0, i.e., y = z. (A).

Bai tap luyén tap

A slope field has horizontal segments along the entire z-axis, with segments becoming steeper
and positive as y increases above 0, and steeper and negative as y decreases below 0; at any
fixed height y, all segments look identical regardless of z. Which differential equation produces
. W d o d v d . d
this field: (i) 49 _ z, (ii) 49 _ y, (iii) 49 _ x + 9, (iv) 49 _ x—y?
dx dx dx dx

Loi giai chi tiét

The field is horizontal exactly on y = 0 and depends only on g, not = (segments at a given

height look the same for every z-value) — this matches d—y = g, equation (ii). Equations (i),
a5

(iii), (iv) all involve z explicitly, so their segments would change as z varies at a fixed y, which
contradicts the description.
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Bai tap luyén tap
dy

For the differential equation T =t y: (a) find the equation of the nullcline (where the
XL

slope is 0); (b) for a solution curve starting at a point where y > x, state whether the curve is
initially increasing or decreasing, and describe what happens to the curve as it approaches the
nullcline.

Lai giai chi tiét

. . d
(a) Set x — y = 0, giving the nulicline y = z. (b) If y > z, thenz — y < 0, so d—y < 0 and the
X

curve is initially decreasing. As the curve approaches the nullcline, z — y — 0, so the slope
approaches 0 and the curve flattens out (its rate of decrease slows down as it nears the line

Yy = x).

Bai tap luyén tap

Use Euler’s Method with step size Az = 0.5 to approximate y(2) for dy _ x—y, giveny(0) = 2.

dr

Show your work in a table with four steps.
Loi giai chi tiét
With f(z,y) =z —y:

0 0 2 -2 24 (—2)(0.5) =1

1 05 1 —0.5 1+ (—0.5)(0.5) = 0.75

2 1.0 0.75 0.25 0.75 + 0.25(0.5) = 0.875

3 1.5 0.875 0.625 0.875 + 0.625(0.5) = 1.1875

So y(2) ~ 1.1875.

Bai tap luyén tap

The exact solution to a differential equation is known to be concave down throughout the
interval used for an Euler's Method approximation, with x increasing at each step. Compared
to the exact solution, the Euler approximation will:

(A) Always overestimate (C) Match exactly

(B) Always underestimate (D) Cannot be determined

Loi giai chi tiét

-

If the exact solution is concave down, its tangent lines lie above the curve. Since Euler’s
Method steps along tangent-line directions, each step lands above the true curve, so the ap-
proximation always overestimates. (A).
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Bai tap luyén tap

Given Z—y = 2y, y(0) = 1, use Euler’s Method with Az = 0.1 to estimate y(0.2). Show two
X

steps.

Loi giai chi tiet

F(z,y) = 2y. Step 0: £(0,1) = 2,50y, = 1 +2(0.1) = 1.2atz;, = 0.1. Step 1: £(0.1,1.2) = 2.4,
SOy, = 1.2+ 2.4(0.1) = 1.44 at x, = 0.2. Euler estimate: y(0.2) ~ 1.44. (The exact solution
isy = 27, giving y(0.2) = €4 ~ 1.4918, showing the approximation is reasonably close but
slightly low.)

Bai tap luyén tap

-

. d .
The general solution of d—y =y is:
i

- x?/2 Cz?
(A) y =Ce Q) y= T:B
(B) y = Ce** (D) y = Ce?*

Loi giai chi tiét

-

Q‘I

2
Separate: “Y = zda = In ly| = % +C, =y =Ce”/2 (A

Bai tap luyén tap

I Qd

. d 622 o
Solve the initial value problem d—y = i, y(0) = —4. Express y explicitly in terms of z.
T Yy

Loi giai chi tiet

2
Separate: y dy = 62% dx = % =213+ C = y?> =423+ K. Using y(0) = —4: 16 =0+ K =
K =16, so y* = 423 + 16. Since y(0) = —4 < 0, take the negative branch:

y = —+ 43 + 16.
1222 622 622 622

dy
Check: —= = — = — = = —. v
dz 2v4z3 + 16 VAaz3 +16  —v4z3 + 16 Y

Bai tap luyén tap

. d e
Solve the initial value problem d—y = i T y(0) = 3. Express y explicitly in terms of x.
X 5
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Loi giai chi tiét

d d .
Separate: Zy = xfl =Inly=Injz+1]+C=y=A(x+1). Usingy(0) =3: 3= A1) =
A =3,5s0
y=3(x+1)=3z+3.
Check: dy =3, and y _se+3 =3. v
dx z+1 rz+1

Bai tap luyén tap

dy z2

Solve the initial value problem

=—— y(0) =1, leaving the answer in implicit form.
iz~ 357 2y y(0) g p

Lai giai chi tiét
3

Separate: (3y? — 2y)dy = 2*dz = [(3y* —2y)dy = [2?dx = v —y* = % + C. Using
r=0,y=1:1—-1=0=0+ C = C = 0. Implicit solution:

y3—y2:%, or 3y2 —3y? — 2% =0.
T . oW , 9 a9 9 , 32
Check by implicit differentiation: 9y<y’ —6yy” = 32* = y'(9y*—6y) = 32 =y’ = 97 —6u
Y= — by

2

3y?2 — 2y

j Bai tap luyén tap

After separating variables in a differential equation, a student needs to evaluate /y. This
Yy

, matching the original equation. v/

integral equals:

(A) Injy| +C © L+c
y? Y
(B)5+C (D) ev +C

dy

— =In|y| + C, by the standard antiderivative of 1/y (absolute value required since y may
Y

be negative). (A).

Bai tap luyén tap

d . . . )
A student solves d—y — % and writes the general solution asy = 22+4-C. |dentify the student’s
i

error and give the correct general solution.
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Loi giai chi tiét
1

The student appears to have ignored the — factor and simply integrated dy = —x dx as if the
Yy

. d - . .
equation were d—y = —uzx, skipping the separation step entirely. The correct approach: separate
xr
2 2

as ydy = —x dz, then integrate: % — —% +C = 224+ 9? = K (where K = 2C) — a family of

circles centered at the origin, not a family of parabolas.

Bai tap luyén tap

. . dP e .
A colony of bacteria grows according to — = kP. Initially there are 200 bacteria, and after 4
hours there are 650. (a) Find k. (b) Find the population after 10 hours.

Loi giai chi tiét
_ In3.25 1.17865
(a) P(t) = 200¢*. Using P(4) = 650: ¢** = 650/200 = 3.25 = k = 2~ 2 5 0.2047
per hour.
(b) P(10) = 200e'% = 200 (3.25)'9/* = 200 (3.25)-> ~ 200(19.04) ~ 3808 bacteria.

Bai tap luyén tap

If a radioactive substance decays according to d—gz = ky with £ = —0.1 per year, its half-life is
closest to:

(A) 5 years (C) 10 years

(B) 6.93 years (D) 14 years

Loi giai chi tiét

-

In2  0.6931
= — = — X 0. o B .
ty o 7 o] 6.93 years. (B)

Bai tap luyén tap

A radioactive isotope has a half-life of 8 years. Starting with 50 grams, how much remains after
20 years?

Loi giai chi tiét
Number of half-lives elapsed: 20/8 = 2.5. Remaining amount:

1\%°% 50 50 125
50 (7> = — = — = — =~ 884 grams.
5 25~ 18 2 &
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Bai tap luyén tap

A metal rod at 150°C is placed in a room kept at 25°C. After 5 minutes, the rod’s temperature

. . . dT . .
is 100°C. (a) Find k in = = k(T — 25). (b) Find the rod’s temperature after 15 minutes.

Loi giai chi tiét

-

(@) T(t) = 25 + Aekt, A = 150 — 25 = 125. Using T'(5) = 100: 75 = 125e°* = €% =
In(3/5)
5

o) wo
4
RA
I

~ —0.1022 per minute.

: 3\° 27
(b) Since 15 = 3 x 5, e!5% = (e5’f)3 = (3) = 15 = 0:216.

T(15) = 25 + 125(0.216) = 25 + 27 = 52°C.

Bai tap luyén tap

ar . . . . .
In the model == k(T —T,,.,), for an object that is warmer than its surroundings and cooling
over time, the constant £ must be:

(A) Positive (C) Zero
(B) Negative (D) Cannot be determined
Loi giai chi tiét
. . aT . .
SinceT' > T,,.,, we have T'— T, . > 0; for the object to cool, — must be negative, which

dt
requires k < 0. (B).

Bai tap luyén tap

e . . _dpP P .
For the logistic differential equation y i 0.4P (1 — m), verify that P = 0 and P = 2000

are equilibrium solutions, and find the population at which the growth rate is maximized, along
with that maximum rate.

Loi giai chi tiét
At P = 0: 0.4(0)(1 —0) = 0. v At P = 2000: 0.4(2000)(1 — 1) = 0. v Both are equilibria.

. . . kL 0.4(2000
Maximum growth occurs at P = L/2 = 1000; the maximum rate is il 0-4(2000) = 200.

4
Check directly: at P = 1000, 0.4(1000)(1 — 0.5) = 0.4(1000)(0.5) = 200. v/

Bai tap luyén tap

. dP
For the logistic model o= 0.05P (1

N m> the carrying capacity of this population is:

(A) 0.05 (C) 4000
(B) 8000 (D) 400
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Loi giai chi tiét

The carrying capacity L is the value that makes the (1 — P/L) factor vanish; here L = 8000.
(B).

Bai tap luyén tap

P P P
A population modeled by Cth = kP (1 - f) currently has P < L/2. Is the growth rate C;—t

. . . . . . dP
currently increasing or decreasing as P increases toward L/2? Explain using the shape of —
as a function of P.

Loi giai chi tiét

) dP ko . . .

As a function of P, i kP — EP is a downward-opening parabola in P with vertex (max-

. et e dpP . . . .
imum) at P = L /2. For P < L/2, the parabola is still rising, so I is increasing as P increases

toward L /2 — the population’s growth rate keeps speeding up until P reaches L /2, after which
it begins to slow down.

Bai tap luyén tap

. . . d
Show that the equation 22 + y? = 25 implicitly defines a solution to d—y — 2 (for y # 0), by
T Yy
differentiating implicitly.

Lai giai chi tiét

Differentiate both sides of 22 + y? = 25 with respectto z: 2o +2yy’ =0 = ¢’ = —— = — =,

which is exactly the given differential equation. v/

Bai tap luyén tap

Which of the following differential equations is not separable?

dyi dyig
() 2 =y @ ="

dy_ dy_ o
B) L =u+y @) % = ey

Loi gidi chi tiét
A separable equation must factor as g(z)h(y). Choices (A), (C), (D) all factor this way (xy, z - %

e®-y?), but z+y is a sum, not a product, and cannot be split into a function of = times a function
of y. (B).

Bai tap luyén tap

. d o
Solve the initial value problem d—y = ycosz, y(0) = 1. Express y explicitly in terms of z.
xr
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Loi giai chi tiét

d . i .
Separate: ?y =cosxzdr = In|y| =sinz + C = y = Ae"*. Using y(0) = 1: 1 = A’ = A =

A=1,so0

sinx

y=e

dy .
Check: —— =cosz - e®"* = ycosz. v

dx
Bai tap luyén tap

. . . d . . .
For the differential equation d—y = 4£, find the general solution and describe the family of
T Y

curves it represents.

Loi giai chi tiét
2
Separate: 4ydy = vdx = 2y* = % +C = 4y? — 2? = K (where K = 4C). This is a family

of hyperbolas centered at the origin, opening along the y-axis (for K > 0) or the z-axis (for
K <0).
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Applications of Integration

Muc tiéu Unit: Gia trj trung binh ctia ham sé va Dinh ly Gia tri Trung binh cho tich phan; chuyén déng
thang (vi tri - van toc - gia toc) bing tich phan, phan biét do doi (displacement) va quang dudng di duogc
(total distance); Dinh ly Bién thién Rong (Net Change Theorem) va cac bai toan tich liy tdéc d6 vao/ra
(bdn nudc, dir liéu dang bang, ham tirng khuc); dién tich gilra hai dudng cong theo bién x |1an bién v,
ké c3 khi hai dudng cit nhau nhiéu [an; thé tich khéi co thiét dién d3 biét (hinh vuéng, hinh chir nhat,
tam giac déu, nira hinh tron); va phuong phap dia (disk) cting phuong phap vanh khan (washer) khi quay
quanh truc hoanh, truc tung, va cac dudng thing khac.

8.1 Average Value of a Function and the Mean Value Theorem for Integrals
8.1.1 Defining the average value of a function

For finitely many numbers y,, ys, ..., y,,, the average is 222 Calculus extends this idea to a
function f that is continuous on a closed interval [a, b], where there are infinitely many values f(x)
to average over. Partition [a, b] into n equal subintervals of width Az = b‘T’l and sample f at a point
x in each subinterval; the average of these n sampled values is

fla)) + fl@y) + -+ flah) 1 K,
1 2n _b_al:ZIJ%:UZ)Ax’

since n = 2. As n — oo the Riemann sum ) f(z})Ax converges to j;b f(z) dx, which motivates
the definition:

Average Value of a Function

If fis continuous (or at least integrable) on [a, b], the average value of f on [a, b] is

1 b
favg: b—a/a f(x)dx

b
Equivalently, / f(z)dz = fog - (b—a).

Geometric meaning. If f(z) > 0 on [a, b], then fab f(z)dx is the area of the region between the

graph of f and the z-axis. The equation fab f(z)dr = f,,4(b—a) says that f,,, is exactly the height of
the rectangle with base [q, b] that has the same area as that region — a single flat height that "levels
out” all the peaks and valleys of f while preserving the total accumulated area.

. GIAI THICH TIENG VIET
Gia tri trung binh cia ham s6 f, . = b/ f(z)dx |a phép mé& rong cha khai niém "trung
—a ),

binh cong” sang trudng hgp co vo s6 gia tri (mdt cho méi diém x trong [a, b)), thay vi chi hitu
han s6 hang. Vé mat hinh hoc, day chinh la chiéu cao cua hinh chir nhat cé day [a, b] sao cho




859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

dién tich hinh chir nhat dé bang dung dién tich mién gitra do thi f va truc hoanh trén [a,b] —
noi cach khac, ta “san phang” cac doan Ién xudng clia d6 thi thanh mdt mirc chiéu cao khéng
d6i ma van gilr nguyén téng dién tich.

8.1.2 The Mean Value Theorem for Integrals

Because f,, is defined as an average of the continuous function’s own values, it is natural to ask
whether f actually attains this average value somewhere on [a, b]. The answer is yes, guaranteed by
continuity.

Mean Value Theorem for Integrals

If fis continuous on [a, b], then there exists at least one number c in [a, b] such that

b b
flo) = favg:ﬁ / Ao ek / (@) dz = £(c) (b—a).

Sketch of proof: by the Extreme Value Theorem, f attains a minimum m and maximum M
on [a,b], som < f(x) < M for all x € [a,b]. Integrating this inequality over [a,b] gives
m(b—a) < jj f(x)dr < M(b—a),ie. m < f,,, < M. Since f is continuous, the Intermediate
Value Theorem guarantees some c € [a, b] with f(c) = f,,.

- GIAI THICH TIENG VIET

Pinh ly Gia tri Trung binh cho tich phan (MVT for Integrals) khang dinh rang néu f lién tuc
trén [a, b] thi ton tai it nhat mét diém ¢ sao cho f(c) bdng dung gia tri trung binh favg — Nghia la
ham s6 thuc su "dat dugc” gia tri trung binh cta chinh né tai mét thoi diém nao do, chir khdng
chi 13 mét con s6 triru tugng. Y tudng chirng minh: vi f lién tuc nén bj chin bdi gia tri nho
nhat m va I6n nhat M trén [a, b]; 1y tich phan b4t dang thirc m < f(z) < M suy ra f,,, ciing
nam gilra m va M; theo Dinh ly Gia tri Trung gian (IVT), f phai dat gia tri Javg tai mot diém c
nao do.

Yy
9 T
favg =3

3
: : x
1 2 3

The shaded region under f(x) = z2 on [0, 3] and the pink rectangle of height favg = 3 and base 3 have exactly the same
area, 9.

Vi du miu - Average value and the guaranteed value of ¢

Let f(z) = z? on [0, 3]. Find the average value of f on this interval, and find the value(s) of ¢
guaranteed by the Mean Value Theorem for Integrals.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 214



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Average value:

1 1[a? 127 1
- de=- |2 =-. 20—~ .93,
Jave 3—0/0”5 v 3[3]0 33 3

Finding c: we need f(c) = 3, i.e. ¢> = 3,50 ¢ = +1/3. Only ¢ = /3 ~ 1.732 lies in [0, 3] (the
negative root is outside the interval), so the theorem is satisfied by m

(1) L6i thuwong gap: Dirng nham gia tri trung binh favg VOi trung binh cdng cua hai gia tri daumat
J@tIb) _ haj dai lwgng nay chi tring nhau khi f 1a ham bac nhat (tuyén tinh). V6i f(z) = 22
trén [0, 3]: M = 959 = 4.5, hoan toan khac véi f,,, = 3 tinh ding theo cong thirc tich
phan. Mét 16i khac thudng gip |13 quén chia cho (b — a) — nhé rang jj f(z) dx chila dién tich
(hodc dién tich c6 dau), con gia tri trung binh ludn can chia thém cho d6 dai khoang b — a.

8.2 Motion Along a Line

8.2.1 Position, velocity, and acceleration as integrals

If a particle moves along a line with acceleration a(t) and velocity v(t), both continuous, the Net
Change Theorem (Section 3) lets us reconstruct velocity from acceleration and position from veloc-

ity:

Reconstructing motion by integration

v(t) = v(ty) +/t a(t)dr, s(t) = s(ty) —i—/t v(T)dr.

0 0

That is: velocity at time ¢ equals the initial velocity plus the net accumulated change in ve-
locity (the integral of acceleration); position at time ¢ equals the initial position plus the net
accumulated change in position (the integral of velocity).

Two very different quantities can be extracted from v(¢) over an interval [a, b]:

b
¢ Net displacement (signed change in position) = / v(t) dt = s(b) — s(a). This allows positive and

negative contributions (forward and backward m?)tion) to cancel.
b
¢ Total distance traveled = / lvu(t)| dt. This treats every interval of motion as a positive contribu-

tion regardless of direction(,l so backward motion adds to the total rather than canceling forward
motion.

When v(t) does not change sign on [a, b], the two quantities are equal (up to sign). When v(t) changes
sign, they differ, and computing total distance requires splitting the interval at every zero of v(t),
integrating v (not |v|) on each piece, and adding the absolute values of those pieces.

- GIAI THICH TIENG VIET
Van téc v(t) dugc dung lai tir gia téc a(t) bang tich phan, va vi tri s(t) dugc dung lai tir van
toc theo dung cach tuong tuw — day chinh |3 ('ng dung truc tiép cta Dinh ly Bién thién Rong.
Diém mau chét can phan biét: dé doi (displacement) = fab v(t) dt 1a sy thay d6i vi tri c6 dau (co
thé duong, am, hodc bang 0 néu vat quay vé diém xuat phat), trong khi quang dudng di duoc
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(total distance) = fab lv(t)| dt ludn khéng am va luén cdéng dén moi doan chuyén dong, bat ké
chiéu. Khi van téc d6i dau trén doan dang xét, hai dai lugng ndy chic chan khac nhau.

u(t)
10 1 (forward) + (forward)
5
\/ ‘ t
1 2 3
— (backward)

v(t) = 6t2 — 18t + 12 on [0, 3]: mint-shaded regions (where v > 0) and the pink-shaded dip (where v < 0) all contribute
positively to total distance, but the pink region subtracts from net displacement.

Vi du mAu - Displacement vs. total distance

A particle moves along a line with velocity v(t) = 6t — 18t + 12 (meters per second) for
0 <t < 3. Find (a) the particle’s net displacement, and (b) the total distance it travels, on [0, 3].

Step 1 — locate direction changes. Factor: v(t) = 6(t? — 3t +2) = 6(t — 1)(t — 2),s0v(t) = 0
att = 1and ¢t = 2. Testing signs: v(0) = 12 > 0, v(1.5) = 6(0.25)(—0.5) = —0.75 < 0,
v(2.5) =6(1.5)(0.5) =4.5>0.Sowv >00n[0,1),v <0on (1,2),v > 00n (2,3].

Step 2 — an antiderivative. /v(t) dt = 2t3 — 9t* + 12t = P(t). Evaluate: P(0) = 0, P(1) =
2-9+12=5P(2)=16—36+24 =4, P(3) =54 —81 + 36 = 0.

(a) Net displacement = /3 v(t)dt = P(3) —P(0)=9—0= .

(b) Total distance: sum tf:)e absolute value of the net change on each monotonic-sign piece:
|P(1)—P(0)|+|P(2)— P(1)|+|P(3)— P(2)| = |5—0|+]4—5|+|9—4| = 54+1-+5 = [ 11 meters].

Notice 9 #+ 11: on (1,2) the particle backtracks 1 meter, which reduces net displacement but
still adds to total distance.

(1) L6i thuong gap: Lbi cuc ky phé bién: tinh fab v(t) dt r6i coi dé luén 13 quang duong di duoc.
Diéu nay chi ding khi v(t) khdng d6i dau trén [a, b]. Néu v(t) doi dau, fab v(t) dt chi cho d6 doi
(cac doan tién va lui triét tiéu 1an nhau); muén tinh quang dudng, bat budc phai: (1) tim moi
nghiém cuta v(t) = 0 trong [a, b]; (2) tach tich phan tai cac nghiém do; (3) lay tri tuyét déi ctia
tirng manh réi cong lai — tirc 1a tinh j;b |v(t)| dt, khong phai ‘fab v(t) dt‘ (hai biéu thirc nay néi
chung khac nhau).

8.3 Net Change and Accumulation in Applied Contexts
8.3.1 The Net Change Theorem

The Fundamental Theorem of Calculus, applied to a rate function f’, gives one of the most useful
results in applied calculus:
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Net Change Theorem

If F' has a continuous derivative F’ = f on [a, b], then

/abf(w) dz = /abF’(x) dx = F(b) — F(a).

In words: the definite integral of a rate of change equals the total (net) change in the quantity
itself over that interval. Whatever F' represents — position, volume, population, revenue —
integrating its rate F over [a, b] recovers exactly how much F' changed, without needing to
know F's actual value at either endpoint (only the change).

This single idea unifies displacement-from-velocity (Section 2) with a huge range of applied "ac-
cumulation” problems: whenever a quantity Q(¢) changes at some given rate R(t) = Q’(¢), the net

change in Q) over [a, b] is fab R(t) dt, and the value at a later time is Q(b) = Q(a) + j;b R(t) dt.

8.3.2 Rate in minus rate out

A common applied setting has a quantity (water in a tank, cars in a parking garage, chemical in a
solution) governed by two competing rates: an inflow rate R;,(¢) and an outflow rate R (¢). The
net rate of change is R, (t) = R;,(t) — Ry (), and the Net Change Theorem gives

b
Q) = Q) + [ [Rilt) ~ Rs(t)]

Since Q'(t) = R,.(t), the usual first-derivative-test logic applies directly to : @ is increasing exactly
where R, .(t) > 0 (inflow exceeds outflow) and decreasing where R,.(t) < 0. A local maximum of
@ occurs where R,.; changes from positive to negative; a local minimum occurs where R, .; changes
from negative to positive.

- GIAI THICH TIENG VIET
Dinh ly Bién thién Rong (Net Change Theorem) la cich phat bi€u lai FTC theo ngdn nglr irng
dung: tich phan cua téc dé thay déi trén [a,b] chinh la tong lugng thay déi clia dai lugng géc,
bat ké dai lwgng do 13 gi (thé tich nuwdc, dan s6, doanh thu...). Trong bai todn "téc dd vao trir
téc do ra” (R;, — Roy), lwong tich 10y Q(t) tang khi téc do rong duong (vao nhiéu hon ra) va
giam khi toc dé rong am — vi vay curc trj clia Q(t) xay ra ding tai thoi diém toc dé rong déi ddu,
hoan toan tuong tu cach tim cuc tri bang dao ham cap mét.

Vi du miu - A water tank with competing inflow and outflow

Water flows into a tank at rate Ry, () = 20—2t liters per minute and is pumped out at a constant
rate R, (t) = 8 liters per minute, for 0 < ¢ < 10 minutes. At ¢ = 0 the tank holds 50 liters.
(a) At what time is the volume of water in the tank at a maximum, and what is that maximum
volume? (b) How much water is in the tank at ¢ = 10?

Net rate: R, (t) = (20 — 2¢t) — 8 = 12 — 2¢. This is positive (tank filling) for ¢ < 6 and negative
(tank draining) for ¢ > 6, so the volume Q(¢) increases then decreases — a maximum occurs at
minutes, where the net rate switches from positive to negative.

(a) Maximum volume:

6

6
Q(6):50+/ (12 — 2t) dt = 50 + {1275—752} =50+ (72 —36) = 50 + 36 = | 86 liters |.
0

0
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(b) Volume at ¢t = 10:

10

10
Q(10) = 50 + / (12— 2t)dt = 50 + [12t — t2] = 50 + (120 — 100) = 50 + 20 = | 70 liters .
0

0

The tank fills from 50 up to a peak of 86 liters at ¢ = 6, then drains back down to 70 liters by
t = 10 — consistent with 70 < 86 but still above the starting volume of 50.

8.3.3 Rates given by a table or a piecewise function

On the AP exam, a rate is often given not as a clean formula but as a table of values at unevenly
spaced times, or as a piecewise function. For tabular data, the definite integral (total accumulated
change) is estimated using a trapezoidal sum: on each subinterval [t;,¢,. ], approximate the area
under the rate curve by a trapezoid,

tip1
/ R(t)dt ~ (1., —1;)
t

i

R(t;) + R(t;41)
5 ;

and sum these trapezoids across all subintervals — the subintervals do not need to be equally spaced.
For a piecewise rate function, split the integral at every breakpoint and integrate each piece with its
own formula.

Vi du miu - Rate given by a table, and rate given piecewise

(a) Table. During a 6-hour storm, the rate at which water flows into a retention pond, R(¢) (in
thousands of liters per hour), is recorded at selected times:

t (hours) 0
3

2 5 7 8
R(t) (thousand L/hr) 9 6 2

15

8
Use a trapezoidal sum with these four subintervals to estimate / R(t) dt, the total inflow (in
0

thousand liters) over the 8 hours.

8
3+9 9+ 15 15+6 6+ 2
/R(t)dm(g_o>-2+<5—2)- P (1-5). rs-n. 72
0

= 2(6) + 3(12) + 2(10.5) + 1(4) = 12 + 36 4 21 + 4 = | 73 thousand liters |

(b) Piecewise. A water tower’s net fill rate (in thousand gallons per minute) is

5 0<t<3
R(t):{’ st<

—2t+11, 3<t<8

(Notice R is continuous at ¢t = 3: both pieces give R(3) = 5.) Find the total net change in the
tower’s volume over [0, 8].

8 3 8 8
/R(t)dt:/ 5dt+/(—2t+11)dt:[5t]§+[—t2+11t]
0 0 3 3

=15+ [(—64+88) — (—9+33)] =15+ (24 — 24) = ‘ 15 thousand gallons |.

The second piece happens to contribute a net change of exactly 0 (the rate decreases linearly
from 5 at ¢ = 3 down through 0 at ¢t = 5.5 to —5 at ¢ = 8, and the positive and negative areas
cancel), so the entire net gain comes from the first three minutes.
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8.4 Area Between Two Curves
8.4.1 Integrating with respect to x

If f(z) > g(x) on [a, b], the vertical distance between the two curves at a given z is f(x) — g(z). Sum-
ming these thin vertical strips of width dx over [a, b] gives the area of the region enclosed between
the curves:

Area Between Curves — with respect to =

A= /b [top(z) — bottom(z) | dz,

where top(z) and bottom(x) are whichever of the two functions has the larger, resp. smaller,
y-value on (a, b). If the two curves are given without explicit bounds, the bounds a and b are
usually their points of intersection, found by solving f(x) = g(z).

. GIAI THICH TIENG VIET

Dién tich gitra hai duong cong theo bién z ludn 13 "dudng trén trir duong dudi, roi lay tich
phan™: A = j;b[top(gc) — bottom(z)] dz. Budc quan trong nhat — va dé bi bo sét nhat — 1a tim
giao diém cla hai dudng trude khi thiét 1ap tich phan, vi cac giao diém chinh 13 can a, b (trir
khi dé bai da cho san can). Sau khi c6 can, can kiém tra (bang cach thr mot diém bat ky nam
gitra a va b) xem dudng ndo thuc sy nam trén dé dat dung thr tu trir.

10 1

— 243 <

1 2 3
The shaded region between y = 2x + 3 (top) and y = =2 (bottom), bounded by their intersection points z = —1 and

x = 3.

Vi du miu - Area between a parabola and a line

Find the area of the region enclosed by y = 22 and y = 2z + 3.
Step 1 —intersections: 22 =22 +3 =122 -2z -3=0= (z—3)(z+1)=0= 2z =—1, 3.

Step 2 — which curve is on top? Test x = 0: y = 2(0) + 3 = 3 versus y = 0% = 0. So the line
y = 2z + 3 is on top throughout (—1, 3).

T

Step 3 — integrate:

3

A:/j (22 +8) —22] da = [z2+3x—§3]1.
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Atz=39+9-9=9.Atz=-1:1-3—(-1)=1-3+1=-2
5 5 27 5 |32
A:9— —_— = _ = — — = | — |

( 3) 37333

(1) L6i thueng gap: Dirng thiét 1ap tich phan dién tich truéc khi tim giao diém. Néu dé khong
cho s&n can a,b, hdy giai f(z) = g(x) trudc tién — day chinh 13 can tich phan. Lbi thd hai
thuong gap: dat sai thir tu trir (1ay "duong dudi trir dudng trén”), khién két qua ra am. Néu
tinh ra dién tich am, d6 |a dau hiéu r6 rang can dao lai thr tw hai ham — luén thir mét gia tri
x & gitra khoadng [a, b] d€ xac dinh chic chdn dudng nao thuc sy nam trén trudce khi viét tich
phan.

8.4.2 Integrating with respect to y

Some regions are far easier to describe as functions of y — bounded left and right by curves z = p(y)
and x = ¢(y) — than as functions of x. This happens, for instance, whenever a curve like z = 3?2 is
not a function of z (it fails the vertical line test) but is a function of y. The same idea applies with
the roles of the axes swapped:

Area Between Curves — with respect to y

d
A= [ [right(y) —teftt) ] .

where right(y) and left(y) are whichever curve has the larger, resp. smaller, z-value, and |c, d|
is the y-range of the region (again typically found from the curves’ intersection points, but now

solved for ).

- GIAI THICH TIENG VIET
Khi mién can tinh dién tich bi chan trai-phai b&i hai dwong cong (thay vi trén-dudi), viéc lay
tich phan theo y thudng don gian hon nhiéu so véi ¢ gang |ay tich phan theo z (nhat 13 khi
mot trong hai dudng khéng phai [a hdm sé cla z, vi du = = y?). Cong thirc hoan toan tuong
tu, chi déi vai tro: A = fcd[right(y) — left(y)] dy, v&i can ¢, d tim dugc bang cach giai giao diém
theo bién y.

Vi du miu - Area using horizontal strips

Find the area of the region enclosed by z = y? and x = y + 2.

Step 1 — intersections (solve fory): 1> =y +2=1y> —y—2=0= (y—2)(y+ 1) =0=y =
—1, 2.

Step 2 — which curveis to theright? Testy = 0: z = y+2 = 2versusz = y> = 0. Sox = y+2
is to the right (larger x) throughout (—1, 2).

Step 3 — integrate with respect to y:

A:/j [(y—|—2)—y2} dy = [y;+2y—gﬂl.
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Aty=2:2+4—-3=6-3=2 Aty=-1:7-2+1=-1

Attempting this same region as an integral with respect to = would require splitting into two
pieces (since z = y? is not a single function of = on the whole region) — integrating with respect
to y avoids that split entirely.

8.4.3 Regions where the curves cross more than once

If f(x)— g(x) changes sign more than once on the interval of interest, the "top” and "bottom” curves
swap roles partway through, and a single integral of f(z) — g(x) over the whole interval would let
positive and negative pieces cancel — giving the wrong (net signed) area instead of the true enclosed
area. The fix is the same idea used for total distance in Section 2: split the interval at every crossing
point, and add the absolute value of each piece.

Area with multiple crossings

If fandgcrossatz =a =2y < z; <z, < - <z, =0, the total enclosed area is

n b
A=y _ / |(z) — g(s)| de-

/ (@) — 9(e)] de

. GIAI THICH TIENG VIET

Khi hai dudng cong cat nhau nhiéu hon mét [an trong doan dang xét, ham hiéu f(x) — g(x) sé
d6i dau tai mbi giao diém — nghia 13 "dudng trén” va "dudng duéi” hoan déi vai trd cho nhau.
Né&u chi ldy mét tich phan duy nhat trén ca doan ma khéng tach nhé, cac phan dién tich duong
va am sé triét tiéu 1an nhau, cho ra dién tich c6 dau (net area) thay vi téng dién tich thuc su bi
bao béi hai dudng. Cach xtr ly ding: tim tat cd giao diém, tach tich phan tai tirng giao diém,
|3y tri tuyét d6i cila méi manh réi cong lai — hoan toan giéng logic tinh quang dudng di duoc
tr van téc déi dau.

Vi du mau - Two curves that cross three times

Find the total area of the region(s) enclosed between f(z) = 2® — 3z and g(z) = z.

Step 1 — find all crossings: 2° — 3z =72 = 2 — 42 =0=2(22—-4) =0=2=-2,0, 2.
Three crossing points, so two separate regions.

Step 2 — determine top/bottom on each piece. Let h(z) = f(z) —g(x) = 23 —4x. Testx = —1:
h(=1)=—14+4=3>0,s0f>gon(—2,0). Testx=1:h(l)=1—4=-3<0,50¢ > fon
(0,2).

Step 3 — integrate each piece separately. An antiderivative of h(x) = 2 — 4x is H(z) =
ol 222 with H(—2) =4 —8=—4, H(0) =0, H(2) =4 — 8 = —4.

0
/ (f — g)da = H(0) — H(~2) = 0— (—4) = 4,
—2

/O (9= f)de=—[H(2) = H0)] = ~(-4-0) = 4.
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Step 4 — total area:

A=4+4=]8]

8.5 Volumes with Known Cross-Sections

8.5.1 Squares and rectangles

Some solids are not solids of revolution at all: instead, we are told the shape of every cross-section
perpendicular to a given axis, and that shape’s size is built from the distance between two bounding
curves. If A(z) denotes the area of the cross-section at position z, slicing the solid into thin slabs of
thickness dz and summing their volumes gives:

Volume by Known Cross-Sections

V= /bA(a:) dz.

If the cross-sections perpendicular to the z-axis are squares whose side length equals the
distance s(x) between two bounding curves, then A(z) = [s(x)]?. If the cross-sections are
rectangles whose height is some fixed multiple k of the base s(x) (e.g. "height twice the base”),
then A(z) = k[s(x))%

- GIAI THICH TIENG VIET

V&i bai toan thiét dién da biét (known cross-sections), khai khéng phai 1a khoi tron xoay —
thay vao do6, mdi lat cit vudng goéc véi mot truc cé hinh dang cho truwdc (vudng, chir nhat,
tam giac, ntra hinh tron...) véi kich thudc xay dung tir khoang cach giira hai duong cong bién.
Luén bat dau bang cach xac dinh dé dai canh day s(x) (khodng cach gilra hai dudng), sau do6
suy ra dién tich thiét dién A(z) theo ding cong thic hinh hoc cta hinh do, roi lay tich phan
V= fab A(x)dz — hoan toan khéng cé r trong cong thirc trir khi hinh thiét dién la hinh tron
hodc ntra hinh tron.

Vi du miu - Square cross-sections

The base of a solid is the region between y = \/z and y = 22 on [0, 1]. Cross-sections per-
pendicular to the z-axis are squares whose side length equals the distance between the two
curves. Find the volume of the solid.

Side length: s(z) = \/z — 2 (valid since \/z > 2% on [0, 1]).

Cross-sectional area: A(z) = (/z — 1:2)2 =z — 2252 + 2%,

Volume: L
1 2 5
4 T 1 4 1
V= ( _ 945/2 4)d S N 7 BRI
/o T e +x x 5 71’ +50 5 7+5
C d H t 7.35 40 14 _ 9
ommon denominator O.%—%+7—D_%.

8.5.2 Equilateral triangles and semicircles

The same method applies to any cross-sectional shape, as long as we can express that shape’s area
in terms of a single length taken from the bounding curves. Two shapes appear constantly on the
AP exam:
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Deriving the area formulas

Equilateral triangle with side length s: drop an altitude to split it into two 30°-60°-90° triangles,
giving height h = @s, SO

A L VB VB,
579 27 4
Semicircle whose diameter equals the base length s (so radius r = g);
1 1 /s\2 =
Asemi = 571> = 57 (5) = 597
Cross-section shape Governing length Area formula A(x)
Square side s(x) [s(z)]?
Rectangle, height = kx  base s(x) k[s(x))?
base
Equilateral triangle side s(x) ? [s(x)]?
Semicircle (diameter = diameter s(x) g[s(:c)]z

GIAI THICH TIENG VIET

(’in tam gidc déu canh s, ha dudng cao chia thanh hai tam giac vudéng 30-60-90 d€ suy ra chiéu
cao h = Y35, tlr dé A, = Y252, V&i nira hinh tron, diém d& nham nht 13: d6 dai s(x) lay dugc
tlr hai duwdng cong bién thudng dong vai tro la duwong kinh (khéng phai ban kinh!) cua nira
hinh tron, nén ban kinh thuc su la r = s/2, va dién tich nlra hinh tron 13 Ay = 27 = £52 —
ch&r khéng phai L7s2.

Vi du mAu - Equilateral-triangle cross-sections

The base of a solid is the region under y = /= from x = 0 to = 4 (bounded below by the
x-axis). Cross-sections perpendicular to the z-axis are equilateral triangles with side length
equal to /z. Find the volume.

(z) 1 (V) TR % /0 4xdac 1 [2]0 18 V3
Vi du miu - Semicircular cross-sections
The base of a solid is the region under y = 4 — 2 from = = —2 to = = 2 (where the parabola

meets the z-axis). Cross-sections perpendicular to the z-axis are semicircles whose diameter

equals the height of the base region, 4 — z2. Find the volume.

2

Expand: (4 — 2%)? = 16 — 822 + .

Radius: 7(z) = -~ s0 A(z) = g(zx — 22)2,

2

2 9 4 T 8x3 b
V=—- 16 — 8 der = — |16 — — + — .
8[2( 2?4 zt) dx 8[ x 3—1—5]_2

By symmetry, evaluate at x = 2 and double: 16(2) — @ + 32 = 32— 8% + 32 Common
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H . 480 320 96 __ 256. H H 512
denominator 15: 52 — 5¢° + ¢ = 5¢; doubling gives %=.
m 512 647
V=s.—=|—\
8 15 15

8.6 The Disk Method

8.6.1 Volumes of revolution by disks

When a plane region is revolved 360° about a line (the axis of revolution), it sweeps out a three-
dimensional solid. If the region is bounded on one side by that axis (no gap between the region and
the axis), each cross-section perpendicular to the axis is a solid circular disk, and the known-cross-
sections formula with A(z) = n[R(z)]? becomes:

j Disk Method
b
V= 77/ [R(x)]? dx,

where R(x) is the radius of the disk at position z — the perpendicular distance from the axis of
revolution to the bounding curve. When revolving about the z-axis, R(x) = f(z) (the curve’s
own y-value). When revolving about the y-axis (integrating in y), R(y) is the curve’s xz-value.
When revolving about any other horizontal or vertical line y = k or x = k, the radius must be
recomputed as the distance from that line to the curve: R(x) = f(x)—k (or k— f(x), whichever
is positive) for a horizontal axis y = k, and analogously for a vertical axis = = k.

- GIAI THICH TIENG VIET

Phuong phap dia (disk) 4p dung khi mién duoc quay quanh mét truc va cham truec ti€p vao
truc dé (khéng cé khoang hd) — méi lat cit vudng gdc vai truc [3 mét hinh tron dic, ban kinh
R(x) chinh Ia khodng cach tlr truc quay dén dudng cong bién. Khi quay quanh truc hoanh,
R(x) don gian la f(x); khi quay quanh truc tung, R(y) la gia tri 2 cia dudng cong. Nhung khi
quay quanh mét dudng thang khac (vi du y = k hodc = = k), bat budc phai tinh lai ban kinh
I khoang cach dén dudng dé — khong dugc dung thang gia tri f(x) nhu thé truc van 1a truc
hoanh.

Side view of a solid of revolution about the axis (dashed): the vertical segment of length R(x) sweeps out the circular
disk (shown edge-on as a thin ellipse) at position x.
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Vi du mAiu - Disk method about the z-axis

The region under y = /= from x = 0 to = 4 is revolved about the z-axis. Find the volume
of the resulting solid.

Since the region touches the z-axis directly, R(z) = /z, so [R(z)]* = .

4 2
1
V:ﬂ'/ md:z::ﬂ'[x] =7 6:.
b 2 0 2

Vi du miu - Disk method about the y-axis

The region bounded by = = 32, the y-axis, and y = 2 is revolved about the y-axis. Find the
volume.

Here we integrate with respect to y, and since the region touches the y-axis directly, R(y) = 32,
so [R(y))* = y*.

2 512
32 32
0 0

5

Vi du miu - Disk method about a line other than an axis

The region bounded above by y = /z, below by the line y = —1, and on the right by x = 4 is

revolved about the line y = —1. Find the volume.
The region’s lower boundary is exactly the axis of revolution y = —1, so this is a genuine disk
(no gap). The radius is the vertical distance from y = —1 up to the curve:

R(z) = Va—(—1) = V3 + 1.
R@)?=(a+1) =2+2/z+1.
V:W/O4<x+2\/5+1>dx:7r[x;+§x3/2—|—$]:

Atz =402 +308)+4=8+2+4=12+32 =304 32 _ 08

68T

3

V =

Note how different this is from revolving the same curve about the z-axis: shifting the axis
down to y = —1 makes every radius 1 unit longer, and because the radius gets squared, that
shift changes the volume by far more than a simple constant.

(!) L6i thuerng gap: Khi truc quay khéng phai 1a truc hoanh hay truc tung, ban kinh R(x) khéng
con bang f(x) nira — day 12 16i sai ban kinh phé bién nhat trong cac bai toan thé tich. Ban kinh
ludn phai la khodng cach tir truc quay dén dudng cong: néu quay quanh y = k va dudng cong
nam phia trén k, thi R(x) = f(z) — k; néu dudng cong nam phia dudi k, thi R(z) = k — f(x).
Tuong tu v6i truc doc x = k: R(y) = g(y) — k hodc k — g(y) tuy vi tri. Luén vé (hodc hinh
dung) mot lat cat va do khoang cach thurc té tir truc dén dudng cong trudce khi viét cong thirc
— tuyét d6i khong mac dinh dung f(x) hay g(y) mét cach may madc.
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8.7 The Washer Method

8.7.1 Volumes of revolution with a gap

If the region being revolved does not touch the axis of revolution — there is a gap between the axis
and the nearer boundary curve — each cross-section is not a solid disk but an annulus (a washer): a
disk with a smaller disk removed from its center.

B Washer Method
b 2 2
V=nr / ([B@)° - [r@)]°) da,

where R(z) is the outer radius (distance from the axis to the farther bounding curve) and r(z) is
the inner radius (distance from the axis to the nearer bounding curve). As with the disk method,
if the axis of revolution is not the z-axis or y-axis, both R(x) and r(z) must be recomputed as
distances to that specific line.

- GIAI THICH TIENG VIET
Phuong phap vanh khan (washer) dung khi mién dugc quay khéng cham vao truc quay — luén
c6 mot "6 héng” & gilra. Mai Iat cit luc nay 1a mot hinh vanh khan (dia I6n trir dia nho), véi R(z)
la ban kinh ngoai (khoang cach tur truc dén dudong cong xa truc hon) va r(x) 1a ban kinh trong
(khoang cach dén dudng cong gdn truc hon). Thé tich luénla V = wj;b ([R(z))? — [r(x)]?) d=
— binh phuong tirng ban kinh riéng biét roi mai trir, tuyét déi khong dugc trir hai ban kinh
trudc réi mai binh phuong.

outer curve

/\\

inner curve washer (annulus)

r(x)
axis of revolution (y = k)

Side view: outer radius R(x) reaches the farther curve, inner radius () reaches the nearer curve. The washer (shown
edge-on, right) is a disk of radius R(z) with a hole of radius r(x) removed.

Vi du m3u - Washer method about the z-axis

The region between y = \/x and y = x? on [0, 1] is revolved about the z-axis. Find the volume.

On [0, 1], v/x > 22, so the outer radius is R(x) = /z (farther from the z-axis) and the inner

radius is r(x) = x? (nearer, since the region does not include the strip between y = 0 and
2

y = z°).

vzw/o1 [(vay (2] dx:w/ol(xx4)dx:w[x2x5]0:w(l1) — 2|37

10 10
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Vi du miu - Washer method about a line other than an axis

The region bounded by y = 22 and y = 2x is revolved about the line y = 5. Find the volume.
Intersections: 22 =2z = z(z —2) = 0=z =0, 2.

Radii, measured from y = 5: on (0,2), 2z > 22 (testz = 1: 2 > 1), so y = 2z is the upper
curve, closer to the axis y = 5; y = 22 is the lower curve, farther from the axis. Since distance
is measured down from y = 5, the farther (lower) curve gives the larger radius:

R(z) =5—12% (outer, to the lower curve), r(z) =5 —2x (inner, to the upper curve).

[R(z)]2—[r(z)]* = (5—2%)?—(5—2x)% = (25— 102% +2*) — (25— 20z +42?) = z* —142? 4 20z.

2

2 5 14 3
V:W/ (21 — 1422 + 202) dz = 7 | = — 4+ 1022
0 5 3 0
9. 32 112 H . 96 560 600 __ 136
Atz =2: = — 3% +40. Common denominator 15: T+t =55
1367
V=—|
15

(!) L6i thuong gap: Sai lam kinh dién trong phuong phap vanh khin: viét (R(x) —r(x))2 thay vi
[R(x)]?—[r(z)]. Haibi€u thirc nay hoan toan khac nhau vé mat daisé — vidunéu R = 5,7 = 3
thi [R)2 — [r]? = 25 — 9 = 16, trong khi (R — r)? = 22 = 4. Luén binh phuong tirng ban kinh
mot cach riéng biét trudc, roi mai ldy hiéu: = [ ([R(z)]? — [r(x)]?) dz. Ngoai ra, khi truc quay
khéng phai truc hoanh/truc tung, hay luén kiém tra lai xem dudng cong ndo cho ban kinh 1én
hon (ban kinh ngoai R) va dudng nao cho ban kinh nhé hon (ban kinh trong r) — thr tu nay
c6 thé dao nguoc so vai thir tu "trén/dudi” quen thudc, tuy vao vi tri chia truc quay.

8.7.2 Summary: choosing a volume method

Before starting any volume problem, decide which of the three formulas actually applies. All three
are built from the same idea — slice, find the cross-sectional area A(x), integrate — but the shape
and the presence of r differ:

Method When to use Formula

b

Known  cross- Non-circular slabs V = /A(x)dm, with A(z) from the

sections (square, rectangle, tri- a
angle, semicircle) built
from the gap between
two curves

shape’s own area formula

b
Disk Region touches the axis V = 71'/ [R(x)]? dx
of revolution directly a

(no gap)

b
Washer Region has a gap be- V = 71'/ ([R(z)]* — [r(x)]?) dz
tween it and the axis of a
revolution
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- GIAI THICH TIENG VIET
Trudce khi bat tay vao bai toan thé tich, hay tu hai: (1) Thiét dién cé phai hinh tron/nlra hinh
tron khong? Néu khéng (vudng, chir nhat, tam giac) thi khéng c6 = trong cong thirc. (2) Néu
13 hinh tron (do quay quanh mét truc), mién cé cham true ti€p vao truc quay khéng? Néu co
= dung dia; néu cé khoang h& = dung vanh khan. Tra |&i dling hai cdu hoi nay truéce khi viét
bat ky céng thirc ndo sé tranh dugc phan |16n 16i sai trong chuong nay.

8.8 The Arc Length of a Smooth, Planar Curve and Distance Traveled

Phan danh riéng cho AP Calculus BC (CED 8.13): d6 dai cung ctia do thi y = f(z) hodc z = ¢(y), cach
duwng cong thirc tir téng dd dai cac doan thang, cac bai tinh ra dang déng (bi€u thirc duéi can 1a binh
phuong dang), bai dung may tinh (lam tron 3 chir s6 thap phan), va phan biét do dai cung véi quang
duong di dugc clia vat chuyén dong thang.

Every integral in this unit so far has measured an area or a volume (or an accumulated amount).
The last application measures a length: how long is the graph of y = f(x) between z = a and z = b,
if it were straightened out like a piece of string?

8.8.1 From line segments to an integral

Partition [a, b] into n subintervals of width Az and join consecutive points (z;, f(x;)) on the graph
by straight segments. By the Pythagorean theorem, the i-th segment has length

AL = /(Ba) + By, 2 = [1+ (iﬁj)Q Az,

If fis differentiable, the Mean Value Theorem gives, in each subinterval, a point ¢, where f'(c;) =
Ay,;/Ax. So the length of the whole polygonal path is the Riemann sum

i V L+ [f/<Cz‘)]2A$7

and as n — oo it converges to a definite integral.

Yy
Segments n Polygon length
1 V20 =~ 4.472
2 V2 + /10 ~ 4.576
4 ~ 4.627

2
— 00 / V14422 de ~ 4.647
0

A chord is never longer than the arc it spans, so
every polygon underestimates the length; refin-
ing the partition increases the polygon length to-
ward the arc length.

Arc length

If f"is continuous on [a, b] (the curve is smooth), the length of the graph of y = f(z) from

r=atoxz=0is

L:/ab\/lJr [ ()] dx:/ab\/w (33;)2 da.
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If the curve is given as x = g(y) with ¢’ continuous on [c, d], its length from y = ctoy = d is

o e ,/1+ "

Both come from the same "differential triangle” ds = dy

GIAI THICH TIENG VIET

Do dai cung (arc length) ctia d6 thiy = f(z) trén [a,b] la L = \/1 + [f(x)]?2 dz. Cbng
thirc dén tir viéc xap xi dudng cong bang cac doan thang nho: moi doan dai (A:c) (Ay)?
(dinh IV Pythagore) roi 13y gigi han. Néu dudong cong cho dudi dang x = g(y) thi doi vai tro:
L= f V14 (¢ (y)]? dy — hiru ich khi y khong xac dinh (tiép tuyén thang dirng) tai mot dau
mut. Hau hét ba| do dai cung trén dé AP |3 cadu dung may tinh: chi can thiét 1ap ding tich
phan va cho két qua 3 chir s6 thap phan. Bai tinh tay chi xuat hién khi 1 + [f’(x)]? 1a mét binh
phuong ding.

8.8.2 Arc lengths with a closed form

The square root makes most arc-length integrals impossible to evaluate by hand. The exceptions are

carefully chosen functions for which 1 + [f/(z)]? is a perfect square, or simplifies to something easy
to integrate.

Vi du mAu - A power function

Find the length of the curve y = ;

23/2 fromz =0toz = 3.

dy 2 3 212 — p1/2 dy\? _
. =3 3% T 501+<d:c> =1+ xz. Then
3 3 14
:/ V1t axdr = [%(Hx)?)/ﬂ :§(43/2—13/2):§(8—1):§m4.667.
0

0

Vi du miu - A perfect square under the root

2
Find the length of the curve y = % —Inzforl <z <4

2

dy = 1 Lo/ 1N? oz 1
i Square it: <Z — ;) =1 2 + 5+ Adding 1 changes only the middle sign:
dy\2 2?2 1 1 x  1\2
1+ (g) ~tatm (Gt

Since § + % > 0 on [1,4], the square root is simply § + %:

4 2 4
1 1 15
L_/ <§+—>dm:[$—+lnx} :<2—|—In4>—<7+0> =2 1 in4 ~ 3.261.
1 4z 8 1 8 8
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The perfect-square pattern. If f'(z) = A — B where AB = -, then

1
4’

1+ [f'(x))?=1+ A% —-2AB+ B2 = A2+ 2AB+ B2 = (A+ B)2.

2 1
In the example above, A = 7 and B = é (so AB = i). The same pattern drives y = % + o
&L
x? 1
ithd=— B=—.
it 27T w2

Vi du mau - The pattern again

3

Find the length of y = % + — on [1, 2].
6 2x

1 2 1 1 dy\ 2 x 12
——,and —-— =-,s01 (—) = (— —) . Hence
2x2 2 222 4 * x *

2 2 2
i [ Grgaie= 52l =G0 -G = eg = e

dy 2

-
dx 2

[\]

8.8.3 Arc length with a calculator

For almost every other function, the arc-length integral has no elementary antiderivative. On the
calculator-active part of the exam, the task is to set up the integral correctly and evaluate it numer-
ically, reporting three decimal places.

Vi du mAu - Calculator-active arc length

(a) Find the length of the parabola y = z? fromz = 0to z = 2.

(b) Find the length of one arch of y = sinz, 0 < = < 7.

(c) A suspension cable hangs in the shape y = 0.022? (in meters) between towers at x = —50
and z = 50. How long is the cable?

d 2
(a)d%:m: L:/ V1 + 422 da ~ 4.647.
0
d ™
(b)ﬁzcosac: L:/ v 1+ cos? xdx ~ 3.820.
0

d o0 .
(c) d—y =0.04z: L= / v/ 1+ 0.001622 dz ~ 147.894 meters. (By symmetry this also equals
€z 50
50
. 2 .
2]6 v1+0.001622 dx.)

On a free-response question, write the integral with its limits and integrand before the numerical
answer — the setup earns a point by itself, and a bare decimal earns nothing if it is wrong.

8.8.4 Curves given as x = g(y)

Integrating with respect to y is useful in two situations: when the curve is naturally described as © =
g(y), and when % is undefined at an endpoint (a vertical tangent), making /1 + [f’(x)]? unbounded
there. Viewed sideways, the same curve usually has a horizontal tangent at that point and a perfectly
continuous %'
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Vi du miu - Integrating in y

Find the length of the curve = = 1 (y* + 2)3/2 fromy=0toy = 1.
dr 1/2
@Z%%(y2+2) 2y:y y2+2,so
dx\? ! 4
0
Y (8,4)
4 4+
3 £4
o | = 223 = g = g2
! A vestfCal tangent at (0, 0)
‘ ‘ ‘ ‘ X
2 4 6 8

2
3

derivative g2 = $y'/? is continuous on [0, 4].

Vi du miu - Avoiding a vertical tangent

Find the length of y = x2/3 from (0, 0) to (8, 4).

d 2 .
In terms of z, d—y = 5,178 is undefined at x = 0, so j&s V14 Q%/sdfﬂ would be improper.
X X

. d 3
Instead write z = y3/2 for 0 < y < 4: d—x = §y1/2, and
Yy

4
9 4 2 9 \3/274 8 8
L= [ )1 fd:f~f[1 i ]:713/2_1:71\/1 — 1) ~ 9.073.
/0 Ty 3<+4y> o~ o710 ) = 57 (10V10—1) ~9.073

The curve y = 22/3 leaves the origin vertically, so % = 25~1/3 is unbounded at z = 0. Written as = = y?/2, the

8.8.5 Arc length versus distance traveled
The phrase "distance traveled” belongs to motion, and in Unit 8 motion is along a line. For a parti-

2
cle moving on the z-axis with velocity v(¢), the total distance traveled on [t,,t,] is / lu(t)| dt, as
t

developed in the section on motion along a line. The arc length of the graph of its posiltion function
x(t) is a different number with no physical meaning: the graph lives in the (¢, z)-plane, where one
axis is time, so "length” there mixes seconds with meters.

Vi du mau - Two different numbers

A particle moves along the z-axis with position z(t) = > — 4t for 0 < ¢ < 3.
(a) Find the total distance the particle travels. (b) Compare with the arc length of the graph
of x(t).

() v(t) = 2t — 4, which is negative on [0, 2) and positive on (2, 3]. The particle moves left from
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x = 0to z(2) = —4, then right to 2(3) = —3:

3 2 3
/ \2t—4\dt:/(4—2t)dt+/(2t—4)dt:4+1:5.
0 0 2

3
(b) The graph of x = t2 — 4t in the tz-plane has length / V1+ (2t —4)2dt ~ 6.126. This
0

exceeds 5 because it also "counts” the passage of time along the horizontal axis; it is not a
distance the particle travels.

x
t

1 2 3 o

1| —> 2 <t < 3:1unitright
graph length ~ 6.126 )
_9 | 0 <t < 2: 4 units left
-3 f f f f ®
—4 -3 —2 -1 0

74 -+

distance traveled =4+ 1 =5

Left: the position graph = = t2 — 4t (axes are time and position). Right: the actual motion on the z-axis. Only the
right-hand picture measures how far the particle goes.

Which length formula?

Situation Formula Where in the course
b
Length of the graph y = f(z), / V1+[f(x)]?de Topic 8.13 (this section)
a<z<b a
t2
Distance traveled along a line, / lv(t)| dt Topic 8.2
velocity v(t) t
123
Distance traveled in the plane, V' ()2 +y/ ()2 dt Unit 9 (parametric)
z(t) and y(t) t

In Unit 9 the two ideas merge: for a particle moving in the plane, the distance it travels is the
arc length of its path (when the path is traced once).

() L&i thueng gap: Common errors: (1) writing /1 + f/(x) or 1 + [f’(x)]?> — the derivative
must be squared and the whole sum must be under the root; (2) simplifying \/1 + [f/(z)]? to
1 + f/(x), which is false (a square root does not distribute over a sum); (3) using arc length
of the position graph for "total distance traveled” by a particle on a line; (4) giving fewer than
three correct decimal places on a calculator-active answer.
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8.9 BC Practice: Arc Length
Bai tap luyén tap

Which integral gives the length of the curve y = €?* fromz =0toz = 1?

1 1
(A) / VIt ek dy © / 1+ 46t dg
01 01
(B) / V11265 da (D) / (14 4647) da
0 0

Loi giai chi tiét

2 1
Z—y = 2¢2%, 50 (Z—y> = 4e** and L = / V1 +4detr dr (~ 6.495). (C). (A) squares 2* but
xr X 0

forgets the chain-rule factor 2; (B) does not square the derivative; (D) omits the square root.

Bai tap luyén tap

Find the exact length of y = In(cos z) for 0 < z <

w1

Loi giai chi tiet

d —sin .
d_y = o Y — _tan 7,501 +tan’z = sec?z and Vsec2x = secx (positive on [0, §]).
xr xr

/4 /4
L:/ secwdx:[ln\secaﬂrtanx]} =In(V2+1)—In1=In(1+v2) ~0.881.
b 0

Bai tap luyén tap

2
Find the length of y = x——%forl <z<e.

4
Loi giai chi tiét

dy x 1 z 1 1 dy\? r  1\2
ot e kb ()= (G )
il 2wandz sol+ 2+

Bai tap luyén tap

The length of the curve y = % (2% + 2)3/2 fromz =0tox = 3is
(A) 9 () 40

3
(B) 12 (D) V145
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Loi giai chi tiét

3
;l—y =zvVz2+2,501+2%2?+2) = (x2+1)2,andL:/ (22 +1)dz = 9+ 3 = 12. (B).
L 0

Choice (A) forgets the +1 inside the integral.

Bai tap luyén tap

(Calculator) Find the length of y = 23 from z = 0 to = 1, and the length of z = ¢ fromy = 0
toy=1.

Loi giai chi tiet

1

y:gj3:L:/ \/1+9§L‘4dl’%1548
0

d ! . :
z =y d—i =2, L = / V14 4y? dy ~ 1.479. (This arc is the reflection of y = 22,0 < z < 1,
0

in the line y = z, so the two lengths are equal.)

Bai tap luyén tap

Use the two line segments joining the points of y = x2 at x = 0, 1, 2 to approximate the length
of the curve on [0, 2]. Is this an overestimate or an underestimate?

(A) 4.576, underestimate (C) 4.472, underestimate

(B) 4.576, overestimate (D) 4.647, exact

Loi giai chi tiét

Points: (0,0), (1,1), (2,4). Segment lengths: /12 +12 = /2 and v/12 + 32 = 1/10. Total
V2 + V10 ~ 4.576. A straight segment is the shortest path between its endpoints, so each
chord is shorter than its arc: an underestimate (true length ~ 4.647). (A). Choice (C) uses one
segment only.

Bai tap luyén tap

A curve y = f(x) passes through (0, 1), and its arc length from z = 0 toany x > 0is s(z) =

/ V149t dt. If fisincreasing, find f(z).
0

Loi giai chi tiet

Comparing with s(x) = fox VI+[f(0)]2dt: [f ()] = 9t4, so f/(t) = £3t2. Since f is increas-
ing, f'(z) = 322,50 f(z) = 23 + C; f(0) = 1 gives f(z) = 23 + 1.

Bai tap luyén tap

The arc length of the quarter circle y = v4 — 22,0 < x < 2, is known to be 7. Show this using
the arc length formula, and explain why the integral is improper.
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Loi giai chi tiét

d - “ 4
yzix,solJr m = 2andL:
X

2
2
dv — \/4— g2 4—z% 4-— /0 V4 —z?

as x — 2~ (vertical tangent at (2, 0)), so the integral is improper:

dz. The integrand is unbounded

. . x1b ) T
L = lim [2arcsm—} =2arcsinl —0=2- - =.
b—2- 210 2

Bai tap luyén tap

A particle moves along the z-axis with velocity v(t) = 2 — 2t for 0 < ¢t < 3. Find the total
distance traveled.

(A) 0 ©

3
(B) % (D) /0 V14 (t2 —2t)2dt

Lai giai chi tiét

2
. . o 8 4
v(t) = t(t — 2) is negative on (0, 2) and positive on (2, 3). / (2t —t2)dt = 4 — ==z and
0

3

3
4 . . . .
/ (t2 —2t)dt =0 — <§ - 4) =3 Distance = % + % = %. (C). Choice (A) is the displacement;
2
(D) is an arc-length integral, which does not measure distance along a line.

Bai tap luyén tap

= 1
Find the length of the curve = = % + %0 for1 <y <3.
Y

Loi giai chi tiét

HI

dx_y2

2 1 2
— the product of the two terms is %, sol+ (—) = (— + —) .
dy 2 2

o

Let R be the region bounded by y = \/x, the z-axis, and = = 4.
(a) (Calculator) Find the perimeter of R.
(b) Explain why it is convenient to compute the curved part with respect to .

Lai giai chi tiét

(@) The boundary consists of the segment on the z-axis from (0,0) to (4,0) (length 4), the
vertical segment from (4,0) to (4, 2) (length 2), and the arc of y = /2 from (0, 0) to (4,2). As
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2
r=192%0<y<2: arclength = / v/ 1+ 4y2dy ~ 4.647. Perimeter ~ 4 + 2 + 4.647 = 10.647.
0
. d 1 . . .
(b) With respect to z, ﬁ = m is unbounded at z = 0 (vertical tangent), so f04 \/1+ t dx is

improper. With respect to v, 3—55 = 2y is continuous, and the integral is ordinary — and identical
to the length of y = 22 on [0, 2].

8.10 Problem Bank
Bai tap luyén tap

The average value of f(x) = 322 on [0, 2] is:

(A) 4 (€) 2
(B) 8 (D) 6

Loi giai chi tiet

1 2
favg = QTO/O 3%2 dx

Bai tap luyén tap

Let f(z) = 6 — 2% on [—1, 2]. Find the average value of f on this interval, and find every value
of ¢ guaranteed by the Mean Value Theorem for Integrals.

Loi giai chi tiet

oe- 5T, = lo-D-cov] -

Solve 6 —c?> =5 =c?=1= c = +1; both liein [-1,2],s0c = 1 or

theorem.

Bai tap luyén tap

A cyclist's speed over a 4-hour ride is modeled by v(t) = —t? + 4t + 3 (mph) for 0 < ¢ < 4. Find
the average speed over the ride.

Loi giai chi tiét
64

1 [ 1 3 417 64 1
uavgzzl/(—t2+4t+3)dt:Z[—§+2t2+3t]0:Z[—§+32+12]21[44—3]:
0

Bai tap luyén tap

A particle moves with velocity v(t) = t* — 2t — 3 on [0, 4]. The total distance traveled is:
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w2 © -2
(B) 2—30 (D) 4

‘
.
v
>\

Loi giai chi tiét

v(t) = (t—3)(t+1); on [0, 4] the only relevant zero is t = 3. Test: v(()) =—-3<0,v(4) =5>0,
sov < 0on [0,3) and v > 0 on (3,4]. With antiderivative P(t) = £ —¢2 —3t: P(0) = 0,
P(3)=9— 9 9= -9, P(4) =8 _16—12=—2). Distance = |P(3)— ( )|+ |P(4)—P(3)| =
| =9+ |- +9|=9+Z=2+1I=231(A) (NetdlsplacementlsP( )—P(0) = -2 —do
not confuse it with total dlstance.)

Bai tap luyén tap

A particle has acceleration a(t) = 2t — 6 (m/s?), initial velocity v(0) = 5 m/s, and initial position
5(0) = 0. (a) Find v(¢) and s(t). (b) Find the particle’s displacement and total distance traveled
on [0, 6].

.
5
o
>\

Loi giai chi tiét

U(t):5+/t(27—6>dT:5+(t2—6t):t2—6t+5:<t—1)(t—5). S(t):/t’U(T)dT:
; 0 0

t

— —3t2 + 5.

3 +

Zeros of v: t = 1,5;0n [0,6], v >00n[0,1),v < 0on (1,5),v > 0on (5,6]. Values: s(0) = 0,
3(1)25—3+5—7 s(5) =128 — 75+ 25 = —2, 5(6) = 72 — 108 + 30 = —6.
Displacement = s(6)—s(0) = —6 m. Total distance = |s(1)—s(0)|+|s(5)—s(1)|+|s(6)—s(5)| =
T+-2-%+|-6+2|=1+8+1I=Lm.

v
o
I
D>
Q)

Bai tap luyén tap

The velocity of a particle moving along a line is negative and increasing on the interval (2, 5).
Which must be true on (2,5)?

(A) Position increasing, speed increasing (C) Position increasing, speed decreasing

(B) Position decreasing, speed decreasing (D) Position decreasing, speed increasing

’
.
M
>\

Loi giai chi tiét

v < 0 means position is decreasing. Speed is |v|; since v is negative and increasing (moving
toward 0 from below), |v] is decreasing. (B).

Bai tap luyén tap

Given f/(z) = 322 — 2 and f(1) = 5, find f(4).
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Loi giai chi tiét

4
By the Net Change Theorem, f(4) = f(1) ~|—/ (322 —2)dx =5+ [:c?’ - 2:1:] =5+ [(64 —
1
8) —(1—2)] =5+ (56 + 1) = 5+ 57 = 62.

Bai tap luyén tap

During a storm, the rate of water flowing into a retention pond, R(¢) (thousand liters/hour),
is: R(0) =12, R(3) =9, R(5) =4, R(6) = 1. Use a trapezoidal sum over these subintervals to
estimate the total inflow over [0, 6] hours.

Loi giai chi tiét

6
R(t)dt ~ (3 —0)552 + (5—3)%5% + (6 —5) %

S~

= 3(10.5) +2(6.5) + 1(2.5) = 31.5 + 13 + 2.5 = 47 thousand liters.

Bai tap luyén tap

A city water tower has inflow rate R;,(t) = ¢t + 7 and outflow rate R, (t) = 15 (thousand
gallons/min), for 0 < t < 10. At ¢t = 0 the tower holds 50 thousand gallons. Find the time at
which the tower’s volume is at a minimum, and find that minimum volume.

Loi giai chi tiét

Net rate: R..(t) = (t + 7) — 15 = t — 8, negative (draining) for ¢ < 8 and positive (filling) for
t > 8, so volume is minimized at ¢t = 8.

8 ) S
Q(8) =50 +/ (t—8)dt =50+ [% — St} =50+ (32 —64) = 50 — 32 = 18 thousand gallons.
0 0

Bai tap luyén tap

5
A tank’s inflow and outflow rates satisfy / [Rin(t) — Roui(t)] dt = —120 (liters). Which must
2

be true?

(A) The tank gained 120 liters on [2, 5] (C) Inflow exceeded outflow for the entire
interval

(B) The tank lost 120 liters on [2, 5] (D) The tank’s volume was constant on |2, 5]

Loi giai chi tiét

The integral of (rate in — rate out) equals the net change in volume; a value of —120 means the
volume decreased by 120 liters over [2, 5]. (B).
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Bai tap luyén tap

Find the area enclosed by y = 8 — 22 and y = 22.

064 16
(B) % D) 8

Loi giai chi tiét

Intersections: 8 — 2?2 =22 = 22 =4 = 2 = £2. Topcurveisy = 8 — 2?2 (test x = 0: 8 > 0).

2 2

A=[2 [(8—x2)—x2]d1‘=/_2(8—21‘2)d:n= {81‘—%]:

(16—%)—(—16+%>=32—%:%.

(A).

Bai tap luyén tap

Find the total area enclosed between y = z2 and y = 4.

Loi giai chi tiét
Intersections: 22 = 4z = z(2?—4) =0 = 2z = —2,0,2. Testx = —1: 23 —42 = —1+4=3>0
soz® > 4z on (—2,0);testz = 1: 1—4 = —3 < 050 4z > 27 on (0, 2). Using H(z) = &' — 222
H(-2)=4—8=—4, H(0) =0, H(2) = —4.

A=|H()—H(-2)|+ |H2)—H(0)|=|0—(—4)|+|—-4—-0/=4+4=238.

Bai tap luyén tap

Find the area of the region bounded by y = \/z, y = 0,and = = 9.

(A) 18 (C) 9
(B) 27 (D) 6

Loi giai chi tiét

-

9

2 ? 2
7 de = [5333/2}0 — 2(27) = 18. (A).

[
S—
<
&
|

Bai tap luyén tap

Find the area enclosed by z = 4 — y? and z = 0.
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Loi giai chi tiét

2

Bai tap luyén tap

Find the area enclosed by x = y?> —2and =z = .

™ €5
(®) 4 o !

Loi giai chi tiet

(A).

Bai tap luyén tap

Loi giai chi tiét
G -3 =-% H0)=0H3) =-%

A=|H(0)— H(=3)|+|H(3)— H(0)| = |8 + |-

Bai tap luyén tap

AN

volume.

Loi giai chi tiet

1 1
_ 2 o.3 4 |z _ =zt | 1 1,1
V= (@ —2z° +z*)de = [% 2+50—3 5 E
0

Thay Tuwong 0332747169 - Co6 Nancy 0983422 692

Side s(z) = z — 2% (since z > z? on [0, 1]). A(z) = (v — 2?)? = 2% —

Zeros: 2® — 9z = x(2?2 —9) = 0 = x = —3,0, 3. Antiderivative H(z)
8

81
4

Intersections: 4 —y? =0 = y = +2. On (—2,2), z = 4 —y? > 0, so it lies to the right of z = 0.

Az/_2[(4—y2)—0]dy: [43/_%]22=(8—§)—<—8+§>:16_%:%_

Intersections: 4> —2 =y = > —y—2=0= (y—2)(y+1) =0=y = —1,2. Testy = 0:
r=y=0versusz = y?> —2 = —2,50 x = y is to the right.
2 2 2 3 2
- 2 _ 2 _
A—/l [v—(y —2)]dy—/1(y—y +2)dy = |G- +2| .
— 9. 8 _ 8 _ 10 _ o 1l 1 __ 7T __ 10 7 _ 20 T 27 9

Find the total area enclosed between y = 23 — 9z and the z-axis, for —3 < z < 3.

4

2
= % H(-3) =

4

_ 81

5

AN

The base of a solid is the region between y = x and y = 22 on [0, 1]. Cross-sections perpen-
dicular to the z-axis are squares with side equal to the distance between the curves. Find the
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Bai tap luyén tap

The base of a solid is the triangular region bounded by y = 3 — x and the axes, for 0 < z < 3.
Cross-sections perpendicular to the z-axis are squares with side y = 3 — x. The volume is:

(A) 9 (C) 3
(B) 27 (D) 18

Lo gidi chi tiét
3 3 3
V= / (3 — )2 dz. Substituting u = 3 — a: / u? du = [%} = 9. (A).
0 0 0

Bai tap luyén tap

The base of a solid is the region under y = /z on [0, 4]. Cross-sections perpendicular to the
x-axis are rectangles whose height is twice the base, where the base equals /z. Find the
volume.

Lai giai chi tiét
Base = \/z, height = 2\/z, s0 A(z) = \/z - 2\/x = 2x.

4 RE
V:/o 2xd1::[1‘}0:16.

Bai tap luyén tap

The base of a solid is bounded by y = 2 — Z and the z-axis, for 0 < z < 4. Cross-sections
perpendicular to the z-axis are equilateral triangles with side 2 — 7. Find the volume.

Loi giai chi tiét

2
A($):—<2—§> letw=2—2,50dr = —2dw;asz:0 — 4,w: 2 — 0.

0 z ¢ 3

Bai tap luyén tap

The base of a solid is bounded by y = z and y = —z, for 0 < x < 2. Cross-sections perpendic-
ular to the z-axis are semicircles with diameter equal to the distance between the two lines,
2z. The volume is:

47 27
(A) = ) =
® (D) 4
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Loi giai chi tiét

Radius = z, so A(z) =

(A).

Bai tap luyén tap

The region under y = 23 on [0, 1] is revolved about the z-axis. The volume is:

(A) (C)

~0a
w3 o3

(B) (D)

e~

Loi giai chi tiet

1 1 1
V= w/ (232 dx = 7r/ z8dx = w[%} = Z. (A). (Squaring z* gives z, not z* again — a
0 0 0

common exponent slip.)

Bai tap luyén tap

The region bounded by = = /9, the y-axis, and y = 4 is revolved about the y-axis. Find the
volume.

Loi giai chi tiet

R(y) = /y,50 [R(y)]* = .

-

Bai tap luyén tap

The region bounded above by y = x2, below by the line y = —3, and on the right by 2 = 2 (for
0 < x < 2)is revolved about the line y = —3. Find the volume.

Loi giai chi tiét
The region’s lower boundary is the axis itself, so this is a disk: R(z) = 22 — (—3) = 22 + 3.

2

2
[R(z))? = 2* + 622 +9, V:ﬂ/ (x4+6x2+9)dx:7r[g—5+2x3+9x
0 0

Atz=2124164+18=32434=22 V=",
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Y
o
I
D>
Q)

Bai tap luyén tap

The region bounded on the right by = = | /y, on the left by the line 2 = —2, for 0 < y < 4, s
revolved about the line x = —2. Find the volume.

,
.
N
X

Loi giai chi tiét
The region’s left boundary is the axis itself, so this is a disk: R(y) = \/y — (=2) = \/y + 2.

4 ) 4
[Ry)2 =y + 45 +4, V:ﬂ/ <y+4\/§+4)dyzw[%—i-%y?’p—f-lly]o.
0

136
Aty:4:8+§(8)+16:8+%+16:24+%:1§—6.V:—?’W.

v
5
I
D>
Q)

Bai tap luyén tap

The region between y = z and y = 22 on [0, 1] is revolved about the z-axis. The volume is:

w7 © 7
(B) (D) £

‘
.
M
>\

Loi giai chi tiét

Outer radius R(z) = z (since = > 22 on [0, 1]), inner radius r(z) = 2.

(A).

Bai tap luyén tap

The region bounded by y = 4 — 22 and y = 0 is revolved about the line y = —2. Find the
volume.

Loi giai chi tiet

Curve meets axis at z = +2. Outer radius (to the farther curve y = 4 — 22): R(z
(—2) = 6 — 22. Inner radius (to the nearer boundary y = 0): r(z) = 0 — (— )=

) =(4—2%) —
2.

[R(z)]? —[r(z)]? = (6 —22)? —4 =36 — 1222 + z* — 4 = 32 — 1222 + z*.

2
V—7T/ (32—12:132+:U4)dx:7r[32:1:—4x3+%5
—2

-2

Atz =2: 64— 32+ 22 =32+ 32 = 192: by symmetry double this: V = 7 - 354 ==
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Bai tap luyén tap

The region bounded by = = y? and x = 2y (for 0 < y < 2) is revolved about the y-axis. Find
the volume.

Loi giai chi tiét

Since 2y > y? on [0, 2], outer radius R(y) = 2y, inner radius r(y) = y>.

3 5

V=7r/02 [(2y)? — (v*)?] dy=7r/02 (4y2—y4)dy:7r[%—%}o-

Aty=22-2=3(1-})=32-F=%v=""

Bai tap luyén tap

Let R be the region enclosed by y = z2 and y = 2. (a) Find the area of R. (b) Find the volume
when R is revolved about the z-axis.

Loi giai chi tiét

Intersections: 2% = 2x = x = 0,2. On (0, 2), 2z > z2.
2

(a)A:/2(2ac—a:2)dx: [:cg—%}ozll—
0

(b) Washer about the z-axis: outer R(z) = 2z, inner r(z) = z2.

4
3

wloo

2 2
V—7r/ [(22)%—(2?)?] dx—w/ (422 —2?) dmzw{%a—%{)] :7r<%—%> =r 8 =81
0 0 0

Bai tap luyén tap

Let R be the same region enclosed by y = 22 and y = 2z from the previous problem. Find the

volume when R is revolved about the line y = —1.

Loi giai chi tiét

Since the axis y = —1 lies below the entire region, distances increase by 1: outer radius (to the
lower curve y = 22, farther from y = —1) is R(z) = 22 + 1; inner radius (to the upper curve

y =2z, nearertoy = —1)isr(z) = 2z + 1.
[R(2))?2—[r(@)]?=(22+1)2— 2z +1)? = (2* + 222 + 1) — (422 + 4z + 1) = 2* — 222 — 4x.

2

2
_ _ 5 23
V—TI'/O (m4—2x2—4:c)dx—7r[?—7—2332}0.

Atz =2: 2 — 158 Common denominelntozr 15: 2080120 _
positive) volume integral: V = 7 - %‘ = 1—;

104 ] R
— = - Taking the (necessarily
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Bai tap luyén tap

Let R be the region bounded by y = /z, the z-axis, and x = 4. (a) Find the area of R. (b) Find
the volume when R is revolved about the line x = 4.

Loi giai chi tiét

(@) A= /4\/§d:v = [5363/2}2 =2(8) = 1.
0

(b) Revolving about the vertical line x = 4 requires integrating in y; rewrite the curve as z = 2,
with y ranging from 0 to 2 (since y = V4 = 2). The region’s right boundary is the axis = = 4
itself, so this is a disk with radius R(y) = 4 — 32 (distance from the curve to the line x = 4).

3

2 2
[R(y)? =16 —8y* +y*, V= 7r/ (16 — 8y2 + y*) dy = W[lﬁy_ T y5i]0
0

. 256
Aty = 2: 32— & + 32 Common denominator 15: 480 — 320 4 96 _ 256 'y 20T

15 15 15
Bai tap luyén tap

Let R be the region bounded by y = 2% and y = 4. (a) Find the area of R. (b) Find the volume
when R is revolved about the z-axis.

Loi giai chi tiét
Intersections: 22 =4 = x = 4+2.
2

(a)A:/2(4—:v2)dx: [4:3—36;]:: (3-%)-(-8+8)-16-%¥-2%

(b) Even though the lower curve y = z? touches the z-axis at z = 0, the region R itself is

bounded below by y = 22, not by y = 0 — so revolving about the z-axis produces a washer,

not a disk, with outer radius R(z) = 4 (constant, the horizontal line) and inner radius r(x) = x2:

2 2

V:7r/ [42—<1'2>2}d1‘:77'/
—2 —2
256 _ 2567

Atz = 2: 32 — 32 = 128, by symmetry double this: V =7 - 226 = ———,

5 5
Bai tap luyén tap

A solid has known cross-sections perpendicular to the x-axis that are squares, with base region
between y = f(x) and y = g(x) on [a, b], where f(x) > g(x) throughout. Which integral gives
the volume?

(16 —zt)dz =7 {163} — %5} :.

b

b
A 7 [ (@) - g(@)? da © [ 1f@? -~ gla)]do

b

b
(B) / [F(z) — g(2)]? da (D) = / [F()? — g(z)?] da
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Loi giai chi tiet

The cross-sections are squares, not circles, so there is no factor of = anywhere in the formula
— 7 only appears for circular cross-sections (disks/washers). The side length of each square
is the distance between the curves, f(x) — g(z), so the cross-sectional area is [f(z) — g()]?

and V = fab[f(m) — g(x)])? dx. (B). (Choice (C) is the mistake of subtracting before squaring in
a washer-style setup, which does not apply here at all since this is not a solid of revolution.)

On tap nhanh — toan bé chuong trinh:

e Gigi han & lién tuc: ludn thir thé truc tiép trudce; néu gap % thi phan tich nhan tt, nhan lién hop,
hodc dung cac gi6i han dac biét lim,_,, *22 = 1; gi6i han hai phia ton tai khi va chi khi hai giéi han
mét phia bang nhau.

e Dao ham co ban & quy tic chudi: 4p dung quy tic chudi cho moi ham hop, ké ca khi an duéi dang
dao ham an (implicit) hay dao ham ham nguoc; véi dao ham an, ludn nhan thém % mdi khi dao ham
mot biéu thirc chira y.

¢ Uhg dung dao ham theo ngir canh: t6c do lién quan (related rates) ludn bat dau tir mot phuong trinh
lién hé cac dai luong roi 1ay dao ham theo ¢; xap xi tuyén tinh dung f(a) + f'(a)(x — a); ludn ghi rdé
don vi cta dao ham trong bai toan thurc té.

e Phan tich d6 thi ham s6: [/ > 0 = f tang, f/ < 0 = f gidm; f” > 0 = |6m Ién (concave up),
f” < 0 = 16m xudng (concave down); diém udn chi duoc céng nhan khi f” thue sy ddi dau qua diém
dé, khong chi don thuan f” = 0.

e Tich phan & Dinh ly co ban (FTC): Lb f/(z)dx = f(b) — f(a); ludn céng hang s& +C vai tich phan
bat dinh; kiém tra lai dao ham clia dap s6 dé chic chan tinh dung.

S g d
e Phuaong trinh vi phan: tach bién roi lay tich phan hai vé; mé hinh tang trudng/phan ra mi dit/ =

ky = y = y,e**; ludn dung diéu kién dau dé tim hang s6 C (ho3c y,) cu thé.

e Chuyén dong & tich liy: d6 doi = [ vdt (c6 dau), quang duong = [ |v| dt (ludn khéng &m) — hai dai
lwong nay khac nhau bat cir khi ndo v d6i dau trén doan dang xét.

e Dién tich giira hai dudng cong: luén tim giao diém trudc; ki€m tra dudng ndo & trén bang cach thir
mét diém & gilra; néu hai dudng cat nhau nhiéu [an, tach tich phan tai tirng giao diém rdi 13y tri tuyét
doi tirng manh.

e Thé tich khai: luén hinh dung (ho3c vé) mot 1t cat dai dién trudc khi lap tich phan; véi thiét dién da
biét, xac dinh ding dé dai canh/dudng kinh réi méi ap cdng thirc dién tich hinh hoc tuong Gng; véi
dia/vanh khan, do ban kinh 13 khoang cach thuc sy tur truc quay dén dudng cong (khong méc dinh
R = f(x) néu truc khéng phai la truc hoanh); véi vanh khan, luén binh phuong tirng ban kinh truéc
khi trr.
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Parametric Equations, Polar Coordinates,
and Vector-Valued Functions

Muc tiéu Unit: M6 ta dudng cong bing phuong trinh tham s6, xac dinh chiéu chuyén déng va khir
tham s6; tinh dy/dx va d?y/dz?* cda dudng tham s6, tim ti€p tuyén ngang/dirng va xét tinh [6i-16m
(concavity); tinh dé dai cung clia dudng tham s6; dao ham va tich phan ham vecto, dung lai vi tri tir
van téc véi diéu kién dau; gidi bai toan chuyén déng trén mit phang (van téc, gia téc, tdc do = do dai
vecto van téc, quang dudng, do doi, vi tri) cd co va khéng cd may tinh; chuyén déi gitra toa dd cuc va
Descartes, nhan dang cac dudng cuc quen thudc (dudng tron, cardioid, limacon, hoa héng), tinh hé s6
goc tiép tuyén va hiéu y nghia clia dr/db; tinh dién tich mién cuc 1 [ r? df va dién tich gitra hai duong
cuc, ké ca khi hai dudng giao nhau tai géc toa dé.

9.1 Defining and Differentiating Parametric Equations

9.1.1 Parametric equations and orientation

Many curves in the plane are not graphs of functions y = f(z): a circle fails the vertical line test,
and the path of a moving object may loop back over itself. A parametric description solves this by
writing both coordinates as functions of a third variable, the parameter (usually ¢, often thought of
as time):

x = f(t), y=g(t), t in some interval I.

As t increases through I, the point (f(t), g(t)) traces out a curve C. The direction in which the
point moves as t increases is the orientation of the curve, and it is shown on a sketch with arrows.
Two different parametrizations can trace the same set of points at different speeds or in opposite
directions — the parametric equations carry more information than the picture alone.

Parametric curve

A parametric curve is the set of points (z(¢),y(t)) for ¢ in an interval I, where z and y are
continuous functions of t. The point at t = a is the initial point, the point at ¢ = b the terminal
point (for I = [a, b]), and the orientation is the direction of increasing ¢.

Eliminating the parameter. To identify the shape of a parametric curve, solve one equation for
t and substitute into the other, or use an identity such as cos?t + sin’t = 1. The resulting Carte-
sian equation describes the set of points, but it loses the orientation and may include points the
parametric curve never reaches, so always restrict 2 and y to the values actually attained.

- GIAI THICH TIENG VIET
Phuong trinh tham s& mé ta cd « 1an y theo mot bién thir ba ¢ (tham s8, thudng hiéu 13 thai
gian). Nho vay ta mé ta dugc nhirng dudng khong phai dé thi ham sé (duong tron, dudng tu
cat) va biét thém chiéu chuyén déng (orientation) — chiéu ma diém di chuyén khi ¢ ting, vé
bang mai tén. Khir tham sé (rat ¢ tr moét phuong trinh réi thé vao phuong trinh kia, hodc dung
cos2t+sin’t = 1) cho ta phuong trinh Descartes dé nhan dang hinh, nhung sé mdt théng tin
vé chiéu va co thé thira diém — phai gidi han lai mién gia tri 2, y thuc sy dat duoc.
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ENGLISH

Vi du mAu - Eliminating the parameter (algebraic)

Sketch the curve z = t?> — 1,y = 2t for —2 < t < 2, indicate its orientation, and find a Cartesian
equation.

Eliminate ¢. From y = 2t we gett = 4,50z = (%)2 —1,ie.

r=1y*—1| —4 <y<A4.

This is a parabola opening to the right with vertex (—1,0).

Orientation. Att = —2 the pointis (3, —4); att = 0itis (—1,0); att = 2itis (3,4). Sincey = 2t
always increases, the curve is traced from bottom to top: starting at (3, —4), passing through
the vertex, ending at (3, 4). The restriction —4 < y < 4 is essential — the Cartesian equation
alone describes the whole infinite parabola.

Vi du miu - Eliminating the parameter (trigonometric)

Identify the curve x = 3 cost, y = 2sint, 0 < ¢t < 27, and its orientation.
Use the Pythagorean identity. cost = £ and sint = £, so cos?t +sin’t =1 gives

22 y2
I
9+4 ’

an ellipse with semi-axes 3 (horizontal) and 2 (vertical).

Orientation. ¢t = 0: (3,0); ¢t = 3: (0,2); t = m: (—3,0). The point moves counterclockwise,
and it traces the ellipse exactly once on [0, 27]. (By contrast, x = 3cost, y = —2sint traces
the same ellipse clockwise, and x = 3 cos 2t, y = 2sin 2t on [0, 27] traces it twice.)

Left: x = t2 — 1, y = 2t on [—2, 2] — half of the parabola z = iyz — 1is traced upward. Right: x = 3 cost, y = 2sint
traces the ellipse %2 + %2 = 1 counterclockwise. Pink arrows show the orientation (direction of increasing t).

9.1.2 The derivative dy/dx of a parametric curve

If z = z(¢t) and y = y(t) are differentiable and %f # 0, then near that value of ¢ the curve is locally

. . . . . d d . dy.
the graph of a differentiable function y of 2. The chain rule gives & = ¥ - i—f, and solving for Z%:
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Slope of a parametric curve

dy  dy/dt
dr d:c/dt7

dr
ided — .
provided — #0
dy
¢ Horizontal tangent: i 0 and — 7& 0.
dx y
e Vertical tangent: — =0and — 7& 0.

dt

d d . . .
o If both 73: —0and ¥ —patt = a, the formula gives no information: the curve may have

dt

dt

a cusp, a corner, or an ordinary tangent there. Investigate with lim dy/ .

t—a dx/dt

GIAI THICH TIENG VIET
C o oo p R < dy _ dy/dt o an L
Hé s6 gbc tiép tuyén cua dudong tham soé: T = du Tt (lay "toc d6 theo phuong dirng” chia
x

"t6c d6 theo phuong ngang”). Tiép tuyén ngang khi t&r bang 0, miu khac 0; tiép tuyén dirng
khi mau b3ng 0, t&r khac 0. Néu cd hai ciing bang 0 thi chua két luan dugc — phai tinh giéi han
cla ti s6 (c6 thé 13 diém Iui/cusp, di€ém gay, hoac ti€p tuyén binh thuong).

Vi du miu - Tangent line at a given value of ¢

A curve is defined by z = t? +t, y = 3 — 3t. Find the equation of the line tangent to the curve
at the point where ¢t = 2.
Point: z(2) =4+ 2 =06, y(2) = 8 — 6 = 2, so the point is (6, 2).

dx dy dy 9

do dy
Slope: & — ot + 1, W 32 g atr=2 2 5 W g0 _2
ope: =+ h g dt at 7% drl, T 5

Tangent line: |y — 2 = %(a: —6) | On the AP exam, point-slope form is acceptable; there is no

need to simplify.

Vi du miu - Horizontal and vertical tangents; a curve that crosses itself

Consider the curve C given by = = t2, y = 3 — 3t for all real ¢.
(a) Find all points on C' where the tangent line is horizontal or vertical.
(b) Show that C' passes through (3, 0) twice, and find the slope of each tangent line there.

dx dy
— =2tand == =3t2 -3 =3(t—1)(t+1).
(a) pn and — 3 3=3( )(t+1)
e Horizontal: % = 0 = ¢ = +1, and there 42 = 1.2 +£ 0. Points: t = 1 = (1,—2);t = —1 =

(1,2).
e Vertical: ¥ =0 = t=0,and % = —3 # 0. Point: (0,0).

(b)y = t(t>—3) =0att = 0,+/3. Fort = £/3, x = 3, s0 (3,0) is reached at two different
times — the curve crosses itself. The slopes are

dy 3t2—3 6
bt . : t = = t=—V3: —— =—V3.

Two different tangent lines, y = \/§(x —3)and y = —/3(x — 3), pass through the crossing
point.
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The curve z = t2, y = t3 — 3t. Horizontal tangents at (1, +-2), a vertical tangent at the origin, and two tangent lines
(slopes ++/3) at the self-intersection (3, 0). The orange arrow (drawn at 30% length) is the velocity vector at t = 1.5; it
is always tangent to the path and points in the direction of motion.

Vi du mau - When both derivatives vanish

d .
Forz = t3,y = t2, find d—y and describe the curve at t = 0.

xr
d d d 2t 2
:E = 3t W_ 2t,sofort # 0, & _ = —. Att = 0 both derivatives are 0, so the formula
dt dt dr ~ 3t2 3t
is undefined. Examine the limit: as ¢ — 0, % — +ooj;ast — 07, % — —oo. Eliminating ¢
gives y = 22/3: the curve has a cusp at the origin with a vertical tangent. Neither "horizontal

tangent” nor "vertical tangent by the rule” may be concluded just from 0/0.

X o ™ oA dy d:c/dt
!) Loi thuor . Viet —= =
() Loi ng gap: Viet —— dy/dt

nhu ky hiéu %. L6i thir hai: két luan "ti€p tuyén ngang” chi vi dy = 0 ma quén kiém tra 2 £0,
L6i thir ba: khi khir tham s8, quén gii han mién gia tri (vi du z = t> nén z > 0).

(dao ngugc) 13 16i rat hay gdp — nhé "y trén, = duéi” giéng

9.2 Second Derivatives of Parametric Equations

The second derivative i is the derivative with respect to x of the first derivative fj—g. Since j—g is
expressed as a functlon of t, we apply the same "divide by &7 4z ryle a second time:

Second derivative of a parametric curve

d (dy
dz?  dzx \dx de 7 dt ’
dt
The curve is concave up where ¥ > (0 and concave down where < dwz < 0.
d? /d 12
Warning. In general 7& T /dt2 Always differentiate the expression for ¥ (as a function of

t) with respect to ¢, then d|V|de by
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GIAI THICH TIENG VIET
Dao ham cap hai: 1ay dao ham cuta j—g (dang 13 biéu thirc theo t) theo t, rdi chia thém mét [an
nira cho 2. Tuyét d6i khéng 1y L4 — dé Ia I6i sai kinh dién. Dau cta 44 cho biét dudng
cong lém Ién (concave up, > 0) hay [6m xudng (concave down, < 0) khi nhin theo phuong .

Vi du miu - Concavity of z = t2, y = t3 — 3t

. d? . .
Find d—‘z for the curve z = t2, y = t3 — 3t and determine where the curve is concave up.
X

. . .. dy 3t*—3 3 3
F P = = =—t— —.
irst derivative T 57 2t 5

. . . d (3 3 3 3 3t2+3
Differentiate with respect to ¢: pr (575 — 575*) = g

2 o T o
Divide by dx/dt = 2t:

d?y (32 +3)/(2t%) [3(t2+1) _

dz? 2t 413

The numerator is always positive, so the sign is the sign of t3: concave up for ¢t > 0 (the branch
from the origin down through (1,—2) and up through (3,0)) and concave down for ¢ < 0.
Compare with the figure in Section 9.1: the branch for ¢ > 0 bends upward, the branch for
t < 0 bends downward.

Vi du miu - The cycloid

A wheel of radius 1 rolls along the z-axis; a point on its rim traces the cycloid x = t — sint,
. d d? . .
y =1—cost. Find § and 7-4 for 0 < t < 2m, and describe the concavity.

dx—l cost dy—sint sody— sint
dt Tdt T dr 1—cost’

Quotient rule in ¢:

d sint _cost(l —cost)—sint-sint  cost— (cos® ¢+ sin’ t)
£<l—cost> N (1 —cost)2 N (1 — cost)2
cost—1 -1

(1—cost)? 1—cost’

Divide by 4 =1 — cos:

d?y —1
— = f t < 2m.
12 (1= cost)? <0 forO0<t<2m

Each arch of the cycloid is concave down everywhere. At t = = (top of the arch), % = g =0
horizontal tangent. At ¢ = 0 and ¢ = 2« both derivatives vanish; d—g — +00, producing cusps
where the point touches the ground.
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horizontal tangent, ¢t =

t } xr
™ 27 3 4

Two arches of the cycloid x = ¢t —sint, y = 1 — cos t traced by a point on a rolling unit circle. Each arch is concave
down (% < 0) with cusps at z = 0, 27, 4.

Vi du mau - Second derivative at a point

d2
For z = ef, y = t2¢!, find Tz att = 1.
x

dr _ , dy 9 dy (2t+t)et

E e d‘[/‘ (Qt + t )6 SO — dgj 7et =t + 2t.

d d? 2t + 2 d? 4 .
L2yt =2t +2 and—y 2 At =124 2|2~ 1472 > 0, s0 the curve s

dt dx? e

concave up there.

Check of the warning: giig; = (t2+4§f2>et =t2+4t+2 = "Tatt = 1— a completely different
(wrong) number.

9.3 Finding Arc Lengths of Curves Given by Parametric Equations

Over a short time interval At, the point moves horizontally by Az ~ x’(t) At and vertically by Ay ~
y’(t)At. By the Pythagorean theorem the small piece of curve has length

~ VIR F (B ~ (2 (0) + (v (1) At.

Summing these pieces and letting At — 0 gives a definite integral.

Arc length of a parametric curve

If ’(¢) and y’(t) are continuous on [a, b] and the curve is traced exactly once as ¢ goes from a

to b, its length is
2
b= (%) + (&)

For a function graph y = f(z), a < z < b (take = = t), this reduces to the Unit 8 formula

= jj\/l—i— (f’(x))2dac.

Each small piece of the curve is approximately the hypotenuse of a right triangle with legs Az and Ay; adding up

As = /(Ax)? + (Ay)? leads to the arc length integral.
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GIAI THICH TIENG VIET
D6 dai cung ctia dudng tham s6: L = j: V/(2")%2 + (y’)2 dt — chinh I3 dinh ly Pytago ap dung
cho tirng doan nho roi cong lai. Diéu kién quan trong: dudng cong phai dugc vé ding mét [an
khi ¢ chay ttr a dén b; néu diém di lai trén mét doan da di thi tich phan cho qudng duong di duoc
(I6n hon dé dai hinh hoc cua dudng). Biéu thirc dudi dau can chinh 13 binh phuong téc dé —
nén do dai cung = tich phan cla téc dé (xem muc 9.6).

Vi du miu - Exact arc length

Find the length of the curve z = %,y = 23 for 0 < ¢ < /3.

2 2
Z—f = 2t, % = 2t?, 50 (if) - <(§Z> = 4% + 4t* = 4t2(1 + t%). Fort > 0, \/4t2(1 + t2) =

2tv/1 + 2. Substitute u = 1 + 2, du = 2tdt (sot =0 u=1,t = /3 > u = 4):

4
1 3

V3 4

2 2 14

L:/ 2t\/1+t2dt:/ u1/2du:§[u3/2] =281 =] |
0 1

Vi du miu - Length of one arch of the cycloid

Find the length of one arch of the cycloid x =t —sint,y =1 —cost, 0 <t < 2.
(2)2 + ()2 = (1 —cost)? +sin’t = 1 — 2cost + cos2t + sint = 2 — 2cost. Using the
half-angle identity 1 — cost = 2sin’ ivV/2—2cost = \/4sin® L =2|sini| =2sinL on [0, 2n]

(where sin £ > 0).

27

L:/OQﬂZSin;dt: [—4cos%] = (1) — (—4)(1) =[8]

0

A remarkable fact: one arch has length exactly 8 — four times the diameter of the rolling wheel.

Vi du mAu - Arc length with a calculator

(Calculator allowed.) Find the length of the loop of the curve x = t2, y = 3 — 3t (see the figure
in Section 9.1).

Limits. The loop starts and ends at the self-intersection (3, 0), reached att = —/3 and t = /3.
Between these values the loop is traced exactly once.

Integral. (z/)% + (y')? = (2t)* + (3t — 3)?, s0

V3
L= / VA2 + (32 — 3)2 dt ~ | 10.735 |,
V3

On the exam, write the integral with its limits, then give the calculator value to three decimal
places.

Vi du mau - Traced once versus traced twice

The curve x = cos2t, y = sin2t, 0 < t < 2, is the unit circle. Compute fo% V(@')?+ (y)?dt
and interpret.
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x' = —2sin2t,y’ = 2cos2t,s0 \/(z/)? + (y')? = \/4(sin2 2t + cos? 2t) = 2, and fozw 2dt = 4m.
But the circumference is 27: the circle is traced twice on [0, 27]. The integral measures distance
traveled, not the length of the set of points. The circle’s length is j(’;r 2dt = 2.

() Loi thuong gap: Quén dau can, hodc viét \/(2/)2 + (y/)2 = 2’ + ¢/ (sai!). Khi rat can cda
mot binh phuong phai 1y tri tuyét déi, vi du /4 sin’ L =2|sin £|, r6i xét dau trén khoang tich
phan. V&i cdu c6 may tinh, chi can viét ding tich phan (kém can) ro6i bAm may — khéng can tim
nguyén ham.

9.4 Defining and Differentiating Vector-Valued Functions
9.4.1 Vector-valued functions
A vector-valued function assigns a vector to each value of ¢:

#(t) = (x(t), y(t))  (also written z(t)i + y(t)j).

When we draw 7(¢) as an arrow from the origin, its tip is the point (z(¢),y(t)). As ¢ varies the tip
traces exactly the parametric curve x = z(t), y = y(t). So a vector-valued function is a parametric
curve viewed as a moving position vector; the vector language makes velocity and acceleration easy
to describe.

9.4.2 Derivatives: velocity and acceleration

Vector functions are differentiated component by component:

If 7(¢) = (z(t),y(t)) is the position of a particle, then
() =7'(t) = (2'(¢), y'(t)) (velocity vector),
a(t) =uv’(t) = (=" (t), y”(t)) (acceleration vector).

The velocity vector at time ¢ is tangent to the path and points in the direction of motion; its

slope is g/,gg = g—g. The speed is the magnitude of velocity:

2

speed = [[5(t)] = \/ (= ()" + (v (1))".

- GIAI THICH TIENG VIET
Ham vecto 7(t) = (x(t), y(t)) 1a "mai tén vi tri” tir gbc toa do dén diém dang chuyén dong; dau
mi tén vé nén dung duong tham s6. Dao ham tirng thanh phan: ¢ = (z’,y’) 1a vecto van toc
(ludn tiép xtc vai quy dao, chi theo chiéu chuyén déng), @ = (z”,y”) la vecto gia téc. Téc dod
(speed) la do dai cia vecto van téc /(x7)% + (y’)%2 — mot s6 khéng am, khong phai vecto.
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path

7(t)

xT

The position vector #(t) points from the origin to the particle. The velocity vector is tangent to the path in the direction
of motion; the acceleration vector points toward the side to which the path is bending (here 7(t) = (t2, 1+ 2t — 3¢2) at
t = 1.2; vectors drawn shortened).

Vi du mAu - Velocity, acceleration, and speed

A particle moves in the plane with position 7(t) = (2!, sin(rt)). Find the velocity vector, the
acceleration vector, and the speed of the particleatt =0 and at¢ = 1.

B(t) = (22, weos(mt)), a(t) = (4e*, —n?sin(mt)).
Att =0:9(0) = (2,m),d(0) = (4,0), speed = V4 + 7% ~ 3.724.

Att = 1: 5(1) = (2¢%, —m), (1) = (4e2,0), speed = V4e* + 2 ~ 15.108. At t = 1 the particle
is moving right (z” > 0) and down (y’ < 0).

Vi du mAu - Direction of motion from the velocity vector

A particle has position 7(t) = (t3 —3t2, 2 —4t) for t > 0. (a) For what values of ¢ is the particle
moving to the left? (b) Is the particle ever at rest? (c) Find the slope of the path at ¢ = 3.

B(t) = (3t2 — 6t, 2t — 4) = (3t(t —2), 2(t — 2)).

(@) Moving left means z’(t) < 0: 3t(t — 2) < 0 for .

(b) At rest means ¢ = 0, i.e. both components are 0. z/(t) = Oatt = 0,2; y/(t) = 0att = 2.
Both vanish at [+ = 2]: the particle is momentarily at rest at 7(2) = (—4, —4).

Qb _v® 2

drlizs  2/(3) 9

(1) L6i thuong gap: Toc do (speed) 1a mot s6, van téc (velocity) 1a mot vecto. Dé hoi "velocity
vector” thi tra 161 ( , ); hoi "speed” thi tra |61 mot s6. "Dirng yén” (at rest) doi hoi cd hai thanh
phan van téc bang 0 cuing lic — chi 2z’ = 0 thi hat van cé thé dang chuyén dong thang ding.

9.5 Integrating Vector-Valued Functions

Integration of vector functions is also done component by component. Indefinite integrals produce
a vector constant C' = (C,, C,), which is determined by an initial condition.
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j Integrals of vector-valued functions |
/ (), g(t)) dt = { / £(t)dt. / o) dt) +C,
b b b
IOy OrE < [ rwa, [ g(t)dt>.

Position from velocity (Fundamental Theorem, applied to each coordinate):

7(t) = 7(ty) —i—/t U(s)ds, i.e. x(t) = z(ty) —i—/t z'(s)ds, y(t) =1y(ty) —|—/t y'(s)ds.

0 0 0

Likewise (t) = (to) + [ (s) ds.

. GIAI THICH TIENG VIET

Tich phan ham vecto ciing |dam tirng thanh phan. Tich phan bat dinh cho ra mét hang vecto
C = (C}, C,), xac dinh nho diéu kién dau. Cong thirc then chét cho bai toan chuyén dong: vi
tri lic ¢ = vi tri ban dau + tich phan van téc (4p dung riéng cho x va cho y). Day chinh la Dinh
ly Bién thién Rong cua Unit 8, chi la lam hai lan.

Vi du mAu - Position from velocity and an initial condition

A particle has velocity ¥(t) = (2t, cos(nt)) and position 7(0) = (1, 3). Find 7(¢) and the position
att = 2.

sin(rt
Integrate each component: 7(t) = <t2 + Cy, (mt) + 02>.
T

™

Att=0: (Cy, Cy) = (1,3). Hence |#(t) = <t2 1,34 Si”<”t)> and 7#(2) = (5,3).

Vi du mau - From acceleration to position

A projectile-like particle has acceleration d(t) = (6¢, —2), initial velocity ¥(0) = (0, 4) and initial
position 7#(0) = (1, 1). Find #(¢), and find the maximum y-coordinate of the particle for ¢ > 0.

Velocity: 4(t) = (3t2 + Cy, —2t + Cy); 5(0) = (0, 4) gives ¥(t) = (3t?, 4 — 2t).
Position: 7(t) = (t3 + D, 4t —t? 4+ D,); 7(0) = (1,1) gives | #(t) = (3 + 1, 1 + 4t — %) |.

Highest point: y'(t) = 4 — 2t changes from positive to negative at ¢t = 2, so y has its absolute
maximum for ¢t > 0at¢ = 2: y(2) =1+ 8 —4 =|5|(at the point (9, 5)).

Vi du miu - A definite integral of a vector function

1
1
Evaluate/ < = tet2> dt.
| \1T+1¢

dt

1
First component: / —
h L+t

= {arctant] = % Second component (with v = t2):
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1
1 2 s 6—1
— e Vdt=|{= :
/0 <1+t2’ ‘ > <4’ 2 >

If this were a velocity, the answer would be the displacement vector of the particle from¢ = 0
tot=1.

9.6 Solving Motion Problems Using Parametric and Vector-Valued Functions

ll Planar motion toolkit

For a particle with position (z(t),y(t)) and velocity 4(t) = (x’(t),y'(t)) ona < t < b:

Quantity How to compute
Velocity / acceleration vec-  (x/(t),y'(t)) / (=" (t),y" (¥))
tor
Speed V(@' ()2 )+ (v’ (1))?

dy _ y'(t
Slope of path e =70
Moving right / left z'(t)>0/2'(t) <0 (up/down: y'(t) >0/ vy (t) <0)
Position at time b o(b) =w(a) + [/ (t)dt, y(b) =yla) + [ y/(t)dt
Displacement vector <fb '(t) dt, fb y'(t) >

b

Total distance traveled / V(' ()% dt = / speed dt
Speed increasing? speed increases when @ - d >a() check 4 i (speed), or compare

speeds at two times

GIAI THICH TIENG VIET

Bo6 cong cu chuyén dong trén mat phang: téc dé = /()2 + (y/)?; quang dudng di dugc
= j: téc do dt (luén duong, cong don moi doan); do doi la vecto ([ =’ dt, [y’ dt) (chi phu
thudc diém dau va diém cudi); vi tri = vi tri ban dau + tich phan van téc, 1am riéng cho z va y.
Sang trai/phai xét dau z’; Ién/xudng xét dau 3’. Cau cé may tinh: viét ding tich phan réi bam
may, lam tron 3 chir s6 thap phan, ghi don vi néu dé cho.

Vi du mAu - Circular motion: distance versus displacement

A particle moves with 7(t) = (3 cos 2¢, 3sin2t) for 0 < ¢t < 7. Find its speed, the total distance
traveled, and the displacement vector.

¥(t) = (—6sin2t, 6cos2t), so speed = V/36sin” 2t + 36 cos? 2t = 6 (constant).

Total distance = / 6dt = (one full lap of a circle of radius 3).
0

Displacement = 7(w) —7(0) = (3,0) — (3,0) =(0,0) |: the particle returns to its starting point.
Note also ¢ - @ = 0 here (constant speed), even though d = (—12 cos 2t, —12 sin 2t) + 0.
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Vi du miu - Non-calculator motion analysis

A particle moves with z(t) = t3 — 6t and y(t) = 2t — 8t for 0 < t < 5.
(a) Find the speed of the particle at t = 2.

(b) At what times is the particle moving vertically (straight up or down)?
(c) Find the displacement vector from ¢ = 0 to ¢t = 4.

(d) At t = 1, is the speed of the particle increasing or decreasing? Justify.

B(t) = (3> —12t, 4t —8), d(t) = (6t — 12, 4).

(@) 5(2) = (12 — 24, 0) = (—12,0); speed = [12]

(b) Moving vertically: 2’ (t) = 3t(t —4) = Owithy'(¢t) # 0. Att =0: ¢y = -8 # 0; at¢t = 4:
y' =8+0.50t=0andt=4]

(©) (x(4) = 2(0), y(4) = y(0)) = (64— 96) =0, (32— 32) — 0) =[ (=32, 0} }

(d) ¥(1) = (—9,—4) and d( ) = (—6,4). Thenv-d = 54 — 16 = 38 > 0. Equivalently,
%(speed) plattyy” f > 0. The speed is increasing at ¢ = 1.

vv

vv

speed

Why ¢ - d decides. Speed is \/(z’)% + (y’)?; by the chain rule

d 21,/ V4 + 2y/ v :L,/:L,// + y/y//
— (speed) = =
dt< peed) ) )2 speed
whose sign is the sign of 2’2" + y'y” = U - d. (The dot product is not required on the AP exam;

computlng - (speed) directly, or comparing speeds, earns the same credit.)

Vi du mau - AP-style free response (calculator allowed)

A particle moves in the xy-plane so that for 0 < ¢ < 3,

d t2 d
—x_35| ( ), —y:1+2cost.

dt 2 dt

At ¢t = 0 the particle is at (2, —1).

(a) Find the speed of the particle at ¢t = 1.5, and find its acceleration vector at ¢t = 1.5.

(b) Find the total distance traveled by the particle over 0 < ¢ < 3.

(c) Find the position of the particle at ¢t = 3.

(d) For 0 < t < 3, find the time at which the particle is farthest to the right, and find its -
coordinate then. Justify your answer.

(@) 2’(1.5) = 3sin(1.125) = 2.706 ..., 3’ (1.5) = 1 + 2cos(1.5) = 1.141 ...

Speed = /(27(1.5))2 + (y/(1.5))2 = | 2.938 |
Acceleration: z”(t) = 3t cos(%), y”(t) = —2sint, so d(1.5) = ‘ (1.940, —1.995) ‘ (A calcula-
tor’s numerical derivative gives the same values.)

(b) Distance = / \/ 35|n = (14+2cost)?dt=|7.410|

3
(c)z(3 )—2+/ 35m<%) dtf, y(3) ——1+/ (1+2cost)dt = —1+3+2sin3 =
0 0
5.2%]

Position at ¢ = 3: (4.959, 2.282).

(d) 2’ (t) = 0 when % =7, i.e. t = 21 ~ 2.507 (the only zero in (0, 3), since % < 4.5 < 2m).
z’'(t) > 0on (0,v27) and z’(t) < 0 on (v/2m,3), so x increases then decreases: the absolute

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 258



859%9 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

maximum of x on [0, 3] occurs at|¢ = V27 &~ 2.507 | There

/35|nt2 [5.796].
0

Yy
3,,
t=+27
2,,
1,,
t xr
1 3 4 5 6
717
t=0

Path of the particle in the free-response example for 0 < ¢ < 3 (computed numerically). The particle starts at (2, —1), is
farthest right at ¢ = v/2m (pink point,  ~ 5.796), then turns back to the left, ending at (4.959, 2.282). The pink arrow is
the velocity vector at ¢t = 1.5 (drawn at half length).

Vi du mAu - Tangent line and motion at a point (calculator)

For the particle in the previous example, find the slope of the path at ¢ = 2, and determine
whether the particle is moving up or down and left or right at ¢t = 2.8.

dy y'(2)  1+4+2cos2 0.16771
=10.061|.
deli—o  2/(2)  3sin2  2.72789
Att=28: 2'(2.8) = 3sin(3.92) = —2.106 < 0 and y'(2.8) = 1 + 2co0s(2.8) = —0.884 < 0. The
particle is moving left and down.

(1) Loi thu’c‘)’ng gap: Ba 16i hay gap trong FRQ chuyén déng (1) tinh quéng dudng bang
| V2% + y? dt (dung vi tri thay vi van téc) — phai la [ /(z 2dt; (2) tim vi tri ma quén
cong toa d6 ban dau: z( +f t) dt, khéng phai ch| f3 7 ( ) dt; (3) chi ghi gia tri may

tinh ma khéng viét tich phan — rubrlc AP yeu cau thay duoc tlch phan (can va ham dudi dau
tich phan).

9.7 Defining Polar Coordinates and Differentiating in Polar Form
9.7.1 Polar coordinates

In the polar coordinate system a point P is located by its directed distance r from a fixed point O
(the pole, i.e. the origin) and the angle § measured counterclockwise from the positive x-axis (the
polar axis). We write P = (r,0).

e Polar coordinates are not unique: (r,0), (r,0 + 2x), and (—r, 6 + 7) all name the same point.

¢ A negative  means: face in direction 6, then walk || units backward (in direction 6 + 7).
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e The poleis (0, 0) for every 6.
B Conversion formulas |
x = 1C0s0, y =rsing, r? = 22 + 92, tanG_—( +0).

When converting (x,y) — (r,0), choose @ in the correct quadrant: tan¢ = £ alone does not
determine it.

ol

(2.5, 2F)
direction 7
s (-2,%) = (2,°F) 5
Plotting polar points. (2.5, 2%): rotate 2=, walk 2.5 forward. (—2, Z): face direction % (dashed), then walk 2 units

backward — the same ponnt as (2,37).

GIAI THICH TIENG VIET
0a do cuc (r,0): r 1a khodng cach c6 hudng tir goc (curc), 6 1a gde quay nguoc chiéu kim dong
hé tir tia Ox. Mot diém co vé sé cap toa dd cuc; » < 0 nghia la quay mat theo huéng 0 réi di
lui || don vi. Céng thirc chuyén doi: © = rcosf, y = rsing, r* = 2z + y? tand = £ — nhé
chon 6 ding goc phan tu.

Vi du mau - Converting points

(a) Convert (r,0) = (4 == ) to rectangular coordinates. (b) Give two polar representations of
the rectangular point (-2, —2).

(@)z =4cos 2 =4 (—1) =2, y=4sin 2 =4. Y3 = 2\/3. Point: (=2, 2v3)| 2\/§).
(b) r = VA+4 = 2V2. tan# = =% = 1, but the point is in Quadrant Ill, so § = 2T (not Z).
Representations: (2\/5, %’T) and, using a negative radius, (—2\/5, g) .

Vi du mau - Converting equations

(@) Write » = 65sin# in rectangular form. (b) Write 22 + 4> = 4« in polar form. (c) ldentify
r = 2sech.

(a) Multiply by 7: 72 = 6rsin 0 = 22 +y? = 6y = 2?+ (y—3)? = 9: acircle of radius 3 centered
at (0, 3), passing through the pole.
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(b) 72 = 4rcos @ = r = 4 cos f (the case r = 0, the pole, is already on this curve at § = 2).

2 . .
()r = —— = rcosf =2 = x =2: avertical line.
cos 6

9.7.2 Graphs of polar equations

A polar equation » = f(0) is graphed by plotting (f(0), ) as 6 increases. The families below appear
constantly on the AP exam; knowing their shapes and over what 6-interval they are traced once is
essential for area problems.

Equation Name / shape Traced once on
r=a circle of radius a centered at the pole [0, 27]

r =2acosf, r =2asind circle of radius |a| through the pole [0,
r=a(l+cosd), r=a(l£sinb) cardioid (heart shape, cusp at pole) [0, 27]
r=a-+bcosb, |a] < |b| limagon with an inner loop [0, 27]
r=a+bcosb, |b| < |a| < 2|b] dimpled limacon [0, 27]
r=a+bcosH, |a| > 2|b| convex limagon [0, 27]

r = acos(nd), r = asin(nf), nodd  rose with n petals [0, 7

r = acos(nb), r = asin(nf), n even rose with 2n petals [0, 27]

O

~
_/

r = 3cos6 cardioid r = 1.5(1 + cos 9) limaconr =1+ 2cos 6

convex limacon r = 2 + cos 0 rose r = 3sin 20 (4 petals) rose r = 3 cos 30 (3 petals)

Six common polar curves, each drawn on a polar grid with circles » = 1, 2, 3 and rays every 30°. The limacon
r =1+ 2cos @ has an inner loop because r < 0 for %" <6< %".

GIAI THICH TIENG VIET

ac duong cuc can thudc long: duong tron (r = a; » = 2acosf hodc 2asind di qua goc),
cardioid (hinh trdi tim, » = a(1 + cos #)), limagon r = a + b cos 6 (c6 vong trong khi |a| < |b| vir
d6i dau), hoa héng r = a cosnd (n 1&: n canh, vé xong trén [0, ]; n chan: 2n canh, can [0, 27]).
Biét duong dugc vé ding mét ldn trén khoang nao 13 chia khoa dé tinh dién tich khéng bi dém
hai lan.
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9.7.3 Slopes of polar curves
A polar curve r = f(6) is a parametric curve with parameter 6:

x =rcosf = f(0)cosh, y=rsinf = f(f)sind.

Applying the product rule and the parametric slope formula:

Slope of a polar curve

dr .
@_dy/de_@smejtrcose da

= = — # 0.
de  dx/df  dr . do 7
— c0sf —rsinf
df
Horizontal tangent: 2% = 0, 4= =£ 0. Vertical tangent: 4 =0, % =£ 0. If r = 0 and %5 # 0 at

0 = «, the curve passes through the pole with tangent line 6 = a.

Vi du miu - Tangent line to a polar curve

Find the equation of the tangent linetor =1+ 2cosf at 0 = 7.
Point: r () =1,s0 (z,y) = (1-cos %, 1-sin%) = (0,1).
Derivatives: % = —2sing = —2atf = Z.

dy ;. _ .
=" sinf 4+ rcosf = (—2)(1) + (1)(0) = -2,

cTZ =7/ cosf —rsind = (—2)(0) — (1)(1) = —1.

Slope = = 2. Tangent line: |y = 2x + 1|

Vi du mau - Horizontal and vertical tangents of a cardioid

or vertical.

. . . d
(14 cosf)sind = sinf + 3sin20 = Y cosh + cos20 = 2cos?f + cosh — 1 =

v = do
(2cosf —1)(cosf +1).

= (1+ cosf)cosf = cosf + cos? = % = —sinf —2sinfcosf = —sinfH(1 + 2cosb).

Horizontal (% = 0): cosd = 3 gives § = %, 37, where 4 = 3F§ -2 # 0. Here r = 2, so the

points are (%, 134—\/5). (cosf = —1, i.e. 6 = m, is handled below.)
Vertical (42 = 0): sin0 = 0 gives § = 0 or m; cos§ = —1 gives § = 2% 4% At = 0: % =240,
vertical tangent at (2,0). At§ = 2 4m: 4y — 1 1 — 1 £ 0,7 = ], vertical tangents at

(=1 +5).

show g—g — 0 as # — m, so the cusp points along the x-axis.

Find the points on the cardioid » = 1 + cos 6, 0 < 6§ < 2w, where the tangent line is horizontal

At 0 = 7 both derivatives are 0 (r = 0, the pole): this is the cusp. Neither rule applies; one can

9.7.4 The meaning of dr/df

% is not the slope of the curve. It measures how fast the directed distance r changes as the angle

increases. The actual distance from the pole is |r|, so:
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Moving toward or away from the pole

As 0 increases, the point on r = f(6) is
¢ moving away from the pole if » and d’“ have the same sign (r >0, " >0orr <0, ' <0);

e moving toward the pole if » and 5 have opposite signs.
In particular, when r > 0: % > 0 means the distance from the origin is increasing.

-1+ r<o0,+ <0 r<0,r >0

r =1+ 2cos 6. Left: r against 6. Right: the polar curve. Pink: r and % have the same sign, so the point moves away
from the pole. Navy: opposite signs, moving toward the pole. On (2% : ,71') r is decreasing yet the point moves away —
because r is negative.

GIAI THICH TIENG VIET
kh6ng phai hé s6 géc ti€p tuyén! N6 13 téc dé thay déi cha r theo goc. Khoéng cach that
tO’I goc la |r|, nén: r va 7 cung dau = diém dang ra xa géoc; trai dau = dang lai gan géc. Bay
AP hayra: khir <0 ma 7 dang giam (r’ < 0) thi |r| lai tdng — diém di ra xa goc.

Vi du miu - Interpreting dr/df

Forr =1+ 2cos#, find dg atfd = Fandat g = ”, and interpret each value in terms of the
distance from the origin.

@ = —2siné.

At0=3Z:r=1+2-5=2>0and % = —/3 < 0. Opposite signs: as § increases, the point is
getting cIoser to the orlgin (at a rate of /3 units per radian).

Ato = 2T r = 1+2(—§) =1-v3<o0and % = —2.1 = —1 < 0. Same sign: |r| is
increasing, so the point is moving away from the origin.

Vi du mau - Rates along a polar curve (AP style)

A particle moves along the curve » = 2 + sinf so that d‘9 = 3 for all ¢. F|nd ;7 and dy at the
instant when 6 = %.
dr dr dO N 33

h le: — = — . — = 3=3.Y3 =
Chain rule: prile R cosf-3=3-2% 5

. dy
y = rsinf = (24 sinf)sind = 2sin6 + sin” 6, so 7 i = 2cosf + 2sinfcosfd. At9 = %
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dy

@:\/gm.%.g:%'

d dy df . . . . .

d?i = d—z = % -3 = 9\2/5 . The particle’s distance from the origin and its y-coordinate

are both increasing at that instant.

(!) Léi thureng gdp: Khong dugc viét hé s6 gbc 1a 92 hay 25¢ (quén s6 hang  cos  va —rsin 4
cla quy tic tich). Ludn di qua z = rcosf, y = rsinf roi dao ham theo 6 bang quy tic tich.

May tinh phai dé & ché& d6 radian.

9.8 Finding the Area of a Polar Region or the Area Bounded by a Single Polar Curve

For polar regions the natural "slice” is not a thin rectangle but a thin circular sector. A sector of radius

r and central angle A6 has area %T2A9. Slicing the region between the rays # = « and § = S into

thin sectors and summing:

Thay Tudong 0332747 169 -

A~ 4100120 — [ 350" as
0=2p
/! sector: 1r2A0
] r = f(0)
// Af - 0=«

The region between 6 = «, 6 = 3 and the curve r = f(60) is approximated by thin circular sectors of area %TQAQ.

Area of a polar region

If fis continuous and the region is swept out exactly once as 6 goes from a to 3 (3 — a < 27),

then 5 5
1 1 2
A=— 2460 = = 0)| do.
3 [ ao=3 [ o)
. ... 1 20 . 1— 260
Useful identities: cos2§ = ﬂ, sinf = %.

GIAI THICH TIENG VIET

Dién tich mién cuc: A = 3 jj r% df — cong cac hinh quat moéng (dién tich 1r2A6), khong phai
cac hinh chir nhat. Ba buéc: (1) vé phac dudng cong; (2) tim khoang 6 dé mién duoc quét
didng mét [An (thudng tim cac goc cé r = 0); (3) dung cdng thic ha bac cos? 6§ = “CT"SQB,
sin”f = PCT"S%. Tan dung tinh d6i x(rng dé rat gon can.
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Vi du mAu - Area inside a cardioid

Find the area enclosed by the cardioid » = 1 + cos 6.
The cardioid is traced once for 0 < 6 < 27 and is symmetric about the z-axis, so

1" ™ 1+ cos 26
A:2-2/ (1+cose)2d9=/ <1+2cosa+ﬂ)de
0 0
3 . 1 T |37
:[§9+2$ln6+15|n20}0: -

Vi du mau - One petal of a rose

Find the area of one petal of the rose r = 3 sin 26.

Limits: » = 0 when sin20 = 0,ie. § = 0,5, 7, ... For0 < § < Z,r > 0 and one petal (in

Quadrant |) is traced from the pole back to the pole.

/2 w/2

1 , 1 —cos46 . /2
Az/ 9sm226d9:9/ &dezg[g_%smw] _9
2 Jo 0 4 0 4

2 2

(All four petals: 4 - 9= = 2% which also equals § fo% 9sin” 20 d6.)

/
/
/
/
/
/
/
/
/
/
/

_ 4rn
0=

one petal of r = 3sin20,0 <0< T inner loop of r = 1 + 2 cos 6 (pink)

Left: one petal of the four-petal rose. Right: the inner loop of » = 1 + 2 cos 6 is traced for %’r <6< %’, where r < 0
(the rays are where r» = 0); the pale navy region lies inside the outer loop but outside the inner loop.

Vi du mau - The inner loop of a limacon

For the limacon » = 1 42 cos 8, find (a) the area of the inner loop, and (b) the area of the region

inside the outer loop but outside the inner loop.

Whereis r = 0? cosf = —3 = 0 = 2%, 4%, For 2F < § < 4%, r < 0: this interval traces the

inner loop (in the right half-plane, by the negative-r rule).
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Antiderivative: (1 +2cos6)? =1+ 4cosf + 4cos?f = 3 + 4 cosf + 2 cos 26, so

/(1+2cos€)2d9:30+4sin9+sin20.

1 . . ar/3 ] 3v/3

(@) Aiper = = {3«9 +4sinf + sin 29] = - [277 +4(—V/3) + \/3} =|m— i ~ 0.544.
2 21/3 2

(b) The outer loop is traced for —2F < § < 27:

1 . . 2m/3 1 3v3
Aguter = 5{30+4sm0+sm29}_2 P = 5[47r+4\/§— \/§] =27+ \Qf

7+ 3V3| ~ 8.338.

Region between the loops = A yter — Ainner = (27r + %) —(n— 37‘/5) =

Vi du miu - A circle through the pole

Find the area inside » = 4sinf using a polar integral, and explain why %fo% 16sin”6do is

wrong.
r = 4sin @ is a circle of radius 2 (centered at (0, 2)), traced once for 0 < § < 7:

1 [ 1 — 20 &
A:/ 165in20d«9:8/ %d@:zl[e—%sinze} = [4r]
0 0 0

matching 7 - 22. On [, 27], 7 < 0 and the same circle is traced a second time, so integrating

over [0, 27| gives 87 — double the true area.

Vi du mAau - Area with a calculator

(Calculator allowed.) Find the area of the region enclosed by the curve r = 2 + sin(36) that lies

in the first quadrant.
r > 0 for all 4, and the first-quadrant part is swept by 0 < 6 <

/2

1

A:/ (2+5sin36)" do ~ [4.201]
0

2

.
o

(!) L6i thudng gap: Ba I6i kinh dién: (1) quén hé s6 3; (2) viét £ [ rdf hodc [ r2 d — phaila r?
va 3; (3) chon can lam mién bi quét hai [an (dudng tron qua géc trén [0, 27, hoa hong n 1é trén
[0, 27]) hodc chi dung [0, 2] "theo théi quen” khi dé hoi mét phan cta mién.

9.9 Finding the Area of the Region Bounded by Two Polar Curves

Area between two polar curves

If 0 < rin(0) < 7oy (0) for a < 6 < B, the area of the region between the curves (and between
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therays 0 = o, 0 = ) is

B
1 2 2

A= Q/Q ([Toutw)] - [Tin(0>] ) dg.
Procedure. (1) Sketch both curves. (2) Find intersection points by solving r,(6) = r,(0) — and
separately check the pole, since the curves may pass through the origin at different values of 6.
(3) Decide which curve is outer on each 6-interval; split the integral where the roles change.
(4) Square each radius before subtracting.

GIAI THICH TIENG VIET
Dién tich gilra hai duong cuc: 5 f<7”ﬁgoai —12.40) A9 — binh phuong tirng ban kinh réi méi trtr,

trong
khong phai 3 [ (rgosi — Ttrong)? @9 Tim giao diém bang cach giai r; = r,, nhung phai kiém tra
riéng goc toa dd: hai dudng c6 thé cung di qua goc tai cac goc § khac nhau, nén phuong trinh
r, = 7, khéng phat hién duoc. V&i mién chung (ving nam trong ca hai dudng), thudng phai

tach tich phan: trén méi khoang 6, dung dudng nam trong.

/ r =3cosf /

r=1+cosf ( (

inside the circle, outside the cardioid common region (inside both)

The circle r = 3 cos 6 and the cardioid » = 1 + cos@ meetat 6 = +- % (and at the pole). Left: region inside the circle and
outside the cardioid. Right: the common region — bounded by the cardioid for |6] < Z and by the circle for T < [6] < T.

Vi du mAu - Inside one curve, outside another

Find the area of the region inside the circle » = 3 cos # and outside the cardioid r = 1 + cos 6.

Intersections: 3cosf =1+ cosf = cosf = 5 = 6 = +%,atr = 3.

Outer / inner: at § = 0, the circle has » = 3 and the cardioid » = 2, so for |0| < % the circle is
outside. Using symmetry about the z-axis:

/3 /3

1

A:2-2/ {(3c059)2—(1+c059)2]d9:/ (8cos? —2cosd — 1) db.
0 0

With 8 cos? 0 = 4 + 4 cos 26:

/3 /3
A:/ (3+4c0529—2c059)d9:[30+2sin20—2sin9] =7+V3—-V3=[x]
0 0
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Vi du miu - The common region (splitting the integral)

Find the area of the region inside both r = 3cosf and r = 1 + cos¥é.

Which curve bounds the region? For 0 < ¢ < 7 the cardioid is the inner curve; for § <6 <
the circle is inside (at § = 5 the circle reaches the pole while the cardioid has r = 1). B

symmetry,

13

< N

/2

/3

1 1

A=2 / (1+c059)2d9+/ 9cos?6db| .
2 0 2 /3

First integral: fow/g (3 +2cosf+ 1cos20)df =T + /3 4+ L =T 4 93,
Second integral: %j:/rf(l + cos20)df = 3 [% ! ( _ @) x

Check: circle area %’r = common region %’T + (inside circle, outside cardioid) 7. v' consistent
with the previous example.

Vi du mAau - Curves that meet at the pole

Find the area of the region common to the circles r = sinf and » = cos 6.

Intersections. sin ¢ = cos @ gives ¢ = 7, the point (@, g). But both curves also pass through
the pole: » = sinfatf = 0,and r = cosf at§ = 7. Solving r; = r, cannot detect this, because
the curves reach the pole at different angles.

Set-up. For0 < 0 < 1 the circle r = sin@ is inner; forg <0< 5,7 = cost is inner. By

e

symmetry about the line 0 = 7:

1 ™41 _ cos 20 /A
A:2-/ 5|n20d9:/ Adﬁz[g—ism%} =
2 0 0

[}
ol 3
|
o

2

r=sinf

pole

™

The circles ~ = sinf and r = cos # meet at § = Z and also at the pole (reached at 6 = 0 by one curve and 6 = % by the
other). The lens-shaped common region has area ’%2.

Vi du mAu - Inside a cardioid, outside a circle

Find the area of the region inside the cardioid » = 2 + 2 cos # and outside the circle r = 3.
Intersections: 2+ 2cosf = 3 = cosf = 1 = 6 = +7. For |0| < Z the cardioid is outside (at
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0=0,r=4>3).
1 /3 1 /3
A:/ [(2+2c059)2—9]d9:/ (—3+8cosf+2cos20)do,
2 —7/3 2 —/3

since (2+2co0s0)? —9 =4+ 8cosf + 4cos?f —9 = —3 + 8cos § + 2 cos 20. Then

1 9v3
25[_2W+8\/§+\/§] - \2[_% ~ 4.653.

/3
A=

[—30+8sin9+sin29]

N

—7/3

(!) L6i thuong gap: Sai lam nghiém trong nhat: viét 1 [(r, —r,)? df. L6i thir hai: chi gidir, = r,
roi bé sét giao diém tai gdc (vi du r = sin 6 va r = cos 6). L6i thir ba: v&i mién chung, dung mét
tich phan duy nhat trén ca khoang trong khi dudng bao mién déi vai tai giao diém — phai tach
tich phan. Luén vé hinh truéc khi lap tich phan.

9.10 Problem Bank

Parametric equations: derivatives and arc length

Bai tap luyén tap

A curve is defined by z = t3 + ¢,y = t2. What is j—y at the point where t = 1?
xr
(A) 2 (C) L
1 4
(B) B (D) 4

Loi giai chi tiét

d d d dy/dt 2 1 . .
d—‘::3t2+1:4andd—gz:2t:23tt:1,so£: diédt 3= (B). Choice (A) inverts

the ratio; (D) is 4% alone.

Bai tap luyén tap

Which is an equation of the line tangent to the curve z = ¢!, y = t? + 1 at the point where
t=1?

(A) y—2=2e(x—e) (C)y_ezg(x_Q)
€
e 2
(B)y—2:§(m—e) (D)y—2:g($—e)
ot (1) — _ NN e — % — o —
Point: z(1) = e, y(1) = 2. Slope: dx/dt_et_eatt_l.Tangentllney 2_e(a: e). (D).

(B) uses the reciprocal slope; (C) swaps the coordinates of the point.
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Bai tap luyén tap

At which point does the curve x = t> — 4t, y = t> — 3t have a vertical tangent line?

(A) (—4, 2) (€ (5, 2)
(B) (-3, —2) (D) (0, 0)

Loi giai chi tiét

‘
.
v
3

Vertical tangent: 42 = 2t —4 = 0 = t = 2, and there % = 3(4) —3 =9 # 0. Point:
x(2) =4—8 = —4,y(2) =8 —6 = 2. (A). Choices (B) and (C) are the points with horizontal

tangents (t = 1 and t = —1, where dy = 0); (D) is the point at ¢t = 0.

Bai tap luyén tap
Acurve Cisdefinedby x =t> +1andy =3 —t.

. dy . . . .
(a) Find ) in terms of ¢, and write an equation of the line tangent to C at ¢ = 1.
T

(b) Find the coordinates of all points on C at which the tangent line is horizontal.
2

(c) Fmd Yin terms of ¢. Is C' concave up or concave down at ¢t = 1? Justify.
Loi gidi chi tiét

dx dy dy 3t2—1 . 2 .
a——2t— 3t2 —1,50 —Z = . At t = 1: point (2,0), slope = = 1. Tangent line:
@ 5 dt e 2 point (2,0), slope 5 gent

y=x—2.
(b) % =0 =t =+, where 22 = + % + 0. Thenx—3+1—*andy—t( -1 =

i\% (-2) = ?%. Points: (%, —i) att = f) and ( 23 ) (att = —ﬁ).

1 d (d 1 2 +
% s ( y) _3 + _3 D|V|d|ng by 4 = 2t:

(o o O—|—=)=-+-—75=

() 207 dt \dz) 2 22 242
d’y 3t +1
dz? 43

Att:l,fl%g:%:1>0,soCisconcaveupatt:1.

Bai tap luyén tap

. d?
If z = cost and y = sint, then dT;g (where defined) equals
(A) —csc?t (C) —csct
(B) csc?t (D) tant
Loi gidi chi tiét
d t d e dr d?
ﬁ 2: _C:Snt = —cott. Then $( cott) = csc? ¢, and dividing by — = —sint gives o Z =
cscet

= —csc3t. (C). Choice (A) forgets to divide by . Check: on the upper semicircle

—sint
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(sint > 0) the result is negative — concave down, as expected.
Bai tap luyén tap
d2
For the curve z = t2 + t, y = Int, the value of —% 127 Yatt=1is
A) —— C) —-
(A) 27 © -
(B) (D)
9 3

Loi gidi chi tiét
dy 1/t 1 d 1 4t +1 L -
== = = .Then — [——) = ————— whichis —2 att = 1. Divide b
dr  2t+1 22+t dt<2t2~|—t> (2t2 + ¢)2 WHIER 1S =g MES L

=2t+1=3: Z—y = —2%. (A). Distractors: (B) forgets to divide by ‘fi—f; (C) is the incorrect
g”gg = 3L (D) is % itself.

Bai tap luyén tap

Which integral gives the length of the curve z = 2,y = sint for 0 < t < 7?

(A) /7r \/t4 +sin’ ¢ dt (C) /ﬂ(zt + cost) dt
0 0

(B) / vV 1+ cos?tdt (D) / V4t? 4 cos? t dt
0 0

L = j: V(x')2 + (y')2dt with 2/ = 2t, y = cost: / \/4t2 + cos? tdt. (D). (A) uses the

0
coordinates instead of their derivatives; (C) drops the square root (a sum of derivatives is not
a length); (B) is the formula for the graph y = sin z, not this curve.

Bai tap luyén tap

Find the exact length of the curve v = 3t2,y = 2t3 for0 < t < 1.

Loi giai chi tiét

a’ =6ty =6t 50 (2')% + (y')? = 36t + 36t* = 36t2(1 + ¢?) and, for t > 0, /- = 6tv/1 + ¢2.

+
1 2 2
L:/ 6t/ 1+ t2dt = 3/ u'’? du ( u—1+t2)—2[ 3/2] —2(2v2—1) = 4V/2—2 ~ 3.657.
0 1

Bai tap luyén tap

(Calculator.) What is the length of the path traced by = = sin2t,y = t> for0 < ¢t < 2?
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(A) 5.147 (C) 4.397
(B) 4.071 (D) 6.757

Loi gidi chi tiét

’
.
v
3

/ \/ 2c0s2t)? + (2t)2dt ~ 5.147. (A). (B) is the straight-line distance between the

endpoints (0, 0) and (sin4, 4); (C) forgets the chain-rule factor 2 in 4 sin 2¢; (D) adds |z'| + |y/|
instead of using the Pythagorean form.

Bai tap luyén tap

v
5
I
-
Q)

Acurveisgivenby x =1+ 2cost,y = —1+ 2sint for0 <t < .
(@) Eliminate the parameter, describe the curve, and give its initial point, terminal point, and
orientation.

(b) F|nd -2 att =K

(c) Setup and evaluate an integral for the length of the curve.

Loi giai chi tiét
(@) cost = =31, sint = L1, s0 (z—1)2 + (y + 1) = 4: the circle of radius 2 centered at (1, —1).
Since sint > 0 on [ 7], y > —1: only the upper half is traced. Initial point (¢ = 0): (3,—1);
terminal point (t = 7): (—1,—1); orientation counterclockwise.

2cost dy
b—: = —cott;att =2, — = —1.
(b) —2sint cottatt =4 Ge

(c) L = / \/4 sin’t + 4 cos?t dt = / 2 dt = 2, half the circumference 47 — as expected.
0 0

Vector-valued functions and planar motion

Bai tap luyén tap

A particle moves with position 7(t) = (sin(nt), t3). What is the speed of the particle at t = 1?

(A) m+3 (C) V72 +9
(B) 3 (D) V72 +1

Loi giai chi tiét
B(t) = (wcos(nt), 3t2), so ¥(1) = (—m, 3) and speed = /(—7)2 +3%2 = V72 +9 ~ 4.344.

(C). (A) adds the components; (B) uses only the vertical component; (D) uses the position’s
y-component t> = 1 instead of the velocity’s.

Bai tap luyén tap

A particle has velocity 4(t) = (3t2, 4e*) and is at (2, —1) when t = 0. Where is the particle at
t=1?
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(A) (3, 2¢2 —1) (C) (1, 2¢?)
(B) (3, 2¢2 —3) (D) (6, 8¢?)

Loi giai chi tiét

(B). (A) wrongly takes C, = —1 (forgetting that 2¢° = 2); (C) ignores the initial position; (D)
differentiates instead of integrating.

Bai tap luyén tap

A particle has acceleration d(t) = (6t¢, 2) and velocity ¥(1) = (1, 0). What is the speed of the
particle at t = 0?

(A) 2 (C) 2v/2
(B) 0 (D) v2

Loi giai chi tiét

) = B2+ C, 2t +Cy); 5(1) = 8+ Cp, 2+ C,) = (1,0) = C; = —2,C, = —2. So
B(t) = (3t2 — 2, 2t — 2), ¥(0) = (—2,—2), and speed = /4 + 4 = 21/2. (C).

Bai tap luyén tap

A particle moves along the ellipse z = 3 cost, y = 4sint. What is the maximum speed of the

particle?
(A) 3 (C) 5
(B) 4 (D) 7

Lai giai chi tiét

¥ = (=3sint, 4cost), so speed” = 9sin’t + 16cos2t = 9 + 7cos?t, which is largest (16)
when cos?t = 1. Maximum speed = 4, at the ends of the minor axis, (+3,0). (B). (C) wrongly
computes v/32 + 42, which would need |sint| = | cost| = 1 simultaneously.

Bai tap luyén tap

A particle moves with x(t) = t2 — 2t and y(t) = t3 — 12t. At what time(s) is the particle at rest?

(A) t=1only (C)t=1landt =2
(B) t =2only (D) The particle is never at rest.

Lai giai chi tiét
At rest requires 2’/ (t) = 2t —2 = 0 and y/(t) = 3t> — 12 = 0 simultaneously. The first holds

only at ¢t = 1, the second only at t = +2. There is no common time: (D). At ¢t = 1 the particle
moves vertically; at ¢ = 42 it moves horizontally.
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Bai tap luyén tap

(Calculator.) A particle moves with velocity #(t) = (cos(t?), sint+1). What is the total distance
traveled by the particle for 0 < ¢ < 2?

(A) 3.447 (C) 3.416
(B) 4.910 (D) 3.798

Loi giai chi tiét

2
Distance = / \/cos2(t2) + (sint + 1)2dt ~ 3.798. (D). (A) is the magnitude of the displace-
0

ment vector <j(“)2 cos(t?) dt, j(")z(sin t+1) dt> ~ (0.461, 3.416); (C) is only the vertical displace-
ment; (B) integrates |z’| + |y/|.

~ ~

Bai tap luyén tap

(Calculator.) The z-coordinate of a moving particle satisfies z’(¢) = vt + 1 and z(0) = 3.
What is 2(2)?

(A) 6.241 (C) 9.000
(B) 3.241 (D) 5.000

Lai giai chi tiét
2
z(2) = z(0) + / Vi3 +1dt =3+ 3.241 ... = 6.241. (A). (B) forgets the initial position; (C) is
0
the tangent-line estimate 3 + 2/ (2) - 2; (D) wrongly computes 3 + z’(2) — 2’ (0).

Bai tap luyén tap

(No calculator.) A particle moves in the plane with x(t) = t> — 12t and y(t) = 3t> — 12t for t > 0.
(@) Find the velocity vector and the speed at ¢ = 1.

L

(b) Find all times at which the particle is at rest, and the intervals on which it moves to the left.
(c) Is the speed of the particle increasing or decreasing at t = 1? Justify.

(d) Find the displacement vector fromt =0to ¢t = 3.

()
(e) Find tlm Ty

and interpret it.

Lo giai chi tiét
B(t) = (3t> — 12, 6t —12) = (3(t — 2)(t + 2), 6(t — 2)), d(t) = (6t, 6).
(@) o(1) = (-9, —6); speed = /81 + 36 = /117 = 3v/13 ~ 10.817.

(b) Both components vanish only at t = 2 (for t > 0): the particle is at rest at t = 2. Moving
left: /(1) <0 <= 0<t<2.

(€) (1) = (6,6). 2’z” +y'y” = (—9)(6) + (—6)(6) = —90 < 0, so <% (speed) = % < 0: the
speed is decreasing at t = 1 (velocity and acceleration point in "opposing” directions).
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(d) (z(3) — 2(0), y(3) —y(0)) = (27 — 36, 27 — 36) = (=9, —9).

y)  6(—2) 2
(e) For ¢t + 2, p

1 dy .
DE S 7 = 5 Although %% is undefined at the instant

t = 2 (the particle stops), the path has a well-defined tangent line of slope % at the point

Bai tap luyén tap

(Calculator.) A particle moves in the xy-plane so that for 0 <t < 4,

dx _ 2 dy 5 o5t

At t = 0 the particle is at (1, 2).

(@) For what values of ¢, 0 < t < 4, is the particle moving to the left?
(b) Find the speed of the particle and the slope of its path at t = 2.
(c) Find the total distance traveled by the particle for 0 < ¢ < 4.

(d) Find the position of the particle at ¢t = 4.

(e) Find the minimum z-coordinate of the particle for 0 < ¢ < 4. Justify.

Loi giai chi tiét
@21t <0 <= In1+t?) <1 < t?<e—1 < t<+e—1=~ 1.311. Moving left for
0<¢<1.311.

(b) 2’ (2) = In5—1 = 0.6094 ..., (2) = 3¢~' = 1.1036 ... Speed = 1/(2/(2))2 + (y'(2))? = 1.261.

_y(@) _
Slope = 72 1.811.

4
(c) Distance = / \/( In(1+¢2) — 1)2 + (3e—o~5t)2 dt = 6.938.
0

4 4
(d) z(4) = 1+/ (In(1+¢)—1)dt = 2.984; y(4) = 2+/ 3e 0%t dt = 24+6(1—e2) = 7.188.
0

0
Position (2.984, 7.188).
(e) 2’(t) changes from negative to positive only at ¢, = v'e — 1, so on [0,4] the minimum of

tO
x is at t, or an endpoint. z(t,) = 1 + / (In(1 + ¢*) — 1)dt = 0.217, while z(0) = 1 and
0
x(4) = 2.984. The minimum z-coordinate is 0.217 (at ¢ = 1.311).

Polar coordinates, slopes, and dr/df

Bai tap luyén tap

The point with polar coordinates (—2, g) has rectangular coordinates

(A) (-1, —V/3) (€ (1, v3)

(B) (—v3, —1) (D) (1, —v3)
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Loi giai chi tiét

r = —-2cost = -1, y = —2sinf = —+/3. (A). The negative radius sends the point into
Quadrant Ill, opposite the direction Z; (C) ignores the sign of r, and (B) swaps sin and cos.

Bai tap luyén tap

Which rectangular equation is equivalent to the polar equation » = 6 cos 6?

(A) 22+ (y—3)2=9 (C) 22 +4y* =6
(B) (z —6)%+ 5y =36 (D) (z—3)*+¢y*=9

Loi giai chi tiet

r? = 6rcosd = x? + y? = 62 = (v — 3)? + 3> = 9, a circle of radius 3 centered at (3,0). (D).
(A) would come from r = 6sin 6.

Bai tap luyén tap

For the polar curve r = 2 4 2sin 0, the tangent line at the point where § = % is

(A) horizontal (C) of slope v/3
1
(B) vertical (D) of slope ﬁ

Loi giai chi tiét
dr s
r=3and & =2cosf =3atf =Z.

de . V3 1 dy . V3 3V3
<g =7/ cosf—rsing = \/5-7—3-5 = (, 2p = Sin0+rcosd = =+ =2v3 £0.

4z — 0 with % # 0: the tangent is vertical. (B). (C) mistakes 4 for the slope.

Bai tap luyén tap

Considerr = 1—2sin 8 for 5§ <0< 3. Aso increases on this interval, which statement is true?
(A) The point moves toward the origin, because % < 0.

(B) The point moves toward the origin, because r < 0.

(C) The point moves away from the origin, because » < 0 and % < 0.

(D) The point moves away from the origin, because 2= > 0.

Loi giai chi tiét

On (Z,Z),sinf > 1,507 =1-2sinf < 0;and % = —2cos § < 0. Same sign = |r| is increasing:
the point moves away from the origin. (C). Choice (A) is the classic trap — a decreasing r means
"closer” only when r > 0.
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. do .
A particle moves along the polar curve r = 2 + cos 6 so that T 2 for all times ¢.

(@) Find % at the instant when ¢ = 7, and interpret its sign.

(b) Find Z—f at the instant when ¢ = 7, and interpret its sign.

Lai giai chi tiét

(a) % = % . Z—f = (—sin#)(2) = —2atf = 7. Since r = 2 > 0 and r is decreasing, the particle
is moving closer to the origin at that instant.

(b) x = rcosf = 2cosf + cos?6, so Z—z = —2sinf — 2sinflcosf = —2atd = 7. Then
Z—i = (—2)(2) = —4 < 0: the particle is moving to the left.

Polar area

Bai tap luyén tap

What is the area of one petal of the rose » = 2 cos 36?

(A) € %”

(B)

ol wly

(D) =

Lai giai chi tiét

r = 0 when 36 = +7, so one petal is traced for —% <60 <

oIy

jus
6
/6

1 /6 w/6 T
A:/ 4c05239d0:/ (1 + cos66)df = [6’+ésin60] =
2 —m/6 —m/6 —/6 3

(A). (C) results from doubling the limits to [-Z, Z], which sweeps more than one petal; (D) is
the area of all three petals.

Bai tap luyén tap

The area of the region enclosed by the convex limagon r» = 2 + cos @ is

(A) 47 (C) 9
4
97
(B) 57 (D) 5
Lai giai chi tiét
1 [ 1 97 2
A= 2/ (4 + 4cosf + cos?6)df = 5(877—1—0—1—71’) = 5 usingjé”cos@d@ = 0 and
0
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L% cos?60df = m. (D). (C) is half the correct value (the symmetric half %foﬂ r2 df was not
doubled); (A) omits the cos? 6 term, giving 5 L(8m).

Bai tap luyén tap

Consider the limaconr =2 +4cos 6,0 < 0 < 2.
(@) Find the values of # at which the curve passes through the pole.

(b) Find the area of the inner loop.
(c) F|nd patd = 5—” Is the point moving toward or away from the pole there? Explain.

(d) Write an equation for the line tangent to the curve at § = o

Loi giai chi tiét
4

(@2+4cos§=0=cosf=—3=0=2" I
(b) The inner loop corresponds to ” <0< 4?” (where r < 0). Since (2 + 4cos6)? = 4 +
16 cosd + 16 cos? 0 = 12+16c050+8cos20,

47/3

1
A= =[126+16sin 6 + 4sin 29] - = [871' —16v3 + 4x/§] — 41 — 63 ~ 2.174.

1
5 27/3
(€) % = —4sing=—2atd =5, andr =2+4 (—@) = 2 — 2v/3 < 0. Both negative (same
sign), so |r| is increasing: the point is moving away from the pole.

(d)At0 = Z: r = 2,7/ = —4, point (0,2). & =1'sinf +rcosf = —4, % =" cosf —rsing =
—2; slope = 2. Tangent line: y = 2z + 2.

Bai tap luyén tap

What is the area of the region inside both circles » = 2sin6 and r = 2 cos 67

(A) T—2

us
4
m—

2

(B)

Loi giai chi tiét

The circles meet at & = 7 and at the pole. By symmetry about § = 7,

/4 /4
= ! — 1 o3 / 1 77‘(—2
A=2 2/0 4sin 0d6—2/0 (1—cos26)d9—2[9—25|n29]0 _2<4_2>_ =]

(D) m—2

(C). (B) is the answer for the circles of diameter 1 (r = siné, r = cos0); scaling lengths by 2
multiplies areas by 4.

Bai tap luyén tap

What is the area of the region inside the cardioid r = 1 + cos 6 and outside the circle r = 1?

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 278



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

(A) % (C) 2

(B) 2+ 7 (D) 2+ 5

Loi giai chi tiét

Intersections: 1 + cosf = 1 = 0 = 4-7; the cardioid is outside for || < 7.

/2
L 2 _1
A_2[ [(1+cos€) —1}d0—2[

/2

/2

1 m m
2 _ = Y ~
W/2(2c059+cos 9)d6—2(4+2) 2+

(B). (D) uses f:;//é cos? 0 df = « instead of the correct 7 (A) drops the 2 cos § term.

Bai tap luyén tap

(No calculator.) Find the area of the region that lies inside the circle » = 2 sin # and outside the
circler = 1.

Lai giai chi tiét
5

Intersections: 2sinf =1 =0 = ¢, %. For g <0< %“, 2siné > 1.

57/6 57/6 57/6
Azl/ (4sin*0—1)do — = (1—2cos20)d9:1[9—sin20}
2 /6 2 /6 2 /6
/ /
- . - T V3
=1[(ZE+%)-(5-%)] :%(%+\/§)=§+7“1-913-

Bai tap luyén tap

(No calculator.) Let R be the region inside the circle » = 3sin @ and outside the cardioid » =

1+ siné.

(@) Find the polar coordinates of the points of intersection of the two curves other than the
pole.

(b) Find the area of R.
(c) Find the area of the region inside both curves.

(d) Show that the cardioid has a vertical tangent line at the intersection point in Quadrant I.

Loi gidi chi tiét
(@) 3sinf =1+sind = sinf = 5 = 0 = =, 3%, with r = 3: the points (3, Z) and (3, 5F).
(b) For Z < 6 < 3% the circle is outside (at § = Z: 3 > 2).

1 57/6 ) 57/6
Ap == 9sin“ 0 — (1+sin6)?|df = = 3 —4cos20 —2sinf) db,
R
2 /6 2 /6

since 8sin®# — 2sinf — 1 = 4 — 4cos 20 — 2sin § — 1. Antiderivative 36 — 2sin 20 + 2 cos @: at
3 jtequals 2 + 3 — V3 =2F;at Zitequals 2 — V3 +V3=2.50 Ay = 1(2m) = .
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(c) The circle r = 3 sin 8 (radius %) has area %’T; it splits into R and the common region. Common

region = %T — 7 = 5{{. (This is the configuration of Section 9.9 rotated by g.)
(d)Forr =1+sinfatf=2:r =21 =cosf = @ 4z =y’ cosf —rsinf = 3 — 3 =0, while

% =17’sinf +rcosf = @ + 37‘/5 = /3 # 0. Hence the tangent line there is vertical.

Bai tap luyén tap

(Calculator.) The curves r = 4 and r = 3 + 25sin(26) are graphed in the xzy-plane. Let S be the
region in the first quadrant that lies inside » = 3 + 2sin(26) and outside r = 4.

(@) Find the valuesof 9,0 < 8 < 5, at which the two curves intersect.
(b) Find the area of S.

(c) Find % forr =3+ 2sin(20) at 6 = 7, and interpret its meaning in terms of a point moving
along the curve.

(d) Find the y-coordinate of the pointonr = 3+2sin(20) atf = 3, and find % there. Interpret
the sign.

(e) Find the total area enclosed by r = 3 + 2sin(26).

Loi gidi chi tiét
(@) 3+2sin20 =4=sin20=3=20=7% 3 = 0=7 ~0262and § = 37 ~ 1.309.
(b) Between these angles 3 + 2sin 20 > 4:

57/12

Area(S) = 1/

|(3+2sin20)" —16]d6 ~ 3.011.
/12

(c) % = 4cos20 = 4cos 2F = —2. Sincer = 3+ /3 ~ 4.732 > 0 and % < 0, the point is
moving closer to the origin as 6 increases, at 2 units per radian.

(d)y =rsing = (3+v/3)% ~ 4.098. % =7'sinf+rcosh = (—2)L2 +(3+/3)} ~ 0.634 > 0:
as f increases through %, the point’s y-coordinate is increasing (the point is moving upward).

2m
(e) » > 0forall §,s0 A = ;/ (3 4 2sin 29)2d9 ~ 34.558. (Exactly: %jj”@ + 12sin 260 +
0

4sin’20) df = 1 (18 + 47) = 11m.)
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On tap nhanh — Unit 9:

e Tham sé: dy/dx = y'(t)/=’ (t); ti€p tuyén ngang: v’ = 0, =’ # 0; déng: 2’ = 0, y’ # 0; ca hai bang 0
thi xét gi&i han.

e Dao ham cdp hai: d?y/dx? = [ £ (dy/dx)] /2’ (t) — nh& chia cho 2’ (t) [an nira, khong I8y y” (t) /" (t).

e D0 dai cung / quang duong: fab V(2')? + (y')?dt = [ téc do; kiém tra dudng cé bi di lai hai lan
khong.

e Ham vecto: dao ham, tich phan tirng thanh phan; vi tri = vi tri dau + [ van toc; do doi la vecto,
quang dudng 13 s6.

e Toadd cuc: = rcosd, y = rsind; hé sé goc = (dy/df)/(dxz/df) véi quy tic tich; r va dr/df cung
dau = ra xa géc.

o Dién tich cuc: 5 [ 2 do; gilra hai dudng 5 [ (12,05 — riong) d0; tim giao diém ca bang r; = r, ldn tai

ngoai

gbc; mién chung thudng phai tach tich phan.
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Infinite Sequences and Series

Muc tiéu Unit: Phan biét day sé va chudi sd; hiéu téng cta chudi 1a gidi han cta diy téng riéng phan
S, tinh t8ng chudi telescoping va chudi hinh hoc (k€ ca s6 thap phan tuin hoan, chi sé bat dau khac 0);
dung phép thir s hang thir n dé két luan phan ky; ap dung diing diéu kién ctia phép thir tich phan, chudi
diéu hoa va chudi p, so sanh truc tiép va so sanh gii han, chudi dan dau, phép thir ti s6; phan biét hoi
tu tuyét dai va hoi tu cé diéu kién; uéc luong sai s6 bang can sai s6 chudi dan dau; biét chon phép thir
phu hop va trinh bay lap luan da diéu kién nhu rubric AP. Phan sau cia Unit: da thirc Taylor va sai s6
Lagrange, chuéi lily thira, ban kinh va khoang hoi tu (kiém tra hai dau muat), chudi Taylor/Maclaurin ctia
e*, sinx, cos z, ﬁ, va cach tao chudi méi bang thay bién, dao ham, tich phan tirng s6 hang.

Units 1-8 studied functions of a real variable: limits, derivatives, integrals. Unit 10 asks a de-
ceptively simple question — what does it mean to add infinitely many numbers? — and then builds the
tools needed to answer it for a given list of terms. Those tools pay off in the second half of the unit,
where functions such as e* and sin z are rewritten as “infinite polynomials.” On the AP Calculus BC
exam this unit carries the largest weight of any unit (about 17-18% of the exam), and nearly every
free-response section contains a series question.

10.1 Defining Convergent and Divergent Infinite Series

10.1.1 Sequences versus series

A sequence is an ordered list of numbers a4, a,, as, ..., written {a,, }; formally it is a function whose
domain is the positive (or nonnegative) integers. A sequence converges to L if lim a,, = L for a
n—oo

finite number L; otherwise it diverges. Because a,, = f(n) for some formula f, limits of sequences
are computed exactly like limits at infinity in Unit 1 (dominant terms, L'Hospital’s Rule applied to
f(z), the Squeeze Theorem).

A series is the sum of the terms of a sequence:

Zan =a;+ a9+ az+ .
n=1
Adding infinitely many numbers is not an arithmetic operation — no one can finish it — so the sum
is defined through a limit.

Partial sums and the sum of a series

The nth partial sum of ) a, is the finite sum

Snzzak=a1+a2+"‘+an-
k=1

The partial sums form a new sequence S, S5, S, .... If lim S, = S exists (finite), the series

n—o0

converges and its sum is S:

o
Zan =S means lim S, =S.
n—1 n—oo

If lim S, does not exist (including S,, — +00), the series diverges.
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GIAI THICH TIENG VIET
Day s6 {a,,} la mét danh sach vé han cac s6; chubi s 5 a,, 1a téng cac s6 hang cua day. Khéng
ai cong duoc vo han s8, nén téng ctia chudi dugc dinh nghia qua gisi han: 1ap day téng riéng
phan S, = a; +--+a,;néu S, tién téi mot sé hiru han S thi chudi héi tu va cé téng S, ngugc
lai chudi phan ky. Luén c6 hai day lién quan: day s6 hang {a,,} va ddy téng riéng phan {S, } —
dirng nham "day a,, hoi tu” véi "chudi > a,, héi tu”.

Two sequences are always attached to a series: the sequence of terms {a,,} and the sequence

of partial sums {S,, }. They behave very differently. If a,, = % the sequence converges (a,, — 1),
n

but every term is at least 1, so S,, > 5 — oo and the series diverges. Conversely, the partial sums
of a convergent series converge to .S while the terms themselves converge to 0.
Two facts connect a,, and S,, in both directions:

> mi converges to 1 > L: partial sums grow without bound
4 [
1 T S T o0 ®
eo0 0@ o000 0 0 00 .o 0o ® o
o°® 37 °®
° P
[ ] [ ]
[ ] ° [ ]
oS, 2 | .
05| e 0a, °
S,
1+ e 0Qp
o]
° 4 °o o o
0 — > ~ 0 - 2°%c°0900000000a04
0 5 10 15 20 0 5 10 15 20
n n

In both panels the terms a,, (hollow dots) shrink to 0. On the left the partial sums S,, level off at the horizontal
asymptote S = 1: the series converges. On the right the partial sums of the harmonic series keep climbing (slowly, like
In n): the series diverges even though a,, — 0.

Vi du miu - Sequence versus series

Leta, =

n 3 (a) Does the sequence {a,, } converge? (b) Does the series Zzozl a,, converge?

n +
3 3
— —. The sequence converges to

a) Divide numerator and denominator by n: =
(@ Y = 5 s 2

3
S
(b) Because a,, — 2, eventually every term exceeds 1 (indeed a,, > 1 <= 3n >2n+5 <

n > 5). Adding infinitely many terms larger than 1 makes S,, — oo, so the series diverges. (In
Section 10.3 this argument becomes the nth Term Test.)

Vi du miu - Recovering terms and the sum from S

. . . 3 . .
The nth partial sum of a series 3> a,, is S, = % (a) Find a; and a5. (b) Find a formula
n= n
for a,,. (c) Does the series converge? If so, find its sum.
15 12 15 1
_ o _3_ _ _ _ _
(a)al—Sl—5—1.A|50a5—55—54—7—E—7—2—?.
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(b) For n > 2,
3n 3(n—1) 3n(n+1)—3n—-1)(n+2) 6
an — STL — Snfl == — = — .
n+2 n+1 (n+1)(n+2) (n+1)(n+2)
This formula also gives a; = $ = 1, so it holds for all n > 1.
(c) nIergo S, = nIer;O 14—32/71 = 3. The series converges and ; 1)6(7“_2) = 3.

10.1.2 Telescoping series

For most series there is no closed formula for S,,. A telescoping series is a rare exception: each term
splits into a difference a,, = b, — b, (or b, — b, ;), and almost everything cancels in the partial
sum, like the sections of a collapsing telescope.

Ifa, =b, —0b,., then

STL = (bl —62>+<b2—b3)++(bn_bn+1) :bl_bn+1?

o0
so ) a, converges if and only if limb,,_ ; exists, and then Z a, =b;, — lim b,.
n=1 n—0o0

Vi du miu - A classic telescoping series

1
n(n+1)

. . 1 1 1
Partial fractions;: — = — — .
nn+1) n n+1

1
s (1) (1= (1=1) oo (1) -1

Since lim (1—
n—oo

figure above.)

Vi du mau - Telescoping with a gap of two
> 2
Find —_—
n 7;1 n%+4n+3

2 1 1
. _ _ . (n+3)—(n+1) _
Factor and split: miDmTd) il n+i3 (check: i T3 = <n+3 ) Write out

Se=(3=1)+ (3-8)+ (i=8) + (3= 3) o+ (G~ aks):

Each negative part cancels a positive part two terms later. Only the first two positive parts and
the last two negative parts survive:

Find the sum of Z

1 . . . ..
n 1) = 1, the series converges and its sum is 1. (This is the left panel of the
n

terms:
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The series converges to %.

Vi du mAu - A telescoping series that diverges

n+1

o
Determine whether Z In( ) converges.
n=1

Write In 2L = In(n + 1) — Inn. Then
S =(n2—1In1)+(n3—MN2)+-+(n(n+1)—Inn)=In(n+1)—In1=In(n+1).

Since In(n 4+ 1) — oo, the partial sums are unbounded and the series diverges — even though
the terms In 2L — In1 = 0.

(1) Loi thuong gap: When a telescoping series has a gap of k, exactly k leading pieces and k
trailing pieces survive. Write out at least the first four terms and the last two before cancelling;
guessing “only the first and last survive” gives % instead of % in the second example above.

10.1.3 Algebra of convergent series

If > a, = Aand > b, = B both converge and ¢ is a constant, then > (a,, +b,,) = A + B and
> ca, = cA. If Y a, converges and > b, diverges, then > (a,, + b,,) diverges. Finally, adding or
deleting finitely many terms never changes convergence (it changes the sum, but not whether a
sum exists). That is why the convergence tests below only need their hypotheses to hold eventually,
that is, for all n beyond some index.

. GIAI THICH TIENG VIET

Chubi telescoping 1a chubi ma méi sé hang viét dugc thanh hiéu b,, — b, ., (thudng nho tach
phan thirc), nén khi cdng, cac s6 hang gilra triét tiéu hét va S, = b, — b, ;. Néu khoang cach
la 2 (vi du 25 — ~15) thi con lai hai s6 hang dau va hai s6 hang cu6i. Thém hay bo hitu han s6
hang khéng |am thay déi tinh héi tu — vi vay cac diéu kién cta phép thir chi can ding "tir mot
chi s6 nao do tré di”.

10.2 Geometric Series

10.2.1 The sum of a geometric series
A geometric series has a constant ratio » between consecutive terms:

Zar”:a—l—ar—i—aﬁ—kar?’—i—m (a #0).

n=0

Its partial sums have a closed form. If S, = a+ar+--+ar"! (nterms), thenrS,, = ar+ar’+--+ar™;
subtracting, S,, — rS,, = a — ar™, so

a(l—r")
S = 1—7r

(r#1).

If || < 1thenr™ — 0and S, — L |r| > 1 the terms ar™ do not approach 0 and the series

diverges (for r = 1, S,, = na; for r = —1, S,, alternates between a and 0).
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Geometric Series Test (CED 10.2)

o0
The geometric series Z ar™ with a # 0
n=0
a  firstterm
1—r 1—ratio’

o0
e converges if || < 1, and then Zar" =

n=0
o diverges if || > 1.

The memory device “first term over one minus ratio” works for any starting index, as long as
“first term” means the actual first term of the series.

Area of the unit square = 1.

Each new piece is half of what re-
mains, so the shaded pieces never
overflow the square and fill it in the

limit:
1+1+1+1+ 1/2 .
2 4 8 16 T 1-1/2 7

A geometric series with @ = % and r = 3. After n pieces the uncovered area is exactly (3)™, the gap 1 — S,,, which

shrinks to 0.

GIAI THICH TIENG VIET

Chudi hinh hoc c6 ti s6 khéng déi r gitra hai s6 hang lién ti€p. Chudi héi tu khiva chikhi |r| < 1,
va khi dé tng bang s6 hang dau chia cho (1 — r). Khi || > 1 chudi phan ky. Céng thirc "s&
hang dau / (1 — céng bdi)” dung véi moi chi sé bat dau — chi can tinh ding s6 hang dau tién
thuc su cia chudi (vi du chudi bit dau tir n = 2 thi s6 hang dau 13 a,).

Vi du miu - Startingat n = 0

Find i5<§>n
n=0

The first term (n = 0) is 5 and the ratio is r = % Since |r| = % < 1, the series converges, and

5
1-2/3‘%‘15'

Vi du mau - Rewriting into geometric form
R
Find Zl TR

Rewrite each term as

its sum is

n+1

n
= 3(1) , a geometric series with ratio r = %, Ir| < 1, so it

converges. The first term (n = 1) is 3- 2 = 2. Hence

o 3 9/4  9/4

A T 1-3/4 1/4

n=1
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Vi du miu - Negative ratio and a late starting index

Find ) (_513_12
n=2

. (=1)r2r 2\" I 2
Write the term as T 5( — 5) , geometric with » = —2, |r| < 1: converges. The first
. 1)(4 4
termisatn = 2: (+5)() =z Therefore

5n-1 T 1—(=2/5) 7/5 7’

NN 4/5 4/5 4
Z( ) /5 45

10.2.2 Repeating decimals

Every repeating decimal is a geometric series in disguise, which is the cleanest proof that it represents
a rational number.

Vi du mau - Repeating decimals as fractions

Write (a) 0.36 and (b) 2.145 as fractions in lowest terms.
(@) 0.36 = 0.36 + 0.0036 + 0.000036 + ---, a geometric series with first term 2 100 and ratio 100

_ 1 4
0g_ 36/100 36 _ 4
1—1/100 99 11

(b) Separate the non- repeating part: 2.145 = 2.1 4 0.045 = 2} + (0.045 4 0.00045 + --- ). The
repeating part has first term 1000 and ratio W
45/1000 45 1 — 21 1 23145 236 118

0045 = —F—— — = — = — 2145 ="+ — = =2 .
99/100 ~ 990 22’ 10 22 110 110~ 55

Check: 118 + 55 = 2.14545 ... v/

10.2.3 Geometric series with a variable ratio

When the ratio contains z, the Geometric Series Test tells us for which x the series converges and
what function it adds up to — a preview of power series in the second half of this unit.

Vi du miu - For which z does it converge?

00 1)
For what values of = does Z @2n>

n=0

converge? For those z, find the sum as a function of .

—1
and first term 1. It converges exactly when

This is geometric with r = z

—1
‘m ‘<1<:>|x—1|<2<:>—1<9:<3

Atz = —1(r=—1)andxz = 3 (r = 1) it diverges. On —1 < x < 3,

z—1 1 2
Z( ) —%4:3—96'
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Vi du mau - The bouncing ball

A ball is dropped from a height of 10 feet. Each time it hits the ground it rebounds to % of its
previous height. Find the total vertical distance the ball travels.

The ball falls 10 ft. After that, each rebound height is travelled twice (up and back down). The
rebound heights are 10 - 3, 10 (2)?, ..., a geometric series with first term 7.5 and ratio 2:

. 3\n 7.5
D=10+2510(2) =10+2- —2_ — 10+ 2(30) = 70 feet.
0+ ; 0<4) 0+2: 757 = 10+2(30) ce

(1) Loi thuong gip: Using % with a equal to the coefficient instead of the first term. In
—T

Z;O:l 3(2)™ the coefficient is 3, but the first term is 2; using 3 gives 12 instead of 9. Also: a

geometric series with |r| > 1 has no sum — never write 7 ? forr=2.
—-Tr
10.3 The nth Term Test for Divergence
If > a, converges to S, thenboth S, — Sand S, _; — S, so
a,=95,—95,., — S—5=0.

In words: the terms of a convergent series must shrink to zero. The contrapositive is a test for diver-
gence.

7 nth Term Test for Divergence (CED 10.3)

If lim a, # O (either the limit is a nonzero number or the limit does not exist), then Za"
n—oo
diverges.

If lim a, = 0, the test is inconclusive: the series may converge or diverge, and another test
n—o0

is needed.

- GIAI THICH TIENG VIET
Phép thir sé hang thir n chi dung dé chirng minh phan ky: néu a,, khong tién vé 0 (tién vé so
khac 0 hodc khong c6 gigi han) thi chubi phan ky. Néu a,, — 0 thi chua két ludn dugc gi — chudi
diéu hoa Y- 1 c6 a,, — 0 nhung van phan ky. Trén bai thi AP, viét "vi a,, — 0 nén chudi hoi tu”
|3 sai va mat diém 1ap luan.

e partial sums S,
61 o termsa, o

2t °
°
°

o
F- @ "~ 0~ OC-©O--0--0-©--0--0-6--0-0 -9--0-0---
; ; ;

0 \ ‘ :
0 5 10 15
n

n

T (hollow dots) and partial sums .S, (filled dots). When the terms settle at a nonzero value (% here), each
new term adds about % to the running total, so the partial sums rise without bound.

Terms a,, =
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Vi du miu - Applying the nth Term Test

Determine whether each series diverges by the nth Term Test.

SN n = 1 - 1\" >~ (—1)"n o~ 1
@ Z 2n+1 (b) Ecos(n> © T; (1 * ﬁ) (d) Z n+1 © ” n

a) lim

(b) As n — oo, = — 0 and cos is continuous, so cos(1/n) — cos0 = 1 # 0: diverges.
1 n

(c) lim (1 + 7) = e # 0: diverges.
n

n—oo
(d) \an\ =5 — 1,s0 the terms alternate close to +1 and —1; lima,, does not exist, hence
lima,, # 0: diverges.

(e) lim % = 0, so the nth Term Test is inconclusive. (We show in Section 10.5 that this series

diverges, by a different argument.)

1 . .
=3 =+ 0, so the series diverges by the nth Term Test.

Vi du mau - Using L'Hospital’s Rule inside the test

> 2
Does E nsin(—) converge?
n
n=1

Let f(x) = zsin(2/z) = sml(/2/x) a g form as z — oco. By L'Hospital’s Rule,
x
. sin(2/z) . cos(2/x)- (—2/x*) . B
xIergO s II|_>rro|O Y = I|I_>r202COS(2/x) =2

So a,, — 2 # 0, and the series diverges by the nth Term Test.

() Léi thueing gap: The nth Term Test can never prove convergence. “lima, = 0, therefore
> a,, converges” is the single most common logical error on series free-response questions.
Also, do not confuse the limit of the terms with the limit of the partial sums: for a convergent
series, lima,, = 0 while lim S, = S.

10.4 The Integral Test

When the terms come from a function that can be integrated, the area under that function and the
sum of the terms rise or fall together. Think of each term a,, = f(n) as the area of a rectangle of
width 1 and height f(n).

Integral Test (CED 10.4)

Suppose a,, = f(n), where f is positive, continuous, and decreasing on [k, co) for some k > 1.

Then . -
Z a, and / f(z)dx
n==k k

either both converge or both diverge.
The integral’s value is not the sum of the series; the test compares only convergence behaviour.
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10.4.1 Why it works

Because f is decreasing, on each interval [n,n + 1] the rectangle of height f(n) (left endpoint) lies
above the graph and the rectangle of height f(n + 1) (right endpoint) lies below it. Adding these

comparisons gives
N N N-—1
St < [ flayde <Y fo)
n=2 1 n=1

If the integral is finite, the left inequality traps the increasing partial sums under a fixed ceiling, so
they converge. If the integral is infinite, the right inequality pushes the partial sums to infinity.

6 7 7 7
Upper rectangles: 35, & > [ ¢ Lower rectangles: 3 & < [ 45
1+ 1
1
V=g
1
2
0.5 + 1 o 0.5 +
3 y=z A
4
1
0 0 [ T
1 2 3 4 5 6 7 1 2 3 4 5 6 7
z x

Left: each rectangle of height £+ on [n, n + 1] covers the area under y = =, s0 Sy > In(N + 1) — oo — the harmonic
series diverges. Right: each rectangle of height -%; on [n — 1, n] fits under y = 2, so 25:2 L < floo 4% = 1 for every

N — the partial sums are bounded and the series converges (with Z:il % <1l4+1=2).

. GIAI THICH TIENG VIET
Phép thir tich phan: néu a,, = f(n) vdi f duwong, lién tuc, gidm trén [k, o) thi chudi Z:’:k a,,
va tich phan suy rong fkoo f(z) dz cung héi tu hoac cung phdn ky. Hinh chir nhat cao f(n), rong
1 nam trén hodc dudi do thi, nén téng va dién tich bj "kep” vao nhau. Trén bai FRQ phai néu
du ba diéu kién (thudng chirng minh "gidm” bang f’(x) < 0). Luu y: gia tri tich phan khéng
phai 1a téng ctia chubi.

Vi du miu - Integral Test, convergent case

. = 1
Use the Integral Test to determine whether g T converges.
n
n=1

Let f(z) = ot On [1,00): f(x) > 0; f is continuous (the denominator is never 0); and
—2 . .
f(x) = ﬁ < 0forxz > 1, so f is decreasing. The hypotheses hold.
> dx . b . m T T 7
—— = lim [arctanx} = lim (arctanb——) =———=—_.
i v+ 1 b—oo 1 b—oo 4 2 4 4

The integral converges, so by the Integral Test > n%ﬂ converges. (Its sumis not 7; in fact it is

about 1.077.)
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Vi du miu - Checking “decreasing” with the derivative

o ]
. 2
Determine whether E ne ™" converges.

n=1

Let f(x) = ze~*", which is positive and continuous on [1, c0). Its derivative is
fllx)=e® +a(—2we™ )= (1—222) <0 forz>1,

so f is decreasing on [1, co). With the substitution u = 22,

= —z2 : 1, —ax? b : 1, b2 1 -1 1
e dlelm[—ﬁe } :Ilm<—fe + 5e ):—.
1 1

b—o0 b—o0 2e

[\

The integral converges, so the series converges by the Integral Test.

Vi du mAu - Integral Test, divergent case

Determine whether
T;z ninn

converges.

Let f(x) = - ix

uous. It is decreasing because the denominator x In x is a product of two positive increasing

functions, hence increasing. With v = Inz, du = %;

on [2,00). It is positive (both 2 and In z are positive for x > 2) and contin-

/OO e _ lim [|n(lnx)r = lim (In(inb) —In(In2)) = co.

zlnz b—o0 2 b—o0

The integral diverges, so the series diverges by the Integral Test.

Vi du mau - “Eventually decreasing” is enough

=N
. nn
Determine whether E —— converges.
n
n=1

Let f(z) = '”x‘” Then f(z) = 1_'2”‘”,

tinuous, and decreasing on [3, co) (it increases on [1, ¢], but finitely many terms do not affect
convergence). Apply the test on [3, 00) with u = Inz:

“lna 1 21" _
/3 —%dz = im [i(lnx)} = .

b—oo 3

which is negative for x > e. So f is positive, con-

So 22023 '”T” diverges, and adding the two terms n = 1,2 does not change that: ZZ; '”T"
diverges.

(1) LGi thuerng gap: Skipping the hypotheses. A justification such as “floo f(z) dx converges, so
the series converges” earns no credit for the test unless you state that f is positive, continuous,
and decreasing. For the Integral Test the function must be decreasing; the test does not apply

.2 .2
to > 2.2 for example, since *;Z oscillates (use comparison instead).
n xT
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10.5 Harmonic Series and p-Series
10.5.1 The harmonic series diverges

> 1 1 1 1
The harmonic series is Z =l Its terms tend to 0, yet it diverges. Besides the
n
n=1
Integral Test argument above (S > In(N + 1)), there is a beautiful grouping proof due to Nicole
Oresme (14th century):
1+1+<1+1>+<1+1+1+1)+(1+ -+ 1>+
2 3 4 5 6 7 8 9 16

-] | —— | — 7 —

>1+i-} >4-4=4 >8 5=}
50 S5« > 1+ %, which is unbounded. The divergence is extremely slow: S,y & 7.49, and more than
10*3 terms are needed before the partial sums pass 100.

10.5.2 p-series

A p-series has the form Z — for a constant p. Forp > 0, f(z) = 2P is positive, continuous and

decreasing on [1, ), and from Unit 6 (improper integrals),

1
oodi_ j) p>17
1 ap !
p< 1.

o0,

For p < 0 the terms do not approach 0, so the series diverges by the nth Term Test.

p-Series Test (CED 10.5)

=1 . . .

E — converges if p>1 anddivergesifp <1.
n

n=1

The harmonic series is the borderline case p = 1 (diverges).

- GIAI THICH TIENG VIET
Chudi diéu hoa 3" X phan ky du 2 — 0 — phan ky rat cham (can hon 10*® s6 hang d€ téng
vugt 100). Chudip > n—lp hé6i tu khi va chi khi p > 1. Meo nhé: p = 1 la "ranh gi&i” va thudc
phia phan ky. Khi dung, phai viét r6 s6 mi p bang bao nhiéu va so véi 1, vi du "y — la chudi
pVGip =32 >1nénhaity"

Vi du miu - Recognizing p-series

Classify each series as convergent or divergent.

o) 1 o) 1 [ee) 7’L2 [ee) o] 5
A —— MY — ©Y = d)> " () —
(a) n}/S: p =3 > 1,converges. (b) —5:p=3 <1,diverges.
(€ 55 = ﬁ p=1.5>1,converges. (d)p = 0.99 < 1, diverges (barely — but the borderline
is sharp).
(e)5> n% with p = m > 1: converges (a constant multiple does not affect convergence).
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Vi du miu - A parameter in the exponent

o k
. n
For which values of k does E —5—7 converge?

n=1
o nk 1 L
Simplify: — 1 = a1 @ p-series with p = 2k — 1. It converges exactly when 2k — 1 > 1,
. n n
thatis, k > 1.

Vi du mAu - Integral Test with a logarithmic p
- converge?

> 1
For which p > 0 does _—
; n(lnn)

flz) = o) is positive, continuous, and decreasing on [2, co) (its denominator is a product
T X
of positive increasing functions). Substituting v = Inx turns f;o I“ﬁixm)p into fmoz Z—Z, which

converges if and only if p > 1. By the Integral Test the series converges for p > 1 and diverges
for 0 < p < 1 (the case p = 1 was the divergent example above).

10.6 Comparison Tests
Most series are not exactly geometric or p-series, but many behave like one. The comparison tests
make that intuition rigorous. Both tests require positive terms (at least eventually).

10.6.1 The Direct Comparison Test

Direct Comparison Test (CED 10.6)

Suppose 0 < a,, < b,, for all n (or for all n beyond some index).
e If > b, converges, then > a, converges. (smaller than convergent = convergent)

e If > a, diverges, then > b, diverges. (larger than divergent = divergent)

The logic is the same as for the Integral Test: partial sums of a positive series increase, so they
converge exactly when they are bounded. A series that sits below a convergent one is bounded
by the larger sum. The other two combinations — smaller than a divergent series, or larger than a
convergent one — tell us nothing.

1+ e
o b, =1/n?
ma, =1/(n?+5)

0.5 |

[ ]
n
n
0 : : ' " ® o 2 2 s & 3 &
1 2 3 4 5 6 7 & 9 10 11 12

Every term a,, lies below the matching term b,,, so the partial sums of 3" a,, stay below }" b, = %2 and must converge.
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Vi du mAu - Direct comparison with a p-series

> 1
Show that ——— converges.
7; n?+5

1
Foreveryn > 1,n* +5>n* > 0,500 < ———
n®+5

p =2 > 1, so0 it converges. By the Direct Comparison Test, n%% converges.

Vi du miu - Direct comparison for divergence

oo I .
Show that » ° M diverges (without integrating).
n

n=3

1 . . . .
< —. The series }_ 2 is a p-series with
n

In 1 . . . .
Forn >3,Inn >Ine=1,so ann > — > 0. The harmonic series > % diverges (p = 1). Since
n n

our terms are larger than the terms of a divergent positive series, > '”7” diverges by the Direct
Comparison Test.

Vi du mAu - Bounded numerators

. 2
SInN n
2

Determinewhether(a)z and (b)z 1 converge.
n=1 n=1

n 3"+n

.2

. . sin

(@) Since 0 < sinn < 1, we have 0 < Tn
T

Direct Comparison the series converges. (The Integral Test cannot be used: the terms are not

decreasing.)

n n Iy" 1\n ; H H 1
(b) 3" +n > 3", 500 < T < (§> ,and 3 (3)™ is geometric with |r| = 3 < 1, hence
convergent. By Direct Comparison the series converges.

1
< —,and ) -5 converges (p = 2 > 1). By
n

10.6.2 The Limit Comparison Test

Direct comparison needs the inequality to point the right way. For > ﬁ the natural comparison
2n£1 > 2% points the wrong way (bigger than convergent proves nothing). The Limit Comparison
Test avoids inequalities altogether: it only asks whether the two terms are proportional in the long

run.

' Limit Comparison Test (CED 10.6)

Suppose a,, > 0 and b,, > 0 for all n (eventually), and

lim a—”:L, where 0 < L < oo.

Then » a,, and > b, both converge or both diverge.

To choose b,,, keep only the dominant term of the numerator and of the denominator. For ex-

3n?—1 3n? 3 1
ample, ———— behaves like — = —, so compare with b, = —.
P nt +2n nt n? P "op2?
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. GIAI THICH TIENG VIET

So sanh truc ti€p: véi s6 hang duong, "nhd hon chubi hoi tu thi hoi tu”, ”Ién hon chudi phan

ky thi phan ky”; hai truong hop con lai khéng két luan duoc. So sanh gidi han: néu lim ‘;—: =L

vGi 0 < L < oo thi hai chudi cting tinh chat. Chon b, bang cach gitr lai s6 hang trdi & tir va

mau (thudng ra chudi p hodc chudi hinh hoc). Khi tr|nh bay phai ghi: a,,, b,, > 0; gia tri gi&i han
L (hiru han, duwong); va >~ b,, hoi tu hay phan ky vi sao.

Vi du mau - Limit comparison, convergent

> 1
Determine whether Z 7++4 converges.
n

For n > 1 the denominator n? — n +4=n(n?>—-1)+4>4>0,s0a, > 0. Dominant terms
suggest a,, ~ 2% = %; take b, = 5 > 0.

. 2 1)n2 . 2n3 2
im % — g 2ot bn” o 20t dnt

n—oo b, n—)oon3—n—|—4 C n—ocond —n+4

Since 0 < 2 < oo and Z converges (p-series, p = 2 > 1), the series converges by the Limit
Comparison Test.

Vi du mau - When direct comparison points the wrong way

. > 1
Determine whether Z 5 1

converges.
a, = zn 7 > 0forn > 1. Compare with b,, = 2 > 0:
i 52 = i 5 = i g =
Since 0 < 1 < oo and > (3)" is a convergent geometric series (jr| = 3 < 1), the series

converges by the Limit Comparison Test.

Vi du mAu - Limit comparison, divergent

Determine whether (a) Z 5 ! 1 and (b) Zsin(l> converge.
n — 1 n

n=1

. . 1 . .
@ a, = 2n :>0,0, =2 >0: IImZ—” = lim 2nn_1 =3 with 0 < % < o0. The harmonic

n

series diverges, so Z 2 dlverges
(b) Forn>1,0<1 §1<7r sosin(1/n) > 0. Withb, =L andt =1 — 0%,

. sin(1 . sint
lim sin(1/n) = lim — =1.
n—00 l/n t—0+ T

Since 0 < 1 < oo and Y L diverges, Y sin(1/n) diverges by the Limit Comparison Test.
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Vi du mAu - Radicals

> n+3
Determine whether Z —_— converges.
= v n5

Dominant terms: \/% =45 = 3/2 With b, §/2 (both sequences positive),
3/2 3/2
lim (n+3)n”= (n+3)n _ im 1+3/n

n—00 n5.+.1 _-nﬁoo7ﬁv2,/1.+_n45 T oo ,ﬂ[+_n*5<_

> ﬁ converges (p = % > 1), so the series converges by the Limit Comparison Test.

(!) L6i thuong gap: (1) Stating an inequality in the useless direction: “;:1~ > 2 and > L

converges, so the series converges” is invalid. (2) Forgetting the conditions 0 < L < oo in the
Limit Comparison Test: if L = 0 or L = oo, the basic version of the test gives no conclusion. (3)
Applying either comparison test to a series with negative terms — for those, compare > |a
instead (Section 10.9).

nl

10.7 Alternating Series Test
An alternating series has terms that alternate in sign:

o0

S (=1, = by = byt by —by - or Y (=1)",, b, >0.
n=1 n=1

The alternating harmonic series 1 — § + & — § + - is the model example.

Alternating Series Test (CED 10.7)

The series > (—1)""1b,, (or >_(—1)"b,,) with b,, > 0 converges if
(i) the b, are decreasing: b, ., < b, for all n (eventually), and

(i) lim b, =0.
n—oo

If (i) fails, the series diverges by the nth Term Test. If (i) fails, the test does not apply (use
another method).

10.7.1 Why it works

Take b,, decreasing to 0 and look at the partial sums of b; — b, + b —---. Every step reverses direction
and is shorter than the previous step. The even partial sums S,, S,, Sg, ... increase (each pair adds
bopi1 — bopyo > 0), the odd partial sums S, S5, S;, ... decrease, every even sum is below every odd
sum, and the gap S,,.; — S5, = by — 0. The two sides close in on a single number S.
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11
0.9 +
0.8 odd S,, decrease
S (1R T U AP /AN U/ W0 N N0 NI N7 .- N
0.6 even S, increase
0-5 71 dashed line: S =In2 ~ 0.6931
i é i é é 15 15 £4 1% 58 QO
n

Partial sums of 1 — § + 4 — ; + - zig-zag around the sum S = In 2. The pink band has half-width b, , = ;15 the sum
always lies between consecutive partial sums, and |S — S,,| < b,,,; — the idea behind the error bound in Section 10.10.

. GIAI THICH TIENG VIET

Phép thir chudi dan dau: chudi 3" (—1)"b,, v&i b, > 0 hoi tu néu (i) b, gidm (it nhat t&r mot chi
s6 nao do) va (i) b, — 0. Trén bai FRQ phai néu ca ba y: chudi dan dau, |a,,| gidm, lim |a,,| = 0.
Tong riéng phan nhay qua lai quanh téng S véi bién dod thu hep dan. Luu y: phép thir nay chi
chirng minh héi tu; né khéng cho biét hoi tu tuyét d6i hay cé diéu kién.

Vi du mau - The alternating harmonic series

>n+1

Show that Z <_n converges.
n=1

The series alternates with b, = £+ > 0. () b,,, = &5 < L = b,, so the b, decrease. (ii)

lim % = 0. By the Alternating Series Test the series converges. (Its sum is In2, a fact proved
with Taylor series later in this unit.)

Vi du mAu - Verifying “decreasing” with a derivative

0 1)
Determine whether Z (=1)"n converges.
n=1

n2+1

The series alternates with b,, = > 0. Let f(z) = 755; then

ngll
(2 +1)—z(2z) 1—a?

= <0 forz>1
(@? 1) (@ 1)2 e

f'(x) =

so b, is decreasing (strictly for n > 1: b, = 3 > b, = 2 > --). Also lim 35 = 0. By the
Alternating Series Test the series converges.

Vi du mau - Eventually decreasing; and a failure

oo

)™ In > 1
Determine whether each series converges: (a) Z i Z (n + )
n=1
(a) For n > 2 the series alternates with b,, = Inn 0 (the n = 1 term is 0 and can be ignored).
From the Integral Test example, f(z) = '”79” has f'(z) = 182 < 0 for z > e, so b, decreases

for n > 3. By L'Hospital’s Rule, lim '”Tw = lim == = 0. By the Alternating Series Test the series
converges.

3
Il
—
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(b) Here v,, = ”T“ — 1 # 0. Condition (ii) fails, and in fact lim a,, does not exist, so the series
diverges by the nth Term Test.

(1) L6i thuong gap: Writing only “the terms go to 0, so it converges by the Alternating Series
Test” You must state that the series alternates and that |a,,| decreases and that |a,,| — 0.
Conversely, the Alternating Series Test is not a test for divergence: if the b,, fail to decrease,
the test is simply silent.

10.8 The Ratio Test

The Ratio Test asks how each term compares with the one before it. If, in the long run, each term is
about L times the previous one, the series behaves like a geometric series with ratio L. It is the test
of choice for terms containing factorials or exponentials ¢, and it is the main tool for power series
later in the unit.

' Ratio Test (CED 10.8)

For a series ) a,, with nonzero terms, let

Apt1
a

L= lim

n—oo

n
e If L < 1, the series converges (in fact, converges absolutely).
e If L > 1 (including L = o), the series diverges.

e If L =1, the test is inconclusive.

1)!
Factorial algebra. (n+1)! = (n+1)-n!,so (n +' ) =n+1;and (2n+2)! = (2n+2)(2n+1)-(2n)!,
n:
(2n+2)! o . I\
so ot (2n+2)(2n + 1). Also = and nILrEO (1 4 E) =

- GIAI THICH TIENG VIET
Phép thir ti s6: tinh L = lim |[*2:|. L < 1: hoi tu (tuyét d6i); L > 1 hodc L = oo: phan ky;
L = 1: khéng két ludn — phai dunng phép thir khac. Dung t6t nhat khi s6 hang c6 giai thira n!
hodc liy thira ¢™. Véi cac chudi dang phan thirc da thic (nhu chubi p), phép thir ti s6 luén cho
L =1 nén vo dung.

Vi du mA3u - Exponential in the denominator

Determine whether Z 3% converges.
n=1
- n+1 g n+1 1

= — —=1L.

Unt1 .
3ntl  pn 3n 3

a

n

Since L = % < 1, the series converges by the Ratio Test.
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Vi du mAu - Factorials
(o]

! . 9n
Determine whether (a) E % and (b) E — converge.
n n!
n=0

n=1

1 1o0m 1 . . .
(a) Tn1| _ (71104’;“) P = n;(r) — oo. Since L = oo > 1, the series diverges by the
n n!

Ratio Test. (The first few terms shrink, but from n = 10 on each term is at least as large as the

previous one.)
(b) RSS! — 0= L < 1, so the series converges. (Its sum is €2, as you
n !

will see with Maclaurin series.)

ontl oyl 2

Api1
a

| r

Vi du mAu - Double factorial growth

(e e] | 2
Determine whether Z (n)) converges.
— (2n)!
2
a1 ((n+DNH)" (2n) (n+1)2 _ on+1 . 1
a, 2n+2)! ()2 (2n+2)2n+1) 2(2n+1) 4
L= i < 1, so the series converges by the Ratio Test.
Vi du miu - A limit equal to e
e} n"
Determine whether Z — converges.
— n!
| _ (n+1)7+ onl (n+1)7+t _ (D" <1+l>” .
a,, m+1)! n* (n+1)n» nm n

L = ¢ > 1, so the series diverges by the Ratio Test.

Vidumau-When L =1

1 1
Apply the Ratio Testto Y ~ —andto ) ~ —.
n n

For > i: 2o — 1. For ) 5 ﬁ — 1. In both cases L = 1, yet the first series diverges

and the second converges (p-series). This is exactly why L = 1 gives no conclusion: the Ratio
Test cannot distinguish them.

(1) L6i thueng gap: (1) When L = 1, do not conclude “diverges” (or “converges”); switch tests.

(2) Algebra slips with factorials: (2(72‘:)2!)! is (2n+2)(2n+1), not 2 or 2n+2. (3) The Ratio Test uses

. . . . o 1 . .
@, 1/ay,|, not |a, /a, . |; inverting the fraction turns L = 3 into 3 and reverses the conclusion.

10.9 Absolute versus Conditional Convergence

A series with both positive and negative terms can converge for two quite different reasons: because
its terms are small enough that even their absolute values add up to a finite total, or because positive
and negative terms cancel delicately.
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Absolute and conditional convergence (CED 10.9)

® > a, converges absolutely if > |a,,| converges.
® > a, converges conditionally if > a,, converges but > |a,,| diverges.

Absolute Convergence Theorem: if }_ |a,,| converges, then ) a,, converges.

The theorem holds because 0 < a,, +a,,| < 2|a,,|; by Direct Comparison } (a,, +|a,,|) converges,
and then ) a,, = > (a, + |a,|) —>_ |a,| is a difference of two convergent series. Its practical value:
any positive-term test (comparison, integral, p-series, geometric, ratio) can be applied to 3 |a,,|, even
when the original series is not alternating.

Standard procedure for a series with mixed signs.

Step 1. Test >_ |a,,| with a positive-term test. If it converges = absolutely convergent (done).
Step 2. If Y |a,,| diverges, test > a,, itself (usually with the Alternating Series Test). If it con-
verges = conditionally convergent; if it diverges (usually by the nth Term Test) = divergent.

= (1)
> — p>1 0<p<l1 p<0
n=1
Yla, =X & converges diverges diverges
> a,, (AST / nth Term) converges converges diverges

Classification absolutely conditionally divergent

The alternating p-series shows all three behaviours as p varies.

- GIAI THICH TIENG VIET
Héi tu tuyét déi: chudi cac tri tuyét déi > |a, | héi tu (khi d6 3" a,, chdc chan héi tu). Héi tu
c6 diéu kién: > a,, hoi tu nhung >~ |a,,| phan ky — su héi tu nho triét tiéu gira s6 hang am va
duong. Quy trinh: (1) xét " |a,,| bang phép thir cho chudi duong; héi tu thi két luan "hoéi tu
tuyét d6i”. (2) Néu 3 |a,,| phan ky thi xét chinh 3" a,, (thudng bang phép thir dan dau). Vi du
chuan: 3 E1 hai tu c6 digu kien, 3 CL° hoi tu tuyét dsi.

n2

Vi du mau - Absolutely, conditionally, or divergent?

Classify each series.

o~ (D" o~ (=) -~ (=D"n
a b —_— c
(); — ();1 NG ();n+1
(@ " |a,| = X % is a p-series with p = 2 > 1: converges. The series converges absolutely.
(b) 3 la,| = > — is a p-series with p = £ < 1: diverges. The original series alternates,
b, = % decreases, and b,, — 0, so it converges by the AST. The series converges conditionally.

(©) |a,| = ;57 — 1#0,s0lima, # 0 and the series diverges by the nth Term Test.

Vi du miu - A series that is not alternating

cosn
2

oo
Show that Z converges.
n=1

The signs of cosn follow no regular pattern (cos1 > 0, cos2 < 0, cos3 < 0, cos4 < 0,
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c05n| < i
n?2 | = n2
and > 712 converges (p = 2 > 1). By Direct Comparison, |C‘T’%| converges, so the series
converges absolutely, and therefore converges.

cos5 > 0,...), so the Alternating Series Test does not apply. Instead, 0 < ’

Vi du miu - A full AP-style justification

> (=)™ . .
Determine whether Z ( 5 )*n converges absolutely, converges conditionally, or diverges.
n=1

n®+1
Justify your answer.

Absolute values. ) ..-"+ has positive terms. Compare with b,, = L>o0:
n/(n?+41) n?

lim = lim =
n—o00 1/n n—oo n2 + 1

1, 0<1<o0.

The harmonic series diverges, so > il diverges by the Limit Comparison Test. The series

does not converge absolutely.

Original series. It alternates; b,, = 5 is decreasing for n > 1 (shown earlier with f"(z) =
1—z?

arE < 0) and limb,, = 0. By the Alternating Series Test, the series converges.
Conclusion. The series converges conditionally.

Vi du mAu - Ratio Test gives absolute convergence

Classify Z (_3') .
n=1 '

n
Cupa| 3w 3 — 0 < 1. By the Ratio Test, }_ |a,,| converges, so the series
a, | (m+1)! 3» n+l By ’ " ges.

converges absolutely.

Why the distinction matters. The terms of an absolutely convergent series may be rearranged
in any order without changing the sum. A conditionally convergent series is fragile: Riemann’s
Rearrangement Theorem states that its terms can be reordered to add up to any prescribed
real number, or to diverge. For example, 1 —  — 3 + 3 — & — £ + 1 — - (one positive term,
then two negative) uses exactly the terms of the alternating harmonic series, yet sums to % In2
instead of In 2.

10.10 Alternating Series Error Bound

Most convergent series cannot be summed exactly, so we approximate the sum S by a partial sum
S,,. The error (or remainder) is R, = S — S,,. For alternating series that satisfy the AST, the picture
of shrinking zig-zags gives a very simple bound.

Alternating Series Error Bound (CED 10.10)

If Y°(—1)"*1b,, satisfies the hypotheses of the Alternating Series Test (alternating, b,, decreas-
ing, b,, — 0) and has sum S, then

1S = S,l < b
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ENGLISH

the absolute value of the first omitted term. Moreover, S lies between S, and S, ;, and the
error S — S, has the same sign as the first omitted term.

S~ 0.9015
S, ~ 0.8964 S5 ~ 0.9044
: - : I —0 I : >
0.870 0.880 0.890 0.900 0.910

For > vz L the true sum S'is trapped between S, and S5, two consecutive partial sums whose distance is the first
omitted term b;.

- GIAI THICH TIENG VIET
Can sai s6 chudi dan dau: néu chubi thod phép thir dan dau thi khi I3y téng riéng phan S,
lam gia tri xap xi, sai s6 |S — S, | khéng vugt qua tri tuyét déi cia sé hang dau tién bj bo di,
b,,+1- Ngoaira S nam gitra S,, va S,,,,: néu s6 hang bi bo dau tién duong thi S, 13 xap xi thiéu
(underestimate), néu am thi S, la xap xi thira (overestimate). Trén dé AP cau nay thudng di
kém da thirc Taylor ctia mét ham sé tai mét diém lam cho chudi dan dau.

Vi du miu - Bounding the error of S,

1 n+1
Approximate S = Z 7) by S,, bound the error, and decide whether S, is too large or
n=1
too small.
Sy=1—3%+ L — 2L =189 ~ 0.8964. The series alternates, b, = % decreases, and b,, — 0,

so the Alternating Series Error Bound applies:

1
— S, <b. = — =0.008.

The first omitted term, + 13z, is positive, so S — S, > 0: S, is an underestimate. Hence
0.8964 < S < 0.8964 + 0.008 = 0.9044. (In fact S ~ 0.9015.)

Vi du m3u - How many terms are needed?

( 1)n+1

How many terms of Z guarantee, by the Alternating Series Error Bound, that the

partial sum is within 0.001 of the sum?

The series satisfies the AST (b, = - decreasing to 0). Using N terms, |S — Sy| < by, =

(N+1 . We need

Ny <000 = (N +1)2>1000 <= N +1>31.62...

so N +1 > 32,i.e. N = 31 terms suffice. (With N = 30 the bound is W ~ 0.00104, which
does not guarantee the accuracy.)
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Vi du miu - Overestimate or underestimate?

©  _1\n+1
Let S = E <1; (a) Find S;. (b) Use the Alternating Series Error Bound to show |.S—.S;| <
n n
n=1

%. (c) Is S5 an overestimate or an underestimate?
(@) S5 =73 — 1+ 57 = B2 = 5 ~ 0.4167.
(b) The series alternates, b, = —— is decreasing (both n and 2" increase) and b, — 0. So
n n2 n
1 _ 1 1
|5 — 53] <bs = 775 = 51 < 5o , ] .
(c) The first omitted term is —& < 0,50 S < S5: S5 is an overestimate. (The exact sum is

In 3 ~ 0.4055, and indeed S5 — S ~ 0.0112 < 0.0156.)

(1) L6i thuong gap: The bound uses the first omitted term b,+1, not the last term used, b,,.
Also, the bound is only valid when the AST hypotheses hold — state them before quoting
|S —S,| <b,.,. For a series that is not alternating (or whose b,, do not decrease), this error

bound cannot be used; the Lagrange error bound in the next part of the unit handles Taylor
polynomials in general.

10.11 Choosing a Convergence Test

On the exam, no one tells you which test to use. The skill is to read the shape of the term a,, and
match it to a test whose hypotheses you can verify quickly. The decision chart below is a reliable

order of questions; the table after it lists exactly what must be written down for each test to earn
the justification point.

GIAI THICH TIENG VIET

hon phép thir theo "hinh dang” ctia a,,: (1) luén thtr nhanh lim a,, — khac 0 Ia phan ky ngay;
(2) nhan dang chuéi hinh hoc, chuédi p, telescoping; (3) chudi dan dau: xét > |a,,| trudc, réi méi
dung phép thir dan dau; (4) c6 giai thira hodc Iy thira ¢ — dung phép thir ti s6; (5) phan thirc,
can thirc — so sanh (truc ti€p hodc gidi han) véi chubi p; (6) ham dé I3y tich phan nhu —i—,
ne~"" — duing phép thir tich phan. Mai [an két luan, ghi ré tén phép thir va cdc diéu kién dd kiém
tra.
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no | Diverges by the nth Term Test. (If the limit

Does lim a, = 0? > . ; .
noee Tn is 0, there is no conclusion yet — go down.)
¢yes
- - Geometric: converges iff || < 1, sum
Is it geomgtrlc >ar™ YeS) -
or a p-series ) —? Ir

p-series: converges iff p > 1.

¢I"IO

Does a,, splitasb, — b, ., ves | Telescoping: simplify S,,, then evaluate
(partial fractions, In 7:1)? limsS,,.

¢no

Do the signs alter- yes
nate, (—1)™ or cos(nm)?

¢I"IO

Does a,, contain n!, c™, or n™?

¢no
Is a,, (eventually) positive and close Direct Comparison (if the inequality points

to a p-series or geometric term the useful way) or Limit Comparison (0 <
after keeping dominant terms? L < o).

¢ no
Is a,, = f(n) with f positive, continu- | Yes_| Integral Test: state the three hypotheses,
ous, decreasing and easy to integrate? then evaluate [~ f(z)dz.

¢I"IO

Otherwise: rewrite a,, (algebra,
logs, bounds such as |sinn| < 1)
and return to the top with >" |a,,|.

Y

Test > |a,,| first (absolute convergence). If
> |a,,| diverges, use the AST: converges =
conditionally.

Y

Yes | Ratio Test: L < 1 converges, L > 1 di-
verges, L = 1 switch tests.

Y

yes

Y

Y

A decision chart for " a,,. The order matters: the nth Term Test costs one limit and can end the problem immediately;
geometric, p-series and telescoping series are recognised by sight; alternating series need two checks (absolute, then
conditional).
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ENGLISH

Test Hypotheses you must state Conclusion Typical use / warning
nth Term compute lima,, lima, # 0 = diverges never proves convergence
Geometric >~ ar™, identify r || < 1: sum {0t check the first term when n
|r| > 1: diverges startsat 1,2, ...
p-series L —7» identify p p>1conv,;p<1div. harmonicp =1 diverges
Telescoping a, =b, —b, > a, =IlimsS, k terms survive at each end
Integral f positive, continuous, series and fkoo f both integral value + series sum
decreasing on [k, 00), conv. or both div.
= f(n)
Direct 0 < a, <b, (eventually) >°b, conv. = > a, direction of inequality is
Comparison conv; > a,, div. everything
= >"b, div.
Limit b, > 0;lim 32 =L, both conv. or both choose b,, from dominant
Comparison 0<L<o div. terms
Alternating alternates; |a,,| decreasing; converges does not show absolute
Series lim|a,| =0 convergence
Ratio L =lim M L < 1 conv. (abs.); factorials, exponentials,
" L>1diviL=17? power series
AS Error AST hypotheses IS —S,| < lay,. ] sign of error = sign of a,, .,
Bound

Summary of the convergence tests of Topics 10.2-10.10 and the statements an AP rubric expects in a justification.

Vi du mAu - Eight series, eight decisions

Determine whether each series converges or diverges. Name the test and verify its conditions.

> n?41 N > 1 X (—1)"
(a);?z—n ‘b);w (C),;ﬁﬁ (d); —

. . arct < 11 3" 4 2n
e)Zn2 03 =5 O3 () O T

n=

(a) lim 25l — L0 diverges by the nth Term Test.

5n2—n

(b) Positive terms with 23n < (%)n forn > 1; the geometric series with r = 2 converges, sothe
series converges by Dlrect Comparison. (The Ratio Test also works: L = 2 I|m n+1) 2 <1)
(c) Positive terms; b,, = —: lim n+f = lim ; ,1/2 =10<1 < o0 the harmonlc series
diverges, so the series d|verges by Limit Comparlson

(d)|a,] = 5 > £ > 0forn > 2 (since Inn < n),and Y L diverges, so 3 |a,| diverges by
Direct Comparlson The series alternates, | decreases (smce Inn increases) and — 0, so it
converges by the AST: converges condltlonally

2 ,—(n+1) 2
(e) Ratio Test: (n+1)% = <n+1> L
n

1
— — — < 1: converges.
e e
()0 < arctann < § forn > 1,500 < aritf;‘” ”/2 ,and Z Z converges (p = 2 > 1)
converges by Direct Comparison.
1 1

(g) Telescoping withagap of 2: S, =1+ 5 — =5 — n—” —> 2: converges, sum 2

hsplit: ()" +X ()" ' = 2s+ 2z =2+3=1L converges (sum of two convergent
geometric series).

n2e—"n
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(1) Léi thuong gdp: Mixing up the two different “ratios.” In a geometric series the ratio r is
exactly the same for every pair of consecutive terms and its sign matters for the sum. In the
Ratio Test, L is a limit of |a,,,,/a,,| and only decides convergence — it never gives the sum.

10.12 Practice: Convergence of Series

Multiple-choice items are marked with answer choices (A)-(D). For free-response items, justify every
conclusion by naming the test and verifying each of its conditions, as on the AP exam. A calculator
is not needed for any item in this section.

Bai tap luyén tap

o0 1 n

i _ ?
1. What is the value of ; 4( 3) :
(A) 3 (C) 6
(B) —1 (D) The series diverges.
Loi giai chi tiét
Geometric with = —3, || < 1, so it converges. The first term (n = 1)is 4 - (—3) = —3. Sum
I VR T N

1—(—1/3) 4/3
Choice (A) uses 4 as the first term (as if n started at 0); choice (C) also ignores the negative sign
of r.

Bai tap luyén tap

2. Which of the following series converges?

(A) i nj—l (C) i(l.Ol)”
n=1 n=1
=1 e 3
(B) ;W (D) ;m

Loi giai chi tiét

(A): terms — 1 # 0, diverges (nth Term Test). (B): p-series, p = 0.9 < 1, diverges. (C): geometric
with 7 = 1.01 > 1, diverges. (D): 3} i+ is a constant multiple of a p-series with p = 1.1 > 1,
converges. (D).

Bai tap luyén tap

3. The nth partial sumof >~ @, is S, = i3 What is a4?
(A) i (C) 2
30
5 1
B) - -
(B) - D) ;
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ENGLISH

Loi giai chi tiét
3 25 —18 7
“5= 30 g W
is lim S,, (the sum of the series), and (D) is S; = a;.

a3 =855 — 5, =
(B) is S5 itself, (C

Bai tap luyén tap

4. Consider Z (
n=1

4
on—1)(2n+1)

2 2
2n—1)2n+1) 2n—1 2n+1

(a) Show that

(b) Find a closed-form expression for the partial sum S,,.

(c) Determine whether the series converges. If it converges, find its sum.

(@) 2 2 _22n+1)—202n—1) 4
n—1 2n+1  (2n—1)2n+1)  (2n—1)2n+1)

(b) With b, = 52+, each termis b, — b,, ., (because 2(n + 1) — 1 = 2n + 1):

2 2 2 2 2 _ 2 _
S <j3_§>+<§_g>+...+<m_2n 1)_2_ = .

4n

T 2. The series converges (telescoping) and its sum is 2.

Bai tap luyén tap

5. The repeating decimal 0.73 = 0.7333 ... is equal to

73 11
A o © 1
73 2

Lai giai chi tiét

0.73 = 5 + (0.03+0.003 + ---). The repeating part is geometric with first term -3; and r = 5

3/100 1 _ 7 1 22 11
o S00.73=— 4 — === _(C).
9/10 ~ 30 073 30 15 ©

(A) = 0.73 treats both digits as repeating; (B) = 0.81 forgets to subtract the non-repeating digit.

Bai tap luyén tap

6. Consider the series Z (
n=1

20 —1 )"
5 .
(@) Find all values of x for which the series converges. Justify your answer.

(b) For the values of z found in part (a), express the sum of the series as a function of z.

(c) Find the value of z for which the sum of the series is 1.
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ENGLISH

Loi giai chi tiét

(a) Geometric with ratio r = 221 It converges if and only if |r| < 1: |2} <1 < -3 <
2r—1<3 < —1l<z<2 (Atz=—-1,r=—1andatx = 2, r = 1: the terms do not tend
to 0, so the series diverges.)

(b) First term r (at n = 1): Z -

r (2z—-1)/3 2z-—1
= = = for—1 <z <2.
1—r (4—22)/3 4—2z v

n=1

(c) Zaz—zl =1 < 2r1—1=4—21 < ng,whichliesin (—1,2). Check:r:%:%
— 2z
and li/f/Q:l‘/.

Bai tap luyén tap

7. Which of the following statements about a series > a,, is always true?

(A) If 3 a,, converges, then lima,, = 0. (C) If 3" a,, diverges, then lima,, # 0.
(B) If ima, =0, then " a, converges. (D) Iflima,, =0, then }_ a,, diverges.

Loi giai chi tiét
(A) is the theorem behind the nth Term Test: @, = S, — S,,_.; =+ S — S = 0. (B) and (C) are

both false: the harmonic series has Iim% = 0 and diverges. (D) is false: > n—12 has terms — 0
and converges. (A).

Bai tap luyén tap

8. Which of the following series can be shown to diverge using the nth Term Test?

=1 . 2n?
(A) ;ﬁ (€ ;m
&> ) CDIE

Lai giai chi tiét

-

Only (C) has terms with a nonzero limit: lim H%LJ; = 2 # 0, so it diverges by the nth Term Test.
In (A), (B), (D) the terms tend to 0 and the test is inconclusive (in fact (A) diverges, while (B) and
(D) converge). (C).

Bai tap luyén tap
5 converges. Verify that the hy-

= n
9. Use the Integral Test to determine whether —_—
& n; 2+ 1)

potheses of the test are satisfied.
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ENGLISH

Loi giai chi tiét

Let f(x) = (552%1)2 Forxz > 1: f(z) > 0; f is continuous (denominator never 0); and
(z2 +1)2 —z-2(z% +1)(22) 1 — 322
7 =] = f > 1
f'(@) @117 CEE <0 forz>1,

so f is decreasing. With u = 22 + 1, du = 2z dx:

/“’wdw_“m 1]”_"m< ;Q)_}
(@24 1)2 beool 22+ 1))1 boee N 2(02+1) 4/ 4

The improper integral converges, so the series converges by the Integral Test.

Bai tap luyén tap

arctan
10. Show that Z 771 converges by the Integral Test. In your answer, show that the
n

function you use |s decreasing.

Lai giai chi tiét

arctan . :
Let f(z) = wa Forz > 1,arctanz > 7 > 0, so f(z) > 0, and f is continuous. By the

quotient rule,
F(z) = 1+w (1 +2?) —arctanz - 2z _ 1—2zarctanz
N (1+ x2)2 (14 22)2
For z > 1, 2zarctanz > 2- 7 = § > 1,50 f'(z) < 0and f is decreasing. With u = arctanz,
du = :

1+ac2
e arctanx b 1/7m% 7w 32
= I|m {1 arctan 2] = 7<— — —) =
/1 T2 42= M |5 L P R TY e
The integral converges, so the series converges by the Integral Test.
Bai tap luyén tap
=1
11. Let S = > —. By comparing the series with / , which of the following must be
7’L
n=1
true?
(A) S<1 €S> g
1 3
B) S=- D)1<S<-=
(B) 5 D) 1<S< 5
Loi giai chi tiét
flz)==5is posmve and decreasmg, so the rectangles of height s on [n — 1, n] for n > 2 lie
1 q%= oo
under the curve: Z:Qﬁ < /1 E = |- ﬁ}l = 5. Hence S = 1+ " -5 < 3, and
n—
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clearly S > 1 because the terms after the first are positive. (D). (In fact S ~ 1.202.) Choice (B)
confuses the value of the integral with the sum of the series.

Bai tap luyén tap
3

12. For which values of p does Z nTp converge?
— N

n=1
(A) p>1 (C)p>g
(B) p>2 (D) p>2

Lai giai chi tiét

-

2 1
nTp = 5302 p-series with exponent 2p — 3. It convergesiff 2p —3 > 1,i.e.p > 2. Atp =2
n n
the series is harmonic and diverges, which rules out (D). (B).

Bai tap luyén tap

13. Which of the following correctly establishes that Z converges?
n=1

2n 4+ 5

(A) 0 < 37 < 3= foralln >1,and ) 5 converges.

(B) 0 < 5its < L foralln >1,and 3 1 diverges.

(C) ﬁ > 3% foralln > 3,and 3% converges.

(D) lim

n—oo

1 _
2745 0.

Loi giai chi tiét

-

Direct Comparison requires the given series to be smaller than a convergent positive series; (A)
does exactly that, with a geometric series of ratio % (B) and (C) have the inequality in a useless
direction (smaller than divergent / larger than convergent prove nothing), and (D) is the nth
Term Test, which cannot prove convergence. (A).

2

Bai tap luyén tap

oo
. 3 . .
14. Determine whether E Zi converges or diverges. Justify your answer.
A= n*+ 2n

Loi giai chi tiét

Forn>1,3n2—1 > 0and n' +2n > 0, s0 a, > 0. Dominant terms give a,, ~ 3% = 3 take
b, =7z > 0.

o 2 = g @ g S

n—00 bn n—oo i+ 2n n—oo nt + 2n

Since 0 < 3 < occand > # converges (p-series with p = 2 > 1), the series converges by the
Limit Comparison Test.
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ENGLISH

Bai tap luyén tap

. - 1 . .
15. Determine whether Z (1 — Cos —) converges or diverges. Justify your answer.
— n

n=1

Loi giai chi tiét

Forn>1,0< 1 <1<2r5s0cos+ <1landa, =1-—cosi >0.Comparewithb, =1 >0.
Putt = % — 07 and use 'Hospital’s Rule twice:

. 1—cos(1 . 1—cost
i L) GG

sint cost 1
n—00 1/n2 T 0t t2 t—0t 2% t»0t 2 2

Since 0 < % <ooand )’ # converges (p = 2 > 1), the series converges by the Limit Compar-
ison Test.

Bai tap luyén tap

2 +sinn
N4D

oo
16. Determine whether Z converges or diverges. Justify your answer.
n=1

Loi giai chi tiét

2 + sin 1 .
e S n>—>0fora|ln21. The series

vno T /n
> ﬁ is a p-series with p = % < 1, so it diverges. Our series has larger positive terms, so it
diverges by the Direct Comparison Test. (Neither the Integral Test nor the Limit Comparison
Test is convenient here, because 2“% is not monotone and Z—: = 2 + sinn has no limit.)

Since —1 < sinn < 1, we have 2 +sinn > 1, so

Bai tap luyén tap

17. Consider the series Z M
~ n +4

(@) Show that the series converges.

(b) Does the series converge absolutely or conditionally? Justify your answer.

Loi giai chi tiét

(a) The series alternates with b,, = Vo 0, Let f(z) VAT

n+4 = z+4
sz@+4) -z 4)—2 4
fla) =22 _ G =o T <0 forz>4,
(x+ 4)2 2Vz (e + 42 2z (z 1 4)?
. . . . 1 . .
so b,, is decreasing for n > 4. Also lim ﬂ = lim /v = 0. By the Alternating Series

n—>oon+4 n—>oo]_+4/n
Test, the series converges.

. . . 4 .
(b) > a,| = Zn—@ has positive terms. With b, = ﬁi TL'LHJO \/ﬁl//("\/;:) B nILnQO ni4 =1,
and 0 < 1 < oo. Since }_ - diverges (p = 3 < 1), 3" a,,| diverges by the Limit Comparison

Test. The series converges but not absolutely: it converges conditionally.
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Bai tap luyén tap
n

18. When the Ratio Test is applied to Z Tfj which of the following is the result?
n=1 ’

(A) L = %; the series converges. (C) L= g; the series diverges.

(B) L = 1; the test is inconclusive. (D) L = 5; the series diverges.

Loi giai chi tiet

n+1 n
Ay i1 5 n-4

a,, (n+1)4nt1 = 5n
comes from inverting the ratio.

Bai tap luyén tap
(2n)!

19. Determine whether Z 25 converges or diverges. Justify your answer.
el .

Loi giai chi tiét
All terms are positive. Ratio Test:
(2n + 2)! (25"  (2n+2)(2n+1)  2(2n+1) 4

LB 5 > 1, so the series diverges. (C). Choice (A)

5
4 n+1 4

an-i—l _

G ((n+ 1)) 5

@ m+1)2-5  Bm+l) 5

Since L = ‘5‘ < 1, the series converges by the Ratio Test.

Bai tap luyén tap

20. For which of the following series is the Ratio Test inconclusive?
= 3" 2 n
(A) ; = (C) n; o
n+1 > n!
(B) ; - (D) n; —

Loi giai chi tiét

1 . _(nt1)!
5. (D) -

(A): L = lim niﬂ = 0. (B): % : n”—; — 1: inconclusive. (C): L = lim %t

nt (L)n — 1. (B). (Series (B) converges by Limit Comparison with >~ -1;.)

n!

Bai tap luyén tap

o (=D
21. The series

(A) converges absolutely

(C) diverges because it is a p-series with p <
1

(B) diverges by the nth Term Test (D) converges conditionally
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Loi giai chi tiét
> la,| = 3 -5 is a p-series with p = 1 < 1: diverges, so the convergence is not absolute.

The series itself alternates, — decreases and tends to 0: converges by the AST. (D). Choice
(C) wrongly applies the p-series test to an alternating series.

Bai tap luyén tap
yzn2

. = (—1 . .
22. Determine whether Z (7 converges absolutely, converges conditionally, or di-

2n

n=1
verges. Justify your answer.

Loi giai chi tiét

Apply the Ratio Test to the absolute values:

Apt1
a

(n+1)2 2"  1/n+1\2 1
g+ '$:§< ) — <L

2

7w n

So Y |a,| converges, and the series converges absolutely (hence converges).

Bai tap luyén tap

23. The series Z M
n=1

n3/2
(A) converges absolutely
(B) converges conditionally
(C) diverges

(D) cannot be classified, because cos(nr) is not of the form (—1)"

Loi giai chi tiét

cos(nm) = (—1)", so [T | — _L_ a p-series with p = 2 > 1, which converges. The series

n3/2 n3/2

converges absolutely. (A).

Bai tap luyén tap
0 (__1>n+1
24. Let S = -,
etS ; p—
(@) Find the partial sum S, as a fraction.

(b) Use the Alternating Series Error Bound to find an upper bound for |S — S;|. Verify that the
error bound applies.

(c) Is S5 greater than or less than S? Explain.

Lai giai chi tiét

(@) S5 = 3 — 15 + 57 = 22 = 75 ~ 0.2901.

(b) The series alternates; b, = —L- is decreasing because n3" is increasing; and b,, — 0. So the
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. . . 1 1
Alternating Series Error Bound applies: |S — S;| < b, = T8l 3"~ 0.00309.
(c) The first omitted term is téf = —ﬁ < 0,508 —8; < 0: S5 is greater than S (an

overestimate). (For reference, S = In % ~ 0.2877.)
Bai tap luyén tap

25. What is the least number of terms IV for which the Alternating Series Error Bound guar-

O (_1\n+1
antees that S approximates Z % with error less than 0.0005?
n
n=1
(A) 4 (C) 6
(B) 5 (D) 7

Loi gidi chi tiét
The AST hypotheses hold (-1; decreases to 0), so |5 — Sy| < 7(N}r1)4. We need (N + 1)* >
Tooos = 2000, i.e. N 4+ 1 > 2000"/* ~ 6.69. Thus N +1 > 7, N = 6. Check: N = 5 gives
a1 = Ta96 ~ 0.00077, too large; N = 6 gives -7 = o= ~ 0.00042 < 0.0005. (C). Choice (D) is

the index of the first omitted term, not the number of terms used.

Bai tap luyén tap

o~ (=)™ . .
26. Determine whether E (In) converges absolutely, converges conditionally, or diverges.
n n
n=2

Justify your answer.

Lai giai chi tiét

Absolute values. f(z) = i

—7 Is positive, continuous, and decreasing on [2, 00) (z In z is pos-

o0
- . . . d .
itive and increasing). With « = Inz: / T~ lim [In(In :):)]b = oo. By the Integral Test,
A | W A 2
> —— diverges, so the convergence is not absolute.

Original series. It alternates, b,, = ﬁ is decreasing (as above) and limb,, = 0. By the Alter-
nating Series Test it converges.
Conclusion: the series converges conditionally.

Bai tap luyén tap

27. Which of the following series converge?

ST S g

1. ; = 1. ;Inn 1 ; —
(A) lonly (C) 1and Il only
(B) Il only (D) I and Il only

Lai giai chi tiét

-

I: alternating, ﬁ decreasing to 0: converges (AST). Il: 0 < Inn < n gives ﬁ > % > 0; the
harmonic series diverges, so Il diverges (Direct Comparison). lll: Inn < /n foralln > 1, so
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0< ';‘L—? < % = —z,and ) ﬁ converges (p = 3 > 1): lll converges (Direct Comparison).
(D).

Bai tap luyén tap

28. The series i In ( " )
n=1

L

n+1
(A) converges to 0 (C) convergesto —In2
(B) diverges (D) convergesto 1
Loi giai chi tiét
In %5 = Inn —In(n + 1) telescopes: S,, =In1—In(n +1) = —In(n + 1) — —oc. The series

diverges. (B). Choice (A) wrongly uses lim a,, = 0 as if it gave the sum; (C) is only the first term.

Bai tap luyén tap

29. What is the sum of i (E)n?

™

L

n=0
(A) © —
(&

m™T—E€

(B) (D) The series diverges.

m™—€

Loi giai chi tiét

Geometric with » = £ ~ 0.865, |r| < 1: converges. First term (n = 0) is 1, so the sum is

1 T (A). (B) would be correct if the series started at n = 1; (C) is 1 — r, the
e

l—e/mr  w—
reciprocal of the answer.

Bai tap luyén tap

30. For each series, determine whether it converges or diverges. Name the test you use and
verify its conditions.

@Y% Byl Yy L
n=1 er n=1 sn—1 n:ln n+1

Lai giai chi tiét
(n+1)3 e (n+1)31

. . 1
(a) Positive terms; Ratio Test: ppreE e - - — - < 1: converges.

. 2 2 .
(b) lim no_ =2 #+ 0: diverges by the nth Term Test.
n—oo 3n — 1 3
P ang q h b 1 I. n3/2 I. n d
(c) Positive terms; with b,, = =z > 0 nLngom = nLrgo1/n74—1 =1,0<1< o0 an

> # converges (p = % > 1): converges by the Limit Comparison Test. (Direct Comparison
also works: —A— < —1_)
ny/n+1

ny/n
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10.13 Finding Taylor Polynomial Approximations of Functions

10.13.1 From the tangent line to higher-degree approximations
In Unit 4 the local linear approximation of a differentiable function f near x = a was the tangent
line

L(z) = f(a) + f'(a)(z — a).

The tangent line is the unique polynomial of degree at most 1 that agrees with f in value and in slope
at z = a. It is excellent very close to a, but it cannot bend: as soon as the graph of f curves away,
the error grows. The natural improvement is to ask for a polynomial that also matches the concavity
of f at a (the second derivative), then the third derivative, and so on. Each extra matching condition
adds one more degree to the polynomial and lets the approximation follow the curve over a wider
stretch of z-values.

Suppose we want a polynomial

P(x) =cq+cy(x—a) +cy(x—a)? +c3(x—a)® +- +c, (v —a)"

with P*)(a) = f*)(a) forevery k = 0,1, ..., n. Differentiating P term by term and substituting 2 = a
kills every term that still contains a factor (z — a):

P(a) =cy, P'(a)=c;, P"(a)=2c,, P”(a)=3-2¢c3=3!cs, .., PH(a)=1klc,.

(k)
Setting P**)(a) = f¥)(a) forces ¢;, = fk'(a)

Taylor polynomial of degree n

Let f have n derivatives at z = a. The nth-degree Taylor polynomial for f about 2 = a (also
called centered at x = a) is

. This single formula is the heart of the whole topic.

f™(a)

n!

f"(a)
2!

f"(a)

3 (x—a)®+-+

= f(a) + f(a)(x —a) + (x—a)* +

(x —a)™.

When the center is a = 0, P, is called a Maclaurin polynomial. By construction P, and f have
the same value and the same first n derivatives at z = a. Conventions: 0! = 1 and f(© = f.

Coefficient <> derivative. In a Taylor polynomial about x = a, the coefficient of (z — a)* is
(k)

LG
k!

. Read in reverse,

This reverse reading is tested constantly on the AP exam: given a Taylor polynomial (or series),
you can recover any derivative of f at the center without differentiating anything.

GIAI THICH TIENG VIET
mBa thirc Taylor bac n cla f tai x = a la da thirc bac < n c6 cuing gid tri va cting n dao ham ddu

F¥a) _ . A o .
T dirng quén chia cho £!. Khitdm a = 0 ta goi

tién véi f tai a. Hé s6 ctia (z—a)¥ ludn la
la da thdrc Maclaurin. Chigu nguoc lai ciing rat hay ra thi: néu biét hé s& ¢, thi f®)(a) = k! c,.
Dudng ti€p tuyén chinh 13 P;; mdi bac thém vao gilp da thirc "uén” theo dé thj tét hon va xap
xi ding trén mot khoang rong hon quanh a.
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10.13.2 Taylor polynomials for the basic functions

The derivatives of sinx cycle with period four, sinz — cosz — —sinx — —cosz — sinz, so at
x = 0 the values cycle 0, 1,0, —1. Only odd powers survive, with alternating signs:

. 1U3 1‘5 557
S|n$~$—§+5—ﬁ.

The figure below shows how each added term extends the region where the polynomial hugs the
sine curve.

sing--- P —— Py —— Py, —— P,

/1277 - 27

Maclaurin polynomials of degree 1, 3, 5, 7 for sin xz. Near = = 0 all of them agree with sin x; the higher the degree, the
farther from the center the agreement extends (P, is visually indistinguishable from sin = on roughly [—3, 3]).

For f(z) = e® every derivative equals e%, so f¥)(0) = 1 for all k and

Talta+ 2+x3+ Lz
CEITETYI Ty nl
.’IJ2 IE4 .1'6
For cos x the values at 0 cycle 1,0, —1, 0, so only even powers appear: cosz ~ 1 — o7 + TR
eCC
--- P
_P2
PS
_F>4
It ", It It x
-3 5 .- 1 1 2

72 ES
Maclaurin polynomials of degree 1 through 4 for e*. Even-degree polynomials stay above the x-axis; odd-degree ones
eventually turn negative for large negative z, while e* never does. All of them match e* closely near x = 0.
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Vi du mau - A Maclaurin polynomial and an approximation

Find the third-degree Maclaurin polynomial for f(x) = e* and use it to approximate e°-2.
Every derivative of e” is e”, so f(0) = f'(0) = f”(0) = f”(0) =1 and

.’EZ $3 :(}2 3

T
P3(x):1+x+§+§:1+x+?+g.
Then
0.04 0.008 _ _
"2~ P;(0.2) =1+0.2 + 5t =1+02+0.02+0.0013 = 1.2213.

A calculator gives e¥2 = 1.221402 ..., so the approximation is off by only about 0.00007.

Vi du miu - Taylor polynomial at a center other than 0

Find the third-degree Taylor polynomial for f(x) = Inz about 2z = 1, and use it to approximate
In1.2.

Compute derivatives and evaluate at v = 1:

k 0 1 2 3
f®) () Inz 27! —272 2273
f®(1) 0 1 —1 2
fE@)/E o 1 —1 2-1
Hence ( 2 .
z—1 z—1
P =(zx—1)—
(@) = (@ —1) — < .
Withz —1=0.2:
0.04  0.008 - -
IN1.2~ 0.2 — 5 + —3 = 0.2 —0.02 4 0.0026 = 0.1826.

(The true value is In1.2 = 0.18232....) Notice that the powers are powers of (z — 1), not of x:
the polynomial is built to be accurate near the center v = 1.

Vi du miu - Square root near a perfect square

Find the second-degree Taylor polynomial for f(z) = \/x about x = 4 and use it to approximate

Vi,

L2 ) = <ha R At = 4 f(4) = 2, f) = b =4,

1

f/4)=—3 §=—35;.50
B 1 —1/32 9 r—4 (z—4)?
P2(a:)—2+1(3: 4) + o1 (x—4)* =2+ 1 Y
0.16
Atz =4.4: Py(44) = 2—1—0.1—@ = 2+40.1-0.0025 = 2.0975. (Calculator: V4.4 = 2.09762 ....)
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() L6i thueng gap: Writing f”(a)(z —a)? instead of f"(a) (x—a)? or f”(a)(x —a)? instead of

2!
]03@(36 —a)3. The factorials are what make the derivatives of P, match those of f. A second

classic slip is expanding in powers of  when the center is a # 0: a Taylor polynomial about
x = 1 must be written in powers of (z — 1).

10.13.3 Taylor polynomials from a table of derivative values

A standard free-response setup gives no formula for f at all — only a table of values of f and its
derivatives at one point. The Taylor polynomial is then assembled directly from the table.

Vi du miu - FRQ-style: polynomial from a table

A function f has derivatives of all orders for all real numbers. Selected values are shown.

e flx) f@) f=) f(@)
1 2 -3 5 —12

(a) Write the third-degree Taylor polynomial for f about 2z = 1 and use it to approximate f(1.2).
(b) Write the second-degree Taylor polynomial for f” about z = 1.

(c) Let g(z / f(t) dt. Write the fourth-degree Taylor polynomial for g about = = 1.
5 —12 5 9 3
(a)Pg(x):2—3(x—1)+§(x—1) —i—T(a:—l) 2—3(37—1)4—5(30—1) —2(x —1)°.

F(1.2) ~ Py(1.2) = 2 — 3(0.2) + 2(0.04) — 2(0.008) = 2 — 0.6 + 0.1 — 0.016 = 1.484.

(b) The derivatives of " at 1are f'(1) = =3, f”(1) = 5, f”(1) = —12, so the second-degree
polynomial for f’ is

—3+5(x—1)+%(x—1) = —3+5(z—1)—6(z—1)2.

This is exactly d—P3(:c): differentiating a Taylor polynomial term by term gives the Taylor poly-
Xz

nomial of the derivative (one degree lower).

(c) g(1) =0and ¢’ (z) = f(x) by the Fundamental Theorem of Calculus, so the derivatives of ¢
atlare0, f(1), f(1), f”(1), f”(1). Equivalently, integrate P, term by term from 1 to x:
3 5

g(x) =~ 2(x—1)— 5(56 —1)2+ g(x —1)3 — %(x — 14

- GIAI THICH TIENG VIET
Dang bang gia tri dao ham 13 dang FRQ quen thuéc nhét: chi can I3p f(a), f'(a), f”(a), ... Va0
cong thire, nhd chia k!. Bao ham tirng hang cua P, (x) cho da thirc Taylor cula f (bac giam 1);
lay nguyén ham tirng hang tir @ dén x cho da thirc Taylor cla g(x f f(t)dt (bac tang 1,
hang sé tu do bang g(a) = 0).

10.13.4 Reading information about f from its Taylor polynomial

Because f*)(a) = k! ¢, @ Taylor polynomial carries the local shape of f at its center: the constant
term is f(a), the linear coefficient is the slope, and the sign of the quadratic coefficient gives the
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concavity.

Vi du mau - Second Derivative Test from a Taylor polynomial

The third-degree Taylor polynomial for a function f about z = 2 is Py(x) = 5 — 3(x — 2)% +
(xr — 2)3. Does f have a relative minimum, a relative maximum, or neither at x = 2? Justify
your answer.

The coefficient of (z —2) is 0, so f(2) = 1!- 0 = 0: x = 2 is a critical point. The coefficient of

(r —2)?is —3,s0 f”(2) = 2!- (—3) = —6 < 0. By the Second Derivative Test, f has a relative
maximum at z = 2. (Also f(2) = 5and f”(2) = 3!- 1 = 6, though these are not needed.)

Vi du mau - Computing the derivatives directly

B 1

122

fla) = (1+22) 7", f/(@) = =21+ 22) 2, f"(2) = 8(1+ 20) %, [”(x) = —48(1 + 22) % AL O:
1,—2,8,—48. Dividing by 0!, 1!, 2!, 3!:

Find the third-degree Maclaurin polynomial for f(x)

8 48
Py(z) = 1—2m+§x2—€x3 =1— 2z + 42 — 823.
Section 10.17 will produce the same answer instantly from the geometric series with ratio
—2z.

10.14 Lagrange Error Bound

An approximation is only useful if we know how far off it might be. The difference between the
function and its Taylor polynomial is the remainder

R, (z) = f(x) = P, (2).

Taylor’s Theorem gives a precise formula for R, (z) involving the (n + 1)st derivative of f at some
unknown point between a and x; the AP course uses the resulting bound.

Lagrange Error Bound

Suppose f has n+ 1 derivatives on an interval containing a« and z, and let P, be the nth-degree
Taylor polynomial for f about z = a. If M is a number with

‘f("Jrl)(z)‘ < M for every z between a and z,

then N
|f(36) = Pn(:v)| < m |z — a1

The bound looks exactly like “the next term” of the Taylor polynomial, except that the unknown
derivative value is replaced by its largest possible size M.

GIAI THICH TIENG VIET

Chan sai s6 Lagrange: sai s6 khi thay f(z) bang P,(x) khéng vuot qua — a|™L,

M
(n+1)! |
trong d6 M 13 chdn trén caa | f™+1)| trén todn doan néi a va x (khéng phai chi tai ). Hinh dang
giong "hang tur ké tiép” — bac n + 1 — nhung dao ham dugc thay bang gia tri I6n nhat cé thé
M. Khi viét 1oi giai FRQ phai néu ré M |dy & dau va vi sao né 1a chan trén.
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Three practical remarks:

e M need not be the exact maximum; any valid upper bound works (a larger M simply gives a
weaker, but still correct, bound). On FRQs, M is often supplied: “|f)(z)| < 15 for1 < x < 1.5".

e The error shrinks rapidly as |z — a shrinks (a high power) and as n grows (the factorial).

e Abound |f(xz) — P,(z)] < Emeans P, (z) — E < f(z) < P,(z) + E, which is how FRQs ask you
to decide whether f(x) could equal a given value.

-——-n=1 '
—_—n=2 )/
0.6 +
—n=3 )
- —’)’L:4 /I
H ’
= | /
Ay 04
\ AN
N
%
0.2 |
0 s~ - . -

-1 —-0.8 —0.6 —04 —02 0

T

The actual error |e* — P, (x)| for Maclaurin polynomials of e® on [—1, 1]. Every curve touches 0 at the center x = 0 and
grows like |z|**! away from it; each extra degree flattens the error dramatically.

Vi du mau - Bounding the error for -2

Use the Lagrange error bound to show that the approximation %2 ~ P;(0.2) = 1.2213 from
the earlier example has error less than 0.0002.
Here n = 3,a = 0, 2 = 0.2, so we need a bound on |f)(z2)| = e* for 0 < z < 0.2. Because ¢?
is increasing, e* < %2 < e! < 3; even more simply %2 < 2. Take M = 2:

0.0016)

2 2
< = (0.2)* =
g0 24

|02 — P5(0.2)| = 0.00013 < 0.0002.

(The actual error is about 0.000069, comfortably inside the bound.)

Vi du mau - FRQ-style: can f(1.2) equal 1.49?

For the function f of the table example (center x = 1, P;(1.2) = 1.484), it is known that
| f@ ()| < 30 for 1 < x < 1.2. Use the Lagrange error bound to show that f(1.2) # 1.49.

With n = 3 and M = 30:

4 _ 30(0.0016)
24

|f(1.2) — Py(1.2)] < %?(1.2 —1) = 0.002.

Therefore 1.484 — 0.002 < f(1.2) < 1.484 4 0.002, that is, 1.482 < f(1.2) < 1.486. Since
1.49 > 1.486, f(1.2) cannot equal 1.49.

Vi du mau - Choosing the degree

What is the smallest degree n for which the Maclaurin polynomial P, for e* is guaranteed by
the Lagrange error bound to approximate e = e! with error less than 0.001?
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For0 <z <1, |f™V(2)] = e* < e < 3,s0take M = 3:

le—P,(1)] < (nil)' (1)l =

3
(n+ 1)1

3 . .
We need m < 0.001, i.e. (n + 1)! > 3000. Since 6! = 720 and 7! = 5040, the smallest
n !

choiceisn+1=7,s0n=6. Check: Ps(1) =1+ 1+ 3+ ¢+ 55 + 155 + 735 = 2.71805 ..., and
e=2.71828....

10.14.1 Lagrange bound versus the alternating series error bound

When the Taylor polynomial is evaluated at a point where the series terms alternate in sign and
decrease in absolute value toward 0, the Alternating Series Error Bound (Topic 10.10) also applies:
the error is less than the absolute value of the first omitted term, and its sign matches that term.
Both tools are legitimate; which one is easier depends on the problem.

Lagrange error bound Alternating series error bound

When it applies Any Taylor polynomial, any = (given a  Only when the terms at that z alternate,
bound M on | f"*+1)]) decrease in size, and tend to 0

Bound — |z — a|"*! |first omitted term|
(n+1)!

Needs A bound M on the next derivative be- Only the next nonzero term of the se-
tween a and z ries

Extra information None about the sign of the error Sign of the error = sign of first omitted

term (over/underestimate)

Vi du mAu - Two bounds for sin 0.5

3
Use Ps(z) = = — % to approximate sin 0.5, and bound the error (a) with the Lagrange error

bound and (b) with the alternating series error bound.

sin0.5 ~ 0.5 — % = 0.47916.

(a) Every derivative of sin z is + sin z or 4 cos z, so M = 1 always works. With n = 3: |error| <

1 0.0625 . . -

5(0.5)4 =~ & 0.0026. Sharper: the z* coefficient of the sine polynomial is 0, so P; = P,
' 1 0.03125

and we may use n = 4: |error| < 5(0.5)5 =~—19p ~ 0.00026.

0.53 0.5°
EI -
5

. . . 05 .
terms decreasing to 0. The first omitted term is = ~ 0.00026, so the error is less than

(b) The Maclaurin series of sinz at z = 0.5 is 0.5 — — ---, which alternates with

0.00026, and since that term is positive the approximafion 0.47916 is an underestimate. Indeed
sin0.5 = 0.479425 ....

Vi du miu - Over- or underestimate?

For the approximation In 1.2 ~ 0.1826 obtained from P, about z = 1, find an error bound and
decide whether the approximation is too large or too small.

(x;l)Z n (%31)3 _ <’C*41>4 4 ... Atz = 1.2 it becomes

The Taylor series of In z about 1 is (x — 1) —
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0.2 — % + % — % + ---, an alternating series whose terms % decrease to 0. The first
. . 024
omitted term is = —0.0004. Hence

|In1.2 —0.1826] < 0.0004,

and because the first omitted term is negative, the partial sum 0.1826 is an overestimate. (La-
grange gives the same number here: ) (z) = —627%, so |f¥| < 6 on [1,1.2] and the bound
is 2;(0.2)* = 0.0004.)

(!) L6i thuong gap: Taking M as | f"*1(a)|, the value at the center only. The Lagrange bound
needs the largest size of f("*1) over the whole interval between a and z. A second error: using
the nth derivative instead of the (n + 1)st, or dividing by n! instead of (n + 1)!. Finally, the
alternating series bound may only be quoted after checking that the terms really alternate and
decrease in absolute value.

10.15 Radius and Interval of Convergence of Power Series
10.15.1 Power series

A Taylor polynomial has finitely many terms. Letting the number of terms go to infinity produces a
power series.

Power series centered at z = a

A power series centered at z = a is a series of the form

o0

c,(z—a)" =cy+ci(z—a)+cylx —a)? + -,
n=0

where the coefficients ¢,, are constants. For each fixed value of z it is an ordinary numerical
series, which may converge or diverge. The set of xz-values where it converges is its interval
of convergence, and on that set the series defines a function f(z) = > ¢, (x —a)™.

A power series always converges at its center (every term after ¢ is 0). Remarkably, the set where
it converges is always an interval centered at a, and only three things can happen.
For a power series > ¢, (x — a)", exactly one of the following holds:
(i) the series converges only at z = a (radius of convergence R = 0);

(ii) the series converges for every real x (R = oo, interval (—oo, 00));

(i) there is a number R > 0 such that the series converges absolutely for |z — a|] < R and
diverges for |z — a| > R.

In case (iii), the two endpoints z = ¢ — R and x = a + R must be tested separately: the series
may converge at both, at one, or at neither. The ratio test never decides the endpoints.
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O 1 O—> (a— R, a+ R) — neither endpoint
a—R a a+ R

C 1 O——> [a— R, a + R) — left endpoint only
a—R a a+ R

O 1 ® > (a— R, a+ R]—right endpoint only
a—R a a+ R

@ : ® > [a— R, a+ R]— both endpoints
a—R a a+ R

The four possible intervals of convergence when 0 < R < oco. The open interval |z — a| < R always belongs to the
interval of convergence; a filled dot marks an endpoint where the series converges, an open dot one where it diverges.

10.15.2 Finding the radius with the ratio test

For a power series, apply the ratio test to the absolute values of the terms a,, = ¢, (z — a)™, treating

z as a fixed number:
an+1
a

L(z) = lim

n—oo

n

The series converges absolutely where L(z) < 1 and diverges where L(z) > 1. Typically L(z) =
k|x — a| for a constant k, so the condition k|z — a| < 1 gives R = 1/k. If L(z) = 0 for every z, then
R = oc; if L(x) = oo for every x # a, then R = 0.

Five-step procedure for the interval of convergence

Intl ] simplify.

1. Write a,, (including the factor (z — a)™) and form

n

2. Take the limit as n — oo; call it L(z).
3. Solve L(z) < 1 to get the open interval and the radius R.

4. Substitute each endpoint into the original series and test the resulting numerical series with
a test from Topics 10.3-10.9 (nth-term, p-series, comparison, alternating series, ...).

5. State the interval with the correct brackets.

GIAI THICH TIENG VIET

Ban kinh héi tu R tim bang phép thur ti s6: tinh lim |a;—:1 (gilr ca = trong a,,), gidi bat phuong
trinh "< 1”. Phép thir ti s6 cho gidi han bang 1 tai hai dau muat nén ludn phai thay tirng dau
mut vao chudi ban dau roi xét riéng bang cac phép thir da hoc (chudi p, chudi dan dau, so sanh,
phép thir s6 hang thr n). B6 quén dau mat 13 16i mat diém phé bién nhat & cau hoi khoang hoi
tu. Ba kha nang: R = 0 (chi hdi tu tai tdm), R = oo (h6i tu moi x), hodc 0 < R < oo (can xét
dau muat).

Vi du miu - One endpoint: 3" 2" /n

= n
Find the interval of convergence of Z r

n=1 n

Ratio test.

"/ n+1)]  n
x™/n ’ Con+

diverges for |z| > 1; R = 1.

r=1:) % is the harmonic series (p = 1), which diverges.

r=—1:> % is the alternating harmonic series; % decreases to 0, so it converges by the

. |z| — |z|. The series converges absolutely for |z| < 1 and
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Alternating Series Test.
Interval of convergence: [—1,1).

Vi du miu - Both endpoints: > (z — 2)"/(n?3")

. . . >~ (z—2)"
Find the radius and interval of convergence of —_—
g T; ?’L2 3n
Q| Jo =2t n?3n _|x—2|< n )2_>|m—2|
a, | (n+1)231 |z -2~ 3 n+1 3

Convergence for @ < 1,i.e. |z —2| < 3,50 R = 3 and the open interval is —1 < z < 5.

3" 1 . .
r=>5) g z ; 3@ p—sclan:s with p = 2 > 1: converges.
r = —1: > (_2321 = > = 2> , which converges absolutely (its absolute values form the
n n

convergent p-series above): converges.
Interval of convergence: [—1, 5].

Vi du mAu - Neither endpoint: 3" n(z + 1) /4"

: . S n(x+1)"
Find the interval of convergence of Z _—
n=1 an
1 1 1
On1 :n—i— -‘x+ ‘—>’$+ ‘,so|x+1|<4:R:4,openinterval—5<:1:<3.
a, n 4 4
.4 .
r=23) n4n =Y n; terms — oo # 0, diverges by the nth-term test.
—4\" .
r=-5) n(=4)" =Y (—=1)"n; |a,| = n does not approach 0, diverges by the nth-term test.

47’L
Interval of convergence: (—5, 3).

Vi du mau - Right endpoint only

Find the interval of convergence of Z

n=1

(=D)"(z=3)"
n2n ’
CLn+1 _

an,

n |z — 3| |z — 3]
n-+1 2 2 7
o= (=) : ,
x="5 Y —~— =5~ converges (Alternating Series Test).

n

—1)*(=2)" —1)*(=1)"
Interval of convergence: (1, 5]. Notice how the factor (—1)™ moves the “good” endpoint from

the left side (as in }_ 2™ /n) to the right side.

Vidumiu-R =ooand R =0

Find the radius of convergence of (a) Z x—' and (b) Z nla™.
n=0 n: n=0

R =2,o0peninterval 1 < x < 5.

=> %: diverges (harmonic).
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n+1 1!
(a) /4 1) = i — 0 < 1 for every z. The series converges for all real x: R = oo,
x"/n! n+1
interval (—oo, o). (There are no endpoints to check.)
n+ 1) zgntl
|
n.-x

z=0:R=0.

Vi du mAu - A coefficient inside the power

. . o= (2 — 1)
Find the interval of convergence of Z w

n=1 \/ﬁ

=/ ——|22—1| = [22—1|. Solve |2z —1| < 1: =1 < 22— 1 < 1,500 < z < 1. Since
a n+1
20— 1| =2|z—

= (n+ 1)|x| — oo for every x # 0. The series converges only at its center

an

+1
n

3], the center is £ and the radius is R = % (not 1).

1. . . 1 .
r=1:) % is a p-series with p = 5 < 1: diverges.
(=1)"
=0
x > =
Interval of convergence: [0, 1).

Vi du mau - Only even powers

; in decreases to 0: converges (conditionally) by the Alternating Series Test.

. . e} l,Qn
Find the interval of convergence of Eﬁ o
2n+2 /gn+1 2 2
x4 /9 x . T .
——+——| = —. Convergence requires — < 1, i.e. <3 R=3.
22 [gn 9 & a 9 21

r = £3: 2°" = 9", so the series becomes " 1, which diverges (terms do not approach 0).
Interval of convergence: (—3, 3). (This is a geometric series with ratio 2.2 /9, which explains the
result directly.)

(1) L6i thueng gap: (1) Declaring the interval to be (a— R, a+ R) without testing the endpoints.
(2) Testing an endpoint with the ratio test — at an endpoint the ratio limit is exactly 1, which
is inconclusive. (3) Forgetting that a coefficient inside the power, as in (22 — 1)" or (3z)™,
changes the radius: |kx — b| < 1 gives R = 1/|k|. (4) Losing the absolute value: the inequality
is |x — a|] < R, which is two-sided.

10.15.3 Differentiation and integration do not change the radius

If f(z) = > c,(x —a)”™ has radius of convergence R > 0, then on |z — a| < R the function f is
differentiable and

P =Yoneamart [ =y Sy

and both new series have the same radius R. Their behavior at the endpoints, however, can differ
from that of the original series: differentiation can lose an endpoint and integration can gain one.
Endpoints must be retested for each new series.
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Vi du miu - Endpoints change under differentiation
o) "
Let f(x) = Z — - Find the intervals of convergence of the series for f and for f’.
n
n=1
. n? L (1)
f: ratio mm — |z[,so R=1. Atz = 1: )~ converges; at x = —1: ) ~—3— converges
absolutely. Interval: [—1, 1].
0 n—1 oo n—1
/. ’ o nx o X . o o . 1 . . o . (_l)nfl
: = = ,again R=1. Atz =1: ) - diverges;atx = —1: ) ——
el =2 =2 = r=1: 3} diverges;at s = —1: 3 =)
converges. Interval: [—1,1).
Differentiation kept the radius but cost the endpoint =z = 1.

10.16 Finding Taylor or Maclaurin Series for a Function

10.16.1 Taylor series
Letting the degree of the Taylor polynomial go to infinity gives the Taylor series.

Taylor and Maclaurin series

If f has derivatives of all orders at = = a, the Taylor series for f about x = a is

o £(n)(q "(a
S @6 ap = pa)+ p@)e—a)+ LD @0t
n=0 : ’

n

When a = 0 it is the Maclaurin series. The partial sums of the Taylor series are exactly the
Taylor polynomials P,(z). A complete answer on the AP exam usually asks for the first few
nonzero terms and the general term.

Uniqueness. If f(z) = > ¢,(z — a)” for all z in an open interval around a, then neces-

(n)
sarily ¢,, = ! '<a>. So any legitimate method of producing a power series for f (substitu-
n

tion, muIt‘ipIicatibn, differentiation, integration, geometric series) gives the Taylor series, and
f™(a) = n!c, can be read off from it.

For the functions in this course, the Taylor series converges to f(x) throughout its interval of
convergence (on the interior, and at an included endpoint the sum still equals f there when f is
continuous). The AP exam expects you to know four series by heart, together with their intervals of

convergence.

10.16.2 The four series to memorize

n

(1) e*. Since f<">(0) = ¢ = 1 for every n, the Maclaurin series is 5 m—'; the ratio test gave R = 0.
n.
(2) sinz. Derivatives at 0: 0,1,0,—1,0,1,... Only odd powers survive, with alternating signs:

x2n+1 (L’2
—1)"———. Ratio: — 0,50 R = o0.
2D g (2n +2)(2n + 3) >
2n
(3) cos z. Derivatives at 0: 1,0,—1,0, ... Only even powers: Z(—l)"é ik R = oo. (Differenti-
n):
ating the sine series term by term gives the cosine series, as it must.)
1 n! .
(4) T Here ") (z) = =t so f™(0) = n!and ¢, = 1: the series is > 2", the

geometric series with ratio z, converging exactly when |z| < 1.
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Function Maclaurin series Interval of convergence
x? oz x™ 2, "
x —_— —_— e —_— D — — —
e R TR T _Zn! (—00,00)
¢in .'173 N :1:5 N (_1)nx2n+1 N ( )
z T— =+ = — ot —00, 00
3l 5l (2n+1)! ’
cos 1 z + z + (=1 + ( )
:1:‘ —_—— —_— e — e —OO OO
21 4l (2n)! ’
1 oo
2 3 n _ n
- l+z+a?+a2°++a +---_;Ox (—1,1)

Derived in the next section (useful to know as well):

2 3 -1 n+1,.n
e ey
$3 .’135 (_1)nx2n+1
arctan -t 4 —-1,1
rormg g et Tt -1.1]

The Maclaurin series that must be known by heart on the AP Calculus BC exam, with their intervals of convergence.

GIAI THICH TIENG VIET
B&n chudi bat budc thudc ldng: e*, sin z, cos z (hdi tu vé&i moi z) va : 1 - = 3" 2™ (chi hoi tu
khi |z| < 1). Meo nhd: sin 1a ham I& nén chi c6 Iy thira |&, cos 14 ham chan nén chi cé liy thira
ch3n; ca hai dan dau. Chudi e* giéng sin cong cos nhung khéng dan dau. Tinh duy nhat cua
chudi Iy thira cho phép ta 13y chudi bang bat ky cach hop [é nao (thé, nhan, dao ham, tich

phan) va van dugc ding chudi Taylor.

I . 1
interval of : e Tz
convergence (—1,1) L --- S5
v — S
! — 9%
~ |
|
______ l
: x
—_— L
~15 . L 1.5

Partial sums S,y = 1 + x + - + =¥ of the geometric series. Inside (—1, 1) (shaded) they close in on ﬁ; outside, they
separate wildly even where ﬁ itself is perfectly well defined (for example at x = —1.5).

10.16.3 Taylor series by direct differentiation
When none of the known series applies directly, compute the derivatives, look for a pattern, and
write the general term.

Vi du miu - Taylor series of 1/x about z = 1

. . 1 . . o
Find the Taylor series for f(x) = — about z = 1, including the general term, and its interval of
convergence. v
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flx) = 271, fl(z) = —a 2 f'(x) = 2273, f”(x) = —6z~% in general f(”)(a:) =
(—1)"nl 2=+ so f")(1) = (—1)"n! and

(_l)nn' n 1 2 3 n n
C”:T:<_1) , 521—(&6—1)—1—(3:—1) — (=1 4+ 4+ (=)™ (z—1)" + -

This is geometric with ratio —(z — 1), so it converges exactly when |z — 1| < 1; at z = 0 and
x = 2 the terms have absolute value 1 and the series diverges. Interval: (0, 2).

Vi du mau - Taylor series of ¢* about 2 = 2

Find the Taylor series for f(z) = e* about z = 2.
Every derivative is %, so f(™(2) = 2 and

valid for all real z. (Check: e* = e2¢*72, and €2 is the e¢* series with u = = — 2.)

Vi du mau - FRQ-style: series from a derivative formula

A function f has derivatives of all orders at x = 0, with f(0) = 1 and

Fm(0) = ;n_(;):q‘) forn > 1.

(a) Write the first three nonzero terms and the general term of the Maclaurin series for f.
(b) Find the interval of convergence of the series.

@ec, = f7(0) _ o (and the formula also gives ¢, = 1 = f(0)). So

n! 3n(n+1)
S PR G
627 3(n+1)
Ap i1 n+1 |z || (—1)" .
= e - =3. Atz = 3 he Al
(b) a, nr2 3 — 3 ,SOR =3. Atz =3: ) o converges by the Alternating

1
Series Test (%H decreases to 0). Atz = —3: > ] diverges (harmonic). Interval: (-3, 3].
n

10.17 Representing Functions as Power Series

Computing f(™)(a) for every n is often messy or impossible to pattern. Fortunately, uniqueness of
power series means that we can manufacture new series from the four known ones by algebra and
calculus, and the result is automatically the Taylor series.
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Substitute

2
——>| e, cos(z?), 1y
z——z2, 2z, £, z—a ’ Sl e

Multiply

2 _—x2 8
xr-e xSinx
by * or a constant ’

Y

Known series
e®, sinz, cosx, - _ . g .
zzl::rfr?:;reitr: > 7(1711)2 , cos z from sinz

J

I N

Integrate ] -
term by term > In(1+ ), arctanz

\ J

Four legitimate operations turn the memorized series into new ones. Substitution can change the interval of
convergence; differentiation and integration keep the radius but require the endpoints to be rechecked.

10.17.1 Substitution
If f(u) = > c,u™ for |u| < R, replacing u by an expression in x gives a series for the composite
function, valid wherever the substituted expression satisfies |u| < R.

Vi du mAu - Substituting into the geometric series

. . . Gy 1 1
Find Maclaurin series, with intervals of convergence, for (a) —— and (b) ——.
1+ 22 2—x

(a) Replace u by —z% in - =Y u™

1 o0
T4a? z_;f—x?)" =1l-a® ot —al 4 (1) 4y
valid when | — 22| < 1,i.e. |z| < 1. Atz = +1 the seriesis 1 — 1 + 1 — ---, which diverges.

Interval (—1,1).
(b) First force the form -1 by factoring out 2:
n 2

11 1 _1§:<x)"_§:x _1+x+x+
2—x 2 1-% 244\2) Lonil 2 408 ’

valid for |Z| < 1,i.e. |z < 2; at = 42 the terms have size 3, so it diverges. Interval (-2, 2).

Vi du mAu - Substituting into ¢* and cos z

Write the first four nonzero terms and the general term of the Maclaurin series for (a) e~** and
(b) cos(z?).

(@ Withu = —22inet =3 %1
4 6 —_1)" 2n
eac2:1_$2+:;!_'§!+...+(2”x—|—---, all real .
(b) With u = 2% in cosu = Y (—1)"
4 8 12 n .4n
xt  ® (—1)"x
cos(z2)=1— 4+ =~ 4.4 = .. allrealz.
(%) o T T e T Ty T v
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10.17.2 Multiplying by a power of x
Multiplying a series by z* shifts every exponent up by & and does not change where it converges.

Vi du miu - 22¢—2° and a high-order derivative

(a) Find the Maclaurin series for f(z) = 22e~*". (b) Find f(©(0) and f(7(0).
(a) Multiply the series for e*° by z:2:

6 8 n .2n+2

) T T —-1)"z

x2efw :33‘2—1‘44-7—74"“‘*'%—*—'“’ all real z.
2! 3! n!

(b) The coefficient of 26 is c5 = & = %, 50 f(9(0) = 6! 2 = 360. There is no 27 term, so ¢; = 0
and f(7(0) = 0. Computing six derivatives of z2¢~*" by hand would be a long and error-prone

exercise; the series makes it a one-line computation.

Vi du miu -
Find the Maclaurin series and interval of convergence for g(z) = #
With v — —422: 1—|—l4x2 = Y (da?)n = (—1)Mra®, valid for 422 < 1, ie. o] < 1.
Multiply by z:
ﬁ = — 423 + 1625 — - + (—1)"4 a2 . x| < 4.

At z = +5 the terms are + in size and do not approach 0, so the interval is (—3, 3 ).

10.17.3 Differentiating and integrating term by term

Vi du miu - Differentiating the geometric series

Find a power series for 5 and use it to find Z iy
n=1 2n

L
(1—x)

Differentiate -1~ = ZZO:O 2™ term by term (valid for |z| < 1):

1 o0
72227155”*1:1+2x+3x2+4x3+-~, lz| < 1.
(1—2x) —
. . x _ oo n 1 fime . .
Multiply by z: 7(1 7 >, nx". Atz = 5 (inside the interval):

<0 12 1/2
P SV VT

Vi du mAu - The series for In(1 + )

Find the Maclaurin series for In(1 + =) and its interval of convergence.
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Since da In(14+x) =

=37 (—1)"z" for 1, integrate from 0 to z (anduseIn1 = 0):
. T > (D) |x| < 1,integ z u )
Todt 2\ (—1)npntt x?2 23 2t
In(1 = — = = — .
(1+2) /01+t ,;) w1 T2 E It

... converges (alternating harmonic). =z = —1:

The radius stays 1. =z = 1: 1 — % + %
( . Integration gained the endpoint x = 1, where

— (14§ + 3 + ) diverges. Interval: (—1,1]
the series converges to In 2:

1 1—|—1 1+ =1In2
2 3 4 T

Partial sums of the series for In(1 + ). On (—1, 1] (shaded, right edge included) the partial sums approach In(1 + z),
slowly near the endpoints; for = > 1 they peel away from the curve, the higher-degree ones faster, even though
In(1 4 z) is defined there.

Vi du miu - The series for arctan z

Find the Maclaurin series for arctan x and its interval of convergence.

— _ oo n.2n H — N
o arctanz = T2 > _o(=1)"z?" for [z| < 1. Integrate from 0 to x (with arctan 0 = 0):
oo (_1>nx2n+1 $3 1'5 .CC7
arctanx = A2
! nZ:O S A T T
r=1:1-— % + % — .- converges (Alternating Series Test). + = —1: the negative of the same
series, also convergent. Interval: [—1, 1]. At z = 1 this yields the Leibniz formula
1 1+1 1+ —arctanl = -
35 7 B 4
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————— arctan x

1 S3
: — 5
} — S5

I I |
Partial sums S, (through the = term) of the series for arctan z. Inside [—1, 1] they converge to arctan z; just beyond
|z| = 1 higher-degree partial sums peel away faster, a picture of divergence for || > 1.

GIAI THICH TIENG VIET

L&y chubi mai tir chudi da biét bang 4 thao tac: thé (x — —a?, £, ...; khoang hoi tu thay déi
theo), nhan va&i z* (khoang hoi tu giltr nguyén), dao ham va tich phan tirng hang (gilr ban kinh,
phai xét lai dau mat). Hai chudi quan trong thu dugc bang tich phan: In(1 + ) hoi tu trén
(—1,1] va arctan z héi tu trén [—1,1]. Khi gdp —, lubn rdt a ra dé dugc dang L trudc khi

thé.

(1) L6i thuweong gap: Forgetting the constant of integration. When you integrate term by term
to get a series for I, either integrate from the center (K) or add C' and determine it from a

known value such asIn1 = 0 or arctan 0 = 0. Also: when substituting into ﬁ the substituted

expression must appear exactly as “1 — v ﬁ uses u = —x2, not u = 2.

10.17.4 Approximating definite integrals with series

Some integrals, such as fe*””2 dz or [ W‘Tr dx, have no elementary antiderivative. Integrating the
Maclaurin series term by term still gives their exact value as a series, and the Alternating Series
Error Bound controls the accuracy.

area ~ 0.7468

| 02 04 06 08 1 12 14 16
The shaded area j(')l e~*" dx has no elementary antiderivative, but on [0, 1] the partial sums of the Maclaurin series of
e lie alternately below and above the curve, and integrating them gives alternating approximations of the area.
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1
Vi du miu - / e~ dz to within 0.001
Y0

1
Use a Maclaurin series to approximate / e~*” dz with error less than 0.001. Justify the accu-
0

racy.
Integrate the series for e=*" term by term:

/ - dx—/li ndx—ii(_nn S I I
Sl (2n+1) 310 42 216 1320

This is an alternating series whose terms W decrease to 0. The term ~ 0.00076 is

the first one smaller than 0.001, so we stop just before it:

1320

1
1111
e dr Al — ¢+ — — — 4 —— & 0.7475,
/0 ! 3710 227 216

with error less than 1320 < 0.001 by the Alternating Series Error Bound. (A calculator gives

0.746824 ...; and since the first omitted term is negative, our value is an overestimate, as ob-
served.)

Vi du miu - The sine integral

) sin . .
Approximate / Y g using the first three nonzero terms of a series, and bound the error.
0 i

2 4 6
Dividing the sine series by z: ﬁ =1- % + xg)—' % + .- (the value 1 at z = 0 removes the
T
singularity). Then
/‘c"nxd:p—1— CHEINE N S T ST
3-31 5.5 7.7 N 18 600 35280

First three terms: 1 — ﬁ + le)o ~ 0.94611. The series alternates with decreasing terms, so the
error is less than 35280 < 0.00003. (True value: 0.946083...)

10.17.5 Finding the sum of a series

Recognizing a numerical series as a known Maclaurin series evaluated at a specific x gives its exact
sum.

Vi du mAu - Recognizing known series

Find the exact sum of each series.

o) on &) (71>n7.[.2n+1 n+1 oo (71)n
@ 7;) P ; e Z () ; (2n+1)3n

(@) This is - £} with z = 2: the sum is 2.
1

—1) 6)2n+1 . . .
( ()2 (Y 1)>' : the sine series at z = §. Sum =sin§ = 3.
n .

with z = 1 (inside (—1,1]). Sum = In3.

(b) Write the general term as

©In(1+2) = 220:1

(_1)n+lmn l
3
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2
(d) The odd powers and the denominators 2n + 1 suggest arctanz. Since 3% = (ﬁ> "

2n+ 1 2n+1 1
V3 (%) the series equals \fz %Qfl) = /3 arctan 7 =3 % =

(1) L6i thuong gip: Before quoting a sum, confirm that the z-value lies in the interval of con-

x"

vergence and that the starting index matches the memorized series. For instance, Z =
e — 1 because the n = 0 term (1) is missing.

10.17.6 Limits with series
Replacing functions by their series turns many % limits into polynomial algebra.

Vi du m3u - Limits by series

2
sin t 1 — 2?2
Evaluate (a) lim 796 and (b) I|m 7496
x—0 11,’ €T
(a)JI—SIn:L’:x—(:II—F-FT;O—'”):% 19620 .. Dividing by 23: f—er —>f

MM—I

(b) e** = 1+x2+%4+%6+-~,so€”2—1—x = 7+f+ . Dividing by 2:*: 3 1 +% ERTEN
(Part (a) by L'Hospital’s Rule would need three applications; the series does it in one line.)

. GIAI THICH TIENG VIET

Ba (rng dung cta chubi liy thira hay ra thi: (1) tinh tich phan khéng cé nguyén ham so cap —
|3y tich phan tirng hang roi dung chan sai sé chudi dan dau dé biét can bao nhiéu hang; (2) tinh
téng chudi s6 — nhan ra chudi quen thudc (e?, sin z, cos z, In(1 4 z), arctan x, chudi hinh hoc)
tai mot gia tri « cu thé, nhé kiém tra z nam trong khoadng héi tu va chi sé bat dau; (3) tinh gisi
han dang § — thay ham bang chudi, rit gon Ity thira thap nhat.

10.18 Problem Bank

The problems below cover all of Unit 10: convergence of numerical series and Taylor polynomials
and power series. Multi-part free-response items follow the structure of the final question on the
AP Calculus BC exam.

Bai tap luyén tap

(%) n—1
What is the sum of the series Z 3 (—2) ?

n=1 5
(A) 5 C _6

(€ -

(B) = (D) The series diverges.
Loi giai chi tiét
Geometric series with first term ¢ = 3 (the n = 1 term) and ratio r = —%. Since |r| < 1it

converges, with sum
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(B). Choice (A) comes from dropping the minus sign in r; choice (C) uses —g as the first term
(the n = 2 term).

Bai tap luyén tap

Which of the following series converges conditionally?
o~ (=" o~ (="

(A) ; — (C) ; o
o~ (=1)"n o~ (="

(B) ; — (D) ; NG

Loi gidi chi tiét
(A) converges absolutely (> # is a p-series, p = 2). (B) diverges: ~25 — 1, s0 the terms do not
approach 0. (C) converges absolutely (geometric, r = %). (D): ﬁ decreases to 0, so the series
converges by the Alternating Series Test, but > % is a p-series with p = % < 1 and diverges.

Hence (D) converges conditionally. (D).

Bai tap luyén tap
5 converges or diverges. Verify the

. . = 1
Use the integral test to determine whether Z S
. n(In

n)
hypotheses of the test.
Lai giai chi tiét
1 . . - .
Let f(z) = 20z for x > 2. On [2,00), f is continuous and positive (since z > 0 and Inz >
T x

0), and decreasing because z(Inz)? is a product of positive increasing functions. Substitute
u=Inz,du=%:

/OO da —Iim/lnbdu—lim[ 1]Inb—nm(1 1)— !
) x(lnx)Q oo In2 u2 oo u |n2_b—>oo In2 Inb In2’

The improper integral converges, so the series converges by the integral test. (The integral’s
value is not the sum of the series.)

Bai tap luyén tap

Which of the following series diverge?

(9] 00 . 2 fo%e)
n sin“n 2m
l. —_ Il. M.
(A) 1 only (C) land Il only
(B) Il only (D) I, II, and I
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Loi giai chi tiét
. . . n/(n?+1) n? . e
I: limit comparison with L. = — 1, a positive finite limit, and o
P 2w 1/n n?+1 P 2w
. 2
diverges, so | diverges. Il: 0 < 0 < ?12 and Z# converges, so |l converges by direct

. n n . .
comparison. lll: 0 < 3§—+1 < (%) , a convergent geometric series, so Ill converges. Only |
diverges. (A).

Bai tap luyén tap

00 (71)n+1

The sum S, of the first four terms is used to approximate S = Z 7 Which of the
n

n=1
following is the smallest upper bound for |S — S,| guaranteed by the alternating series error
bound?

1 1
A © o

1 1
B) 5= D) 5

Lai giai chi tiét

The terms -I; decrease to 0 and alternate in sign, so the error after S, is less than the absolute
1

value of the first omitted term, a; = 5% = 135 (C). Choice (A) is the last included term; (B) skips
a term.

Bai tap luyén tap

> n
For the series Z L the ratio test gives which limit and conclusion?
n - 4n
n=1
(A) £; converges (C) 5; diverges
(B) 2; converges (D) 1; inconclusive
Loi giai chi tiét
Antr| _ mn+1 'n4”:§. n _>§>17
a, (n+41)47+1  5m 4 n+1 4

so the series diverges. (C). (Indeed the terms /4" s o)

n

Bai tap luyén tap

n
2n+1
(A) It diverges by the nth-term test, because (C) It converges to %

lim ;2 =1+£0.
2

n—oo 2n+1

oo
Which statement about Z is true?
n=1

(D) The nth-term test is inconclusive, so the
ratio test must be used.

n 1
(B) It converges, because 5"+ < ; for every
n.
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Loi giai chi tiét

lim i
n—oo 2N + ]_
the limit of the terms with the sum of the series; choice (B) is not a valid test (bounded terms
do not imply convergence); and the ratio test would give limit 1 here, which is inconclusive
anyway.

Bai tap luyén tap

Determine whether each series converges absolutely, converges conditionally, or diverges.
Justify your answers.

= (—1)"n 2 (—1)"n? n cos(nm)
@Y Ty B ey e

— 7& 0, so the series diverges by the nth-term test. (A). Choice (C) confuses

Loi giai chi tiét

.
.
v
X

(a) Absolute values: 2> limit comparison with 1 gives ratio n?—il — 1, and Z% di-

verges, so the series does not converge absolutely. Alternatlng Series Test: let g(z) =
g (z) = W < 0 for z > 1, so the terms decrease, and
Conditionally convergent.

r .
x2+1 b

21 — 0. The series converges.

. 1)2/on+1 1 n? 1
(b) Ratio test on absolute values: M _ - (ntl — = < 1. Absolutely conver-
2 /on 2 2
n n

gent.

(c) cos(nm) = (—1)", so the terms are ( ) - with ‘( L"n ‘ — % # 0. The terms do not approach
0: diverges by the nth-term test.

v
5
I
-
Q)

Bai tap luyén tap

A function f satisfies f”(0) = 12. What is the coefficient of 23 in the Maclaurin series for f?

(A) 12 (C) 72

(B) 4 (D) 2

Loi giai chi tiét

f7(0) 12 . .. . | . .

G= "3 = = 2. (D). Choice (B) divides by 3 instead of 3!; choice (A) forgets the factorial.
' Bai tap luyén tap

The second-degree Maclaurin polynomial for f(z) = /1 + z is

(A) 144 —2 ©1+2+%

(B) 1+35—% (D) 1— 2 + 322
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Loi giai chi tiét

f@) = A+ 2)V2 f(z) = L1+ )72, f/(x) = —3(1 +2)73/2 At0: 1, L, =1 So

—1/4 , S
=1+=——.
o T T

1

(B). Choice (A) omits the 2!; choice (D) is the polynomial for (1 + z)~ /2.

Bai tap luyén tap

Taylor polynomial for f about x = 2, the approximation of f(2.1) is

(A) 1.373 (C) 1.370
(B) 1.358 (D) 1.433

Loi giai chi tiét

31
r—2=0.1:

Py(2.1) = 1+ 0.4 — 0.03 + 0.003 = 1.373.

quadratic term.

Bai tap luyén tap

L

by the Lagrange error bound?

1 1
(A) 3 ©) o

8 1

B) - D) —
(B) - (D) -
Withn =4, M =8, |z —a| =1:
8 8 1
= < —.15=— = —,
(D). Choice (A) divides by 4!; choice (C) divides by 6!.
. . o~ (2 —3)"
What is the interval of convergence of Z -7
= n i

(B) [—2,8] (D) (—2,8]

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC

A function f has f(2) = 1, f'(2) = 4, f”(2) = —6, and f”(2) = 18. Using the third-degree

Pyz)=14+4(z—2)— $(x—2)2+ B(z—2)3 =1+ 4(z — 2) — 3(z — 2)? + 3(z — 2)3. With

(A). Choice (B) omits the factorials; (C) stops at degree 2; (D) mishandles the sign of the

Let P,(x) be the fourth-degree Maclaurin polynomial for a function f, and suppose |f(5> (z)] <
8 for all z in [0, 1]. Of the following, which is the smallest upper bound for | f(1) — P,(1)| given
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Loi giai chi tiét

. n  |z—3| |z — 3|
Ratio: .
- e ° (=5)"
(harmonic). Atz = —2: )~ = =

Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

<1 <= —2<z<8 Atz =283 2 =3 1diverges

> =V converges (Alternating Series Test). Interval [—2, 8).

(C).

Bai tap luyén tap

n

Bai tap luyén tap

> G (5=
)

>
SES

(B) 0

Thay Tudong 0332747 169 -

x raises every power by one: z cos2z = )
forgets to multiply by z; choice (A) does not raise 2 to the power 2n.

C6 Nancy 0983422 692

ol
What is the radius of convergence of Z T,
n=1 n"
(A) 1 (C) L
e
(B) e (D) oo
Loi giai chi tiét
Uit :(n+1)!|z|”+1. n" ey (n+1)n" :m( n )”: || |z|
a, (n+1)ntt  nliz|» (n+ 1)ntt n+1 @+3)" e
Convergence for '%L <l,ie. |z|<e. R=ce.(B).
' Bai tap luyén tap
Which of the following is the Maclaurin series for x cos(2z)?
oo (_1)71 2x2n+1 o) (_l)n 4n xZn
(A Y — € > —F—
; (2n)! nzzo (2n)!
o (_1)71, qn x2n+1 o) (_1)71 22n+1x2n+2
B - D
( ); (2n)! ( )7;) (2n +1)!
Loi giai chi tiét
cosu =3, (_(12):;% with u = 2z gives cos2z = 3 (_1):22;?‘”% =3 (—1)(;:1;!&". Multiplying by
(_1)n4nr2n+l

G = & — 2% + 225 — .. (B). Choice (C)

€ —

O
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Loi giai chi tiét

(71)".%’2"
(2n)!

This is the Maclaurin series cosz = )
Sum = cos Z = 1. (D). Choice (A) is sin Z.

evaluated at = = %, which converges for all z.

Bai tap luyén tap

e —1—2¢

lim 5 =

x—0 xr

(A) 2 (€)1
(B) % (D) 4

Loi giai chi tiet

2z (22)% | (22)° 2, 4.3 e —1—2z 4
€ =1+20+ 5 + B 4 = 1420+ 22% + §2° 4+ Then ———— =243+ > 2
(A). Choice (D) forgets the 2! in the denominator.

Bai tap luyén tap
Let f(z) = % sin z. What is the value of f(/(0)?

(A) 1 (C) —20

6

(B) 20 (D) —120

Loi giai chi tiét
z?sinxy = 22 (a: - % + % - ) — g% — % - % — . The coefficient of z° is ¢; = —%, so
8 (0) = 5!cy = 120- (—%) = —20. (C). Choice (A) is the coefficient itself, not the derivative.

Bai tap luyén tap

Let F(z) = / In(1 + t) dt. What is the coefficient of z* in the Maclaurin series for F?
0

™ - © -

B) 0

Loi giai chi tiet

-

In(1+1¢)=t— % + % — % + ---. Integrating from 0 to z: F(x) = ”2—2 — %3 + % — % + . The
x* term comes from j(’)w % dt = % (A). Choice (C) forgets to integrate; choice (D) uses the t*

term of In(1 + ¢).

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 341



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Bai tap luyén tap

. 1 1. . . . .
The approximation cos1 ~ 1 — — + — is made using the Maclaurin series for cos x. Which

of the following is the smallest upper bound for the error guaranteed by the alternating series
error bound?

1 1
(A) 21 () 120

1 1
(B) . (D) i

Loi giai chi tiét
At z = 1 the seriesis 1 — 5; + 4 — g + -+, alternating with terms decreasing to 0. The

approximation uses the terms through 5;; the first omitted term is &; = =. (B). Choice (C), ;,

is not a term of the cosine series (only even powers appear).

Bai tap luyén tap

and its interval of convergence?

Which of the following gives the Maclaurin series for | 1

+ 3x
(A) D 3nam, || < & (C) > (—1)m3a™, x| < 1
n=0 n=0
(B) > (—3)"a", |z| < 3 (D) > (=3)"a™, || < &
n=0 n=0
Loi giai chi tiét
1 1

= =Y (—32)" = > (—3)"z", valid for | — 3 1,i.e. L Atz =41
T+32 ~ 1—(=32) > (—3x) S (=3)™z™, vali | —3z| < 1,ie |z| < 3 W=
the terms have absolute value 1, so the interval is open. (D).

Bai tap luyén tap

Which of the following is the third-degree Taylor polynomial for f(x) = €2* about z = 1?

L

(A) e?[1+2(x—1)+4(x—1)2+8x—1)3] (C) e2[1+2(z—1)+2(z—1)2+ 3(z—1)°]

(B) ¢? [1+<x—1>+%+%] (D) 1+2(x—1)+2(—1)2+ 4z —1)3

Loi gidi chi tiét

fH)(x) = 2ke?®, so fF)(1) = 2Fe?: values e?, 2¢2, 4e?, 8e2. Dividing by k!: €2, 2¢2, %
2e?, 86%2 = 4¢2_(C). Choice (A) omits the factorials, (B) omits the chain-rule factors 2¥, and (D)
omits f(1) = €2.

Bai tap luyén tap
g 2 n
What is the sum of Z S—n?
n=1

L
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1 4
9 3
]- (o) n— . . o0 n 45 .
From m = anl nT 1 (|§C’ < 1), multlply by xT. anl nr- = m. At x = %.

Fu_ WO _in 8
— 30 (2/3)2 4/9 4

(D). Choice (B), 2,is Y- n (%)nil — forgetting to multiply by z.

Bai tap luyén tap

> <_1>n+1 on _
7; n 3" -
) )
3
(B) In3 (D) -

Loi giai chi tiét

,
.
N
X

In(1+4z) = Z:’ . % for —1 < x < 1. The series is this with z = 2 (inside the interval),
so the sumiis In (1 + 2) 2. (A). Choice (B) is —In (1 — 2), the value of the non-alternating

3
series Y 23",

Bai tap luyén tap

Find the radius and interval of convergence of Z

n=1

3z —2)"
n?+1

.
5
o
>\

Loi giai chi tiét

2
1 .
o) M |3z — 2| — |32z — 2|. Convergence for [3z — 2| < 1: + < z < 1. Since
a,, (n+1)2+1
3z — 2| = 3|z — 2|, the radius is R = 3
x=1:) n%ﬂ; 0< n21+1 n2 and Z converges, so it converges by direct comparison.

T = %: > ;2: converges absolutely by the same comparison.

Interval of convergence: [3,1].

Bai tap luyén tap

0.5
Use the first two nonzero terms of a Maclaurin series to approximate / sin(z?) dz, and show
0

that the approximation is within 1076 of the exact value.
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Loi giai chi tiét

6 10

Z T

sin(z?) = 22 — =T Integrating term by term,
/0'5 sin(a?) d (0.5)3  (0.5)7 N (0.5)11
x?)dx = — —
) 3 7.3 ' 115

0.125  0.0078125
3 42

with decreasing terms, so the error is less than the next term

Bai tap luyén tap

A function [ has derivatives of all orders for all real z, with

~ 0.041667 — 0.000186 = 0.041481. The series alternates

(0.5)11
1320

First two terms:

~3.7x 1077 < 1079,

fO)=2,  fO0)=-1,  f0)=4,  f"(0)=-9,

and | f¥(z)] < 15 for 0 < z < 0.5.
(a) Write the third-degree Taylor polynomial P;(z) for f about = = 0, and use it to approximate

£(0.5).
(b) Use the Lagrange error bound to show that f(0.5) < 1.86.
(c) Write the second-degree Taylor polynomial for f” about z = 0, and use it to approximate

F(0.5). )
(d) Let g(z) = / f(t) dt. Write the fourth-degree Taylor polynomial for g about = = 0.
0

Lai giai chi tiét

_ 4 0 =9 3_ 23 3
(a)P3(33)—2—x+a:U +§x =2—z+ 2 — 5%

£(0.5) &~ P4(0.5) = 2 — 0.5 + 2(0.25) — 1.5(0.125) = 2 — 0.5 + 0.5 — 0.1875 = 1.8125.

(b) With n = 3, M = 15:

15(0.0625)

|£(0.5) — P5(0.5)] < 51

15

105 = = 0.0390625.

So f(0.5) < 1.8125 + 0.0390625 = 1.8515625 < 1.86.

(c) f/(0) = —1, f7(0) = 4, f”(0) = —9, so the polynomial for f"is —1 + 4z — g:ﬁ (which is
9

P;(x))- Then f(0.5) ~ —1+2 — £(0.25) = —1+2 — 1.125 = —0.125.

(d) g(0) =0and ¢’ = f; integrate P, term by term from 0 to x:

x? 2z 3zt
~ 2L —— 4+ — — —.

Bai tap luyén tap

The third-degree Taylor polynomial for a function f about = 3 is

Py(z) =4—2(z—3)+5(x —3)> — 1(z — 3)3.
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(@) Find £(3), f'(3), £7(3), and f”(3).

(b) Does f have a relative extremum at = = 3? Is the graph of f concave up or concave down
at z = 3? Justify.

(c) Write the second-degree Taylor polynomial for f” about = 3 and use it to approximate
£/(3:2).

(d) It is known that | f®)( (z)] < 6for3 < a < 3.2. Approximate f(3.2) using P,, and give an
interval guaranteed to contain f(3.2).

Loi giai chi tiét

(@) Using f0)(3) = klcy: f(3) =4, f/(3) =2, f/(3) =2!-5=10, f”(3) =3!- (—%) = -3.
(b) f7(3) = —2 # 0, so x = 3 is not a critical point and f has no relative extremum there. Since
f”(3) = 10 > 0, the graph of f is concave up at x = 3.

-3 3
() —2+10(x—3)+ ?(a: 3)2=—-2+10(x—3)— 5(:0 —3)2 Atz =3.2: —2+2—1.5(0.04) =
—0.06.
(d) P;(3.2) =4 —2(0.2) + 5(0.04) — %(0.008) =4—0.4+0.2—0.004 = 3.796. Lagrange with
n=3 M=6:

6 6(0.0016
1f(3.2) — P3(3.2)| < 4—(0.2)4 = (24) = 0.0004.
Hence 3.7956 < f(3.2) < 3.7964.
Bai tap luyén tap
Let f be the function defined by the power series f(z Z for all z for which the
n=1

series converges.

(a) Find the interval of convergence. Show the work that leads to your answer.

(b) Write the first three nonzero terms and the general term of the series for f’(x). Find a
closed-form expression for f’(z) and the interval on which the series for f” converges.

(c) Use part (b) and the value f(2) to find a closed-form expression for f(x).

(d) Use the first two nonzero terms of the series to approximate f(1). Show that this approxi-
mation differs from f(1) by less than g

Loi giai chi tiét

n_|z—2 |z — 2| i
a 1 <& -1 5 Atz = 5: =Y =, the
@ = 3 < <z <5 Atz=5YZ =Y
harmonic series, diverges. Atz = —1: ° & n3n =53 “}L)n, converges by the Alternating Series

Test. Interval: [—1,5).
(b) Differentiate term by term:

= @-2mt 1 -2 (z—2)? (x —2)"!
= nE =gty g et
- C 1 po. 1/3 1 .
This is geometric with first term 3 and ratio *=: f'(z) = =l , converging for
— == =@
3
|z — 2| < 3. Atz = —1 the terms are % which do not approach 0, so the series for f

converges on (—1,5) — the endpoint x = —1 is lost.
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(c) f(2) = 0 (every term vanishes at the center). Then f(z) = f(2)+ —5dtt = [—In(5—t)]§ =
, 5—
3

In3 — 1 —z) =1 .
n3—In(5—z)=1In g
(d) (1) = S5 = —3 + L — L .. First two terms: —% + L = —3 ~ —0.2778.
The serles aIternates and 3 decreases to 0, so the error is less than the first omitted term,
5b = & < & (Check: f(1) = In3 ~ —0.2877))
Bai tap luyén tap

oo xn
Let f(z) =) —

n=1
(a) Find the interval of convergence of the series for f.
(b) Find the interval of convergence of the series for f’. Justify your treatment of each end-
point.
(c) Use the first two terms of the series for f(—3) to approximate f(—3), and find an upper
bound for the error.

(d) Show that f"(z) = _In—2) for0 < |z| < 1.
T

Loi giai chi tiét
(a) Ratio (#1)2 lz| = |z, s0 R = 1. Atz = 1: ) -, a convergent p-series. Atz = —1:
> 54 [t 1]

(b) f'(x) = X207, =5
the AIternatmg Series Test Interval [ 1, 1)

©f(—3)=—3+75 59+ TWo terms —14 L = —0.4375. The terms 22" decrease to
0 and alternate, so the error is less than = R 0 0139.

—1: E converges by

(d) For |z < 1,307 &= = —In(1 —x) (replace x by —x in the series for In(1 + ) and multiply
by —1). So xf/(x> = Z:;l % == |n(1 = x), and dividing by x 7& 0 gives f/(x> = _M'

X
Bai tap luyén tap
1—cosx

The function f is defined by f(x) = —Qz forx #+ 0and f(0) =

(a) Write the first three nonzero terms and the general term of the Maclaurin series for f.
(b) Use the series to find f'(0) and f”(0). Does f have a relative maximum, a relative minimum,
or neither at z = 0? Justify.

(c) Use the first two nonzero terms of the series to approximate / f(z)dx. Show that the

approximation differs from the exact value by less than 0.0003.
(d) Is the approximation in part (c) an overestimate or an underestimate? Explain.
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Loi giai chi tiét

2 4 6
(@)1 —cosz = % — x— + % — .... Dividing by z?:
1 .’IJ2 .’IJ4 (_l)nxQn
M) =55 70 "t Guran T

(The constant term 1 agrees with f(0), so the series represents f at0as well.)

(b) There is no z term, so f/(0) = 0. The coefficient of z% is —3, 50 f”(0) = 2! (—55) = —15 <
0. By the Second Derivative Test, f has a relative maximum at = = 0.

! z 3 7 ! 1 1 1 1 1 35
der = |— — — - ... = — — — ... T t R S S

& / flw) d [2 72 T3600 ), T2 72 3600 worems 3 T m =
0.4861. The series alternates with decreasing terms, so the error is less than 3600 ~ 0.000278 <

0.0003.

(d) The first omitted term, ++-—
underestimate.

Bai tap luyén tap

(a) Write the first four nonzero terms and the general term of the Maclaurin series for g(z) =
xre T,

3600, is positive, so the partial sum is less than the exact value: an

1
(b) Use the series in part (a) to express / ze % dx as an infinite series. Write the first four
0
terms and the general term.

1
(c) Evaluate / xe * dx exactly using integration by parts, and hence find the exact sum of
0

o (="

7;] n!(n+2)

(d) What is the fewest number of terms of the series in part (b) needed to approximate the
integral with error less than 0.01? Justify your answer.

Loi giai chi tiét

(@) e =3 E" 5o

$3 $4 (_1)nxn+1
re @ =z —x° +§—§+ —l—T-I-“-
1 00 1 0
_ (—1)”/ (=)™ 11 1 1
b T e = n+1d: N ) _ - _ = -
()/0:"6 ! ; w4 ;n!(n—i—Q) 27378 30

1 1
(c) By parts withu = z, dv = e *dx: / ze ¥dzr = [asex](1)+/ e®dr=—el+(1—et) =
0 0

(=1

1—-— Therefore Z m

=1- 2 ~ 0.2642.
e

(d) The terms +2> are 3,3, %, 35, 117, - » decreasing to 0, and the series alternates. Using

the first k terms, the error is Iess than the (k + 1)st term. The first term smaller than 0.01 is

m ~ 0.0069 (the fifth), Wh|Ie == =~ 0.033 > 0.01. So four terms suffice: 7—7+f—@ ~ 0 2583,

with error < m < 0.01. Three terms are not guaranteed by the bound (their bound i is 3 ) and

infact |3 — 2 +1—(1—2)| ~0.027 > 0.01.
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Bai tap luyén tap

Let h(x) = arctan(2x).

(a) Write the first four nonzero terms and the general term of the Maclaurin series for h.

(b) Find the interval of convergence of this series. Justify.

(c) Use the first two nonzero terms to approximate (0.25) = arctan(0.5), and find an upper
bound for the error.

(d) Find »(7)(0).

Loi giai chi tiet

(a) Replace z by 2z inarctanz = 3 %
81’3 32335 128()37 <71>n22n+1x2n+1
arctan(2z) = 20 — — —
(2e) = 22— =+ — I R = R
(b) The arctan series converges for —1 < u < 1, so we need —1 < 2z < 1: interval [—%, %]

(Directly: atz = +3 the seriesis + (1 — £ + £ — ---), which converges by the Alternating Series
Test; the ratio test gives 422 < 1 inside.)

(c) 2(0.25) ~ 2(0.25) — £(0.25)3 = 0.5 — 2125 ~ 0.45833. Atz = 0.25 the terms are (&2°"7

which alternate and decrease to 0; the error is less than the next term, 32(0525)5 — <0-55>5 —
0.00625. (True value arctan 0.5 ~ 0.46365.)

(d) c; = =128, s0 (D (0) = 71 - (—12) = —128 - 6! = —92160.

Bai tap luyén tap

The Taylor series for a function f about 2 = 1 is given by

n

n=1 n
and converges to f(z) on its interval of convergence.
(a) Find the interval of convergence.
(b) Find f”(1).
(c) The function g satisfies g(1) = 3 and ¢'(z) = f(z). Write the first three nonzero terms of
the Taylor series for g about z = 1.
(d) Identify f as a familiar function and evaluate f(1.25) exactly.

Lai giai chi tiét

@[22 = B2 — 12— 1] <1 <o < § At = § 5 U converges
(Alternating Series Test). Atz = 3: >° W = —Y L diverges. Interval: (3, 3].
(_]‘)4 23 8 V4 8
(b)Caszg»SOf (1):3!‘5216'
() f(z) =2(x—1) —2(z — 1)? + §(z — 1)3 — --. Integrating from 1 and adding g(1) = 3:

o(e) =3+ (@ =17 = Sz —1)" + -
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(d) Withu = 2(z—1) the seriesis > CU™ u?

n+1un

= In(1+u),so f(z) = In (14+2(z—1)) = In(2z—1).

n

Then f(1.25) =In1.5=1In % (x = 1.25 is inside the interval).

On tap nhanh — Unit 10:

Chon phép thir hdi tu: ludn thir s6 hang thir n trude (néu lima,, # 0 thi phan ky ngay); chudi hinh
hoc hdi tu khi |r| < 1, tng % v&i a |a s6 hang ddu tién; chudi p hoi tu khi p > 1; c6 giai thira hodc
mi n thi dung phép thir ti s6; phan thirc da thirc thi so sanh gidi han véi chubi p.

Hoi tu tuyét déi / c6 diéu kién: xét 3 |a,, | trudc; néu 3 |a,, | phan ky nhung chudi dan dau thoa diéu
kién (gidm dan vé 0) thi hdi tu cé diéu kién. Sai s6 chudi dan dau nhé hon sé hang dau tién bi bo,
cung dau véi s6 hang dé.

Da thirc Taylor: hé 56 clia (= — a)* 1a £51%; nguoc lai f*)(a) = K! ¢, Viét theo Iy thira ctia (z — a),
khong phai cla z.

Chén sai s6 Lagrange: |f(z) — P,(z)| < Gifyle — a|"*!, M la chdn trén cta | f"*")] trén ca doan

gilra a va z. T d6 suy ra khoang chira f(x).

Khoang héi tu: phép thir ti s6 cho ban kinh, sau d6 bdt budc thay tirng dau mut vao chudi géc. Dao
ham/tich phan tirng hang gitr nguyén ban kinh nhung dau mut cé thé thay dai.

Chudi phai thuéc: e, sinz, cos = (moi z); 2 trén (—1,1); In(1+z) trén (—1, 1]; arctan = trén [—1, 1].
Lay chudi m&i bang thé&, nhan z*, dao ham, tich phan — khéng can tinh dao ham cap cao.

Ung dung chudi: tich phan khéng so cap (tich phan tirng hang + chin sai s6 dan dau), téng chubi sé
(nhan ra chudi quen thudc, kiém tra z trong khoang héi tu va chi s6 bat dau), gi¢i han dang 3.

Trinh bay FRQ: néu tén phép thir da dung, ki€m tra diéu kién ctia phép thir, ghi rd gia tri M hodc s6
hang bi bo khi chan sai s6; dap s6 may tinh [am tron 3 chir s6 thap phan.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 11

AP Calculus BC Practice Exam

Muc tiéu Unit: LAm d& nay nhu mét budi thi that: chuan bj déng ho, gidy nhap va may tinh d6 thi; 1am
[an lugt bén phan, ding thai gian ghi & dau méi phan, khong xem 167 giai va chi dung may tinh & Part B
clia Section | va Part A ctia Section Il. Lam xong, déi chi€u Section | v&i bang dap an, doc |oi giai ciia moi
cau sai va ca nhirng cau ding nh& doan; cham Section Il theo thang diém 9 di€m/cau & cudi chuong —
chi cho diém khi bai |am cé ding nhirng gi thang diém yéu cau (thiét 13p tich phan, ly do, don vi). Cudi
cuing quy d6i diém thd sang thang 1-5 d€ biét minh dang & dau va én lai cac Unit con yéu.

11.1 Exam Overview and Directions

The AP Calculus BC Exam has two sections, each worth half of the exam score. Section | is multiple
choice and Section Il is free response; each section is split into a part that is taken without a calculator
and a part that requires a graphing calculator. This practice exam follows that structure exactly.

Section Part Questions Time Calculator Share of score

I: Multiple choice Part A 30(Q1-30) 60 min Not permitted 33.3%
Part B 15(Q31-45) 45 min Graphing calculator required 16.7%

Il: Free response  Part A 2(FRQ 1-2) 30 min Graphing calculator required 16.7%
PartB 4 (FRQ3-6) 60 min Not permitted 33.3%

Total testing time: 3 hours 15 minutes. Each multiple-choice question has four answer choices, (A)-(D), and there is no
penalty for a wrong answer.

Calculator capabilities you may need. On the calculator parts you are expected to (1) graph a
function in an arbitrary window, (2) find the zeros of a function (solve equations numerically), (3)
compute the derivative of a function numerically at a point, and (4) compute a definite integral
numerically. In free response, write the setup (the integral, the derivative, the equation) in
standard mathematical notation, not calculator syntax, and then give the value.

Answer conventions used throughout this exam. Unless a question says otherwise: the do-
main of a function f is the set of all real numbers x for which f(x) is a real number; sin ' 2 and
arcsin z both denote the inverse sine; and on calculator questions a decimal answer must be
correct to three places after the decimal point (rounded or truncated). If the exact value of a
calculator answer is not one of the choices, choose the choice that best approximates it.

- GIAI THICH TIENG VIET
Cach l1am deé giéng thi that. Bam gio riéng cho tirng phan va dirng buat khi hét gio — ké ca khi
con cau chua lam (danh dau lai dé luyén sau, nhung khéng tinh diém). Trac nghiém khéng trir
diém cau sai, nén trudc khi hét gid hay td dap an cho moi cau. O Section II, gidm khao cham
qua trinh: mot con s6 “tro troi” khéng kém tich phan hay l1ap luan thuong dugc O diém, con
cau hai cé chir justify bat budc phai néu ly do bang 16i (vi du “¢’ d6i dau tir duong sang am tai
x = 5"). Khi Section Il Part A (c6 may tinh) két thic, ban chuyén sang Part B va cat may tinh;
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theo quy dinh hién hanh, trong th&i gian Part B ban van duoc quay lai viét tiép Part A nhung
khong duoc dung may tinh.
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11.2 Section I, Part A: Multiple Choice (No Calculator)

Section I, Part A 30 questions Time: 60 minutes NO CALCULATOR

Directions: Solve each problem. After examining the form of the choices, decide which is the best of
the choices given. Do not spend too much time on any one problem. A calculator may not be used on
this part of the exam.

zsinz

1. lim ——
a1 — cos(2x) S
) (© 2
(B) 1 (D) nonexistent
. kx+3, =<2 . .
2. Let f be the function defined by f(z) = { L =5 For what value of k is f continuous
v —k, x>2.
atx =27
1 1
A) —— C) =
(A) —3 © 3
1
(B) 7 (D) 1

3. If f(x) = 2%Inz, then f/(e) =

(A) 2 (C) €2
(B) 2¢ (D) 3e

tan(f +h)—1,

4. }Illmj — is
(A) 0 (C) 2
(B) 1 (D) nonexistent

5. The table below gives values of the differentiable functions f and ¢ and their derivatives at
selected values of . If h(z) = f(g(z)), whatis h'(1)?

v flz) [flx) glx) g'(x)

1 3 —2 2 4
2 1 5 1 -3

(A) —15 (C) 12
(B) —8 (D) 20

6. What is the slope of the line tangent to the curve 22 + xy + y3 = 3 at the point (1,1)?
(A) -1 G

® - o °
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7. Let f(z) = 2 + 2z + 1, and let g be the inverse function of f. What is the value of ¢'(4)?

(A) © 5

1
5
(B) 1

(D) 50

8. A particle moves along the z-axis so that its position at time ¢t > 0 is z(t) = > — 6t2 + 9¢t. For

which values of t is the speed of the particle increasing?
(A) 1<t<?2andt >3 (C) t > 2only
(B) 0<t<landt >3 (D) 1 <t <3only

. 2x_1_2 .
9. |Imul

z—0 2
(A) 0 €1
®) D) 2

10. Let f(z) = x® — 3z. What value of ¢ satisfies the conclusion of the Mean Value Theorem for f

on the closed interval [0, 2]?

(A) 1 (€ v3
2

(B) 7 (D) 2

11. The derivative of a function f is given by f/(z) = x(x — 2)?(x + 3). At which value(s) of = does

f have a relative minimum?

(A) z = —3 only (C) z=0andz =2
(B) z =0only (D) x=—-3andx =2

12. What is the absolute maximum value of f(x) = xze~* on the closed interval [0, 3]?

(A) 0 () 1
3 (&
(B) 3 (D) 1

d [~
13. — 3) dt =
3 d:L’/l cos(t3) dt

(A) 2z cos(z) (C) 2z cos(z?)
(B) cos(z%) (D) cos(z%) — cos 1

/2
14. / sinz cos® xdx =
0
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15.

16.

17

18.

19.

20.

1 1
™ © =
1
(B) 0 (D) 3
1
/ ze® dxr =
0
(A) 1 (C) e
(B) e—1 (D) 2¢e —1
5
1
/3 $2—l‘—2dx:
(A) %an (C) In2
i1 (D) 3In2
(B) gIn3

> 1
e
/2 s(nzy? “F

(A) In2 1
nl © Gnap
(B) n3 (D) divergent

If/1 f(:n)da::7and/l f(x)dx:3,then/2 (2f(x)+1)dx =

(A) 8 (C) 10
(B) 9 (D) 14

Lety = f(x) be the solution to the differential equation % = xy? with initial condition f(0) = 1.

What is f(1)?

(C) 61/2
(D) 2

(A)

(B)

WINN| =

. d . . .
Let y = f(x) be the solution to d—y =z + y with f(0) = 1. What is the approximation for f(1)
T
obtained by using Euler’'s method with two steps of equal size, starting at x = 0?

(A) 1.25 (C) 2.5
(B) 2 (D) 2¢ —2
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21. What is the area of the region bounded by the graphs of y = 22 and y = 2z?

(A) (€ 4

(B)

W 00 W i~

@ %

22. The region bounded by the graph of y = \/x, the z-axis, and the line 2 = 4 is revolved about
the z-axis. What is the volume of the solid generated?

(A) 21 ) o7
3
(B) 47 (D) 87

23. A curve is defined by the parametric equations = = t> + 1 and y = t> — 3t. What is the slope of
the line tangent to the curve at the point where ¢t = 2?

) © |

| W O =~

(B) (D) 9

24. What is the area enclosed by one petal of the polar curve r = sin(36)?

(A 5 (C)
(B) 5 (D)

SN

25. A particle moves in the zy-plane with position vector (t?, sin(rt)) at time t. What is the speed
of the particle at time t = 1?

(A) 2 (C) V4 + =2
(B) = (D) 2+ 7

26. What is the sum of the series Z 3 (—g) ?
n=0

(A -2 © 5
157 (D) The series diverges.
(B) =

27. Which of the following series converges conditionally?
o~ (=" o~ (=1)"n
A
(A) 7; = (o) ; o]

= (1) =1
(B) ; NG (D) ;ﬁ
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28. What is the coefficient of 26 in the Maclaurin series for 22e=%"?

1 1
A) = il
(A) — © 5
1 1
B) - z
(B) — (D)
29. What is the interval of convergence of the power series Z (96;71)?
—~ n°- 4n
(A) -5<z<3 (C) 5<x<3
B) -5<z<3 (D) -3<z<5

30. A function f has derivatives of all orders, with f(1) =2, f'(1) = =3, f”(1) =4, and f”(1) = 12.
What is the approximation of f(1.5) given by the third-degree Taylor polynomial for f about

z =17
(A) 1.00 (C) 1.75
(B) 1.25 (D) 3.00

END OF PART A. If you finish before time is called, you may check your work on Part A only.
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11.3 Section I, Part B: Multiple Choice (Calculator Required)

Section |, Part B 15 questions Time: 45 minutes GRAPHING CALCULATOR REQUIRED

Directions: Solve each problem and choose the best answer. A graphing calculator is required for some
questions on this part of the exam. If the exact numerical value of the correct answer does not appear
among the choices, select the choice that best approximates the exact value.

31. The function f is continuous on the closed interval [1, 5] and has the values given in the table.
What is the least number of zeros f must have on [1,5]?

z 1 2 3 4 5
fl) 4 -1 2 -3 1

(A) 1 (C) 3
(B) 2 (D) 4

32. Let f(z) = In(z+2) and g(z) = 2% — 1. At what value of = do the graphs of f and g have parallel
tangent lines?

(A) —2.225 (C) 0.414
(B) 0.225 (D) 1.501

. o . [t .
33. A particle moves along the z-axis with velocity v(t) = ¢ sin <2> for t > 0. What is the acceler-

ation of the particle at time t = 2?

(A) —1.665 (C) 0.077
(B) —0.755 (D) 1.819

34. The function f is differentiable, and f'(z) = e~*/3 sin(22). On the interval 0 < x < 3.5, at which
values of x does f have a relative maximum?

(A) 1.772 and 3.070 (C) 1.772 only
(B) 2.507 only (D) 1.772, 2.507, and 3.070

. . (T .
35. Water flows into a tank at the rate R(¢) = 20+ 10sin 3 gallons per hour, where ¢ is measured

in hours. No water leaves the tank. If the tank holds 100 gallons at time ¢ = 0, how many gallons
does it hold at time ¢ = 6?

(A) 129.093 (C) 220.000
(B) 162.484 (D) 262.484
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36. The function f is continuous, and selected values are given in the table. What is the trapezoidal

10
sum approximation of / f(¢t) dt using the four subintervals indicated by the table?
0

t 0 2 5 6 10
ft) 3 7 4 8 2

(A) 42 (C) 63
(B) 52.5 (D) 105

. . d .
37. A quantity y changes according to d—z = ky, where k is a constant. If y(0) = 50 and y(3) = 80,

what is y(10)?

(A) 239.536 (C) 383.257
(B) 369.453 (D) 5497.558

- . . _dP P .
38. Apopulation P(t) satisfies the logistic differential equation i 0.3P (1 — —) with P(0) =

1200
1200 . . . .
200, so that P(t) = ———————. At what time ¢t is the population growing fastest?
1+ 503t
(A) 0.483 (C) 5.365
(B) 1.609 (D) 5.973

39. A particle moves along a line with velocity v(t) = (t—1)e*"t. What is the total distance traveled
by the particle over the time interval 0 < ¢ < 3?

(A) 2.303 (C) 3.932
(B) 3.229 (D) 4.635

40. Let R be the region bounded by the graphs of y = 4 — 2% and y = €%, shown in the figure. What
is the volume of the solid generated when R is revolved about the z-axis?

(A) 6.428 (C) 51.374
(B) 32.629 (D) 84.705
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41.

42.

43.

a4,

45.

A particle moves in the zy-plane so that its velocity vector at time ¢ is ( cos(t?), et/2>. What is
the total distance traveled by the particle over the time interval 0 < ¢ < 2?

(A) 2.796 (C) 3.828
(B) 3.437 (D) 4.930

A polar curve is given by » = 2 + sin(36). For the point on the curve where § = 1, what is the

dy
lue of —2?
value O a0

(A) —3.406 (C) —1.342
(B) —2.970 (D) 0.394

The fourth-degree Taylor polynomial for a function f about = = 0 is used to approximate f(0.5).
If |f(5> (:1:)\ < 12 for 0 < z < 0.5, which of the following is the upper bound for the error of this
approximation given by the Lagrange error bound?

1 1
A 3510 © 35
1 3
B) 555 (D) ¢
Let f(x) = i v for —1 <z < 1. What is the value of f/(0.5)?
n=1 nQ B B
(A) 0.582 (C) 1.386
(B) 0.693 (D) 2.000

(_1>k+1

is used to approximate the sum of the series.

The nth partial sum S,, of the series Z 13
k=1

According to the alternating series error bound, what is the least value of n for which the error
is guaranteed to be less than 0.0005?

(A) 10 (C) 12
(B) 11 (D) 13
END OF SECTION I.
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11.4 Section Il, Part A: Free Response (Calculator Required)

Section Il, Part A 2 questions Time: 30 minutes GRAPHING CALCULATOR REQUIRED

Directions: Show all of your work. Clearly label any functions, graphs, tables, or other objects that

you use. Your work will be scored on the correctness and completeness of your methods as well as

your answers; answers without supporting work will usually not receive credit. Justifications require

that you give mathematical reasons. Write integrals and derivatives in standard notation (for example
5 o n n " :

|~ 2% dz), not calculator syntax. Unless otherwise specified, answers (numeric or algebraic) need not be

simplified, and decimal answers must be correct to three places after the decimal point.

Question 1

t (hours) 0 2 5 7 10 12
R(t) (gallons per hour) 130 150 170 165 150 120

Water is pumped into a storage tank at a rate modeled by the differentiable function R, where
R(t) is measured in gallons per hour and ¢ is measured in hours for 0 < ¢t < 12. Selected values of
R(t) are given in the table above. During the same time interval, water is drained from the tank at

L (1 . .
the rate D(t) = 80 + 120 sm<i> gallons per hour. At time ¢ = 0 the tank contains 500 gallons of

water.

(@) Use the data in the table to estimate R’(6). Show the computations that lead to your answer,
and indicate units of measure.

12
(b) Use atrapezoidal sum with the five subintervals indicated by the table to approximate / R(t)dt.
12 0
Using correct units, explain the meaning of / R(t) dt in the context of the problem.
0

(c) Must there be a value of ¢, for 0 < ¢ < 12, such that R’(¢) = 0? Justify your answer.
(d) Using your approximation from part (b), find the amount of water in the tank at time ¢t = 12.

(e) Is the amount of water in the tank increasing or decreasing at time ¢t = 7? Give a reason for your
answer.
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Question 2
A particle moves in the zy-plane so that its velocity vector at time ¢, for 0 < ¢ < 3, is

(z'(t), y'(t)) = <1 + 2sin(t2), et/? cost>.

At time ¢t = 0 the particle is at the point (2, —1).
(a) Find the speed of the particle at time ¢t = 1.5, and find the acceleration vector of the particle at
timet = 1.5.

(b) For 0 < t < 3, find all intervals of time on which the particle is moving to the left. Give a reason
for your answer.

(c) Find the position of the particle at time ¢t = 3.

(d) Find the total distance traveled by the particle over the time interval 0 < ¢ < 3.

END OF PART A. Put your calculator away before beginning Part B.
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11.5 Section Il, Part B: Free Response (No Calculator)

Section Il, Part B 4 questions Time: 60 minutes NO CALCULATOR

Directions: A calculator is not permitted. Show all of your work; justifications require mathematical
reasons. During this part you may continue to work on the questions in Part A, without the use of a
calculator.

Question 3

Graph of f

The graph of f on —4 < z < 6 consists of three line segments and a semicircle of radius 2 centered at the origin.

The continuous function f is defined on the closed interval —4 < x < 6. The graph of f, shown
above, consists of a line segment from (—4,2) to (—2,0), the lower half of the circle 22 + y? = 4,
a line segment from (2,0) to (4,2), and a line segment from (4, 2) to (6, —2). Let g be the function

given by g(z / f(t)dt.
(@) Find g(—4) and g(6).

(b) On the open interval —4 < x < 6, find all values of = at which ¢ has a relative maximum. Justify
your answer.

(c) Find the absolute minimum value of g on the closed interval —4 < = < 6. Justify your answer.

g(z)

(d) Find lim 22==, or show that it does not exist.
-0 Sinx
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Question 4

. . . . d . .
Consider the differential equation d—y = (3—y)cosz. Lety = f(x) be the particular solution to the
X
differential equation with initial condition f(0) = 1.

Yy

\
N—=7 711 17-=X\4%
N—=/ b 7=\ N\
N—=/ [ /7=\N\\
N—="/ 20 [ [ =N\
N—=/ 111 /=\N\)\
N/ st/ —=\N\\

d .
Slope field for d—y = (3 —y)coszx at the points z = —2,—1.5,...,3and y = —3,—-2.5, ..., 4.
X

(@) On the slope field shown, sketch the solution curve that passes through the point (0, 1).

(b) Write an equation for the line tangent to the graph of f at z = 0, and use it to approximate f(0.2).
. d?y . e . .
(c) Find Tg in terms of 2 and y. Is the approximation in part (b) an overestimate or an underestimate
X
of £(0.2)? Give a reason for your answer.

(d) Use separation of variables to find y = f(x), the particular solution with £(0) = 1.
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Question 5

Y

r=3cos6
r=1+cos6

The circle » = 3 cos 6 and the cardioid 7 = 1 + cos 6.

The figure shows the graphs of the polar curves » = 3 cos 8 and r = 1+cos 6. The curves intersect
at the pole and at two other points.

(a) Let R be the region that is inside the graph of r = 3 cos § and outside the graph of r = 1 + cosé.
Find the area of R.

(b) Find the area of the region that is inside both graphs.

(c) Find the slope of the line tangent to the graph of » = 1 4 cos 8 at the point where § = g

(d) A particle moves along the cardioid » = 1 + cos 6 so that fl—i = 3 for all times ¢. Find the value of

d . . . . . .
d—z at the instant when 6 = g and interpret the meaning of this value in terms of the motion of
the particle.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 364



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Question 6
The function f is defined by the power series
) -2t e -2 (-2 (-2 (=) (z—2)"
f<$)_z n-3n 3 2.32 + 3.33 + n - 3n +

for all real numbers « for which the series converges.
(a) Find the interval of convergence of the power series for f. Justify your answer.

(b) Find the first three nonzero terms and the general term of the Taylor series for f’, the derivative
of f,about z = 2.

(c) Use the first two nonzero terms of the power series for f to approximate f(3). Show that this

. . . 1
approximation differs from f(3) by less than 50

(d) Letg(x) = / f(t) dt. Write the first two nonzero terms and the general term of the Taylor series
2
for g about = = 2.

END OF EXAM.
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11.6 Answer Key
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Q Ans Q Ans Q Ans Q Ans Q Ans
1 A 10 B 19 D 28 D 37 A
2 C 11 B 20 C 29 A 38 C
3 D 12 C 21 A 30 B 39 D
4 C 13 A 22 D 31 D 40 D
5 D 14 D 23 C 32 B 41 C
6 B 15 A 24 A 33 B 42 C
7 A 16 A 25 C 34 A 43 B
8 A 17 B 26 B 35 D 44 C
9 D 18 C 27 B 36 B 45 C

Questions 1-30: Part A (no calculator). Questions 31-45: Part B (calculator required).

Unit (Course and Exam Description) Multiple-choice  ques- Free response
tions

1 Limits and Continuity 1,2,31 —

2 Differentiation: Definition and Fundamental Proper- 3, 4, 32 1(a)

ties

3 Differentiation: Composite, Implicit, and Inverse Func- 5, 6,7 —

tions

4 Contextual Applications of Differentiation 8,9,33 3(d), 4(b), 5(d)

5 Analytical Applications of Differentiation 10,11, 12,34 1(c), 3(b)(c)

6 Integration and Accumulation of Change 13-18, 35, 36 1(b)(d), 3(a)

7 Differential Equations 19, 20, 37, 38 4

8 Applications of Integration 21,22,39,40 1(d)

9 Parametric Equations, Polar Coordinates, Vector- 23, 24,25,41,42 2,5

Valued Functions

10 Infinite Sequences and Series 26-30, 43, 44, 45 6

Use this table to find the units behind your mistakes. The multiple-choice distribution follows the BC weightings: Units 6
and 10 carry the most questions, and Unit 9 about 11%.

11.7 Multiple-Choice Solutions

Part A (no calculator)

' Question 1  Answer (A)

Use 1 — cos(2z) = 2sin” 2:

rsinz

lim — 5
=0 2sin” z

by 22, i.e. losing the factor 2 in 2 sin’ z.

' Question 2 Answer (C)

Thay Tudong 0332747 169 -

X

im = - —
z—02 Sinz

Continuity at z = 2 requires the left-hand limit to equal f(2):
1 . . . .
k= o Choice (B) results from the slip 2k + 3 = 4— 2k, and (D) from the sign slip 2k +3 = 4+ k.

C6 Nancy 0983422 692

Choice (C) is the reciprocal, from inverting the fraction; (B) comes from approximating 1—cos 2

2k+3=22—k = 3k=1 =
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Question 3  Answer (D)

Product rule: f/'(z) = 2xInz + 22 - 1 2zInz + z. Then f’(e) = 2e(1) + e = 3e. Choice (B)
T

drops the second term of the product rule; (A) multiplies the derivatives, (295)(%) = 2:(C)is
e

Question 4 Answer (C)

tan(§ +h) —tan §

, so the limit is
h

Since tan 7 = 1, the expression is the difference quotient

the derivative of tanz at » = 7:

sec2<z) = (v2)' =2

4

Choice (B) is the value of tan 7, not its derivative.

Question 5 Answer (D)

Chain rule: /(1) = f'(g(1)) - ¢’(1) = f'(2) - ¢’(1) = 5-4 = 20. Choice (B) uses f'(1)g’(1)
(evaluating f’ at the wrong input); (A) uses f'(2)g’(2); (C) uses f(1)g’(1).

Question 6 Answer (B)

Differentiate implicitly, using the product rule on zy:

dy ody
d .
At (1,1:2+1+ % +3% = 0,50 % = —% Choice (A) forgets the 2% term; (C) treats the

derivative of zy as simply j—g.

Question 7 Answer (A)
First find the input: f(1) =1+2+ 1 =4, s0 g(4) = 1. Since f'(z) = 322 + 2, /(1) = 5, and

Choice (B) is g(4); (C) is f’(1) without the reciprocal; (D) is f’(4), which evaluates f’ at the
wrong point.

Question 8 Answer (A)

v(t) = 3t2 — 12t +9 = 3(t — 1)(t — 3) and a(t) = 6t — 12 = 6(t — 2). Speed increases when v
and a have the same sign.

interval 0<t<1 1<t<?2 2<t<3 t>3
sign of v + = = IF
sign of a — = + T
speed decreasing increasing decreasing increasing

Choice (B) lists where v > 0 (moving right), and (C) where a > 0; neither alone decides whether
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speed increases.

Question 9 Answer (D)

The form is 8. L'Hospital's Rule twice:

. 2 2 2 . 4 2z
lim 2 —< (%) — lim £ — 9
z—0 2z

(Check with series: €?* — 1 — 22 = (2;)2 + .- = 222 + ....) Stopping after one application and

substituting gives the indeterminate %, not 0, so (A) is wrong.

Question 10 Answer (B)

J@2)— f(0) _ 20
5 20) 2
Solve f'(c) = 3c¢* =3 =1: ¢ = 4,and ¢ = 7 ~ 1.155 lies in (0,2). Choice (A) is where

= 1,

f is a polynomial, so the MVT applies. The average rate of change is

f’(¢) = 0 (Rolle’s conclusion, which does not apply because f(0) # f(2)); (C) is a zero of f.

Question 11 Answer (B)

The critical points are z = —3, 0, 2. Because (x — 2)? > 0, the sign of f is the sign of x(x + 3),
which is + on x < —3, —on —3 < z < 0, and + for z > 0 (except f'(2) = 0).

fioo o+ - + +

-3 0 2

A\
]

f’ changes from negative to positive only at z = 0, so the only relative minimum is at z = 0.
At x = —3, f’ changes from positive to negative (relative maximum), and at = = 2, f” does not
change sign (no extremum) — the double root is the trap in (C) and (D).

Question 12  Answer (C)

fl(x) = e®—ze® = (1 —x)e® whichis 0 only at x = 1. Candidates test: f(0) = 0,
f(1) =1~ 0368, f(3) = & ~ 0.149. The absolute maximum value is 1. Choice (D) is the
z-coordinate where the maximum occurs, not the maximum value.

Question 13  Answer (A)
2

By the Fundamental Theorem of Calculus with the chain rule, di / cos(t3) dt = cos((x?)3)-
TN

22 = 2z cos(z%). Choice (B) forgets the factor %(aﬁ) = 2z; (D) wrongly includes the constant
lower limit, whose contribution is 0.

Question 14  Answer (D)

Lletu =cosz,du=—sinzdz;z=0—u=1,z =

T — N
§|—>U—O.

/2 0 1 1
/ sin$C052xdm:/ —u2du:/ wldu==.
0 1 0 3

Choice (A) comes from losing the minus sign of du (or not reversing the limits).
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Question 15 Answer (A)

Integration by parts with v = z, dv = e* dx:

1 1 1
/ xexdm:{xew] —/ e?dr=e—(e—1)=1.
0 0 Jo

Choice (D) results from adding [ v du instead of subtracting: [ze* + e} = 2e — 1.

Question 16  Answer (A)

1 13 1/3

x2—x—2:(x—2)(x—|—1),and($_2>(x+1>:m_2—x+1.Then

/5 de [injz—2|~In| +1|]5 [an3—1n6)—(n1-In4) Lnd? _Ling
—_—m €T — — X = - — — — = — —_— = .

L om—m—% 3 3 3 3 6 3

Choice (B) keeps only the In |z — 2| term; (C) drops the partial-fraction coefficient %

Question 17 Answer (B)

Letw = Inz, du = 22:

< °

/OO L [ ] = i (=) =
L, z(Inz)2  bool Inzly  booo Inb  In2/  In2’

X dzx
2

The integral converges (unlike [ g’

which diverges), so (D) is wrong.

Question 18 Answer (C)

L f@)de =7—3=4,50 [ (2f(x) +1)dz = 2(4) + [ 1dz = 8+2 = 10. Choice (A) forgets
the integral of the constant 1; (B) adds 1 instead of 1 - (4 — 2).

Question 19 Answer (D)

- 1 x? . 1 x?
Separate: y *dy = xdx = —— = > +C. Withy(0) =1: C = —1. So— =1— o1 and
Yy Yy
v =3 2 5 (valid for |z| < v/2). Then f(1) = % = 2. Choice (B) comes from dropping the
— X

minus sign in [y 2dy = —y!; (C) solves & = zy instead.

Question 20 Answer (C)
Step size Az = 0.5.

x y slopex+y Ay =0.5slope

0 1 1 0.5
0.5 1.5 2 1
1 25

Choice (B) uses one step of size 1; (D) is the exact value 2¢ — 2 of the solution y = 2e* —z — 1,
not Euler’s approximation.
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Question 21  Answer (A)

2
The curves meet where 2% = 2z, i.e. x = 0 and z = 2; on (0,2), 2z > z°. / 2z — z2) dx =
0

e 2

[a:z — %] =4l = g = % Choices (B) and (C) are the areas under the individual curves; (D)
0
adds them.

Question 22  Answer (D)

4 4 2.4
Disk method: V = 71'/ (\/5)2 dr = 7r/ g @y = w{%} = 8n. Choice (C) forgets to square
0 0 0

the radius (7 f04 Vo dx); (A) uses the y-range 0 < y < 2 as the limits.

Question 23  Answer (C)

dy dy/dt 3> -3
dr dx/dt 2t

ratt =2 % Choice (A) inverts the quotient; (D) is dy/dt alone.

Question 24  Answer (A)

One petal is traced as ¢ runs from 0 to % (where sin 30 = 0 again).

/3 /3 q
1 .2 1 1—cos(66) 1 sin6017™/3 o«
A_2/0 sin (39)d9_2/0 > d9_4[9— - ]O — =

r = sin(30): the shaded petal corresponds to 0 < 6 < Z.

Choice (B) forgets the factor 3 in 1 [ 2 d6.

Question 25 Answer (C)

Velocity = (2t, wcos(nt)); att = 1itis (2, —7). Speed = /22 + (—)2 = V4 + 72. Choice (D)
adds the component magnitudes instead of using the Pythagorean length.

Question 26 Answer (B)

Geometric series with first term ¢ = 3 and ratior = —% (Jr| < 1, so it converges): S = % =
—T
3

142

1 . . .
= 75 Choice (C) uses r = +§; (A) is the sum starting at n = 1.
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Question 27 Answer (B)

(B): ﬁ decreases to 0, so the alternating series converges by the Alternating Series Test, but
> % is a divergent p-series (p = % < 1). Hence (B) converges conditionally. (A) converges
absolutely (p = 2). (C) diverges by the nth-term test, since g~ 1#0. (D) is a convergent
p-series with positive terms, so its convergence is absolute.

Question 28 Answer (D)

e =14+u-+ g—? + g—? + - withu = —22 gives e @* =1 — 22 + “"—; — % + ---. Multiplying by 22
6
22e 7 — 22 — 24 + Y _ .. The coefficient of z6 is 1. Choice (B) is the 25 coefficient of P

itself (forgetting to multiply by z2).

Question 29  Answer (A)

, so the series

Ratio test: lim

n—o0

(x+ 1)t n?4n | n \lz+1  |z+1]
(n+1)24”+1.(m’+1)” _n%o<n+1> 4 4

converges for |z + 1| < 4,i.e. =5 < z < 3. Endpoints: at z = 3 the series is }_ -1, a p-series
with p = 2 > 1, which converges; at z = —5itis > (_nlf, which converges absolutely (its
absolute values form the same p-series). Interval: —5 < x < 3. Choice (B) skips the endpoint
check; (C) treats x = 3 like the harmonic series (that would be the case for n rather than n2 in

the denominator); (D) centres the interval at z = 1 instead of z = —1.

center

Y
S

-5 -1 3

Question 30 Answer (B)

%I

12 .
Py(z) = 2—3(x—1)+ (= 1)+ 57 (e = 1) With 2 —1 = 0.5: Py(L5) = 2~ 1.5+2(0.25) +
2(0.125) =2—1.5+0.5 1 0.25 = 1.25. Choice (A) stops at degree 2; (C) divides the cubic term

by 2 instead of 3! (giving 0.75 in place of 0.25); (D) omits the factorials altogether.

Part B (calculator)

Question 31  Answer (D)

f changes sign on each of the intervals [1,2], [2,3], [3,4], [4,5] (signs +,—,+,—,+). By the
Intermediate Value Theorem, f has at least one zero in each, so at least 4 zeros. Choice (A)
applies the IVT only once to the whole interval.

' Question 32 Answer (B)

. . 1 . =% 6
Parallel tangent lines require f'(z) = ¢'(z): oo i 2z,i.e.202+42—1=0,50x = j;\[
T

Only x = 0.224744 ... ~ 0.225 is in the domain z > —2 of f; the other root —2.225 (choice A) is
extraneous. Choice (C) uses ¢’ (z) = z; (D) is where the graphs intersect.
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Question 33 Answer (B)
2

. t? t .
a(t) =v'(t) = sm(;) +t-t cos<§>, soa(2) = sin2+4cos2 = 0.909297—1.664587 = —0.755.
(Calculator: numerical derivative of v at ¢t = 2 gives —0.75529.) Choice (A) keeps only the
second product-rule term; (C) forgets the chain-rule factor ¢; (D) is v(2).

Question 34 Answer (A)

e /3 > 0, so f’ has the sign of sin(2?), which is 0 when 2% = 7,27, 37 (all less than 3.5 =
12.25 < 4n): & = /7 = 1.772,V/2m = 2.507, /37 = 3.070. f’ changes from positive to negative
at x = 1.772 and =z = 3.070 (relative maxima) and from negative to positive at x = 2.507
(relative minimum). A graph of f’ on the calculator confirms the three sign changes.

f(z)

1 4

0.5 +

0.5 |

Graph of f/(z) = e™®/3sin(xz?) on 0 < = < 3.5: f’ crosses from + to — at the two relative maxima of f.

Question 35 Answer (D)

6
ot
Amount at t — 6 — 100 + / (20 + 10sin §>dt — 100 + 162.484 — 262.484 gallons. (Exactly:

1004120+ 30(1—cos 2).) Choice (B) omits the initial 100 gallons; (A) adds the rate R(6) instead
of the accumulated amount.

Question 36 Answer (B)

The subintervals have unequal widths 2,3, 1, 4:

347 7+4 448 8+2
R W e s e

2
2 2 2 2

=10+ 16.5+ 6 + 20 = 52.5.

Choices (C) and (A) are the left and right Riemann sums (63 and 42); (D) forgets the factor %

Question 37 Answer (A)

y = 50¢* and 80 = 50e%* give k = 1In & = 0.156668. Then y(10) = 50 (2)'** = 239.536.
Choice (B) uses k = % = 0.2 (a linear rate in place of the exponential constant); (C) starts
the growth from 80 instead of 50, computing 80 (%)10/3; (D) forgets to divide In % by 3.

Question 38 Answer (C)

For a logistic model, % is greatest when P is half the carrying capacity: P = 600. Solve
1200 a0 _In5 : - _
[T 5o 03 = 600: 5e =1,50t = — 5.365. Choice (B) forgets to divide by 0.3; (D)

comes from the algebra slip e®3* =1 4+ 5 = 6.
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Question 39 Answer (D)

3
Total distance = / |(t — 1)es"| dt = 4.635 (calculator). Since v < 0 on (0,1) and v > 0 on
0

(1, 3), this equals 0.702713 + 3.931958. Choice (B) is the displacement f03 u(t) dt = 3.229; (C)
ignores the interval 0 < ¢ < 1; (A) is v(3).

v(t)
it
5 |
5 |
1+ 3.932
\ — ¢
B _w/1 2 3

Distance adds both areas, 0.703 + 3.932 = 4.635; displacement subtracts the area below the axis,

3.932 — 0.703 = 3.229.
Question 40 Answer (D)

Intersections (calculator): 4 — 2% = e at x = a = —1.964636 and z = b = 1.058006. On [a, b],
4 — x2 > e® > 0, so washers have outer radius 4 — 22 and inner radius e®:

b
V= 7r/ [(4 — 22)? — (7)2]dz = 84.705.

Choice (C) squares the difference, = fab(4 — 2?2 — e%)%2dx — the most common washer error; (A)
is the area of R; (B) uses 0 as the lower limit.

' Question 41  Answer (C)

2 2
Distance = / \/cosz(tQ) + (et/2)2dt = / cos?(t2) + et dt = 3.828. Choice (A) is the
0 0

speed att = 2; (B) is f02 y’(t) dt, the change in y only; (D) adds |z’| + |y’| instead of using the
speed.

Question 42 Answer (C)

y=rsinf = (24 sin30)sin6, so

ay = 3c0s(30) sinf + (2 + sin 30) cos 6.

df
At6 =1: 3cos3sinl+ (2+sin3)cosl = —2.499 ... + 1.157 ... = —1.342. Choice (A) is %, (B)
is 42, and (D) is & = gg%z.

Question 43  Answer (B)

.. max|f® 12 1 1
Lagrange error bound for the degree-4 polynomial: M = .

o= 22—
_ I |0'? 0" = 120 32 ~ 320
Choice (A) forgets the factor 12; (C) uses exponent and factorial 4 instead of 5; (D) omits the
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ENGLISH

5!

Question 44 Answer (C)

o) n—1
Differentiate term by term (allowed inside the interval of convergence): f/(z) = Z ne 5 =
n
n=1
=, il x. 0.571 1 & 0.5™ ®
LAtz =0.5: = — =2In2 = 1.386 (usin L = _In(l—2);a
; n v ; n O.i’)n:1 n ( gZ" ( )

calculator sum of the first 40 terms agrees to three decimals). Choice (A) is f(0.5) itself; (B) is
In2 = 3" %% which drops the factor 1.

' Question 45 Answer (C)

The terms % decrease to 0,50 [S— S, | < 5- We need 5 < 0.0005,i.e. (n+1)% >

1 1
(n+1) (n+1)
2000. Since 123 = 1728 and 132 = 2197, the least choice isn + 1 = 13, so n = 12. Choice (D)
bounds the error by the last term used, n—ly,, instead of the first term omitted.

11.8 Free-Response Solutions and Scoring

Each free-response question is worth 9 points. The scoring notes follow the style of College Board
rubrics: a point is earned only when the stated work appears. “Bald” answers (a number with no
supporting setup) earn no credit on parts that ask for justification or show work.

GIAI THICH TIENG VIET
Cach tu cham. Doc tirng dong trong bang diém va hoi: “bai minh c6 viét ra diéu nay khéng?”
— nghi trong dau ma khong viét thi khong tinh. M6t sé quy udc quen thudc cta gidm khao AP:
16i tinh toan & budc trude dugc “mang theo” (bai sau dung sé sai nhung phuong phap ding
van duoc diém phan sau); cau hoi cé don vi thi thi€u don vi mat dung 1 diém don vi; khi tra
|61 cAu c6 may tinh, phai ghi tich phan/phuong trinh réi méi ghi két qua 3 chir s6 thap phan.

Question 1 (calculator) Solution

R(7) — R(5) _ 165— 170

- > = —2.5 gallons per hour per hour.

(@) R'(6) ~
(b)
12
130 + 150 150 + 170 170 + 165 165 + 150 150 + 120
/ R(t)dtw2-%+3.%+2.%+3. _; +92. _;
0

= 280 + 480 + 335 + 472.5 + 270 = 1837.5.

12
/ R(t) dt is the total number of gallons of water pumped into the tank during the 12 hours
0

fromt=0tot=12.

(c) R is differentiable, hence continuous, on [2,10], and R(2) = 150 = R(10). By the Mean

Value Theorem (Rolle’s Theorem) there is a value ¢ with 2 < ¢ < 10 such that R'(c) =

R(10) — R(2)
10 -2

(d) Let W (¢) be the amount of water in the tank. Then

= 0. So yes, such a ¢ must exist.

12 12
W(12) = 500 + / R(t)dt — / D(t) dt ~ 500 + 1837.5 — 1915.196 = 422.304 gallons.
0 0
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(Calculator: [ (80 + 120sin £) d¢ = 1915.19639 ...; exact value 960 + 480(1 — cos 3).

(€ W’(7) = R(7) — D(7) = 165 — (80 + 120sin g) = 165 — 198.078 = —33.078 < 0. The
amount of water is decreasing at t = 7 because water is drained faster than it is pumped in.

D(7)~198.1

200 +

160 +

120 +

gallons per hour

80

t (hours)
—— D(¢) = 80+ 120sin(¢/4) (out) —e— table values of R(t) (in), joined by segments

Rate in versus rate out. The segments joining the table values are exactly the tops of the trapezoids in part (b); at
t = 7 the drain rate exceeds the pump rate, so W’ (7) < 0.

Part Pts Scoring notes

(a) 1 Estimate —2.5 from a difference quotient of table values bracketing ¢ = 6,
with units gal/hr? (the units point may be combined here).

(b) 2 1: trapezoidal sum with all five unequal widths; 1: value 1837.5 and mean-
ing (total gallons pumped in over 0 < ¢t < 12).

(c) 2 1: R(2) = R(10); 1: answer “yes” with the MVT/Rolle’s Theorem, stating
that R is differentiable (so continuous).

(d) 3 1. 500 + f012 Rdt — Lm D dt (both integrals with the initial amount); 1:

L7 D(t)dt = 1915.196; 1: answer 422.304 (using the part (b) value, with
carried-forward credit).
(e) 1  Decreasing, with reason R(7) < D(7) (or W’(7) < 0).

Question 2 (calculator) Solution

(@) 2/(1.5) = 1 + 25sin(2.25) = 2.556146 and y’(1.5) = €7 cos(1.5) = 0.149751.

Speed = \/(x’(1.5))2 + (y’(1.5))2 = 2.561.

Acceleration: z”(t) = 4tcos(t?) and y"(t) = et/Q(% cost — sin t), so a(l5) =
(z"(1.5), ¥ (1.5)) = (—3.769, —2.037).
(b) The particle moves to the left when 2/(¢) < 0, i.e. sin(t?) < —3. For 0 < ¢ < 3 we have

0 < t? < 9, and sin(t?) < —1 exactly when %r <t? < HTW (the next such interval starts at
t? = 137 > 9). Hence the particle moves left on

VIT/6 <t < +/11xm/6, ie. 1914 <t < 2.400,

because z’(t) < 0 there. (A graph of z’(¢) on [0, 3] shows the two zeros ¢ = 1.914 and ¢t =
2.400.)
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(c)
3
z(3) =2+ / (14 2sin(t?)) dt = 2 + 4.547125 = 6.547,
0
3

y(3) = —1+ / et/ costdt = —1 — 1.668771 = —2.669.
0

The particle is at (6.547, —2.669).

3
(d) Distance = / \/(1 + 2 sin(tQ))2 + (et/2 cos t)2 dt = 7.389.
0

Y

t=0 moving left
1.914 <t < 2.400

t=3

Path of the particle for 0 < ¢t < 3 (computed numerically from the velocity components). The pink arc is the time
interval on which z’(t) < 0.

Part Pts Scoring notes

(a) 2 1. speed 2.561 (setup +/x’2+y’2 visible); 1: acceleration vector
(—3.769, —2.037).

(b) 2 1: considers 2’ (t) < 0 as the condition for moving left; 1: interval 1.914 <
t < 2.400 with reason.

(c) 3 1: uses an initial condition with a definite integral (2 4 f03 ' dt or —1 +
Ly’ de) 1: 2(3) = 6.547; Lt (3) = —2.669.
(d) 2 1:integral j(;g V' ()2 + ' (t)2 dt; 1: answer 7.389.

Question 3 (no calculator) Solution

Areas between the graph of f and the xz-axis: on [—4, —2] a triangle of area 2 (above); on [—2, 0]
and on [0, 2] quarter-discs of area %w(2)2 = 7 each (below); on [2, 4] a triangle of area 2 (above);
on [4, 5] a triangle of area 1 (above, f(5) = 0); on [5, 6] a triangle of area 1 (below).

(@)

—4 0
g<—4>—/0 f<t>dt——[4f<t>dt——<2—w>—w—2,

6
g(6):/ f@)dt = —m+2+1—1=2—m
0

(b) ¢’ () = f(x).On -4 <z <6, f(x) =0atx=—2,z=2,and z = 5. ¢'(z) = f(x) changes
from positive to negative at x = —2 and at z = 5, so g has a relative maximum at x = —2 and
at z = 5. (At x = 2, f changes from negative to positive: relative minimum.)

(c) Candidates: endpoints and the critical points z = —2, 2, 5.
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ENGLISH

z —4 = % 5 6

gz) 7m—2 w® —mw 3—7m 22—

Since m > 3, the values 3 — 7 and 2 — 7 lie between —7 and 0, and = — 2 > 0. The absolute

minimum value of g on [—4,6] is —, at x = 2.

(d) g(0) = 0 and sin 0 = 0, and both functions are differentiable, so L'Hospital’s Rule applies:
glxz) . g'(x) . flx) _ f(0)

lim Z—~ = lim = lim =4 _ _g
z—0SINx z—0COSx  z—0 COSX 1

Part Pts Scoring notes

(a) 2 1: g(—4) = m — 2 (sign handled by reversing limits); 1: g(6) = 2 — .

(b) 2 1. 2z = —2and x = 5; 1: justification “¢’ = f changes from positive to
negative”.

() 3  1: considers z = 2 (where ¢’ changes from — to +); 1: answer —; 1: justi-
fication by comparing all candidate values (Candidates Test) or a complete
global argument.

(d) 2 1. shows % form (g(0) = 0, sin0 = 0) and applies L'Hospital's Rule with
g = f; 1: answer —2.

Question 4 (no calculator) Solution

(a) The curve passes through (0, 1), follows the segments, stays below the equilibrium line
y = 3, and rises where cos z > 0 and falls where cos x < 0:

~—NNX\N—— "/

7/ —\\
/ 7/ =N\ \
/ 7/ —N \\

‘/ﬁ%-qﬁ\—\—bli
/7 —X\ %
[/ —N\ \\
[/ —\ \\
| 1=\ \\
[/ =\ \\
\— /Bt [ [N\

Solution through (0, 1); it is the graph of y = 3 — 2e~5"* found in part (d).
(b) Z—y = (3—1)cos0 = 2. Tangent line: y = 1 + 2z. Then f(0.2) ~ 1+ 2(0.2) = 1.4.
Tlo,1)

(c) Differentiate g—g = (3 — y) cos z with the product rule, remembering that y depends on z:

d?y dy . 9 . 9 -
To2 = gy 05T (3—y)sine = —(3—y)cos?’z — (3—y)sinz =—(3—y)(cos*z +sinz).
d?y .
At (0,1): prci —2(140) = —2 < 0. For 0 < z < 0.2 the solution stays below y = 3 and
X

cos?z +sinz > 0, so % < 0 there: the graph of f is concave down, it lies below its tangent
line, and the approximation 1.4 is an overestimate.
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(d) Separate the variables (y + 3):

d .
3—y:c05xdx = —In|3—y|=sinz+C.
-y

Using f(0) =1: —=In2=0+C,s0C = —In2. ThenIn|[3—y| = In2—sinz, s0 [3—y| = 2=
Since 3 — y = 2 > 0 at the initial point, 3 — y = 2¢~ "% and

y=f(z)=3—2e°"*  forall real x.

Check: f'(z) = 2e """ cosx = (3 — f(z)) cosz and f(0) =3 —2 = 1.

Part Pts Scoring notes

(a) 1  Solution curve through (0, 1), consistent with the slope field, extending in
both directions and not crossing y = 3.
(b) 1 Tangentline y =1 + 2z and approximation f(0.2) ~ 1.4.

(c) 2 L % = —% cosz — (3 — y)sinw (or equivalent); 1: “overestimate” with
reason based on % < 0 (concave down) near z = 0.

(d) 5 1. separation of variables; 1: antiderivatives; 1: constant of integration; 1:
uses initial condition; 1: solves for y: y = 3 — 2¢~°"%, (No credit for (d)
without separation; max 2 of 5 if no constant of integration is used.)

Question 5 (no calculator) Solution

Intersection points. 3cosf = 1 + cosf < cosf = % = =43 (The curves also share
the pole, reached at & = 7 by the circle and 6§ = 7 by the cardioid.) For |§] < £ the circle is
outside the cardioid.

(@)

/3 /3

1

Area of R = / [(3cos<9)2 —(1 +cos«9)2]d«9 :/ (8cos?0 —2cosf —1)db.
—/3 0

With 8 cos? 0 = 4 + 4 cos 26:

/3 /3
/ (3+4cos29—2c059)d9:{39+2sin29—25in0} :7r~|—2-\gg
0 0

(b) The circle » = 3 cos 8 has diameter 3, so it encloses area 7 (%)2 = %T. The region inside

both curves is the disc minus R:
or___5m

1T

(1 + cos6)2d6 + %L:;f 9 cos? ede] )

. /3
(Equivalently, 2 B fo
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Pink: region R (inside the circle, outside the cardioid), area . Blue: region inside both curves, area %”

() Withr =1 + cos6: z = rcosb, y = rsinb, & o = —sind.

dy  dy/df % sin6+rcosf

dr  dz/df %COSG—rSinH.

dy (=@ +@D)0) -1
Atd=Z:r=1% =_1s0 -2 = S
> 0 dz — (-1)(0)— (1)(1) ~ -1
d'r d0 . dfr' 3\/3
(d )E AT —sinfd - 3. At9 = 3 =T Slnce T < 0, the particle’s distance

from the origin (the pole) is decreasing at a rate of % units per unit of time at that instant.

= I,

Part Pts Scoring notes

(a) 3  1l:integrand 1 [(3cos#)? — (14 cosf)?] (the constant $ and the difference
of squares); 1: limits 4-% (from solving cos § = %); 1: answer 7.
(b) 2 1: correct setup (disc area minus part (a), or a correct sum of polar integrals);

1: answer 3%
(c) 2 1: expression for % in terms of @ (via x = rcos®, y = rsind); 1: answer 1.

(d) 2 1 % = —%; 1: interpretation: distance from the origin is decreasing (at
that rate).

Question 6 (no calculator) Solution

()@= 2"

(@) Leta,, = . Ratio test:
n - 3"
lim || _ (x —2)n*t on3" | im " .\x—Z\:]x—ﬂ.
n—oo | a, n—oo|(n+1)3"*L (z —2)7| nocon+1 3 3
The series converges when ‘“gm < 1,i.e. —1 < z < 5 (radius 3).
n+1
e Atz = 5: Z , the alternating harmonic series; % decreases to 0, so it converges

by the AIternatlng Series Test.

o Atx = —1: Z DM (=3)" = i w = —i 1 which diverges (harmonic se-
n3” | n ] n’

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Calculus BC - Trang 379



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ries).
The interval of convergence is —1 < z < 5.
(b) Differentiate term by term:

o 1 z—2 (x—2)? (=) (x —2)nt
fo=3=— + 5 —+ 3n -
(The first three nonzero terms are % — ”TQ + (1"272 . This is a geometric series with ratio ——,
so f'(z) = 5 for -1 <z <5)
(c)Withz=3,z—2=1:
1 1 1 1 1 1 159
M= — b g =
1(3) 3 18+81 324Jr 3 18 18

The series for f(3) alternates, and the absolute values of its terms —- decrease to 0. By the
alternating series error bound,

5 1 1 1

N — <= < —.
‘f() 18/ =33 81 50

(Indeed f(z) = In £, s0 f(3) = In 3 ~ 0.2877 and -X ~ 0.2778: the error is about 0.0099.)
(d) Integrate term by term from 2 to x:

x—2 z—2)3 r—2)2 (z—2)3 —1)"t (g —2)n+t
/f _ > ) it ek N Vi e L
3.2.3 6 54 n(n+1)3"
diverges converges conditionally
—\ll 2 5 B

Interval of convergence of the series for f: —1 < x < 5.

Part Pts Scoring notes

(a) 3  1: sets up the ratio ’“ 41 it "”ng; 1: identifies the open

interval -1 <z < 5 (radlus 3); 1: correct analysis of both endpoints with

reasons, and the interval —1 < = < 5.

(b) 2  1: first three nonzero terms 3———# @272) 1: general term %
1

(c) 2  1: approximation % — 15 = 13’ 1: error bound by the alternating series

error bound, using the first omitted term & < (must state that the

81 %
terms alternate and decrease in absolute value to 0).
:6 2) (:E 2 n+1 (172>n+1

(=1
(d) 2 1: first two nonzero terms T 1: general term TSy

11.9 Scoring Your Practice Exam

Section | and Section Il each count for half of the exam. To combine them on the same scale, multiply
the number of correct multiple-choice answers by 1.2 (so that 45 correct answers are worth 54 points,
the same as the 6 x 9 = 54 free-response points):

Composite = 1.2 x (number correct in Section I) + (points in Section Il), 0 < Composite < 108.
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ENGLISH

Your score  Maximum

Section I: number correct (Q1-45) 45
Section | weighted (x1.2) 54
Sectionl: FRQ1+2+3+4+5+6 54
Composite score 108

Composite score (out of 108) Estimated AP score Approximate share of points

63-108 5 58% and above
50-62 4 46%-57%
39-49 3 36%-45%
29-38 2 27%-35%
0-28 1 below 27%

8020 estimate, not an official College Board table. The College Board does not publish fixed cut scores; the conversion
changes from year to year with the difficulty of each exam form. Use these ranges only to gauge your current level.

If you lost points on Review

FRQ 1 (table, rate in/out) Unit 6 Riemann and trapezoidal sums with unequal widths; Unit 5
Mean Value Theorem; Unit 8 accumulation W (b) = W(a) + Lb(in —
out) dt.

FRQ 2 (planar motion) Unit 9 speed +/x’2 + y’2, acceleration vector, position from velocity
with an initial condition, distance traveled.

FRQ 3 (graph of f, FTC) Unit 6 accumulation functions jj f(t) dt and areas from geometry;

Unit 5 extrema, Candidates Test; Unit 4 L'Hospital’s Rule.
FRQ 4 (differential equation) Unit 7 slope fields, tangent-line approximation, % by implicit dif-
ferentiation, separation of variables.

FRQ 5 (polar) Unit 9 polar area %er df, area between polar curves, slope % in
polar form, meaning of 4r.
FRQ 6 (power series) Unit 10 ratio test and endpoint analysis, term-by-term differentia-

tion and integration, alternating series error bound.

. GIAI THICH TIENG VIET

Doc két qua thé nao? Bang quy déi trén 13 wéc lwong ctia 8020 dua trén cac ndm trudc, khdng
phdi bdng chinh thirc ctia College Board — m6i ndm ngudng diém thay déi theo dd khé cla dé.
Diéu quan trong hon con sé 1-5 13 ban mat diém & ddu: dung bang phan b Unit & muc Answer
Key dé gom cac cau sai theo Unit réi quay lai chuong tuwong (ng. O Section I, so riéng diém
tirng cau: mat diém & cau Taylor (FRQ 6) hay cau cuc (FRQ 5) thuong do thi€u 13p luan (diém
dau mut, diéu kién ctia chudi dan dau, hang s6 1) hon la do khong biét cach lam. Lam lai cac
cau sai sau 3-5 ngay, khéng xem 1&i giai, d€ chac rang ban da thuc sw n3m dugrc.
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Dong hanh cung 8020 English

Cam on ban d3 hoc cuing bé gido trinh qudc t€ 8020. Diém that - Thay that - Két qua that — nhiéu
hoc vién chi can 1-2 khoa dé dat két qua mong muén.

Chuong trinh dao tao tai 8020 English

IELTS Academic/General - SAT - PTE - Duolingo - TOEFL | AP (College Board) - IB Diploma - Cambridge
IGCSE / A-Level | san hoc béng du hoc.

Vi sao chon 8020 English?

e 100% gido vién dat téi thi€u 8.0 IELTS hodc 1500 SAT — déi ngi Gido su - Tién si - Thac si tét
nghiép trudng top dau thé gidi (Carnegie Mellon — #1 Hoa Ky vé Khoa hoc May tinh).

e Kém 1-1 moi dd tudi; I6p si s6 nhd 2-5 ban (da s6 dudi 10 ban/16p).

e Lo trinh ca nhan ho4, theo sat tién do tirng hoc vién; I&p OFFLINE tai TP.HCM & ONLINE toan
quoc.

Bang vang hoc vién
AP 5/5 — Calculus AB/BC AP 4-5 — Biology, Chemistry IB 90/100 — Economics
SAT 1590/ 1570 / 1550 IELTS 8.0-9.0 Duolingo 110 - PTE 90
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ENGLISH

Cam nhan hoc vién & phu huynh

“Ban da cdi thién duoc tu duy Writing — ky ndng tirng la néi so’ I6n nhdt — va cubi cting da ddu vao trudng
top nhu mong mudn. Thdi dé hoc tdp cuc ky nghiém tuc; ngay cd khi ndm vién vén cé gdng hoc déu ddn.”
— Phan Thi Thanh Hang - IELTS Overall 8.5

“Cadn tdt cd ky nding trén 7.5 dé xét vao trudng top 1 Anh Quéc vé Y hoc (chuong trinh UKFPO ctia NHS) —
va da dat muc tiéu sau khi hoc Writing 1-1.”
— Tran Hoang Bao Ngoc - IELTS Overall 8.0 (Writing 6.0 — 7.5)

“Gia dinh va bé xin cdm on thdy cé da giup con c6 hanh trang chin chu khi qua My. Dat diém 5 mén Gidi tich
trong thoi gian ngdn la qud madn nguyén.”
— Phu huynh - AP Calculus BC 5/5

“Em cdm on thdy dd luén déng hanh. Nh¢ thdy, em hoc vitng hon rdt nhiéu du thoi gian 6n khéng dai.”
— Hoc vién - AP Calculus AB 4

KET QUA HOC VIEN 8020
FEEDBACK PHU HUYNH & HOC VIEN AP ENGLISH

‘gfl'l ?:i?::ﬂ;[”cnku'ui“ soa0

~, Tinrhdn
Massy bitps/idomagossie comapresdiba st

. . L1 r_‘“yr_"h APCaquIus.BC: i . Phy huynh - AP Calculus BC Hoc vién « AP Calculus AB: 4 -+ Stalistics: 3
G’iﬂ‘;{; ‘;:;;.’;;:";’:::;ﬁ;‘:f(ﬁ"r‘:;" ’z:;" ’I‘::i f;‘r’:”r:”ﬂ“‘ “Me con xin gur iér cdm on chan thanh i thiy va cd nhdm. Thoi “Em cdm on thy Steven da ludn dang hanh. Nher thay, em hoc
aq ng ¢ gan fe g gian én rét ngdn nhung con nhin duot Hit nhidy sy hd o~ vimg hom rdit nhidu ol théd gian khdng dai.

méin nguydn.”

Feedback phu huynh & hoc vién AP — nhiéu mén dat diém 4 & 5
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Diém thi that cta hoc vién

KET QUA HQC VIEN

i 8020
PIEM SO AP

EN&LISH

op3aa T -

. Lo
-

£ c4 i AP i nbe «

i 5
Da em gifi diém a ‘da dly nhe chf
.
T _
I@' T —— H o
,I N it i _;_
Bii 08 khé ko Linh, ¢ nhd ¢ dat muc gt
tidu 54, sorry @ nhid -

-
com cim on iy v gt
w © e

@ 05 omnorichi i a do chua di e AU

gian dn i bt gbp thidi & chf chir b g
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