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Loi m& dau - Foreword

Cuén sach nay thudc bo gido trinh luyén thi chuong trinh quéc té€ ciia 8020 English (8020 Education)
— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
bé ndi dung duoc bién soan bai doi ngli Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co |&i gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.

Thanh tich 8020 English

9.0 IELTS cao nhat 1570 SAT cao nhat
5/5 AP — diém tuyét déi 90/100 1B Diploma
100% Gv > 8.0 IELTS / 1500 SAT CMU Tién si DH #1 Hoa Ky vé CS

Poi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky s Amazon) - TS Nguyén Phuéc Trudng (Toan, DH
Klagenfurt) - cting doi ngl giang vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
Microeconomics) - IB 90/100 (Economics) - Duolingo 110 - PTE 90 - TOEFL 120. Bang vang SAT:
Khanh Bang 1510 - Thado Nguyén 1520 - Tam Anh 1530.

“Cubi cung dd ddu vao trudng top nhu’ mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: moi Unit gém (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 16 giai; (3) Hé thong bai tap kém 16 giai chi tiét. Hay tu 1am bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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Convention used throughout this book: free-fall / gravitational acceleration ¢ = 9.8 m/s?
(College Board formula sheet value), taken as positive magnitude; direction is tracked with
+/— signs chosen per problem. For incline problems we often use the classic 3-4-5 angle
0 = 37°, for which sin 37° ~ 0.60 and cos 37° ~ 0.80.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 1

Kinematics

Muc tiéu Unit: Dai lwvgng vo huéng/vector; vi tri, dé dich chuyén, quang dudng; van téc trung binh/tirc
thoi, téc do; gia téc va quy tic dau; doc db thi z-t, v-t, a-t; bédn phuwong trinh déng hoc véi gia téc
khéng d6i; roi tw do; chuyén déng ném ngang va ném xién (2D).

1.1 Scalars, Vectors, and Reference Frames

A scalar is a quantity fully described by a magnitude (a number with a unit): mass, time, distance,
speed, temperature. A vector is a quantity that has both magnitude and direction: displacement,
velocity, acceleration, force, momentum. Vectors are written with an arrow, /T, or in bold; their
magnitude is written | A| or simply A.

All motion is described relative to a reference frame — a coordinate system with a chosen ori-
gin and a chosen positive direction. Every kinematics problem should begin by stating this choice
explicitly, because every sign in the problem (of position, velocity, acceleration) depends on it.

Khai niém cét 16i

In one dimension, a positive/negative sign carries all the directional information a vector
needs: choose "positive” to mean one direction (e.g. right, up, east) and every quantity point-
ing that way is +, everything pointing the opposite way is —. In two dimensions, a vector is
described either by a magnitude and an angle, or by perpendicular components: A, = Acos¥,

A, = Asing (with 6 measured from the +x axis),and A = /A2 + Ag.

A, = Asiné

0
A, = Acos6

> T

Resolving a vector A into perpendicular z- and y-components.

- GIAI THICH TIENG VIET
Dai lugng vo huéng (scalar) chi cé d6 I16n (khoi luong, thai gian, quang dudong, téc do). Dai
luwong vector cé ca do 16n 1an huéng (d6 dich chuyén, van téc, gia téc, luc). Trong bai toan 1
chiéu, dau +/— thé hién hudng; trong bai todn 2 chiéu, ta phan tich vector thanh hai thanh
phan vudng géc A, = Acosf va A, = Asin#, roi x ly tirng phuong doc lap.
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Vi du 1 - Adding perpendicular vectors

A hiker walks 8.0 km east, then 6.0 km north. Find the magnitude and direction of her total
displacement.

The two legs are perpendicular, so they form the legs of a right triangle with the resultant as
hypotenuse:

A= /(8.0)2+ (6.0)2 = V64 + 36 = V100 = 10 km.

. . 6.0
Direction: § = arctan <%> = arctan(0.75) = 37° north of east.

1.2 Position, Displacement, and Distance

Position z (or y) locates an object relative to the chosen origin. Displacement Az = z, — =, is the
change in position — a vector whose sign shows direction, and whose size can be smaller than the
total path length. Distance is the total length of the path traveled, always a positive scalar.

Displacement can be zero (or even point "backward”) even when an object travels a long path,
because displacement only compares the start and end points. Distance can never decrease
and is always > |Az|.

Vi du 2 - Displacement vs. distance

A particle starts at x = +2.0m, moves to x = —3.0m, then to + = +1.0m. Find its total
displacement and total distance traveled.

Displacement: Az = ry—r; =10-20=-1.0m (magnitude 1.0 m, in the negative direction).
Distance: leg 1 = |(—3.0) — (2.0)] = 5.0m; leg 2 = [1.0 — (—3.0)] = 4.0m. Total distance
=50+4.0=9.0m.

(1) L6i thuwong gip: Distance and |Az| are only equal when the object moves in one direction
the whole time without reversing. The instant an object turns around, distance > |Az]|.

1.3 Average and Instantaneous Velocity, Speed

o .. . _ A .
Average velocity is displacement divided by the elapsed time, v = fj — a vector, sign matters.

Average speed is total distance divided by total time, always > |v|. Instantaneous velocity is the
velocity at one particular moment; graphically, it is the slope of the tangent line to the z-t curve at
that instant. Instantaneous speed is simply |v|.

Vi du 3 - Average velocity vs. average speed

A runner covers 400 m east in 100s, then 100 m west in 25s. Find her average velocity and
average speed for the whole trip.

Net displacement: Az = 400 — 100 = 300 m east. Total time: ¢ = 100 + 25 = 125s.

V= 300 = 2.4m/s (east).
125

Total distance = 400 + 100 = 500 m, so average speed = %g = 4.0m/s — nearly double the

average velocity, because the runner reversed direction.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 9
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GIAI THICH TIENG VIET
Van téc trung binh |a d6 dich chuyén chia thoi gian (v = Ax/At) — c6 thé am, duong, hodc
bang 0. Téc dé trung binh la quang dudng chia thai gian — luén duong va luén > |o]. Trén do
thi x-t, van téc tirc thoi chinh 12 d6 déc cha ti€p tuyén tai thoi diém do.

1.4 Acceleration

.. W - A ..
Average acceleration is the rate of change of velocity, a = X: Instantaneous acceleration is the

slope of the tangent line on a v-t graph. Acceleration is a vector; its sign is independent of velocity’s
sign.

Khai niém cét 16i

An object speeds up when v and a point in the same direction (same sign) and slows down
when they point in opposite directions (opposite signs) — regardless of whether the object
itself moves in the 4 or — direction. "Deceleration” is a description of slowing down, not a
synonym for "negative acceleration.”

Vi du 4 - Sign of velocity vs. sign of acceleration

A car moving at v, = +20m/s (east) experiences a constant acceleration a« = —4.0 m/s2 (i.e.
pointing west). Find its velocity at ¢ = 3.0s and at ¢ = 6.0's, and describe the motion in each
case.

Att =3.0s: v = v, + at = 20 4+ (—4.0)(3.0) = +8.0m/s. Still moving east (v > 0), but a < 0
opposes v, so the car is slowing down.

Att =6.0s: v =20+ (—4.0)(6.0) = —4.0m/s. The car is now moving west (v < 0), and a < 0
points the same way, so it is speeding up — in the negative direction.

. GIAI THICH TIENG VIET

Vat tang toc khi v va a cuing dau, gidm tdc khi v va a trai ddu — khong phu thudc vat dang di
theo chiéu duong hay am. Vi du 4 cho thay cuing mot gia téc am c6 thé vira lam xe chdm lai
(khi v > 0) vtra lam xe nhanh ddn theo chiéu nguoc lai (khi v < 0) sau khi déi chiéu.

1.5 Interpreting Motion Graphs

Three graphs summarize 1D motion: position vs. time (z-t), velocity vs. time (v-t), and acceleration
vs. time (a-t). Reading them correctly is a core AP Physics 1 skill.

On an z-t graph: the slope equals velocity. A horizontal segment means the object is at rest. A
steeper slope means greater speed; a change in slope sigh means the object reversed direction.

On a v-t graph: the slope equals acceleration; the signed area between the curve and the ¢-axis
equals displacement (area above the axis is positive displacement, area below is negative). A
horizontal segment means constant velocity (zero acceleration).

On an a-t graph: the signed area between the curve and the ¢-axis equals the change in velocity,
Av.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 10
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; ; ; ; ; ; \ t (s)
2 4 6 8 10 12 14
x-t graph: rises with slope 5.0 m/s (0-4s), flat (4-10s, at rest), falls with slope —5.0 m/s (10-14s).

Vi du 5 - Reading a v-t graph with a sign change

A v-t graph is a straight line from v = +15m/satt =0tov = —5.0m/s at ¢t = 4.0s. Find (a)
the acceleration, (b) the time at which v = 0, and (c) the total displacement over the 4.0 s.
Av  —50—15  —20

- = _ — =50 2,
@a= 1 ="720"0 — 40 m/s

(b) v =154 (=5.0)t =0=t = 3.0s.

(c) From 0-3.0's the graph is a triangle above the axis: area = $(3.0)(15) = +22.5m. From
3.0-4.0s it is a triangle below the axis: area = £(1.0)(5.0) = 2.5m, counted as —2.5 m. Total
displacement = 22.5 — 2.5 = 4+-20.0 m (total distance would be 22.5 + 2.5 = 25.0 m).

Quantity Symbol Sl unit

Position / displacement z, Az m

Velocity / speed v m/s

Acceleration a m/s?

Time t s
Table 1.1: *

Core kinematic quantities and their S| units.

1.6 Constant-Acceleration Kinematics Equations
When acceleration is constant, velocity changes linearly with time and position changes quadrat-

ically. Four equations connect displacement Az, initial velocity v,, final velocity v, acceleration a,
and time ¢.

1.6.1 Deriving the Equations

Vo

. . v
From the definition of acceleration, a = , rearranged:

v = vy + at. (1)

Because acceleration is constant, velocity increases linearly, so the average velocity over the interval
is simply the mean of the initial and final values:

0= 3(vg+v) = Az =1(v,+o)t. (2)
Substituting equation (1) into (2) eliminates v:

Az = 1 (vy + vy + at)t = vyt + sat?. (3)

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 11
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Solving (1) for t = ——2 and substituting into (2) eliminates ¢:
a
v? = v + 2a Az. (4)
v = v, + at, Az = vyt + 3at?, Az = (v + V)i, v? = 12 + 2a Az.

Each equation involves only four of the five variables (Az, v, v, a, t). Identify the three quan-
tities you know and the one you want, then pick the equation that omits the fifth (unwanted)
variable.

GIAI THICH TIENG VIET

Bon phuong trinh dong hoc chi dang khi gia téc khéng d6i. Meo chon cong thire: liét ké 5 dai
lugng (Ax, vy, v, a,t), gach chan 3 dai lwgng da biét va 1 dai lwgng can tim, réi chon phuong
trinh khéng chira dai lvong con lai (chuwa biét va khéng can tim).

Vi du 6 - Takeoff distance

An airplane starts from rest and must reach a takeoff speed of 80 m/s after accelerating uni-
formly down a 1000 m runway. Find the required acceleration and the time it takes.

Known: v, = 0, v = 80 m/s, Az = 1000 m; unknown a (equation 4, no t):

v?—v3 802 6400
2Az  2(1000) 2000

v =1} +20aAz = a=

=3.2m/s2.

Then from equation (1): ¢ = —— 20 — 80 _ 255s.

a 3.2
Vi du 7 - Braking distance

A car traveling at 30 m/s brakes to a stop over 75 m. Find the (constant) deceleration and the
time to stop.

—900

v? = 2 + 2aAx = 0= (30)2 + 2a(75) = a = 50 = 60 m/s2.
v—vy 0-30
a —6.0

(1) Léi thuong gap: Always define a positive direction first, then assign signs to vy, v, and a
consistently for the whole problem. A common error is plugging in the "size” of a deceleration
as positive when the chosen positive direction requires it to be negative.

1.7 Free Fall

Free fall is one-dimensional motion under gravity alone, with constant acceleration of magnitude
g = 9.8m/s?, always directed downward. Choosing up as positive gives a = —g for every object in
free fall, whether it is rising, falling, or momentarily at rest at the top of its path.

At the top of a vertical throw, v = 0 for an instant, but « = —g # 0 throughout the entire flight
— velocity is momentarily zero, acceleration never is. By symmetry, the time to rise equals
the time to fall back to the same height, and the speed on the way down (at any given height)
equals the speed on the way up at that same height.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 12
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Vi du 8 - Ball thrown straight up

A ballis thrown straight up with initial speed v, = 19.6 m/s. Find (a) the time to reach maximum
height, (b) the maximum height, and (c) the total time until it returns to the launch point.

. . 19.
(@) At maximum height v =0: ¢, = %o _ 19.6 =2.0s.
weg 9.8
2 2
oyh - U (1907 _ssal6 o

29 2(9.8)  19.6

Vidu 9 - Dropped stone from a bridge

A stone is thrown straight down from a bridge at 5.0 m/s and strikes the water 2.0 s later. Find
the height of the bridge above the water and the stone’s impact speed.

Taking down as positive: h = vyt + 1gt* = (5.0)(2.0) + $(9.8)(2.0)> = 10 + 19.6 = 29.6 m.
v=1vy+ gt =50+ (9.8)(2.0) = 24.6 m/s.

1.8 Projectile Motion (Two Dimensions)

Projectile motion combines horizontal and vertical motion that are completely independent of one
another (ignoring air resistance): horizontally a,, = 0 so v, is constant; vertically a, = —g, exactly
like free fall. Time ¢ is the one variable that links the two directions.

Yy
A

max

<
>

\/
8

range R

Projectile launched at angle 6 above horizontal traces a parabola; v,, stays constant while v, changes at rate —g.

. GIAI THICH TIENG VIET

Chuyén dong ngang va doc cuia vat ném xién doc 1ap va&i nhau: theo phuong ngang v, khéng
dai (khéng ¢ luc ndo theo phuong ngang khi bé qua sirc can khéng khi); theo phuong doc
vat roi tu do v6i a,, = —g. Thai gian bay ¢ la bién chung n6i hai chuyén dong — thuong giai
phuong trinh doc truéc dé tim ¢, roi thay vao phuong trinh ngang.

1.8.1 Horizontal Launch

An object launched horizontally has v,, = 0; it falls exactly like a dropped object while moving
sideways at constant v, = v,,.

Vi du 10 - Horizontal launch from a height

A stone is thrown horizontally at 8.0m/s from a height of 19.6 m. Find the time of flight, the
horizontal range, and the impact speed.
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. 2(1
Vertical (falls from rest): h = 29752 =1t= / 9 6) =+/4.0 =2.0s.
Horizontal: R = vyt = (8.0)(2.0) = 16 m.
At impact: v, = gt = (9. )(2 0) =19.6m/s, v, = 8.0m/s (unchanged).
Impact speed: v = , /v2 + v2 = /8.02 + 19.62 = /64 + 384.16 = 1/448.16 = 21.2m/s.

1.8.2 Launch at an Angle (Level Ground)

For a launch angle ¢ above horizontal, resolve v, into components v,, = v, cosf and v, = v, sin ¢
first.

Vidu 11 - Launch at an angle, complementary-angle check

A ball is launched at v, = 24.5m/s, 37° above horizontal, from level ground. Find the flight
time, maximum height, and range. (sin 37° = 0.60, cos 37° = 0.80.)

Ugo = 24.5(0.80) = 19.6m/s, v, = 24.5(0.60) = 14.7m/s.
v 147

Time up: t,,, = —— = 1.5s; total flight time ¢ = 2¢,,, = 3.0s.
g 9.8 P
vy (14.7)2 216.09
Max height: b, = -2 = "/ =2 """ _ 110
XNEIBL max = 5 "= 496~ 19.6 m

Range: R = v,,t = (19.6)(3.0) = 58.8 m.

Complementary launch angles (6 and 90° — ) give the same range on level ground for the same
2 .
vg sin 26

launch speed, because R =
0 = 45°.

and sin(260) = sin (2(90° — #)). The range is maximum at

1.8.3 Launch at an Angle from a Height

When the projectile lands at a different height than it launched, the vertical displacement is nonzero
and t must be found from the quadratic Ay = vt — %gt2.

Vidu 12 - Projectile launched from a wall, landing below

A ball is launched from the top of a 20 m wall at 25 m/s, 37° above horizontal, over flat ground
beyond the wall’s base. Find the total flight time and the horizontal range.

vy = 25(0.80) = 20m/s, v,q = 25(0.60) = 15m/s. Taking up as positive, the ball’s net vertical
displacement is Ay = —20m:

—20 = 15t — 4.9t = 4.9t> — 15t — 20 = 0.

154 /152 + 4(4.9)(20)  15++225+392 15+ /617
2(4.9) B 9.8 B 9.8

Quadratic formula: ¢ =
15 4 24.84

9.8
. .- .84
Taking the positive root: ¢ = 33—8 =4.07s.

Range: R = vt = (20)(4.07) = 81.3m.
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(') L6i thuong gap: Never reuse a level-ground formula (like ¢t = 2v,9/g OF R = vg sin20/g)
when the launch and landing heights differ. Go back to the vertical displacement equation
Ay = v,ot — 5gt* and solve for ¢ directly.

1.9 Relative Motion

Every velocity discussed so far has been measured relative to the ground. But motion is often de-
scribed more naturally relative to another moving object: the velocity of a passenger walking inside
a moving train, of a boat moving through a river current, or of one car as observed from another car
on the highway. This section develops the vector-addition rule that connects velocities measured
in different reference frames.

1.9.1 Relative Velocity in One Dimension

When two objects move along the same straight line, the velocity of one relative to the other is
found by combining their velocities relative to the ground.

For any two objects (or reference frames) A and B, relative velocities add like vectors:

VA/ground = YA/B + UB/ground-

Equivalently, the velocity of A as seen by an observer riding along with B is

Ya/B = YA/ground — YB/ground-

The inner subscripts must "chain” and cancel (B cancels between the two terms on the right,
leaving A/ground). In one dimension this is a signed subtraction along the line of motion; in
two dimensions the same rule applies component by component, or graphically by placing the
vectors tip-to-tail.

When two objects move toward each other, their relative speed — the closing speed — is the sum
of their individual ground speeds. When one object chases another moving in the same direction,
their relative speed is the difference of the two ground speeds.

. GIAI THICH TIENG VIET

Van téc twong déi cong theo quy tic vector: U, 45t = U4,p + Up/aa SUY ra van téc cla A so
V6i Bla v, p = U445 — Upjase- Khi hai vat chuyén dong ngurgc chiéu (tién lai gan nhau), téc
doé tuong doi (t6c dod khép lai khoang cach) bang téng hai téc do; khi mot vat dudi theo vat kia
theo cling chiéu, t6c dé tuong d6i bang hiéu hai tc dé.

Vi du 13 - Closing speed and meeting time

Two towns are connected by a straight 300 km highway. A car leaves Town A heading toward
Town B at a constant 60 km/h; at the same instant a truck leaves Town B heading toward
Town A at a constant 40 km/h. Taking the direction from A to B as positive, find (a) the relative
velocity of the car with respect to the truck, and (b) the time and location at which they meet.

@) v,o, = +60km/h; v,,.,.... = —40km/h (opposite direction). Relative velocity of the car with
respect to the truck:

Uear/truck = VYear = Vtruck = 60 — (_4()) = +100 km/h

This is the rate at which the 300 km gap between them closes — the closing speed is 100 km/h.
(b) Time to close the gap: t = % =3.0h.
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Location, measured from Town A: x = v_,,.t = (60)(3.0) = 180 km. Check from Town B: the
truck has traveled (40)(3.0) = 120 km, and 180+120 = 300 km — consistent. They meet 180 km
from Town A.

1.9.2 Relative Velocity in Two Dimensions: Crossing a Current

A boat crossing a river, or a plane flying through wind, illustrates the same addition rule in two
dimensions. The pilot controls the object’s velocity relative to the medium (water or air); the medium
itself moves relative to the ground (current or wind). The actual velocity over the ground is the vector
sum:

vboat/ground = Uboat/water + Uwater/ground'

Two natural headings are worth comparing. Aiming the boat straight across (perpendicular to the
current) gives the minimum crossing time, because the entire boat speed contributes to the across-
river component of velocity — but the current carries the boat downstream of the point directly
opposite its start. Aiming the boat partly upstream, so that the upstream component of its velocity
exactly cancels the current, produces zero drift (the boat’s path over the ground is a straight line
straight across) — but the across-river component of velocity is reduced, so the crossing takes longer.

across

A Vyater ground

A

vboat/water

Uboat/g'round

> downstream

Tip-to-tail vector addition: the boat’s velocity relative to the water (4.0 m/s, straight across) plus the water’s velocity

relative to the ground (3.0 m/s, downstream) gives the resultant velocity relative to the ground (5.0 m/s, 37° off the
straight-across direction).

Vi du 14 - River crossing: minimum time vs. zero drift

A river is 80 m wide and flows at 3.0m/s. A boat can move at 4.0 m/s relative to the water.
(a) If the boat is aimed straight across, find the resultant velocity relative to the ground, the
crossing time, and the downstream drift. (b) If instead the pilot wants to land directly opposite
the starting point (zero drift), find the required heading and the new crossing time.

(a) Components (across = y, downstream = z): v,, = 3.0m/s (current only), v, =4.0m/s (boat
only, since it is aimed straight across).

Uboat/ground Y, ’U% + 1)12/ = 3.02 + 4.02 = \/g‘i‘;1 = \/% =5.0 m/s,

at # = arctan @8) = 37° downstream of the straight-across direction.

. . . 80
Crossing time depends only on the across-river component: ¢ = 0= 20s.
Downstream drift: © = v_,,,.ens t = (3.0)(20) = 60 m. '

(b) To land directly opposite the start, the boat’s upstream velocity component must cancel
the current: 4.0sin¢g = 3.0 = sing = 0.75 = ¢ = 48.6° upstream of straight-across. The
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remaining across-river component is

v, =4.0c0s ¢ = V4.02 —3.02 = V16 — 9 = V7 = 2.65m/s.

New crossing time: ¢ = —— = 30.2s — longer than the 20 s minimum-time crossing, even
though the boat now lands exactly opposite its starting point instead of 60 m downstream.

1.9.3 Reading Multi-Segment and Curved Graphs

Many real trips involve several distinct phases of motion, each with its own constant acceleration
and its own slope on a v-t graph. The tools already introduced — slope for acceleration, signed area
for displacement — apply to each segment separately; the results are then combined.

v (m/s)

10

2 4 6 8 10 12 14 16
v-t graph with three segments: speeds up from 0 to 10m/s (0-5s, slope +2.0 m/s?), cruises at 10 m/s (5-11s), then
decelerates to rest (11-15s, slope —2.5m/s?).

Vidu 15 - Three-segment trip: displacement, distance, and both kinds of "average”

A car’s motion is described by the v-t graph above: it speeds up uniformly from rest to 10m/s
over the first 5.0's, cruises at 10 m/s for the next 6.0 s, then decelerates uniformly to rest over
the final 4.0s. Find the total displacement, the total distance, the average velocity, and the
average speed for the whole 15 s trip.

Break the area under the graph into three pieces:

Triangle 1 (speeding up): £(5.0)(10) = 25m.

Rectangle (cruising): (10)(6.0) = 60 m.

Triangle 3 (slowing down): 1(4.0)(10) = 20m.

All three areas lie above the t-axis (the car never reverses direction), so they are all added: total
displacement = 25 + 60 + 20 = 105 m. Because velocity is never negative here, no direction

reversal occurs, so total distance = 105 m as well.

.- A 1 dist 1
Average velocity: v = ff = % = 7.0m/s. Average speed = % = 05 =70m/s —

the two are equal here specifically because the car never backtracks (contrast this with Vi du
5, where a sign change made distance exceed |Axz|).

(1) L6i thuong gap: On av-t graph, area below the t-axis represents negative velocity, so it must
be subtracted (counted as negative) when computing total displacement — never added as if
it were extra positive area. That same below-axis region still represents real motion covered,
however, so when computing total distance, every piece of area (above or below the axis) is
added as a positive magnitude. Mixing up these two rules is one of the most common errors
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I on the AP exam.

1.9.4 Linearizing Data: Extracting Acceleration from Position-Time Data

Real experimental data are never perfectly clean — every measured (¢, x) pair carries some small
scatter from timing and measurement error. For an object starting from rest with constant accel-
eration, x = %at2, so a graph of x versus t is a parabola. A parabola’s slope keeps changing from
point to point, so a cannot be read off directly as "the slope” of an z-t graph, and judging a curve’s
changing steepness by eye — especially through noisy data — is unreliable. AP Physics 1 tests a
standard fix for exactly this problem: re-plot the same data against a different horizontal axis so that
the relationship becomes a straight line.

If z = Jat?, define a new variable u = ¢2. Then z = (4a) u is a linear function of u with zero
intercept. So a graph of z (vertical axis) versus t? (horizontal axis) — not x versus t — is a straight
line through the origin, and its slope equals %a:

s 1 = 2 x slope
= —a a= o
A?) 2 .

slope =

This process — plotting one variable against a power of another until the graph becomes a
straight line — is called linearizing the data. A straight line can be fit through scattered data
points (by eye, or by a least-squares "best-fit” line) far more reliably than a curve’s changing
steepness can be judged by eye, so plotting z vs. t? is the standard, more reliable way to extract
a constant acceleration from real position-time data.

Zm

30 |

20 |

10
1 1 1 12 (s2)
10 20 30 40

Plotting x vs. t2 (instead of = vs. t) turns the curved, constant-acceleration relationship into a straight line through the
origin; the slope of the best-fit line through the scattered data points equals %a.

GIAI THICH TIENG VIET

V6i vat xuat phat tir trang thai nghi va cé gia téc khong doi, z = %atQ Ia ham bac hai theo ¢,
nén do thi z-t 13 mét dudng cong (parabol) cé dd déc thay déi lién tuc — rat khé doc chinh
Xac gia téc bang mat, dac biét khi s6 liéu thuc t& c6 nhiéu (sai s6 do dac). Néu d6i bién truc
hoanh thanh ¢2, phuong trinh trd thanh z = (1a) t> — mot ham tuyén tinh theo ¢2 véi hé s6
chin bang 0: do thi = theo 2 13 mét dudng thang di qua géc toa do, c6 do déc a. Ky thuat
tuyén tinh héa” (linearization) ndy cho phép vé mot dudng thang khdp tét nhat (best-fit line)
qua cac diém so liéu rai rac, roi suy ra gia toc a = 2 x d6 déc — dang tin cdy hon nhiéu so véi
viéc uwéc lwong do cong cla do thi z-t bang mat thudng.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 18



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Vi du 16 - Extracting acceleration from position-time data

A cart starts from rest and rolls down an inclined track. A student measures its position z at
six instants of time ¢, recording the (slightly noisy, real-world) data below.

t(s) t2(s?) x(m)

10 10 11
20 40 3.9
30 90 9.3
40 160 158
50 250 247
60 360 360

Use the linearized plot of z vs. t? to find the cart’s acceleration, then check the result against
one of the recorded data points.

Step 1 — linearize. Since the cart starts from rest, r = %auﬁ2 predicts z is proportional to ¢2, so
t? (computed in the middle column above) is the correct horizontal axis for a straight-line plot
— not ¢ itself.

Step 2 — find the slope. A best-fit line through all six plotted points (as in the figure above) lies
very close to the first and last recorded points, so these two are used as representative points
to estimate its slope:

Az 360—11 349
A(t?)  36.0—1.0 35.0

slope = =0.997m/s?.

Step 3 — extract the acceleration. Since slope = %a:
a =2 x slope = 2(0.997) = 1.99m/s? ~ 2.0m/s?.

Step 4 — sanity check. At ¢ = 4.0s (t> = 16.0s?), the fitted line predicts z = (slope)(t?) =
(0.997)(16.0) = 15.95m, which matches the recorded value of 15.8 m to within about 1% —
consistent with the small scatter visible in the other rows, and confirming that a ~ 2.0m/s? is
a reliable value extracted from the data.

1.10 Practice Problems

Bai tap luyén tap

A displacement vector has components Az = 9.0m (east) and Ay = 12.0m (north). Find its
magnitude.

(A) 10.5m (C) 15.0m
(B) 12.0m (D) 21.0m

Lai giai chi tiét

A=/(9.0)2 + (12.0)2 = /81 + 144 = /225 = 15.0m. (C).
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Bai tap luyén tap

Vector A = 5.0m pointing east; vector B = 5.0 m pointing north. Find the magnitude and
direction of the resultant A + B.

Loi giai chi tiét

Since A | B: magnitude = v/5.02 1 5.02 = /50 = [ 7.07 m|, direction = arctan(5.0/5.0) = 45°

north of east.

Bai tap luyén tap

An object moves from z = —4.0m to z = +6.0m, then back to x = +2.0m. Find its total
displacement and its total distance traveled.

Loi giai chi tiet

Displacement: Az = 2.0 — (—4.0) = 6.0m.
Distance: 6.0 — (—4.0)| + 2.0 — 6.0 = 10.0 + 4.0 =[ 14 m .

Bai tap luyén tap

A cyclist rides 5.0 km east in 0.50 h, rests for 0.25 h, then rides 3.0 km west in 0.25 h. Find her
average velocity and average speed for the entire trip.

Loi giai chi tiét
Net displacement = 5.0 — 3.0 = 2.0 km east; total time = 0.50 + 0.25 + 0.25 = 1.0 h.

. 2.0
Average velocity = T 2.0km/h east |
' 8.0

Total distance = 5.0 + 3.0 = 8.0 km; average speed = To0°= 8.0km/h |

Bai tap luyén tap

An object moves in the —z direction and is slowing down. What are the signs of its velocity
and acceleration?

(A) v>0,a>0 (C)v<0,a>0
(B) v<0,a<0 (D) v>0,a<0

Loi giai chi tiet

-

Moving in —z means v < 0. Slowing down requires a to oppose v, so a > 0. (C).

Bai tap luyén tap

An z-t graph is a straight line from (0s,0m) to (4.0s,20 m), then flat until 10 s, then a straight
line down to (14s,0m). Find the velocity in each segment and the total displacement over the
14s.
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Loi giai chi tiét

2 —2
Segment 1: v = 0 5.0m/s. Segment 2 (flat): v = 0. Segment 3: v = 0=20 _ —5.0m/s.

14—10
Total displacement =z, — 2, =0—0 = (total distance traveled is 20 + 0 4 20 = 40 m).

o @

Bai tap luyén tap

A v-t graph rises linearly from 0 to 12m/s over 3.0, stays constant at 12m/s for 5.0s, then
falls linearly to 0 over the next 2.0s. Find the total displacement.

(A) 60m (C) 90m
(B) 78Sm (D) 102m

Loi giai chi tiet

-

Area = 1(3.0)(12) + (12)(5.0) + 3(2.0)(12) = 18 + 60 + 12 = 90 m. (C).

Bai tap luyén tap

A cyclist accelerates uniformly from 4.0 m/s to 12m/s over 8.0 s. Find her acceleration and the
distance she covers.

Loi giai chi tiét

12 —-4.0
=g =LOm/$?} Az = (v + )t =5(16)(8.0) =[64m]

Bai tap luyén tap

A car decelerates uniformly from 25m/s to rest in 5.0s. Find the distance it travels while
braking.

(A) 31.3m (C) 62.5m
(B) 50.0m (D) 125m

Loi giai chi tiét

Az = $(vy +v)t = (25 + 0)(5.0) = 62.5m. (C).

Bai tap luyén tap

A bullet enters a wood block at 400 m/s and comes to rest after penetrating 0.20 m. Assuming
constant deceleration, find its magnitude.

Loi giai chi tiét

-

=l
v? = v2 + 2aAx = 0 = (400)% + 2a(0.20) = a = % = | —4.0 x 10° m/s? | (magnitude

4.0 x 10° m/s?).
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Bai tap luyén tap

A rocket sled starts from rest and accelerates at 4.0 m/s2 for 5.0s; a braking chute then decel-
erates it at 8.0 m/s? until it stops. Find the total distance traveled.

Loi giai chi tiet

Phase 1: v = at =

—

4.0)(5.0) = 20m/s; Az = jat? = £(4.0)(5.0)2 = 50 m.
2 2
Phase 2: Az, = ;)—a - 2<(2;)0>

Total = 50 + 25 = [75m].

=25m.

Bai tap luyén tap

A ball is dropped from rest and falls for 3.0 s. Find the distance it falls.

(A) 14.7m (C) 44.1m
(B) 29.4m (D) 88.2m

Loi giai chi tiét

-

h = 3gt* = $(9.8)(3.0)2 = 1(9.8)(9.0) = 44.1m. (C).

Bai tap luyén tap

A ball is thrown straight up and returns to its launch point after a total flight time of 5.0 s. Find
its initial speed and maximum height.

Loi giai chi tiét

By symmetry t,,, = 2.5s: vy = gt,,, = (9.8)(2.5) =|24.5m/s |

vE (2452 600.25
h = —0 = = = . m o
max 19.6 19.6

29

Bai tap luyén tap

An object is launched horizontally at 10 m/s from a 20 m cliff. Find the horizontal range (to 3
significant figures).

(A) 10.0m (C) 20.2m
(B) 15.6m (D) 25.0m

Loi giai chi tiét

t=/2h/g = /40/9.8 = V/4.08 = 2.02s. R = vyt = (10)(2.02) = 20.2m. (C).

Bai tap luyén tap

Using the same launch speed v, = 24.5m/s as the worked example above, a ball is instead
launched at 53° above horizontal (level ground). Compare its range to the 37° case.
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(A) Smaller (C) Larger
(B) The same (D) Cannot be determined without ¢

Loi giai chi tiét

Ugo = 24.5(0.60) = 14.7, v,y = 24.5(0.80) = 19.6. t = 2v,0/g = 2(19.6)/9.8 = 4.0s.
R = vyt = (14.7)(4.0) = 58.8 m — identical to the 37° range found earlier, confirming that
complementary angles give equal range. (B).

Bai tap luyén tap

A cannonball is fired from the top of a 20 m wall at 25 m/s, 37° above horizontal, and lands on
flat ground beyond the wall. Find its total flight time and range. (sin 37° = 0.60, cos 37° = 0.80.)

Loi giai chi tiét
This is the projectile-from-a-height case: v,, = 20m/s, v, = 15m/s, Ay = —20m.

154+ /225 +392 154 24.84

4.9t2 — 15t — 20 =
ot 5t—20=0=t R o

R = vt = (20)(4.07) =[81.3m]

Bai tap luyén tap

For a projectile in flight (no air resistance), which quantity remains constant throughout?

(A) v, (C) Speed
(B) v, (D) Height

Loi giai chi tiét

Horizontal acceleration is zero, so v, never changes. (B).

Bai tap luyén tap
A v-t graph decreases linearly from 15m/s to —5.0m/s over 4.0s. Find the acceleration.

(A) —2.5m/s? (C) —10m/s?
(B) —5.0m/s? (D) —20m/s?

Loi giai chi tiét

—50—15 —20 )
a= 10 =70 - —5.0m/s*. (B).

Bai tap luyén tap

For the v-t graph of the previous problem, find (a) the time at which v = 0 and (b) the total
displacement over the 4.0 s.
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Loi giai chi tiét

@uwv(t)=15—5.0t=0=t=3.0s.

(b) Area 0-3.0s (positive): 1(3.0)(15) = +22.5m. Area 3.0-4.0s (negative): 3(1.0)(5.0) =
—2.5m.

Total displacement = 22.5 — 2.5 = (total distance = 25.0 m).

Bai tap luyén tap

Car A starts from rest at 2 = 0 and accelerates uniformly at 4.0 m/s2. At the same instant, Car
B passes the same point moving at a constant 20 m/s in the same direction. Find when and
where Car A catches up to Car B, and find Car A’s speed at that moment.

Loi giai chi tiét

za(t) = 3(4.0)t2 = 2.0t%; z5(t) = 20t. Setting equal: 2.0t2 = 20t = (2.0t —20) = 0 = ¢t =
10s.

Position: z = 20(10) = . Speed of A at that instant: v, = at = (4.0)(10) = —

twice Car B's speed, since A is still accelerating past B at the meeting point.

Bai tap luyén tap

A projectile launched at angle 8 above horizontal lands at the same height from which it was
launched. Compared to the time needed to reach maximum height, the total flight time is:

(A) The same (C) Double
(B) Half (D) Impossible to determine

Loi giai chi tiét

The parabolic path is symmetric about the peak, so the descent takes exactly as long as the
ascent: total time = 2t (C).

Bai tap luyén tap

For any motion in which an object reverses direction at least once, how does average speed
compare to the magnitude of average velocity?

(A) Always strictly less than (C) Always greater than or equal to

(B) Always exactly equal to (D) No general relationship exists

Lai giai chi tiét

Distance > |Ax| always, with equality only when the object never reverses direction. Dividing
both sides by the same time interval preserves the inequality: average speed > |v|. (C).

Bai tap luyén tap

An a-t graph is constant at 3.0m/s? from ¢t = 0 to 4.0s, then drops to 0 from 4.0s to 6.0s. If
v(0) =2.0m/s, find v(4.0s) and v(6.0s).
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Loi giai chi tiét

Av from 0to 4.0s = area = (3.0)(4.0) = 12m/s, so v(4.0s) = 2.0 + 12 =|14.0m/s |
From 4.0 to0 6.0s, a = 0, so velocity is unchanged: v(6.0s) =|14.0m/s|.

Bai tap luyén tap

A ball is kicked from ground level and lands 24 m away after 2.0 s of flight on level ground. Find
its initial speed and launch angle.

Lai giai chi tiét

R 24
U0 =5 =55 12m/s. By symmetry t,,, = 1.0, s0 v, = gt,,, = (9.8)(1.0) = 9.8 m/s.

vo = \/v2, + 12, = T4 + 96.04 = \/240.04 = [15.5m/s |
9.8
0 = arctan<§> arctan(0.817) =[39.3°].

Bai tap luyén tap

Which of the following is a vector quantity?

(A) Distance (C) Displacement
(B) Speed (D) Time

Loi giai chi tiet

Displacement has both magnitude and direction. (C).

Bai tap luyén tap

A swimmer swims 50 m north in a pool in 40 s, then immediately swims back 50 m south to the
start in 45 s. Find her average velocity and average speed for the round trip.

Loi giai chi tiét
Net displacement = 0 (returns to start), so average velocity = @

: . .
Total distance = 50 + 50 = 100m; total time = 40 + 45 = 85s. Average speed = g =

1.18m/s|.

Bai tap luyén tap

A stone is thrown horizontally from a 45 m cliff with initial speed 15 m/s. Find (a) the time to
hit the ground and (b) the horizontal distance traveled.

I

Lai giai chi tiét

(a) t = \/2h/g = /2(45)/9.8 = /9.184 = [3.03 5.
(b) R = vyt = (15)(3.03) =[45.4m |

-
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Bai tap luyén tap

Two identical balls are launched from the same height with the same speed: ball A straight up,
ball B straight down. Compare their speeds the instant each hits the ground below.

(A) Ais faster (C) They are equal
(D) Cannot be determined without the
(B) B is faster height

Loi giai chi tiét

Ball A first rises and returns to the launch height with the same speed it started with (by ener-
gy/symmetry), after which both balls fall the same additional height with the same downward
speed at launch. Their impact speeds are therefore equal. (C).

Bai tap luyén tap

A particle’s position is given by z () = 3.0+4.0t—1.0t2 (Sl units), valid for constant acceleration.
Find its initial velocity, its acceleration, and the time at which it momentarily stops.

Loi gidi chi tiét
Comparing to z = Lo + vt + %atQ: vy = , and %a =—10=a=|-20 m/52 L

. —4.0
Momentarily stops whenv =v,+at =0:t = —— = .

—2.0
Bai tap luyén tap

Two trains approach each other on parallel straight tracks. Train P moves east at 20 m/s and
train Q moves west at 30 m/s; they start 500 m apart at the same instant. How long until they

meet?
(A) 5.0s (C) 1255
(B) 10s (D) 255

Loi giai chi tiét

Taking east as positive, vp = +20m/s and vy = —30m/s. The relative velocity of P with
respect to Qis vp,g = vp —vg = 20 — (—30) = +50m/s, which is their closing speed. Time

500
to close the 500m gap: t = = = 10s. (B).

Bai tap luyén tap

A cyclist starts from position x = 0 and moves at a constant 8.0 m/s. At that same instant, a
jogger moving at a constant 3.0 m/s in the same direction is already 100 m ahead of the cyclist.
Using relative velocity, find how long it takes the cyclist to catch the jogger, and how far the
cyclist has traveled by then.
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Loi giai chi tiét

Relative velocity of the cyclist with respect to the jogger: v,y iist/jogger = Veyelist — Vjogger =

8.0 — 3.0 = +5.0m/s — the rate at which the cyclist closes the 100 m gap. Time to close the
100

gap:t = o = 20s.

Cyclist’s distance traveled: ,,0;;s; = Voyerist t = (8.0)(20) =|160m .

Check: the jogger travels (3.0)(20) = 60 m from her position, i.e. 100 + 60 = 160 m from the

cyclist’s start — consistent.

Bai tap luyén tap

A boat heads straight across a river at 5.0 m/s relative to the water, while the current flows at
12m/s parallel to the banks. Find the boat’s resultant speed relative to the ground.

(A) 7.0m/s (C) 13m/s
(B) 12.5m/s (D) 17m/s

Loi giai chi tiet

The two velocity components are perpendicular, so they add as a right triangle: v =
V5.02 + 122 = /25 + 144 = /169 = 13 m/s. (C).

Bai tap luyén tap

Ariver 80 m wide flows at 6.0 m/s. A boat heads straight across at 8.0 m/s relative to the water.
Find (a) the resultant velocity of the boat relative to the ground (magnitude and direction), (b)
the time to cross the river, and (c) how far downstream the boat lands from the point directly
opposite its start.

Loi giai chi tiet

6.0
(@) v = v8.02 + 6.02 = v/64 + 36 = /100 = , atd = arctan<%> = downstream

of the straight-across direction.
(b) Crossing time depends only on the across-river component (the current contributes none):

t= oo =[10s}
(c) Downstream drift: © = v ., en t = (6.0)(10) = .

Bai tap luyén tap

Two runners start together from the same point at ¢ = 0 and run along the same straight
path for a total time 7. Runner A accelerates uniformly from rest for the entire interval T.
Runner B moves at a constant speed equal to runner A’s average speed over the entire interval
T. Without plugging in specific numbers, explain which runner is ahead at the halfway time
t = T'/2 (not halfway in distance), and why.

Lai giai chi tiét

Runner B is ahead at the halfway-time mark. Let a be runner A's constant acceleration, start-
ing from rest, so A’s velocity at the end of the trip is v, (7") = aT'. Because A’s acceleration is
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constant, A's average velocity over the whole interval is the mean of the initial and final veloc-
ities, v, = %(0 +aT) = %aT — and this is exactly runner B’s constant speed, by the problem’s
definition.

During the first half of the time interval, runner A’s velocity climbs linearly from 0 up toward
%aT, reaching that value only at the instant ¢ = 7'/2 itself. Runner B, meanwhile, moves at the
full value %aT from the very start. So for every instant between ¢ = 0 and ¢t = 7'/2 (except the
single instant ¢ = T'/2, where their speeds momentarily match), B is moving strictly faster than
A — B wins the instantaneous-speed comparison throughout the first half, so B pulls ahead in
distance. )

This can be confirmed algebraically: z,(T/2) = 1a(T/2)? = %, while z5(T/2) =

T T2 T2 T2
(%aT) 7)) = GT. Since QT = 2 X %, runner B has covered twice the distance run-

ner A has at the halfway-time mark.

(For completeness: during the second half of the interval, A's velocity keeps climbing past %aT,
so A becomes the faster runner and closes the gap; by symmetry the two runners are together
again exactly at ¢ = T, since both cover the same total distance %aT2 over the full interval.)

Bai tap luyén tap

A ball is dropped from rest and falls freely. Compare the distance it falls during the 3rd second
of its fall (from ¢t = 2.0s to ¢t = 3.0s) to the distance it falls during the 1st second of its fall
(fromt=0tot=1.05s).

(A) Ratio of 3 (C) Ratio of 7
(B) Ratio of 5 (D) Ratio of 9

Distance fallen from rest up to time ¢t: y = %th.

1st second: y(1.0) — y(0) = £(9.8)(1.0)2 — 0 = 4.9m.

3rd second: y(3.0)—y(2.0) = (9.8)[(3.0)2—(2.0)?] = $(9.8)(9.0—4.0) = 3(9.8)(5.0) = 24.5m.
24.5

Ratio = i 5. (B).

Bai tap luyén tap

A train starts from rest and accelerates uniformly at 2.0 m/s2 for 6.0s, then travels at that
constant velocity for 10's, and finally brakes to a stop with a uniform deceleration of 3.0 m/s2.
Find (a) the total time for the trip, (b) the total distance traveled, and (c) the average velocity
for the entire trip.

[ it |

Phase 1 (speeding up): v; = at; = (2.0)(6.0) = 12m/s; Az; = 1(0+ 12)(6.0) = 36 m.
Phase 2 (cruising): Az, = (12)(10) = 120 m.

Phase 3 (braking): t; = Z—; = % =4.0s; Azg = 3(12+ 0)(4.0) = 24m.

(a) Total time = 6.0 4 10 + 4.0 = [ 20s].

(b) Total distance = 36 + 120 + 24 =180 m |
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. 180 . .
(c) Average velocity = ST (equal to average speed here, since the train never
reverses direction).

Bai tap luyén tap

A v-t graph shows an object moving at a constant +6.0 m/s for 4.0s, then abruptly reversing
to a constant —4.0 m/s for the next 3.0s. Find the total distance traveled.

(A) 12m (C) 30m

(B) 24m (D) 36 m

Lai giai chi tiét

Displacement of segment 1 (above the axis): +(6.0)(4.0) = +24 m. Displacement of segment
2 (below the axis): (—4.0)(3.0) = —12m. Net displacement = 24 — 12 = 12m — but distance
treats every interval as a positive contribution: distance = |24| + | —12| = 24+ 12 = 36 m. (D).

Bai tap luyén tap

A soccer ball is kicked from level ground at v, = 20 m/s, 45° above horizontal — the angle that
gives maximum range. Using sin 45° = cos 45° = 0.707, find the total flight time, the maximum
height, and the range.

Loi giai chi tiét

Va0 = Vyo = 20(0.707) = 14.14m/s.
. 14.14 - :
Time up: ¢, = o8 1.44s; total flight time t = 2¢t,,, = (unrounded ¢ = 2.886s,

used below for conéistency).
v2 14.14)2  199.
Max height: h.y = 2i0 _ ! 15 6) = 199969 =[10.2m|.
g . .

Range: R = v ot = (14.14)(2.886) = |40.8 m |

Bai tap luyén tap

At the instant a ball thrown straight up reaches the top of its path, which statement correctly
describes its velocity and acceleration?

(A) v=0anda =0 (C) v=—ganda=0
(B) v=0anda=—g (D) v=—ganda = —g

Loi giai chi tiét

Velocity is momentarily zero at the peak, but gravity never switches off — the ball is still in free
fall with a = —g throughout the entire flight, including at the top. (B).

Bai tap luyén tap

An airplane’s velocity relative to the air is 150 m/s due north. A crosswind blows at 40m/s
due east. Find the plane’s resultant velocity relative to the ground: its speed and its direction
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(measured from due north).

Loi giai chi tiét

—

Uplane/ground = Uplane/air + Vair/groun

east):
v = /1502 + 402 = /22500 + 1600 = V24100 =|155m/s|.

N 40
Direction: § = arctan (1—50> = arctan(0.267) = east of north.

4~ The two components are perpendicular (north and

Bai tap luyén tap

A boat that can move at a fixed speed relative to the water is crossing a river with a current.
Compared to heading straight across (perpendicular to the banks), if the pilot instead angles
the boat partly upstream to compensate for the current and land directly opposite the starting
point, the crossing time will be:

(A) Shorter (C) Exactly the same

(D) Cannot be determined without more in-
(B) Longer formation

Loi giai chi tiét

Angling upstream diverts part of the boat’s fixed speed into canceling the current, leaving a
smaller component of velocity actually directed across the river. Since crossing time depends
on that across-river component (¢t = width /v, ...), @ Smaller across-river speed means a longer
crossing time — exactly as seen when comparing the two headings in this chapter’s river-
crossing example. (B).

Bai tap luyén tap

A vector has components A, = —6.0m and A, = +8.0 m. Find its magnitude.
(A) 2.0m (C) 14m
(B) 10m (D) 48 m

Lai giai chi tiét

A= ./(—6.0)2 + (8.0)2 = /36 + 64 = /100 = 10 m. (Magnitude depends only on the squares
of the components, so the sign of A, does not change it — the vector itself points into the
second quadrant, at 180°—arctan(8.0/6.0) = 180°—53.1° = 126.9° measured counterclockwise
from +z.) (B).

Bai tap luyén tap

Adronestartsataz = +5.0m, fliestoz = —3.0m, thentox = +9.0m, and finallytoz = +1.0m.
Find its total displacement and its total distance traveled.
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Loi giai chi tiét

Displacement: Az = 2, —2; = 1.0 = 5.0 = (magnitude 4.0 m, negative direction).
Distance: leg 1 = [(—3.0) — 5.0 =8.0m; leg 2 = (9.0 — (—3.0)| = 12.0m; leg 3 = |1.0 — 9.0| =
8.0m. Total distance = 8.0 + 12.0 + 8.0 = [28 m].

Bai tap luyén tap

A car travels the first half of a straight-line trip (by distance, not time) at a constant 20 m/s, then
the second half of the trip at a constant 60 m/s. Find the car’s average speed for the entire
trip.

Loi giai chi tiét
Let d be the (equal) distance of each half, so the total distance is 2d. Time for the first half:
t, = d/20. Time for the second half: ¢, = d/60. Total time:

d d 3d+d 4d d

t=1t to = — + — = = — = .
1% =55 % 50 60 60 15

total distance 2d 15
A d = = = 2d —_— = .
verage spee total fime a5 X pi 30m/s

Notice this is not the simple average of 20 and 60 m/s (which would be 40 m/s): because the
car spends more time at the slower speed (covering the same distance takes longer), the true
average speed is pulled below the midpoint, toward the slower speed.

Bai tap luyén tap

An a~t graph rises linearly from 0 to 6.0 m/s? over t = 0 to ¢t = 4.0s, then instantly drops to 0.
If v(0) =2.0m/s, find v(4.05s).

(A) 8.0m/s (C) 14m/s
(B) 12m/s (D) 24m/s

Loi giai chi tiét
Av = area under the a-t graph = 3(4.0)(6.0) = 12m/s (a triangle, not a rectangle, because a
itself is changing). v(4.0s) = v(0) + Av = 2.0+ 12 = 14m/s. (C).

Bai tap luyén tap

A skateboarder moving at 5.0 m/s starts up a ramp and decelerates uniformly at 1.0 m/s?. (a)
How far up the ramp does she travel before momentarily coming to rest? (b) How long does
this take? (c) If the same constant acceleration continues unchanged after she momentarily
stops (so she begins rolling back down), find her velocity at t = 7.0 s, measured from when she
started up the ramp.

Loi giai chi tiét
Take up the ramp as positive: v, = +5.0m/s, a = —1.0m/s?.
(a) At the highest point v = 0: v> = v} + 2aAz = 0 = 25 4 2(—1.0)Az = Az = |12.5m |
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— 0—5.0
(bt = —2 = ——= =[5.0s]

a —1.
(c) The acceleration is constant and unchanged throughout, so v = v, + at still applies at
t =70sv=>50+(—1.0)(7.0) = — the negative sign shows she is now moving

back down the ramp at 2.0m/s, 2.0 s after momentarily stopping.

Bai tap luyén tap

A ball is thrown straight up at 14.7m/s from the edge of a 10 m tall cliff. Find the total time
until it strikes the ground at the base of the cliff.

Loi giai chi tict

Take up as positive: v, = +14.7m/s. The ground is 10 m below the launch point, so the net
vertical displacement when it lands is Ay = —10m:

Ay = vt — 2gt? = —10 =14.7t — 4.9t = 4.9t — 14.7t — 10 = 0.

14.7 + 1/14.72 + 4(4.9)(10) 14.7 + /216.09 + 196

uadratic formula: ¢ = = =
Q 2(4.9) 9.8
14.7 + v/412.09 - 14.7 + 20.3

9.8 9.8
Taking the positive root (the negative root is not physical): ¢t = % —|3.57s]

Bai tap luyén tap

A rock is thrown straight up at 12.0 m/s from the edge of a 25 m cliff. Find its speed the instant
it strikes the ground at the base of the cliff.

(A) 20.0m/s (C) 25.2m/s
(B) 22.1m/s (D) 29.4m/s

Loi giai chi tiét

Take up as positive: v, = +12.0m/s, Ay = —25m (net displacement down to the base of the
cliff — this already accounts for both the rise above the edge and the full fall to the ground, so
equation (4) applies directly without first finding the time of flight):

v? =2 4 2aAy = (12.0)2 + 2(—9.8)(—25) = 144 + 490 = 634 = v = V634 = 25.2m/s.
(©).

Bai tap luyén tap

A ball is launched from ground level at v, = 24.5m/s, 53° above horizontal, on level ground.
(sin53° = 0.80, cos53° = 0.60.) Find the two times at which the ball is at a height of 14.7 m
above the ground, and find the horizontal distance it covers between those two instants.
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Loi gidi chi tiét

vy = 24.5(0.80) = 19.6 m/s, v, = 24.5(0.60) = 14.7m/s.

Set y = v 4t — 5t% = 14.7:

14.7 =19.6t —4.9t> = 4.9t —19.6t+14.7=0 = t>—4.0t+3.0=0 = (¢t—1.0)(t—3.0) = 0.

Sot = (on the way up) and ¢t = (on the way down) — symmetric about the peak
att =2.0s.
Horizontal distance covered between these instants: Az = v, At = (14.7)(3.0 — 1.0) =

(14.7)(2.0) =[29.4m].

Bai tap luyén tap

Car A moves due east at 30 m/s; car B moves due north at 40m/s. Find the magnitude of car
A's velocity relative to car B.

(A) 10m/s (C) 70m/s
(B) 50m/s (D) 1200m/s

Loi giai chi tiét
Us/p = Vs — Up. Taking east as +z and north as +y: v, = (30,0), 5 = (0,40), S0 Uy, =
(30, —40). Magnitude:

04,5 = V/30% + 402 = v/900 + 1600 = v/2500 = 50 m/s.
(B).

Bai tap luyén tap

An object released from rest is timed at two points along its motion: at¢ = 2.0s, z = 6.0 m; at
t =5.0s, x = 37.5m. Using the linearized z vs. t*> method, find the object’s acceleration.

(A) 1.5m/s? (C) 3.0m/s?
(B) 2.0m/s? (D) 6.0m/s?

Loi gidi chi tiét
t2 = (2.0)2 = 4.0s?, 12 = (5.0)2 = 25.0s2. Slope of the = vs. t? line:

cope _ 37560 _ 315
Pe = 95.0-4.0 210

=1.5m/s2.

Since slope = 1a: a = 2(1.5) = 3.0m/s2. (C).
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Force and Translational Dynamics

Muc tiéu Unit: Ba dinh luadt Newton; khai lugng vs trong lugng; biéu d6 luc tw do (FBD); hé vat ndi day
qua rong roc; trong lugng biéu kién trong thang may; ma sat nghi/trugt; mat phang nghiéng; chuyén
dong tron déu va luc huéng tam.

2.1 Newton's First Law

Newton’s first law (inertia): an object at rest stays at rest, and an object in motion continues
at constant velocity in a straight line, unless acted on by a nonzero net external force. Equiva-
lently: if >~ F' = 0, the object’s velocity does not change (this includes the special case v = 0).

Inertia is an object’s tendency to resist a change in its velocity; it is quantified by mass (a scalar,
measured in kg). Mass is not the same as weight — weight is the force of gravity on an object,
W = mg, and depends on location, while mass does not.

- GIAI THICH TIENG VIET
Dinh luat 1 Newton (dinh luat quan tinh): vat gilr nguyén trang thai dirng yén hodc chuyén
dong thang déu néu hop luc tac dung 1én né bang 0. Khai lwgng m dic trung cho quan tinh
(khéng d6i theo vi tri), con trong lwong W = myg 13 luc hap dan tac dung 1én vat (phu thudc
vao g tai noi do).

2.2 Newton's Second Law
) T — Fnet 3 3 R R
Newton’s second law: ZF = ma, Or a = . The acceleration of an object is directly

m
proportional to the net force acting on it, in the same direction as that net force, and inversely
proportional to its mass.

Vi du 1 - Basic application of ' = ma

A 5.0kg block on a frictionless horizontal surface is pulled by a single horizontal force
F = 20N. Find its acceleration.

F 2
a:ﬂ:—0:4.0m/52.
m

2.3 Newton's Third Law

Newton's third law: if object A exerts a force on object B, then B exerts a force of equal
magnitude and opposite direction on A. These two forces form an action-reaction pair: they
act on different objects, are the same type of force, and occur simultaneously.
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(1) L6i thueng gap: Action-reaction pairs act on two different objects, so they never cancel
each other out when analyzing a single object’s motion. A book’s weight (Earth pulling the
book) and the table’s normal force (table pushing the book) both act on the same object (the
book) and happen to be equal in a static case — but they are not a third-law pair. The true
partner of the book’s weight is the book’s gravitational pull on the Earth.

Vi du 2 - Third law applied quantitatively

Skater A (m 4 = 60kg) and skater B (m = 40kg) stand at rest on frictionless ice and push off
from each other. If skater B moves away at 4.5 m/s, find skater A’s speed.

By Newton’s third law, the push force on A is equal and opposite to the push force on B at
every instant, and both forces act for the same contact time At. Hence m 4v, = mpgvy (equal
magnitudes, opposite directions):

mpgvg  (40)(4.5)

AT T 60 /

GIAI THICH TIENG VIET
m?z}wp Iuwc dinh luat 3 Newton ludn tac dung Ién hai vat khac nhau nén khong bao gid triét tiéu
nhau khi phan tich chuyén déng ctia mét vat. Vi du 2 cho thay hé qua: vi luc day gitra hai
ngudi truot bang bang nhau va tac dung trong cung thdi gian, vat nhe hon sé vang di véi téc
do I16n hon.

2.4 Free-Body Diagrams

A free-body diagram (FBD) isolates a single object and draws every external force acting on it alone as
an arrow starting from its center. Common forces: weight mg (always straight down), normal force
N (perpendicular to, and away from, the contact surface), tension 7' (along a string/rope, pulling),
applied force, and friction f (along the surface, opposing relative sliding or impending sliding).

N
A

ffriction < \ 4 > FappHed

\
mg

Free-body diagram of a block pulled across a rough horizontal surface.

(1) L6i thuong gdp: The normal force is not always equal to mg. Whenever another force has
a vertical component, or the surface is tilted, N must be solved for from > F', = 0 (or = ma )
in that problem, never assumed equal to weight by default.

2.5 Apparent Weight in an Elevator

A scale reads the normal force it exerts on you, not your true weight mg. In an accelerating elevator
these differ.
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Vi du 3 - Apparent weight

A 70 kg person stands on a scale inside an elevator. Find the scale reading when the elevator
(a) accelerates upward at 2.0 m/s?, (b) accelerates downward at 2.0 m/s?, (c) moves at constant
velocity.

Taking up as positive, Newton’s second law on the person: N —mg = ma = N = m(g+ a).
(@) N =70(9.842.0) = 70(11.8) = 826 N (feels heavier).

(b) N =70(9.8 —2.0) = 70(7.8) = 546 N (feels lighter).

()a=0= N =mg = 70(9.8) = 686N (equals true weight — constant velocity means zero
net force, regardless of speed or direction of travel).

- GIAI THICH TIENG VIET
Can trong thang may do luwc phap tuyén IV, khéng phai trong lwong that mg. Khi thang may
tang toc Ién (a > 0 theo chiéu Ién), N > mg (cam thay nang hon); khi tang téc xuéng, N < mg
(cAm thay nhe hon); khi chuyén déng déu (ké ca dang di 1én ho3c xudng véi van téc khéng dai),
N = mg vi gia téc bang 0.

2.6 Systems of Connected Objects

When two or more objects move together (connected by a string, or in contact), two approaches
work: (1) treat the whole system as one object of total mass _ m to find the common acceleration,
then (2) isolate a single object to find an internal force (tension or contact force).

Vi du 4 - Blocks in contact

Block A (m, = 3.0kg) is in contact with block B (mz = 2.0kg) on a frictionless floor. A
horizontal force F' = 30 N pushes on A, which in turn pushes B. Find the system’s acceleration
and the contact force between the blocks.
Whole system: a = 30 6 m/s2.

m4+mg 5.0
Isolate B (only the contact push from A acts on it horizontally): F., ;... = mpa = (2.0)(6.0) =
12N.

my moy

mg

A pulley system: masses connected by a string change the direction of tension, coupling their motion.

Vidu 5 - Atwood machine

Two blocks hang from a light string over a frictionless, massless pulley: m; = 4.0kg and m, =
6.0 kg. Find the acceleration of the system and the string tension.

The heavier side determines the direction of motion. Net driving force = (m, — m;)g; total
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mass being accelerated = m, + my;:

o mamm)g 2008 oo,
my + mey 10

Tension from m,’s equation (" — m, g = m;a, since m, accelerates upward):
T =my(g+a)=4.0(9.8+1.96) = 4.0(11.76) = 47.0N.

Check with my (myg — T = mya): T = my(g — a) = 6.0(9.8 — 1.96) = 6.0(7.84) = 47.0N .

2.7 Friction

Khai niém cét 16i

Static friction f, < u N prevents relative sliding from starting; it adjusts to match whatever is
needed to keep the object stationary, up to a maximum value p N. Kinetic friction f,, = p;, N
acts once the object is sliding, always opposing the relative motion, and is essentially constant
regardless of speed. Typically p, > 1, for a given pair of surfaces.

(1) Léi thueng gap: f, < u,N is an inequality. Static friction only equals x, N right at the verge
of slipping — for smaller applied forces, static friction is smaller too (just enough to keep the
object at rest). Do not automatically set f, = 1 N unless the problem states the object is on
the verge of moving.

- GIAI THICH TIENG VIET
Ma sat nghi £, tu diéu chinh d€ gitr vat dirng yén, chi dat gia tri |l&n nhat u, N khi vat sap truot.
Ma sat trugt f, = p, N co gia tri gan nhu khéng d6i mot khi vat da trugt, lubn ngugce chiéu
chuyén dong tuong doi. Thong thuong p, > .

Vi du 6 - Kinetic friction and acceleration

An 8.0 kg block on a horizontal floor (x;, = 0.25) is pushed with a horizontal force F = 40N.
Find its acceleration.

N =mg = (8.0)(9.8) = 78.4N, 50 f;, = j1,, N = (0.25)(78.4) = 19.6N.

20.4
Free = F = f;,=40—19.6 = 204N = a = == = 2.55m/s2.

Vi du 7 - Maximum static friction

A 12kg crate rests on a floor with i, = 0.45. Find the maximum horizontal force that can be
applied without the crate starting to slide.

fomax = Hemg = (0.45)(12)(9.8) = 52.9N.
Any applied force up to 52.9 N is exactly balanced by static friction; beyond it, the crate slides.
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Vi du 8 - Friction with an angled applied force

A 5.0 kg block on a horizontal floor (1, = 0.30) is pulled by a force F' = 40 N directed 37° above
horizontal. Find its acceleration.

Components: F, = F cos37° = 40(0.80) = 32N; F,, = F'sin37° = 40(0.60) = 24 N (upward).
The upward pull reduces the normal force: N = mg — F, = (5.0)(9.8) — 24 =49 — 24 = 25N.
fi = N = (0.30)(25) = 7.5N.

24.
F, :Fz—fk:32—7.5:24.5N:>a:5—05:4.9m/52.

net,r

2.7.1 Applied Forces at an Angle

When a rope, handle, or push is applied at an angle to the horizontal rather than purely along it,
the force’s vertical component changes how hard the object presses on the floor — and therefore
changes the normal force and the friction force as well.

Resolve an applied force F' that makes angle 6 with the horizontal into F,, = F' cos 6 (horizontal,
drives the motion) and F, = F'sin @ (vertical). The vertical component shifts the normal force
away from the simple case N = mg:

N = mg — F'sinf (pulling up and forward, angle above horizontal),

N = mg + F'sinf (pushing down and forward, angle below horizontal).

Friction must always be computed from the actual normal force in that problem, f, = u;, N (or
fs.max = HsN) — never from pmg by default once an applied force has a vertical component.
(If Fsiné > mg while pulling upward, N cannot go negative — the object lifts off the floor, and
N = 0 with no friction at all.)

E
F'sin6

m

Fcos6

An applied force F at angle 6 above horizontal, resolved into F cos @ (drives horizontal motion) and F'sin 8 (reduces N if
pulling upward, or increases N if pushing downward).

- GIAI THICH TIENG VIET
Khi lyc tac dung F hop va&i phuong ngang mét géc 0, phan tich thanh F, = F cos § (nam ngang,
gay chuyén dong) va F,=Fsinf (theo phuong ding). Néu luc kéo xién Ién phia trudc, thanh
phan ding lam giam luc phap tuyén: N = mg — F'sin6, nén ma sat cing giam. Néu luc day
xién xuéng phia trudc, thanh phan ding lam tang luc phap tuyén: N = mg + F sinf, nén ma
sat cling tang. Luén tinh ma sat tlr gia tri IV thuc té cta bai toan, tuyét d6i khong mic dinh
dung umg.

Vi du 19 - Pulling up and forward at an angle

A 6.0 kg block on a horizontal floor (u;,, = 0.25) is pulled by a rope exerting F' = 50 N directed
37° above horizontal. Find its acceleration.

Components: F, = F'cos37° = 50(0.80) = 40N; F,, = F'sin37° = 50(0.60) = 30N (upward).
The upward pull reduces the normal force: N = mg—F, = (6.0)(9.8) —30 = 58.8—30 = 28.8 N.
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fr = N = (0.25)(28.8) = 7.2N.
F

net,r

32.8
=F, —f,=40—-72=328N=a= o0 =5.47m/s?.

Vi du 20 - Pushing down and forward at an angle

The same 6.0 kg block (x;, = 0.25) is now pushed (not pulled) by the same-magnitude force
F = 50N, directed 37° below horizontal — as when pushing a broom handle down and for-
ward. Find its acceleration.

Components: F, = F'cos37 = 50(0.80) = 40N; F,, = F'sin37° = 50(0.60) = 30N (down-
ward).

The downward push increases the normal force: N = mg + F,, = 58.8 + 30 = 83.8N.

fo = 1N = (0.25)(88.8) = 22.2N.

E

net,r

17.8
=F,—f,=40-222=178N = a = o0 - 2.97m/s?.
Contrast: identical force magnitude (50 N), angle (37°), mass, and p,, give a = 5.47 m/s% when
pulling up but only a = 2.97m/s? when pushing down — nearly half. The horizontal driving
component F, is the same in both cases; the entire difference comes from how the vertical

component F;, changes N, and hence the friction opposing the motion.

2.8 Inclined Planes

Resolve gravity into a component along the incline, mgsin, and a component into the incline,
mg cosf. The normal force balances the latter: N = mgcosé (on a simple incline with no other
forces).

mg

0 =37
Block on a 37° incline: weight mg resolves into mgsin 6 along the slope and mg cos 0 into the slope; N balances the
latter, friction f opposes sliding.

IAI THICH TIENG VIET
G c G VIE

V&i mit phang nghiéng, luén phan tich trong luc mg thanh hai thanh phan: doc theo mat phang
(mgsin 6, gay truot) va vuéng géc véi mat phang (mg cos 6, bi triét tiéu bdi V). Ma sat (néu co)
luébn ndm doc theo mat phang, ngugc chiéu chuyén déng (hoac chiéu sip truot).

Vi du 9 - Frictionless incline

A block slides down a frictionless 37° incline. Find its acceleration along the slope.
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a = gsind = (9.8)(0.60) = 5.88m/s?

— independent of the block’s mass.

Vi du 10 - Incline with friction, sliding down

A 5.0 kg block slides down a 37° incline with ;. = 0.20. Find its acceleration.

a = g(sinf — y,, cos ) = 9.8(0.60 — 0.20(0.80)) = 9.8(0.60 — 0.16) = 9.8(0.44) = 4.31 m/s2.

Vidu 11 - Incline with friction, sliding up and decelerating

A block is sent up a 37° incline (u;,, = 0.25) with initial speed 8.4m/s. How far up the incline
does it travel before momentarily stopping? (While moving up, both gravity’s component and
kinetic friction act down the slope.)

a = g(sinf + p,, cos §) = 9.8(0.60 + 0.25(0.80)) = 9.8(0.80) = 7.84 m/s? (deceleration).

vk (84?2 7056

= = = =4.5m
20 2(7.84) 15.68

2.9 Uniform Circular Motion and Centripetal Force

An object moving at constant speed v around a circle of radius » continuously changes direction, so
it accelerates even though its speed does not change. This centripetal acceleration always points
toward the center:

'1}2 mv2

a. = — F.=ma = ——.
r’ ¢ ¢ r

"Centripetal force” is not a new, separate type of force — it is the name given to whatever net
force (tension, friction, gravity, normal force, or a combination) happens to point toward the
center and cause circular motion.

Uniform circular motion: velocity is tangent to the circle, net (centripetal) force points toward the center, perpendicular
to v.

(1) L6i thuerng gip: Do not add a separate outward "centrifugal force” to a free-body diagram in
an inertial (non-rotating) reference frame. The only forces present are the real, physical forces
(gravity, tension, friction, normal, etc.); their vector sum equals mv?/r, directed toward the
center.
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GIAI THICH TIENG VIET
vc hudng tdm khong phai mot loai lwc méi — do6 |a tén goi cta hop luc (luc cang day, ma
sat, trong luc, luc phap tuyén, hodc tong hop cua ching) khi hop luc dé huéng vao tam quy
dao tron. Khéng duoc tu thém "luc li tAm” huéng ra ngoai vao biéu do luc tu do trong hé quy
chiéu dirng yén.

Vidu 12 - Car rounding a flat curve

A 1200 kg car rounds a flat, unbanked curve of radius 50 m. If ;, = 0.60 between tires and
road, find the maximum speed without skidding.

2
. . . . . muv
Static friction supplies the centripetal force: y ,mg = - = v =/l gT.

v = 1/(0.60)(9.8)(50) = V294 = 17.1m/s.

(Notice the mass cancels — the maximum safe speed does not depend on how heavy the car
is.)

Vi du 13 - Vertical circle — minimum speed at the top

A ball on a string of length 0.80 m is swung in a vertical circle. Find the minimum speed at the
very top of the circle for the string to remain taut.

2
At the top, both gravity and tension point toward the center (downward): T'+mg = MY The
T

m'U2

string goes slack when T — 0, so the minimum condition is mg = —™min:
T

Vmin = V97 = /(9.8)(0.80) = V/7.84 = 2.8m/s.

2.10 Newton's Law of Universal Gravitation

Every pair of objects in the universe attracts every other pair gravitationally. Newton showed that
this attraction depends only on the two masses and the distance between their centers.
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Newton’s law of universal gravitation:

P Gmym,

g9

— G =6.67 x 107" N - m? /kg?.
,

F, is always attractive, directed along the line joining the two centers; by Newton’s third law,
the force m, exerts on m, is equal in magnitude and opposite in direction to the force m,
exerts on m;.

Surface gravity of a planet:

GM . GMm
9= "J2 (from setting mg = F, = 72 ).

Weight vs. distance from center: weight falls off as 1/72; at distance » = nR from the center,
| . N
weight is — of the surface weight (e.g. at r = 2R, weight is % of the surface value).
n

Circular orbit — gravity as the centripetal force:

GMm  mv? GM T_9 [ 3
= — = U = = —_—
r2 r V o r T GM
2

Since T? = GLM r3, every object orbiting the same central mass satisfies T2 « 73 — this is

Kepler's third law.

Fg
_— >
my my
-+
Fg
yi \
N 4

Two masses pull on each other with equal and opposite forces of magnitude F', = Gm,my/r? (a Newton's-third-law
pair), directed along the line joining their centers, separated by distance .

Why g ~ 9.8 m/s? near Earth’s surface. An object of mass m resting at Earth’s surface has weight
Mgm

5— (universal gravitation) — the two

, o G
mg (Newton’s second law) that is the gravitational force

GM, GM
o™ oiving g=—52. Using Mg, = 5.97 x 10** kg

expressions describe the same force, so mg = 5
R@ RGB

and Rg = 6.37 x 10°m:

~ (6.67 x 10711)(5.97 x 10**)  3.982 x 10
N (6.37 x 106)2 © 4.058 x 1013

=9.81m/s? ~ 9.8m/s?.

So g = 9.8 m/s? is not a fundamental constant — it is a consequence of Earth’s particular mass and
radius, and a different planet or moon has a different surface gravity.

(!) L6i thueng gap: Do not confuse G and g. G = 6.67 x 10~ N - m? /kg? is the universal
gravitational constant — the same everywhere in the universe. ¢ = GM /R? is the local surface
gravity of one specific planet or moon; it depends on that body’s mass and radius, and equals
~ 9.8 m/s? only for Earth.
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GIAI THICH TIENG VIET

Luc hap dén gitta hai vat: F, = Gm;m,/r?, v6i G = 6.67 x 107! N - m? /kg? la hang s6 hap dan
(khéng déi trong toan v try). Gia téc trong trudng tai bé mat mot hanh tinh, g = GM /R?, phu
thudc vao khéi lwgng M va ban kinh R cta hanh tinh dé — day 13 ly do vi sao g ~ 9.8 m/s? chi
ding riéng cho Trai Dat. Trong lugng gidm theo quy luat nghich ddo binh phuong khoang cach:
& khoang cach r = nR tinh tir tdm, trong luwgng chi con 1/n? so v&i & bé mat. Véi vé tinh bay
theo quy dao tron, luc hdp dan dong vai trd luc hudng tdm, cho téc dé quy dao v = /G M /r
va chuky T = 27/r3 /G M (dinh luat Kepler thir ba: T2 oc 3).

Vi du 14 - Gravitational force between two objects

Two objects, m; = 2000 kg and m, = 1500 kg, have their centers separated by » = 5.0 m. Find
the gravitational force between them.

Gmymsy (667 x 10711)(2000)(1500)  (6.67 x 10711)(3.0 x 10°)

F = = =
9T T 2 (5.0)2 25
2.00 x 1074
Fg: T :806—6N

This is an extremely small force — gravity between everyday-sized objects is negligible; it be-
comes significant only when at least one mass is astronomically large.

Vidu 15 - g at an altitude above Earth’s surface

Find ¢ at an altitude of 400 km above Earth’s surface, and express it as a fraction of surface
gravity (Rg = 6.37 x 10°m).
Distance from Earth’s center: 7 = Rg + h = 6.37 x 10% + 0.40 x 10° = 6.77e6 m.

Since g o< 1/r%:
Yait — (%)
gsurf r

Gurr = (0.8853)(9.8) = 8.68m/s.

Even at this altitude (roughly the orbit of the International Space Station), gravity is still about
88.5% as strong as at the surface — nowhere near zero. ("Weightlessness” in orbit is not caused
by an absence of gravity; see the discussion of vertical circles and orbital motion below.)

Vi du 16 - Orbital speed and period of a satellite

A satellite orbits Earth in a circle at the same altitude as Vi du 15, » = 6.77¢6 m from Earth’s
center. Find its orbital speed and period.

2

6.37\
- (ﬁ) — (0.9409)% = 0.8853.

Gravity supplies the centripetal force:

(6.67 x 10711)(5.97 x 10?4 3.982 x 104
_,JEM \/ X 107)(5.97 x ):\/X:\/5.88><107:7.6763m/s.

6.77 x 106 6.77 x 106
Period, using T' = 271 /v:

2m(6.77 x 109)
7.67 x 103
This closely matches the real orbital period of the International Space Station (about 93 min-

utes) — a useful sanity check.

T = = 5.55e3 s ~ 92.4 minutes.
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2.10.1 Circular Motion at an Angle: Banked Curves and Vertical Circles

Not every centripetal-force problem involves a horizontal surface or a horizontal string. Two classic
setups combine circular motion with forces at an angle: a car on a banked curve, and an object
moving through a vertical circle.

Banked curve (frictionless case). On a curve banked at angle 6, the normal force N tilts inward
and does double duty: its vertical component supports the object’s weight, and its horizontal com-
ponent supplies the centripetal force — no friction is needed at the "design speed.”

. arel. e . mv2
N cosf =mg (vertical equilibrium), Nsing =

—— (horizontal, toward center).
T

Dividing the second equation by the first eliminates both N and m:
2

tanf=" — ov= v/rgtané.

rg

center +-----

0

Cross-section of a banked curve (viewed head-on, frictionless case): IV is perpendicular to the road surface. Its horizontal
component provides the centripetal force toward the center of the curve; its vertical component balances gravity.

Vertical circle. Consider a car on the inside of a vertical loop (or a ball on a string). At the bottom,
the center of the circle is directly above, so the net inward (upward) force is N — mg:

2
r

At the top, the center is directly below, so both N and mg point inward (downward):

2 2

Since a track can only push (not pull), N cannot be negative — the object loses contact if v is too
small. The minimum speed at the top occurs when N = 0, so gravity alone supplies the entire
centripetal force:

mg=—"0 = Upin = /9T (minimum speed at the top of a vertical circle).

. GIAI THICH TIENG VIET

Trén khuc cua nghiéng khong ma sat, thanh phan ngang clta luc phap tuyén N sin § déng vai
trd luc hudng tam, con thanh phan dirng N cos 6 can bang trong luc, dan dén tan§ = v2/(rg).
Trong chuyén déng tron theo phuong dirng (vong I3p), & day vong, N huéng vao tam (Ién trén)
nén N = m(g + v?/r) > mg; & dinh vong, ca N va mg déu hudng vao tam (xuéng dudi) nén
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N = m(v?/r — g). Téc d0 téi thi€u & dinh (khi N = 0, chi con trong lyc lam lyc hudng tam) 1a

Umin = /9T

Vidu 17 - Banked curve, frictionless

A curve of radius 15 m is banked at § = 37°, engineered so that no friction is needed at the
design speed. Find that design speed.

v=+/rgtand = \/(15)(9.8)(0.75) = v/110.25 = 10.5m/s.

At exactly this speed, the horizontal component of N alone provides the full centripetal force;
a faster car would need friction to keep from sliding up and outward, and a slower car would
need friction to keep from sliding down and inward.

Vi du 18 - Vertical loop — top and bottom

A roller-coaster car (m = 500 kg) travels through a vertical circular loop of radius 10 m.
(a) Find the minimum speed at the top of the loop needed to maintain contact with the track.

Umin = /97 = 1/ (9.8)(10) = V98 = 9.90m/s.

(b) At the bottom of the loop, the car’s speed is 20 m/s. Find the normal force from the track
there.

v? (20)2
N =m{g+ ) =500( 0.8+ - | = 500(9.8 +40) = 500(49.8) = 2.49e4 N,

Notice NV at the bottom (2.49¢4 N) is far greater than the car’s weight (mg = 4900 N) — this is
the "pressed into your seat” sensation at the bottom of a loop.

2.11 Practice Problems

Bai tap luyén tap

An object moves at constant velocity in a straight line. What is the net force acting on it?

(A) Equal to its weight (C) Equal to ma, in the direction of motion
(B) Zero (D) Cannot be determined

Lai giai chi tiét

Constant velocity means a = 0, so by Newton’s second law F},,, = ma = 0. (B).

Bai tap luyén tap
A net force of 45N acts on a 15 kg object initially at rest. Find its velocity after 4.0 s.
Loi giai chi tiét
45 5
a= 1z =30m/s’ v=at=(3.0)(40) = [12m/s]
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Bai tap luyén tap
Find the weight of an 8.0 kg object at Earth’s surface.

(A) 8.0N (C) 78.4N
(B) 19.6N (D) 9.8N

Loi giai chi tiét

W =mg = (8.0)(9.8) = 78.4N. (C).

Bai tap luyén tap

A large truck collides head-on with a small car. Compare the magnitude of the force the truck
exerts on the car to the force the car exerts on the truck.

(A) Truck exerts a larger force (C) The forces are equal in magnitude

(B) Car exerts a larger force (D) It depends on their relative speeds

Loi giai chi tiét
By Newton'’s third law, the two forces are always equal in magnitude and opposite in direction,
regardless of the objects’ relative size or speed (though their resulting accelerations differ,

since a = F'/m and their masses differ). (C).

Bai tap luyén tap

Skater A (60 kg) and skater B (40 kg) push off from rest on frictionless ice. Skater B moves away
at 4.5m/s. Find skater A’s speed.

(A) 2.0m/s (C) 4.5m/s
(B) 3.0m/s (D) 6.75m/s

L&i giai chi tist
(40)(4.5)

60 =3.0m/s. (B).

LN :mBUB=>'UA =

Bai tap luyén tap

A 60 kg person stands on a scale in an elevator accelerating downward at 3.0 m/s?. Find the
scale reading.

Loi giai chi tiet

N = m(g—a) = 60(9.8 — 3.0) = 60(6.8) =[408N]

Bai tap luyén tap

An elevator moves upward at a constant 2.0m/s. How does a passenger’s apparent weight
compare to their true weight?
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(A) Greater (C) Equal
(B) Smaller (D) Zero

Lai giai chi tiét

-

Constant velocity means a = 0, so N = mg: apparent weight equals true weight. (C).

Bai tap luyén tap

Blocks A (2.0kg) and B (4.0 kg) are in contact on a frictionless floor. A force F' = 18 N pushes
on A, which pushes B. Find the system’s acceleration and the contact force between the
blocks.

Loi giai chi tiét

=50 =130 m/s2 | Contact force on B: F., ;... = mpa = (4.0)(3.0) = | 12N

a

Bai tap luyén tap

Blocks A (3.0 kg, in front) and B (2.0 kg, behind) are connected by a light string on a frictionless
floor. A force F' = 20 N pulls A forward. Find the system'’s acceleration and the string tension.

Loi giai chi tiét

4.0m/s?|. Isolating B: T = mga = (2.0)(4.0) = [8.0N|.

-

CL—%—

Bai tap luyén tap

An Atwood machine has m; = 3.0kg and m, = 7.0kg. Find the acceleration of the system
and the string tension.

Lai giai chi tiét

(7.0 — 3.0)(9.8)  39.2 5
“ 10 T el

T = m,(g+a) = 3.0(9.843.92) = 3.0(13.72) = [41.2N](check: m,(g—a) = 7.0(5.88) = 41.2N

Bai tap luyén tap

I:\/

A 10 kg block (u;, = 0.20) is pushed horizontally with F' = 40 N. Find its acceleration.

(A) 1.96m/s? (C) 2.94m/s?
(B) 2.04m/s? (D) 4.00m/s?

Loi giai chi tiét

-

20.4
N =mg = 98N, f, = 0.20(98) = 19.6N. F,,,, = 40— 19.6 = 204N.a = — -~ = 2.04m/s”
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(B).

Bai tap luyén tap

A 15kg crate rests on a floor with i, = 0.50. Find the maximum horizontal force applicable
before the crate begins to slide.

Loi giai chi tiet

fomax = tsmg = (0.50)(15)(9.8) =[73.5N]

-

Bai tap luyén tap

A 5.0kg block on a horizontal floor (1, = 0.30) is pulled by F = 40N directed 37° below
horizontal (pushing down and forward). Find the block’s acceleration.

Loi giai chi tiét
F, = 40(0.80) = 32N; F, = 40(0.60) = 24 N, now downward, so N = mg + F,, = 49 + 24 =
73N.

fr = 0.30(73) = 21.9N. F,

net,r

=32—21.9=10.1N.a:10—'1=

the "pull up” case, because pushing down increases N and thus friction.

2.02m/s? | — smaller than in

Bai tap luyén tap

A block slides down a frictionless 37° incline. Find its acceleration along the slope.

(A) 3.27m/s? (C) 5.88m/s?
(B) 4.90m/s? (D) 7.84m/s?

Loi giai chi tiét

-

a = gsin37° = (9.8)(0.60) = 5.88 m/s?. (C).

Bai tap luyén tap

A block is released from rest at the top of a frictionless 37° incline of length 11.76 m (measured
along the slope). Find the time to reach the bottom and its speed there.

Loi giai chi tiet

2d 2(11.
a = 5.88m/s? (as above). d = Jat* =t = \/; = (5—8;6) =+4.0 = .
v=at = (5.88)(2.0) =[11.76 m/s].

Bai tap luyén tap

A 6.0 kg block slides down a 37° incline with y;, = 0.10. Find its acceleration.
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Loi giai chi tiét

a = g(sinf — 1, cos ) = 9.8(0.60 — 0.10(0.80)) = 9.8(0.52) = [5.10m/s2 |

Bai tap luyén tap

A block is sent up a 37° incline (x;, = 0.25) with initial speed 9.8 m/s. Find how far up the
incline it travels before momentarily stopping.

Loi giai chi tiét

a = g(sinf + y,; cosf) = 9.8(0.60 + 0.20) = 9.8(0.80) = 7.84m/s? (deceleration).

v3 (9.8 96.04
d=-2 = = =6.13m|
70 = 20780 ~ T5.63

Bai tap luyén tap

Two forces act on a 4.0kg object: F; = 12N east and F, = 9.0N north. Find the object’s
acceleration (magnitude and direction).

Lai giai chi tiét

-

15
F,.=V1224+902 =144 +81 = /225=15N.a = 10 =137 m/s? |,

Direction: § = arctan (%) = \ 37° north of east \

Bai tap luyén tap

A 1000 kg car rounds a flat, unbanked curve of radius 40 m with p, = 0.50 between tires and
road. Find its maximum safe speed.

(A) 7.0m/s (C) 19.6m/s
(B) 14m/s (D) 28m/s

Loi giai chi tiet

-

v = \/H,g" = /(0.50)(9.8)(40) = V196 = 14m/s. (B).

Bai tap luyén tap

A ball on a 0.50 m string is swung in a vertical circle. Find the minimum speed at the top of the
circle needed to keep the string taut.

Loi giai chi tiet

-

Umin = Va7 = 1/(9.8)(0.50) = V4.9 =|2.21m/s |
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Bai tap luyén tap

A 0.20 kg ball on a 0.50 m string moves at 4.0 m/s at the top of a vertical circle. Find the string
tension at that point.

Loi giai chi tiét
mu? mu? (0.20)(16)

Atthetop: T+mg = —— =T = ———mg ="~ 5=——(0.20)(9.8) = 6.4-1.96 = | 4.44N]
T T .

Bai tap luyén tap

A book rests on a table. Which pair of forces are true Newton's-third-law action-reaction
partners?

(A) Weight of book, and normal force from (C) Normal force from table on book, and
table on book weight of book

(B) Weight of book, and the book’s gravita- (D) None — the book is not accelerating, so
tional pull on the Earth there are no force pairs

Loi giai chi tiét

Third-law partners act on different objects and are the same type of force. The book’s weight
(Earth pulling book) pairs with the book pulling the Earth — both gravitational forces, on dif-
ferent objects. The normal force and weight both act on the book itself, so despite being equal
in this static case, they are not a third-law pair. (B).

Bai tap luyén tap

A 100N traffic light is supported by two cables, each making 37° with the horizontal, in a
symmetric "V” shape. Find the tension in each cable.

Loi giai chi tiet

. . 100
By symmetry, both cables share the vertical support equally: 27'sin37° =W = T = =

00 2(0.60)
o [z

Bai tap luyén tap

A 20 kg crate sits on a truck bed (1, = 0.40). The truck accelerates forward at 3.0 m/s?. De-
termine whether the crate slips, showing your reasoning.

Loi gidi chi tiét
Force needed to accelerate the crate with the truck: F,,.;.;, = ma = (20)(3.0) = 60 N.
Maximum static friction available: f; ., = usmg = (0.40)(20)(9.8) = 78.4N.

Since 60N <  78.4N, static friction can supply exactly the 60N needed —
‘ the crate does not slip ‘ and accelerates with the truck.
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Bai tap luyén tap

A block m; = 4.0kg on a frictionless 37° incline is connected by a string over a pulley at the
top to a hanging mass m, = 2.0 kg. Find the acceleration of the system and the string tension.

Lai giai chi tiét

Compare driving forces: m,gsinf = 4.0(9.8)(0.60) = 23.52N (pulls m,; down the slope) vs.

mog = 2.0(9.8) = 19.6 N (pulls m, down). Since 23.52 > 19.6, m, slides down and m,, rises.
- mygsing —myg _ 2352196 3.92 0.653my/s2|

my + My 6.0 6.0
T = my(g+a) = 2.0(9.840.653) = 2.0(10.453) = | 20.9 N | (check via m,: 23.52 —4.0(0.653) =

23.52 — 2.61 = 20.9N V).

Bai tap luyén tap
In uniform circular motion, the net force (and acceleration) on the object points:

(A) In the direction of motion (C) Toward the center

(B) Away from the center (D) Nowhere, since it is zero

Lai giai chi tiét

Even though speed is constant, direction constantly changes; the net (centripetal) force points
toward the center of the circle, perpendicular to the velocity. (C).

Bai tap luyén tap

A 3.0kg block is placed on a 37° incline with 1, = 0.70, p;, = 0.50. Determine whether the
block remains at rest when released; if not, find its acceleration.

Loi giai chi tiét
Gravity component along the incline: mgsiné = 3.0(9.8)(0.60) = 17.64 N.

Max static friction: p ,mgcos @ = 0.70(3.0)(9.8)(0.80) = 16.46 N.
Since 17.64 N > 16.46 N, the required holding force exceeds what static friction can provide —

the block [slides .

Kinetic friction: p;mgcos@ = 0.50(3.0)(9.8)(0.80) = 11.76 N. Net force = 17.64 — 11.76 =
5.88 E':LSS

=——=|1 2|
a= 25 96m/s

Bai tap luyén tap

Which of the following does not belong on the free-body diagram of a block resting on an
incline?

(A) Normal force perpendicular to the incline  (C) Friction, acting along the incline surface

(B) Weight, acting straight down (D) The incline’s own weight
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Loi giai chi tiét

A free-body diagram shows only forces acting on the chosen object, not forces on other bodies
such as the incline itself. (D).

Bai tap luyén tap

A rocket in deep space (no air present) accelerates forward by expelling exhaust gases back-
ward at high speed. Which explanation correctly applies Newton'’s third law to the forward
thrust?

(A) The exhaust gases push against the sur- forward force on the rocket
rounding air, and the air pushes the

(C) The vacuum behind the rocket pulls it for-
rocket forward

ward

(B) The rocket exerts a backward force on (D) Thrust requires no reaction force, since
the exhaust gases; by Newton’s third law, the engine directly generates forward
the gases exert an equal and opposite motion

Lai giai chi tiét

-

The rocket pushes the exhaust gases backward (action); by Newton’s third law, the gases push
the rocket forward with equal magnitude (reaction) — a pair of forces on two different objects
(rocket and expelled gas), acting simultaneously. This is why rockets work even in a vacuum:
thrust does not require anything external, like air, to push against. (B).

Bai tap luyén tap

A 4.0 kg box on a frictionless floor is pulled by two horizontal ropes: one exerts 16 N due east,
the other exerts 12 N due north. Find the box’s acceleration (magnitude and direction).

Lai giai chi tiét

20
F,.; = V162 + 122 = /256 + 144 = /400 = 20N. a = 10 =20 m/s?|.

: c 12
Direction: ¢ = arctan (ﬁ) = \ 37° north of east \

Bai tap luyén tap

A 50 kg person stands on a scale in an elevator. The elevator is moving upward but slowing
down, with acceleration 2.5 m/s? directed downward (opposite the velocity). Find the scale
reading.

Loi giai chi tiét

Taking up as positive, a = —2.5m/s?. N = m(g + a) = 50(9.8 — 2.5) = 50(7.3) = [365N |

Bai tap luyén tap

Three blocks are connected in a line by light strings on a frictionless floor: m, = 2.0 kg (front),
my = 3.0kg (middle), m; = 5.0 kg (back). A horizontal force ' = 40 N pulls m, forward. Find
(a) the system’s acceleration, (b) the tension between m, and m., (c) the tension between m,
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and m.

Lai giai chi tiét

-

F 40
@a=————=—=[40m/s?|
my +mqy+mg 10
(b) The string between m, and m, must accelerate m,+ms = 8.0kg: T}, = (8.0)(4.0) =|32N|
(c) The string between m, and ms; must accelerate m; = 5.0kg alone: T5,; = (5.0)(4.0) =

DO
(a)
!

Bai tap luyén tap

A 20 kg crate rests on a floor with p, = 0.35. A horizontal force of 60 N is applied. Determine
whether the crate moves, and find the friction force acting on it.

Lai giai chi tiét

Maximum available static friction: f, ., = u,mg = (0.35)(20)(9.8) = 68.6 N.
Since the applied 60N < 68.6 N, the crate \ remains at rest \; static friction adjusts to exactly
balance the applied force, so f, = (not the maximum value).

Bai tap luyén tap

A 4.0kg block is placed on a frictionless 53° incline. Find (a) its acceleration along the incline,
(b) the normal force on it.

Loi giai chi tiét

(@) a = gsin53° = (9.8)(0.80) = | 7.84m/s? |

(b) N = mgcos53° = (4.0)(9.8)(0.60) = [23.5N|

Bai tap luyén tap

A 1500 kg car rounds a flat, unbanked curve of radius 80 m. If ;, = 0.40 between tires and
road, find the maximum speed without skidding.

Lo giai chi tist
v = /fi,gr = /(0.40)(9.8)(80) = v/313.6 = |17.7m/s|

Bai tap luyén tap

Two objects, m; = 6.0 x 10? kg and m,, = 8.0 x 10% kg, have centers separated by 4.0 m. Find
the gravitational force between them.

(A) 2.0e —6N (C) 5.0e — 5N
(B) 8.0e — 6N (D) 2.0e —8N
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Loi giai chi tiét

_ Gmyms, (667 x 1071)(600)(800)  (6.67 x 107 11)(4.8 x 10°)
_ ; _

F = (4.0) 16 = 2.0e — 6 N. (A).

g

=<
V)

Bai tap luyén tap

At what distance from Earth’s center is the gravitational acceleration equal to exactly 1/9 of
its surface value?

(A) R (C) 3R
(B) 2R (D) 9R

Loi giai chi tiét

Since g oc 1/7?, we need (R/r)? =1/9 = R/r = 1/3 = r = 3R. (C).

Bai tap luyén tap

A satellite orbits Earth in a circle at » = 8.0e6 m from Earth’s center (M, = 5.97 x 10%* kg).
Find (a) its orbital speed, (b) its orbital period, in seconds and in hours.

Loi giai chi tiet

_ JGMg  [(6.67 x107'1)(5.97 x 10**) =
(a)v_\/ . _\/ 6 30 % 106 =1v4.98 x 107 =|7.06e3m/s |.
r 2m(8.0 x 10°)

Bai tap luyén tap

A curve of radius 25 m is banked at 37°, engineered so that no friction is needed at the design
speed. Find that speed.

Loi giai chi tiét

v=rgtand = /(25)(9.8)(0.75) = V183.75 = | 13.6m/s .

Bai tap luyén tap

A 1200 kg roller-coaster car travels through a vertical circular loop of radius 9.0 m. (a) Find the
minimum speed at the top needed to maintain contact with the track. (b) If the actual speed
at the top is 12m/s, find the normal force there. (c) If the speed at the bottom is 22 m/s, find
the normal force there.

Loi giai chi tiét

(@) vmin = /o7 = 1/(9.8)(9.0) = V882 =[9.39m /s |

2 144 iy
(b) N =m (1; — g) = 1200 <% - 9.8) = 1200(16 — 9.8) = 1200(6.2) = | 7440 N | (positive,

since 12m/s > 9.39m/s, so contact is maintained).
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¢ 484
O N=m (g + Ur) = 1200 (9.8 + ;()) = 1200(9.8 + 53.8) = 1200(63.6) = | 7.63e4 N |.

Bai tap luyén tap

Explain, using physics reasoning, why an astronaut in a circular low-Earth orbit (e.g., aboard
the International Space Station at about 400 km altitude) feels weightless even though Earth’s
gravity is still acting on them with nearly its full surface strength.

Loi giai chi tiét

Gravity has not disappeared: at 400 km altitude, g is about 88.5% of its surface value (see the
g-at-altitude example earlier in this chapter) — only slightly weaker than at Earth’s surface. In
fact, gravity is essential here: it is precisely the force that supplies the centripetal acceleration
keeping the astronaut and the spacecraft moving along a circular path instead of flying off in
a straight line, as Newton'’s first law would otherwise require. "Weightlessness” refers to the
absence of apparent weight — the normal force a scale or a floor would exert on the astronaut
— not the absence of true gravitational force. Because gravity accelerates the astronaut and
the surrounding spacecraft at exactly the same rate ¢ = GM /r? (independent of mass), both
fall toward Earth’s center together, continuously "missing” the surface as they move forward:
they are in continuous free fall. Since there is no relative acceleration between the astronaut
and the cabin around them, there is no contact force pressing the astronaut against any surface,
and hence no sensation of weight — the same reason a person feels momentarily weightless
during any free fall, such as the instant an elevator cable is cut, or at the top of a sharp roller-
coaster drop. The astronaut’s true weight mg is still very much present; it is exactly what
curves their path into a stable orbit rather than letting them travel in a straight line out into
space.

Bai tap luyén tap

An object of mass m experiences a constant net force F, producing acceleration a. If the net
force is tripled and the mass is doubled, what is the new acceleration, in terms of a?

(A) 0.67a (C) 3a
(B) 1.5a (D) 6a

Loi giai chi tiet

-

_3F

" 2m

a/

—15 ( ) — 1.5a. (B).

3

Bai tap luyén tap

An elevator cab, together with the passenger inside, has a total mass of 800 kg. The supporting
cable accelerates the cab upward at 1.5 m/s2. Find the tension in the cable.

Loi giai chi tiet

Taking up as positive and applying Newton'’s second law to the cab+passenger system: T —

mg =ma =T =m(g+ a) = 800(9.8 + 1.5) = 800(11.3) =|9040 N |.
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Bai tap luyén tap

A hockey puck slides across level ice at an initial speed of 10 m/s and comes to rest after sliding
20 m, decelerated only by kinetic friction. Find ., between the puck and the ice.

(A) 0.128 (C) 0.510
(B) 0.255 (D) 2.50

Loi giai chi tiét
100

v? = v2 —2ad = 0 = (10)? — 2a(20) = a = 20 = 20 m/s2.
2.5

Since friction alone causes the deceleration, a = p;,9 = p;, = . 98 = 0.255. (B).
g 5

Bai tap luyén tap

A 10 kg block is pushed up a 37° incline (;, = 0.20) by a force F applied parallel to the incline
surface, so that the block moves up at constant velocity. Find F'.

Lai giai chi tiét

At constant velocity, F' must balance both the gravity component along the incline and kinetic
friction, both of which point down the slope while the block moves up:

F = mg sin 041, mg cos 0 = mg(sin 0+, cos 0) = (10)(9.8)(0.60+0.20(0.80)) = 98(0.76) = | 74.5 N |.

Bai tap luyén tap

Two point masses exert a gravitational force F' on each other. If both masses are doubled and
the distance between their centers is also doubled, the new gravitational force is:

(A) IF (C) F (unchanged)
(B) iF (D) 2F

Loi giai chi tiét
G(2my)(2my)  4Gmym,  Gmyms,

(2r)? - 42 2
masses exactly cancels the factor of 4 from squaring the doubled distance. (C).

F = = F. The factor of 4 from doubling the two

Bai tap luyén tap

Block m,; = 6.0kg rests on a 37° incline with y;, = 0.15, connected by a light string over a
frictionless pulley at the top of the incline to a hanging block m, = 5.0kg. Released from
rest, m, descends and m, slides up the incline. Find (a) the acceleration of the system, (b) the
tension in the string.

Loi giai chi tiet

(a) Driving force: m,g = 5.0(9.8) = 49.0N. Opposing forces on m, (both point down the
incline, since m; moves up): gravity component m,gsinf = 6.0(9.8)(0.60) = 35.28N, and
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kinetic friction p;,m,gcosf = 0.15(6.0)(9.8)(0.80) = 7.056 N.

g = 29— Mg sinf — pm,gcos 6 _490-3528—-7.056  6.664 _ 0.606 m /s2].
my + my 11.0 11.0

(b) From my,’s equation (myg — T = mya): T = my(g — a) = 5.0(9.8 — 0.606) = 5.0(9.194) =
46.0N | (check via my: T = mya + mygsind + u,m,gcosf = 6.0(0.606) + 35.28 + 7.056 =
3.64 + 35.28 + 7.056 = 45.98 N v').

Bai tap luyén tap

A 0.50 kg ball on a 0.60 m string moves in a vertical circle. At the bottom of the circle, its speed
is 5.0m/s. Find the tension in the string at that point.

Lai giai chi tiét

-

At the bottom, tension and the centripetal direction both point upward (toward the center),
2

while gravity points down: T' — mg = %, SO
T

2 5.0)2
T= m(g + 7;) = 0.50 (9.8 + (0 62) ) = 0.50(9.8 +41.67) = 0.50(51.47) = | 25.7N|.

Bai tap luyén tap

A curve of radius 20 m is banked (frictionless) so that a car traveling at 14 m/s needs no friction
to stay on the road. Find the required banking angle 6.

Loi giai chi tiét

v (14 196
tanf=— =2 =" =100 = §=arctan(1.00) =[45°]
rg  (20)(98) 196 (L)

Bai tap luyén tap

A planet has mass M = 3.0 x 102 kg and radius R = 3.4 x 10%m. Find (a) the surface gravity
of the planet, (b) the weight of an 80 kg astronaut standing on its surface.

Loi giai chi tiét

GM 6.67 x 10711)(3.0 x 10?3 2.00 x 10%3
(@) g = — ( X )(3.0 x ) = X = 1.73m/52.
R? (3.4 x 109)2 1.156 x 1013

(b) W = mg = (80)(1.73) = [138N |

Bai tap luyén tap

Block A (2.0kg) sits on top of block B (3.0kg), which is on a frictionless floor. A horizontal
force ' = 15N is applied to B. There is enough friction between A and B that they move
together with no slipping. Find the friction force that B exerts on A.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 57



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

(A) 3.0N (C) 9.0N
(B) 6.0N (D) 15N

Lai giai chi tiét
Whole system: a = _ = Lo
only horizontal force, and it must supply A’s acceleration: f = m 4 a = (2.0)(3.0) = 6.0N. (B).

= 3.0m/s?. For block A alone, friction from B is the
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 3

Work, Energy, and Power

Muc tiéu Unit: Cong cua luc khéng déi va luc bién thién (d6 thi F-z); dinh ly céng-déng ndng; thé nang
trong trudng va thé nang dan hoi; dinh luat bao toan co ning; cong cua luc khong bao toan (ma sat);
cong suat trung binh va tire thoi.

3.1 Work Done by a Constant Force
Work measures the transfer of energy to or from an object by a force acting through a displacement:

W = Fdcos¥,

where F'is the force magnitude, d is the displacement magnitude, and 6 is the angle between
the force and the displacement vectors. Work is a scalar, measured in joules (1J = 1N - m),
and can be positive, negative, or zero.

F

» displacement d

Fcos6

Only the component of F along the displacement (F cos ) does work; the perpendicular component does none.

Khai niém cét 16i

Only the force component parallel to the displacement does work. A force perpendicular to
motion (6 = 90°) does zero work — this is why the normal force and gravity do no work on an
object sliding along a level, horizontal surface. When 6 < 90°, work is positive (energy added);
when 0 > 90° (including 180°, directly opposing motion), work is negative (energy removed).

. GIAI THICH TIENG VIET

Céng W = Fdcos @ chi tinh phan luc cung phuong vaéi dé dich chuyén. Luc vudng goc véi
chuyén déng (nhu luc phap tuyén N khi vat truot ngang) khéng sinh cdng. Ma sat ludn sinh
cong am khi can trd chuyén dong (nguoc chiéu véi dé dich chuyén, 6 = 180°).

Vidu 1 - Work by a force at an angle

A rope pulls a crate with F* = 60 N directed 53° above horizontal, dragging it d = 8.0 m across
a horizontal floor. Find the work done by the rope. (sin 53° = 0.80, cos 53° = 0.60.)
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W = Fdcos53° = (60)(8.0)(0.60) = 288 J.

3.2 The Work-Energy Theorem

Kinetic energy is the energy of motion: KFE = %mv2.

Work-energy theorem: W,,., = AKE = imv% — mu?. The net work done on an object (by

all forces combined) equals its change in kinetic energy — regardless of how many individual
forces contributed, or what path was taken.

Vi du 2 - Work-energy theorem, finding final speed

A 4.0kg block starts at v, = 3.0m/s. A constant net force of 10 N acts on it, in the direction of
motion, over a distance of 4.0 m. Find its final speed.

W,er = Fd = (10)(4.0) = 40) = AKE = 3m(v} — v3):

2(40)

40 = 5(4.0)(v3-9.0) = v5-9.0 =20 = v7 = 29..recompute: v} = 9.0+= 7 =

7= 9.04-20 = 29.

Careful bookkeeping: 3(4.0) = 2.0,50 40 = 2.0(v} — 9.0) = v} —9.0 = 20 = v} = 49 = v; =
7.0m/s.

Vi du 3 - Friction and the work-energy theorem

A block slides across a rough horizontal floor (x;, = 0.20) at initial speed v, = 9.8 m/s and
comes to rest. Find the distance it slides. (Notice the mass will cancel.)

Only friction does (negative) work: W, = —pmgd = AKE = 0 — smug:

, ¥ (98)2  96.04

—gd = —1 d= = = =24.5m.
Hr9 2V = 2u,9  2(0.20)(9.8)  3.92 m

3.3 Work Done by a Variable Force

When a force changes with position (like a spring), work equals the area under the F'-vs-z graph.
For an ideal spring obeying Hooke’s law, ' = kx, the graph is a straight line through the origin, and
the area under it up to displacement z is a triangle:

W = %k:x?

04

60 |
40 |

20 |

: : : : : -z (m)
5.1072 0.1 0.15 02 025 0.3
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F-z graph for a spring with £ = 250 N/m. The shaded triangular area up to z = 0.24 m gives the work done:
W = %kICL‘Q =7.2J.

Vi du 4 - Work done stretching a spring

A spring with £ = 250 N/m is stretched from its natural length by = 0.24 m. Find the work
done on the spring.

W = 1ka? = £(250)(0.24)* = £(250)(0.0576) = 7.2J.

3.4 Potential Energy

Potential energy (PE) is energy stored due to an object’s position or configuration, associated with
a conservative force (one whose work is path-independent and fully recoverable).

Gravitational PE: PE, = mgh, measured relative to a chosen reference height (only changes
in PE, matter physically).

Elastic (spring) PE: PE, = %ka:Q, where z is the displacement from the spring’s natural (un-
stretched/uncompressed) length.

GIAI THICH TIENG VIET

The nang chi phu thudc vi tri/trang thai hién tai, khéng phu thudéc duong di dé€ dén dé — day
|3 d3c trung cta luc bao toan (trong luc, luc dan hoi). Méc thé ning trong trudng co thé chon
tay y; chi do bién thién APE, mdico y nghia vat ly.

3.5 Conservation of Mechanical Energy

When only conservative forces (gravity, ideal springs) do work, total mechanical energy
E,. ... = KE+ PFEis constant:

KE; + PE; = KE; + PE;.

If a nonconservative force (friction, air resistance, an applied push) also does work W,

nc’ h
more general statement is

KE,+ PE,+ W, = KE; + PE,,

where W, . < 0 for friction/drag (energy leaves the mechanical system, typically as heat).

Energy conservation along a frictionless track: E, .., = KE + PE_ is the same at points A, B, and C, even though
KE and PE individually trade off.
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Vi du 5 - Elastic PE launching a block

A spring with £ = 400 N/m is compressed = = 0.15m and used to launch a 1.0 kg block along
a frictionless horizontal track. Find the block’s launch speed.

PE, = 1kaz? = 1(400)(0.15)? = $(400)(0.0225) = 4.5 J.

All of it converts to kinetic energy: 4.5 = 1(1.0)v? = v* = 9.0 = v = 3.0m/s.

Vi du 6 - Frictionless hill

A cart of mass 500 kg starts from rest at the top of a frictionless hill of height 10 m. Find its
speed at the bottom.

mgh = imv? = v =/2gh = 1/2(9.8)(10) = V196 = 14m/s.

(Notice the mass cancels — the speed at the bottom of a frictionless drop never depends on
mass.)

3.6 Energy with Nonconservative Forces

When friction acts, mechanical energy is not conserved — some is converted to thermal energy. The
energy method (using W,, ) often replaces a multi-step kinematics calculation.

Vi du 7 - Incline with friction, solved by energy

A 1.0kg block starts from rest at the top of a 37° incline of length L = 4.0 m (measured along
the slope), with x,, = 0.25. Find its speed at the bottom using energy methods.

Height dropped: h = Lsin37° = 4.0(0.60) = 2.4 m. Gravity’s work: mgh = (1.0)(9.8)(2.4) =
23.52 J.

Friction force: f), = p,mgcos37° = (0.25)(1.0)(9.8)(0.80) = 1.96 N; work by friction: W,,. =
—fi. L = —(1.96)(4.0) = —7.84J.

Energy balance: KE; = mgh + W, = 23.52 — 7.84 = 15.68 ) = 5(1.0)v*:

1
2

v? =31.36 = v=>5.6m/s.

Vi du 8 - Spring launch up a frictionless incline

A 0.50 kg block, pressed against a spring (¢ = 500 N/m) compressed 2z = 0.20 m, is launched
along a frictionless horizontal surface that leads onto a frictionless 37° incline. Find the maxi-
mum height (vertical) the block reaches on the incline.

PE, = 1(500)(0.20)? = 10J. All of it becomes gravitational PE at the highest point (no friction
anywhere):

10 0
h=10 = h= —— = " —204m.
mg (0.50)(9.8) 4.9 m

(1) L6i thueng gap: "Conservation of energy” does not mean K'E and PE are each separately
constant — it means their sum is constant (when no nonconservative force does work). When
friction is present, do not forget the W, . term; forgetting it is the most common energy-
method error.
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3.7 Power
Power is the rate at which work is done (or energy is transferred):

w . .
P = e (average power), P = Fvcos6 (instantaneous power, force at angle 6 to velocity).

For a force acting along the direction of motion at constant velocity, P = Fv. Sl unit: watt,
1W=1J/s.

- GIAI THICH TIENG VIET
Cong suat do toc do sinh cong (hoac truyén nang lugng). Cong thirc P = W/t dung khi biét
téng cong va tdéng thoi gian (céng suat trung binh); cong thirc P = Fwv cos 6 dung khi biét luc
va van tdc tirc thoi tai mot thoi diém. Khi vat chuyén dong thang déu duéi tac dung ctia mot
luc song song v@i van toc, hai cong thirc cho cling két qua.

Vidu 9 - Power: two viewpoints

(a) A motor lifts an 80 kg load at a constant speed of 0.25 m/s. Find the motor’s power output.
(b) A cyclist pedals with a constant forward force of 60 N while moving at 5.0m/s. Find her
power output, and the work she does in 10s.

(a) At constant velocity, lifting force equals weight: F' = mg = (80)(9.8) = 784N. P = Fv =
(784)(0.25) = 196 W.
(b) P = Fuv = (60)(5.0) = 300W. W = Pt = (300)(10) = 3000 J.

Vi du 10 - Average power over an acceleration

A 1000 kg car accelerates uniformly from rest to 20m/s in 8.0 s. Find the average power deliv-
ered by the engine over this interval (ignore friction and air drag).

Average power equals total work (equal to AK E) divided by total time — this is valid even
though the instantaneous power P = Fuv is changing throughout (constant F, but increasing
v):

AKE = 1(1000)(20)* — 0 = 2.0 x 10° J.

P _AKE 2.0 x10°
wiet 80

1
2

=2.5x 10*W = 25 kW.

3.8 Energy Diagrams and Combined Circular-Motion Problems

A graph of potential energy U versus position x packs a surprising amount of information about a
system’s motion into a single curve — especially once the (constant) total mechanical energy E is
drawn on the same axes as a horizontal line.
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For a particle moving under a conservative force, with potential energy U(x) and constant total
mechanical energy E:

e At any position z, the kinetic energy equals the vertical gap between the two curves:
KE(x)=E—U(x).

e Turning points occur where E = U(z),so KE = 0 and v = 0 — the object momentarily
stops there and reverses direction.

e Motion is only possible where E > U(z); any region where U(x) > FE is classically forbid-
den (it would require negative kinetic energy).

e The net force on the object equals the negative slope of U(z): F = —Z—U. Qualitatively, the

X
object is always pushed toward decreasing U — a positive slope pushes it in the —z direction,
a negative slope pushes it in the +x direction, exactly like a ball rolling downhill on the U (x)
curve itself.

e Where the slope of U(z) is zero, the net force is zero: that position is an equilibrium. If
U(z) has a local minimum there, the equilibrium is stable (small displacements are pushed
back toward it); if a local maximum, it is unstable.

total eflergy F

4| turning\point turnisg point

1\U(\I>\11
1 2 3 4 5 6

A potential-energy "valley” U(z) = (z — 3)? + 1 with total mechanical energy E = 5.0J drawn as a horizontal line. The
two marked points, where the line crosses the curve, are turning points; the object is confined between them, and the
region outside is classically forbidden.

. GIAI THICH TIENG VIET

D6 thi U(x) cho biét gan nhu toan bd "blrc tranh” dinh tinh vé chuyén déng. Tai mbi vi tri
x, dong nang bang khoang cach thang dirng gilra dudng E (ndm ngang) va dudng cong U (z):
KE(z) = E — U(z). Vat chi cé thé xuat hién & noi U(z) < E; nhitng diém ma U(z) = F 1a
diém dirng (turning point), noi van t&c bang 0 va vat déi chiéu. D6 déc cta U(z) cho biét chiéu
cla luc tac dung: vat ludn bi "day” vé phia U gidm, giéng hét mot qua bong 13n xudng déc trén
chinh d6 thi dé. Day cta "thung ltng” U (x) (d6 d6c bang 0, U curc tiéu) 13 vi tri can bang bén.

Vidu 11 - Reading a potential-energy graph

A particle of mass 2.0 kg moves along the x-axis under a conservative force whose potential
energy is U(z) = (z — 3)? + 1 (in joules, with z in meters), shown in the figure above. The
particle’s total mechanical energy is E = 5.0 J. Find (a) the turning points of the motion, (b) the
particle’s speed at z = 3.0 m (the bottom of the well), and (c) the particle’s speed at z = 2.0 m.
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(a) Turning points satisfy £ = U(x):
b=(x—32%+1= (r—3)?=4 = 2—-3=+42 = z=10morz=50m.
b)Atz =3.0m,U=1.0),so KE=F—U =50—1.0=4.0J:
4.0 = 1(2.0)0* = v* =4.0 = v=2.0m/s.
Atz =20mU=(2-32+1=20J),50 KE=50—20=3.0J

3.0=4(2.0)0* = v =30 = v=17m/s.

Circular-motion problems that begin with an energy-conservation phase (falling or sliding through
some height) and end with a circular-motion phase (going around a loop, over a hill, through a valley)

are among the most common combined AP Physics 1 problems. The extra ingredient needed is the
2

centripetal force relation, F = %, applied at the critical point of the circular path — almost
T

net,c

always the top of a vertical loop.

At the top of a vertical loop, the track can only push inward (not pull), so contact is maintained
only if the required centripetal force does not exceed what gravity (plus any normal force) can
supply. The minimum speed to maintain contact occurs when the normal force drops to zero
and gravity alone supplies the full centripetal force:

mg = = Vtop,min — VIT-

Combined with energy conservation from a frictionless release height h (measured above the
bottom of the loop) to the top of the loop (height 2r above the bottom), this leads to the classic
minimum-height result 4, ;,, = 2.5r, derived below.

release point top of loop

A block released from rest at height h above the bottom of a loop slides down a frictionless ramp and around a circular
loop of radius r. At the top (height 2 above the bottom), gravity alone supplies the minimum centripetal force when

Utop = vV gr.

Vidu 12 - Loop-the-loop: minimum release height

A frictionless track leads into a vertical circular loop of radius » = 2.0m. A small block is
released from rest at height i above the bottom of the loop. Find the minimum value of & so
the block completes the loop without losing contact with the track, and find its speed at the
top of the loop under this condition.

Step 1 — minimum speed at the top. Contact is lost when the normal force reaches zero, so
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the minimum condition is gravity alone providing the centripetal force:

2
Mg,

mg=—— = vE,, = gr = (9.8)(2.0) = 19.6 m?/s? = v, =4.4m/s.

Step 2 — energy conservation from release to the top. The top of the loop is a height 27 above
the bottom, so measuring heights from the bottom of the loop:

2

mgh = mg(2r) + mui,,.

The mass cancels. Substituting v7,, = gr:
gh =2gr+ 3(gr) = 2.5gr = h=2.5r =2.5(2.0) =5.0m.

Check: gh = (9.8)(5.0) = 49.0 m?/s?; and 2gr + 1v?,, = (9.8)(4.0) + 3(19.6) = 39.24+ 9.8 =

49.0 m?/s2. The two sides match, confirming h,,,;,, = and v, = .

(1) L6i thuong gap: The minimum-speed-at-the-top condition is mg = mv?op/r — not mg =
muvy,,/(2r) or some other variant. Also, the height used in the energy equation for the top
of the loop is 2r above the bottom of the loop (the loop’s diameter), not » — a common setup
mistake.

Vi du 13 - Combining gravitational and elastic potential energy

A 1.0kg block starts from rest at height ~ = 2.0m on a frictionless ramp. The ramp leads
onto a horizontal frictionless surface, where the block strikes and compresses a spring of force
constant £ = 500 N/m. Find the maximum compression of the spring.

All of the gravitational PE lost converts first to kinetic energy at the bottom, then entirely into
elastic PE at maximum compression (the surface is frictionless throughout, so total mechanical
energy is conserved from start to maximum compression):

mgh = %kxz

max-*

(1.0)(9.8)(2.0) = 1(500)22,,, = 19.6 = 25042,,, = 22,,, = 0.0784 = z,,,. = 0.28m.

3.8.1 Comparing the Energy Method and the Kinematics/Force Method

Many problems can be solved either by energy methods (this chapter) or by combining Newton'’s sec-
ond law with the kinematics equations (Chapters 1-2). The next example solves the same problem
both ways to confirm they agree.

Vi du 14 - Two routes to the same answer

A block starts from rest at the top of a frictionless incline of angle 30° and length L = 10m
(measured along the slope). Find its speed at the bottom (a) using energy conservation, and (b)
using kinematics together with Newton'’s second law.

(a) Energy method. Vertical height dropped: h = Lsin30° = (10)(0.50) = 5.0 m.
mgh = mv? = v=/2gh = /2(9.8)(5.0) = V98 = 9.9m/s.
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(b) Kinematics/force method. Along a frictionless incline, the acceleration is a = gsin30° =
(9.8)(0.50) = 4.9m/s2. With v, = 0 and displacement L = 10 m along the slope:

0?2 =02 4+ 2aL = 0+ 2(4.9)(10) =98 = v =98 = 9.9m/s.

Both methods give the identical result, v = 9.9 m/s, as they must.

The energy method is usually faster whenever a problem only asks for a speed (or height, or spring
compression) and does not care about the path taken, the elapsed time, or intermediate positions
along the way — it skips the need to find acceleration or resolve forces into components entirely. The
kinematics/force method becomes necessary whenever the question asks for elapsed time, position
as a function of time, or acceleration itself, since energy conservation alone contains no information
about time.

. GIAI THICH TIENG VIET

Hai cach giai trén luén cho cuing mot dap sé vi ca hai déu xuat phat tir ciing dinh luat Il Newton
— phuong phap nang lvong chi 1a mot "16i tat” toan hoc. Nén dung phuong phap nang luong
khi dé bai chi héi van téc, d6 cao, hodc dé bién dang |06 xo (khéng can biét thoi gian hay quy
dao chi tiét). Phai dung déng hoc (kem dinh luat [l Newton) khi dé bai hoi vé thoi gian, gia toc,
ho3c vi tri tai m6t thai diém cu thé — nhirng dai lvgng nay khéng xuat hién trong phuong trinh
bado toan nang luong.

3.8.2 Power Requirements for Motion on an Incline

Many practical problems combine motion on an incline with the idea of power: an engine, motor,
or muscle must supply enough power to move a vehicle or object up a slope while working against
both gravity and a resisting force such as friction or air drag at the same time. The key difference
from the flat-ground power problems earlier in this unit is that the driving force must now overcome
an extra term — the weight component along the slope, mgsin 6.

Constant velocity up an incline: the net force along the incline is zero, so the driving (engine/-
motor) force exactly balances gravity’s component along the slope plus any resisting force:

F=mgsin0 + friction (O + Faprag)s P = Fu.

Constant acceleration up an incline: apply Newton'’s second law along the incline first to find
the required driving force,
F =ma+ mgsing + S triction

and only then compute the instantaneous power P = Fv at whatever moment (or speed) the
question asks about. Because v changes continuously while the object accelerates, this power
is not constant — a single value of P describes only one instant, not the entire trip up the
incline.
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A vehicle climbs a rough incline of angle 6 with velocity v directed up the slope. The engine supplies driving force F' up
the incline; gravity contributes a component mg sin 6 down the slope, and friction f also acts down the slope, opposing
the motion.

- GIAI THICH TIENG VIET

Khi vat (xe, thung hang...) chuyén déng déu (van toc khong déi) [én déc, hop luc doc theo mat
déc bang 0, nén luc kéo clia dong co phai can bang ding véi thanh phan trong luc doc déc va
luc ma sat/luc can: F = mgsiné + f. Cong suat khi dé tinh don gian bang P = Fv. Khi vat
chuyén déng nhanh dan déu (gia téc khéng déi) 1én déc, phai dung dinh luat Il Newton trudc
dé tim luc kéo can thiét (F = ma + mgsin @ + f), réi md&i nhan va&i van toc tai dung thoi diém
can tinh dé ra cong suat tirc thdi — cong suat khdng phai 1a hang sé trong sudt qua trinh ting
téc, vi v thay déi lién tuc theo thoi gian.

Vi du 15 - Constant-velocity power up an incline

A delivery truck of mass m = 1200 kg climbs a 37° incline at a constant speed v = 20m/s. A
constant resistive force (rolling friction plus air drag) of f = 600 N opposes its motion. Find
the power the engine must deliver.

At constant velocity, the net force along the incline is zero, so the driving force balances both
gravity’s component along the slope and the resistive force:

F = mgsin37° + f = (1200)(9.8)(0.60) + 600 = 7056 + 600 = 7656 N.

P = Fv = (7656)(20) = 153120 W ~ 1.53 x 10° W = 153 kW.

Vi du 16 - Instantaneous power while accelerating up an incline

An 800 kg car starts from rest at the bottom of a 37° incline and accelerates up the slope at a
constant a = 2.0m/s?. A constant resistive force f = 400N (friction plus drag) opposes the
motion throughout. Find the instantaneous power delivered by the engine at¢t = 5.0s.

Step 1 — velocity at ¢ = 5.0s. Since the acceleration is constant,
v=1vy+at =0+ (2.0)(5.0) = 10m/s.
Step 2 — required driving force, from Newton'’s second law along the incline.
F—mgsin37° — f =ma = F =ma+mgsin37° + f.
F = (800)(2.0) + (800)(9.8)(0.60) 4+ 400 = 1600 + 4704 + 400 = 6704 N.
Step 3 — instantaneous power att = 5.0s.

P = Fv=(6704)(10) = 67040 W ~ 6.70 x 10* W = 67.0kW.

Notice that although F itself happens to be constant here (since a and f are both constant),
the power P = F'v still grows as the car speeds up — the boxed value is only a snapshot valid
at ¢ = 5.0s, not the power delivered at every instant of the climb.
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3.9 Practice Problems

Bai tap luyén tap

A force is applied exactly perpendicular to an object’s displacement. How much work does it
do?

(A) Fd (C) Zero
(B) 1Fd (D) Cannot be determined

Loi giai chi tiét

-

W = Fdcos90° = 0. (C).

Bai tap luyén tap

A force I' = 60 N, directed 53° above horizontal, moves an object 8.0 m horizontally. Find the
work done by this force. (cos 53° = 0.60.)

Lai giai chi tiét

W = Fd cos53° = (60)(8.0)(0.60) =[283J]

-

Bai tap luyén tap

A 2.0 kg object moving at 3.0 m/s experiences a net force of 10 N along its direction of motion
for a distance of 4.0 m. Find its final speed.

Loi giai chi tiét
W = Fd = 40J= AKE = 5(2.0)(v} — 9.0) = 1.0(v% — 9.0).
v} =9.0+40=49 = v; =|7.0m/s|

Bai tap luyén tap

A 5.0kg block slides at 8.4 m/s across a rough floor (1;,, = 0.30) and comes to rest. Find the
distance it slides.

(A) 6.0m (C) 12.0m
(B) 9.0m (D) 15.0m

Loi giai chi tiet

¥ (84)2  70.56

= = = :12 . .
2.9 2(0.30)(9.8)  5.88 Om. (C)

Bai tap luyén tap

A spring with £ = 250 N/m is stretched x = 0.24 m from its natural length. Find the work done
stretching it, using the area under the F-z graph.
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Loi giai chi tiét

W = 1kz® = 1(250)(0.24)% = 1(250)(0.0576) = [7.2J |

Bai tap luyén tap

A spring with £ = 400 N/m is compressed x = 0.15m and used to launch a 1.0 kg block along
a frictionless surface. Find the launch speed.

(A) 2.0m/s (C) 4.5m/s
(B) 3.0m/s (D) 6.0m/s

Lai giai chi tiét

-

PE, = 1(400)(0.15)2 = 4.5 J= $(1.0)v® = v = 9.0 = v = 3.0m/s. (B).

1
2

Bai tap luyén tap

A pendulum bob is released from rest at a height of 0.90 m above the lowest point of its swing
(ignore air resistance). Find its speed at the lowest point.

Lai giai chi tiét

v =1+/2gh = /2(9.8)(0.90) = V17.64 = |4.2m/s |

-

Bai tap luyén tap

A 1.0 kg block starts from rest at the top of a 37° incline of length 4.0 m, with x,, = 0.25. Using
energy methods, find its speed at the bottom.

Loi giai chi tiét

h = 4.0(0.60) = 2.4 m; mgh = (1.0)(9.8)(2.4) = 23.52 .

fi = (0.25)(1.0)(9.8)(0.80) = 1.96 N; W,,. = —(1.96)(4.0) = —7.84J.
KE; =23.52 — 7.84 = 15.68 )= 1(1.000® = v*> = 31.36 = v = | 5.6 m/s |

Bai tap luyén tap
A motor lifts an 80 kg load at a constant 0.25 m/s. Find the motor’s power output.

(A) 19.6 W (C) 196 W
(B) 98W (D) 784 W

Loi giai chi tiét
F =mg="T84N. P = Fv = (784)(0.25) = 196 W. (C).

Bai tap luyén tap

A crane does 1.2 x 10° J of work lifting a load in 30s. Find its average power output.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 70



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

1.2 x 10°
P:;TOZ 4000 W | = 4.0 kW.

Bai tap luyén tap

A person pulls a sled with a rope at 37° above horizontal, applying 80 N, while walking at a
constant 1.5 m/s. Find the power she delivers.

Loi giai chi tiét
P = Fuvcos37° = (80)(1.5)(0.80) = |96 W |

Bai tap luyén tap

A ball thrown straight up is now on its way back down, still above the launch point. During
this part of the motion, the work done by gravity is _ and the ball’s kinetic energy is .

(A) positive; increasing (C) positive; decreasing

(B) negative; decreasing (D) negative; increasing

Loi giai chi tiet

While falling, both gravity and displacement point downward, so W > 0. Positive net

gravity
work means K E is increasing. (A).

Bai tap luyén tap

A frictionless roller-coaster cart starts from rest at height 25 m. Find its speed when it passes
a point at height 5.0 m and a separate point at height 20 m.

Loi giai chi tiét

Ath =50m: v=/29(25 — 5) = /2(9.8)(20) = /392 = | 19.8m/s],
Ath =20m: v = /29(25 — 20) = \/2(9.8)(5.0) = V98 = |9.90m/s].

Bai tap luyén tap

A spring with £ = 600 N/m is compressed 0.10 m and launches a 0.30 kg block along a fric-
tionless horizontal surface onto a frictionless 37° incline. Find the maximum height and the
distance traveled along the incline.

Li giai chi tiét
PE, = 1(600)(0.10)2 = 3.0 h= —>0 30 _
s =2 (0.30)(9.8) _ 2.94

: h 1.02
Distance along the slope: L = SR 0—20 =[1.70m]
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Bai tap luyén tap
If the compression of an ideal spring is doubled, how does its stored elastic potential energy

change?

(A) Doubles (C) Quadruples
(B) Triples (D) Stays the same

Loi giai chi tiet

PE, = ka*  22. Doubling z multiplies PE, by 22 = 4. (C).

Bai tap luyén tap

A 70kg person climbs a flight of stairs of height 4.0m in 8.0s. Find the work done against
gravity and the average power output.

Loi giai chi tiét

W = mgh = (70)(9.8)(4.0) = [2744]], P = ? _ % _[383W]

Bai tap luyén tap

Which force does negative work on a block that slides to a stop across a rough, level floor?

(A) Normal force (C) Kinetic friction
(B) Weight (D) None of these

Lai giai chi tiét

Kinetic friction opposes the sliding motion, so it acts opposite to displacement (§ = 180°),
doing negative work. (C).

Bai tap luyén tap

A constant force I acts through two different displacements of equal magnitude d: one di-
rected exactly parallel to F, and one directed at 60° to F'. Find the ratio of the work done in
the second case to the first.

Loi giai chi tiét

-

W = Fdcos(0" = Fd. W, = Fdcos60° = 0.50Fd. Ratio = Wéi? =[0.50].

Bai tap luyén tap

A 2.0kg block slides down a curved frictionless ramp from a height of 3.0 m onto a rough
horizontal surface (u;, = 0.40) and slides until it stops. Find the distance traveled on the rough
surface.
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Loi giai chi tiét
Energy at the bottom of the ramp: KE = mgh. On the rough surface, KE = p;mgd, so

h .
mgh = pymgd = d = o — mass cancels entirely.
k

Bai tap luyén tap

Compared to a free-falling object with no air resistance dropped from the same height, an
object experiencing air resistance (which does negative work) arrives at the ground with:

(A) A greater speed (C) A smaller speed
(B) The same speed (D) Cannot be determined

Loi giai chi tiet

Air resistance removes mechanical energy from the system, leaving less to convert to K F, so
the final speed is smaller. (C).

Bai tap luyén tap

A 1000 kg car accelerates uniformly from rest to 20m/s in 8.0 s (ignore friction and drag). Find
the average power delivered by the engine.

Lai giai chi tiét

5
AKE = 1(1000)(20) = 2.0 x 10°J. P, = MfE = 2'08X010 =12.5 x 10 W | = 25 kW.

-

Bai tap luyén tap

A spring with £ = 150 N/m is stretched 0.40 m from equilibrium. Find the elastic potential
energy stored.

(A) 6.0 (C) 24)
(B) 12) (D) 60J

Lai giai chi tiét

-

PE, = £(150)(0.40)? = 1(150)(0.16) = 12J. (B).

Bai tap luyén tap
For a conservative force such as gravity, how does the work done in moving an object between

two fixed points depend on the path taken?

(A) It depends strongly on the path (C) Itis always zero

(B) It is independent of the path — only start (D) It always equals the total kinetic energy
and end points matter change alone
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Loi giai chi tiét

This path-independence is the defining property of a conservative force, and is exactly why a
potential energy function can be defined for it. (B).

Bai tap luyén tap

A 3.0kg block starts from rest at the top of a frictionless 37° incline of vertical height 4.9 m,
slides down, then crosses a rough horizontal floor (1, = 0.50) before stopping. Find the dis-
tance traveled on the horizontal floor.

Lai giai chi tiét

: : h 4.9
As in the earlier ramp problem, mass cancels: mgh = p,mgd = d = — = 050 = 9.8m|
My :

Bai tap luyén tap

A box is pushed at constant velocity across a rough floor by a horizontal force equal in magni-
tude to the friction force. Find the net work done on the box over a distance d, and explain.

Lai giai chi tiét

Constant velocity means AK E = 0, so by the work-energy theorem W, ., = @ Individually,
the applied force does +F'd of work and friction does —F'd; these cancel exactly, leaving zero
net work (though energy has still been converted to heat by friction).

Bai tap luyén tap

A motor rated at 750 W lifts a 60 kg load. Find the constant speed at which it can lift the load,
assuming all power goes into lifting against gravity.

Loi giai chi tiét
P 750 750
pP= LY D o’ m/s)
MIv= U= g T (60)(9.8) 583

Bai tap luyén tap

A 0.50 kg block is launched by a spring (k = 500 N/m, compressed 0.20 m) along a frictionless
surface, then crosses a rough patch (u;, = 0.20) of length 2.0 m, then climbs a frictionless 37°
ramp. Find (a) the block’s kinetic energy right after leaving the spring, (b) its kinetic energy
after crossing the rough patch, and (c) the maximum height it reaches on the ramp.

Loi giai chi tiet

KE, = PE, = 1(500)(0.20)> =|10J]
Friction work: W; = —pu,mgd = —(0.20)(0.50)(9.8)(2.0) = —1.96J. KE, = 10 — 1.96 =

~

a
b

—_
-~

X
o
=
—

&)
=
I

KE, 8.04 8.04
= = =[1.64m].
050)08) ~ 49

mg
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Bai tap luyén tap

An object slides along a horizontal, frictionless floor. How much work does the normal force
doonit?

(A) mgd (C) Zero
(B) Depends on speed (D) Cannot be determined

Lai giai chi tiét

The normal force is always perpendicular to horizontal displacement, so W = Nd cos 90° = 0.

Bai tap luyén tap

I5

On a potential-energy graph U(z) with the total mechanical energy E drawn as a horizontal
line, what is the object’s speed at a point where the F line crosses the U(x) curve?

(A) It is maximum there (C) It equals \/2E/m
(B) Itis zero there (D) It cannot be determined from the graph

Loi giai chi tiét
Where E = U(z), KE = E — U = 0, so the object is momentarily at rest — this is a turning
point. (B).

Bai tap luyén tap

A 0.50 kg particle moves along the z-axis with potential energy U(x) = (z — 2)? + 3 (in joules,
x in meters) and total mechanical energy £ = 12J. Find (a) the turning points of the motion,
and (b) the particle’s speed at z = 2.0 m.

Loi gidi chi tiét
@12=(z—22+3=>(z—-22=9=2z-2=43=>z=[-1.0m]orz=[5.0m]

(b) Atz =2.0m, U = 3.0J,50 KE = 12 — 3 = 9.0J= 1(0.50)v? = 0.250* = v? = 36 = v =
/S|

o
o
3

Bai tap luyén tap

A block is released from rest on a frictionless track and slides into a vertical circular loop of
radius r. In terms of r, the minimum release height above the bottom of the loop needed for
the block to maintain contact all the way around is:

(A) r (C) 2.5r

(B) 2r (D) 3r

Lai giai chi tiét

Combining mg = mvfop/r with energy conservation from height h to the top of the loop
(height 2r) gives h,,,;,, = 2.5r. (C).
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A 0.20 kg toy car is released from rest on a frictionless track at height h above the bottom of
a circular loop of radius » = 0.50m. (a) Find the minimum height / for the car to complete
the loop without leaving the track. (b) Find the car’s speed at the top of the loop under this
minimum condition. (c) Find the car’s speed at the bottom of the loop, just before it enters the
circular section.

Loi giai chi tiét
(@) A, = 2.57 = 2.5(0.50) = (the mass is not needed — it cancels).

(b) .0, = /g7 = /(9.8)(0-50) = VA9 =[2.2m/s]

(c) By energy conservation from the release point to the bottom of the loop: v, .0 =

V20 = /2098)(1.25) = V245 = |49 m/s|

Bai tap luyén tap

A 1.5 kg block slides from rest down a frictionless ramp from height 4 = 2.0 m onto a horizontal
frictionless surface, where it compresses a spring of force constant £ = 600 N/m. Find the
maximum compression of the spring.

Lai giai chi tiét

= 3002

max*

mgh = Lka2,,.: (1.5)(9.8)(2.0) = 29.4 )= 1(600)a2,,,

x?nax = 0098 = xmam = ‘

Bai tap luyén tap

A car’s engine delivers constant power P while the car speeds up on level ground (ignore
friction and air drag). As the car’s speed increases, the forward force delivered by the engine:

(A) Increases (C) Decreases

(B) Stays the same (D) Is always zero

Loi giai chi tiét

Since P = Fv is constant and v is increasing, ' = P /v must decrease. (C).

Bai tap luyén tap

A 3.0kg object, initially at rest, is pushed by a force that is constant at 12N from =z = 0 to
x = 2.0m, then decreases linearly to zero from x = 2.0m to x = 5.0 m. Using the area under
the F'-z graph, find the object’s speed at z = 5.0m.

Lai giai chi tiét

Rectangular area: (12)(2.0) = 24J. Triangular area: (12)(3.0) = 18J. Total work: W = 24 +

18 = 42)= AKE.
42 = 1(3.00% = 1.50* = v =28 = v=[53m/s|
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Bai tap luyén tap

A ball rolls up a frictionless hill with initial speed v, and rolls back down to its starting point at
the bottom. A second, identical ball rolls up an identical hill with the same initial speed v, but
this second hill has friction on the way up only (it is frictionless on the way back down, starting
from wherever the ball turns around). Compare the two balls’ speeds when they return to the
bottom of their hills, and explain your reasoning using energy concepts.

Loi giai chi tiet

Ball 1 (frictionless throughout): mechanical energy is conserved for the whole round trip, so
the ball returns to the bottom with exactly its initial speed, vy f;,,,; = -

Ball 2 (friction on the way up only): while climbing, friction converts some of the ball’s kinetic
energy into heat, so it reaches a maximum height h, that is lower than the height h, = v3/(2¢)
that ball 1 reaches. Rolling back down is frictionless, so for that portion of the trip mechanical
energy is conserved: émvg,ﬁml = mghs.

Since h, < hy, ball 2 has less mechanical energy left to convert back into kinetic energy on the
way down, so it returns to the bottom with a smaller speed than ball 1: vy 1,0, < V1 fina = Vo
The energy removed by friction during the ascent is permanently lost from the mechanical
system (dissipated as heat) and can never be "given back” during the descent, even though the
descent itself is frictionless.

Bai tap luyén tap

Two identical blocks are launched from rest by two different springs on a frictionless surface.
Spring A has twice the force constant of spring B, but both springs are compressed by the same
distance x. Compare the kinetic energies of the two blocks just after leaving their springs.

(A) They are equal (C) Block A has four times the kinetic energy
of block B
(B) Block A has twice the kinetic energy of (D) Block B has twice the kinetic energy of
block B block A

| Loi gidi chi tiét

PE, = %k‘xQ; with z fixed, PE, « k. Doubling k doubles the stored (and therefore released)
energy. (B).

Bai tap luyén tap

An elevator motor lifts a total load (car plus passengers) of mass 1000 kg at a constant speed
of 2.0m/s. Find the power required.

Loi giai chi tiét
At constant speed, F' = mg = (1000)(9.8) = 9800 N.

P = Fuv = (9800)(2.0) =|1.96 x 10* W | = 19.6 kW.
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Bai tap luyén tap

A 4.0kg block starts from rest at the top of a frictionless 30° incline and slides a distance of
6.0 m along the incline before reaching a horizontal surface with 1, = 0.25. Find (a) the block’s
speed at the bottom of the incline, and (b) how far it slides on the rough horizontal surface
before stopping.

Loi giai chi tiét
h = Lsin30° = (6.0)(0.50) = 3.0m.

@ v = v2gh = \/2(9.8)(3.0) = V588 =[7.7m/s|
(b) = _ N % = (mass cancels).
H :

3
&
=
=
3
&
&
\’
.
|

Bai tap luyén tap

At a point on a U(x) graph where the curve has a local minimum, the net force on the object
is __and that position is a(n) __ equilibrium.

(A) zero; unstable (C) maximum; stable

(B) zero; stable (D) nonzero; unstable

Lai giai chi tiét

The slope of U(x) is zero at a local minimum, so F' = —dU /dx = 0. Small displacements away
from a minimum increase U, meaning the force pushes the object back — a stable equilibrium.

(B).

Bai tap luyén tap

An elevator motor must lift a total load of 1200 kg through a height of 20 m in 15 s at constant
speed. The motor is only 80% efficient (only 80% of its electrical input power becomes useful
lifting power). Find (a) the useful power output required, and (b) the electrical power input
required.

Lo giai chi tiét
mgh  (1200)(9.8)(20) 235200
B = = = = | 1.57 x 10* W | = 15.7kW.
@) Prse pus . = = 57 x 10 5.7
15680
b) Py = —2f¥d — =|1.96 x 10*W| = 19.6 kW.
0) Pyt = =330 = 0.80 96 > 10 96

Bai tap luyén tap

-

A satellite moves in a perfectly circular orbit around Earth at constant speed. How much work
does the gravitational force do on the satellite during one complete orbit?

(A) A large positive amount (C) Zero

(B) A large negative amount (D) It depends on the orbital radius

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 78



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

In uniform circular motion, the (centripetal) gravitational force is always perpendicular to the
velocity, so the instantaneous power P = Fvcos90° = 0 at every point along the path; the
total work over the full orbit is therefore (C) zero — consistent with the fact that the speed
(and hence K E) never changes.

Bai tap luyén tap

A 2.0 kg object starts from rest at x = 0 on a frictionless horizontal surface. A force applied
to it increases linearly from 0 to 40 N as x goes from 0 to 3.0 m, then remains constant at 40 N
from z = 3.0m to x = 5.0 m. Using the area under the F'-x graph, find (a) the total work done
on the object from z = 0 to z = 5.0 m, and (b) its speed at x = 5.0 m.

Lai giai chi tiét

(a) Triangular area (0 to 3.0 m): 1(3.0)(40) = 60J. Rectangular area (3.0 to 5.0 m): (40)(2.0) =
80J. Total: W = 60 + 80 = | 140J .

(b) W = AKE = §(2.0)v* = 1.0v* = v? = 140 = v =|11.8m/s |

Bai tap luyén tap

An object’s gravitational PE is first measured relative to the floor of a room, then re-measured
relative to the ceiling, 3.0 m above the floor. Compare (i) the numerical value of PFE at a single
fixed position, and (ii) the physically meaningful change A PE between two fixed points, under
the two choices of reference level.

(A) Both the PE value and APFE change (C) Neither the PE value nor APE changes
(B) The PE value changes, but APE stays (D) The PFE value stays the same, but APE
the same changes

Loi giai chi tiét

PE, = mg(h — h,.;) depends explicitly on the chosen reference height #,..;, so its value at
a single position changes when the reference changes. But for any two fixed points, APE =
mg(h — hp), and h,; cancels out entirely — the change is reference-independent. (B).

Bai tap luyén tap

A vertical spring with £ = 800 N/m is compressed 0.20 m by a 0.40 kg ball resting on top of it,
then released, launching the ball straight upward. Ignoring air resistance, find the maximum
height the ball rises above its initial (compressed) position.

Loi giai chi tiét
All the spring’s elastic PE converts to gravitational PE at the highest point:

PE, = $kz* = £(800)(0.20)% = 1(800)(0.04) = 16J.

16 16
h=16 = h= = =14.08m|.
g (0.40)(9.8) _ 3.92
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Bai tap luyén tap

A 2.0kg block slides from rest down a frictionless incline from height 4, = 2.5m, crosses
a rough horizontal floor (i, = 0.30) of length 4.0m, and then climbs a second, frictionless
incline. Find (a) the block’s speed at the bottom of the first incline, (b) the energy dissipated by
friction while crossing the floor, and (c) the maximum height it reaches on the second incline.

T
@ v = v/2gh; = \/2(9.8)(25) = V49 = |7.0m/s]

b) f,, = pymg = (0.30)(2.0)(9.8) = 5.88N. Energy dissipated: W;,,. = f,d = (5.88)(4.0) =

—

(c) KFE at the bottom of the first incline = mgh, = (2.0)(9.8)(2.5) = 49 J. After crossing the
floor: KE =49 — 23.52 = 25.48 J.

25.48 25.48
h, = = =11.30m]|.
27 (2.0)(9.8) 196

[\
w
(@)
[\
—

Bai tap luyén tap

An electric golf cart (combined mass 400 kg) travels up a 37° path at a constant speed of 2.0 m/s.
A constant rolling-resistance force of 150 N opposes its motion. Find the power the motor

must deliver.
(A) 4.7 kW (C) 6.6 kW
(B) 5.0 kW (D) 10.0 kW

Loi giai chi tiét
At constant velocity, F = mgsin37° + f = (400)(9.8)(0.60) + 150 = 2352 4+ 150 = 2502 N.

P = Fuv = (2502)(2.0) = 5004 W ~ 5.0 kW.

(B). (Forgetting the resistive force gives the too-small distractor ~ 4.7 kW; using cos 37° instead
of sin 37° gives the too-large distractor ~ 6.6 kW.)

Bai tap luyén tap

A 500 kg motorcycle starts from rest at the base of a 37° hill and accelerates up the slope at a
constant a = 1.5 m/s? (ignore friction and air resistance). Find the instantaneous power the
engine delivers at the moment the motorcycle’s speed reaches 8.0m/s.

Loi giai chi tiét
Newton’s second law along the incline: F' — mgsin37° = ma = F = ma + mgsin 37°.

F = (500)(1.5) + (500)(9.8)(0.60) = 750 + 2940 = 3690 N.

P = Fv = (3690)(8.0) = 29520 W ~ | 2.95 x 10* W | = 29.5 kW.
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A particle’s potential energy U(x) has a local maximum at =z = z,. If the particle is placed
exactly at rest at z,, what happens?

(A) It stays at rest indefinitely, in a stable to accelerate away and never return

equilibrium (C) Itoscillates back and forth through z, for-

(B) It stays at rest at that instant (the force is ever

zero there), but the equilibrium is unsta- (D) It accelerates away immediately, even
ble — the slightest disturbance causes it with no disturbance at all

Lai giai chi tiét

At a local maximum, the slope of U(z) is zero, so F' = —dU /dxz = 0 exactly at z, — the particle
is momentarily in equilibrium. But any tiny displacement moves it into a lower-U region on
one side, and the resulting force pushes it further away rather than back: this is an unstable
equilibrium. (B).

Bai tap luyén tap

A 0.30kg ball is released from rest at height h = 3.5 m above the bottom of a frictionless
vertical loop of radius » = 1.0m. Find (a) the ball's speed at the top of the loop, and (b) the
normal force exerted by the track on the ball at the top of the loop.

Lai giai chi tiét

(a) Energy conservation from the release point to the top of the loop (height 2r above the
bottom):

mgh = mg(2r) + 3}, = v, =2g(h—2r).

V7, = 2(9.8)(3.5 — 2.0) = 2(9.8)(1.5) = 29.4 = wv,,, =|5.42m/s|

(b) At the top, both gravity and the normal force point downward, toward the center, together
supplying the centripetal force:

2

mus, . 29.4
N +mg = % = N = (0303(09> —(0.30)(9.8) =8.82 —2.94 = |5.88N |

Bai tap luyén tap

A 5.0kg sled, initially at rest, is pulled across a horizontal snowy surface by a rope held at 53°
above horizontal with tension 50 N, while a constant friction force of 15 N resists the motion.
Find the sled’s speed after it has moved 6.0 m. (cos 53° = 0.60.)

Loi giai chi tiét

Wiyension = Td €0s 53" = (50)(6.0)(0.60) = 180J. W, = —fd = —(15)(6.0) = —90 J.

Wer = 180 — 90 = 90 = AKE = (5.0 = 250 = 2 =36 = v=|6.0m/s|
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 4

Linear Momentum

Muc tiéu Unit: Dong lvong; xung luc va dinh ly xung lugng-déng luong (d6 thi F'-t); dinh luat bao toan
déng luong cho hé kin; va cham dan héi, va cham mém (khéng dan hdi), va va cham khéng dan héi téng
quat; va cham 2 chiéu; khéi tam va van téc khai tam.

4.1 Momentum

Linear momentum: p = mu — a vector, pointing in the same direction as velocity. Sl unit:
kg -m/s.

Vidu 1 - Momentum

Find the momentum of a 1500 kg car moving at 20m/s.

p =muv = (1500)(20) = 3.0 x 10* kg - m/s.

4.2 Impulse and the Impulse-Momentum Theorem
Impulse: J = F,_, At (for constant force). Impulse-momentum theorem:
J = Ap = mb; — mi;.

On a force-vs-time graph, impulse equals the area under the curve — this works even when
the force is not constant.

: : ‘ ‘ t(s)
5.10-2 0.1 015 0.2

Triangular F'-t graph: impulse equals the shaded area, J = %(base)(height).
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Vi du 2 - Impulse from a constant force

A 300 N force acts on a 0.60 kg ball, initially at rest, for 0.040s. Find the ball’s final speed.

J = FAt = (300)(0.040) = 12N -5 = Ap = mAv = Av — % — 20m/s.

Vi du 3 - Impulse from a triangular £'-¢ graph

A force on a 2.0 kg object (initially at rest) rises linearly from 0 to 200 N over 0.10s, then falls
linearly back to 0 over the next 0.10s. Find the object’s velocity right after the force ends.

Impulse = area of the triangle = 1 (base)(height) = 3(0.20)(200) = 20N -s.
20

J

- GIAI THICH TIENG VIET
Xung lvc J = FAt bang dién tich duéi do thi F-t, ké ca khi luc thay d6i theo thoi gian (d6
thi khong phai hinh chir nhat). Dinh ly xung luvgng-dong lugng J = Ap giai thich tai sao tui
khi, dém, hay thoi gian va cham kéo dai gitp giam lwc trung binh: v&i cung Ap, At cang Ién thi
F,., = Ap/At cang nho.

4.3 Conservation of Momentum

Khai niém cét 16i

For an isolated system (zero net external force), total momentum is conserved:

Zﬁbefore = Zf)after'

This holds during any interaction — collision, explosion, or recoil — elastic or not, as long as no
outside force acts (or its effect is negligible over the interaction time). Internal forces (between
the objects of the system) always cancel in pairs by Newton'’s third law and never change the
system’s total momentum.

GIAI THICH TIENG VIET

VN
Dong lugng cua hé kin (khéng chiu ngoai luc) luén dugc bao toan, bat ké tuong tac bén trong
la va cham dan hdi, va cham mém, hay mét vu né. Day 13 cdng cu manh nhat dé giai bai toan
va cham: Vi€t >~ pruse = D Peay theo tirng phuong, chi y dau (chiéu) cda van téc.

Vi du 4 - Recoil

An 800 kg cannon, initially at rest, fires a 4.0 kg shell at 300 m/s. Find the recoil speed of the
cannon.

4.
Total momentum starts and stays zero: 0 = MV+mv =V = MY _ (40)(300) =—-15m/s

M 800
(i.e. 1.5m/s opposite to the shell).
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4.4 Elastic and Inelastic Collisions

Perfectly inelastic: the objects stick together and share one common final velocity; momentum
is conserved, but kinetic energy is not (some converts to heat, sound, or deformation).

Elastic: both momentum and total kinetic energy are conserved. A useful shortcut: in any
1D elastic collision, the relative speed of separation equals the relative speed of approach:
vy — vy = —(vg —vy).

General inelastic (not "perfectly”): momentum is conserved but kinetic energy decreases, and
the objects do not end up with a common velocity.

Before
m—t—» v, My
(at rest)
After

vRn My——> Uy

Perfectly inelastic collision: m,; moving at v, strikes stationary m.; afterward they move together at common velocity

’Uf.

Vi du 5 - Perfectly inelastic collision

A 3.0 kg cart moving at 5.0 m/s collides and sticks with a stationary 2.0 kg cart. Find the com-
mon final velocity and the kinetic energy lost.

Momentum: (3.0)(5.0) + 0 = (5.0)v; = v, = 3.0m/s.
KE; = 5(3.0)(5.0)2 = 37.5J; KE; = 5(5.0)(3.0)% = 22.5). Energy lost = 37.5 —22.5 = 15J.

Vi du 6 - Elastic collision

m,; = 2.0kg moving at v; = 6.0m/s strikes a stationary m, = 4.0kg elastically. Find each
object’s velocity afterward.

, My — My 2.0—-4.0
v] = v, =
T

_ , o 2my _ 470 _
50 (6.0) = —2.0m/s, v = pep—— vy = 6.0<6'0) =4.0m/s.
Check momentum: before = (2.0)(6.0) = 12; after = (2.0)(—2.0) + (4.0)(4.0) = —4.0+16 = 12
v

Check KE: before = $(2.0)(36) = 36 J; after = 1(2.0)(4.0) + $(4.0)(16) = 4.0 + 32 = 36J .

(1) L6i thuong gap: Momentum is conserved in every collision inside an isolated system —
elastic or not. Kinetic energy is conserved only in elastic collisions. Never assume KFE is
conserved unless the problem specifically states (or you have verified) that the collision is
elastic.

4.5 Two-Dimensional Collisions

When motion occurs in a plane, apply conservation of momentum separately to the z- and y-components;
the two components are independent, just as in projectile motion.
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Vi du 7 - Perfectly inelastic collision in 2D

Car A (1500 kg) moving east at 12m/s collides and sticks with car B (1000 kg) moving north at
9.0m/s. Find the speed and direction of the wreckage immediately after the collision.

p, = (1500)(12) = 18000kg - m/s (east); p, = (1000)(9.0) = 9000 kg - m/s (north). Total mass
M = 2500kg.

18000
=7 72500

v=1/7.22+3.62=/51.84 + 12.96 = V64.8 = 8.05m/s, 0= arctan(i'i) = 26.6° north of past.

9000

:72m/57 ’Uy—m

=3.6m/s.

4.6 Center of Mass
The center of mass of a system is the mass-weighted average position:

_mT, P > mY;
cm T ’ cm T .
> m; >om;
The total momentum of a system equals p,,,, = Mv,,,, where M = %" m,. For an isolated
system, v, never changes — even during a collision — because internal forces cannot change
total momentum.

X

center of mass

® l O

my Mo

The center of mass sits closer to the more massive object.

Vi du 8 : Center of mass position

Point mass m,; = 2.0kg sits at x = 0; m, = 6.0kg sits at x = 8.0 m. Find the center of mass.

. = (2.0)(0) + (6.0)(8.0) _ 48 _ 6.0m.
2.0 +6.0 8.0

Vi du 9 - Center-of-mass velocity

m, = 3.0kg moves at 4.0 m/s east; m, = 2.0kg moves at 6.0 m/s west. Find the velocity of
the center of mass.

Taking east as positive (v, = —6.0 m/s):

 (3.0)(4.0) + (2.0)(—6.0)  12—12
Vem = 5.0 = 50 = Om/s

The center of mass is momentarily at rest — total momentum of this system is exactly zero.

Vidu 10 - Impulse from a bounce

A 0.50 kg ball moving at 8.0 m/s toward a wall bounces straight back at 6.0 m/s; contact time
is 0.020 s. Find the impulse delivered to the ball and the average force from the wall.
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Taking the initial direction of motion as positive: v; = +8.0m/s, v; = —6.0m/s.
J = Ap=m(v; —v;) = (0.50)(—6.0 — 8.0) = (0.50)(—14) = —7.0N -5
(magnitude 7.0N - s, directed away from the wall).

1J] 7.0
Foo=1_ 750N,
g At 0.020 350

4.7 Explosions and the Ballistic Pendulum

An explosion is, in a real sense, a perfectly inelastic collision running backward in time: instead of
several objects merging into one, a single object breaks apart into two or more pieces. The same law
applies with no modification — total momentum before equals total momentum after — because the
forces that drive the pieces apart (a spring, expanding gas, a chemical reaction) are entirely internal to
the system and can never change its total momentum. If the object starts at rest, the total momentum
stays at zero, so the momenta of the resulting fragments must add up (as vectors) to zero.

Explosions: momentum conservation applies exactly as in a collision. If the system starts at
rest, > Do prer = 0, so the fragments’ momenta must cancel as vectors. Unlike a collision, kinetic
energy in an explosion is never conserved — it always increases, since stored energy (chemical,
elastic, nuclear) converts into the kinetic energy of the flying fragments.

. GIAI THICH TIENG VIET

M6t vu né chinh |3 va cham mém nhung chay ngugc thai gian: mét vat tich thanh nhiéu manh
thay vi nhiéu vat nhap thanh mét. Dinh luat bao toan déng luvong van ap dung y hét: néu vat
ban dau dirng yén, téng dong luong cac manh sau vu né phai bang khéng — cac vecto dong
lugng cla tirng manh phai triét tiéu 13n nhau. Khac véi va cham, déng ning trong vu né luén
tang (nang lwvong héa hoc hay ning luong dan hoéi du trir chuyén thanh ddong nang), khéng bao
gid giam hay dugc bao toan nguyén ven.

Vidu 11 - Symmetric two-piece explosion

A 4.0 kg bomb at rest explodes into two equal fragments of 2.0 kg each, flying apart along the
same line. The two fragments separate at a relative speed of 20 m/s. Find the speed of each
fragment and the total kinetic energy released by the explosion.

Because the bomb starts at rest, total momentum stays zero: mv, + muv, = 0, and with equal
masses this forces v; = —v, — the fragments move in opposite directions at equal speed v. Their
relative speed of separation is then v — (—v) = 2u:

20 =20m/s = v =10m/s (each fragment, opposite directions).
Kinetic energy released (all created from stored energy, since KE, = 0):

KE; = 1(2.0)(10)% + (2.0)(10)2 = 100 + 100 = 200J.

Vidu 12 - Three-piece explosion (vector components)

A 6.0 kg firework shell, initially at rest in the air, explodes into three fragments. Fragment A
(1.0 kg) flies off at 9.0 m /s due east. Fragment B (2.0 kg) flies off at 6.0 m /s due north. Fragment
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C has mass 3.0 kg (the remainder). Find the velocity (magnitude and direction) of fragment C
immediately after the explosion.

Total momentum before the explosion is zero, so the vector sum of all three final momenta
must be zero: p4 + pp + P = 0. Take east as +x, north as +y.

z-direction: p 4, = (1.0)(9.0) = 9.0, pp, = 0.

—9.0
Py = _(pAz +pBa:) =-—9.0 kg ' m/S = VUox = 5 = —3.0 m/S.

y-direction: p,, = 0, pp, = (2.0)(6.0) = 12.0.

—12.0

pcy = _(pAy +pBy> = —120kg . m/S = 'Ucy = ﬁ = —40 m/S.

Magnitude and direction:

4.0
ve = /(—3.0)2 + (—4.0)2 = V9.0 + 16 = V25 = 5.0m/s, 0= arctan<%> = 53° south of W

Both velocity components are negative, so fragment C flies off into the quadrant opposite A
and B — exactly what is needed for the three momenta to cancel as vectors.

The ballistic pendulum is a classic device for measuring a bullet’s speed, which is otherwise very
hard to time directly. A bullet of mass m and unknown speed v, is fired horizontally into a wood
block of mass M hanging at rest from a string. The bullet embeds itself in the block (a perfectly
inelastic collision), and the combined block+bullet swings up to some maximum height A, which is
easy to measure. Analyzing the problem requires splitting it into two separate stages, each governed
by a different conservation law.

Ballistic pendulum — the two-stage method.

Stage 1 (the collision): the bullet embeds in the block in a fraction of a millisecond — far too
fast for the string to swing or for gravity to do any measurable work. Treat this as an isolated,
perfectly inelastic collision: momentum is conserved, kinetic energy is not.

mvy = (M + m)v.

Stage 2 (the swing): once the bullet is embedded, the combined block moves as a single rigid
body on the string. Momentum is not conserved during the swing (the string tension is an
external force on the block, with a net effect as it curves upward), but mechanical energy is
conserved, since tension does no work (it is always perpendicular to the motion) and gravity is
conservative.

(M +m)v? = (M +m)gh = v=+/2gh.

Combine the two stages — never conserve K E across Stage 1, and never conserve momentum
across Stage 2 — to relate the bullet’s initial speed v, to the observed swing height h.
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Before After
Ballistic pendulum. Before: bullet (mass m, speed v,) approaches a block (mass M) hanging at rest. After: the bullet has
embedded in the block (momentum conserved, kinetic energy lost to heat/deformation), and the combined mass M+m
swings up to a maximum height h (mechanical energy conserved during the swing).

Vi du 13 - Full ballistic pendulum

A 10 g bullet is fired into a 1.99 kg wood block hanging at rest from a string (so the combined
mass is 2.00 kg). The block+bullet swing up to a maximum height of 0.100 m. Find the bullet’s
initial speed.

Stage 2 first (energy conservation during the swing) — find the speed right after the collision:

v =+/2gh = \/2(9.8)(0.100) = v/1.96 = 1.4m/s.

Stage 1 (momentum conservation during the collision) — use this v to find the bullet’s initial

speed:
B (M +m)v  (2.00)(1.4)
muy = (M +m)v = vy = - =000 - 280m/s|.

Sanity check: KE,,;,,, = 3(0.010)(280)> = 392J, but right after embedding, KE =
1(2.00)(1.4)? = 1.96J — over 99% of the kinetic energy was lost to heat and deformation
during the collision itself. This is exactly what "perfectly inelastic” means, and it is why kinetic
energy can never be assumed conserved across Stage 1.

4.7.1 Two-Dimensional Collisions in Detail

The 2D collision analyzed earlier (Vi du 7) was perfectly inelastic — the two objects stuck together,
leaving only one unknown final velocity to find. In a general glancing collision, the objects do not
stick: each goes its own way at some angle to the original line of motion, so there are two separate
final velocities (four unknowns in total — two magnitudes and two directions). Momentum conser-
vation in x and y supplies only two equations, so a glancing collision needs additional information —
typically one final velocity given outright, as in the example below — to pin down a unique answer.
The method is unchanged: resolve every velocity into components, conserve p, and p, separately,
then recombine the unknown components into a magnitude and direction at the end.

UI13efore @
’
(at rest) Y1
After

A glancing 2D collision: m, approaches along the dashed line and strikes stationary m,. Afterward, m, moves off at
angle 6, above the original line of motion and m, moves off at angle 6, below it. Momentum is conserved separately
along x and along y.
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Vi du 14 - Glancing collision, one object initially at rest

m, = 2.0kg moving at v; = 9.0 m/s east strikes a stationary m, = 4.0 kg. Afterward, m,; moves
off at v] = 5.0m/s, at 37° above the original line of motion (sin 37° = 0.60, cos 37° = 0.80). Find
ms’s velocity (magnitude and direction) after the collision.

Before: p, = mv; = (2.0)(9.0) = 18kg - m/s, p, = 0.
Components of m,’s final velocity:
v], = v]€0s37° = (5.0)(0.80) =4.0m/s, vy, = v1sin37° = (5.0)(0.60) = 3.0m/s.
P1s = (2.0)(4.0) = 8.0, Py, = (2.0)(3.0) = 6.0 (kg-m/s).
Conserve momentum in each direction to find m,’s final momentum:
Dby = Dy — D1 = 18 — 8.0 = 10.0, Py, =Py — D1, =0—6.0=—-6.0 (kg-m/s).

10.0 —6.0
Uéw:7:25m/s, Uéy:TO

10 = —1.5m/s.

1.5 - .
vy =1/2.52 4+ 1.52 = /8.5 =2.92m/s, 0y = arctan<§> = 31° below the original line of mq

4.7.2 Sequential (Chain) Collisions

Not every collision problem involves just two objects. On a track (or any 1D system), three or more
carts can interact one pair at a time: cart 1 strikes cart 2 first, and only afterward — now carrying
whatever velocity that first collision gave it — does cart 2 strike cart 3. Problems like this are not
solved by writing one giant conservation equation for all three carts at once; instead, each collision
is its own separate, complete conservation-of-momentum problem, solved in the order the collisions
actually happen. The final velocity produced by one stage becomes the initial velocity for the next
stage.

Chain (multi-stage) collisions. Treat each collision as an independent momentum-conservation
problem, solved in chronological order:

Stage 1: Zpbefore,l = Zpafter,l = Stage 2 Zpbefore,Q = Zpafter,Q‘

The object(s) entering Stage 2 start that stage with whatever velocity Stage 1 left them with —
never their original velocity from before Stage 1. Each stage may be elastic, perfectly inelas-
tic, or general inelastic independently of the others; classify and solve each stage on its own
terms. As a check, the total momentum of the whole system, summed over every object, stays
constant across all stages combined — equal to whatever it was at the very start — since only
internal forces act throughout.

U

(at rest) (at rest)

Three carts in a row on a frictionless track. Cart 1 approaches stationary cart 2 at v, (Stage 1); whatever velocity cart 2
picks up then carries it into a second collision with stationary cart 3 (Stage 2).
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. GIAI THICH TIENG VIET

Va cham day chuyén (nhiéu giai doan): khi ba vat va cham lan luvot chir khéng dong thoi, hay
tach bai toan thanh tirng giai doan riéng biét, moi giai doan |3 mot bai toan bao toan déng
lwong doc 1ap, giai theo ding thir tu thoi gian xay ra. Van toc cudi cla giai doan trudc chinh
la van téc dau cua giai doan sau — 16i phé bién nhat 1a dung nham van téc ban dau cda vat thi
nhat (trwdc Giai doan 1) cho Giai doan 2, thay vi van toc thuc té€ vat dé cé ngay trudce khi budc
vao giai doan dé.

Vi du 15 - Three-cart perfectly inelastic chain collision

On a frictionless track, cart 1 (m; = 2.0kg, moving at v; = 9.0m/s) collides with stationary
cart 2 (m, = 4.0kg) and sticks (Stage 1). The combined cart then collides with stationary cart
3 (m4 = 3.0kg) and sticks as well (Stage 2). Find the final common velocity of all three carts,
and the total kinetic energy lost over both collisions combined.

Stage 1 (cart 1 + cart 2, momentum conservation):

(2.0)(9.0) 18
myvy = (Mg + my)vy = vy = 90140 60 3.0m/s.
Stage 2 (combined cart + cart 3, momentum conservation) — using v,, = 3.0 m/s as the initial

velocity of the 6.0-kg combined cart, not the original 9.0 m/s:

(6.0)(3.0) 18
(my +mg)viy = (Mg +my +mg)v, = vy = 60430 — 90" 2.0m/s.

Kinetic energy lost overall: only cart 1 has KE initially, and all three carts share v, at the end:

KE; = 1(2.0)9.02 =81J, KE;=1(9.0)2.0%=18), AKE=81—18=63/J lost.

1 1
2 2

Check, stage by stage: Stage 1 alone: KE = 3(6.0)(3.0)% = 27J, so it loses 81 — 27 = 54J.
Stage 2 alone: KE = 18], so it loses 27 — 18 = 9J. Total lost: 54 + 9 = 63J v/, matching the
direct calculation.

Vi du 16 - Chain collision mixing two collision types

On the same track, cart 1 (m; = 2.0kg, moving at v; = 15m/s) collides with stationary cart
2 (m, = 4.0kg) and sticks — Stage 1 is perfectly inelastic. The combined 1-2 cart (mass 6.0 kg)
then collides elastically with stationary cart 3 (m, = 2.0kg) — Stage 2. Find the velocity of the
combined 1-2 cart and the velocity of cart 3 after Stage 2, and verify that the momentum of
the whole three-cart system is the same at the end as it was at the very start.

Stage 1 (perfectly inelastic — momentum only):

(2.0(15) 30
50 — 80 5.0m/s.
Stage 2 (elastic — the combined 6.0-kg cart, moving at v,, = 5.0 m/s, strikes stationary m, =

2.0kg; apply the elastic-collision formulas with "m,” — 6.0kg and "v;” — 5.0 m/s):

Wy = M(am - %(5.0) —o5m/fs, v — 2?3))(5.0) _ %(5.@) —75m/s.

Check — total momentum, start to finish: p, = (2.0)(15) = 30kg-m/s; p; = (6.0)(2.5) +
(2.0)(7.5) = 15+ 15 = 30kg - m/s v, unchanged even though kinetic energy was lost in Stage
1 (inelastic) but conserved in Stage 2 (elastic). Each stage is classified and solved entirely on

its own terms.

myvy = (Mg +my)vyy = vy =
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4.8 Practice Problems

Bai tap luyén tap
Find the momentum of a 1200 kg car moving at 25 m/s.

(A) 1.2 x 10*kg-m/s (C) 3.0 x 10*kg-m/s
(B) 2.4 x 10*kg - m/s (D) 4.8 x 10*kg-m/s

Loi giai chi tiét

p = muv = (1200)(25) = 3.0 x 10*kg - m/s. (C).

Bai tap luyén tap

A force of 150 N acts on a 0.50 kg object, initially at rest, for 0.080 s. Find its final velocity.

Loi giai chi tiét

J = FAt = (150)(0.080) = 12N-s. v = 2 = 22 _[34m/s|

Bai tap luyén tap

A constant force of 100 N acts on a 4.0 kg object, initially at rest, for 0.20 s. Find its final velocity.

(A) 2.5m/s (C) 8.0m/s
(B) 5.0m/s (D) 10m/s

Loi giai chi tiet

2
J =(100)(0.20) = 20N-s. v = % =5.0m/s. (B).

Bai tap luyén tap
A 4.0 kg rifle fires a 0.010 kg bullet at 400 m/s. Find the recoil speed of the rifle.

Loi giai chi tiet

-

.010)(4
0=MV+mv=V = Y —M =|—1.0m/s |(magnitude 1.0 m/s, opposite the

M 4.0
bullet).

Bai tap luyén tap

A 1.5 kg ballmoving at 8.0 m/s collides and sticks with a stationary 4.5 kg ball. Find the common
velocity after the collision.

(A) 1.0m/s (C) 3.0m/s
(B) 2.0m/s (D) 4.0m/s
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Loi giai chi tiét
12 12

p; = (1.5)(8.0) = 12kg - m/s. v; = G 2.0m/s. (B).

Bai tap luyén tap

m, = 1.0kg moving at 8.0 m/s strikes a stationary m, = 3.0kg elastically. Find each object’s
velocity afterward, and verify both momentum and kinetic energy are conserved.

Lai giai chi tiét

v = 2230 (5.0) = [aom/s} v = 241‘0)(8'2 —[40m/s]

. 0
Momentum: before = 8.0; after = 1.0(—4.0) + 3.0
1

Bai tap luyén tap

Before a collision: m; = 3.0kg at 4.0m/s, m, = 2.0kg at rest. After: m, at 0.80m/s, m, at
4.8 m/s (same direction). Classify this collision, showing your work.

Lai giai chi tiét

Momentum: before = 3.0(4.0) = 12; after = 3.0(0.80) +2.0(4.8) = 2.4+ 9.6 = 12 v conserved
(as always).
KE: before = $(3.0)(16) = 24J; after = £(3.0)(0.64) + 1(2.0)(23.04) = 0.96 + 23.04 = 24.0J v/
conserved.

Both are conserved = | elastic |.

Bai tap luyén tap

Before a collision: m; = 4.0kg at 6.0m/s, m, = 2.0kg at rest. After: m; at 3.0m/s, m, at
6.0 m/s (same direction). Classify the collision.

Lai giai chi tiét

Momentum: before = 4.0(6.0) = 24; after = 4.0(3.0) + 2.0(6.0) = 12 4+ 12 = 24 v conserved.
KE: before = 1(4.0)(36) = 72J; after = £(4.0)(9.0) + 5(2.0)(36) = 18+ 36 = 54J — decreased,
so KE is not conserved. The two objects also end up with different final velocities (not moving
together), so this is ‘ inelastic, but not perfectly inelastic ‘

Bai tap luyén tap

Car A (1500 kg) moving east at 12m/s collides and sticks with car B (1000 kg) moving north at
9.0m/s. Find the speed and direction of the wreckage.

Loi giai chi tiét

p, = 1500(12) = 18000; p, = 1000(9.0) = 9000; M = 2500 kg.

18000 9000
= 2= _wg = ——=3.6 .
U, 5500 m/s vy 5500 m/s
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v=1T722+36% =648 =|8.05m/s| at § = arctan(3.6/7.2) = | 26.6° north of east |

Bai tap luyén tap

Point masses m; = 4.0kg at x = 0 and m, = 6.0 kg at z = 10 m. Find the center of mass.

(A) 4.0m (C) 6.0m
(B) 5.0m (D) 8.0m

Loi giai chi tiét
_ 4.0(0)+6.0(10) _ 60 _
em 10 10

X

6.0m. (C).

Bai tap luyén tap

m, = 5.0 kg moves at 3.0m/s east; m, = 3.0kg moves at 4.0m/s west. Find the velocity of
the center of mass.

Lai giai chi tiét

c o 5.0(3.0) 4+ 3.0(—4.0 15—-12 3.0
Taking east positive: v, = ( >:;0 ( ) =7 — - 0.375m/s east |,

Bai tap luyén tap

A force on a 3.0 kg object (initially at rest) rises linearly from 0 to 150 N over 0.10's, then falls
linearly to 0 over the next 0.10s. Find the object’s final velocity.

Loi giai chi tiet

-

15
J = 1(0.20)(150) = 15N-s. v = 3o = 120 m/s|.

Bai tap luyén tap

A 0.20 kg ball hits a wall at 10 m/s and bounces straight back at 8.0 m/s; contact time is 0.010s.
Find the average force exerted by the wall on the ball.

(A) 36N (C) 200N
(B) 180N (D) 360N

Loi giai chi tiét

Ap = m(v; —v;) = (0.20)(—8.0 — 10) = (0.20)(—18) = —3.6 N-s (magnitude 3.6 N-s). F,, =
3.6
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Bai tap luyén tap

For any collision between two objects in an isolated system (zero net external force), which
quantity is always conserved?

(A) Kinetic energy only (C) Both momentum and kinetic energy
(B) Momentum only (D) Neither

Loi giai chi tiét

Momentum conservation follows directly from Newton’s third law and requires no assumption
about the collision type; kinetic energy is only conserved in elastic collisions. (B).

Bai tap luyén tap

During a car crash, a 70 kg passenger’s velocity changes from 20m/s to 0 in 0.15s (airbag +
seatbelt). Find the average force on the passenger, and compare it to the force if the same
stop happened in 0.015 s (no airbag).

Lai giai chi tiét

J = Ap = (70)(0 — 20) = —1400 N-s (magnitude 1400 N-s).
With airbag: F,,, = 14

, , M : : . .
Without airbag: F,,, = % = |93300N | — ten times larger, since the same impulse is

delivered over one-tenth the time.

o
S

I

©
@
o
S
z

Bai tap luyén tap

A 2.0 kg object at rest explodes into two fragments. One fragment, mass 0.50 kg, moves east
at 12m/s. Find the velocity of the other fragment (mass 1.5 kg).

Loi giai chi tiét
—6.0 .
0=(0.50)(12) + (LB)v, = v, = - = (i.e. 4.0m/s west).

Bai tap luyén tap

Cart A (2.0kg) moves east at 6.0m/s; cart B (3.0 kg) moves west at 4.0 m/s. They collide and
stick. Find their common velocity after the collision.

Lai giai chi tiét

Taking east as positive (vg = —4.0m/s): p = 2.0(6.0) 4+ 3.0(—4.0) = 12— 12 = 0.

0 .
IS = = @ — the combined carts end up at rest.

Bai tap luyén tap

In a 1D elastic collision between two objects of equal mass, where the second is initially at
rest, what happens after the collision?
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(A) Both move off together at half the initial ject’s original velocity

speed . o
(C) Both objects reverse direction

(B) The moving object stops, and the initially-
at-rest object moves off with the first ob- (D) Nothing changes

Lai giai chi tiét

-

. m; —m 2m
With m; = my: vj = —~—2v, = 0and v, = ——~—v, = v, — a complete exchange of
mq + My mq + My

velocities. (B).

Bai tap luyén tap

A system of two objects interacts only through an internal spring (no external force), starting
from rest. What happens to the velocity of the center of mass after the spring releases them?

(A) It movesin the direction of the more mas- (C) It equals the average of the two final
sive object speeds

(D) It becomes equal to the faster object’s ve-
(B) It remains zero locity

Lai giai chi tiét

With no external force, total momentum — and hence v,_,,, — cannot change. Since the system
started at rest, v,,, stays zero even after the objects fly apart. (B).

Bai tap luyén tap

A 3.0kg object moving at 8.0m/s collides perfectly inelastically with a stationary object of
unknown mass m. The combined wreckage moves at 2.0 m/s. Find m.

Loi giai chi tiét
p; = (3.0)(8.0) = 24kg - m/s = p; = (3.0 + m)(2.0).
24 =6.0+2.0m = 2.0m =18 = m =|9.0kg |

Bai tap luyén tap

A force-vs-time graph shows a constant 40 N force acting for 0.50s. What physical quantity
does the area under this graph represent?

(A) Work done (C) Impulse
(B) Kinetic energy (D) Power

Loi giai chi tiet

-

Area under an F'-t graph is F'At = J, the impulse. (C).
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Bai tap luyén tap

m, = 3.0kg moving at 10 m/s collides elastically with a stationary m, = 1.0 kg. Using the fact
that relative speed of separation equals relative speed of approach in an elastic collision, find
v} and vj.

Loi giai chi tiet

Approach speed = 10 m/s, so separation requires v, — v; = 10.
Momentum: 3.0(10) = 3.0v] + 1.0v5 = 30 = 3.0v] + v5. Substituting v} = v} + 10:

30 = 3.00] + v +10 = 4.00{ + 10 = v} =[50m/s| v, =|15m/s]|

wT_O“)(lO) =5.0m/s v; vy = M(lo) =15m/s v.

Check (formula): v] = 4.0

Bai tap luyén tap

A 0.020 kg bullet moving at 300 m/s embeds in a 2.98 kg wood block hanging at rest from
a string (ballistic pendulum), so the combined mass is 3.00kg. Find (a) the velocity of the
block+bullet right after impact, and (b) the maximum height the pendulum swings to.

Loi giai chi tiet

(a) Momentum: (0.020)(300) = 6.0 = (3.00)v = v =|2.0m/s |
v? 4.0

(b) Energy conservation after the (already-completed) collision: %vg =gh=h= Skt
g

0.204 m |
Bai tap luyén tap

In the ballistic-pendulum setup above, why is kinetic energy conserved during the pendulum'’s
swing but not during the bullet's embedding into the block?

(A) The bullet-block collision is elastic cess

(B) The bullet-block collision is perfectly in-
elastic (energy converts to heat/defor-
mation); the swing afterward involves
only gravity acting on the now-rigid com- (D) Momentum is not actually conserved
bined body, with no such dissipative pro- during the collision

(C) Energy is never conserved anywhere in
this problem

Loi giai chi tiét

(B). Perfectly inelastic collisions always dissipate kinetic energy, but once the objects move as
one rigid unit, the subsequent swing is governed purely by conservative gravity, so mechanical
energy is conserved from that point onward.

Bai tap luyén tap

A force on a 5.0 kg object (initially at rest) rises linearly from 0 to 60 N over 0.20 s, stays constant
at 60 N for 0.30 s, then falls linearly to 0 over the next 0.10s. Find the object’s final velocity.
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Loi giai chi tiét

Bai tap luyén tap

Two ice skaters, initially moving together at 2.0 m/s (m; = 50kg, m, = 70kg), push apart such
that the 50 kg skater ends up moving at 5.0 m/s in the same original direction. Find the 70 kg
skater’s velocity afterward.

Lai giai chi tiét

-

Total initial momentum: (50 + 70)(2.0) = 240kg - m/s.

240 = 50(5.0) + 70v, = 250 + 70v, = T0v, = —10 = v, = |—0.143m/s | (moving slightly

backward, opposite the original direction).

Bai tap luyén tap

A device initially at rest ejects a small mass to one side using a compressed spring, causing the
larger remaining mass to recoil the other way. Which quantity is conserved during this event?

(A) Kinetic energy only (C) Both
(B) Momentum only (D) Neither

Loi giai chi tiét

No external horizontal force acts, so momentum (starting at zero) stays zero. Kinetic energy
increases, since stored spring energy converts into motion — it is not conserved. (B).

Bai tap luyén tap

A 0.50 kg cart moving at 6.0 m/s collides with a stationary 1.5 kg cart; they do not stick. After
the collision, the 0.50 kg cart rebounds at 3.0 m/s. Find the 1.5 kg cart’s velocity, and determine
whether the collision is elastic.

Loi giai chi tiét

Momentum: (0.50)(6.0) = 3.0 = (0.50)(—3.0)+(1.5)v, = 3.0 = —1.5+1.50, = v, =|3.0m/s}.

KE before = £(0.50)(36) = 9.0J. KE after = £(0.50)(9.0) + 3(1.5)(9.0) = 2.25 4+ 6.75 = 9.0J.

KE is conserved = \ the collision is elastic \

Bai tap luyén tap

Point masses m; = 2.0kg at x =0, my, = 3.0kgatx = 4.0m, and ms = 5.0kg at x = 8.0m lie
along a line. Find the center of mass.

(A) 4.0m (C) 5.2m
(B) 4.8 m (D) 6.0m
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. (2.0)(0) + (3.0)(4.0) + (5.0)(8.0) _ 0+12+40 52
em 2.0+3.0+5.0 N 10 10

Bai tap luyén tap

A 5.0 kg object moving at 4.0 m/s east is pushed apart internally (an internal spring releases)
into a 2.0 kg piece and a 3.0 kg piece, with no external force acting. The 2.0 kg piece ends up
moving at 7.0 m/s east. Find the velocity of the 3.0 kg piece.

Loi giai chi tiet

Momentum is conserved even though the object was not initially at rest: p, = (5.0)(4.0) =
20kg - m/s.

6.0
p; = (2.0)(7.0) + (3.0)vy = 20 = 14 4 3.0v, = v, = =0 2.0m/s east|.

(Check: 2.0(7.0) + 3.0(2.0) = 14+ 6.0 = 20 v'.)

Bai tap luyén tap

A firecracker at rest explodes into several fragments flying off in all directions. Which of the
following must be true?

5.2m. (C).

(A) All fragments have the same speed (C) The vector sum of all the fragments’ mo-
menta is zero

(B) All fragments have the same kinetic en- (D) The vector sum of all the fragments’ ve-
ergy locities is zero

Loi giai chi tiét

Total momentum is conserved and was zero before the explosion (system at rest), so the frag-
ment momenta — not their velocities or speeds individually — must sum to zero as vectors.
(C).

Bai tap luyén tap

A 10 kg device at rest explodes into three fragments. Fragment P (2.0 kg) moves at 12m/s due
east. Fragment @ (3.0 kg) moves at 8.0 m/s due south. Fragment R has mass 5.0kg. Find the
velocity (magnitude and direction) of fragment R.

Lai giai chi tiét

Take east = +z, north = +y. pp, = (2.0)(12) = 24.0, pp, = 0; pg, = 0, pg, = (3.0)(=8.0) =
—24.0.
Total before = 0 = pp, = —24.0, pp, = +24.0.

240 24.0

VRy — —4.8m/s, VRy = 5o = 4.8m/s.

.0
4.
vp = V4.8% +4.82 =48V2 = , 6 = arctan (4:) — | 45° north of west |.
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Bai tap luyén tap

A 25 g bullet is fired at 240 m/s into a 4.975 kg wood block hanging at rest from a string (com-
bined mass 5.000 kg). Find the maximum height the block+bullet rise to.

Lai giai chi tiét

-

mv,  (0.025)(240) 6.0

St 1 tum, collision): v = = = =12 .

age 1 (momentum, collision): v M tm =i T 0om/s
. 02 (12002 1.44

Stage 2 (energy, swing): h = 2% = 2(9.8) ST b 0.0735m | (about 7.35 cm).

Bai tap luyén tap

In a ballistic pendulum experiment, the same bullet (identical mass and initial speed) is fired
into two different blocks hung from identical strings: block 1 has mass M, block 2 has a larger
mass M, > M,. Compared to block 1, block 2 will swing up to:

(A) A greater height (C) A smaller height
(B) The same height (D) It depends on the string length

Lai giai chi tiét

2

Stage 1 gives v = ﬂ, which decreases as M increases (same m, v,); Stage 2 gives h = U—,
M+m 29

which decreases as v decreases. A heavier block therefore swings up to a smaller height for
the same bullet. (C).

Bai tap luyén tap

m, = 3.0kg moving at v; = 15m/s east strikes a stationary m, = 6.0 kg. Afterward, m,; moves
off at 10.0m/s, at 37° above the original line of motion (sin37° = 0.60, cos 37° = 0.80). Find
ms’s velocity (magnitude and direction) after the collision.

Loi giai chi tiét
Before: p, = (3.0)(15) = 45.0kg - m/s, p, = 0.
m, after: vf, = 10.0(0.80) = 8.0, v}, = 10.0(0.60) = 6.0 = p{, = 3.0(8.0) = 24.0, p}, =
3.0(6.0) = 18.0.
m, after: pj, =45.0 — 24.0 = 21.0, pj, = 0 — 18.0 = —18.0.

91.0 _18.0
29 35 , o0
6.0 m/s, vy =65

3.0 ST .
vy = /3.524+3.02 = v21.25 =|4.61m/s |, 0, = arctan(gf)) = ‘ 40.6° below the original line of motion |.
Bai tap luyén tap

An 80 kg astronaut is at rest (relative to their spacecraft) in deep space, holding a 2.0 kg wrench,
also at rest. The astronaut throws the wrench directly away from themselves. Using conser-
vation of momentum, explain what happens to the astronaut as a result, and compare the

iy, — =—-3.0m/s.
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astronaut’s final kinetic energy to the wrench’s final kinetic energy. (You do not need exact
numbers, but explain your reasoning fully.)

Lai giai chi tiét

The astronaut+wrench system starts at rest, so its total momentum is exactly zero. No external
force acts on the system in deep space, so total momentum must stay zero after the throw.
Since the wrench flies off with momentum m,,v,, in one direction, the astronaut must recoil in
the exact opposite direction with momentum of equal magnitude: m v, = m,v,,. Because the
astronaut’s mass is 40 times the wrench'’s (80/2.0 = 40), the astronaut’s recoil speed is 1/40
of the wrench’s speed (v, = (m,,/m,)v,,) — small, but definitely nonzero: the astronaut does
drift away, slowly, in the direction opposite the throw.

For kinetic energy, use KE = p?/(2m). Since the astronaut and wrench end up with equal-
magnitude momenta but very different masses, their kinetic energies are not equal — KF is
inversely proportional to mass for a fixed |p|:

KE, p*/(2m,) m, 20 1

KE, p*/(2m,) m, 80 40

a

So the astronaut ends up with only 4—10 of the wrench'’s kinetic energy. Almost all of the kinetic
energy created by the throw (which came from the astronaut’s own muscular effort) ends up
in the light wrench, not in the heavy astronaut — even though the push the astronaut feels
(impulse/momentum) is exactly as large as the push felt by the wrench.

Bai tap luyén tap

A 0.50 kg ball moving at 3.0m/s receives an impulse of 4.0N - s in the direction it is already
moving. Find its final speed.

(A) 5.0m/s (C) 8.0m/s
(B) 7.0m/s (D) 11m/s
[ i i
Av="L =20 g om/fs. v, = v, + Av=3.0+80=11m/s. (D)
U—m—050— 0 'Uf_vi v = o. U= 3 5

Bai tap luyén tap

m,; = 5.0kg moving at 6.0 m/s collides elastically with a stationary m, = 3.0kg. (a) Find each
object’s velocity after the collision. (b) Show that the velocity of the center of mass is the same
before and after the collision.

@i = 2220 (60) =[T5mjs] o = 22N 60)

: 8.0 -
Check momentum: before = 5.0(6.0) = 30.0; after = 5.0(1.5) + 3.0(7.5) = 7.5 + 22.5 = 30.0
v

30.0 5.0(1.5) + 3.0(7.5 30.0
(b) Ucm,before = W = 375m/s Ucm,after = ( >80 ( ) = 8.0 - 375m/5 -

identical, confirming that internal collision forces (elastic or not) never change v,,,,.
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Bai tap luyén tap

A firework shell at rest explodes into several fragments. Compared to just before the explosion,
the total kinetic energy of the system afterward:
(A) Decreases (C) Increases

(D) Could increase, decrease, or stay the
(B) Stays exactly the same same, depending on the fragment masses

Loi giai chi tiét

KE, = 0 (system at rest) and the fragments move afterward, so KE;>0 always. Stored en-
ergy (chemical/elastic) converts into kinetic energy; total K £’ always increases in an explosion.
(C).

Bai tap luyén tap

A 500 kg cannon mounted on a frictionless cart moves at 2.0 m/s east. It fires a 5.0kg shell,
which leaves at 150 m/s east (measured relative to the ground). Find the cannon’s velocity
immediately after firing.

Lai giai chi tiét

Before firing, cannon and shell move together: p, = (500 + 5.0)(2.0) = 1010kg - m/s.
After: p, = Mv + mu,,,; = 1010 = 500V + (5.0)(150) = 500V + 750.

500V =260 = V =|0.52m/s east|.

The cannon does not reverse direction — it merely slows down from 2.0 m/s to 0.52 m/s, since
it was already moving the same way the shell was fired.

Bai tap luyén tap

A 0.40kg ball strikes the floor at 5.0m/s, 37° below the horizontal (v, = 4.0m/s, v, =
—3.0m/s), and bounces off at 5.0 m/s, 37° above the horizontal (v, = 4.0m/s, v, = 4+3.0m/s);
the horizontal component of velocity is unchanged. Contact time with the floor is 0.020s. Find
the impulse delivered by the floor, and the average force (magnitude and direction).

Loi giai chi tiét

Ap, = m(v,; —v,;) = 0.40(4.0 — 4.0) = 0.

Ap, = m(v,; —v,;) = 0.40(3.0 — (—3.0)) = 0.40(6.0) =2.4N -s.

Since Ap, = 0, the impulse is purely vertical: J = ‘ 2.4N - s, straight up ‘
J 2.4

o= =
w@ws At 0.020

Bai tap luyén tap

In a three-cart chain collision, cart 1 strikes cart 2 first; afterward, cart 2 (now moving) strikes
cart 3. Which approach correctly finds the final velocities of all three carts?

= ‘ 120 N, straight up (perpendicular to the floor) ‘
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(A) Apply conservation of momentum once (C) Apply conservation of kinetic energy to

to all three carts together, using only cart the whole system at once, since momen-
1's original velocity as the sole initial ve- tum conservation only applies to two ob-
locity jects at a time

(B) Apply conservation of momentum sepa-
rately to each collision, in time order, us- (D) Add the momenta of all three carts to-
ing the velocity each cart actually has at gether at the end, then divide equally
the start of that particular collision among the three masses

Loi giai chi tiet

Each collision must be treated as its own separate momentum-conservation problem, solved
in the order the collisions occur; the velocity a cart carries into its next collision is whatever
that cart’s previous stage left it with, not its original velocity. (B).

Bai tap luyén tap

Cart 1 (m, = 3.0kg, moving at v; = 8.0m/s) collides elastically with stationary cart 2 (m, =
1.0kg) — Stage 1. Cart 2 then collides with stationary cart 3 (ms = 3.0kg) and sticks — Stage
2. Find (a) the velocity of cart 1 after Stage 1, (b) cart 2's velocity right before it hits cart 3, and
(c) the final combined velocity of cart 2+3 after Stage 2.

Loi giai chi tiét

(a)-(b) Stage 1, elastic collision formulas:

, 30—10,_ 20, , 230),. 60 _

Check: momentum before = 3.0(8.0) = 24; after = 3.0(4.0) + 1.0(12) = 12+ 12 = 24 v. KE
before = 1(3.0)(64) = 96 J; after = 3(3.0)(16) + 5(1.0)(144) =24 + 72 =96J .

(c) Stage 2 uses cart 2’s velocity from Stage 1 (12 m/s), not its original 0:

, (1.0)(12) 12
m2’U2:(m2+m3>'Uf = 'Uf:710+30 :TO: 30m/S
Bai tap luyén tap

Cart 1 (m; = 4.0kg, moving at v; = 6.0m/s) collides with stationary cart 2 (m, = 2.0kg) and
sticks (Stage 1). The combined cart then collides with a stationary cart 3 of unknown mass and
sticks as well (Stage 2); the final velocity of all three carts together is 2.0m/s. Find the mass
of cart 3.

Loi giai chi tiét

4.0)(6.0 24
Stage 1: vy, = (40>J£20) =60- 4.0m/s.

Stage 2: total momentum entering Stage 2 is (6.0)(4.0) = 24kg-m/s (equal to the original
p; = 24, as expected, since no external force acts). With final velocity 2.0 m/s, the total final
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24
mass must be 30 = 12 kg, so

ms =12 —6.0 =|6.0kg|

Bai tap luyén tap

Two objects of equal mass m collide and stick together. Just before the collision, object A
moves east at 6.0 m/s and object B moves north at 6.0 m/s. What is the direction of the wreck-
age’s velocity immediately after the collision?

(A) 30° north of east (C) 60° north of east

(B) 45° north of east (D) Due north

Loi giai chi tiét
With equal masses and equal speeds, p, = mv = p,, so v, = v, for the wreckage regardless
of the actual value of m or v — the direction is always arctan(1) = 45° north of east. (B).

Bai tap luyén tap

Three point masses lie in the zy-plane: m; = 2.0kg at (0,0), m, = 3.0kg at (4.0,0) m, and
ms = 5.0kg at (0,6.0) m. Find the coordinates of the center of mass.

Lai giai chi tiét

(2.0)(0) + (3.0)(4.0) + (5.0)(0) 12 ~(2:0)(0) + (3.0)(0) + (5.0)(6.0) 30 _
Tem = 20+30+50 =g =l2m}  yem = 10 “ 10

Center of mass: (1.2, 3.0) m.

Bai tap luyén tap

A 10 kg object moving east at 6.0 m/s suddenly breaks into three fragments (an internal charge
releases; no external force acts). Fragment A (2.0 kg) flies off due north at 15 m/s. Fragment B
(3.0 kg) continues due east at 10 m/s. Fragment C' has mass 5.0 kg. Find fragment C’s velocity
(magnitude and direction) immediately after the explosion.

Loi giai chi tiét

Take east = +, north = +y. Before: p, = (10)(6.0) = 60kg - m/s, p, = 0.
After: p,, =0, pu, = (2.0)(15) = 30; pp, = (3.0)(10) = 30, pp, = 0.

30
5.0

ve = V/6.02 +6.02 = 6.0V2 = , 6 = arctan (28) —[45° south of east |

Pep = 60—(0430) =30 = vg, = — =6.0m/s,  pg, = 0—(30+0) = =30 = v, =

5.0
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Bai tap luyén tap

A constant 20 N force acts on a 2.0 kg object, initially at rest, for 3.0 s; immediately afterward,
a constant 10 N force in the opposite direction acts for the next 4.0 s. Find the object’s velocity
at the end of the full 7.0 s interval.

(A) 5.0m/s (C) 30m/s
(B) 10m/s (D) 50m/s

Loi giai chi tiét
J, = (420)(3.0) = +60N-s; J, = (—10)(4.0) = —40N-s. J,,,.; = 60 — 40 = 20 N's.

2
vy = Jtotal = 20 = 10m/s (in the direction of the first force). (B).
m 2.0

Bai tap luyén tap

m, = 3.0kg moves east at v; = 4.0m/s; m, = 1.0 kg moves west at 2.0m/s (so v, = —2.0m/s
taking east as positive). They collide elastically head-on. Using the general elastic-collision
equations
o — (my —my)vy + 2myvy o — (my —mq)vy + 2myv;
L my + my ’ 2 my + ms ’

find each object’s velocity after the collision, and verify momentum and kinetic energy are
conserved.

Lai giai chi tiét

, (3.0 —1.0)(4.0) +2(1.0)(—2.0) 8.0—4.0 _ , (1.0 —3.0)(—2.0) +2(3.0)(4.0)
1= 4.0 - 40 [Lom/s] v = 4.0
Momentum: before = 3.0(4.0) + 1.0(—2.0) = 12 — 2.0 = 10.0; after = 3.0(1.0) + 1.0(7.0) =
3.0+7.0=10.0 .
KE: before = 3(3.0)(16) + 5(1.0)(4.0) = 24 + 2.0 = 26.0 J; after = (3.0)(1.0) + 5(1.0)(49) =
1.5 4 24.5 = 26.0J) v.

Bai tap luyén tap

A ballistic pendulum consists of a 1.96 kg wood block hanging at rest from a string of length
L = 0.80m. A 40 g bullet embeds in the block (combined mass 2.00 kg), and the block+bullet
swing up until the string makes a maximum angle of 60° with the vertical (cos 60° = 0.50). Find
(a) the height & the block rises, (b) the speed of the block+bullet immediately after the bullet
embeds, and (c) the bullet’s initial speed v,,.

Loi giai chi tiét
(@) Geometry of the swing: h = L — Lcos60° = L(1 — cos60°) = (0.80)(1 — 0.50) =

(0.80)(0.50) =[0.40m ],

(b) Stage 2 (energy conservation during the swing): v = /2gh = \/2(9.8)(0.40) =784 =

5]
(M+m)yv  (2.00)(2.8)

(c) Stage 1 (momentum conservation during the collision): v, = = =
m 0.040
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5.6
0.040 = 140m/s |
Bai tap luyén tap

Two blocks connected by a compressed spring are held at rest on frictionless ice, then re-
leased. You know only the two masses m, and m, — not the spring constant or how far it was
compressed. Which of the following can you determine from the masses alone?

(A) The actual speed of each block afterward (C) The total kinetic energy released by the

spring
(B) The ratio of the two blocks’ speeds after- (D) The direction each block moves relative
ward to the room’s north wall

Lo giai chi tiét
v | _ my

The system starts at rest, so total momentum stays zero: m,v, + myv, = 0 = ﬁ = =
U iy

the speed ratio follows from the masses alone. The actual speeds and the total kinetic energy
released both depend on the (unknown) spring energy, and the absolute directions depend on
how the blocks happen to be oriented, not on the masses. (B).
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 5

Torque and Rotational Dynamics

Muc tiéu Unit: Vi tri géc, van t6c goc, gia toc goc va bén phuong trinh dong hoc quay; méi lién hé
gitra dai lvong dai va dai lugng géc cho mot diém trén vat ran quay; mé-men luc (torque) va canh tay
don; khéi tam; diéu kién can bang quay (t8ng luc va téng mé-men luc bing 0 quanh moi truc); mé-men
quan tinh ctia cac vat ran chuan va dinh ly truc song song; dinh luat Il Newton cho chuyén ddng quay
Thet = L, k€ ca bai toan rong roc cé khéi lugng.

n

5.1 Rotational Kinematics

5.1.1 Angular Position, Velocity, and Acceleration
Angular position 6 locates a rotating object relative to a chosen reference line, measured in radians

. . . A6 .
(rad), where a full circle is 27 rad = 360°. Angular velocity w = At is the rate of change of angular

. . Aw . .
position (rad/s); angular acceleration o = TU; is the rate of change of angular velocity (rad/s?). By

convention, counterclockwise rotation is taken as positive.

Every linear kinematics quantity has a rotational counterpart, and — because the defining rela-
tionships have exactly the same mathematical form — every linear kinematics equation carries over
unchanged under the substitution z — 6, v — w, a — a.

Linear quantity Rotational quantity Relationship

Position x Angular position 6 rad
Velocity v Angular velocity w rad/s
Acceleration e Angular acceleration o rad/s?

Table 5.1: *

The linear-rotational analogy that underlies every equation in this chapter.

\w

arc length
s=rbd

A point at radius r sweeps through angle 6, tracing arc length s = r6; angular velocity w describes the rate and sense
(here, counterclockwise) of rotation.
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Khai niém cét 16i

Because 6, w, a are defined by exactly the same ratios as z, v, a, every linear kinematics tool
— the four constant-acceleration equations, graph-slope/area readings, sign conventions for
speeding up/slowing down — applies to rotation with the direct substitution x — 6, v —
w, a — a. No new physics is required, only new symbols.

5.1.2 The Kinematics Equations for Constant Angular Acceleration

w = wy + ot, 0 = 0, + wyt + at?, 0 =0, + 3 (wy + w)t, w? = w2 + 20 A.

Valid only while « is constant. As in linear kinematics, identify the three known quantities and
the one you want among (A#, w,, w, a, t), then choose the equation that omits the unwanted
fifth variable.

Vidu 1 - Spinning up a wheel

A wheel starts from rest and undergoes a constant angular acceleration of a = 3.0rad/s?. Find
(a) its angular velocity after 4.0 s, and (b) the angle it turns through in that time.

@w=wy+at =0+ (3.0)(4.0) = 12rad/s.
(b) 6 = wyt + Lat? = 0+ £(3.0)(4.0)? = 3(3.0)(16) = 24 rad (about 24/(27) = 3.8 revolutions).

Vidu 2 - A fan blade slowing down

A fan blade rotating at w, = 20rad/s is switched off and slows uniformly to rest after turning
through 50rad. Find its angular acceleration and the time it takes to stop.

—400
—— = —4.0rad/s2.
100 /

w? = wi +2aA0 = 0 = (20)% + 2a(50) = a =
w=wy+at=0=20+(—4.0)t =t =>5.0s.

5.1.3 Period and Frequency

The period T is the time for one complete revolution; the frequency f = 1/T is the number
of revolutions per second (Hz). Since one revolution sweeps 2 rad,

2
w:27rf:%.

. GIAI THICH TIENG VIET

Vi tri géc 0, van téc goc w, gia téc goc o tuong irng y hét véi z, v, a trong chuyén ddng thang
— chi d6i ky hiéu, cong thire gilr nguyén dang, ké cd bén phuong trinh dong hoc véi gia téc
goc khong doi. Chu ky T la thoi gian quay hét 1 vong (27 rad); tan s6 f = 1/T la s6 vong/giay;
liéen hé w = 2nf = 2x/T.

5.2 Relating Linear and Angular Quantities

Every point of a rigid rotating body shares the same w and « at a given instant, but points at different
distances r from the axis trace different arc lengths in the same time, so their linear quantities differ.
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For a point at radius r on a rotating rigid body:

2
v = wr (tangential speed), a, = ar (tangential acceleration), a, = & = u?r (centripetal/radial accelel
T

c

a, changes the speed of the point (exists only if « # 0); a,. changes the direction of its velocity
and exists whenever w #+ 0, even at constant angular speed.

Vg =wrg =20,

Every point of a rigid rotating disk shares the same w, but tangential speed v = wr grows with distance from the axis:
point B, twice as far from the center as A, moves twice as fast.

Vi du 3 - Tangential and centripetal acceleration on a rotating disk

At a certain instant, a disk rotates with w = 4.0rad/s and a = 2.0rad/s?. Find the tangential
speed, tangential acceleration, and centripetal acceleration of a point » = 0.50 m from the axis.
v =wr = (4.0)(0.50) = 2.0m/s.

a, = ar = (2.0)(0.50) = 1.0m/s?.

a, = w?r = (4.0)2(0.50) = (16)(0.50) = 8.0m/s?.

(The point’s total acceleration magnitude is \/af + a2 = /1.0% + 8.02 = 8.06 m/s?, dominated
by the centripetal term.)

Vi du 4 - Comparing two points on a rotating rod

A rigid rod rotates about one end at w = 6.0rad/s. Compare the tangential speeds of points
atr; = 0.20m and r, = 0.60 m from the axis.

v; =wr; = (6.0)(0.20) = 1.2m/s.

vy = wry = (6.0)(0.60) = 3.6 m/s.

Both points share the same w = 6.0rad/s, but r, = 3r,, so v, = 3v; — the outer point moves
three times as fast even though it turns through the same angle in the same time.

(1) L6i thuweng gap: A point moving in a circle at constant angular speed (o« = 0) still has ac-
celeration: a, = w?r # 0, because velocity is constantly changing direction even while its
magnitude stays fixed. "Constant speed” in circular motion never means "zero acceleration” —
it only means a, = 0.

. GIAI THICH TIENG VIET

Moi diém trén mot vat ran quay c6 clng w va o tai mot thai diém, nhung téc do dai v = wr,
gia toc ti€p tuyén a, = ar va gia téc hudng tdm a, = w?r ctia moi di€ém phu thudc vao khoang
cach r dén truc quay — diém cang xa truc thi v, a,, a, cang Ién. Luu y a,, tén tai ngay ca khi vat
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I quay déu (o = 0, w = hang s6), vi huéng van téc van lién tuc thay déi.

5.3 Torque

5.3.1 Defining Torque and the Lever Arm

Torque T measures the effectiveness of a force at producing rotation about a chosen pivot. It de-
pends not only on the size of the force but on where and at what angle it is applied.

T=rFsind=rF =r F,

where 7 is the distance from the pivot to the point of application of F, @ is the angle between
7and F, F, = F'sinf is the component of F perpendicular to 7, and r, = rsinf is the lever
arm — the perpendicular distance from the pivot to the force’s line of action. Sl unit: N - m.
By convention, torque that would rotate the object counterclockwise is positive, clockwise is

negative.
\ 6 r /
[

AY
pivot. .
AY

. .
— H A s
rp=rsing -

-
\

Torque T = rF'sin@ = r | F: the lever arm r | is the perpendicular distance from the pivot to the line of action of F
(dashed extension).

Vidu 5 - Torque from an angled force

A mechanic applies a force of 80 N to a wrench handle 0.25 m from the bolt, at an angle of 30°
to the handle. Find the torque about the bolt. (sin 30° = 0.50.)

7 =rFsing = (0.25)(80)(0.50) = 10N - m.

5.3.2 Net Torque

When several forces act on a rigid body, each contributes its own torque about the chosen pivot;
the net torque is their signed sum, > -7 = 7, + 7, + -, respecting the counterclockwise-positive
convention.

Vi du 6 - Net torque from two forces on a door

A door of width 0.90 m is pushed closed by a force F; = 40N applied perpendicular to the
door at its outer edge (0.90 m from the hinge), while a second force F,, = 25 N pushes it open,
applied perpendicular at 0.60 m from the hinge. Find the net torque about the hinge and state
which way the door rotates.

Take opening (counterclockwise, as seen from above) as positive. Closing torque: 7, =
—r F; = —(0.90)(40) = —36 N - m. Opening torque: 7, = +r,F, = 4+(0.60)(25) = +15N - m.

ZT:—36+15:—21N'm.

The net torque is negative (clockwise): the door closes, with 21 N - m of net closing torque.
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(') L6i thuwong gap: rin 7 = rF sin 6 is the distance from the pivot to the point where the force
is applied — not the perpendicular lever arm itself. Always identify 6 as the angle between F
and the position vector 7 (not some other reference line), or equivalently locate | directly by
dropping a perpendicular from the pivot onto the force’s line of action. Also, a force applied
at the pivot, or one whose line of action passes through the pivot, produces zero torque about
that pivot, no matter how large.

GIAI THICH TIENG VIET

6-men lyc 7 = rF'sinf = r, F' do mirc do hiéu qua cia moét luc trong viéc lam vat quay
quanh mét truc (diém tya) da chon. r, (canh tay don) 1a khoang cach vuéng goc tir truc quay
dén dudng tac dung cua luc — khéng phai khoang cach dén diém dit luc. Quy udc: mé-men
lam vat quay nguoc chiéu kim dong hé la duong, cung chiéu kim déng ho 1a Am. Khi cé nhiéu
luc, mé-men luc tong hop > 7 1a téng dai s6 (c6 dau) cla tirng mo-men.

5.4 Center of Mass
The center of mass of a system is its mass-weighted average position.

_ 2 _my;
S TR S T
For a uniform, symmetric object, the center of mass coincides with the geometric center. The
center of mass of a system moves exactly as if the entire mass M = ) m, were concentrated
there and acted on by the net external force alone: 3" F. ., = Ma,, — internal forces between
parts of the system never affect this motion.

Vi du 7 - Center of mass of three point masses

Point masses m; = 1.0kgatz =0, my, = 2.0kg at z = 3.0m, and m3; = 3.0kg at x = 6.0m lie
along a line. Find the center of mass.

X

(1.0)(0) + (2.0)(3.0) + (3.0)(6.0) 0+6.0+18 24 L0m
€T — = = — = . .
em 1.0+2.0+3.0 6.0 6.0

. GIAI THICH TIENG VIET

Khaoi tam 1a vi tri trung binh c6 trong s6 khoi luvgng cia mét hé. Vai vat dong chat, déi xing,
khéi tdm trang tam hinh hoc. Diéu quan trong: khoi tdm cha ca hé chuyén déng y nhu mét
chat diém c6 khéi lwvgng M = >~ m, chiu tac dung cta téng ngoai luc (" F., = Ma,,,) — cac
noi luc (gitra cadc phan cta hé) hoan toan khong anh hudng dén chuyén dong cua khaéi tam.

5.5 Rotational (Static) Equilibrium
5.5.1 Conditions for Equilibrium

A rigid object is in static equilibrium when both:
Z F=0 and Z 7 = 0 (about any chosen pivot).

If both conditions hold, the net torque is zero about every possible pivot, not just one — so the
solver is free to choose whichever pivot makes the algebra simplest.
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Chién lugc chon truc quay

Choosing the pivot at the point of application of an unknown force makes that force's lever
arm zero, so it vanishes entirely from the torque equation — even though it still appears in the
force equations. This is the single most useful trick in equilibrium problems: pick the pivot to
eliminate the unknown you care least about.

Vi du 8 - Seesaw balance

A massless seesaw is free to pivot at its center. A child weighing 300 N sits 1.5 m from the
pivot. How far from the pivot must a 250 N child sit on the other side to balance the seesaw?

Balancing torques about the pivot: (300)(1.5) = (250)d.

450
= — =1. .
d 550 &m

Vidu 9 - Hinged beam held by a cable

A uniform horizontal beam of length L = 4.0 m and weight W = 200 N is attached to a wall by
a hinge at one end. A cable from the other end runs to the wall, making an angle of 37° with
the beam and holding it horizontal. Find the cable tension and the force exerted by the hinge.
(sin37° = 0.60, cos 37° = 0.80.)

Torque about the hinge (eliminates the unknown hinge force entirely): the weight acts at the
center, L/2 from the hinge; the cable’s perpendicular component 7'sin 37° acts at the far end,
L from the hinge.

W 200 200
2sin37°  2(0.60) 1.2 067

Tsin37°-L=W-% = T

Force balance on the beam: horizontally, the hinge must push outward to balance the cable’s
inward pull; vertically, it supports the remaining weight.

H, = Tcos37" = (166.7)(0.80) = 133.3N,  H, = W—T'sin37° = 200—(166.7)(0.60) = 200—100.0 = 100.0

100.0
H = /H?+ H2 = /133.3% + 100.0 = V17769 + 10000 = v/27769 = 166.6N, 0 = arctan(— ) =

133.3

7
2
hing
7
7
Z

Uniform beam hinged to a wall, held horizontal by a cable at 37°; weight W acts at the beam’s center, hinge force H acts
at the pivot.
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Vi du 10 - Horizontal beam on two supports with an off-center load

A uniform beam of length 6.0 m and weight 400 N rests horizontally on two supports, one at
eachend (A atz = 0, Batz = 6.0m). A 600N load sits 2.0 m from support A. Find the force
exerted by each support.

Torque about A (eliminates the unknown F,): the beam’s weight acts at its center (z = 3.0 m),
the load at z = 2.0m, and Fz acts at x = 6.0m.

2400
Fp(6.0) = (400)(3.0) + (600)(2.0) = 1200 + 1200 = 2400 = Fp = = = 400N.

Vertical force balance: F; + Fz = 400 + 600 = 1000 N (total weight supported), so

F, =1000 — 400 = 600 N.

Vidu 11 - Ladder against a frictionless wall

A uniform ladder of length L = 5.0 m and weight W = 250 N leans against a frictionless vertical
wall, with its base on rough ground, making an angle § = 53° with the floor. (sin53° = 0.80,
cos53° = 0.60.) Find the normal force from the wall, the normal force from the floor, the
minimum friction force at the base, and the minimum coefficient of static friction needed to
prevent slipping.

Since the wall is frictionless, it exerts only a horizontal normal force N,, at the top. The floor
exerts a vertical normal force N, and a horizontal friction force f, at the base. The ladder’s
weight acts at its center.

Torque about the base (eliminates both Ny and f,, since both act at the base): the weight’s

lever arm is the horizontal distance from the base to the center, % cos 0; the wall force's lever
arm is the full height of the top, L sin 6.

. Wecos§  (250)(0.60) 150
N, (Lsinf) =W (£ cos6 N, = = = —— =93.75N.
w(Lsing) =W (5cost) = N, =52 20.80) 16 3T

Force balance: vertically, Ny, =W = 250N (the wall contributes no vertical force). Horizon-
tally, f, = N, = 93.75 N (friction balances the wall’s outward push).

- . P 93.75
Minimum coefficient of static friction: x,,,;,, = % =5y = 0.375|.
f

Ladder equilibrium: the frictionless wall supplies only a horizontal normal force NV, ;;; the rough floor supplies a vertical
normal force N .. and a horizontal friction force f that keeps the base from sliding outward.
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(!) Léi thuong gap: Equilibrium requires "7 = 0 about every point, but you only ever need
to write the torque equation about one strategically chosen pivot — provided F =0isalso
enforced separately. Placing the pivot at an unknown force’s point of application removes that
force from the torque equation (lever arm = 0); this is why the ladder problem is solved by
taking torques about the base, and the hinged-beam problem about the hinge.

. GIAI THICH TIENG VIET

Vat & trang thai can bang tinh khi déng thai >° F = 0va Y. 7 = 0 quanh bat ky truc ndo ta
chon. Meo quan trong: chon truc quay di qua diém dit cua luc chua biét ma ta khéng mudn
tinh — luc d6 c6 canh tay don bang 0 nén bién mat khoéi phuong trinh mé-men (du van xuat
hién trong phuong trinh luc). Bai toan thang dua tudng (Vi du 11) 13 vi du kinh dién: tudng
tron chi tao phan luvc ngang N,,,;;, €On san nham tao ca phan luc dirng N t100r 1an luc ma sat
f, gitr chan thang khéng truot.

5.6 Moment of Inertia

5.6.1 Point Masses and Extended Objects

Moment of inertia I measures a rigid body’s resistance to changes in rotational motion about a spe-
cific axis — the rotational analog of mass. For a system of point masses,

— 2
I= E myTys

where r, is each mass’s perpendicular distance from the axis. I depends on both how much
mass there is and how far it sits from the axis — mass farther from the axis contributes far more
to I (the distance is squared), even if the total mass is unchanged.

Object Axis Moment of inertia
Point mass m distance r from axis I =mr?
Thin rod, length L through center, 1 to rod 1= ﬁML2
Thin rod, length L through oneend, L torod I = %MIP
Solid disk/cylinder, radius R through central axis I= %MR2
Thin hoop/ring, radius R through central axis I = MR?
Solid sphere, radius R through diameter 1= %MR2
Thin spherical shell, radius R through diameter 1= %MR2
Table 5.2: *

Standard moments of inertia for common rigid bodies of uniform density and total mass M.

| |
rod, center ‘rod, end soliddisk thin hoop  solidSphere spherical shell

I={$MIP I=3ML* I=3MR* [— MR? I=3MR? [=3MR?

Moments of inertia for common shapes about the indicated axis (dashed line = rotation axis).
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5.6.2 The Parallel-Axis Theorem

If 1., is the moment of inertia about an axis through the center of mass, the moment of inertia
about any parallel axis a distance d away is

I=1,, + Md>.

Vi du 12 - Verifying the parallel-axis theorem for a rod

A uniform rod has mass M = 4.0 kg and length L = 2.0 m. Using the parallel-axis theorem and
I, = ;M L?, find the moment of inertia about an axis through one end, and check it against
Ippg = s ML2

I, = 5ML?* = 1(4.0)(2.0)% = 1(4.0)(4.0) = 1.333 kg - m?2.
The end axis is d = L/2 = 1.0 m from the center of mass:
Iopg = I + Md? =1.333 + (4.0)(1.0)% = 1.333 + 4.0 = 5.333 kg - m?.

Direct formula check: $ML? = 1(4.0)(2.0)> = $(4.0)(4.0) = 5.333kg - m? v — the two meth-
ods agree exactly.

(1) L6i thueng gap: Moment of inertia is not a fixed property of an object — it depends on the
axis of rotation. The very same rod has I = ﬁML2 about its center but I = %ML2 about
one end — four times larger — because, relative to the end axis, the mass is on average farther
away. Always ask "about which axis?” before quoting a moment-of-inertia formula.

. GIAI THICH TIENG VIET

M6-men quan tinh I = 3~ m,r? do mirc d6 "i” trong chuyén déng quay — tuong tu khéi luong
trong chuyén dong thang, nhung phu thudc vao cach khdi lwgng phan bd quanh truc: khéi
luong cang xa truc thi dong gop vao I cang I&n (vi c6 r2). I khéng phai dai lugng c6 dinh cla
vat — né thay déi tuy truc quay, thé hién qua bang céng thirc chuan va dinh ly truc song song
I =1,, + Md? truc cang xa khaoi tam, I cang 16n.

5.7 Newton's Second Law for Rotation

The rotational analog of Y F' = ma:

E Thet = L0,

where I is the moment of inertia about the rotation axis. Just as net force divided by mass
gives linear acceleration, net torque divided by moment of inertia gives angular acceleration.

Vi du 13 - Torque and angular acceleration of a flywheel

A solid disk-shaped flywheel (I = 1M R?) has mass M = 8.0kg and radius R = 0.25m.
Starting from rest, a constant net torque of 2.0 N - m is applied. Find the angular acceleration
and the angular velocity after 4.0 s.

I =1MR? = 1(8.0)(0.25)% = 1(8.0)(0.0625) = 0.25 kg - m.
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 Tpet . 2.0 9
=7 =02~ 8.0rad/s*.

0.
w = wy +at =0+ (8.0)(4.0) = 32rad/s.

5.7.1 Combining Linear and Rotational Dynamics: The Hanging-Mass Pulley

When a string wrapped around a pulley connects to a hanging mass, the string’s tension exerts a
torque on the pulley while the same tension appears in the hanging mass’s linear F' = ma equation.
The two motions are linked through a = «oR (no slipping), which lets the tension be eliminated
between the two equations.

Vi du 14 - Hanging mass on a string wrapped around a pulley

A solid disk-shaped pulley (I = %MpR2) has mass M,, = 2.0 kg and radius R = 0.10 m, mounted
on a frictionless axle. A string wrapped around it holds a hanging mass m = 1.0kg. Find the
acceleration of the hanging mass and the tension in the string.

Hanging mass (Newton’s second law, taking down as positive): mg — T' = ma.
Pulley (Newton'’s second law for rotation, with « = a/R):

TR = Ia = (1M,R?) % = T=1M,u.

Substituting into the mass equation:

mg (1.0)(9.8) 9.8 2
mg—%Mpa:ma = mg:a(m—k%Mp) = a:m—klM =10+ 10 :2—0:4.9m/s .
s M, . . .

T =iM,a=5(2.0)(49) =49N.

Check: T =m(g —a) = (1.0)(9.8 —4.9) =4.9N V.

. GIAI THICH TIENG VIET

Dinh luat Il Newton cho chuyén dong quay 7,,., = I« dong vai tro y hét F' = ma trong chuyén
dong thang. V&i bai toan rong roc cé khéi lugng (day vat qua rong roc, ndi vat treo), ta viét hai
phuong trinh: F' = ma cho vat treo (chra luc cang T) va 7 = I« cho rong roc (cing chira T
qua 7 = TR), roi ndi hai phuong trinh bang rang budc khéng truot a = aR dé€ khir T' va giai
ra gia toc a.

5.7.2 Composite Objects and the Parallel-Axis Theorem in Depth

Many real rotating objects are not a single simple shape but an assembly of several simple shapes
rigidly fastened together — a wrench (rod plus head), a physical pendulum (rod plus bob), a propeller
(blades plus hub). Provided every piece is rigidly attached and the whole assembly rotates together
about one common axis, the moment of inertia of the assembly is simply the sum of the moments
of inertia of its pieces, each one computed about that same axis.
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For a composite (compound) rigid object built from parts 1, 2, 3, ... that all rotate rigidly about
a shared axis,
Ly =1 + I + I3+ -,

where each I, is the moment of inertia of piece i about the common rotation axis — not nec-
essarily the piece’'s own natural axis. If a piece’s natural axis (from the standard shape table)
does not coincide with the shared rotation axis, first shift that piece’s moment of inertia onto
the shared axis using the parallel-axis theorem,

=1 + m,d?

% 7,em 11

where d; is the distance from piece i's own center of mass to the shared axis. Each piece has
its own d;, but all pieces share the same final axis.

(1) L6i thuweng gap: When summing moments of inertia for a composite object, every piece’s
contribution must be computed about the same axis. A common error is to look up each
shape’s moment of inertia about its own center from the standard table and add these "bare”
values directly, forgetting to apply the parallel-axis theorem to any piece whose own center
does not sit on the rotation axis.

i rod, mass M., r
!

Q—@ disk, mass M, ...
| L

rotation axis

A composite object: a uniform rod of length L and mass M., with a solid disk of radius » and mass M, ., rigidly
attached at its far end. The assembly rotates as one piece about an axis through the rod’s near end (dashed line),
perpendicular to the rod — the disk’s center therefore sits a distance L from that axis.

Vidu 15 - A dumbbell: moment of inertia about the center versus about one end

Two identical point masses, m = 4.0 kg each, sit at opposite ends of a very light (massless) rigid
rod of length L = 0.50 m. Find the moment of inertia of this "dumbbell” about an axis through
the midpoint of the rod (perpendicular to it), and about an axis through one end, and verify the
second result using the parallel-axis theorem.

About the midpoint: by symmetry the midpoint is also the center of mass; each mass sits a
distance L/2 = 0.25 m away.

=m (£)2 +m (3)2 =2m (5)2 = 2(4.0)(0.25)% = 2(4.0)(0.0625) = 0.50 kg - m?.

1 2

center

About one end: the mass at that end sits at r = 0 (contributing nothing) while the far mass sits
atr =L =0.50m.
1,4 =m(0)2+m(L)? = (4.0)(0.50)? = (4.0)(0.25) = 1.0kg - m?.

e

Parallel-axis check: the total mass is M = 2m = 8.0kg, and the end axis is a distance d =
L/2 = 0.25m from the center of mass, so

I

end

= I, 0r+Md? = 0.50+(8.0)(0.25)% = 0.50+ (8.0)(0.0625) = 0.50+0.50 = 1.0kg - m? v/

The end-axis value is exactly double the center-axis value — moving the axis from the center
of mass to either end always increases I, since Md? > 0.
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Vi du 16 - Composite rod-and-disk: total moment of inertia about a specified axis

A uniform rod of mass M, , = 2.0kg and length L = 0.80 m has a solid disk of mass M ;.. =
1.5 kg and radius » = 0.20 m rigidly attached at its far end, with the disk’s center coinciding with
the tip of the rod (as in the figure above). Find the total moment of inertia of the rod-plus-disk
assembly about an axis through the rod’s near end, perpendicular to the rod.

Rod, about its own end (its natural axis already coincides with the rotation axis, so no shift is
needed):

Loq = M, 4L = £(2.0)(0.80)% = £(2.0)(0.64) = 0.4267 kg - m?.
Disk, about its own center (its natural axis, from the shape table):
Liishem = sMgiger® = 3(1.5)(0.20)% = 1(1.5)(0.04) = 0.030 kg - m?.

The disk’s center is not on the rotation axis — it sits a distance d = L = 0.80 m away (the full
rod length), so the parallel-axis theorem shifts it onto the shared axis:

Lisse = Lgsshom+Maysspd® = 0.030+(1.5)(0.80)? = 0.030+(1.5)(0.64) = 0.030+0.96 = 0.990 kg - m?.

Total:
Livar = Loog + Lpise = 0.4267 4+ 0.990 = 1.42kg - m?.

Note how the disk — despite being lighter than the rod — contributes more than twice the
rod’s share of I, ,,;, simply because its mass is concentrated far from the axis.

5.7.3 Equilibrium with Multiple Cables at Angles

Real hinged structures — a shelf bracket, a traffic-light arm, a hanging sign — often carry more than
one load: the beam’s own weight and an additional object hanging from it, all supported by a single
cable running to the wall at some angle 6. The hinge itself typically pushes or pulls in a direction that
is not obvious in advance, so its horizontal and vertical components must be found separately from
force equilibrium after the cable tension is known from torque equilibrium.

(1) Li thuwong gip: Never assume the hinge force points along the beam, along the cable, or in
any other "obvious” direction. The hinge simply supplies whatever force is needed to satisfy
> F,=0and ) F,, = 0 once every other force (weight, load, cable tension) is known — solve
for H, and H, separately, then combine them with the Pythagorean theorem only at the very

end if the magnitude and direction of H are requested.

/
2
Z
hingg“
INge
7

Z

A horizontal beam hinged to a wall and held up by a cable at angle 6; a sign of weight w hangs from the far end while the
beam’s own weight W acts at its center. The hinge force H has unknown direction — its components are found only
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after T' is known.

Vi du 17 - Beam with a hanging sign, supported by an angled cable

A uniform horizontal beam of length L = 4.0 m and weight W = 100 N is attached to a wall
by a hinge at one end. A cable runs from the far end of the beam to the wall, making an angle
0 = 37° with the beam (sin 37° = 0.60, cos 37° = 0.80). A sign of weight w = 100 N hangs from
the far end of the beam, at the same point where the cable attaches. Find (a) the tension in
the cable, and (b) the horizontal and vertical components of the force the hinge exerts on the
beam.

(a) Torque about the hinge (this eliminates the unknown hinge force entirely, since its lever
arm about the hinge is zero). The beam’s weight acts at its center, a lever arm of L /2; the sign’s
weight and the cable’s vertical component T sin 6 both act at the far end, a lever arm of L:

Tsing-L=W-%+uw-L.
Dividing through by L:
150 150

sin37°  0.60

Tsind =Y +w=124100=50+100=150 = T = = 250 N.

(b) Force balance on the beam. Horizontally, the cable’s tension pulls the beam’s end toward
the wall, so the hinge must push outward (away from the wall) to balance it:

H, =T cosf = (250)(0.80) = 200 N.

Vertically, the hinge and the cable’s vertical component together support the beam’s weight
and the sign’s weight:

H,+Tsin0=W+w = H,=W+w—Tsinf =100+100—(250)(0.60) = 200 —150 = 50 N.

The magnitude and direction of the hinge force follow if needed:

50
H = \/HZ+ H2 = 1/200% + 502 = V40000 + 2500 = v/42500 = 206 N, arctan(

200

) = 14.0f above horiz

- GIAI THICH TIENG VIET

Véi vat thé ghép tir nhiéu hinh khéi don gian (thanh, dia, ciu, ...) cing quay quanh mét truc
chung, mé-men quan tinh téng I,,,,, = I; + I, + -+ la tdng cdc mé-men quan tinh tirng phan
tinh quanh cung truc dé — néu truc tu nhién cla mot phan (tra theo bang céng thirc chuan)
khong trung truc quay chung, phai dung dinh ly truc song song I; = I, ,,, + m;d; dé doi truc
truwdc khi cong. Vi bai toan can bang c6 day cap nghiéng goc 6 va cé thém vat ning treo &
dau dam: van Iay mé-men quanh ban [é dé tim luc cing day T truéc (khir dugc luc ban [é chua
bi€t phuong), sau dé méi dung phuong trinh luc theo hai phuong x, y dé€ tim tirng thanh phan
cta luc ban 1é — khong dugc gia dinh trudc phuong cla luc ban [é.
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5.8 Practice Problems

Bai tap luyén tap

A wheel accelerates from rest at 4.0 rad/s? for 3.0s. Find its final angular velocity.

(A) 8.0rad/s (C) 16rad/s
(B) 12rad/s (D) 24rad/s

Loi giai chi tiet

-

w=wy+at =0+ (4.0)(3.0) = 12rad/s. (B).

Bai tap luyén tap

For the wheel in the previous problem, find the angle it turns through during those 3.0s, in
radians and in revolutions.

Loi giai chi tiét

0 = lat®> = 1(4.0)(3.0)2 = 1(4.0)(9.0) = | 18rad |
) 1
Revolutions = 2—8 = .

-

I ﬁ

Bai tap luyén tap

A rotor slows from 30rad/s to 10rad/s over 4.0s. Find its angular acceleration.
(A) —2.5rad/s? (C) —7.5rad/s?
(B) —5.0rad/s? (D) —10rad/s?

Loi giai chi tiet

10—-30 —20 )
a=—15 _T_—S.Orad/s.(B).

[an)

Bai tap luyén tap

A disk starts at w, = 5.0rad/s with constant o = 1.5rad/s?. Find the angle it turns through
after 6.0s.

Loi giai chi tiét

0 = wot + 1at® = (5.0)(6.0) + 1(1.5)(6.0)2 = 30 + 1(1.5)(36) = 30 + 27 =57 rad|.

Bai tap luyén tap

A turntable completes 45 revolutions per minute. Find its period T and its angular velocity w
in rad/s.
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Lai giai chi tiét

45 1
f= @20.75HZ,SOT:?:.
w=2nf=2nr(0.75) =|4.71rad/s |

Bai tap luyén tap

A point at » = 0.40 m on a wheel spinning at w = 10rad/s has what tangential speed?

(A) 2.5m/s (C) 10m/s
(B) 4.0m/s (D) 25m/s

Lai giai chi tiét

-

v =wr = (10)(0.40) = 4.0m/s. (B).

Bai tap luyén tap

For the point in the previous problem, if at that instant o = 2.0rad/s?, find its tangential
acceleration and centripetal acceleration.

Lai giai chi tiét

a, = ar = (2.0)(0.40) =|0.80m/s? |
a, = w?r = (10)2(0.40) = (100)(0.40) = |40m/s?|.

Bai tap luyén tap

Two points, A and B, lie on the same rotating rigid disk, with r 5 = 2r 4. How do their angular
velocities and tangential speeds compare?

(A) Both w and v are equal (C) wp = 2wy,; vequal

(B) wequal; vy =2v, (D) Both w and v double

Loi giai chi tiet

A rigid body forces every point to share the same w; tangential speed v = wr scales with r, so
vg = 2v4. (B).

Bai tap luyén tap

Explain, in words, why every point of a spinning rigid body shares the same angular velocity
but not necessarily the same linear (tangential) speed.

Lai giai chi tiét

Rigidity forces every point of the body to sweep through the same angle in the same time
interval — that shared rate of angle-sweeping is precisely what w = Af/At measures, so w is
identical everywhere on the body. However, points at different radii trace circles of different
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circumference in that same time: a point at radius r covers arc length s = 70, so its linear speed
v = wr is proportional to r. Two points can therefore share w while a point farther from the
axis physically travels faster to keep pace with the same angular sweep.

Bai tap luyén tap

A force of 50 N is applied perpendicular to a wrench 0.20 m long. Find the torque produced
about the bolt.

(A) 5N-m (C) 15N -m
(B) 10N -m (D) 20N - m

Loi giai chi tiet

-

7 =rF = (0.20)(50) = 10N - m (force already perpendicular, so sin§ = 1). (B).

Bai tap luyén tap

A force of 60 N is applied at 30° to a rod, at a distance 0.30 m from the pivot. Find the torque
about the pivot. (sin 30° = 0.50.)

Loi giai chi tiét
7= rFsinf = (0.30)(60)(0.50) = [9.0N - m .

Bai tap luyén tap

For a fixed force magnitude F and fixed distance r from the pivot, at what angle between F
and 7 is the resulting torque maximized?

(A) 0° (C) 90°
(B) 45° (D) 180°

Loi giai chi tiet

-

7 = rF'sinf is maximized when sinf = 1, i.e. § = 90° (force perpendicular to 7). (C).

Bai tap luyén tap

Two forces act on a rod pivoted at one end: F;, = 20 N perpendicular to the rod at r; = 0.50 m
(tending to rotate it counterclockwise), and F, = 15N perpendicular at r, = 0.80 m (tending
to rotate it clockwise). Find the net torque and its direction.

Loi giai chi tiét

7= =1 = — net torque is clockwise.
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Bai tap luyén tap

Explain why pushing a door very close to its hinges requires a much larger force to produce
the same rotational effect as pushing near the doorknob.

Loi gidi chi tiét

The torque produced by a push is 7 = rF'sin 6, so for a fixed desired torque, F' = 7/(rsin ) —
force needed is inversely proportional to the lever arm r sin 6. Near the hinges, r is small, so the
same push produces very little torque; achieving the same torque as a push at the doorknob

(where 7 is large) therefore requires a much larger force. This is exactly why door handles are
placed as far from the hinge as possible.

Bai tap luyén tap

Masses 4.0 kg at x = 0 and 6.0 kg at x = 5.0 m. Find the center of mass.

Loi giai chi tiet

_(4.0)(0) + (6.0)(5.0) 30 _
Tem = 10760 = 10 = 30M)

-

Bai tap luyén tap

Two equal point masses m sit at + = 0 and x = L. Where is the center of mass?

(A) 0 (C) L/2
(B) L/4 (D) L

Loi giai chi tiét

-

Bai tap luyén tap

Three masses lie in a plane: 1.0kg at (0,0), 2.0kg at (4,0), 3.0kg at (2, 3) (meters). Find z,,,
and y,,,-

Loi giai chi tiét

C(L0)(0)+ (20)(4) + (BO)2) 04846 14
Fem = 6.0 =55 6o~ 23ml

y = LOO+ (2.2)()(0) +(30)B) _ 6% —[15m]

Bai tap luyén tap

A 40 kg child sits 2.0 m from the pivot of a seesaw. How far from the pivot must a 50 kg child
sit to balance it?
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(A) 1.0m (C) 1.6m
(B) 1.25m (D) 2.0m

Loi giai chi tiét

Weight is proportional to mass and g cancels on both sides: (40)(2.0) = (50)d = d = 80 _

50
1.6 m. (C).

Bai tap luyén tap

A uniform beam of length 3.0 m and weight 150 N is supported at both ends (4 at z = 0, B at
x = 3.0m). A 100 N weight hangs 1.0 m from A. Find the force at each support.

Loi giai chi tiet

325
Torque about A: Fj(3.0) = (150)(1.5) + (100)(1.0) = 225 + 100 = 325 = Fp = —— =

3.0
(183N
F, =150+ 100 — 108.3 = [141.7N|

Bai tap luyén tap

A uniform horizontal beam of length 3.0 m and weight 90 N is hinged to a wall; a cable at the far
end makes 30° with the beam and holds it horizontal. Find the cable tension. (sin 30° = 0.50.)

Loi giai chi tiét
Torque about the hinge: T'sin 30° (3.0) = (90)(1.5) = 7°(0.50)(3.0) = 135 = 1.57 = 135 =

T =[90N}

Bai tap luyén tap

For a rigid body in static equilibrium, if the net torque is zero about one particular pivot point,
is it necessarily zero about every other point as well? Justify your answer.

(A) No — torque always depends on the pivot Zero
chosen (C) Yes, always, regardless of the net force

(B) Yes, always, provided the net forceisalso (D) Only if the body is perfectly symmetric

Lai giai chi tiét

(B). Shifting the pivot from point P to a new point P’ changes each force’s torque by an amount
proportional to that force and the displacement d between P and P’ (specifically, by d x 17“1- for
each force). Summing over all forces, the total change in net torque is d x 3 F. If . F = 0,
this extra term vanishes for any choice of d, so the net torque is the same about every point —
in particular, if it is zero about one point, it is zero about all of them. If > F' # 0, this guarantee
fails.
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Bai tap luyén tap

A uniform 4.0 m ladder weighing 200 N leans against a frictionless wall at # = 45° above the
floor (tan 45° = 1). Find the minimum coefficient of static friction at the base needed to prevent

slipping.

(A) 0.25 (C) 0.50
(B) 0.375 (D) 0.75

Loi giai chi tiét
200 100

- = 2 _100N=f,. Ny =W =200N. s,.. = — = 0.50. (C).
©= 9tang  2(1) fae Ny Hmin = 500 ©

=
5

Bai tap luyén tap

If the ladder in the previous problem were instead set at a steeper angle (larger 6, closer to
vertical), how would the minimum required coefficient of friction change?

(A) Increases (C) Stays the same

(B) Decreases (D) Depends on the ladder’s weight

Loi giai chi tiét

1
Since fi,,,;, = tand’ increasing 6 increases tan # and therefore decreases p,,,;,, — a steeper
ladder needs less friction to stay put, which matches everyday experience (a nearly vertical
ladder is more stable against slipping than a shallow, nearly horizontal one). (B).

Bai tap luyén tap

Which has the greater moment of inertia about a central axis, for equal mass M and radius R:
a solid disk or a thin hoop?

(A) The solid disk (C) They are equal
(B) The thin hoop (D) It depends on the rotation speed

Lai giai chi tiét

Iisw = 3 MR? versus I00p = M R?. The hoop concentrates all its mass at radius R, while the
disk spreads mass from 0 to R, giving it a smaller average 2 and hence smaller I. (B).

Bai tap luyén tap

A uniform rod has mass 3.0 kg and length 1.5 m. Find its moment of inertia about its center,
then use the parallel-axis theorem to find I about one end, and check the result against I, ;, =
1ML

3

Loi giai chi tiét

I, =5ML? = 5(3.0)(1.5)% = £(3.0)(2.25) = |0.5625kg - m? |

cm
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d =1L/2 =07m:1I,, = I, + Md> = 05625 + (3.0)(0.75)2 = 0.5625 + 1.6875 =
2.25kg - m? |,
Check: 2ML? = £(3.0)(2.25) = 2.25kg - m? V.

Bai tap luyén tap

Two 2.0 kg point masses sit on opposite sides of an axis, each at » = 0.30m. Find the total
moment of inertia.

(A) 0.09kg - m?2 (C) 0.36kg - m?2
(B) 0.18kg - m? (D) 0.72kg - m?

Lai giai chi tiét

-

I =Y m?=(2.0)(0.30)2 + (2.0)(0.30)> = 2 x (2.0)(0.09) = 2 x 0.18 = 0.36 kg - m?. (C).

Bai tap luyén tap

A torque of 12N - m is applied to a wheel with I = 3.0 kg - m?, initially at rest. Find its angular
acceleration and its angular velocity after 5.0 s.

Loi giai chi tiét

-

12
a= % = 4.0rad/s?|.
w = at = (4.0)(5.0) =|20rad/s |

Bai tap luyén tap

A net torque T produces angular acceleration « in an object of moment of inertia I. If I is
doubled while 7 stays the same, what happens to o?

(A) Doubles (C) Quadruples
(B) Halves (D) Stays the same

Loi giai chi tiét

a = 7/I; doubling I with 7 fixed halves . (B).

Bai tap luyén tap

A thin hoop-shaped pulley (I = MpRQ) has mass M, = 1.0 kg and radius R = 0.15 m, mounted
on a frictionless axle. A string wrapped around it holds a hanging mass m = 2.0kg. Find the
acceleration of the hanging mass and the string tension.

Loi giai chi tiét
Hanging mass: mg — T = ma. Hoop: TR = Ia = (M,R?)(a/R) = T = M,a.
mg (2.0)(9.8) 19.6 2
= = =16.53m/s”|.

m+M, 20+1.0 30 /

Substituting: mg — M,a = ma = a =
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T = M,a = (1.0)(6.53) = [6.53N | Check: T = m(g — a) = (2.0)(9.8 — 6.53) = (2.0)(3.27) =
6.53N V.

Bai tap luyén tap

A solid disk and a thin hoop, both of the same mass M and radius R, are each mounted on a
frictionless axle. The same constant torque 7 is applied to each, starting from rest. Explain,
using 7 = I, which one reaches a given angular speed first, and why.

Loi giai chi tiét

Iyis = 3MR? is smaller than I,,,,, = M R?, because the hoop'’s mass sits entirely at radius R
while the disk’s mass is distributed closer to the axis on average. Since o = 7/I for the same
applied torque, the smaller moment of inertia gives the larger angular acceleration: the disk
speeds up faster. Because w = ot starting from rest, the disk reaches any given angular speed
in less time than the hoop.

Bai tap luyén tap

When solving a static equilibrium problem, why is it often strategic to choose the pivot point
at the location where an unknown force is applied?

(A) It automatically makes the net force zero (C) It doubles the number of independent

(B) It eliminates that unknown force from the equations available

torque equation, since its lever arm about
that point is zero (D) It is required by Newton'’s third law

Lai giai chi tiét

A force applied exactly at the pivot has » = 0, so its torque 7 = rF'sin 8 is automatically zero,
regardless of the force’s size or direction — it drops out of the torque equation entirely, leaving
fewer unknowns to solve for. (B).

Bai tap luyén tap

A uniform beam of length 5.0 m and weight 300 N rests on two supports at its ends. A 450N
load is placed 1.0 m from support A. Find the force at support B.

Loi giai chi tiét
1200

Torque about A: Fjy(5.0) = (300)(25) + (450)(1.0) = 750 + 450 = 1200 = Fpy = — =

[210N]

Bai tap luyén tap

A flywheel with T = 0.40kg - m? is brought from rest to 20rad/s in 2.0s by a constant net
torque. Find that torque.

(A) 2.0N-m (C) 8SON-m
(B) 4.0N-m (D) 10N -m
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Loi giai chi tiét
Aw 20

a=-= =55 10rad/s*. 7 = Ia = (0.40)(10) = 4.0N - m. (B).

Bai tap luyén tap

A grinding wheel accelerates uniformly from w, = 5.0rad/s to w = 25rad/s while turning
through 60 rad. Find the time this takes.

(A) 2.0s (C) 4.0s
(B) 3.0s (D) 5.0s

Loi giai chi tiét
26 2(60) 120

6=+ t=t= = = =40s.(C).
2o F Wt =t = o = 50 %5~ 30 s (C)

Bai tap luyén tap

A CD spins at frequency f = 5.0 Hz. Find its angular velocity w, and the tangential speed of a
point » = 0.10 m from the center.

Lai giai chi tiét

w=2nf=2n(5.0) =|31.4rad/s|
v=wr = (31.4)(0.10) =|3.14m/s|.

Bai tap luyén tap

-

Arrigid bar pivoted at one end has three forces applied simultaneously: F; = 30 N perpendicu-
lar to the bar at ; = 0.40 m (tending to rotate it counterclockwise), F,, = 50 N applied directly
at the pivot itself, and F; = 20 N perpendicular at 7, = 0.90 m (tending to rotate it clockwise).
Find the net torque about the pivot.

(A) —6.0N-m (C) —18N-m
(B) +6.0N-m (D) +30N-m

Loi giai chi tiét

F, is applied at the pivot itself, so » = 0 and it contributes zero torque no matter its magnitude
or direction. 7, = +(0.40)(30) = +12N-m. 73 = —(0.90)(20) = —18 N-m.

Zrzl2+0—18:—6.0N-m.

(A).

Bai tap luyén tap

Four point masses sit at the corners of a rectangle in the zy-plane: 1.0kg at (0,0), 2.0kg at
(4,0), 1.0kg at (4,3), and 2.0kg at (0, 3), with all coordinates in meters. Find the center of
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mass of the system.
Loi gidi chi tiét
Total mass = 1.0 + 2.0 + 1.0 + 2.0 = 6.0 kg.

(L0)(0) + (2.0)(4) + (1O)(4) + (2.0)(0) _ 0+8+440 12
Fem = 6.0 =60 g0~ 20m]

(1.0)(0) + (2:0)(0) + (1.0)(3) + (2.0)(3) _ 0+0+3+6 _

9
— =—=|1.5m|
Ve 50 60 60
Bai tap luyén tap

A uniform horizontal beam of length L = 5.0 m and weight W = 80 N is attached to a wall by
a hinge at one end. A cable from the far end of the beam runs to the wall, making an angle
0 = 53° with the beam (sin 53° = 0.80, cos 53° = 0.60). A lamp of weight w = 120 N hangs from
the far end of the beam, at the cable’s attachment point. Find (a) the cable tension, and (b) the
horizontal and vertical components of the hinge force.

Loi giai chi tiet

(a) Torque about the hinge: T'sinf- L = W - £ +w - L, so, dividing by L:
2

, 160
Tsinf =% +w=40+120 =160 = T = 555 = 200N

(b) Horizontally, the hinge pushes outward against the cable’s inward pull:
H, =T cosf = (200)(0.60) =120 N |.
Vertically, the hinge plus the cable’s vertical component support both weights:

H,=W +w—Tsing = 80 + 120 — (200)(0.80) = 200 — 160 = 40N |

Bai tap luyén tap

Two point masses, 3.0 kg and 5.0 kg, are attached to opposite ends of a very light rigid rod of
length 0.40 m. Find the moment of inertia of the system about an axis through the 3.0 kg mass,
perpendicular to the rod.

(A) 0.48kg - m? (C) 0.80kg - m?
(B) 0.64kg - m? (D) 1.28 kg - m?

Loi giai chi tiet

The 3.0 kg mass sits exactly at the axis (r = 0), contributing nothing. Only the 5.0 kg mass, at
r = 0.40 m, contributes:

I = (3.0)(0)2 + (5.0)(0.40)% = 0 + (5.0)(0.16) = 0.80 kg - m?.

(C).

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 128



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Bai tap luyén tap

A uniform rod of mass M, , = 3.0kg and length L = 1.0m has a small solid sphere of mass
M,,;, = 2.0kg and radius R = 0.10 m rigidly attached at its far end, with the sphere’s center at
the tip of the rod. Find the total moment of inertia of the assembly about an axis through the
rod’s near end, perpendicular to the rod. (Use I, 2M,,,R*)

phere,cm

Lai giai chi tiét

Rod about its own end: 1,,, = M, ,L* = £(3.0)(1.0)? = 1.0kg - m?.

Sphere about its own center: [, ., = %Msth2 = 2(2.0)(0.10)> = (0.4)(2.0)(0.01) =
0.008 kg - m?.

The sphere’s center is a distance d = L = 1.0 m from the rotation axis, so by the parallel-axis

theorem:

Lopn = Loph em + My d? = 0.008 + (2.0)(1.0)> = 0.008 4 2.0 = 2.008 kg - m?.
Liotai = Lroq + Lopn = 1.0 +2.008 = | 3.01kg - m? |

Bai tap luyén tap

Two identical uniform rods, each of mass M and length L, are each subjected to the same net
torque 7. Rod 1 rotates about an axis through its center; rod 2 rotates about an axis through
one end. Without doing any further calculation beyond stating the ratio of their moments of
inertia, explain which rod has the greater angular acceleration, and by what factor.

From the standard shape table, I..,,,., = &M L? for rotation about the center, while I,,,, =
£ M L? for rotation about one end. Since $ML? = 4 x 15 ML?, the end-pivoted rod has four
times the moment of inertia of the center-pivoted rod: I_,,;, = 41..,,;..- Newton’s second law
for rotation, 7 = I«, means that for a fixed applied torque, angular acceleration is inversely
proportional to moment of inertia: & = 7/I. Because rod 1 (pivoted at its center) has one-
quarter the moment of inertia of rod 2 (pivoted at its end), rod 1 experiences four times the
angular acceleration of rod 2: «,,,;., = 4 @,,,4- Physically, this is because pivoting at the end
forces, on average, more of the rod’s mass to sit farther from the axis than pivoting at the
center does, and moment of inertia grows with the square of that distance — so even though
both rods have identical mass and length and feel the identical torque, the end-pivoted rod is
far more resistant to a change in its rotational motion.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 129



AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 6

Energy and Momentum of Rotating
Systems

Muc tiéu Unit: Dong nang quay KE, , = %Iwz va déng ning téng hgp cua vat lan khéng trugt; hé
thirc rang budc v, = wR va a,,, = aR; bdo toan co nang cho vat Ian xudng doc, so sanh van téc clia
cac hinh dang khac nhau va d&i chiéu véi vat truot khdng ma sat; dong lwong géc L = Iw (Vat ran)
va L = mursin @ (chat diém); dinh luat bao toan dong luong goc; xung lwong géc TAt = AL; va bang

tuwong (rng day du gitra cac dai lwong tinh ti€n va dai lwvong quay.

6.1 Rotational Kinetic Energy

Any rotating rigid body has kinetic energy associated with its spin, even if its center of mass is not
moving. Each small piece of mass m, at distance r; from the rotation axis moves in a circle at speed
v; = wry, SO it carries kinetic energy smv? = 1m,w?r?. Summing over every piece of the body and
factoring out the common w? produces > Jmw?r? = Jw?> m;r? = LIw? since I = Y mr? is
exactly the definition of moment of inertia introduced in Unit 5.

KE

_ 1 2
rot_ﬁ‘[w .

This is the exact rotational analog of translational kinetic energy KE,,,,,, = 3muv* mass m

is replaced by moment of inertia I, and speed v is replaced by angular speed w (in rad/s). If
a rigid body simultaneously translates and rotates, its total kinetic energy is the sum of both
contributions:

KEtotal = %mvgm + %I("ﬂa

where v, is the speed of the center of mass and I is the moment of inertia about the axis
through the center of mass.

Object Axis Moment of inertia
Point mass distance r from axis I =mr?

Thin rod through center, 1 to rod I= %ML2

Thin rod through one end, L to rod I=iML?

Solid disk / cylinder through center (symmetry axis) I = %MR2
Thin hoop / ring through center (symmetry axis) I = MR?

Solid sphere through center I= %MR2
Thin spherical shell  through center 1= %MR2
Table 6.1: *

Moment of inertia for common shapes (recall from Unit 5). For an object of mass m and radius R rotating about its
symmetry axis, it is convenient to define the dimensionless shape factor ¢ = I/(m R?) — used throughout this unit.
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GIAI THICH TIENG VIET
boéng nang quay KE, , = %Iw2 la phién ban "quay” ctia déng nang tinh ti€n quen thudc %mvz:
khéi lwvgng m dugc thay bang mé-men quan tinh I, téc d6 v dugc thay bang téc d6 géc w. Néu
vat vira tinh ti€n (kh&i tdm di chuyén) vira quay quanh khéi tam, téng déng nang 1a téng cta

ca hai phan: KE,,,, = 3mv?,, + 1Iw? — day chinh la chia khoa cta toan bo phan "lan khong
trugt” phia sau.

2 cm
Vi du 1 - Rotational KE of a flywheel

A flywheel, modeled as a uniform solid disk of mass M = 4.0 kg and radius R = 0.50 m, spins
at w = 20rad/s about its central axis (it does not translate). Find its moment of inertia and its
rotational kinetic energy.

I =1MR? = 1(4.0)(0.50)? = 1(4.0)(0.25) = 0.50 kg - m?.
KE,, = $Iw* = $(0.50)(20)% = £(0.50)(400) = 100J.

1
2

6.2 Rolling Without Slipping
6.2.1 The Rolling Constraint

A wheel, ball, or cylinder rolls without slipping when the contact point between the object and
the surface is instantaneously at rest — it does not skid or drag. This physical condition forces the
object’s translational speed and its rotational speed to be locked together.

For an object of radius R rolling without slipping:

Vo = WR, Coy = OR.

The velocity of the contact point (bottom of the wheel) is exactly zero; the velocity of the
topmost point is 2v,,,; the center moves at v_,,,. These follow because the contact point’s
velocity is the vector sum of the center’s translational velocity v,,,, (forward) and the point’s
rotational velocity wR (backward, relative to the center) — for rolling without slipping these
must exactly cancel.

w

/‘\

v — )
‘top ‘cm

) = w
Vem wR

contact point P
UP — 0

A wheel rolling without slipping: the contact point P is instantaneously at rest, the center moves at v_,,, = wR, and the
top point moves at 2v_,,,.

. GIAI THICH TIENG VIET

Khi vat 1an khéng truot, diém tiép xdc véi mit dat tai moi thodi diém cé van téc bang 0 — né
khong trugt/khong mai trén mat dudng. Diéu nay budc van toc khéi tdm va toc do goc phai
lién hé chat ché: v,,,, = wR (va tuong ty cho gia toc, a,,,, = aR). Diém trén cling cta banh xe
di chuyén nhanh gap doi khéi tam (2v,,,,), vi né vira dugc "mang theo” bai chuyén dong tinh
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I tién, vira duoc "quay thém” bai chuyén déng quay.

6.2.2 Total Kinetic Energy of a Rolling Object

Because rolling combines translation of the center of mass with rotation about the center of mass,

the total kinetic energy is the sum described in Section 6.1, now with the rolling constraint substi-
tuted in.

Using w = v,,,/R and I = ¢M R? (with shape factor ¢ from the table above):

Uc’m 2
KBppor = $M2y, + 31 = 1M02, + L(eMR?) (22)" = 1002, (1 + ).
The factor (1 + ¢) shows exactly how much extra kinetic energy rolling carries compared to a
non-rotating object with the same v_,,,: a sliding block has ¢ = 0 (no extra KE), while a hoop
(c = 1) carries double the KE of a sliding block moving at the same speed.

GIAI THICH TIENG VIET
Tong déng nang clta vat 1an khong truot gdbm hai phan: ddng nang tinh tién cta khéi tam va
dong nang quay quanh khéi tdm. Thay w = v,,,,/R va I = ¢cM R? vao, ta dugc céng thirc gon:
KE, 0 = 5Mv2,, (1 + ¢). H& s6 (1 + ¢) cho biét vat 1an "ton” bao nhiéu dong nang vao viéc
quay so v&i mét vat trugt (khéng quay, ¢ = 0) cé cung toc do khéi tam.

Vi du 2 - Total KE of a rolling bowling ball

A bowling ball (uniform solid sphere), M = 6.0kg, R = 0.10m, rolls without slipping across
the floor at v, = 8.0m/s. Find its angular speed, its translational KE, its rotational KE, and
its total KE.

Rolling constraint: w = v;%m = —— =280rad/s.

Moment of inertia: I = 2M R? = 2(6.0)(0.10)* = 2(6.0)(0.010) = 0.024 kg - m?.

KE,qns = 5Mv2,, = £(6.0)(8.0)2 = 1(6.0)(64) = 192J.
KE,,, = +Iw* = 3(0.024)(80) = 1(0.024)(6400) = 76.8J.
KE, 0 = 192+ 76.8 = 268.8J.

Check with the shortcut: KE, ,,, = 2 Mv2, (1 +¢) = 192(1 4+ 0.4) = 192(1.4) = 268.8) —
matches.

(') Léi thueng gap: The single most common error in rolling problems is using only émvgm for
the kinetic energy of a rolling object and forgetting the rotational term %Iw2 entirely. A rolling
object always has more total kinetic energy than a non-rotating object moving at the same v,_,,,
— never forget the "(1 + ¢)” factor.

6.3 Energy Conservation on an Incline: Which Shape Wins?

Consider an object of mass M and radius R released from rest at the top of anincline, a vertical height
h above the bottom, and rolling without slipping the whole way down (static friction is present but,
as shown below, it does no work). No energy is lost to sliding, so mechanical energy is conserved:

Mgh = KEtotal = %M’U?m<1 + C)'
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Solving for the speed at the bottom:

2gh 1
Vem = A/ c= ——.
em 1+¢’ MR?

Remarkably, M and R cancel completely — the final speed depends only on the shape factor
¢, i.e. only on how the mass is distributed relative to the radius, not on the actual mass or size of
the object. Smaller ¢ means a larger final speed, because less of the released potential energy
is "diverted” into rotational KE, leaving more available for translational KE. For a frictionless
block that slides (no rotation, ¢ = 0), this reduces to the familiar v = \/2gh from Unit 3 — and
that is always faster than any rolling object, since 1 + ¢ > 1 whenever ¢ > 0.

Top (v = 0) Bottom (h = 0)
KErot
KEtrans
PE:Mgh KEtrans+KErot

Energy bar chart for a solid sphere rolling down: at the top, all energy is gravitational PE; at the bottom the same total
has split into translational and rotational KE (about 71% / 29% for a solid sphere).

GIAI THICH TIENG VIET

Khi mét vat 1an khong trugt tur dinh doc cao h, bdo toan co nang cho v, = +/2gh/(1 + ¢)
— khaéi lwong M va ban kinh R triét tiéu hoan toan, chi con phu thudc hé sé hinh dang ¢ =
I/(MR?). c cang nhd, vat 1an xuéng cang nhanh, vi cang it nang lugng "bién” thanh dong nang
quay, d€ lai nhiéu hon cho dong nang tinh tién. Vat trugt khéng ma sat (khéng quay, ¢ = 0)
lubn nhanh hon moi vat lan, vil + ¢ > 1.

Vi du 3 - Solid cylinder rolling down an incline

A solid cylinder is released from rest and rolls without slipping down an incline, descending a

vertical height 1 = 2.0 m. Find its speed at the bottom.

For a solid cylinder, ¢ = 3:

2gh \/2(9.8)(2.0) 39.2
— - = frg = 2 1 — .11 .
Vem = \/ T 15 15~ V2613=>5.11m/s

Notice that neither the cylinder’s mass nor its radius was needed.

Vi du 4 - Racing five objects down the same incline

A frictionless sliding block, a solid sphere, a solid cylinder (disk), a thin spherical shell, and a thin
hoop are each released from rest at the top of the same incline, A = 5.0 m above the bottom
(the four non-block objects roll without slipping). Rank their speeds at the bottom.
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Using v,.,,, = v/2gh/(1 + ¢) with 2gh = 2(9.8)(5.0) = 98 m? /s2:

Object c 1+c¢ wv,,

Sliding block (no rotation) 0 1.00 V98 =9.90m/s
Solid sphere 2/5 140 /70 =8.37m/s
Solid cylinder / disk 1/2 1.50 +/65.3=8.08m/s
Thin spherical shell 2/3 1.67 /58.8=7.67Tm/s
Thin hoop / ring 1 2.00 49=7.00m/s

The ranking from fastest to slowest is exactly the ranking of ¢ from smallest to largest — mass
distributed farther from the axis (larger ¢) means more of the released energy is locked into
rotation, leaving less for translation.

6.3.1 Rolling Dynamics: The Role of Static Friction

Energy conservation tells us the speed at the bottom, but it is static friction, acting at the contact
point, that supplies the torque needed to make the object spin up as it accelerates — without friction,
the object would simply slide without rotating at all (like ice).

(1) L6i thueng gap: Static friction acting on an object rolling without slipping does zero work,
because the contact point has zero velocity at every instant — a force does no work if its
point of application does not move. Static friction changes how the energy is split between
translation and rotation (via torque), but for ideal rolling it never removes mechanical energy
from the system. This is different from kinetic friction during skidding, which does negative
work and generates heat.

Vi du 5 - Minimum coefficient of friction for rolling without slipping

A solid sphere (¢ = %) rolls without slipping down an incline of angle 8 = 30°. Find its linear
acceleration and the minimum coefficient of static friction required to prevent slipping.

Applying Newton’s second law along the incline (Mgsin6 — f = Ma) and the rotational form
about the center (fR = Ia = ¢cMR? - a/R = f = cMa) simultaneously:
_gsing  (9.8)(0.50) 4.9

. o o =7 2
Mgsing = Ma+cMa=Ma(l4+c¢) = a T+ e T4 =11 3.5m/s”.

Friction force: f = c¢Ma = (0.4)M(3.5) = 1.4M N. Normal force: N = Mgcosf =
(9.8)(0.866)M = 8.49M N.

fo14M

Hmin = 3 = gagar — 10

6.4 Angular Momentum

Angular momentum is the rotational analog of linear momentum. For a rigid body rotating about a
fixed axis, it is defined analogously to p = mu:
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L=1Iw (rigid body about a fixed axis).

Units: kg - m2/s (equivalently J - s). Like linear momentum, angular momentum is a vector; for
rotation confined to a plane, its direction is given by the right-hand rule (curl the fingers in the
direction of rotation — the thumb points along L), and it is positive/negative depending on
whether the rotation is counterclockwise/clockwise, exactly like the sign convention used for
w and « in Unit 5.

A single particle need not move in a circle to have angular momentum about some chosen ref-
erence point — angular momentum is always defined relative to a point, just as torque is.

For a particle of mass m, velocity v, and position vector 7 (drawn from the reference point O
to the particle), the angular momentum about O is

L = muvrsinf =r, mo,

where 6 is the angle between 7 and ¥, and r, = rsin is the perpendicular distance from O to
the particle’s line of motion (its extended velocity vector). This is the magnitude of the vector
cross product L = 7 x p. A particle moving in a straight line at constant velocity — even one
that never passes through O — still has a well-defined, and in fact constant, angular momentum
about O, because r | never changes even as r and 6 both change.

O

Angular momentum of a particle about point O: L = mursin@ = mvr , where r | is the perpendicular distance from O
to the line of motion.

GIAI THICH TIENG VIET
Vi vat ran quay quanh truc ¢é dinh, dong lugng goc 1a L = Iw — hoan toan tuong tu' p = mw,
chithay m — I va v — w. V&i mot chat diém (ké ca dang chuyén dong thang déu, khéng quay
quanh O nao cd), dong luong géc quanh mét diém O van dugc dinh nghia: L = mursing =
mur |, vdir, 1a khodng cach vudng goc tir O dén duding thang chira quy dao. Diéu dic biét:
néu vat chuyén déng thang déu (khéng cé luc), », khéng d6i nén L quanh O ludn khéng déi
— du r va 0 déu thay déi theo thoi gian.

Vi du 6 - Angular momentum of a particle moving in a straight line

A 2.0 kg ball moves at a constant v = 6.0 m/s along a straight path. The perpendicular distance
from a fixed point O to this path is »;, = 4.0 m. Find the ball’s angular momentum about O.

L =r, mv=(4.0)(2.0)(6.0) = 48kg - m?/s.

This value stays the same at every instant of the ball’'s motion, since , does not change even
as the ball travels along its straight-line path.
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Vi du 7 - Angular momentum of a spinning merry-go-round

A merry-go-round, modeled as a uniform solid disk of mass A = 120 kg and radius R = 1.5m,
spins at w = 2.0rad/s. Find its moment of inertia and its angular momentum.

I =31MR? = 1(120)(1.5)? = $(120)(2.25) = 135kg - m?.
L = Iw = (135)(2.0) = 270 kg - m?/s.

6.5 Conservation of Angular Momentum

Just as linear momentum is conserved when the net external force on a system is zero, angular mo-
mentum is conserved when the net external torque on a system is zero.

If 7

net ezt = 0 ON a system, its total angular momentum is constant:

Li :Lf <~ Ilwl :IQUJQ

for a system whose moment of inertia changes from I, to I, (e.g. because mass redistributes
relative to the axis). Because L = Iw stays fixed, a decrease in I must produce a proportional
increase in w, and vice versa — this is why figure skaters, divers, and platform divers spin faster
when they pull their limbs in.

pulls arms in
-

I, large I, small
w, small wy large

Pulling the arms inward reduces moment of inertia; since L = Iw is conserved, angular velocity must increase.

GIAI THICH TIENG VIET
Khi m&-men xo3n ngoai luc téng hop bang 0, déng lwgng goc L clia hé dugc bao toan: I,w, =
Iyw,. Néu T gidm (vi du van dong vién thu tay/chan lai gan truc quay), w phai tang tuong (ng
dé gilr L khong déi — day 1a ly do van dong vién truot bing nghé thuat quay nhanh han lén
khi ho thu tay vao nguoi.

6.5.1 Classic Examples

Vi du 8 - Skater pulling her arms in

A figure skater spins at w; = 2.0rad/s with her arms extended, giving her a moment of inertia
I, = 4.0kg - m?. She pulls her arms in, reducing her moment of inertia to I, = 1.0 kg - m2. Find
her new angular velocity, and compare her rotational KE before and after.

Angular momentum is conserved (the ice exerts negligible torque about her spin axis):

1 4.0)(2.
2 .

KE, = $I,w} = 1(4.0)(2.0)2 = 8.0J, KE, = iLw} = £(1.0)(8.0)% = 32J.
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Her rotational KE quadruples even though L stays fixed — the skater’s own muscles do positive
internal work pulling her arms inward against the effective outward pull of her spinning body,
and that work becomes extra kinetic energy.

Vidu 9 - Reeling in a puck on a string

A 0.50 kg puck slides on frictionless ice in a circle of radius ; = 0.80 mat v; = 4.0m/s, held by
a string that passes through a hole in the table and is pulled from below. The string is reeled
in until the radius is 7, = 0.20 m. Find the puck’s new speed.

The string tension always points toward the hole (radially), so it exerts zero torque about the
hole — angular momentum about the hole is conserved. Treating the puck as a point mass,

L = mor, so:
vy (4.0)(0.80)

ry 0.20

Note KE, = 1(0.50)(4.0)> = 4.0J but KE, = (0.50)(16)> = 64J — sixteen times more.
Unlike the skater’s internal muscular work, here the external tension does positive work on the
puck: as the puck spirals inward its displacement has a small component along the direction
of tension, even though tension is always exactly perpendicular to the puck’s instantaneous
velocity (and hence exerts zero torque about the hole at every instant).

MUT] = MUyTy = Vg = =16m/s.

6.5.2 Rotational "Collisions”: Two Bodies Coupling Together

When two rotating bodies on the same axis are brought together and lock into a common angular
velocity (e.g. two disks pressed together by a clutch), the situation is the direct rotational analog of
a perfectly inelastic linear collision from Unit 4: momentum (L, here) is conserved because there is
no net external torque during the coupling, but kinetic energy is not conserved — energy is lost to
friction/deformation as the bodies grip each other and match speeds.

Parallel to Unit 4: Linear Momentum

Compare directly to a block sliding into and sticking to a second block (perfectly inelastic col-
lision): myv; = (m; + my)v;, with kinetic energy lost. The rotational version simply replaces
m — Iand v — w: [yw; = (I; + I)wy, again with kinetic energy lost. In both cases, momen-
tum (linear or angular) survives the "collision” intact; kinetic energy does not, because internal
forces (friction between the coupling surfaces) do negative work as the pieces merge.

Vi du 10 - Two disks coupling on a shared axle

Disk A has I, = 2.0kg-m? and spins at w, = 10rad/s. Disk B has I = 6.0kg-m? and
is initially at rest, on the same frictionless axle. The disks are pressed together and reach a
common final angular velocity. Find w, and the fraction of kinetic energy lost.

Conservation of angular momentum (no external torque about the shared axle):
(2.0)(10) 20

KE; = £(2.0)(10)* = 100J, KE; = 3(8.0)(2.5)% = 3(8.0)(6.25) = 25J.
. 100 — 2 . e e . .
Fraction lost: % = 0.75, i.e. 75% of the initial kinetic energy is lost to the coupling —

exactly analogous to how a perfectly inelastic linear collision loses kinetic energy while con-
serving momentum.
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(1) L6i thueng gap: Do not confuse "angular momentum is conserved” with “kinetic energy is
conserved.” A zero net external torque guarantees L stays constant — it says nothing about
kinetic energy. KE can increase (skater pulling arms in, string reeled in) or decrease (two disks
coupling together) depending on whether internal forces do positive or negative work; only
check KE conservation separately, the same way you already do for linear collisions.

6.6 Angular Impulse

Just as a net force applied over a time interval produces a linear impulse that changes linear momen-
tum (J = FAt = Ap, from Unit 4), a net torque applied over a time interval produces an angular
impulse that changes angular momentum.

TAt = AL = Tw; — Tw; (constant torque).
For a torque that varies with time, the angular impulse is the signed area under a 7-t graph,

exactly as the area under an F-t graph gives linear impulse:

AL = /Tdt = area under the 7-t graph.

. GIAI THICH TIENG VIET

\
Xung lugng goc la phién ban "quay” cla xung lugng tuyén tinh: At = AL (so véi FAt = Ap).
Né&u md-men xo3n khéng déi theo thai gian, xung lwong goc chinh 13 7At; néu 7 thay déi, xung
lwong goc 13 dién tich c¢6 dau dudi do thi -t — hoan toan giéng cach doc d6 thi F-t & Unit 4.

Vidu 11 - Angular impulse from a constant torque

A constant torque of 7 = 15N - m is applied to a wheel with I = 3.0 kg - m?, initially at rest, for
aduration At = 4.0s. Find the angular impulse delivered and the wheel’s final angular velocity.

Angular impulse = TAt = (15)(4.0) = 60kg - m?/s = AL.
Since the wheel starts atrest, L, = 0,s0 L; = 60kg - m? /s, giving

L 60
f
== =_— =20rad/s.
YT T30 /

7 (N-m)

20 +

10 1

1 1 1 1 1t(s)
1 2 3 4 5 6

T-t graph: torque rises linearly from 0 to 20 N - m over 0-3.0's, then stays constant at 20 N - m from 3.0-5.0s.
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Vidu 12 - Angular impulse from a 7-¢ graph

For the torque graph shown above, a rotor with I = 5.0 kg - m? starts at rest. Find its angular
velocity att = 5.0s.

Angular impulse = total signed area under the graph. Triangle (0-3.0s):
1(3.0)(20) = 30kg - m?/s.

Rectangle (3.0-5.0s):
(20)(5.0 — 3.0) = 40kg - m?/s.
Total angular impulse = 30 + 40 = 70kg - m?/s = AL. Since L, = 0:

L 70

f

=L = _— =14rad/s.
YITT T 50 /

6.7 Synthesis: The Translational-Rotational Analogy

Every rotational quantity introduced in Units 5 and 6 has a direct translational counterpart. Rec-
ognizing this parallel structure lets you transfer everything you already know about translational
dynamics and energy directly into rotational problems.

Translational quantity Rotational quantity

Mass m Moment of inertia I

Position = Angular position 6

Velocity v Angular velocity w
Acceleration a Angular acceleration «
Force I Torque 7

Newton'’s second law F,, ., = ma Tpet = Lo

Momentum p = mv Angular momentum L = Jw
Impulse J = FAt = Ap Angular impulse TAt = AL
Kinetic energy KE = 1mu? Rotational KE K'E, , = 31w?

Conservation of momentum (F,,; .,, = 0) Conservation of L (7,,.; ..., = 0)

Table 6.2: *

The full translational-rotational analogy. Every rotational law can be obtained from its translational counterpart by the

Khai niém cét 16i

This analogy is not a coincidence — it follows directly from writing every translational quantity
for each small piece of a rigid body and summing over the whole body using r as the "lever
arm.” It is also a powerful problem-solving check: if you are unsure which rotational formula
to use, write down the translational formula for the same physical idea (momentum, energy,
impulse, Newton's second law) and apply the substitutions above.

substitutionsm - I,z - 6,v > w,a - o, F — 7,p — L.

GIAI THICH TIENG VIET
mBloi dai lwgng "quay” déu cé mot dai luong "tinh tién” tuong (ng: khoi luong m « mo-men
quan tinh I; lvc F < mé-men xoan 7; dong luong p = mv + dong lugng goc L = Iw; dong
nang 3mv? < 31w xung lugng FAt = Ap <> TAt = AL. Khi khong chéc cong thirc "quay”

LNl

nao can dung, hay viét cong thirc "tinh tién” twong (rng roi thay cac dai lugng theo bang trén
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I — day 1a meo kiém tra rat hiru ich trong phong thi.

6.8 Combined Angular-Momentum and Energy Problems

Some of the richest rotation problems combine conservation of angular momentum with a separate,
independent check on kinetic energy — exactly the two-step approach already used for linear col-
lisions in Unit 4. This section develops three closely related scenarios: an object joining a rotating
system, an object leaving a rotating system, and a moving particle being captured by a rotating rigid
body. In every case, the first step is to identify the axis about which angular momentum is conserved
(justified by zero net external torque about that axis), and the second, separate step is to compute
kinetic energy before and after to see whether — and how much — it changed.

What is conserved, scenario by scenario:

¢ An object joins a rotating system (a person jumping onto a platform, a mud ball sticking
to a rotating rod): angular momentum about the axis is conserved, but kinetic energy de-
creases — this is a rotational perfectly inelastic collision, the direct analog of two linear objects
colliding and sticking together.

¢ An object leaves a rotating system (a person throwing a ball off a platform, an object flung
outward from a rotating body): angular momentum of the whole system (thrower + thrown
object together) is conserved, but kinetic energy increases — this is the rotational analog of
an explosion (two objects, initially moving together, push apart), since some internal energy
source (muscles, a spring) does positive work.

e Mass redistributes within a single rotating body (a skater pulling in her arms, a student
walking along a rotating platform, Section 6.4): angular momentum is conserved, and kinetic
energy changes according to the sign of the internal work done — this case was covered
already in Section 6.4, and is included here only for completeness.

In every scenario, always check angular momentum conservation first (it requires only zero net
external torque about the axis) and treat kinetic energy as a completely separate bookkeeping
question.

GIAI THICH TIENG VIET

6 ba dang bai két hop bao toan dong lugng goc véi dong nang: (1) mot vat "nhap” vao hé
dang quay (ngudi nhay Ién ban xoay, cuc bun dinh vao dau thanh dang quay) — dong luong
gbc bao toan nhung dong nang giam, giong hét va cham mém (hoan toan khéng dan haéi) trong
Unit 4; (2) mot vat "tach” khéi hé dang quay (nguoi dirng trén ban xoay ném mot vat ra ngoai)
— déng lugng goc clia toan hé van bdo toan nhung dong nang ting, gidng nhu mot vu "nd”
(explosion) trong Unit 4, vi c6 cong ndi luc (co bap) sinh thém n3ng lvong; (3) khdi lwong tw
phan bé lai bén trong mot hé (van dong vién thu tay, nguoi di trén ban xoay) — da hoc & muc
6.4. Trong moi trudng hop, ludn ki€ém tra bao toan L trudc (chi cAn mé-men xo3n ngoai luc
bang 0), réi xét déng nang nhu mot bai toan hoan toan riéng biét.
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person, mass m

Top view: a person of mass m, running tangentially at speed v, jJumps onto the rim (radius » = R) of a freely rotating
platform (moment of inertia I, initial angular velocity w,). No external torque acts about the axis O during the jump, so
angular momentum is conserved even though kinetic energy is not — a rotational perfectly inelastic collision.

6.8.1 An Object Joining a Rotating System: Rotational Perfectly Inelastic Collisions

Parallel to Unit 4: Elastic and Inelastic Collisions

Recall from Unit 4 that a perfectly inelastic linear collision — two objects colliding and sticking
together — conserves momentum but loses kinetic energy: m; v, = (my +my)v,, with KE, <
KE,. An object joining a rotating system behaves exactly the same way, with m — I and
v — w: angular momentum is conserved, L; = L, but kinetic energy is not, because internal
forces (the friction of the person’s feet gripping the platform, or the mud deforming as it sticks)
do negative work as the two pieces merge into one common angular velocity. Just as in Unit
4, an elastic rotational "collision” — one that conserves both L and KE — would require the
two pieces to separate again afterward (bounce apart) rather than combine.

Vi du 13 - Student jumping onto a rotating platform

A circular platform (uniform disk), A = 100kg, R = 2.0m, is free to rotate on a frictionless
bearing and is initially at rest. A m = 40kg student runs tangent to the rim at v = 3.0m/s and
jumps on, landing right at the edge and sticking to the platform. Find the platform’s angular
velocity right after she lands, and compare the total kinetic energy just before and just after.

Moment of inertia of the platform: I, = ;M R?* = 1(100)(2.0)? = 200 kg - m?.

Angular momentum about the central axis, just before landing (the student runs tangentially,
so § = 90°; the platform is at rest and contributes zero):

L; = mvRsin90° = (40)(3.0)(2.0) = 240 kg - m?/s.

After landing, treat the student as a point mass at radius R, so the system'’s total moment of
inertia is
I; = I, + mR? = 200 + (40)(2.0)? = 200 + 160 = 360 kg - m?.

Angular momentum is conserved (no external torque about the axis):

L, 240

Kinetic energy before (student only; the platform is at rest):
KE; = imv? = }(40)(3.0)*> = 180J.
Kinetic energy after:

I;w% = 1(360)(0.667)% = 1(360)(0.445) = 80.1J.
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Kinetic energy decreases from 180 J to about 80 J — a loss of roughly 100 J, or 55.6% — exactly
as expected for a rotational perfectly inelastic collision: the student’s feet and the platform
surface do negative work on each other as she "sticks,” converting some kinetic energy into
heat and sound.

6.8.2 An Obiject Leaving a Rotating System: Rotational "Recoil”

Now reverse the process: a person standing on a rotating platform throws an object away from the
axis. Just as an explosion splits one object at rest into two objects moving in opposite directions
(each acquiring equal and opposite momentum, from Unit 4), throwing an object off a platform splits
one system into two parts — the thrown object and the platform-plus-thrower — that must carry
equal and opposite changes in angular momentum, so the total is exactly what it was before the
throw.

Vi du 14 - Throwing a ball off-axis from a rotating platform

A student stands at rest on a frictionless rotating platform; together, student and platform have
a combined moment of inertia I, = 60kg - m?2 about the central axis O. She holds a ball of
mass m = 1.0 kg at a distance » = 1.0 m from the axis and throws it horizontally; at the instant
it leaves her hand, the ball moves at v = 6.0 m/s, at an angle § = 30° to the line from O to the
ball (i.e. not purely tangential). Find the angular velocity of the platform (with the student on
it) immediately after the throw.

The ball’s angular momentum about O, using L = mur sin 6:
Ly, = morsind = (1.0)(6.0)(1.0) sin 30° = (1.0)(6.0)(1.0)(0.50) = 3.0kg - m?/s.

Before the throw, everything (student, platform, ball) is at rest, so the total angular momentum
about O is zero. The platform’s bearing is frictionless, so there is no net external torque about
O during the throw — total angular momentum stays zero:

Lyqy 3.0
= —— = —0.050rad/s.
Isys 60 /

Lball + Isyswf =0 = wf ==

The negative sign means the platform recoils in the direction opposite to the ball’s angular
momentum: the student and platform spin one way while the ball’s angular momentum about
O points the other way, so that the vector sum is still zero — the exact rotational analog of two
objects recoiling apart in an explosion.

6.8.3 A Moving Particle Captured by a Rotating Body

When a small, fast-moving object strikes and sticks to the end of a larger rotating (or initially sta-
tionary) rigid body, its angular momentum just before impact is computed with the point-particle
formula L = mur sin 0, taken about the same axis as the rigid body’s rotation; after impact, the com-
bined object-plus-body system has a new, larger moment of inertia, I;,,,; = I;,q, + ms? (treating
the now-attached particle as a point mass at its sticking radius ).

Vi du 15 - Mud ball striking a rotating rod

A uniform rod of mass M = 6.0kg and length ¢ = 1.0 m is pivoted at one end on a friction-
less horizontal axle and is initially at rest. A ball of mud, m = 1.0kg, moving at v = 9.0m/s
perpendicular to the rod, strikes and sticks to the rod’s free end (a distance ¢ from the pivot).
Find the angular velocity of the rod-plus-mud system immediately after impact, and compare
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kinetic energy before and after.
Moment of inertia of the rod about the pivot: I, ,; = M ¢? = 1(6.0)(1.0)* = 2.0kg - m?.

Angular momentum of the mud ball about the pivot, just before impact (it moves perpendicular
to the rod, so 8 = 90°, and r = ¢):

L; = mvfsin90° = (1.0)(9.0)(1.0) = 9.0kg - m?/s.

(The rod contributes zero angular momentum, since it starts at rest.) After the mud sticks, the
system'’s total moment of inertia about the pivot is

Ip =1,,q+mf* =20+ (1.0)(1.0)2 = 3.0kg - m?.

Angular momentum is conserved (the only external forces — gravity and the pivot’s force —
act at or through the pivot, so they exert no torque about it):

L, 90

CUf = Tf = % :3.0rad/s.

Kinetic energy before (mud ball only):
KE; = imv? = (1.0)(9.0)* = 40.5J.

Kinetic energy after:
KE; = §1;wi = 5(3.0)(3.0)* = 13.5J.

Kinetic energy drops from 40.5J to 13.5J — a loss of 66.7% — once again the signature of a
perfectly inelastic "collision,’ this time between a linearly-moving particle and a rotating rigid
body.

(1) Loi thweng gap: When an object joins a rotating body, its own contribution to the final
moment of inertia is easy to forget. Always add mr? (treating the newly attached object as a
point mass at its final distance r from the axis) to the rigid body’s original moment of inertia to
get I; — using only the rigid body’s original I will give a final angular velocity that is too large.

6.9 Practice Problems

Bai tap luyén tap

A solid disk and a thin hoop, with equal mass M and equal radius R, are released from rest at
the top of the same incline and roll without slipping to the bottom. Which reaches the bottom
first?

(A) The disk (C) They arrive at the same time
(B) The hoop (D) It depends on the incline angle

Loi giai chi tiét

The disk has ¢ = %, smaller than the hoop’s ¢ = 1. A smaller ¢ means both a larger final speed
and a larger acceleration throughout the descent (a = gsinf/(1 + ¢)), so the disk arrives first
regardless of the specific angle. (A).
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Bai tap luyén tap
A wheel with I = 2.0kg - m?, radius R = 0.40 m, and mass m = 5.0 kg rolls without slipping at

V.., = 6.0m/s. Find its angular speed and its total kinetic energy.

Lai giai chi tiét

W = Vg /R = 6.0/0.40 = | 15rad /s,

KE,,, = $(2.0)(15)> = 225J); KE =

G trans

KB, = 225+90 =[315J]

Bai tap luyén tap

-

(5.0)(6.0)% = 90J.

1
2

A ball rolls without slipping across a floor. What is the instantaneous speed of the point on
the ball currently touching the floor?

(A) v, Q) 2v,,,
(B) Zero (D) v,,,/2

Lai giai chi tiét

-

Rolling without slipping means the contact point is instantaneously at rest. (B).

Bai tap luyén tap

A solid sphere (¢ = 2/5) is released from rest and rolls without slipping down an incline, de-
scending a vertical height 1 = 3.5 m. Find its speed at the bottom.

(A) 5.94m/s (C) 7.00m/s
(B) 6.50m/s (D) 8.29m/s

Loi giai chi tiét

v=1/2gh/(1+c) = +/2(9.8)(3.5)/1.4 = \/68.6/1.4 = v/49 = 7.00m/s. (C).

Bai tap luyén tap

A solid sphere and a thin spherical shell, of equal mass and equal radius, are released together
from rest at the top of an incline and both roll without slipping. Explain, in words, which one
reaches the bottom first and why.

Lai giai chi tiét

-

The solid sphere reaches the bottom first. For any rolling object, v, = \/2gh/(1 + ¢), where
¢ = I/(MR?) is smaller when mass is concentrated closer to the axis. A solid sphere has
¢ = 2/5, while a thin shell (mass concentrated at the outer radius) has the larger value ¢ = 2/3.
Because c is smaller for the solid sphere, a smaller fraction of the released gravitational poten-
tial energy is converted into rotational kinetic energy, leaving a larger fraction for translational
kinetic energy — so the solid sphere has both a greater final speed and a greater acceleration
throughout the trip. This conclusion does not depend on the common mass or radius, since
both cancel out of the formula for v,,,,.
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Bai tap luyén tap

A frictionless block slides (without rotating) down a smooth incline of height 4, while an
identical-height incline is used for a hoop that rolls without slipping. Compare their final speeds
at the bottom.

(A) The block is faster (C) They are equal

(B) The hoop is faster (D) Cannot be determined

Loi giai chi tiét

The block has ¢ = 0, s0 vy, = v/2gh; the hoop has ¢ = 1, s0 vy, = \/29h/2 = \/gh. Since
v2gh > +/gh for any h > 0, the sliding block is always faster than a rolling hoop released from
the same height. (A).

-

Bai tap luyén tap

A thin spherical shell, M = 2.0kg, R = 0.15m, rolls without slipping atw = 12rad/s. Find v,,,,,
KE KE,,, and KE,

trans’ rot? otal*

Loi giai chi tiét

Ve = wR = (12)(0.15) =|1.8m/s]

I =2MR? = £(2.0)(0.15)? = 0.030 kg - m?.

KE, qns = 5(2.0)(1.8)2 =|3.24J; KE, ,, = 1(0.030)(12)% = | 2.16J |,
KE,q =324+2.16 =|5.40J |

Bai tap luyén tap

A 3.0kg particle moves at a constant v = 5.0m/s along a straight line whose perpendicular
distance from the origin O is 2.0 m. Find its angular momentum about O.

(A) 7.5kg-m?/s (C) 30kg-m?/s
(B) 15kg-m?/s (D) 60kg - m?/s

Loi giai chi tiét

L=r,mv=(2.0)(3.0)(5.0) = 30kg - m?/s. (C).

Bai tap luyén tap

A particle moves in a straight line at constant velocity, subject to zero net force. As it travels
farther from a fixed reference point O (not on its path), its angular momentum about O:

(A) Increases (C) Stays exactly the same
(B) Decreases (D) Oscillates
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Loi giai chi tiét

With zero net force, the particle experiences zero net torque about any point, so L about O
is conserved. Equivalently, » and 6 both change as the particle moves, but », = rsin6 (the
perpendicular distance to the line of motion) never changes, so L = muvr stays fixed. (C).

Bai tap luyén tap

A merry-go-round, modeled as a solid disk, M = 200kg, R = 2.0m, spins at w = 1.5rad/s.
Find its moment of inertia and angular momentum.

Loi giai chi tiet

I =1MR?=1(200)(2.0)> =|400kg - m? |.

L = Iw = (400)(1.5) = | 600 kg - m? /s |.

Bai tap luyén tap

A 50 kg student stands at the rim, r; = 2.0 m, of a frictionless rotating platform with .., .+ ¢, =

300kg - m?, spinning at w;, = 1.0rad/s. She walks inward to 7, = 0.50m from the center.
Treating her as a point mass, find the platform’s new angular velocity.

Loi giai chi tiet

I = Lyjay form + mr3 = 300 + (50)(2.0)% = 300 + 200 = 500 kg - m?.
Iy = Ljat porm +mr3 = 300 + (50)(0.50)% = 300 + 12.5 = 312.5kg - m%.

) B ~ (500)(1.0)
Angular momentum conserved: [,w; = lhwy, = wy = 3195 = 1.6rad/s |

Bai tap luyén tap

For the student and platform of the previous problem, as she walks toward the center, the
system’s total rotational kinetic energy:

(A) Increases (C) Stays the same

(B) Decreases (D) Cannot be determined

Loi gidi chi tiét
KE, = $(500)(1.0)% = 250J; KE, = $(312.5)(1.6)> = 400J. Kinetic energy increases be-
cause the student does positive work on herself (and the platform) as her muscles pull her

inward against the effective outward tendency of her rotating body — angular momentum is
conserved, but kinetic energy is not. (A).

Bai tap luyén tap

Disk A, I, = 4.0kg - m?, spins at w, = 8.0rad/s. Disk B, I = 12kg - m?, is initially at rest on
the same frictionless axle. They are pressed together and reach a common angular velocity.
Find w; and the fraction of kinetic energy lost.
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Loi giai chi tiét
L, =1,w, = (4.0)(8.0) = 32kg - m?/s; I, = 4.0 + 12 = 16 kg - m.
KE; = £(4.0)(8.0)2 = 128J; KE; = 5(16)(2.0)* = 32J.

. 128 — 32
Fraction lost = ST 0.75 (75%) |

Bai tap luyén tap

Two disks are pressed together on a shared frictionless axle and lock into a common angular
velocity, exactly as in the previous problem. This process is the rotational analog of which
linear-momentum scenario?

(A) An elastic collision (C) An explosion (objects separating)

(B) A perfectly inelastic collision (D) Two isolated, non-interacting objects

Loi giai chi tiét
Momentum (L) is conserved but kinetic energy is lost as the two bodies merge into one com-
mon motion — this is the exact rotational parallel of a perfectly inelastic linear collision, where

two objects collide and stick together. (B).

Bai tap luyén tap

A constant torque 7 = 8.0 N - m acts on a rotor with I = 4.0kg - m?, initially spinning at w, =
3.0rad/s, for At = 6.0s, in the same direction as the initial spin. Find the final angular velocity.

Loi giai chi tiét
L; = Iw; = (4.0)(3.0) = 12kg - m?/s.
Angular impulse = 7At = (8.0)(6.0) = 48kg - m?/s = AL.

L;=12+48 =60kg-m?/s = w; = 60/4.0 =|15rad/s|.

Bai tap luyén tap

A constant torque of 10N - m acts on a rotor with I = 5.0kg - m?, starting from rest, for 4.0s.
Find its angular velocity at ¢t = 4.0s.

(A) 2.0rad/s (C) 8.0rad/s
(B) 4.0rad/s (D) 16rad/s

Loi gidi chi tiét
AL = 7At = (10)(4.0) = 40kg - m?/s. w; = AL/I = 40/5.0 = 8.0rad/s. (C).

Bai tap luyén tap

A 7-t graph decreases linearly from 12N-mat¢ = 0to 0 at¢t = 6.0s. A rotor with I =
3.0kg - m? starts at rest. Find its angular velocity at t = 6.0s.
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Loi giai chi tiét
Angular impulse = area of the triangle = 1(6.0)(12) = 36kg - m?/s = AL.

w;=AL/I =36/3.0 =|12rad/s|.

Bai tap luyén tap

Explain, in words, why angular momentum is conserved for a spinning figure skater who pulls
her arms inward, but her rotational kinetic energy is not conserved. Identify the source of the
extra energy.

Loi giai chi tiét

The only forces acting on the skater (gravity and the normal force from the ice) act essentially
along her spin axis or through it, so they exert no net external torque about that axis. With
zero net external torque, angular momentum L = Iw must remain exactly constant throughout
the motion, which is why I,w;, = I,w, applies. However, the conservation law for L places
no restriction on kinetic energy. As the skater pulls her arms inward, her own muscles must
do positive work against the outward tendency of her rotating limbs (in the rotating frame,
this feels like pulling against a centrifugal effect); this internal muscular work adds mechanical
energy to her body. Since I decreases while L stays fixed, w = L/I increases, and because
KE,, = 1Iw* = L?/(2I), a smaller I with the same L directly produces a larger KE, ;.

The extra kinetic energy comes from the chemical energy the skater's muscles convert into
mechanical work, not from any external agent.

Bai tap luyén tap

Which pair correctly matches a translational quantity with its rotational analog?
(A) Momentum p = mwv < angular momen- (C) Mass m « torque 7
tum L = Jw

(B) Force F' <+ moment of inertia I (D) Impulse J <+ moment of inertia I

Loi giai chi tiét

Momentum'’s rotational analog replaces mass with moment of inertia and velocity with angular
velocity: L = Tw. (A).

Bai tap luyén tap

A wheel experiences a torque of 20N - m, producing an angular acceleration of 4.0rad/s.
Starting from rest, the torque acts for 3.0 s. Find the wheel's moment of inertia, its final angular
velocity, and its rotational kinetic energy gained.

Loi giai chi tiét
I=7/a=20/40=|5.0kg -m?|

wy = at = (4.0)(3.0) = [ 12rad/s|
KE,,, = 1(5.0)(12)? = [360J]

Check via angular impulse: AL = 7t = (20)(3.0) = 60 = Iw; = (5.0)(12) = 60 — matches.
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Bai tap luyén tap

A figure skater spins with her arms extended, then pulls them in close to her body. Which of
the following quantities increases?

(A) Her angular momentum (C) Her angular velocity

(B) Her moment of inertia (D) Her mass

Loi giai chi tiét

Angular momentum is conserved (unchanged) and moment of inertia and mass both decrease
or stay fixed; only angular velocity increases, since w = L/I with L fixed and I decreasing. (C).

Bai tap luyén tap

A 0.20 kg puck moves on frictionless ice in a circle of radius r;, = 1.2m at v; = 3.0m/s, held
by a string through a frictionless hole. The string is pulled in until the radius is r, = 0.30 m.
Find the new speed, compare the initial and final kinetic energy, and explain (in words) how
the kinetic energy can change even though the string tension is always perpendicular to the
puck’s velocity.

Loi gidi chi tiét
Angular momentum about the hole is conserved because tension is always radial (zero torque

about the hole): vy, = vy, /ry = (3.0)(1.2)/0.30 = .

KE, = 1(0.20)(3.0)> = 0.90J; KE, = 1(0.20)(12)? = 14.4J) — the kinetic energy increases
sixteen-fold.

This is not a contradiction: tension is perpendicular to the velocity only at each instant of pure
circular motion at fixed radius. While the radius is actively shrinking, the puck’s path spirals
slightly inward, so its actual displacement has a small component along the direction of the
tension force; this component allows tension to do positive work on the puck over time even
though, instant by instant, the torque about the hole (and hence the rate of change of L) stays
zero. The net effect is that whoever pulls the string does positive mechanical work on the
puck, and that work becomes the extra kinetic energy.

Bai tap luyén tap

For a particle in uniform circular motion (constant radius r, constant speed v) about a fixed
center, which of the following is constant?

(A) Only its speed (C) Bothits speed and its angular momentum

(B) Only its angular momentum about the about the center

center (D) Neither

Lai giai chi tiét

-

Speed is constant by definition of uniform circular motion. The angle between 7 and v is always
90° for circular motion, so L = muvr sin 90° = mur is also constant, since m, v, and r are all fixed.
(C).
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Bai tap luyén tap

Asolid cylinder (¢ = 1/2) rolls without slipping down an incline of angle § = 20° (sin 20° = 0.342,
€os 20° = 0.940, tan 20° = 0.364). Find its linear acceleration and the minimum coefficient of
static friction needed to prevent slipping.

Loi giai chi tiét
_gsind  (9.8)(0.342)  3.352

— — — =12.23 2]
R s 15 1.5 s
L = %tan@ — 2 (0:364) = (0.333)(0.364) = [0.121],
C .

Bai tap luyén tap

For an object rolling without slipping down an incline (static friction present, no skidding), the
work done by static friction on the object is:

(A) Positive (C) Zero
(B) Negative (D) Cannot be determined without p

Loi giai chi tiét
The contact point has zero velocity at every instant during rolling without slipping, so the point

of application of the friction force never moves — work = F' - d requires displacement of the
point of application, which is zero. (C).

Bai tap luyén tap

A solid cylinder, M = 4.0kg, R = 0.25m, rolls without slipping across a floor at v = 2.0m/s,
then rolls up a ramp without slipping and without friction losses. Find the maximum height it
reaches before momentarily coming to rest.

Loi giai chi tiet

e= % for a solid cylinder. Total kinetic energy converts entirely to gravitational PE:

KE,pq = s Mv?(1+ ¢) = 1(4.0)(2.0)%(1.5) = 8.0(1.5) = 12J.

KE 12 12
h = total _ = =10.306 m |.
My~ @0)08) 32

Bai tap luyén tap

A solid sphere and a thin hoop, of equal mass and equal radius, both roll without slipping and
happen to have the same translational speed v_,,, at some instant. Compare their total kinetic
energies at that instant.

(A) Equal (C) The hoop has more kinetic energy

(B) The sphere has more kinetic energy (D) Cannot be determined without the radius
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Loi giai chi tiét

KE, 0 = Mv2, (1 + c). At the same v,,,, the factor (1 + ¢) is larger for the hoop (c = 1, so
1 + ¢ = 2) than for the sphere (¢ = 2/5, so 1 + ¢ = 1.4), so the hoop has more total kinetic
energy — it takes more energy for the hoop to reach the same translational speed, because
more of its mass sits far from the axis. (C).

Bai tap luyén tap

A 0.50 kg ball moves at a constant v = 10 m/s. Ata certain instant, its position vector relative to
origin O has magnitude r = 6.0 m, and the angle between the position vector and the velocity
vector is 30°. Find the ball’s angular momentum about O at that instant.

Loi giai chi tiét

L = mursind = (0.50)(10)(6.0) sin 30° = (0.50)(10)(6.0)(0.50) = | 15kg - m2/s |

Bai tap luyén tap

If a net external torque acts on a system for a very short time, delivering a large angular impulse,
which quantity changes as a direct result?

(A) Its moment of inertia (C) Its mass

(B) Its angular momentum (D) Its angular position only

Loi giai chi tiet

Angular impulse is defined as 7TAt = AL, so a large angular impulse directly produces a large
change in angular momentum. (B).

Bai tap luyén tap

Explain, using the translational-rotational analogy, why 7,,., = I« is considered the rotational
version of Newton'’s second law, and identify what plays the role of "inertia” (resistance to a
change in motion) in the rotational case.

Loi giai chi tiét

Newton'’s second law for translation, F,,., = ma, states that the net force needed to produce a
given acceleration is proportional to the object’s mass — mass measures an object’s resistance
to a change in linear velocity. The rotational law 7,,.,, = Ia has exactly the same structure:
the net torque needed to produce a given angular acceleration is proportional to the object’s
moment of inertia I. Just as F' replaces with 7 and a replaces with a, mass m is replaced by
moment of inertia I, which therefore plays the role of "rotational inertia.” Crucially, I depends
not only on how much mass an object has but on how that mass is distributed relative to the rota-
tion axis (as summarized by the shape factor ¢ = I /(M R?)) — two objects with identical mass
can have very different resistance to angular acceleration if their mass is arranged differently,
which has no analog in the purely translational case where only total mass matters.
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Bai tap luyén tap

A hollow cylindrical shell (thin-walled pipe, ¢ = 1) and a solid sphere (¢ = 2/5), released from
rest at the same height on the same incline and both rolling without slipping, are timed over
the same distance. The solid sphere takes 2.00 s to reach the bottom. Is the hollow shell’s time
greater than, less than, or equal to 2.00s? Justify your answer without computing an exact
value.

Loi giai chi tiét

The hollow shell’s time is greater than 2.00 s. Both objects start from rest and accelerate down
the same incline, with acceleration a = gsin8/(1 + ¢). Since the shell’s shape factor (¢ = 1)
is larger than the sphere’s (c = 2/5), the shell has a smaller acceleration at every instant of
the descent. A smaller constant acceleration over the same distance, starting from the same
rest condition, always requires more time (from Az = %atQ, a smaller a requires a larger t2 to
reach the same Az). Therefore the hollow shell arrives later than the solid sphere, so its time
is greater than 2.00s.

Bai tap luyén tap

A running person jumps onto the rim of a stationary, freely rotating platform (frictionless bear-
ing) and sticks to it. Which of the following is conserved during the process?

(A) Both angular momentum and kinetic en- (C) Kinetic energy only
ergy

(B) Angular momentum only (D) Neither

Loi giai chi tiét

There is no external torque about the platform’s axis during the jump (the person’s feet exert
only internal forces as they grip the rim), so angular momentum is conserved. However, this is
a rotational perfectly inelastic collision: the person’s feet and the platform surface do negative
work on each other as they lock together, so kinetic energy is lost. (B).

Bai tap luyén tap

A circular platform (uniform disk), M = 120kg, R = 2.0m, is free to rotate on a frictionless
bearing and is initially at rest. A m = 40kg person runs tangent to the rim at v = 5.0m/s
and jumps on, landing at the edge and sticking to the platform. Find (a) the platform’s angular
velocity right after landing and (b) the total kinetic energy just before and just after the jump.

Loi gidi chi tiét
I, = sMR? = }(120)(2.0)2 = 240 kg - m2,

L; = mvR = (40)(5.0)(2.0) = 400 kg - m? /s (platform at rest contributes zero).
I; =I,+mR? =240 + (40)(2.0)? = 240 4 160 = 400 kg - m?.

(@) wy = L;/I; = 400/400 = 1.0rad/s |
(b) KE; = 3muv? = 3(40)(5.0)2 = |500J  KE; = 51 ;w% = £(400)(1.0)> =|200J |

Kinetic energy drops by 300J, a loss of 60% — consistent with a rotational perfectly inelastic
collision.
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Bai tap luyén tap

A person stands on a frictionless rotating platform spinning at constant w,, holding a ball at
distance r from the central axis O. She tosses the ball so that, at the instant it leaves her
hand, its velocity is directed exactly along the line connecting O and the ball (purely radially,
directly away from the axis). Compared to w,,, the platform’s angular velocity (with her still on
it) immediately after the toss is:

(A) Larger (C) Unchanged

(B) Smaller (D) Reversed in direction

Loi giai chi tiét

Even though the ball’s velocity is radial (¢ = 0°, so L,,;; = muvrsin0° = 0 — it carries away

zero angular momentum about O), the platform speeds up. Before the toss, the whole system
(person + platform + ball, all rotating together) has total angular momentum L, ;.; = ;101 Wo»
conserved because the frictionless bearing exerts no external torque about O. Since the ball
leaves with L,,; = 0, the entire original L,,,,, must now belong to the remaining person-
plus-platform system alone: L, ,.; = L cmain Wnews BUt Lcmain < Liotar» SiINCE the ball’'s own

contribution mr? is no longer part of the rotating system, so w,,.., = Liotat/Lremain > Wo —
the platform spins faster. (A).

Bai tap luyén tap

A student together with a platform on which she stands (combined moment of inertia, includ-
ing the ball she holds at r = 1.0m from the axis, I,,,,;, = 50kg - m?) spins at w; = 1.0rad/s.
She throws the ball, mass m = 2.0kg, so that it leaves her hand at v = 4.0m/s tangentially
(60 = 90°), in the same rotational sense as the platform’s spin. Find the platform’s (with her still
on it) angular velocity immediately after the throw.

Lai giai chi tiét

Total angular momentum before the throw: L, ;,; = I,,;aw1 = (50)(1.0) = 50kg - m?/s.

Ball's angular momentum after leaving her hand: L;,;; = muvrsinf = (2.0)(4.0)(1.0) sin90° =
8.0kg - m?/s.

Remaining moment of inertia of student + platform (ball's own contribution removed):
I = 1,101 — mr? = 50 — (2.0)(1.0)2 = 48 kg - m?.

remasin
Angular momentum conserved: L,,,,; = Ly + 1

st rdr]

The platform slows down slightly, since the ball carries away angular momentum in the same
rotational sense as the spin.

Bai tap luyén tap

A uniform rod, M = 3.0kg, £ = 0.60m, is pivoted at one end on a frictionless axle and is
initially at rest. A ball of mud, m = 0.20 kg, moving at v = 3.6 m/s perpendicular to the rod,
strikes and sticks to the rod’s free end. Find the angular velocity of the rod-plus-mud system
immediately after impact, and the percentage of kinetic energy lost.

otal

42

wy = 50 =8.0+48w, = w, = 12 =
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Loi giai chi tiét

Ioq = M(? = 1(3.0)(0.60)? = 0.36 kg - m?.

L; = mvf = (0.20)(3.6)(0.60) = 0.432kg - m? /s (rod contributes zero, since it starts at rest).
I; =1,,q+mf* = 0.36 4 (0.20)(0.60)* = 0.36 4 0.072 = 0.432 kg - m?.

wp=L;/I; =0.432/0.432 =|1.0rad/s |

KE,; = ymv® = 5(0.20)(3.6)> = 1.296 J; KE; = 51w} = $(0.432)(1.0)> = 0.216 J.

1.296 — 0.216
raction los 0 0.833 (83.3%)
Bai tap luyén tap

A hoop and a solid disk, of equal mass M and equal radius R, both roll without slipping. If the
two objects happen to have equal rotational kinetic energy at some instant, which one has the
greater translational speed v,,,, at that instant?

(A) The hoop (C) They are equal

(B) The disk (D) Cannot be determined without R

Lai giai chi tiét

Using w = v,,,/Rand I = cMR?*: KE,,, = 1Iw* = JcMv?,. For equal KE,,, and equal
M: C4ikV3isk = ChoopUnoop: SINCE Chigr = 5 < Choop = 1, Matching the same K'E,,, requires
Vdisk = 2Vh00pr 14€- Vgisk > Unoop — the disk needs a larger translational speed to store the same

amount of energy in rotation, because less of its mass sits far from the axis. (B).

Bai tap luyén tap

An object of unspecified shape is released from rest at the top of anincline, a height b , = 4.9m
above the bottom, and rolls without slipping down to the bottom. It then rolls without slipping
up a second incline on the other side (also no energy lost to sliding) and momentarily comes
to rest at a maximum height i 5. Find h 5, and explain why the object’s shape does not need
to be known.

Lai giai chi tiét

Since the object rolls without slipping throughout (static friction does zero work at every in-
stant, per the pitfall in Section 6.3), no mechanical energy is lost anywhere in the trip. All
of the energy released going down, Mgh 4, is fully available to be regained going back up:
Mgh, = Mghp = hg = hy = . The shape factor ¢ affects how the energy is split
between translational and rotational kinetic energy at any instant along the way, but by the
time the object has come to rest again at the top of the second incline, all of that energy —
translational and rotational alike — has converted back into gravitational PE, so ¢ never enters
the final height at all.

Bai tap luyén tap

A 2.0 kg particle has a position vector of magnitude » = 4.0 m from point O, moving at v =
5.0m/s. At a certain instant, the angle between its position vector and its velocity vector is
37° (sin 37° = 0.60). Find the particle’s angular momentum about O at that instant.
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(A) 12kg-m?/s (C) 40kg-m?/s
(B) 24kg - m?/s (D) 60kg - m?/s

| Loi gidi chi tiét

L = mwrsinf = (2.0)(5.0)(4.0)(0.60) = 24 kg - m?/s. (B).

Bai tap luyén tap

A rotor with I = 6.0kg - m? spins at w;, = 15rad/s. A constant braking torque of magnitude
9.0N - m, directed opposite to the spin, acts on it for At = 4.0s. Find the rotor’s final angular
velocity (magnitude and direction relative to the initial spin).

Loi giai chi tiét

L, = Iw; = (6.0)(15) = 90kg - m?/s.

Angular impulse (opposing the spin, so negative) = —7At = —(9.0)(4.0) = —36 kg - m?/s.

L; =90 —36 = 54kg-m?/s = w; = 54/6.0 = |9.0rad/s|, still in the same rotational
direction as the initial spin (just slower), since the braking angular impulse (36 kg - m?/s) is
smaller in magnitude than L,.

Bai tap luyén tap

In Scenario 1, a person standing still jumps tangentially onto the rim of a stationary, frictionless
rotating platform and sticks to it. In Scenario 2, a person already spinning together with a
platform throws a ball tangentially off the edge. In both scenarios, angular momentum about
the central axis is conserved. Using both an angular-momentum argument and an energy/work
argument, explain why the total kinetic energy of the system decreases in Scenario 1 but
increases in Scenario 2.

Loi giai chi tiét

In both scenarios, the platform’s bearing is frictionless, so the only torques involved (the push
of the person’s feet on the platform, the push of the person’s hand on the ball) are internal to
the system — there is no net external torque about the central axis in either case, which is why
angular momentum about that axis is exactly conserved in both: L, = L. Conservation of L,
however, says nothing at all about kinetic energy; that must be tracked separately by asking
what internal forces are doing.

In Scenario 1 (joining), the person’s feet and the platform surface grip each other and are
forced to match a single common angular velocity almost instantly. This is a rotational perfectly
inelastic collision: exactly as when two linear objects collide and stick together, the internal
contact forces between the person’s feet and the platform do negative work on the system
as they deform slightly and generate friction, heat, and sound while matching speeds. That
negative internal work removes mechanical energy from the system, so the total kinetic energy
after the jump is less than before — momentum-type conservation (L) survives, but energy
does not.

In Scenario 2 (separating), the person’s arm actively pushes the ball outward and forward, over
a nonzero throwing distance, before the ball leaves her hand. This is the rotational analog of
an explosion: the person’s muscles supply chemical/internal energy and do positive work on
the ball (and, by Newton'’s third law, an equal and opposite push back on themselves and the
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platform) during the throw. That positive internal work adds mechanical energy to the system,
so the combined kinetic energy of the ball and the remaining platform-plus-person, added
together, is greater after the throw than before — even though their angular momenta, added
together (with appropriate signs), still sum to the same constant total L.

The general lesson: conservation of angular momentum follows purely from zero net external
torque and holds regardless of what the internal forces do; whether kinetic energy rises or falls
depends entirely on whether those internal forces do positive work (an "explosion,” Scenario
2) or negative work (a "sticking” collision, Scenario 1) — exactly the same logic used for linear
collisions and explosions in Unit 4.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 7

Oscillations

Muc tiéu Unit: Chuyén déng tuan hoan va dao dong diéu hoa (SHM); luc héi phuc F = —kz va gia toc
a = —w?x; bién do, chu ky, tan s6, tan s6 goc; phuong trinh z(t), v(t), a(t) va méi quan hé pha; con lac
16 X0 T' = 2m+\/m/k; con lac don T = 27/L/g; nang lugng trong SHM; doc va phan tich dé thj dao
dong.

7.1 Periodic Motion and Simple Harmonic Motion

Periodic motion is any motion that repeats itself at regular time intervals: a swinging pendulum, a
vibrating guitar string, a mass bobbing on a spring, even the orbit of a planet. The most important
special case in this unit is simple harmonic motion (SHM), the smooth back-and-forth motion pro-
duced whenever the restoring force pulling a system back toward equilibrium is directly proportional
to displacement from that equilibrium.

7.1.1 Defining Simple Harmonic Motion

Khai niém cét 16i

A system undergoes simple harmonic motion when the net force on it (and therefore its ac-
celeration) is proportional to its displacement = from equilibrium and always directed opposite
to that displacement:

F:_kx — a =

where k is a positive constant (stiffness) and w? = k/m. The minus sign is essential: it guar-
antees the force always points back toward « = 0, never away from it. Whenever a displaced
object is pushed back, it builds up speed, overshoots equilibrium, decelerates on the far side,
and reverses — producing smooth, repeating motion whose shape is exactly a cosine or sine
curve. That is why SHM position vs. time is always sinusoidal.

GIAI THICH TIENG VIET

ao dong diéu hoa (SHM) xay ra khi luc héi phuc (va do doé gia toc) ti lé thuan véi do dich
chuyén x khai vi tri can bang va ludn huéng ngugc chiéu véi z: F = —kx, suy ra a = —w?z V6i
w? = k/m. Dau trir dam bao lyc ludn kéo vat vé vj tri can bang. Chinh vi luc ludn "kéo ngugc”
ti 1& v&i do 1éch ma d6 thi vi tri theo thoi gian cé dang hinh sin/cosin mugt va lap lai.

m —> Jx

—

equiifstRiingfarge F = —kx
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A block of mass m on a spring of constant k, displaced a distance x to the right of equilibrium. The spring always pulls it
back toward z = 0 with force F' = —kx.

Vi du 1 - Restoring force, acceleration, and w

A 0.50 kg block on a horizontal spring of constant £ = 200 N/miis pulled 0.10 m from equilibrium
and released. Find the restoring force and acceleration at the moment of release, and verify
these are consistent with a = —w?z.
Force: F = —kx = —(200)(0.10) = —20 N (i.e., 20 N back toward equilibrium).
Acceleration: a = — = —— = —40m/s2.
T m T 050 /
k /200

Angular frequency: w = —

= = /400 = 20rad/s.
m 0.50
Check: —w?z = —(20)2(0.10) = —(400)(0.10) = —40 m/s?> — matches exactly.

7.1.2 Restoring Force and Hooke’s Law Revisited

The straight-line relationship F' = —kx is Hooke's law, already familiar from spring forces. Graphing
I against x for an ideal spring gives a straight line through the origin with slope —k: the further the
spring is stretched or compressed, the harder it pulls or pushes back, always toward z = 0.

F
kA |

—kA |

Restoring force vs. displacement for an ideal spring: F' = —kz, a straight line through the origin with slope —k.

GIAI THICH TIENG VIET

D06 thi F theo z cta Id xo ly tudng [a mét dudng thang qua géc toa do véi do déc —k: do léch
cang l&n thi luc hdi phuc cang I6n, va ludn hudng vé vi tri can bang (z = 0). Day chinh 13 diéu
kién toan hoc dinh nghia dao dong diéu hoa — khéng phai moi luc héi phuc déu tao ra SHM,
chi nhirng luc ti |é tuyén tinh v&i  méi thoa man.

7.1.3 Amplitude, Period, Frequency, and Angular Frequency

Amplitude A: the maximum displacement from equilibrium (m).
Period T': the time for one complete cycle (s).
1
Frequency [ = f: the number of cycles per second (Hz).
2
Angular frequency w = 27f = - (

w = 1/g/L (pendulum, see below).

rad/s), and for SHM specifically w = /k/m (spring) or

The symbol w in SHM plays exactly the same mathematical role as the angular velocity of literal
rotational motion (Unit 5) — both describe "radians of phase swept out per second” — but here w
describes a linear, back-and-forth oscillation, not an object physically going around a circle. Think of
w as the rate at which the cosine/sine argument advances, a bookkeeping tool borrowed from circular
motion because sinusoidal functions and circular motion share the same underlying mathematics.
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- GIAI THICH TIENG VIET
A 12 d6 léch xa nhat khéi vi tri cn bang; T 13 thai gian cho mét chu ky day du; f = 1/7 13 s6
chu ky méi gidy; w = 2nf = 27/T 12 "tan s6 goc” — vé mit toan hoc giéng hét w ca chuyén
dong quay tron (don vi rad/s, cung vai tro trong cong thirc), nhung & day vat khéng thuc sw
quay — né chi dao dong qua lai trén mot dudng thang (hodc cung tron nhd). w chi don gian la
téc dé ma "pha” ciia ham sin/cosin tién trién theo thai gian.

7.2 Kinematics of Simple Harmonic Motion
If a block is released from rest at x = +A at ¢t = 0, its motion is fully described by:

x(t) = Acos(wt), v(t) = —Awsin(wt), a(t) = —Aw? cos(wt) = —w?z(t).

(If the object instead starts somewhere other than x = +A, a phase constant ¢ is added:
x(t) = Acos(wt + ¢).) Each equation is obtained from the one before it by the same slope
relationship used throughout kinematics: v is the slope of the z-t graph, and a is the slope of
the v-¢ graph.

x(t)
; : 1 —> 1
T/2 T 372 o
_Al

Position vs. time for SHM released from rest at « = +A: x(t) = A cos(wt), shown over two full periods.

Vi du 2 - Position, velocity, and acceleration at a given time

A block executes SHM with A = 0.50m and 7" = 2.0s, released fromrest at x = +A4 at ¢ = 0.
Find 2, v, and a at t = 0.50 s (one-quarter period).

o 2
W= = 2—” = 7 =3.14rad/s. Att = 0.50s, wt = 7(0.50) = 7/2 = 90°.

T .
x = Acos(90°) = 0.50(0) = 0m — the block is passing through equilibrium.
v=—Awsin(90°) = —(0.50)(3.14)(1) = —1.57 m/s — this is the block’s maximum speed.
a = —Aw? cos(90°) = 0 — zero acceleration exactly where speed is maximum.

7.2.1 Maximum Speed and Maximum Acceleration

Umax = Aw  (occurs at x = 0), amax = Aw?  (occurs at x = +A).

Speed is greatest where the restoring force (and acceleration) is zero — at equilibrium. Accel-
eration is greatest where speed is momentarily zero — at the extremes.

Vi du 3 - Maximum speed and maximum acceleration

An oscillator has amplitude A = 0.40 m and angular frequency w = 5.0rad/s. Find v,,,, and
amax> and state where each occurs.

max?

Umax = Aw = (0.40)(5.0) = 2.0m/s, occurring at z = 0.

max

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 159



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Umax = Aw? = (0.40)(5.0)2 = (0.40)(25) = 10m/s?, occurring at = +A = +0.40 m.

- GIAI THICH TIENG VIET
T6c do dat cuc dai v,,,,, = Aw khi vat di qua vi tri can bang (x = 0), vi luc dé luc hdi phuc bang
0 nhung vat da tich IGy da van toc sudt hanh trinh. Gia téc dat cue dai a,,,,, = Aw? tai hai bién
x = +A, noi d6 léch (va do dé luc héi phuc) I&n nhat nhung vat tam thai ding yén (v = 0)
trudc khi déi chiéu.

7.2.2 Phase Relationships Among Position, Velocity, and Acceleration

1 i

—z/A—v/(Aw) - - - a/(Aw?)

Normalized position, velocity, and acceleration vs. time. Velocity leads position by 90°; acceleration is exactly out of
phase (180°) with position.

GIAI THICH TIENG VIET

a dai luong x(t), v(t), a(t) léch pha nhau: v s&m pha 90° so v&i x (khi = dat cyc tri thi v = 0;
khi z = 0 thi |v| cuc dai), con a ngwoc pha hoan toan (180°) v&i x vi a = —w?x — a va z luén
trai dau nhau tai moi thoi diém.

(1) L6i thuong gip: Acceleration is not greatest where speed is greatest — it is the opposite.
At equilibrium (z = 0) the restoring force is exactly zero, so a = 0 there even though speed
is at its maximum. Acceleration is greatest in magnitude at the turning points x = + A, where
the object is momentarily at rest.

7.3 Mass-Spring Systems

For an ideal spring of constant & holding a mass m (frictionless, horizontal or vertical):

k Im
w m, Y5 ]{j

The period depends only on m and k — it does not depend on amplitude A and does not depend
ong.

A larger mass has more inertia, so it resists the spring’s pull more and completes each cycle
more slowly (T" increases with m). A stiffer spring (larger k) restores the mass toward equilibrium
more forcefully, so oscillations complete faster (I' decreases with larger k). Because doubling the
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amplitude doubles both the distance to travel and the restoring force (and hence the speed built up),
these two effects cancel exactly — a larger swing takes the same time as a smaller one.

- GIAI THICH TIENG VIET
Khoi lwvgng m cang I&n thi quan tinh cang Ién, 10 xo "kéo” vat cham hon nén chu ky dai hon.
Do clirng k cang I6n thi luc hdi phuc cang manh, chu ky ngan hon. Bién dd A khdng xuat hién
trong cong thirc T' = 27/m/k — dao dong bién do 1&n di quang dudng dai hon nhung cling
6 luc (va téc dd) ln hon tuwong (rng, hai hiéu (ng triét tiéu nhau nén chu ky khéng déi.

Vi du 4 - Period and frequency of a spring-block system

A 2.0 kg block is attached to a spring of constant £ = 800 N/m. Find the period and frequency
of oscillation.

2.0
T =2, /% = 2m| <50 = 2mv/0.0025 = 27(0.050) = 0.314s.

1 1

7.3.1 How Mass and Spring Constant Affect the Period

Vi du 5 - Effect of quadrupling the mass

A 0.25 kg block on a spring with & = 100N/m has period T;. If the mass is quadrupled to
1.0 kg (spring unchanged), find the new period T, and the ratio 7, /T}.

0.25
Ty =2my/ oo = 2mV/0.0025 = 2(0.050) = 0.314s.

1.0
T, = 2my/ 155 = 2mV/0.010 = 2(0.10) = 0.628s.

T 0.628

Ratio: =2 = —— =
T, 0314

dicted by T' < \/m.

2.0 = v/4 — quadrupling the mass doubles the period, exactly as pre-

(1) L6i thuong gap: Do not plug g into the mass-spring period formula, and do not expect a
larger amplitude to change the period. T' = 27+/m/k contains only m and k — a common error
is to treat a spring problem like a pendulum problem (adding g) or to assume "bigger swing =
longer time,” neither of which is true for an ideal spring.

7.3.2 Vertical Spring Systems

Hanging a mass vertically from a spring shifts the equilibrium position downward (the spring stretches
until the spring force balances gravity, kxz, = mg), but once the mass is set oscillating about that new
equilibrium, the period formula T = 27\/m/k is completely unchanged — gravity only relocates
equilibrium, it does not alter how quickly the system oscillates around it.

Vi du 6 - Vertical spring: finding %, then the period

A 0.50 kg mass hung at rest from a vertical spring stretches it 0.049 m from its natural length.
Find the spring constant k, and then the period of vertical oscillations about this equilibrium.
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At equilibrium the spring force balances weight: kx, = mg.

mg _ (0.50)(9.8) 4.9
ro  0.049  0.049

0.50
T = 2, /% = 2my[ <o = 2mV/0.0050 = 2m(0.0707) = 0.444s.

. GIAI THICH TIENG VIET

Vi 16 xo treo thang dirng, vi tri can bang dich xuéng mét doan x, = mg/k so v&i chiéu dai
tw nhién do trong luc, nhung cong thirc chu ky T' = 271/m/k khéng déi — trong luc chi dich
chuyén géc toa do can bang, khéng dnh huéng dén téc dd dao ddng quanh diém can bang do.

k= = 100N/m.

7.4 The Simple Pendulum

A simple pendulum is a point mass m on a light string of length L, swinging under gravity. When
displaced by angle 6 from vertical, the component of gravity along the arc (the restoring force) is
—mg sin 6. For small angles (roughly # < 15°, measured in radians), sin ~ 6, so the restoring force
becomes approximately —mgf — proportional to displacement along the arc, exactly the condition
for SHM.

pivot

L

1
restoring fclbrce

A simple pendulum displaced by angle 6 from vertical equilibrium; the component of gravity along the arc,
—mgsin @ ~ —mg#, restores the bob toward 6 = 0.

For small-angle oscillations, the acceleration cancels m from both the restoring force (x m)

and the inertia (o< m), leaving:
w=/L,  T=o2m /L
L g

The period depends only on L and g — it does not depend on mass and does not depend on
amplitude (for small angles).

GIAI THICH TIENG VIET

Gi goc léch nho, sind ~ 0 (radian), luwc hoi phuc doc theo cung la —mg6, ti 1é tuyén tinh vdai
do léch — théa diéu kién SHM. Ap dung dinh luat Il Newton: a = F/m = —gf — khoi lugng
m triét tiéu hoan toan vi né xuat hién nhu nhau & c3 luc héi phuc (ti 1& m) 1an quan tinh (ti 1
m). Do d6 chu ky con lac don T = 271/L/g chi phu thudc chiéu dai L va gia téc trong trudng
g, hoan toan khéng phu thudc khéi lvgng hay bién do (khi goc nhd).
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Vi du 7 - Period of a simple pendulum

Find the period of a simple pendulum of length L = 2.45m on Earth (g = 9.8 m/s?).

L 24
T =2m,| i 274/ 9785 = 2mv0.25 = 27(0.50) = 7 ~ 3.14s.

7.4.1 Contrasting the Pendulum and the Mass-Spring Oscillator

Property Mass-spring system Simple pendulum

Period formula T =2m/m/k T =2n\/L/g

Depends on mass? Yes (T o« v/m) No

Depends on g? No Yes (T' < 1/,/9)

Depends on amplitude? No No (small angles only)
Table 7.1: *

Period dependence: mass-spring system vs. simple pendulum.

(1) Li thuong gip: Students often assume mass affects every oscillator’s period the same way.
It does not: mass does change a spring’s period (T' o /m) but cancels out completely for a
pendulum. Likewise, g never appears in the spring formula, but is essential to the pendulum
formula. Always check which formula — and which variables — actually apply to the system in
front of you.

Vi du 8 - Same pendulum, Earth vs. the Moon

The pendulum from Vidu 7 (L = 2.45 m) is taken to the Moon, where gyoon = 9/6 = 1.63m/s2.
Find its period there and compare to Earth.

2.45
Thsoon = 27| T2 = 27V150 = 2m(1.225) = 7.70s.
. 1 .
Compared to Tk, = 3.14s: ratio = -Moon _ JIEath _ /5 _ 9449, and indeed 3.14 x

Earth 9Moon
2.449 = 7.70s. Weaker gravity means a weaker restoring force for the same mass, so the

pendulum swings more slowly — the period increases (mass never entered the calculation at
all).

7.4.2 Designing a Pendulum for a Target Period

Vidu 9 - Length needed for a 1.0-second period

What length must a simple pendulum have so that 7' = 1.0 s on Earth?
Solve T = 27+/L/q for L:

gT?  (9.8)(1.0)2 9.8
L=%_- — % —0.248m = 24.8cm.
4n? 4w 3948 " o
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7.5 Energy in Simple Harmonic Motion

Because the restoring force is conservative, total mechanical energy in SHM is constant, continu-
ously exchanging between potential energy (stored in the spring or in height, for a pendulum) and
kinetic energy.

= 2kA? = ima?,,  (constant, independent of position).

At any position z: %kA = %kx + §mv , Which solves to give the speed at any displacement:
v=wVAZ 22,
At the extremes (z = +A): all potential energy, v = 0. At equilibrium (z = 0): all kinetic energy,
v = Umax.
Energy

—U=1ha® — K-~ By

Potential energy U (rising parabola) and kinetic energy K (falling parabola) vs. position, plus the constant total
mechanical energy E. Atevery z, U + K = E.

GIAI THICH TIENG VIET
Co nang toan phan E = 1kA? |a hang s6, khong di trong sudt qua trinh dao dong (bé qua ma
sat). Tai hai bién (z = +A), toan bd nang lugng 13 thé ndng, v = 0. Tai vi tri can bang (z = 0),
toan b6 nang lugng la dong nang, v = v, O vi tri trung gian, ndng luong duoc chia sé gilra
thé nang 1ka? va dong nang $mv?, lubn cong lai dung bang E.

Vi du 10 - Total energy and maximum speed

A 0.50 kg block oscillates on a spring with £ = 200 N/m and amplitude A = 0.10m. Find the
total mechanical energy and the maximum speed.

= 1kA? = (200)(0.10)2 = 1(200)(0.010) = 1.0J.

2E
Vpnax \/ 050 =v4.0=2.0m/s.

Check using w: w = \/k/m = \/200/0.50 = 20rad/s, SO Upay = Aw = (0.10)(20) = 2.0m/s —
consistent.
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Vidu 11 - Speed and energy split at a given position

For the system in Vidu 10 (A = 0.10m, w = 20rad/s, k = 200N/m, E = 1.0J), find (a) the
speed at z = 0.060 m, and (b) the fraction of the total energy that is kinetic at that point.

(@ v = wvA2 —z2 = 20\/(0.10)2 —(0.060)2 = 20+/0.010 —0.0036 = 20+/0.0064 =
20(0.080) = 1.6m/s.

(b) U = ka? = £(200)(0.060)% = £(200)(0.0036) = 0.36J. So K = E—U = 1.0—0.36 = 0.64J,
which is 64 % of the total energy (check: imuv? = 5(0.50)(1.6)? = 3(0.50)(2.56) = 0.64J,
matches).

(1) L6i thueng gdp: The energy formula E = %kA2 uses the amplitude A (the maximum dis-
placement), not the current position z. A frequent error is to substitute whatever z is given
in the problem into this formula — that instead gives only the potential energy at that point,
U= %ka, which is less than the (constant) total energy unless x = +A.

7.6 Graphical Analysis of Oscillatory Motion
AP Physics 1 frequently gives a graph — xz-t, v-t, or a—-t — instead of a formula, and asks for A4, T, f,

W, Umaxs or Amax:

From an z-t graph: the peak height is A; the time for one full repeating cycle is T'.

From a v-t graph: the peak height is v, = Aw; the time between successive zero-crossings
(points where the object is momentarily at rest, at z = +A) is T'/2.

From an a-t graph: the peak height is a,,,, = Aw?; a is exactly zero whenever z = 0.

Once T (hence w = 27/T) and A are known, every other quantity follows from v,,,, = Aw and
Aax = Aw?.

GIAI THICH TIENG VIET

oc d6 thi SHM: trén do6 thi x-t, chiéu cao dinh |3 A va thai gian 13p lai mot chu trinh day du
la T. Trén d6 thi v-t, chiéu cao dinh 13 v,,,,, con khoang thai gian gitra hai [an v = 0 lién tiép la
T /2 (ntra chu ky). Sau khi cé T (suy ra w) va A, moi dai lwgng con lai tinh dugc tir v, = Aw
VA Gy = Aw?.

Vidu 12 - Reading an z-¢ graph

An z-t graph for an oscillator shows a peak displacement of 0.40 m and one full cycle every
8.0s. Find w, vyay, and @ ax-
2 27

A=040m,T =8.0s,50w = T =50 0.785rad/s.

Umax = Aw = (0.40)(0.785) = 0.314m/s.
ey = Aw? = (0.40)(0.785)% = (0.40)(0.617) = 0.247 m/s2.

Vidu 13 - Reading a v-t graph

A v-t graph for an oscillator has a peak height of 0.60 m/s, and successive points where v = 0
are separated by 1.57 s. Find the period, angular frequency, and amplitude.

Time between successive zeros of v is half a period: T/2 = 1.57s = T = 3.14s = 7s.
2m _2m 2.0rad/s

w=—-—=—=2. .
T us
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Umax _ 0-60 _ 50 1

Since v = Aw: A = . 50

7.7 Vertical Springs, Initial Conditions, and Qualitative Damping

This section extends the mass-spring and SHM tools already developed to three practically important
refinements: how gravity affects a vertical spring’s equilibrium (but not its period), how to fully
describe motion when an object starts away from z = +A with some nonzero velocity, and what
changes qualitatively once friction or drag is present.

7.7.1 Vertical Mass-Spring Systems: Deriving the Shifted Equilibrium

Let y denote the position of a hanging mass measured downward from the spring’s natural (un-
stretched) length. Two forces act along this direction: gravity mg (downward) and the spring force
—ky (which opposes stretch and pulls upward). Newton'’s second law gives

my = mg — ky.

At the new equilibrium the mass is momentarily unaccelerated (jj = 0), so the spring force exactly

balances gravity:
myg

k7
the distance the spring is already stretched once the mass hangs at rest — before any oscillation even
begins. Now switch to a coordinate = = y — z, measured from this new equilibrium, so y = = + z:

mg = kx = Ty =

mi = mg — k(z + xy,) = mg — kx — kxy = mg — kx —mg = —kzx,

since kx, = mg cancels the constant gravity term exactly. The result, mi& = —kz, is identical to the
horizontal spring equation — gravity has been completely "absorbed” into relocating the equilibrium
point and no longer appears anywhere in the equation governing the oscillation.

For a vertical mass-spring system, the new equilibrium is displaced a distance

mg

:UO: k‘

below the spring’s natural length. Motion about this new equilibrium is still simple harmonic,

with the same
k Im
w m, T k

as a horizontal spring — completely unaffected by g. Gravity only relocates where "z = 0" is; it
never appears in the period.

A mass m hanging in equilibrium from a vertical spring of constant k. Gravity stretches the spring by z, = mg/k
beyond its natural length, shifting the equilibrium position downward. The mass oscillates symmetrically about this new
equilibrium, between + A and — A, with the same period T = QWW as a horizontal spring — gravity only relocates

the center of oscillation.
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GIAI THICH TIENG VIET

V6i 16 xo treo thang dirng, dit y do tir dau 16 xo khi chua gidn. Dinh luat Il Newton: mij =
mg — ky. Tai vi tri can bang mdi, jj = 0 nén mg = kx,, suy ra z, = mg/k — day la dé gian cla
|6 xo ngay ca khi vat dirng yén, trudc khi dao dong. DGi bién z = y — z, (do tir vi tri can bang
md&i), phuong trinh tré thanh mé = —kx — gidng hét 10 xo ngang. Trong luc da duoc "hap thu”
hoan toan vao viéc dich chuyén gdc toa dd can bang, khéng con xuat hién trong phuong trinh
dao dong, nén T' = 2m/m/k khéng doi.

Vi du 14 - Vertical spring: released from the natural length

A 1.0 kg mass hangs from a vertical spring with £ = 49N/m. The mass is held so the spring
is at its natural (unstretched) length and then released from rest. Find (a) the new equilibrium
position z, (b) the amplitude of the resulting oscillation, and (c) the maximum speed reached.

mg  (1.0)(9.8)
(b) Since the mass is released from rest at the natural length, that starting point is itself a turning
point of the motion. Measured from the new equilibrium, the natural length lies a distance z,,
away, so the amplitude is

A=z, =0.20m.
(© w=/k/m = /49/1.0 = 7.0rad/s, so

Umax = Aw = (0.20)(7.0) = 1.4m/s.

Check by energy conservation: falling from the natural length to the new equilibrium (a drop
of x, = 0.20m), the mass loses gravitational PE mgz, = (1.0)(9.8)(0.20) = 1.96J while the
spring gains elastic PE $kz3 = £(49)(0.20)? = 0.98J. The difference becomes kinetic energy:

K =1.96—0.98 = 0.98) = mv2,, = vy = 1/2(0.98)/1.0 = 1.4m/s — matches exactly.

7.7.2 Determining the Phase Constant from Initial Conditions

So far every example has released the object from rest at z = +A (giving ¢ = 0) or from z = 0 moving
at v, IN general, an oscillator can start at any position z; = x(0) with any velocity v, = v(0), and
the full solution x(¢) = A cos(wt + ¢) must be matched to those two initial conditions to pin down
both A and ¢.

Evaluating the general solution and its derivative at ¢t = 0:

x(0) = Acos ¢ = x,, v(0) = —Awsin¢g = v,.
Solving the first for cos ¢ = x,/ A and the second for sin ¢ = —v, /(Aw), then using sin” ¢+cos? ¢ = 1:
For z(t) = Acos(wt + ¢) with initial position z; = x(0) and initial velocity v; = v(0):

N 2 .
A:\/:I:?Jr(%) , tan¢:—:;'.

1

Because the tangent function repeats every 180°, always check the individual signs of cos ¢ =
x;/Aand sin ¢ = —v,/(Aw) separately to place ¢ in the correct quadrant.

- GIAI THICH TIENG VIET
Truong hop téng quat: vat xuit phat tai vi tri 2, = x(0) bat ky véi van toc v, = v(0) bat ky
(khéng nhat thiét bang 0). Thay ¢t = 0 vao z(t) = Acos(wt + ¢) va v(t) = —Awsin(wt + ¢):
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x; = Acos ¢ va v, = —Awsin ¢. Binh phuong hai vé réi cong lai (dung sin’ ¢ +cos? ¢ = 1) cho
= /2?2 + (v;/w)?; chia hai phuong trinh cho nhau cho tan ¢ = —v,/(wz;). Vi ham tang lap
lai mdi 180°, can kiém tra dau ctia cos ¢ va sin ¢ riéng biét dé xac dinh ding géc phan tu cla ¢.

Vi du 15 - Finding A, ¢, and the equation of motion

An oscillator has w = 4.0rad/s. Att¢t = 0 itis at z; = 0.30m, moving with velocity

v, = —1.6 m/s. Find the amplitude, the phase constant, and the complete equation of motion
x(t).

[ 5 —1.6

w + \/ 0.30)2 10 > = 1/0.090 + 0.160 = v/0.25 = 0.50 m.
For the phase constant: cos¢ = a:l-/A = 0.30/0.50 = 0.60 and sing = —v,;/(Aw) =

1.6/[(0.50)(4.0)] = 0.80. Both are positive, so ¢ lies in the first quadrant:
. 4
¢ = arctan (828) = arctan <§> = 53.1° = 0.927 rad.

Complete equation of motion:
x(t) = (0.50) cos(4.0t + 0.927) m (tins).

Check at t = 0: 2(0) = 0.50c0s(0.927) = 0.50(0.60) = 0.30m — matches z,. And v(t) =
—Awsin(wt + ¢) = —2.0sin(4.0t 4+ 0.927), so v(0) = —2.0sin(0.927) = —2.0(0.80) = —1.6 m/s
— matches v,. Both initial conditions are reproduced exactly.

Vi du 16 - Vertical spring with nonzero initial velocity

A 2.0kg mass hangs from a vertical spring with £ = 98 N/m. At equilibrium the spring is
stretched 2, = mg/k = 0.20m beyond its natural length, and w = /k/m = /98/2.0 =
7.0rad/s. At t = 0 the mass is pulled down an additional 0.050 m below equilibrium and given
an upward push so that, at that instant, it moves at 0.84 m/s back toward equilibrium. Taking
x = 0 at the new equilibrium with z positive downward, find the amplitude, the phase constant,
and the equation of motion, and state the spring’s minimum and maximum stretch during the
motion.

Initial conditions relative to equilibrium: x; = 0.050 m (below equilibrium) and v; = —0.84m/s
(negative because the push is upward, opposite the positive-down direction).

/ 4
\/ 0.050)2 3 8 ) = v/0.0025 + 0.0144 = /0.0169 = 0.13 m.

cos¢ = x;/A = 0.050/0.13 = 0.385 and sin ¢ = —v, /(Aw) = 0.84/[(0.13)(7.0)] = 0.84/0.91 =
0.923. Both positive, so ¢ is in the first quadrant:

0.923
¢ = arctan (

= arctan(2.4) = 67.4° = 1.176 rad.
0385) ( ) 07 7

Equation of motion (relative to the new equilibrium, positive downward):

2(t) = (0.13) cos(7.0t + 1.176) m
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Check: z(0) = 0.13(0.385) = 0.050 m — matches z,. v(t) = —Awsin(wt + ¢) = —0.91 sin(7.0¢ +
1.176), so v(0) = —0.91(0.923) = —0.84 m/s — matches v,.

Since A = 0.13m < z, = 0.20m, the spring never reaches its natural length: total stretch
ranges from a minimum of z; — A = 0.20 — 0.13 = 0.07 m (top of the swing) to a maximum of
zy + A = 0.20 + 0.13 = 0.33 m (bottom) — the spring stays stretched throughout the entire
motion.

7.7.3 Damped Oscillations: A Qualitative Picture

Every real oscillator eventually loses energy to resistive forces — air resistance, internal friction in
a spring, viscous drag in a fluid — collectively called damping. Unlike the ideal restoring force —kz,
a damping force acts opposite to velocity and continuously removes mechanical energy from the
system, cycle after cycle. Because FE = %k:A2 ties the total energy directly to amplitude, a shrinking
E means a shrinking A: the oscillator still swings back and forth at nearly the same rate, but each
successive swing is a little smaller than the last, tracing out a curve that oscillates within a decaying
envelope rather than between fixed limits +A.

Underdamped: light damping; the system still oscillates back and forth, but the amplitude
shrinks cycle by cycle until the motion dies out. For light damping the period is only slightly
longer than the undamped T' = 27/m/k — timing is barely affected even though amplitude is
clearly affected.

Critically damped: damping strong enough that the system returns to equilibrium without os-
cillating at all, and does so in the shortest possible time of any non-oscillating case.
Overdamped: damping stronger still; the system returns to equilibrium without oscillating, but
more sluggishly than the critically damped case.

. GIAI THICH TIENG VIET

Trong thuc té, dao dong luén mat dan co nang do luc can (ma sat, luc cdn khong khi, luwc nhaét...).
Vi E = 1kA? nén nang lugng giam dong nghia bién do A giam dan theo thoi gian — db thi z-t
van dao déng qua lai nhung "co lai” trong mét dudng bao gidm dan, khéng con gilr bién do
khéng déi. Co6 ba trudng hop: tat dan dudi mire t&i han (underdamped) — van dao déng qua
lai nhung bién do giam dan; tat dan téi han (critically damped) — tré vé vi tri can bang nhanh
nhat ma khéng dao dong; tat dan qua mirc (overdamped) — trd vé can bang cham hon, cling
khong dao dong. Vai luc can nhe, chu ky gan nhu khong déi so v&i T' = 27+/m/k — chi bién
do bi anh hudng ro rét, khong phai chu ky.

(1) L6i thueng gi3p: Damping shrinks the amplitude over time — for light damping it does not
meaningfully change the period. Do not assume a damped oscillator "speeds up” or "slows
down” its swings just because the swings are getting smaller; under light (underdamped) damp-
ing, successive cycles still take almost exactly T = 27\/m/k (or T = 27/ L/g), even as their
size decays toward zero.
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7.8 Practice Problems

Bai tap luyén tap

Which condition correctly defines simple harmonic motion?

(A) Netforceis constantin magnitudeanddi- (C) Net force is proportional to displacement
rection and points opposite to displacement

(B) Net force is proportional to displacement
and points in the same direction as dis- (D) Net force is inversely proportional to dis-
placement placement

Loi giai chi tiet

-

SHM requires a linear restoring force, ' = —kx: proportional to z, opposite in direction. (C).

Bai tap luyén tap

A block-spring system has & = 50 N/m and m = 2.0kg. Find its angular frequency.

(A) 2.5rad/s (C) 10rad/s
(B) 5.0rad/s (D) 25rad/s

Loi giai chi tiét
w = /k/m = /50/2.0 = /25 = 5.0rad/s. (B).

-

Bai tap luyén tap
For the same system as above (k = 50 N/m, m = 2.0kg), find the period and frequency.
Loi giai chi tiét

-

Bai tap luyén tap

If the mass of a spring-block oscillator is doubled while k stays the same, the period:

(A) Doubles (C) Increases by a factor of v/2
(B) Halves (D) Stays the same

Loi giai chi tiét

-

T  +/m, so doubling m multiplies 7' by /2. (C).

Bai tap luyén tap

If the spring constant of a spring-block oscillator is quadrupled while m stays the same, by
what factor does the period change?
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Loi giai chi tiét

T o 1/vk. Quadrupling k gives They = Toq/ V4 = Tp4/2 — the period is .

Bai tap luyén tap

Explain, using Newton’s second law, why the period of a simple pendulum does not depend
on the mass of the bob.

Loi giai chi tiét

For small angles, the restoring force along the arc is F = —mgsinf ~ —mgf. Applying a =
F/m gives a = —g6: the mass m appears in both the restoring force (which is proportional to
m, from gravity) and in the object’s inertia (Newton's second law divides by m), so it cancels
exactly. The resulting acceleration — and therefore the period ' = 27/L/g — depends only
on L and g, never on m. (This is the same reason all objects, heavy or light, free-fall with the
same acceleration.)

Bai tap luyén tap

Find the length of a simple pendulum with period T' = 2.0 s on Earth.

Loi giai chi tiet

gT?  (9.8)(2.0)2  39.2
w4

-

Bai tap luyén tap

A pendulum clock keeps correct time on Earth. If moved to a planet where g = 4.9 m/s? (half
of Earth’s) with its length unchanged, its period:

(A) Stays the same (C) Decreases by a factor of v/2
(B) Increases by a factor of v/2 (D) Doubles

Lai giai chi tiét

T « 1/./g. Halving g multiplies T' by v/2. (B).

Bai tap luyén tap

Explain why both a spring-block system and a small-angle pendulum exhibit isochronism (pe-
riod independent of amplitude), and explain why this breaks down for a pendulum swung
through large angles.

Loi giai chi tiet

For small angles, sinf ~ 6, so the restoring force is exactly proportional to displacement no
matter how large or small the (small-angle) amplitude is — doubling the amplitude doubles both
the distance to travel and the restoring force/speed built up along the way, so these effects
cancel and T stays fixed. The same cancellation happens for an ideal spring, since F = —kx is
exactly linear at any amplitude. For large pendulum angles, sin 6 noticeably differs from 6 (the
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restoring force is smaller than the linear approximation predicts), so the motion is no longer
true SHM, the force is no longer strictly proportional to displacement, and the period begins
to depend on amplitude (larger swings take measurably longer than 27/ L /g predicts).

Bai tap luyén tap

A block-spring system has total energy £ = 3.0J and amplitude A = 0.20m. Find the spring
constant k.

Lo gii chi tiét
°F  2(3.0) 6.0

E=1kA2 s k=22 = = —[150N/m].

kAT =k = 25 = (020)2 ~ o.oa0 — LLON/m

Bai tap luyén tap

-

For the system above (E = 3.0J), if the oscillating mass is m = 1.5 kg, find the maximum speed.

Loi giai chi tiet

Umax = V2E/m = /2(3.0)/1.5 = V4.0 = [2.0m/s |.

-

Bai tap luyén tap

For any SHM oscillator, at x = A/2, what fraction of the total mechanical energy is kinetic?

(A) 25% (C) 5%
(B) 50 % (D) 87.5%

Loi giai chi tiét

-

U= 1ka? = 1k(4/2)> = 1 (1kA%) = E/4. S0 K = E — E/4 = 3E/4 = 75% of E. (C).

-2

Bai tap luyén tap
In SHM, the speed of the oscillating object is maximum at:

(A) x =+A (C)z=0
B) x =—A (D) z = A/2

Lai giai chi tiét

-

Speed is maximum at equilibrium, where all energy is kinetic. (C).

Bai tap luyén tap

In SHM, the magnitude of the acceleration is maximum at:

(A) z=0 (C) z=+A/2

(B) z =4+A4 (D) Acceleration is constant everywhere
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Loi giai chi tiét

Acceleration is proportional to displacement, so it is largest at the extremes. (B).

Bai tap luyén tap

A student claims: "Acceleration must be greatest at the equilibrium position, because that'’s
where the object moves fastest.” Explain what is wrong with this reasoning, and state where
the acceleration is actually greatest.

Loi giai chi tiét

This confuses velocity with acceleration — they are governed by different relationships and
are 90° out of phase in SHM. Acceleration depends on displacement, not speed: a = —w?z.
At equilibrium, z = 0, so the net restoring force — and hence the acceleration — is exactly
zero, even though speed is at its maximum there. Acceleration is greatest in magnitude at
the turning points x = + A, where displacement (and thus the restoring force) is largest, even
though the object is momentarily at rest there. Speed and acceleration never peak at the same

location in SHM.

Bai tap luyén tap

An z-t graph shows amplitude 0.50 m and period 6.0s. Find w, v, and @y
Loi giai chi tiét

o 2
w = % - % = [1.05rad/s| vy = Aw = (0.50)(1.05) = [0.524m/s| ay . = Aw? =

(0.50)(1.10) =|0.548 m/s? |

-

Bai tap luyén tap

On a v-t graph for an SHM oscillator, the acceleration at a given instant equals:

(A) The value of v at that instant (C) The slope of the curve at that instant

(B) The area under the curve up to that in-
stant (D) The amplitude of the curve

Lai giai chi tiét

Acceleration is the rate of change of velocity — the slope of the v-t graph, exactly as in linear
kinematics. (C).

Bai tap luyén tap
In SHM, the phase difference between the velocity curve and the position curve is:

(A) 0° (C) 180°
(B) 90° (D) 270°
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Loi giai chi tiét

v(t) = —Awsin(wt) leads z(t) = A cos(wt) by a quarter cycle. (B).

Bai tap luyén tap
In SHM, the phase relationship between acceleration and position is:

(A) In phase (0°) (C) Exactly opposite (180°)
(B) 90° out of phase (D) No fixed relationship

Loi giai chi tiét

Since a = —w?x, a and z always have opposite signs and equal-shaped curves — exactly 180°
out of phase. (C).

Bai tap luyén tap

A 0.40 kg mass hung from a vertical spring stretches it 0.098 m at rest. Find the spring constant
and the period of vertical oscillations.

Loi giai chi tiet

mg  (0.40)(9.8)  3.92
k=—= = =|40N/m|
T 0.098 0.098
T =2m\/m/k = 27,/0.40/40 = 271/0.010 = 27(0.10) ={0.628 s |.

-

Bai tap luyén tap

Compared to an identical spring-block system oscillating horizontally, the same system hung
vertically (same m, same k) has a period that is:

(A) Longer, because gravity adds extra (C) Exactly the same, because gravity only
restoring force shifts the equilibrium position

(B) Shorter, because gravity speeds up the (D) Undefined — gravity prevents periodic
motion motion when a spring is vertical

Loi giai chi tiét

-

Gravity shifts where equilibrium is but does not change 7' = 27+/m/k. (C).

Bai tap luyén tap

A spring-block system with m = 0.20 kg oscillates with period T' = 0.27 s ~ 0.628 s. Find the
spring constant k.

Lai giai chi tiét

4m®m 47%(0.20)  47%(0.20)  0.80
k: = = = = 2 N g
T = (2r7 - 004 0080

-
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Bai tap luyén tap

Two pendulums swing at the same location: pendulum A has length 1.0 m, pendulum B has
length 4.0 m. Find the ratio 7'y : T'.

(A) 1:1 (C) 1:4
(B) 1:2 (D) 4:1

Loi giai chi tiét
ToVEL,soT,:Tg=+1.0:v40=1:2. (B)

Bai tap luyén tap

Two pendulums at the same location have lengths L, = 0.90m and L, = 3.6 m. Find T, /T}.

Lai giai chi tiét

—= = 2= [——=+/40= — pendulum B’s period is twice pendulum A’s.

Bai tap luyén tap

A mass-spring system and a simple pendulum both have period exactly 2.0 s on Earth’s surface.
If the entire apparatus is moved to the Moon (gme0n = 9/6), €xplain what happens to each
system’s period, and why they behave differently.

Lai giai chi tiét

Spring: T' = 27\/m/k contains no g at all, so the spring-block period is completely unaffected
by the change in gravity — it remains 2.0 s on the Moon, because the restoring force comes
entirely from the spring itself, not from gravity.

Pendulum: T = 27,/L/g; with g reduced to ¢/6, Tpeon = 27\/6L/g = V6 - Teaun =~
2.449(2.0) = . The pendulum’s restoring force comes from gravity, so weaker gravity
means a weaker restoring force acting on the same inertia (mass), and the bob accelerates
back toward equilibrium more slowly — the period increases by a factor of v/6.

~ ~

Bai tap luyén tap

An oscillator’s position is given by x(¢) = 0.25 cos(3.0t) (Sl units, angle in radians). Find A, w,
i, f’ Umax: and Amax:

2T 27 w 3.0
A=[025m|w=|3.0rad/s| T_U_%_. f =5 =gog =L04TTHz]
Umax = Aw = (0.25)(3.0) = 0.75mM/S|.  apmay = Aw? = (0.25)(9.0) =|2.25m/s? |
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Bai tap luyén tap

For the oscillator z(t) = 0.25cos(3.0t) of the previous problem, which expression correctly
gives v(t)?

(A) v(t) = 0.75cos(3.0t) (C) v(t) = —0.75cos(3.0t)
(B) v(t) = —0.755sin(3.0¢t) (D) v(t) = 0.25sin(3.0t)

Loi giai chi tiet

-

v(t) = —Awsin(wt) = —(0.25)(3.0) sin(3.0t) = —0.75sin(3.0¢). (B).

Bai tap luyén tap

Att = 0, a block undergoing SHM with amplitude A = 0.40 m is passing through 2 = 0 moving
at 2.0m/s. Find the angular frequency and period.

Lai giai chi tiét

-

. 2.
At = = 0 the speed equals vy, SO Vo = 2.0m/s. Since v, = Aw: w = % = 0—4?0 =
5.0rad/s |
2 2
T== = — =[1265]
w 5.0
Bai tap luyén tap
An oscillator has a,,, = 8.0m/s? and v,,,, = 2.0m/s. Find its amplitude.
(A) 0.25m (C) 1.0m
(B) 0.50m (D) 2.0m
Loi giai chi tiét
. . 2.
Since ap, = Aw? and v, = Aw: % =w= % = 4.0rad/s. Then A = U’Lax = 4—8 =

max

0.50 m. (B).

Bai tap luyén tap

For the oscillator in the previous problem (A = 0.50m, w = 4.0rad/s), find its speed at « =
0.30 m.

Loi giai chi tiét

v = wV/AZ =22 = 4.0,/(0.50)2 — (0.30)2 = 4.0v/0.25 —0.090 = 4.0v/0.16 = 4.0(0.40) =
1.6m/s|

-
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Bai tap luyén tap

A spring-block oscillator’'s amplitude is doubled (same m, same k). Which quantity below re-
mains unchanged?

(A) Maximum speed (C) Total mechanical energy

(B) Maximum acceleration (D) Period

Lai giai chi tiét

-

w = y/k/m depends only on m and k, not A4, so T' = 27 /w is unaffected by amplitude. (D).

Bai tap luyén tap

Using vy = Aw, amay = Aw?, and E = 1kA?, explain quantitatively what happens to the
maximum speed, maximum acceleration, total energy, and period of a spring-block oscillator
if the amplitude is doubled (mass and spring constant unchanged).

Loi giai chi tiét

Since w = /k/m depends only on m and k, doubling A does not change w or T' — the period
stays the same. Maximum speed v,,,,, = Aw is directly proportional to A, so it doubles. Maxi-
mum acceleration a,,,, = Aw? is also directly proportional to A (with w fixed), so it doubles as
well. Total energy F = %kA2 depends on A2, so doubling A quadruples the total mechanical
energy.

Bai tap luyén tap

For a vertical mass-spring system oscillating about its (gravity-shifted) equilibrium, the period
depends on:

(A) m, k,and g (C) m and k only
(B) m and g only (D) kand g only

Lai giai chi tiét

Gravity only relocates the equilibrium position (z, = mg/k); the period itself is still T =
27\/m/k, which contains only m and k. (C).

Bai tap luyén tap

A 0.80kg mass hangs from a vertical spring with £ = 80N/m. (a) Find how far the spring
stretches at equilibrium. (b) Find the period of oscillation. (c) If the mass is instead held at
the spring’s natural (unstretched) length and released from rest, find the amplitude and the
maximum speed of the resulting motion.

Lai giai chi tiét

0.80)(9.8)  7.84
(a)xoznzg:( 8)0< ) _ - =[0.008m]
o 2
(b) w = \/k/m = 1/30/0.80 = +/100 = 10rad/s, so T = g - % =[0.6285].

-
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(c) Released from rest at the natural length, that point is a turning point, so A = 2, =|0.098 m |

Then v, = Aw = (0.098)(10) =[0.98m/s |.
Bai tap luyén tap

An oscillator’s position and velocity are both nonzero at ¢ = 0. Compared to an identical
oscillator released from rest at z = + A, this oscillator’s subsequent motion:

(A) Follows a completely different amplitude (C) Is no longer sinusoidal, since it did not

formula and is no longer periodic start at a turning point
(B) Is still SHM with the same w, but de- (D) Has a period that depends on the specific
scribed by a nonzero phase constant ¢ values of z, and v;

Loi giai chi tiét
Any set of initial conditions in a linear restoring-force system produces SHM with the same
w = +/k/m; only A and ¢ adjust to match z, and v, not the period. (B).

Bai tap luyén tap

An oscillator has angular frequency w = 5.0rad/s. Att = 0 it is at z; = 0.16 m, moving with
velocity v, = —1.5m/s. Find the amplitude, the phase constant, and the complete equation of
motion z(t).

Loi giai chi tiét
N2 —1.5\2
A= /22 + (—) —1/(0.16)2 + (—5 : ) — +/0.0256 + 0.090 = v0.1156 = [0.34m].
w .

cos¢ = z;/A = 0.16/0.34 = 0.471 and singp = —v,/(Aw) = 1.5/[(0.34)(5.0)] = 1.5/1.7 =
0.882. Both positive, so ¢ is in the first quadrant:

2
) — arctan(1.875) = |61.9° = 1.081 rad|.

¢ = arctan (m

Equation of motion: z(¢) = (0.34) cos(5.0t + 1.081) m. Check: z(0) = 0.34(0.471) = 0.16 m,
matching z;; v(t) = —(0.34)(5.0)sin(5.0t + 1.081) = —1.7sin(5.0¢t + 1.081), so v(0) =
—1.7(0.882) = —1.5m/s, matching v; — both initial conditions reproduced.

Bai tap luyén tap

Find the period of a simple pendulum of length L = 0.90 m on Earth.

(A) 0.95s (C) 1.9s
(B) 1.55 (D) 3.8s

Loi giai chi tiét
T = 2r\/L/g = 271/0.90/9.8 = 27/0.0918 = 27(0.303) = 1.95s. (C).
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Bai tap luyén tap

A pendulum clock keeps correct time on Earth. If the clock is brought to the Moon, where g
is about é of its value on Earth, explain — using the pendulum period formula, and without
plugging in the specific factor of é — whether the clock will now run fast, run slow, or keep
correct time. Justify your reasoning.

Lai giai chi tiét

The period of a pendulum is T' = 27+/L/g. The clock’s gears are built and calibrated so that
each swing (each period T') is counted as marking off a fixed, correct amount of real time,
based on the pendulum’s length and Earth'’s gravity. On the Moon, the pendulum’s length L is
unchanged, but g is smaller. Since T' o< 1/, /g, a smaller g produces a larger T' — each individual
swing physically takes longer to complete than it did on Earth, because the restoring force
(which comes from gravity) is weaker while the inertia of the bob is unchanged. However, the
clock mechanism still advances by a fixed amount for every swing, as if each swing still took
the Earth value of T'. Since every real swing now takes longer than the mechanism assumes,
fewer swings occur per actual hour, so the clock’s hands advance more slowly than real time
elapses. The clock will run slow — it will fall behind correct time.

Bai tap luyén tap

For any SHM oscillator, at = = A/2, what is the ratio of kinetic energy to potential energy,
K:U?

(A) 1:4 (C) 3:1
(B) 1:3 (D) 4:1

Loi giai chi tiét

U= Lka? = 1k(A/2)? = 1 (1kA?) = E/4,50 K = E—U = 3E/4. Thus K : U = (3E/4) :

2

(E/4) =3 :1.(C).

Bai tap luyén tap

A v-t graph for an SHM oscillator shows a peak speed of 3.2 m/s, with successive points where
v = 0 separated by 7/4 s (~ 0.785s). Find the period, the angular frequency, and the amplitude.

Lai giai chi tiét
Time between successive zeros of v is half a period: T/2 = 7/4s = T =|7/2s ~ 1.57s|
27 2
W= = /2 =|4.0rad/s |
. 3.2
Since vy, = Aw: A = M _ T 10.80m].

Bai tap luyén tap

An oscillator is displaced from equilibrium and released from rest. If the system is critically
damped, its subsequent motion is best described as:
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(A) Oscillating indefinitely with constant am-  (C) Returning to equilibrium without oscillat-
plitude ing, in the minimum possible time of any

(B) Oscillating back and forth with slowly non-oscillating case
shrinking amplitude (D) Never returning to equilibrium

Loi giai chi tiét

Critical damping is the boundary case: just enough resistance to prevent any overshoot/oscil-
lation, while returning to equilibrium as quickly as possible among all non-oscillating (over-
damped or critical) cases. (C).

Bai tap luyén tap

Two identical spring-block systems are pulled to the same displacement and released simul-
taneously: System 1 oscillates in open air (very light damping); System 2 oscillates fully sub-
merged in a thick oil bath (heavy, overdamping). Describe qualitatively how the z-t graphs of
the two systems differ.

Lo gidi chi tiét

System 1 (light damping, underdamped) still oscillates back and forth through equilibrium many
times, but each successive peak is slightly smaller than the last — its x-¢ graph looks like the
usual cosine curve trapped inside a slowly shrinking envelope, and its period stays very close to
the undamped value T' = 27\/m/k. System 2 (heavy, overdamping) never crosses equilibrium
more than once — the resistive force from the oil removes energy so quickly that the block
simply glides back toward x = 0 without overshooting or oscillating at all; its z-¢ graph is
a smooth, non-oscillating curve that approaches zero more slowly than a critically damped
system would. In short, System 1's graph keeps its wave-like shape while shrinking in height;
System 2's graph never waves at all.

Bai tap luyén tap

A mass hangs in equilibrium from a vertical spring, already stretched a distance z, = mg/k
beyond the spring’s natural length. It is then pulled down an additional distance d (beyond that
equilibrium) and released from rest. What is the amplitude of the resulting oscillation?

(A) z, (C) zo+d
(B) d (D) z, —d

Loi gidi chi tiét
Amplitude is measured from the equilibrium position, and since the mass is released from rest,
its starting point is the turning point. That starting point is a distance d from equilibrium, so

A = d — the equilibrium stretch z, does not enter the amplitude at all (it only shifts where
"equilibrium” is located). (B).

Bai tap luyén tap

A simple pendulum of length L = 1.2m is released from a small angle. Find its period. Then
state what happens to the period if the release angle is doubled (while remaining a small angle).
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Loi giai chi tiét

T = 21\/L/g = 211/1.2/9.8 = 27/0.1224 = 27(0.350) = [2.25]

Doubling the release angle (while it remains small) does not change the period: for small angles
the restoring force is proportional to displacement, so the pendulum is isochronous and 7" stays
at ~ 2.2 s regardless of amplitude.

Bai tap luyén tap

In simple harmonic motion, which pair of quantities is always exactly 180° out of phase with
each other?

(A) zand v (C) zand a
(B) vand a (D) zandt

Lai giai chi tiét

Since a = —w?x, acceleration and position always have opposite sign at every instant — exactly
180° out of phase. (C).

Bai tap luyén tap

A 0.50 kg mass hangs from a vertical spring with £ = 50 N/m. (a) Find the equilibrium stretch
x,. (b) Find the period of oscillation. (c) The mass is pulled down 0.10 m below equilibrium and
released from rest. Find the total mechanical energy of the oscillation (measured relative to
the equilibrium position) and the maximum speed.

Lai giai chi tiét

mg  (0.50)(9.8) 4.9
(a)%:/-cg:(;s)o():m: 0.098m |

(b) w = v/k/m = 1/50/0.50 = v/100 = 10rad/s, so T = % =[0.6285]

(c) Released from rest 0.10 m below equilibrium, that point is a turning point, so A = .
Then E = $kA? = 1(50)(0.10)? = |0.25J}, and v, = Aw = (0.10)(10) = 1.0m/s; check:

Umax = \/2E/m = 1/2(0.25)/0.50 = /1.0 = — matches.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 8

Fluids

Muc tiéu Unit: Khoi lugng riéng va ap suat; ap suat tuyét doi theo do sdu P = P, + pgh va ap suat
ké (gauge); nguyén ly Pascal va hé théng thay luc; luwc day Archimedes, diéu kién vat chim/néi va trong
lugng biéu kién; phuong trinh lién tuc A,v; = A,v,; phuong trinh Bernoulli, hiéu (rng Venturi va dinh
luat Torricelli.

8.1 Density and Pressure

8.1.1 Density
The density of a substance is its mass per unit volume,

p= vV’
with Sl unit kg/m?3. Density is an intrinsic property of a material — it does not depend on how much
of the substance is present, only on what the substance is. Two blocks of the same metal, one twice
the size of the other, have the same density even though their masses and volumes both differ. Fresh
water has density p,, = 1000 kg/m?; this is the default value used throughout this chapter unless a
problem states otherwise.

Material Density (kg/m?3)
Air (sea level) ~ 1.2

Ice 920
Fresh water 1000
Seawater 1025
Aluminum 2700

Iron / steel ~ 7800
Lead 11000

Table 8.1: *

Typical densities used throughout this chapter.

8.1.2 Pressure and Pascal’s Insight

Pressure at a point in a fluid is the perpendicular (normal) force per unit area that the fluid exerts on

any surface it touches:
F

1
with Sl unit the pascal, Pa = N/m2. Because a fluid at rest cannot sustain a sideways (shear) force,
the force it exerts on any surface is always directed perpendicular to that surface, no matter how the
surface is tilted. Moreover, at any single point inside a static fluid the pressure is the same in every
direction — it pushes equally hard up, down, and sideways on an infinitesimal test surface placed at
that point. This is Pascal’s insight, and it underlies every other result in this chapter.

P=
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Khai niém cét 16i

Pressure is a scalar, not a vector — it has no single direction of its own. What is directional is
the force pressure produces on a particular surface: that force always points into the surface,
perpendicular to it. A submerged object therefore feels pressure pushing inward on every face,
regardless of how the faces are oriented.

m F
== P =~ [Pa=N/m?.
P= 7 /m?]
Pressure at a point in a static fluid is the same in every direction; the force a fluid exerts on a
surface always acts perpendicular to that surface.

GIAI THICH TIENG VIET

héi luwgng riéng p = m/V la dac trung cta chat liéu, khong phu thudc lugng chat dang xét.
Apsuat P = F/Alalyc vudng goc trén mét don vi dién tich, don vi pascal (Pa = N/m?). Diém
mau choét cua Pascal: tai mot diém trong chat luu tinh, ap suat nhu nhau theo moi huéng, va
luc do ap suat gay ra trén mot bé mat ludn vudng goc véi bé mit do, bat ké bé mat nghiéng
thé nao.

Vi du 1 - Computing density

A metal block measures 3.0cm x 4.0cm x 5.0 cm and has mass 0.540 kg. Find its density.
Volume: V = (3.0)(4.0)(5.0) = 60cm® = 6.0 x 107> m?.

m 0.540

= —=_—"""__ —9000kg/m?.
P =Y T 60x10° g/m

This is close to the density of copper (8960 kg/m?3), consistent with a dense metal block.

Vidu 2 - Pressure depends on area, not just force

A 600 N dancer balances her full weight on one stiletto heel of area 1.0cm?. An elephant of
weight 4.0 x 10* N stands on one foot of area 0.10 m? (1000 cm?2). Compare the pressure each
exerts on the ground.

Heel: A=1.0cm? = 1.0 x 1074 m?,

600
Pheel = W = 60 X 106 Pa.
Elephant’s foot:
4.0 x 10*
Progt = 5710 = 4.0 x 10° Pa.

The heel’s pressure is about 15 times larger than the elephant’s, even though the elephant’s
force is nearly 70 times bigger — because pressure depends on force per unit area, and the
heel’s area is enormously smaller.

8.2 Pressure Variation with Depth

Consider a static, incompressible fluid open to the atmosphere at its top surface, where the pressure
is P,. To find the pressure at a depth h below that surface, isolate an imaginary vertical column of
fluid of cross-sectional area A extending from the surface down to depth i. The column’s weight,
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pAhg, must be supported by the difference between the (larger) pressure pushing up on its bottom
face and the (smaller) pressure pushing down on its top face:

(P—Py)A=pAhg = P = P,+ pgh.

surface, pressure P,

R = P, + pgh, same in every directign

Pressure at depth h pushes equally in every direction and grows linearly with depth.

8.2.1 Absolute Pressure vs. Gauge Pressure

P = P, + pgh gives the absolute pressure — the true total pressure at that point, including the
atmosphere pushing down from above. Most pressure gauges (tire gauges, blood-pressure cuffs,
dive computers) are built to read zero when exposed to the open atmosphere; they report the gauge
pressure, the amount above atmospheric:

Paauge = P — Py = pgh.

Pabs:P0+pghv Pgauge: abs_Pongh'

Absolute pressure is what a submerged object actually experiences; gauge pressure is what
most instruments display. A gauge pressure of zero corresponds to an absolute pressure of P,
(atmospheric), not to a vacuum.

(1) Loi thueng gdp: Watch for the word "absolute” vs. "gauge” in a problem. If a question gives
a gauge-pressure reading and asks for absolute pressure (or vice-versa), the atmospheric term
P, must be added or subtracted — forgetting it is one of the most common scoring errors on
fluid-pressure problems. When a problem simply says "pressure at depth h” without specifying,
assume it wants absolute pressure using P = P, + pgh.

GIAI THICH TIENG VIET

Ap suat tuyét doi P = P, + pgh la ap suat that tai mot diém, tinh ludn ca ap suat khi quyén P,
de Ién tir trén. Ap suat ké (gauge) la phan vurgt trén 4p suat khi quyén: P,, .. = pgh. Dong ho
do ap suat (banh xe, binh I3n...) thudng hién thi ap suat gauge (bang 0 khi & ngoai khéng khi),

khong phai ap suat tuyét déi — can cong/trir P, khi dé bai chuyén déi gilra hai loai.

8.2.2 The Hydrostatic Paradox

Notice that P = P, + pgh depends only on the depth h, the fluid’s density p, and g — it does not
depend on the shape of the container, its cross-sectional area, or the total volume (and hence total
weight) of fluid present. A narrow test tube and a wide swimming pool, both filled with water to the
same depth, have exactly the same pressure at the bottom. This counter-intuitive result is sometimes
called the hydrostatic paradox.
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(1) L6i thuong gap: Do not assume a wider or heavier column of fluid produces more pressure
at a given depth. Pressure at depth 4 is set entirely by A, p, and g; a skinny tube and a massive
tank filled to the same depth with the same fluid press equally hard on their bottoms.

Vi du 3 - Absolute pressure at depth

Find the absolute pressure at a depth of 3.0 m in a swimming pool. Use P, = 1.0 x 10° Pa.

P = Py+pgh = 1.0 x 10° 4 (1000)(9.8)(3.0) = 1.0 x 10° 429400 = 1.294¢5 Pa &~ 1.29 x 10° Pa.

Vi du 4 - Gauge vs. absolute pressure

A scuba diver’s gauge reads a gauge pressure of 1.96 x 10° Pa. Find her depth below the surface
and the absolute pressure she experiences.

P 1.96 x 10°  1.96 x 10°
Pyavee = pgh = h = —5248¢ — = =20.0m.
gauge = P9 pg (1000)(9.8) 9800
Absolute pressure: P, = Py + Poauee = 1.0 X 10° + 1.96 x 10° = 2.96¢5 Pa.

gauge

8.3 Pascal's Principle and Hydraulic Systems

Pascal’s principle: a pressure change applied anywhere to an enclosed, incompressible fluid is trans-
mitted undiminished to every point of the fluid and to the walls of its container. This is the operating
principle of a hydraulic lift.

8.3.1 Force Amplification

Consider a sealed hydraulic system with two pistons of different areas, A, (small) and A, (large),
in contact with the same enclosed fluid. A force F} applied to the small piston creates a pressure
increase AP = F/A,. By Pascal’s principle, this same pressure increase is transmitted to the large
piston, producing an upward force F, = AP - A,. Combining (and neglecting any height difference
between the two pistons):

A
Because A, > A, the force on the large piston is amplified: F,, = F} <AQ> This is exactly how a

1
small hand pump can lift a car on an automotive hydraulic lift.

F, 7,

: T

A; (small piston) I

A, (large piston)

A hydraulic lift: enclosed, incompressible fluid transmits pressure undiminished, so F; /A, = F,/A,.
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F F _ Ay
Al_AQ’ F2—F1(A1 '

A hydraulic lift multiplies force by the ratio of piston areas; the larger the area ratio, the larger
the mechanical advantage F,/F;, = A,/ A;.

8.3.2 Volume Conservation and Energy

A hydraulic lift does not create energy. Because the fluid is incompressible, the volume pushed out
from under the small piston as it moves down a distance d; must exactly equal the volume that flows
in under the large piston as it rises a distance d,:

A
A1d1 - A2d2 = d2 == dl <1> .
A2

Since A, > A, the large piston moves a much smaller distance than the small piston. Multiplying
the force relation by the distance relation shows work is conserved:

A A

The work you put in by pushing the small piston down equals the work delivered by the large piston
lifting its load — a hydraulic lift trades force for distance, exactly like a lever or a ramp.

A,d; = Ayd, (volume conservation), F\d, = Fy,d, (workin = work out).

. GIAI THICH TIENG VIET

Nguyén ly Pascal: ap suat tdc dung Ién chat luu kin, khéng nén dugc sé truyén nguyén ven
dén moi diém. Trong hé thuy luc, /A, = F,/A, nén pit-tong I&n nhan luc 16n hon — day
l3 cdch mot luc nhé c6 thé nang ca mot chiéc xe. Tuy nhién hé thay luc khéng tao ra ning
lwgng: do thé tich chat luu bao toan (4,d; = A,d,), pit-téng nhan luc 16n hon lai di chuyén
quang dudng ngan hon tuong (ng, sao cho cong vao bang cong ra (F,d, = F,d,).

Vi du 5 - Hydraulic lift: force ratio

A hydraulic lift has a small piston of area A; = 5.0 cm? and a large piston of area A, = 250 cm?.
A force of 200 N is applied to the small piston. Find the force delivered by the large piston.

A 250
1@:1q<A?):2%(50>:2mxm):10%N.

This 1.0e4 N (about 1020 kg-weight) is enough to lift a small car.

Vi du 6 - Hydraulic lift: piston displacement and energy check

For the same system as Vi du 5, the small piston is pushed down d; = 0.60 m. Find how far
the large piston rises, and verify that work in equals work out.

. A .
Volume conservation: A,d, = A,d, = d, = d, (Al) = 0.60(5{3) =0.60(0.02) = 0.012m =
2

1.2cm.
Work in: W, = F,d, = (200)(0.60) = 120). Work out: W, = F,d, = (1.0 x 104)(0.012) =
120J.
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The two works match exactly — the 50x force amplification is paid for by a 50x reduction in
distance moved.

8.4 Buoyancy and Archimedes' Principle

Archimedes’ principle: any object partially or fully submerged in a fluid experiences an upward buoy-
ant force equal in magnitude to the weight of the fluid the object displaces:

FB = PAvid 9 V;lisplaced'

Crucially, F5 depends only on the density of the fluid and the volume displaced — never on the
object’s own density, mass, or shape. A block of lead and a block of wood of the same volume, fully
submerged, feel exactly the same buoyant force; what differs is their own weight, which determines
whether that buoyant force is enough to hold them up.

FB
A

fluid surface

Y
W =mg

Buoyant force Fiz = paug 9 Vaisplaced aCts upward; weight W = mg acts downward.

Fg = pauia 9 Vdisplaced'

F; never depends on the submerged object’s own density or shape — only on the fluid’s density
and how much volume is pushed aside.

(1) L6i thueng gap: The single most common error in buoyancy problems is plugging the ob-
ject’s density into Fz; = pgV instead of the fluid’s density. The buoyant force is the weight of
fluid displaced — it is computed with pg 4, always. The object’s own density is needed only to
find the object’s actual weight, for comparison with Fg.

. GIAI THICH TIENG VIET

Nguyén ly Archimedes: luc day néi Fiz bang trong lugng ctia phan chat Iwu bi vat chiém ché,
Fp = pauia9Vaisplaced — luON duing khéi lugng riéng cta chat luu, tuyét d6i khong dung khéi
lugng riéng cda vat. Day 13 16i sai phd bién nhat trong cac bai toan luc day Archimedes.

8.4.1 Fully Submerged Obijects: Sink, Float, or Neutral

For an object that is completely underwater, Viicpiaced = Vobject: SO the buoyant force is Fz =
Pauidd Vobject: While the object’s actual weight is W = pgpiectgVopject- COMparing the two:
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® If popject > Pauia: W > F, net force downward — the object sinks.

® If popject < Pauia: W < Fi, net force upward — the object rises toward the surface, where it
will float partially submerged.

® If popject = Pauia: W = Fp exactly — the object is neutrally buoyant and stays suspended at
whatever depth it is placed.

- GIAI THICH TIENG VIET
V&i vat chim hoan toan, so sanh khaoi lugng riéng vat véi khéi lugng riéng chat luu quyét
dinh vat chim, néi hay lo I‘Crng: vat dac hon chat |u’l:,I (pvat > Pfruia) thi chim; vat loang hon
(ovat < Pj1uia) thi NGI 1€n; bang nhau thi lo Iig can bang & moi d6 sau.

Vidu 7 - Sink or float?

A solid aluminum cube (p = 2700 kg/m?3) has volume 2.0 x 10~* m? and is fully submerged in
water. Find its weight, the buoyant force on it, and determine whether it sinks or rises.
Weight: W = po,Vg = (2700)(2.0 x 1074)(9.8) = 5.292N.

Buoyant force: Fiz = pyaterV g = (1000)(2.0 x 107%)(9.8) = 1.96 N.

Since W > Fj (aluminum is denser than water), the net force is 5.292—1.96 = 3.33 N downward
— the cube sinks.

8.4.2 Floating Objects

An object floats when it is only partially submerged and in equilibrium, so the buoyant force exactly
balances its weight: Fz = W. Writing this out with V,,, as the submerged volume and V,, as the

object’s total volume,

‘/Sub pOb

_ _ ject

Pauid 9 Vsub = Pobject 9 Viotal = V. = .
total Ptuid

The fraction of an object’s volume that sits below the surface equals the ratio of its own density to
the fluid’s density.

Vaub __ Pobject

(floating equilibrium).
Wotal Pflid

- GIAI THICH TIENG VIET
Vi vat ndi, diéu kién can bang Fz = W cho ti 1& thé tich chim: V,,/Viota = Puat/Pruia- VAt
cang dic (gan bing khéi lwgng riéng chat luu) thi cang chim sau; vat cang nhe thi phan néi trén
mat cang I&n.

Vi du 8 - Floating iceberg

An iceberg (pie = 920 kg/m?®) floats in seawater (p., = 1025kg/m?). Find the fraction of its
volume that is submerged.

Vab _ Pice _ 920
Vtotal Psea 1025

About 89.8% of the iceberg’s volume lies below the waterline, with only 10.2% visible above —
the familiar "tip of the iceberg.”

= 0.898.
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8.4.3 Apparent Weight

When a submerged (or partially submerged) object hangs from a scale or a string, the scale does not

read the object’s true weight — it reads the apparent weight, reduced by the buoyant force:
Wapparent = Wactual — Fp.

This is how the classic "crown problem” works: an object’s weight can be measured in air, then
measured again while submerged; the difference between the two readings is exactly the buoyant
force, which can be used to find the object’s volume and hence its density.

Wapparent = Wactual - FB = Wactual - pﬂuidgvobject'

. GIAI THICH TIENG VIET

Trong lwong bi€u kién 13 s6 chi trén can/luc k€ khi vat bi nhing trong chat luu, luén nhé hon
trong luong that vi bi luwc day Archimedes "ganh b&t”: W, parent = Wactual — F5- Do hai [an
(ngoai khong khi va khi nhdng chim) r6i 1y hiéu s6 chinh la cach xac dinh Fj; va tir d6 suy ra
thé tich/khéi lwong riéng clta vat.

Vidu 9 - Apparent weight of a submerged stone

A stone of mass 2.0 kg and volume 8.0 x 10~* m? hangs from a spring scale, fully submerged
in water. Find the scale reading.

Actual weight: W = mg = (2.0)(9.8) = 19.6 N.

Buoyant force: Fiz = pyaterV g = (1000)(8.0 x 1074)(9.8) = 7.84N.

W,

apparen

. =19.6—7.84 = 11.8N.

8.5 Fluid Flow and the Continuity Equation

For the rest of this chapter, fluid is treated as incompressible (constant density) and flow as steady
— the velocity at each fixed point in space does not change with time, so the fluid follows smooth
paths called streamlines.

The volume flow rate () through a cross-section of a pipe is the volume of fluid passing that
cross-section per unit time, Q = Aw, with Sl unit m3/s. Because the fluid is incompressible and
cannot be created or destroyed inside the pipe, the volume flow rate must be the same at every
cross-section along a single pipe with no branches — this is the continuity equation:

Wherever the pipe’s cross-sectional area shrinks, the fluid speed must increase to keep the same
volume moving past every point each second — and vice-versa. The mass flow rate, pAv (Sl unit
kg/s), is likewise constant along the pipe for a single incompressible fluid.

G U3
— — >
Ay
Aq

Continuity: A;v; = A,v, — the fluid speeds up where the pipe narrows.

Q= Av [m3/s],  Ajv; = Ayv, (continuity), 1 = pAv [kg/s].
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- GIAI THICH TIENG VIET
V6i dong chay 8n dinh, khéng nén duoc, luu lugng thé tich Q = Av khong déi doc theo 8ng
(khéng tao thém hay mat b6t chat luu): A v, = Ayv, — chd 8ng hep thi téc do chat luu ting,
chd 6ng réng thi tdc do gidm. Luu lvong khéi luong 7 = pAv cling khéng déi véi mot loai
chat lwu duy nhat.

Vi du 10 - Continuity in a narrowing pipe

Water flows through a pipe with cross-sectional area A, = 6.0cm? at speed v, = 2.0m/s.
The pipe narrows to A, = 2.0 cm?. Find the speed in the narrow section.

Ay (6.0)(2.0)
vy = A, 20 =6.0m/s.

Vidu 11 - Mass flow rate

Water flows through a pipe of cross-sectional area 3.0 x 1073 m? at 2.0m/s. Find the volume
flow rate and the mass flow rate.

Q = Av = (3.0 x 1072)(2.0) = 6.0e — 3 m3/s.
m = pQ = (1000)(6.0 x 1073) = 6.0kg/s.

8.6 Bernoulli's Equation

Bernoulli’s equation is a statement of energy conservation for a fluid, valid along a single streamline
for flow that is steady, non-viscous (no internal friction losses), and incompressible:

P, + 5pv} + pgy, = Py + 5003 + pgys-

Each term has units of energy per unit volume (equivalently, pressure): P plays the role of a "pressure
energy,’ %pv2 is a kinetic-energy density, and pgy is a gravitational potential-energy density. Their
sum stays constant as the fluid moves along a streamline — exactly parallel to KE + PE = const for

a single particle, but written per unit volume for a continuous fluid.

P, + 5pv% + pgy, = Py + 5903 + pgys.

If two of the three terms are equal at both points (e.g. equal heights), Bernoulli's equation
reduces to a simple relationship between the remaining two.

(1) L6i thuong gap: Bernoulli’s equation only applies along a streamline for flow that is steady,
incompressible, and effectively free of viscous (friction) losses. It should not be applied blindly
to turbulent flow, to flow with significant pumps/fans adding or removing energy between
the two points, or to compressible gases moving at high speed. On the AP exam, apply it only
where the problem clearly describes smooth, steady flow of an (effectively) incompressible
fluid.

. GIAI THICH TIENG VIET

Phuong trinh Bernoulli 13 phat bi€u bao toan nang lwong cho chat luvu chay én dinh, khong
nhot, khéng nén duoc, doc theo mot duong dong: P + pv? + pgy = hang s6. Ba s6 hang
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tuong ing "nang luong ap suat,” dong nang va thé ning trong trudng tinh trén mét don vi thé
tich. Chi ap dung khi dong chay ém, én dinh, khéng cé bom/quat bom thém ning luong gitra
hai diém dang xét.

8.6.1 Same-Height Flow: The Venturi Effect

When both points lie at the same height (y, = y,), the height terms cancel and Bernoulli’s equation
simplifies to
Py + 3pv} = Py + 3p03.

Combined with continuity (A,v, = A,v,), this shows that wherever a horizontal pipe narrows, the
fluid speeds up and its pressure drops. This inverse relationship between speed and pressure at
constant height is the Venturi effect.

Vidu 12 - The Venturi effect

A horizontal pipe carries water at pressure P, = 1.5 x 10 Pa and speed v; = 1.0 m/s through
a wide section of area A; = 8.0 cm?. It narrows to A, = 2.0cm?. Find the speed and pressure
in the narrow section.
- Av (8.0)(1.0)
Continuity: v, = =1 = =4.0m/s.
i = oy 2.0 /
Bernoulli (same height, y; = y,):

Py = P+1p(v? —v%) = 1.5x10°+3(1000) (1.0% — 4.0%) = 1.5x10°+500(—15) = 1.425¢5 Pa.

Pressure drops in the narrow, faster-moving section, exactly as the Venturi effect predicts.

8.6.2 Height Differences: Torricelli’s Law

Now consider a large tank, open to the atmosphere, with a small hole in its side at depth h below
the top surface. Apply Bernoulli's equation between the top surface (point 1) and the hole (point
2). Because the tank’s cross-sectional area is much larger than the hole’s, the top surface drops so
slowly that v; ~ 0. Both the surface and the hole are open to the atmosphere, so P, = P, = P,.
Taking the hole as y = 0 and the surface as y = h:

Py+ 0+ pgh=Py+ 3pv3+0 = v, =+/2gh.

This is Torricelli’s law: the efflux speed from a hole at depth A below an open surface is exactly
the speed an object would reach falling freely through the same height h — a striking energy-
conservation connection between a fluid squirting out a hole and a simple falling object.

v =1/2gh (Torricelli’s law — efflux speed from a hole at depth h).

- GIAI THICH TIENG VIET
Dinh luat Torricelli: t6¢c d6 chat luu phun ra tir mét 16 nhoé & dé sau A dudi mit thoang (hé véi
khi quyén, bé du I6n dé mat thoang gan nhu khéng ha) bang ding téc dd mot vat roi tu do dat
dugc sau khi roi cing d6 cao h: v = \/2gh. Day la hé qua truc ti€p cla bao toan nang lugng
khi ap dung Bernoulli véi P, = P, = P, va v, ~ 0.
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Vi du 13 - Torricelli’s law

A large open water tank has a small hole 1.25 m below the water surface. Find the speed of
the water as it exits the hole.

v=/2gh = /2(9.8)(1.25) = V/24.5 = 4.95m/s.

8.6.3 Combining Continuity and Bernoulli

Many problems involve both a height change and an area change between the two points of interest.
The standard approach: use continuity first to find the unknown speed from the known areas, then
substitute into Bernoulli’s equation to solve for the remaining unknown (usually a pressure).

Vi du 14 - Bernoulli with both height and area change

Water enters a vertical pipe at the ground floor of a building with speed v; = 4.0m/s and
absolute pressure P, = 4.0 x 10° Pa. The pipe rises y, = 5.0 m to the second floor, where its
cross-sectional area is half of what it was at the ground floor (4, = %Al). Find the water’s
speed and pressure at the second floor.

Continuity: A;v; = Ayvy = (34,) vy = vy = 2v; =8.0m/s.

Bernoulli (taking y, = 0):

Py =Py + 3p (v} —v}) — pgy, = 4.0 x 10° 4 500(16 — 64) — (1000)(9.8)(5.0)

= 4.0 x 10° — 24000 — 49000 = 3.27¢5 Pa.

Both the rise in height and the increase in speed act to lower the pressure at the second floor,
from 4.00 x 10° Pa down to 3.27 x 10° Pa.

> P2’U2

P{, v, —>

A pipe that both rises through height y,, and narrows: Bernoulli’s equation links pressure, speed, and height between the
two labeled points.

8.6.4 Qualitative Application: Lift on an Airfoil

An airplane wing (airfoil) is shaped so that air flowing over its curved top surface moves faster, on
average, than air flowing along its flatter bottom surface. Treating the two flows as approximately
steady streamlines at roughly the same height, Bernoulli's equation implies that the faster-moving
air above the wing is at lower pressure than the slower air below it. This pressure difference, act-
ing over the wing's surface area, produces a net upward force — lift. (The full aerodynamic picture
also involves the wing’s angle of attack and the downward deflection of air beneath it, which go be-
yond a strict Bernoulli treatment, but the speed-pressure relationship above captures the essential
mechanism at the level of this course.)

GIAI THICH TIENG VIET

Ung dung dinh tinh: trén canh may bay, dong khi phia trén (mat cong) chady nhanh hon dong
khi phia dudi (mat phang hon). Theo Bernoulli, noi téc do I6n hon thi 4p suat nhé hon, nén ap
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suat phia dudi canh 1&n hon phia trén, tao ra luwc ndng hudng [én. Day |a cach giai thich dinh
tinh, don gian hoa — luc nang thuc té con phu thudc goc tan va cac hiéu rng khac.

8.7 Manometers and Multi-Layer Fluids

8.7.1 U-Tube Manometers

A manometer is a device that measures pressure by balancing an unknown pressure against a column
of liquid whose height can be read directly. The simplest version is the open U-tube manometer: a
U-shaped tube partially filled with a liquid (commonly mercury or water), with one arm connected to
the gas or system whose pressure is being measured and the other arm left open to the atmosphere.

Because the liquid inside the tube is a single connected body of static fluid, any two points at
the same height within it must have the same pressure — otherwise the fluid at that height would
still be flowing to equalize the difference. This is the balancing principle behind every manometer,
and itis really just P, + pgh, = P, + pgh, applied to two points at a common reference height inside
the connected liquid.

gas, P open, P,

! an

A U-tube manometer: the left arm connects to the gas, the right arm is open to the atmosphere. Since P > P, here, the
liquid is pushed down on the gas side and up on the open side, with P = P, + pgAh.

To use this principle, pick the reference height at the lower of the two liquid surfaces. Suppose
the gas pressure P exceeds atmospheric pressure P,: the gas pushes the liquid down in the con-
nected arm and up in the open arm, until the two surfaces settle with a height difference Ah, the
open arm'’s surface being higher. At the height of the lower (gas-side) surface, the pressure on the
gas side is simply P itself; reaching that same height on the open side means descending an extra
depth Ah through liquid open to the atmosphere, so the pressure there is P, + pgAh. Setting the
two equal,

P = Py + pgAh.

If instead P < P,, the same reasoning with the roles reversed gives P = P, — pgAh, and now it is
the gas-side surface that sits higher. Either way, the rule is the same: the liquid stands higher on
the lower-pressure side, and the pressure difference between the two sides is pgAh.

(1) L6i thuong gap: The most common manometer error is losing track of which side is higher.
Before writing an equation, decide physically which surface must be pushed down: the side
with the larger pressure pushes its own liquid down and forces the liquid up on the other side.
The side with the lower liquid level is always the side with the higher pressure.
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Vi du 15 - Reading a mercury manometer

A mercury U-tube manometer (p,, = 13600 kg/m?3) has one arm connected to a sealed gas
tank and the other arm open to the atmosphere (P, = 1.0 x 10° Pa). The mercury level in the
open arm sits 0.150 m higher than the level in the arm connected to the tank. Find the absolute
pressure of the gas.

The open arm’s mercury is higher, so the tank-side (gas) pressure exceeds atmospheric: P =
Py + pgAh.

P =1.0 x 10° + (13600)(9.8)(0.150) = 1.0 x 10° + 19992 = 1.19992¢5 Pa ~ 1.20 x 10° Pa.

The gauge pressure of the gas is pgAh = 2.00e4 Pa, about 0.20 atmosphere above atmospheric.

8.7.2 Pressure in Layered (Immiscible) Fluids

Many real containers hold two or more immiscible fluids — fluids that do not mix — stacked in layers
by density, with the least dense fluid floating on top. A familiar example is a layer of oil floating on
water. To find the pressure at the bottom of such a container, apply P = P, + pgh one layer at a
time, using each layer's own thickness and own density, and add the contributions in sequence from
the open surface downward.

Consider a top layer of fluid 1 (density p,, depth k) resting on fluid 2 (density p,, depth k), open
to the atmosphere. At the interface between the two fluids — a depth h, below the surface — the
pressure is found exactly as for a single fluid: P orface = P + p19h;. Continuing downward through
the second fluid to the bottom of the container adds one more term, built from fluid 2's own density
and thickness:

Pbottom = Linterface T p2.gh2 = PO + plghl + p2gh2'
Each layer contributes its own pgh term to the running total; the layers simply stack.

(!) L6i thueng gap: Do not multiply the combined depth h, + h, by a single density. Each
fluid layer contributes pgh using its own thickness and its own density; compute the layers
separately, from the top surface down, and add the results.

Vi du 16 - Pressure beneath two fluid layers

An open container holds a layer of oil (p,; = 800 kg/m?) of depth h; = 0.30 m floating on top
of a layer of water (p,,ter = 1000 kg/m?®) of depth hy, = 0.50 m. Take P, = 1.0 x 10° Pa. Find (a)
the pressure at the oil-water interface, and (b) the pressure at the bottom of the container.
@) Pierface = Py + poighy = 1.0 x 10% + (800)(9.8)(0.30) = 1.0 x 10° + 2352 = 1.02352¢5 Pa ~
1.02 x 10° Pa.

(b) Poottom = Prnterface + Pwaterdha = 1.02352 x 10° + (1000)(9.8)(0.50) = 1.02352 x 10° 44900 =
1.07252¢5 Pa ~ 1.07 x 10° Pa.

P = Py + pgAh (manometer; liquid stands higher on the lower-pressure side),
Pyotiom = Py + p1ghy + paghy + - (stacked immiscible fluid layers).

Both results follow from the same idea: at a fixed height inside one connected, static fluid,
pressure is the same everywhere; crossing into a different fluid adds that fluid’s own pgh con-
tribution.
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GIAI THICH TIENG VIET

Ap ké 6ng chir U (manometer) dua trén nguyén ly: hai diém cuing dé cao trong mot khéi chat
lwu tinh, lién théng vaéi nhau thi cé cung ap suat. Néu ap suat khi P 1&n hon ap suat khi quyén
P,, cOt chat luu bén hé sé cao hon bén nai vai khi mét doan Ah, va P = P, + pgAh; ngugc
lai néu P < P, thi c6t bén ndi vai khi cao hon, P = Py — pgAh — bén nao c6 myc chat luu
thap hon thi bén dé co6 ap suat cao hon. Vai chat luvu nhiéu I16p khong hoa tan (nhu dau néi
trén nudc), ap suat tai day cong don tirng I6p theo khéi lwgng riéng va dé day riéng cua l6p
do: Fysy = Py + pighy + paghg + -+

8.7.3 Obijects Floating at a Fluid-Fluid Interface

When an object floats at the boundary between two immiscible fluid layers of different density, part
of its volume displaces the upper fluid and part displaces the lower fluid. The total buoyant force is
the sum of both contributions:

Fg = p1gVy + pagVs, Vi + V5 = Viotals

where V] is the volume of the object sitting in the upper fluid and V;, is the volume sitting in the
lower fluid. Floating equilibrium still requires F'z = W, exactly as with a single fluid — only now the
buoyant force is built from a volume-weighted average of the two fluids’' densities. Equivalently,
floating equilibrium is reached when this weighted-average density of displaced fluid equals the
object’s own density.

Vi du 17 - Floating between oil and water

A block of density ppocc = 850kg/m? and volume V' = 2.0 x 1074 m? is placed in a container
holding oil (p,; = 800 kg/m?3) floating on top of water (p,.ior = 1000 kg/m3). Because the block
is denser than the oil but less dense than the water, it sinks through the oil layer and comes to
rest straddling the interface, with its upper portion in oil and its lower portion in water. Find
the fraction of the block’s volume in each fluid.

Let f be the fraction of the block’s volume in the oil (above the interface); then (1 — f) is the
fraction in the water. Floating equilibrium requires the combined buoyant force from both
fluids to equal the block’s weight:

poilg(fv> + pwaterg[(l - f)V} = pblockgv~
Dividing by ¢V and solving for f:

Pwater — Pblock _ 1000 — 850 _ @ —0.75
Pwater — Poil 1000 — 800 200 o

poilf + pwater(1 - f) = Polock = f =

So 75% of the block’s volume sits in the oil layer, and the remaining 25% sits in the water layer.
Check: with V; = 0.75V = 1.5 x 107*m?3 and V| 4e; = 0.25V = 5.0 x 107> m?3,

Fp = (800)(9.8)(1.5 x 10~4) + (1000)(9.8)(5.0 x 1075) = 1.176 + 0.490 = 1.666 N,

which matches the block’s actual weight, W = ppoaVg = (850)(2.0 x 1074)(9.8) = 1.666 N,
exactly.
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8.8 Practice Problems

Bai tap luyén tap
A block has mass 4.5 kg and volume 5.0 x 103 m3. Find its density.

(A) 225kg/m3 (C) 900kg/m?®
(B) 450 kg/m?3 (D) 1800kg/m?

Loi giai chi tiét

-

p=m/V =45/5.0 x 1072 = 900 kg/m?3. (C).

Bai tap luyén tap

A box exerts a force of 300 N on the floor through a rectangular base measuring 0.50 m x 0.40 m.
Find the pressure the box exerts on the floor.

Loi giai chi tiét
A = (0.50)(0.40) = 0.20m2. P = F/A = 300/0.20 = 1500 Pa.

Bai tap luyén tap

Without changing its weight, which action would increase the pressure a block exerts on a
table?

(A) Resting it on a larger face (C) Painting it a different color
(B) Resting it on a smaller face (D) Raising the table’s height

Lai giai chi tiét

-

Pressure = F'/ A with F' (weight) fixed; a smaller contact area gives a larger pressure. (B).

Bai tap luyén tap

Explain, in terms of pressure, why a sharp knife cuts through material more easily than a dull
knife pressed with the same force.

Loi giai chi tiet

A sharp knife’s edge has a much smaller contact area than a dull knife’s. Since P = F/A,
applying the same force F over the sharp edge’s tiny area produces a far larger pressure than
the same force spread over the dull edge’s wider, rounded area. It is this larger pressure — not
a larger force — that allows the sharp knife to exceed the material’s threshold for cutting.

Bai tap luyén tap
Find the absolute pressure at a depth of 10 m in fresh water (P, = 1.0 x 10° Pa).

(A) 1.0 x 10° Pa (C) 1.98 x 10° Pa
(B) 1.49 x 10° Pa (D) 2.98 x 10° Pa
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Loi giai chi tiét

P = P, + pgh = 1.0 x 10° + (1000)(9.8)(10) = 1.0 x 10° + 98000 = 1.98 x 10 Pa. (C).

Bai tap luyén tap

Find the gauge pressure at the bottom of a water tank 12 m deep.

Loi giai chi tiet
Pyauge = pgh = (1000)(9.8)(12) = | 1.18¢5 Pa | (to 3 sig. figs.).

Bai tap luyén tap

-

Two open containers — one narrow and tall, one wide and short — are both filled with water
to the same depth h = 0.80 m. Compare the pressure at the bottom of each container, and
explain your reasoning.

Lai giai chi tiét

Absolute pressure at depth & in a static fluid is P = P, + pgh, which depends only on the
depth h, the fluid’s density p, and g — not on the container’s shape, cross-sectional area, or
the total volume/weight of fluid it holds (the hydrostatic paradox). Since both containers hold
the same fluid (water) to the same depth, the pressure at the bottom is identical for both:
P = 1.0x10°+(1000)(9.8)(0.80) = 1.0 10> 47840 = | 1.08¢5 Pa |for each container, regardless
of width.

Bai tap luyén tap

A hydraulic gauge reads a gauge pressure of 3.0 x 10° Pa. What is the absolute pressure (P, =
1.0 x 10° Pa)?

(A) 2.0 x 10° Pa (C) 4.0 x 10° Pa
(B) 3.0 x 10° Pa (D) 3.0 x 10'°Pa

Loi giai chi tiét

‘ngs - }%)'% P,

gauge

=1.0 x 10° + 3.0 x 10° = 4.0 x 10° Pa. (C).

Bai tap luyén tap

Which expression correctly gives the absolute pressure at depth i below an open water sur-
face?

(A) pgh (C) Py, — pgh
(B) Py + pgh (D) Pypgh

Loi giai chi tiet

-

Absolute pressure includes the atmospheric term added to the depth term: P = P, + pgh. (B).
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Bai tap luyén tap

A hydraulic press has a small piston of area 8.0 cm? and a large piston of area 400 cm?. A force
of 150 N is applied to the small piston. Find the force delivered by the large piston.

Lai giai chi tiét

Fy = Fy(Ay/A;) = 150(400/8.0) = 150(50) =[ 7500 N |

Bai tap luyén tap

In the hydraulic press of the previous problem, the small piston moves down 20 cm. How far
does the large piston move up?

(A) 0.40cm (C) 20cm
(B) 4.0cm (D) 1000cm

Loi giai chi tiét

Bai tap luyén tap

Using conservation of energy, explain why the large piston of a hydraulic lift cannot move up
by the same distance the small piston moves down, even though it feels a much larger force.

Loi giai chi tiét

No hydraulic system can create energy, so the work done pushing the small piston must equal
the work delivered by the large piston: F}d, = F,d,. Because the large piston’s area is big-
ger, Pascal’s principle makes F, much larger than F, (F, = F| A,/A,). For the work products
F\d, and F,d, to stay equal while F, > F}, the large piston’s displacement d, must be pro-
portionally smaller than d, (d, = d;A,/A,). This is also required by volume conservation of
the incompressible fluid, A,;d;, = A,d,: the volume of fluid vacated by the small piston must
exactly fill the space made available by the large piston, and since A, > A, that same volume
corresponds to a smaller rise ds.

Bai tap luyén tap

A hydraulic car lift has a small piston of radius 1.0 cm and a large piston of radius 15 cm. Find
the mechanical advantage F,/F, and the force needed on the small piston to lift a 1200 kg car.

Loi giai chi tiét

F. A
Since area scales as r2: =2 = =2

Fl Al
Weight of car: F, = (1200)(9.8) =

(523N}

152
(1g) =[5}
1

1760 N. Required force: F| = F,/225 = 11760/225 =
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Bai tap luyén tap
An object floats with 60% of its volume submerged in water. Find the object’s density.

(A) 400kg/m3 (C) 1000 kg/m3
(B) 600 kg/m?3 (D) 1667 kg/m®

Loi giai chi tiét

Pobj = (Vaub/Viotal) Pawia = (0.60)(1000) = 600 kg/m?3. (B).

Bai tap luyén tap

A solid cube of side 0.10 m and density 2500 kg/m? is fully submerged in water. Find the buoy-
ant force, the net force on the cube, and state whether it sinks or floats.

Loi giai chi tiét

V = (0.10)3 = 1.0 x 1073 m3. Weight: W = (2500)(1.0 x 1072)(9.8) = 24.5N. Buoyant force:

Fp = (1000)(1.0 x 10-3)(9.8) =[9.8N].

Net force = 24.5 — 9.8 = | 14.7 N | downward; since pop; > pyaters the cube sinks.

Bai tap luyén tap

An object with density less than water is held fully submerged and then released. What hap-
pens?

(A) It sinks to the bottom (C) It remains neutrally buoyant at that depth

(B) It rises until it floats, partly out of the wa-
ter (D) It oscillates up and down forever

Lai giai chi tiét

Since pop; < Puwaters the buoyant force exceeds the object’s weight while fully submerged, so
it accelerates upward until it breaks the surface and settles into floating equilibrium with only
part of its volume submerged. (B).

Bai tap luyén tap

A stone of mass 3.0 kg and volume 1.2 x 10~2 m® hangs from a spring scale, fully submerged
in water. Find the scale reading (apparent weight).

Loi giai chi tiet

W =mg = (3.0)(9.8) = 29.4N. Fg = pyaterV g = (1000)(1.2 x 1073)(9.8) = 11.76 N.
Wipparent = 294 —11.76 = [ 17.6N |

Bai tap luyén tap

A crown weighs 20 N in air and 17.6 N when fully submerged in water. Find the buoyant force
and the crown'’s volume.
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(A) 2.4 x 107*m3 (C) 1.76 x 1073 m?3
(B) 2.0 x 103 m3 (D) 4.9 x 1074 m3

Loi giai chi tiét

Fp=20—17.6 = 24N. V = Fy/(puaterd) = 2-4/](1000)(9.8)] = 2.4/9800 = 2.4 x 10+ m?.
(A).

Bai tap luyén tap

A student claims that a heavy steel ship floats because "steel is somehow lighter than wa-
ter” when shaped into a ship. Explain what is wrong with this reasoning and give the correct
explanation for why a steel ship floats.

Loi giai chi tiét

The claim is incorrect: the density of steel itself (~ 7800 kg/m?) is unchanged by shaping it
into a hull — it is still about 7.8 times denser than water, and a solid block of steel would
sink. What actually keeps a ship afloat is its shape: a hull encloses a large hollow volume filled
mostly with air, so the ship’s overall average density (total mass of steel plus air, divided by the
total volume the hull encloses, including the empty interior) is less than the density of water.
As the ship settles into the water, it displaces a large volume of water; floating equilibrium is
reached once the buoyant force — the weight of that displaced water, Fiz = pyater9Vaisplaced —
equals the ship’s total weight. This has nothing to do with the density of the steel changing; it
is entirely a consequence of the hull’s shape enclosing enough empty volume.

Bai tap luyén tap

Two solid spheres of equal volume — one wood (p = 600 kg/m?), one lead (p = 11000 kg/m?3)
— are fully submerged in water and released. Compare the buoyant force on each while both
are still submerged.

(A) Equal, since Fgz depends only on dis- (C) Wood has the larger F'

placed volume (D) Cannot be determined without more in-

(B) Lead has the larger Fg formation

Loi giai chi tiét

Fp = pyater9Vaisplaced d€peNds only on the fluid’s density and the volume displaced — since both
spheres have equal volume and are both fully submerged in the same water, they experience
exactly the same buoyant force. (Their net forces still differ enormously, because their weights
differ.) (A).

Bai tap luyén tap

Water flows through a horizontal pipe of area 4.0 x 1073 m? at 3.0m/s. The pipe narrows to
an area of 1.0 x 10~2 m2. Find the speed in the narrow section and the volume flow rate.
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Loi giai chi tiét
Q= Av; = (4.0 x 107%)(3.0) =|1.2 x 1072 m3/s|.

vy =Q/A; = (12 x 1072)/(1.0 x 107%) =[12m/s]

~ ~
v 3

Bai tap luyén tap

For the pipe in the previous problem, find the mass flow rate.

(A) 1.2kg/s (C) 120kg/s
(B) 12kg/s (D) 1200kg/s

Loi giai chi tiet

m = pQ = (1000)(1.2 x 10-2) = 12kg/s. (B).

Bai tap luyén tap

Explain, using the continuity equation, why a river's current speeds up where the riverbed
narrows. Then explain what would happen to the speed if the river also became shallower at
that same narrow point.

Loi giai chi tiet

For steady, incompressible flow, the volume flow rate ) = Av must be the same at every
cross-section along the river — no water is created or destroyed along the way. If the river
narrows, its cross-sectional area A decreases; to keep Q = Av constant, the speed v = Q/A
must increase. If the river also becomes shallower at that same location, the cross-sectional
area shrinks by even more (both width and depth are reduced), so by the same reasoning the
speed must increase by an even larger factor than from narrowing alone.

Bai tap luyén tap

In a horizontal pipe with a Venturi-style constriction, compared to the wide section, in the
narrow section the fluid speed is ___ and the pressure is ___

(A) higher; higher (C) lower; higher

(B) higher; lower (D) lower; lower

Loi giai chi tiét
By continuity, a smaller area means higher speed. By Bernoulli’s equation at constant height,
higher speed corresponds to lower pressure. (B).

Bai tap luyén tap

A horizontal pipe carries water at pressure 2.0 x 10° Pa and speed 2.0 m/s through a section
of area 6.0 x 1072 m2. It narrows to 2.0 x 10~2 m2. Find the speed and pressure in the narrow
section.
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Loi giai chi tiét

vy = Ayvy/Az = (6.0 x 1073)(2.0)/(2.0 x 107%) =[6.0m/s |

Py =P, + 1p(v? — v2) = 2.0 x 10° + 500(4.0 — 36) = 2.0 x 10° — 16000 = | 1.84¢5 Pa .

Bai tap luyén tap

A large open tank has a small hole 0.45 m below the water surface. Find the efflux speed.

(A) 1.5m/s (C) 4.4m/s
(B) 3.0m/s (D) 8.8m/s

Loi giai chi tiét

-

v=+/2gh = 1/2(9.8)(0.45) = v/8.82 = 2.97m/s ~ 3.0m/s. (B).

Bai tap luyén tap

A large open water tank has a small hole 1.8 m below the surface. (a) Find the water’s exit
speed. (b) If the hole’s areais 5.0 x 10~° m2, find the volume flow rate through the hole. Assume
the tank’s surface area is much larger than the hole’s, so the surface descends negligibly slowly.

Loi giai chi tiét

@ v = v2gh = /2(9.8)(1.8) = v/35.28 = |5.94m/s |

(b) Q@ = Av = (5.0 x 107°)(5.94) =[2.97 x 1074 m3/s|.

I

Bai tap luyén tap

Air flows faster over the curved top of an airfoil than under its flatter bottom. According to
Bernoulli’s principle, this results in:

(A) Higher pressure above, net downward (C) Equal pressure on both sides, no net force
force

(B) Lower pressure above, net upward force (D) A force that depends only on the airfoil’s
(lift) material

Lai giai chi tiét

-

Faster flow above the wing corresponds to lower pressure there (Bernoulli, roughly constant
height); the higher pressure underneath then produces a net upward force. (B).

Bai tap luyén tap

Water flows steadily through a pipe that rises 4.0 m from the ground floor to the second floor
of a building, while the pipe’s cross-sectional area shrinks to one-third of its original value. At
the ground floor, the water has speed 1.5 m/s and gauge pressure 3.0 x 10° Pa. Find the speed
and gauge pressure at the second floor.
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Lo giai chi tist
Continuity: A, = A, /3 = v, = 3v; = 3(1.5) = |4.5m/s|

Bernoulli (gauge pressure works the same way here, since P, appears identically on both sides
and cancels):

P, =P, + 1p(v? —v}) — pg Ay = 3.0 x 10° + 500(2.25 — 20.25) — (1000)(9.8)(4.0)

= 3.0 x 10> — 9000 — 39200 = | 2.52e5 Pa |.
Bai tap luyén tap

Which pair of relationships would you use to relate pressure, speed, and cross-sectional area
at two points along a horizontal streamline of an ideal fluid?
(A) F =maandv=uv,+at (C) Archimedes’ principle and Pascal’s princi-

(B) The continuity equation and Bernoulli’s ple
equation (D) Hooke's law and Newton'’s third law

Loi giai chi tiét

Continuity (4,v, = A,v,) connects area and speed; Bernoulli’s equation then connects speed
to pressure (and height, if it varies). (B).

Bai tap luyén tap

An open-tube mercury manometer (p, = 13600 kg/m3) is connected to a gas source. The
mercury column on the side connected to the gas is 0.080 m higher than the column on the
open side. If atmospheric pressure is 1.0 x 10° Pa, what is the absolute pressure of the gas?

(A) 8.9 x 10*Pa (C) 1.1 x 10°Pa
(B) 1.0 x 10° Pa (D) 2.1 x 10°Pa

Lai giai chi tiét

The gas-side column is higher, so the gas-side surface is on the lower-pressure side: P =
Py—pgAh = 1.0 x 105 —(13600)(9.8)(0.080) = 1.0 x 10> —10662.4 = 89337.6 Pa ~ 8.9 x 10* Pa.
(A).

Bai tap luyén tap

An open tank contains a 0.40 m layer of oil (p = 800 kg/m?3) on top of a 0.60 m layer of water
(p = 1000 kg/mq). Find (a) the gauge pressure at the oil-water interface, and (b) the gauge
pressure at the bottom of the tank.

Loi giai chi tiet

(8) Progertace gauge = Poighy = (800)(9.8)(0.40) = [3136 Pa] ~ 3.14 x 10° Pa.
(b) Pbot'tom,gauge = Pinterface,gauge + Pwaterghy = 3136 + (1000)(9-8><0'60) = 3136 + 5880 =

~9.02 x 10° Pa.
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Bai tap luyén tap

A horizontal pipe carries water at pressure 2.5 x 10° Pa and speed 1.5 m/s through a section
of area 5.0 x 1073 m2. It narrows to 1.0 x 10~2 m2. Find (a) the volume flow rate, (b) the speed
in the narrow section, and (c) the pressure in the narrow section.

Lai giai chi tiét

(@ Q = Av, = (5.0 x 1073)(1.5) = | 7.5 x 1073 m3/s |,

(b) vy = Q/Ay = (7.5 x 107%)/(1.0 x 10~%) = | 7.5m/s

(€) P, = P, + $p(v3 —v2) = 2.5 x 10° 4+ 500(1.5% — 7.5%) = 2.5 x 10° 4 500(2.25 — 56.25) =

2.5 x 10° — 27000 = | 2.23e5Pa .

Bai tap luyén tap

A weather balloon filled with helium has volume 0.50 m® and a total mass (fabric plus gas) of
0.30 kg. The surrounding air has density 1.2 kg/m3. Find the net force on the balloon, and state
whether it rises, sinks, or hovers.

Loi giai chi tiét

Buoyant force from the surrounding air: Fiz = p,i.9V = (1.2)(9.8)(0.50) = 5.88 N. Weight:
W =mg = (0.30)(9.8) = 2.94N.
Net force = Fi3 — W = 5.88 — 2.94 =|2.94 N |upward; since Fiz > W, the balloon rises.

Bai tap luyén tap

A solid block floats in water with 70% of its volume submerged. Explain, using Archimedes’
principle, what would happen to the submerged fraction if the same block were placed in a
denser liquid such as glycerin instead — and why — without computing the exact new fraction.

Lai giai chi tiét

In floating equilibrium the buoyant force must equal the block’s fixed weight, and F; =
PruiadVsup- Because glycerin is denser than water, each cubic meter of glycerin displaced sup-
plies more buoyant force than the same volume of water would. Since the block’s weight does
not change, a smaller submerged volume of the denser glycerin is now enough to generate
that same buoyant force. Equivalently, from V,,/Victal = Pblock/ Priuid» INCreasing pauiq While
Poiock Stays fixed makes the ratio smaller. So the submerged fraction decreases — the block
floats higher, with more of it above the surface, in glycerin than it did in water.

Bai tap luyén tap

An open water-filled U-tube manometer (p = 1000 kg/m3) is connected to a container of com-
pressed air. The water level in the arm connected to the air is 0.25 m lower than the level in
the open arm. Find the gauge pressure of the air.

(A) 2.45 x 10% Pa (C) 2.45 x 10* Pa

(B) 2.45 x 102 Pa (D) 2.45 x 10° Pa
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Loi giai chi tiét

The air-side level is lower, so the air pressure exceeds atmospheric: P, = pgAh =
(1000)(9.8)(0.25) = 2450 Pa = 2.45 x 10° Pa. (B).

Bai tap luyén tap

A block of plastic with density 960 kg/m® and volume 1.0 x 1073 m?3 floats at the interface
between a layer of oil (p = 800kg/m?) on top and a denser liquid (p = 1200 kg/m?) below.
Find the fraction of the block’s volume in each fluid.

Loi giai chi tiét

Let f be the fraction of the block’s volume in the oil (upper fluid). Floating equilibrium gives

f= Plower __pblo.ck _ 1200 : 960 _ @ _ .
Plower — Poil 1200 — 800 400

So 60% of the block’s volume (6.0 x 10~* m®) sits in the oil, and the remaining 40% (4.0 x 10~* m?)
sits in the denser lower liquid.

Bai tap luyén tap

Two identical U-tube manometers — one filled with water, one filled with mercury — are each
connected to identical gas tanks at the same unknown gauge pressure. Which manometer
shows the larger height difference Ah between its two arms?

(A) The water manometer, since Ah = (C) Bothshow the same A#h regardless of the
Pyauge/ (pg) and water has the smaller p fluid

(B) The mercury manometer, since it is (D) This cannot be determined without
denser knowing the actual pressure

Lai giai chi tiét

Solving P,,,.e = pgAh for the height difference gives Ah = P,, ../ (pg): for a fixed gauge pres-
sure, Ah is inversely proportional to the fluid’s density. Water is far less dense than mercury,
so the same gauge pressure produces a much larger Ah in the water manometer. (A).

Bai tap luyén tap

A container holds a layer of oil floating on top of a layer of water. Compared to a second
container filled with water alone to the same total depth, the pressure at the bottom of the
oil-and-water container is:

(A) Higher (C) The same

(D) Impossible to say without the exact den-
(B) Lower sities

Lai giai chi tiét

Replacing the top portion of an all-water column with the same thickness of oil (which is less
dense than water) reduces the pgh contribution from that top layer, since pg; < pyater; €VEry
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other term is unchanged. So the bottom pressure in the layered container is lower than in the
all-water container of the same total depth. (B).

On tap nhanh:

e Ludn dinh nghia chiéu duong trudce khi gan dau cho z, v, a trong dong hoc; v va a cing dau = ting
toc, tréi dau = giam toc.

e Vé day du gian do luc (FBD) truée khi ap dung > F = ma; phan tich luc theo hai truc vudng géc khi
vat chuyén déng trén mat nghiéng hoac chiu nhiéu luc.

e Dinh ly cong - nang W, ., = AKFE; co nang E = KFE + PFE bao toan khi khéng c6 ly'c ma sat/luc
can sinh cong.

e Dong lugng ctia mét hé kin (t6ng ngoai luc bang 0) ludn bao toan, Y. p, = > Dy, du va cham dan hoi
hay khéng dan héi.
e Mb&-men luc dung canh tay don vudng goc vai luc, 7 = rF sin §; vat can bang quay khi >~ 7 = 0.

e VAt 13n khéng truot c6 v = wr; mét phan co ndng "chuyén” thanh déng ning quay %IwQ, nén vat lan
xudng déc cham hon vat trugt khéng ma sat cuing dé cao.

e Chu ky dao déng diéu hoa (con I3c 16 xo, con l3c don géc nho) khéng phu thudc bién dd, chi phu
thudc m, k hodc L, g.

e Hai cong thirc chat luu ding nhiéu nhat: P = P, + pgh (ap suat theo do sau, tuyét déi so véi gauge)
va Ajv; = Ayu, (phuong trinh lién tuc); luc ddy Archimedes Fiz = paiiqgViisplacea 1U0N dlng khoi
lwong riéng cua chat luu, khéng phai cta vat.

e Ludn kiém tra lai don vi va sé chit s6 c6 nghia cla dap s6 trudc khi két luan.
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top nhu mong muén. Thdi dé hoc tdp cuc ky nghiém tuc; ngay cd khi ndm vién van cé gdng hoc déu ddn.”
— Phan Thi Thanh Hang - IELTS Overall 8.5

“Cdn tdt cd ky ndng trén 7.5 dé xét vao trudng top 1 Anh Qudc vé Y hoc (chuong trinh UKFPO ctia NHS) —
va da dat muc tiéu sau khi hoc Writing 1-1.”
— Tran Hoang Bao Ngoc - IELTS Overall 8.0 (Writing 6.0 — 7.5)

“Gia dinh va bé xin cdm on thdy cé da gitp con c6 hanh trang chin chu khi qua My. Dat diém 5 mén Gidi tich
trong thdi gian ngdn la qud mdn nguyén.”
— Phu huynh - AP Calculus BC 5/5

“Em cdm on thdy dd luén déng hanh. Nh¢ thdy, em hoc vitng hon rdt nhiéu du thoi gian 6n khéng dai.”
— Hoc vién - AP Calculus AB 4

KET QUA HOC VIEN A 8020
FEEDBACK PHU HUYNH & HOC VIEN AP ENGLISH

lg?:- l;:if:f:[apc:uumuc soao0

-, Tinrhde,
Nascy TP A0eR pooge Com s Pe s L)

- ) Phy r_‘“y’_"‘ AP Calculu S_BC: 5 _ Phy huynh - AP Caleulus BC Hoe vién - AP Calculus AB: 4 - Statistics: 3
G’z ::C E;j;:;,:?:y:: :’;‘ e ’1:;" e f‘;‘r’:’r:”‘:‘;"‘ “Me con xin gt 137 cdm on chén thank t6i thiy vA ¢4 nhém. Thai  "Em c&m on thiy Steven d& ludn dBng hanh. Nh thiy, em hoc
@ g g Dl graik g M o8 gian én rét ngdin nhemg con nhdn duoc it nhidu sy b g vimg hom et nhidu ol thid gian khéng dai.”

mén Aguyin,”

Feedback phu huynh & hoc vién AP — nhiéu mén dat diém 4 & 5

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 208



8020 Chuyén luyén thi IELTS/SAT — AP/ B/ A-levels

Diém thi that cta hoc vién

KET QUA HOC VIEN

By 8020
BIEM SO AP

EN&LISH

039 -l -
< A
4 4 = £ co diém AR rbinhé ©
M
L AN 5
Da em gii diém a da diy nhe o
- S
o BEENY
I@‘ 5 @
N s
Bai dd khé ko § Linh, ¢ nhd e dat myc - =
tiéu 54, somy e nhidu o gl thly

o clim on iy v i e kil
C IR o

[ ] g em ngh chi yiku 1 do chua & thisi rmg
gian &n tal hai gSp th1 & chi chil bai e
={ing khd nhung vn Lim dugc 3

cewE ~
LA ]

AP Biology: 4 - AP Chemistry: 4 AP Calculus AB: 5 AP Calculus BC: 5 AP Chemistry: 5

Bang diém AP thét clia hoc vién - nhigu mén dat diém 4 &5

Bang diém AP that — Calculus AB/BC 5/5 - Biology & Chemistry 4-5 (College Board)

KET QUA HOC VIEN

g 8020
PIEM SO PTE

EN&LISH

o417 . = 4 100%
= e e

ar00%8
0 % myptepearsonptecommy, &  §
‘ SRR m O=  mypte.pearsonpte.com (1)
@I’rnh:nnprs " Eo
P—
Blololo @ rearsonjere w (=@ e s
e iy e & MYPTE MyActivity SmartPrep Help Communicative Skills 0]

Scores Qverview @

53 G\ wE
” ik
Bang diém PTE thét cua hoc vién
C\ G\
N . Registration
) Embéodiémnhac S TaiE mq' o j )

Test Centre Test Date

Country Skill Breakdown

2
chue mung e nhaaaa « + e

Hoc vién 8020 — PTE Academic 90

Thay Twdng 0332747169 - Co Nancy 0983422 692 AP Physics 1: Algebra-Based - Trang 209



8020

ENGLISH

KET QUA HOC VIEN

PIEM SO DUOLINGO

=
m Ho, Nguyan Thuy Trang
o

Overall Score

Upper Intermadiate: CEFR B2

-]
110 o
-]
Individual Subscores
105 15 100
Integrated Subscores
110 110

KET QUA HOC VIEN

Mo, Nguyen Thuy Ducng
Overall Score
L]
100 -
e
Individual Subscares
1o W
Integrated Subscores.
o, oo 10

Upper Intermadiate: CEFR B

.?5.

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels

8020

EN&LISH

™
OaC
-

Duoclingo English Test - 110 & 100

95

Hoc vién 8020 — Duolingo English Test 110 & 100

THANH TiCH HOC VIEN

8020

EN&LISH

Bang diém thi that — chit lwgng dugc giam sat nghiém ngat. Mt s6 hoe vién chi cén 1-2 khoa dé dat két qua mong mudn

ceg MNowenngan. % 3

mw--l:va wwwwww ‘]
s a0

e e
a0 2

Da xin chao thily, bé vira nhan duge
digm, gia dinh vui qus, vay la chang
duing tr Iop 6 1én B cla bé d3 trf
haa, xin cdm an thity v 481 ngd,
eac ban gido vién d& kem bé timg
théng, D bé thi thodng hay bénh va
eling lugi 1 chit, ma bén minh luén
déng vién va cing linh hoat cho bé,
Nhin dugc digm vui qua nén xin
gui 161 edm on 161 thily va ede ban
ra rat nhigu

Thay Tuong 0332747 169

IELTS Academic

Hoang Bao Ngoc Tran, Friday 3
March 2023

British Council Poland

This test has been completed,

Resulls

& Listening
W Reading
# Writing
-

Speaking

Overall

@ iltsregistration britishcounci.org

s

85

70

15

80

“

Y ST w—, Damedend
Ovoral
score [ [
7 5 Lsiening  Reading
3 75 85
Reke ——"

Wiking  Speaking
75 6.0

L2000 RNEPR s BO+BBE ¢

Hoc vién 8020 — IELTS 8.0 / 7.5 / 8.5 (bao diém that)

C6 Nancy 0983422 692

AP Physics 1: Algebra-Based - Trang 210



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

8020

ENGLISH
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Hotline Thay Tudng (Head of 8020): 0332 747 169
Co Nancy: 0983 422 692 - 0772 631496
Offline  Tran Phu, P4, Q.5, TP.HCM
Online  L&p truc tuyén toan quéc
Web luyenthi8020.com

© 8020 English (8020 Education). Tai liéu ndi bé phuc vu hoc vién 8020. Khong sao chép khi chua dugc phép.
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