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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 1

Exploring One-Variable Data

Muc tiéu Unit: Phan biét ca thé (individual) va bién (variable), bi€n dinh tinh va dinh lvong; 1ap bang
tan s6/tan suat va biéu doé cot, biéu dé tron cho bién dinh tinh; vé va doc dotplot, stemplot (than-13),
histogram cho bién dinh lugng; mé ta hinh dang-tam-doé trai-ngoai |é (SOCS) trong ngir canh, bao
gdm phan phéi déu (uniform) va hai dinh (bimodal); so sanh hai phan phéi bing back-to-back stemplot
ho3c boxplot song song; tinh trung binh, trung vi, phuong sai, dé l1éch chuin mAu s, va tinh déi khang
(resistance) clia trung vi; tim ngd phan vi (five-number summary), IQR, quy tic phat hién ngoai lé 1.5 x
IQR, vé boxplot c6 diéu chinh; hi€u dnh hudng ctia phép bién déi tuyén tinh (cdng hang s6, nhan hang
s6) l1én tam va do trai; nam virng phan phdi chuan, quy tic 68-95-99.7, diém chuin hoa z-score, tinh
xac suat/phan vi chuin bang bang chuan tic, bai toan chuan ngugc (inverse Normal), va danh gia tinh
chuan qua biéu d6 xac suat chuan (Normal probability plot).

Statistics is the science of collecting, organizing, summarizing, and drawing conclusions from
data. Before any calculation is possible, every data set must first be organized around two ques-
tions: who (or what) was measured, and what was measured about them. This chapter develops the
vocabulary and tools — tables, graphs, and numerical summaries — used to organize and describe a
single variable measured on a group of individuals.

1.1 Individuals, Variables, and Distributions

An individual is a single object — a person, animal, or thing — described by a set of data. A variable is
any characteristic of an individual that can take different values for different individuals: height, eye
color, favorite subject, and test score are all variables. Every statistical study begins by identifying
the individuals under study and the variable(s) recorded for each one.

The population is the entire group of individuals that we want information about; a sample
is the subset of the population that is actually measured or surveyed. A numerical summary
of a population (such as the population mean 1 or population standard deviation o) is called
a parameter; the corresponding summary computed from a sample (such as z or s,) is called
a statistic. Because collecting data on an entire population is rarely feasible, this chapter’s
methods are built around describing a sample — which is exactly why the standard-deviation
formula divides by n — 1 rather than n.

. GIAI THICH TIENG VIET

Tong thé (population) 13 toan bd nhém ca thé ma ta mudn tim hidu; mau (sample) 13 mot tap
con clia téng thé thuc su duoc do/khdo sat. Mét con s6 tom tat téng thé (VD 1, o) goi 1a tham
s6 (parameter); con s6 tom tat mau (VD z, s,) goi la théng ké (statistic). Vi hiém khi do dugc
toan bd tdng thé, cac cong thirc trong chuong nay chi yéu danh cho mau — day ciing 1a ly do
d6 léch chuan mau chia cho n — 1.

Categorical vs. quantitative variables

A categorical variable places an individual into one of several groups or categories (eye color,
blood type, favorite subject). Its values are labels, not numbers — even when a label looks
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numeric, such as a zip code or a jersey number, it is still categorical because arithmetic on it is
meaningless. A quantitative variable takes numerical values for which arithmetic operations
such as adding, subtracting, and averaging make sense (height in cm, number of siblings, test
score). Quantitative variables are further split into discrete (a countable list of possible values,
such as number of siblings: 0, 1,2, ...) and continuous (any value in an interval, such as height
or time).

The distribution of a variable tells us what values it takes and how often — the pattern of variation
in the data. Distributions of categorical variables are displayed with frequency tables, bar graphs, and
pie charts (Section 1.2); distributions of quantitative variables are displayed with dotplots, stemplots,
and histograms (Section 1.3), and are described numerically using shape, center, spread, and outliers
(Sections 1.3-1.6).

- GIAI THICH TIENG VIET

Ca thé (individual) 13 mét doi twong cu thé duoc do hodc khao sat; bién (variable) 13 d3c diém
co thé thay doi gia tri gilra cac ca thé. Bién dinh tinh (categorical) phan loai ca thé vao cac
nhom — gia tri 1a nhan, khéng phai sd, ké ca khi nhan tréng giéng s6 (VD ma buu dién). Bién
dinh lugng (quantitative) nhan gia tri s6 cé thé tinh toan (cong, trir, |y trung binh), chia thanh
roi rac (discrete) — dém duoc, VD s6 anh chi em — va lién tuc (continuous) — VD chiéu cao,
thoi gian. Phan phéi (distribution) cia mét bién mo ta cac gia tri c6 thé co va tan suat xuat
hién cua tirng gia tri do.

Categorical variables are further described as nominal (categories have no natural order — eye
color, blood type, favorite subject) or ordinal (categories DO have a natural order, but the
"distance” between adjacent categories is not necessarily numerically meaningful) — a letter
grade of A, B, C, D, F, or a survey response of Poor/Fair/Good/Excellent are both ordinal.

. GIAI THICH TIENG VIET

Dinh danh (nominal): cic danh muc KHONG c6 th& tu tu nhién (VD mau mat, nhém mau,
mon hoc yéu thich). Th bac (ordinal): cac danh muc CO th( tu tw nhién nhung khoang cach
gitra cac danh muc lién k& khong nhat thiét cé y nghia sé hoc (VD diém chir A, B, C, D, F, hoac
murc danh gia Yéu/Trung binh/Kha/Tét).

Vi du miu - Classifying individuals and variables

A researcher records, for each of 200 patients at a clinic: patient ID number, age (in years), blood
type, resting heart rate (beats per minute), and satisfaction rating (Poor/Fair/Good/Excellent).
Classify the individuals, and classify each variable.

The individuals are the 200 patients. Patient ID number is categorical (nominal) — even though
it is written with digits, an ID cannot be meaningfully added, subtracted, or averaged. Age
is quantitative and discrete if recorded in whole years (technically continuous if measured to
great precision). Blood type is categorical (nominal) — there is no natural order among A, B, AB,
and O. Resting heart rate is quantitative and continuous. Satisfaction rating is categorical and
ordinal — Poor < Fair < Good < Excellent has a clear order, but the numerical "gap” between
Poor and Fair is not well defined, so averaging these labels as if they were numbers would not
be meaningful.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 9
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1.2 Representing a Categorical Variable

The distribution of a categorical variable is first organized in a frequency table, listing every category
together with its frequency (count) and its relative frequency — the count divided by the total sample

size n, usually expressed as a percent.

Vi du miu - Reading a frequency table and bar graph

A teacher surveys 40 students on their favorite subject, obtaining the counts below.

Favorite subject Frequency Relative frequency

Math 12 12/40 = 30%
Science 10 10/40 = 25%
English 8 8/40 = 20%
History 6 6/40 = 15%
Art 4 4/40 = 10%
Total 40 100%

Frequency table of favorite subject for a survey of 40 students.

The relative frequencies must sum to 100% (here 30 + 25 + 20 + 15 + 10 = 100, confirming
no arithmetic error). Math is the mode (most frequent category), chosen by 30% of students,

while Art is the least popular, chosen by only 10%.

éjllll

Math Science English History

Number of students

Favorite subject

Bar graph of favorite subject for the same 40 students (heights = frequencies from the table above).

A bar graph displays the count or percent for each category as the height of a separate, equally
spaced bar; because every category sits on a common numeric scale, bar graphs make it easy to
compare categories precisely and to reorder them by frequency. A pie chart instead divides a circle
into wedges whose angles are proportional to each category’s relative frequency, emphasizing how
the categories split up a single whole (100%). Pie charts work well for a small number of categories
where "share of the total” is the main message, but grow hard to read — and hard to compare precisely
— once there are many categories or several wedges are close in size; a bar graph is almost always

easier to read precisely.

GIAI THICH TIENG VIET

ang tan s6 (frequency table) liét ké tirng danh muc clng tan sé (dém) va tan suat twong doi
(tan s6 chia cho téng n, d6i ra %) — téng cac tan suat twong déi ludn bang 100%. Bi€u d6 cot
(bar graph) vé méi danh muc thanh mot cot cé chiéu cao bang tan s&/tan suat trén cing mot
truc s6, giup so sanh chinh xac gitra cdc danh muc. Bi€u d6 trén (pie chart) chia hinh tron thanh
cac miéng co gac ti lé vai tan suat, nhan manh ti |é tirng phan so vai toan bo (100%) nhung khé

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 10
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so sanh chinh xac khi c6 nhiéu danh muc ho3c cac miéng gan bang nhau.

(1) L6i thueong gap: Dirng nham tan sé (frequency/count) véi tan suat tuwong déi (relative
frequency): tan s6 1a s6 lugng ca thé trong mot danh muc (mét s& nguyén, phu thudc c& mau
n), con tan suit twong dai la ti 1&é phan trdm so vai téng (tan s6/n), ludn nam trong khoang 0%
dén 100%. Khi so sanh hai mau cé ¢& khac nhau (VD 40 hoc sinh 16p A va 120 hoc sinh 16p B),
phai so sanh bang tan suat twong déi, so sanh truc ti€p tan s (dé€m) sé gay hiéu [am.

If a pie chart were drawn instead for the favorite-subject data, each wedge’s central angle would
be the relative frequency multiplied by 360°: Math — 0.30x 360° = 108°; Science — 0.25x360° = 90°;
English — 0.20 x 360° = 72°; History — 0.15 x 360° = 54°; Art — 0.10 x 360° = 36° — and as a check,
108 4+ 90 + 72 + 54 + 36 = 360° exactly, confirming the wedges account for the full circle.

A Pareto chart is a bar graph with categories ordered from most frequent to least frequent
(rather than alphabetically or in some arbitrary order), making it immediately clear which cat-
egories dominate. Pareto charts are meaningful only for nominal categorical variables — for
an ordinal variable (e.g., letter grades A through F), the natural order of the categories should
be preserved in the display instead of being re-sorted by frequency, or the built-in ordering
information is lost.

. GIAI THICH TIENG VIET

Bi€u d6 Pareto (Pareto chart) |3 biéu d6 cot duoc sap xép theo tan s6 gidm dan (tr danh muc
phd bién nhat dén it phé bién nhat), gitp nhan ra ngay danh muc nao chiém wu thé — chinén
dung cho bién dinh danh (nominal). V&i bién thir bac (ordinal), phai gilr nguyén thir tu tu nhién
cla cac danh muc (VD A, B, C, D, F) khi vé biéu do, khéng nén sap xép lai theo tan sé vi sé lam
mat théng tin th tw von co.

1.3 Displaying a Quantitative Variable

A quantitative variable can be displayed with several different graphs, each with its own strengths:
dotplots and stemplots preserve every individual value, while histograms group values into bins to
reveal shape more clearly in larger data sets. All three types support the same underlying goal —
seeing the overall pattern of variation before summarizing it numerically.

1.3.1 Dotplots

The simplest graph for a quantitative variable is the dotplot: draw a horizontal number-line axis,
then place one dot above the corresponding value on the axis for each individual, stacking dots
when a value repeats. Dotplots preserve every individual data value and make the shape of small-
to-moderate data sets easy to see at a glance.

Vi du miu - Constructing and reading a dotplot

Sixteen students report the number of books they read over summer break:
1,2,2,3,3,3,4,4,4,4,5,5,5,6,6,7.
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Y

1 2 3 4 5 6 7
Number of books read

Dotplot of books read over summer break, n = 16 students. Each dot represents one student.

Shape: unimodal (one clear peak, at 4 books) and roughly symmetric — the counts

1,2,3,4,3,2,1 decrease at the same rate on either side of the peak. Center: mean =
1(1 2(2 4(4 2 1 4
(1) +2(2) +3(3) +4(4) +5(3) +6(2) + 7(1) = (116 = 4 books; median (average of the 8th

16
and 9th sorted values, both 4) = 4 books — mean and median agree exactly, consistent with
the symmetric shape. Spread: values range from 1 to 7 books (range = 6). No individual value
stands apart from the overall pattern, so there are no obvious outliers.

1.3.2 Stem-and-Leaf Plots (Stemplots)

A stemplot (stem-and-leaf plot) splits each data value into a stem (all digits except the last) and a leaf
(the last digit), then lists the leaves for each stem in increasing order. Unlike a histogram, a stemplot
keeps every individual data value visible while still displaying the overall shape.

Vi du miu - Constructing a stemplot

Twenty exam scores (out of 100), sorted: 58, 61,63, 67,68, 70, 72,73, 74,75,76,78,79, 81, 82, 85, 88
Using the tens digit as the stem and the units digit as the leaf:

Stem (tens) | Leaves (units)
518
611378
7102345689
811258
91015

Stemplot of 20 exam scores. Key: 5|8 means a score of 58.

Shape: unimodal, with a single peak in the 70s (8 of the 20 scores) and roughly symmetric
tails falling off toward the 50s and 90s — no gaps or isolated values suggest outliers. Reading
statistics directly from the display: because the leaves are already sorted within each stem,
the stemplot itself can be used to find the median without re-sorting: with n = 20, the median
is the average of the 10th and 11th values, which (counting leaves stem by stem: 1 +4 =5
values through stem 6, 5 + 8 = 13 through stem 7) fall inside the stem-7 row: the 10th value is

75 and the 11th is 76, giving median = [ERatl = 75.5.

Split stems. When many values share the same stem, a stemplot can look too compressed to reveal
its shape clearly. Splitting each stem into two rows — one for leaves 0-4 and one for leaves 5-9 —
spreads the data over roughly twice as many rows and often makes the shape much easier to read,
at the cost of a taller display.
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Vi du mAu - Split stemplot

Twelve reaction times (tenths of a second): 21,22, 23, 24, 26, 27, 28, 29, 31, 32, 33, 35. A single-
row stemplot would pile all 8 values from 21 to 29 under one stem, 2. Splitting each stem into
a "low” half (leaves 0-4) and a "high” half (leaves 5-9):

Stem | Leaves
2L(0-4) | 1234
2H(5-9) | 6789
3L(0-4) 123
3H(5-9) | 5

Split stemplot of reaction times (tenths of a second), n = 12. Key: 2L | 1 means 2.1.

With the split, the data appear roughly evenly spread from 2.1 to 3.3 seconds with a single
value trailing off at 3.5 — a pattern that would have been much harder to see packed into just
two unsplit stems.

1.3.3 Histograms

A histogram displays a quantitative variable by grouping values into equal-width intervals (bins) and
drawing a bar over each bin whose height is the frequency (or relative frequency) of values falling in
that bin. Unlike a bar graph for categorical data, a histogram'’s bars touch (since the horizontal axis is
a continuous numeric scale) and the order of the bars is fixed by the numeric scale, not chosen for
effect.

20|

18

12
i 10
6
S 3
N .

0 -

0 1 2 3 4 5

Number of siblings

_
(@)

Frequency
—
(@)

Frequency histogram of “number of siblings” for 50 students — unimodal, skewed right (a long tail toward large values).

This histogram has a single peak at 1 sibling and a long right tail stretching toward 4 and 5 siblings
— a shape formalized in the next subsection.
Choosing bin width. A histogram’s appearance depends heavily on how many bins are used. Too few,
wide bins can hide real structure — even merging two separate peaks into one; too many, narrow bins
can make the display noisy and choppy, with many bins holding just 0 or 1 values, which obscures
the overall shape instead of revealing it. A useful starting point is somewhere between about 5 and
20 bins, adjusting until the true shape of the data is visible.
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The same 20 exam scores from the stemplot example, displayed with wide bins (width 10, top) versus narrow bins (width
5, bottom). Both confirm a single peak in the 70s, but the narrow-bin version reveals additional detail — such as the
scores splitting evenly within both the 70s (4 in 70-74, 4 in 75-79) and the 80s (2 and 2) — that the wide-bin version
smooths over.

(1) Loi thueng gap: Durng nham histogram (bién dinh luwong, truc hoanh [ thang sé lién tuc,
cac cot thudng cham nhau) véi bi€u d6 cét (bar graph) (bién dinh tinh, truc hoanh 13 cac danh
muc rdi rac, cac cot thudng tach roi nhau dé nhan manh ching khéng co6 thir tu sé hoc lién
tuc). Ngoai ra, hinh dang cua histogram phu thuéc vao dd rong bin (bin width): qua it bin cé
thé che mat dac diém quan trong (nhu hai dinh riéng biét bi gdp thanh mét), con qua nhiéu bin
c6 thé khién biéu dd nhiéu, khé thay hinh dang téng thé.

1.3.4 Shape, Center, Spread, and Outliers (SOCS)

Whenever we describe a quantitative distribution, we always discuss four things — collectively re-
membered as SOCS: shape, center (mean or median), spread (range, IQR, or standard deviation), and
any outliers or unusual features — always stated in the context of the data (with correct units and a
reference to what was measured), never as bare numbers.

Shape vocabulary. Symmetric: the left and right halves are approximate mirror images.
Skewed right: a long tail extends toward larger values (most data bunched at the low end).
Skewed left: a long tail extends toward smaller values. Unimodal: one clear peak. Bimodal:
two distinct peaks, often signaling two underlying groups mixed together. Uniform: roughly
equal frequency across the whole range, with no clear peak at all.

GIAI THICH TIENG VIET

6i xtrng (symmetric): hai nira trdi/phai gan nhu déi xirng nhau. Léch phai (skewed right):
dudi dai vé phia gia tri 16n. Léch trai (skewed left): dudi dai vé phia gia tri nhd. Mét dinh
(unimodal): cé mét dinh ré rang. Hai dinh (bimodal): cé hai dinh tach biét, thuong goi y dir
liéu 13 su trén 1an ca hai nhém khac nhau. Déu (uniform): tan sé gan nhu bang nhau trén toan
mién gia tri, khong co6 dinh ro rét.
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Khai niém cét 16i

In a skewed distribution, the mean is pulled toward the tail while the median resists it. If mean
> median, the distribution is typically skewed right; if mean < median, skewed left. Because
of this, the median is the preferred measure of center for skewed distributions or those with
outliers.

GIAI THICH TIENG VIET

hi mé ta phan phéi mét bién dinh lwgng, luén néu da 4 y: hinh dang (d6i xirng, |éch trai/phai),
tam (trung binh/trung vi), d6 trai (khodng bién thién/IQR/d6 I1éch chuan) va ngoai Ié — va ludn
gan véi nglr canh dé bai (don vi, doi twong do). V&i phan phéi l1éch, trung vi 6n dinh hon
(resistant) trung binh vi trung binh bi "kéo” vé phia dudi dai.

Outliers: causes and handling

An outlier can arise from a genuine, if unusual, individual (a true extreme value that legiti-
mately belongs in the data set) or from an error — a mis-measurement, a data-entry mistake,
or an instrument malfunction. Before deciding how to treat an outlier, it is good practice to
investigate its cause whenever possible. A confirmed data-entry error should be corrected
or removed; a genuine extreme observation should normally be kept but reported carefully
— often alongside a summary computed both with and without it, since (as seen throughout
this chapter) an outlier can dramatically change the mean, range, and standard deviation while
barely touching the median and IQR.

- GIAI THICH TIENG VIET
M6t ngoai |é (outlier) co thé 1a moét ca thé thuce su bat thudng (hop 1€, chi la hiém gap) hodc 1a
két qua cua sai s& — do sai, nhap liéu sai, hodc thiét bij 16i. Trugc khi quyét dinh xt ly ra sao,
nén tim hi€u nguyén nhan néu cé thé: néu Ia 16i nhap liéu, nén stra hoic loai bd; néu 13 gia tri
cuc doan hop 1€, thudng nén gitr lai nhung bao cdo can than — c6 thé trinh bay ca hai ban tém
tat (c6 va khong c6 ngoai 1€), vi ngoai lé ¢6 thé |am thay d6i manh trung binh, range, va dé Iéch
chuan trong khi hau nhu khéng anh huéng dén trung vi va IQR.

1.3.5 Comparing Two Distributions

A required skill is comparing two quantitative distributions using SOCS — never just describing each
one separately, but explicitly comparing shape, center, and spread between the groups, in context. A
back-to-back stemplot — one shared stem column with leaves for group A on the left (read outward
from the stem) and leaves for group B on the right — is a convenient way to compare two distributions
directly.

Vi du miu - Comparing two distributions with a back-to-back stemplot

Ten students in Class A and ten in Class B take the same exam:
Class A: 62,65,68,71,73,75,78,82,85,90. Class B: 55,58, 63,66, 70,72,74,77,80, 83.

Class A (leaves) | Stem | Class B (leaves)
5 58
852 6 36
8531 7 0247
52 8 03
0 9
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Back-to-back stemplot comparing Class A and Class B exam scores. Key: 6 | 2 on the Class A side means 62; 7|0
on the Class B side means 70.

Shape: both distributions are roughly unimodal, without gaps or obvious outliers.
734+ 75

Center: Class A: mean = 7%9 = 74.9, median = = 74. Class B: mean = % = 69.8,
70 + 72

median = = T1. Class A’s scores are centered noticeably higher than Class B’s (about

5 points higher on both mean and median) — Class A tended to score better.

Spread: using the exclude-the-median method (n = 10, even, split into two halves of 5): Class
Ahas Q; =68, Q3 = 82,50 IQR, = 14; Class Bhas Q; = 63, Q3 = 77,50 [QRp = 14 —
the two classes have essentially the same spread of scores, even though their centers differ.
Ranges also match: 90 — 62 = 28 for A, 83 — 55 = 28 for B.

Outliers: for Class A, the fences are 68 —1.5(14) = 47 and 82+ 1.5(14) = 103 — every value (62
to 90) lies inside, so no outliers. For Class B, the fences are 63 —1.5(14) = 42and 77+1.5(14) =
98 — again every value lies inside, so no outliers either.

Conclusion in context: Class A’'s exam scores are centered about 5 points higher than Class
B’s, but the two classes show essentially the same amount of variability (equal IQR and range),
and neither class has any outlying scores.

Parallel dotplots — two dotplots stacked on the same numeric axis — offer a second convenient
way to compare distributions, especially useful when every individual value should stay visible.

Vi du mau - Comparing distributions with parallel dotplots

Two groups of 8 students take the same short quiz (scored 0 to 10):
Group X: 3,4,4,5,5,6,6,7. Group Z:1,3,4,5,5,6,7,9.

° ° °
Group X ) ) ) ) )
°
Group Z ° ) ) ) ) )
2 3 5 7 8 B

4 Quizscore 6

Parallel dotplots comparing Group X (navy, top) and Group Z (pink, bottom) quiz scores.

Center: Group X has mean = % = 5 and median = 5. Group Z has mean = % = 5 and
median = 5 as well — the two groups are centered at exactly the same value.

Spread: Group X: lower half {3,4,4,5} = @, = 4; upper half {5,6,6,7} = Q3 =6; IQRyx = 2;
range = 7 — 3 = 4. Group Z: lower half {1,3,4,5} = @, = 3.5; upper half {5,6,7,9} = Q4 =
6.5; IQR, = 3; range = 9 — 1 = 8 — twice the range of Group X.

Shape and outliers: both dotplots are roughly mound-shaped, though Group Z’s is noticeably
flatter and more spread out. Checking Group Z’s extremes against the 1.5 x IQR rule: upper

fence = 6.5 + 1.5(3) = 11 and lower fence = 3.5 — 1.5(3) = —1; both 9 and 1 lie inside these
fences, so neither group has a flagged outlier.

Conclusion in context: the two groups performed, on average, identically (same mean and
median quiz score), but Group Z's scores were considerably more variable (IQR = 3, range
= 8) than Group X's (IQR = 2, range = 4) — Group X's students performed more consistently
with one another, even though the two groups’ typical (central) performance was the same.
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(1) L6i thuwong gap: Khi so sanh hai phan phai, tranh viét mo ho kiéu "nhém A cé nhiéu dir liéu
hon” hodc "hai nhém khac nhau” — phai néu RO theo tirng y clia SOCS: so sanh tam (trung
binh/trung vi nhdm nao cao hon, chénh léch bao nhiéu, ding don vi), so sanh dé trai (IQR hoac
doé léch chuan nhém nao 16n hon), va néu rd ngoai Ié néu cd — luén gin véi nglr canh cua dé
bai, khong chi noi sudng la "khac nhau” ma khong dinh luong.

1.4 Measuring Center and Spread

Graphs reveal shape, but precise comparisons require numbers. This section develops the two most
common numerical summaries of center (mean and median) and the most common numerical sum-
mary of spread built around the mean (standard deviation), together with the crucial idea of resis-
tance — how sensitive a statistic is to unusual values.

1.4.1 Mean and Standard Deviation

> (z; —3)°

Mean: z = & Sample variance: s2 = E—— Sample standard deviation: s, =
n n —
> (z; —x)?
n—1

The standard deviation measures the typical (roughly average) distance of a value from the
mean; it is measured in the same units as the original data (variance is in squared units, which
is why s is reported far more often than s2).

- GIAI THICH TIENG VIET
Trung binh (z) |3 t6ng cac gia tri chia cho s6 lugng n. Phuong sai mau (s2) va dé Iéch chuin
mau (s,) do do trai: 1ay tirng dé léch so vé&i trung binh, binh phuong 1én (d€ loai ddu am), cong
lai, r6i chia cho n — 1 (khéng phai n) — dd léch chuan 13 cin bac hai clia phuong sai, co cung
don vi véi dir liéu géc nén dé dién gidi hon phuong sai.

Vi du mA3u - Sample variance and standard deviation

Find s2 and s, for the data 2,4,4,4,5,5,7,9.

2+4+4+4 4 .
T = HA+d+A+S+54749 40 = b Deviations from the mean:

8 8
-3,—1,—1,-1,0,0, 2, 4; squared: 9,1,1,1,0,0, 4, 16, which sum to 32.

32 32 32
2 = - = x4, =/ = ~ V4571 ~ 2.14.
sz P - 57, S, - 57
Note the divisor is n — 1 = 7, not n — this is what makes s, a sample statistic. The variance
(~ 4.57 “squared units”) is rarely reported directly; the standard deviation (~ 2.14, in the original
units) is the number we interpret and compare.

Why n — 1? Dividing by n — 1 instead of n — sometimes called Bessel's correction — produces a
better estimate of the true (unknown) population variance 2. Deviations are computed from the
sample’s own mean z rather than the true population mean p, and z is, by construction, the value
that makes the sum of squared deviations as small as possible for that particular sample — so using =
tends to make the squared deviations, on average, slightly too small. Dividing by the smaller number
n — 1 compensates for this, so that s2 is, on average across many samples, an accurate (unbiased)
estimate of o2.
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Vi du miu - Mean from a frequency table

Twenty families report their number of pets: 0 pets (5 families), 1 pet (8 families), 2 pets (4
families), 3 pets (3 families). Find the mean number of pets per family.

Each value is weighted by its frequency:

0 +1(8) +2(4)+3(3) 0+8+8+9 25
_ — = — = 1.25 pets.
v 5+8+4+3 20 20 pets

This weighted-average approach — multiplying each distinct value by its frequency, summing,
and dividing by the total count — gives exactly the same answer as adding up all 20 raw val-
ues individually and dividing by 20, but is far faster whenever data are already organized in a
frequency table.

1.4.2 Resistance: Mean versus Median

A statistic is called resistant if it is not strongly affected by outliers or by changing the shape of the
tail of a distribution. The median is resistant — it depends only on the position of the middle value(s),
not their exact size. The mean is not resistant, since every value (including any extreme one) enters
the sum directly.

Vi du miu - Resistance of the median

. . 225 .
Five employees earn (in thousands of dollars): 40,42, 45,48,50. Mean = w5 = 45; median

= 45 (the middle value) — mean and median agree.

Now suppose the highest earner is actually the CEO, earning $500,000 instead of $50,000:

the data become 40,42, 45,48,500. New mean = 6?75 = 135 — more than triple the origi-

nal mean, and higher than 4 of the 5 salaries. New median (still the middle of the sorted list
40, 42,45, 48, 500) = 45 — completely unchanged.

The median still describes a "typical” employee’s salary; the mean, dragged upward by a single
outlier, no longer does. This is exactly why salary and income data (almost always right-skewed,
with a few very high earners) are usually summarized by the median, not the mean.

Statistic Measures Resistant to outliers?
Mean x center No
Median center Yes
Range spread No
Interquartile range (IQR)  spread Yes
Standard deviation s, spread No

Resistance of common summary statistics. Resistant statistics (median, IQR) depend only on the position of the middle
values; non-resistant statistics (mean, range, standard deviation) are pulled by the exact size of every value, including
extreme ones.

Because outliers and skewness affect the mean and the standard deviation far more than the
median and IQR, a distribution’s shape should always be checked (via a graph) before deciding which
pair of summary statistics to report: mean and standard deviation for roughly symmetric data with
no outliers, or median and IQR for skewed data or data containing outliers.
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1.5 The Five-Number Summary, IQR, and Boxplots

Because the mean and standard deviation are pulled by outliers and skewness, statisticians also rely
on an alternative, resistant numerical summary built entirely from the data’s order — the five-number
summary — together with its standard graphical display, the boxplot.

1.5.1 Five-Number Summary and the Outlier Rule

Five-number summary: minimum, @);, median, @5, maximum. IQR = Q5 — @}, measures
the spread of the middle 50% of the data. Range = maximum — minimum.

Outlier rule: a value is a suspected outlier if it is below @, — 1.5-IQR (the lower fence) or
above Q5 + 1.5-IQR (the upper fence).

GIAI THICH TIENG VIET

gl phan vi (five-number summary) gém gia tri nhé nhat, @, trung vi, Q5, gia tri I6n nhat.
IQR = Q5 — Q, do d6 trai ctia 50% di liéu & gitra — 6n dinh hon nhiéu so v&i khoang bién
thién (range) = gia tri I6n nhat — nhé nhat, vi range chi dua vao ding 2 gia tri cuc tri. Quy tac
phat hién ngoai I&: mét gia tri bj coi 13 ngoai |é nghi ng& néu nam dudi Q, — 1.5 x IQR hoic
trén Q; + 1.5 x IQR.

Vi du miu - Five-number summary & outliers

Eleven quiz scores, already sorted: 12, 14, 15,15, 16, 18, 18, 19, 20, 21, 35. Find the five-number
summary and check for outliers.

n = 11 is odd, so exclude the median from both halves. Median (6th value) = 18. Lower half
{12,14,15,15,16} = @, = 15. Upper half {18,19,20,21,35} = Q5 = 20. S0 IQR = 20— 15 =
5.

Upper fence = Q5 + 1.5(IQR) =20+ 7.5 = 27.5.

Since 35 > 27.5, the value 35 is a suspected outlier; the lower fence is 15 — 7.5 = 7.5 and no
value is below it.

Some treatments further distinguish mild outliers (beyond 1.5 x IQ R but not beyond 3 x IQR)
from extreme outliers (beyond 3 x IQ R from @, or Q). Applying this to the quiz-score example
above: the extreme upper fence is Q5 + 3(IQR) = 20 + 3(5) = 35. Because 35 is not strictly
greater than 35, it is classified as a mild outlier only, not an extreme one — a reminder to apply
fence inequalities carefully at exact boundary values.

- GIAI THICH TIENG VIET
Mot s6 tai liéu con phan biét ngoai Ié nhe (mild outlier) — vuot qua 1.5 x IQR nhung chua téi
3 x IQR — v&i ngoai 1é manh (extreme outlier) — vuot qua 3 x IQR. Can chd y dau bat dang
thirc nghiém ngit ”>": néu mot gia tri ding bang ranh gidi (fence), gia tri d6 KHONG bi coi la
ngoai lé & murc dé.

1.5.2 Boxplots

A modified boxplot plots the five-number summary directly: a box from @, to @ (with a line at the
median), whiskers extending out to the smallest and largest values that are not flagged as outliers,
and any outliers marked individually as separate points beyond the whiskers.
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10 15 20 25 30 35

Modified boxplot of the quiz scores: box [Q,, Q5] = [15, 20], median = 18, whiskers to 12 and 21, outlier at 35 shown
as a dot.

>

1.5.3 Parallel Boxplots: Comparing Groups

Placing two or more boxplots on the same numeric axis — parallel boxplots — is a compact, standard
way to compare several distributions’ centers, spreads, and outliers at once.

Vi du mAu - Parallel boxplots comparing two groups

Plant heights (cm) after eight weeks are recorded for nine plants under Fertilizer A and nine
under Fertilizer B:

Fertilizer A: 14, 16, 17, 18, 19, 20, 21, 23,32.  Fertilizer B: 10, 12,13, 14, 15, 16, 17, 18, 19.
Fertilizer A (n = 9, odd — exclude median from both halves): median (5th value) = 19; lower
half {14,16,17,18} = @, = 16.5; upper half {20,21,23,32} = Q, = 22; IQR, = 22 — 16.5 =
5.5. Upper fence = 22 + 1.5(5.5) = 30.25; since 32 > 30.25, the value 32 is an outlier, so the
upper whisker stops at the largest non-outlier value, 23.

Fertilizer B (n = 9): median = 15; lower half {10,12,13,14} = @, = 12.5; upper half
{16,17,18,19} = Q4 = 17.5; IQRp = 17.5 — 12.5 = 5.0. Upper fence = 17.5 4+ 1.5(5.0) = 25;
the maximum (19) is well below this, so there are no outliers in Fertilizer B.

32

Fertilizer A }—|:|:|—{ °
Fertilizer B }—|:|:|—1

10 15

Y

20 25 30

Plant height (cm)

Parallel modified boxplots comparing plant height (cm) under Fertilizer A (median 19, IQR = 5.5, one high
outlier at 32) and Fertilizer B (median 15, IQ R = 5.0, no outliers).

Comparison in context: the median height under Fertilizer A (19 cm) is 4 cm higher than under
Fertilizer B (15 cm), and the two treatments have similar spread (IQR, = 5.5 vs. IQRy =
5.0 cm). Fertilizer A produced one unusually tall plant (32 cm, an outlier), while Fertilizer B
produced no outliers.

Extending to three or more groups. Parallel boxplots generalize directly to three (or more) groups —
simply add another row to the same shared axis. Suppose a third treatment, Fertilizer C, is also tested
on nine plants: 15,16,16,17,17,18, 18,19, 20. Median (5th of 9) = 17; lower half {15,16,16,17} =
@, = 16; upper half {18,18,19,20} = Q5 = 18.5; IQR, = 18.5 — 16 = 2.5. Fences: upper
= 18.5 4+ 1.5(2.5) = 22.25 and lower = 16 — 1.5(2.5) = 12.25 — every value (15 to 20) lies inside, so
Fertilizer C has no outliers.

Comparing all three treatments: Fertilizer A has the highest median (19 cm) but also the largest
spread (IQR = 5.5) and one outlier; Fertilizer B has the lowest median (15 cm) with moderate spread
(IQR = 5.0); Fertilizer C's median (17 cm) falls between the other two, but its spread (IQR = 2.5)
is by far the smallest of the three groups — Fertilizer C produced the most consistent growth, even
though it was not the tallest on average. A three-row parallel boxplot, adding one more row to the
figure above on the same numeric axis, would display all three comparisons at a glance.
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Vi du mAu - Bringing it together: a full numerical summary

Commute times (minutes) for 12 employees at a company, sorted:
10,12,15, 18,20, 22, 25, 28, 30,33,38,70. Give a complete numerical and graphical sum-
mary.

. . 22 + 25
Five-number summary (n = 12, even): median = ;r = 23.5; lower half
15+ 18
{10,12,15,18,20,22} = @, = ; = 16.5; upper half {25,28,30,33,38,70} =
30 + 33 .. .
Q5 = —; = 31.5; minimum = 10, maximum = 70. So IQR = 31.5 — 16.5 = 15.

Outliers: upper fence = 31.5 4 1.5(15) = 54; since 70 > 54, the value 70 is a suspected outlier
— and since the extreme fence 31.5 + 3(15) = 76.5 is still above 70, this is a mild, not extreme,
outlier. Lower fence = 16.5 — 22.5 = —6; the minimum (10) is not below it.

21 . . . . .
Center: mean = 3— = 26.75 minutes; median = 23.5 minutes. Mean > median, consistent
with the single high outlier pulling the mean upward.

—{ [ H .

10 20 30 40 50 60 70

Modified boxplot of the commute-time data: box [Q;, Q3] = [16.5, 31.5], median = 23.5, whiskers to 10 and 38,
outlier at 70.

Full description in context: the distribution of commute times is right-skewed (mean pulled
above the median) with one high outlier at 70 minutes; setting that outlier aside, the middle
half of employees commute between 16.5 and 31.5 minutes, with a typical (median) commute
of about 23.5 minutes.

1.6 Effect of Linear Transformations on Center and Spread

Data are often transformed — rescaled or shifted — for example, converting units, curving a test, or
correcting for inflation. A linear transformation has the form y = a + bz, and its effect on summary
statistics follows two clean rules.

Adding a constant a to every value (y = x + a): shifts the mean, median, minimum, and max-
imum all by a — but leaves the range, IQR, and standard deviation unchanged (spread and
shape are unaffected by a pure shift).

Multiplying every value by a positive constant b (y = bx): scales the mean, median, minimum,
maximum, range, IQR, and standard deviation all by the factor b (shape unchanged). If b < 0,
positions are also reflected, and the standard deviation is scaled by |b|, since a standard devi-
ation can never be negative.

GIAI THICH TIENG VIET
Coéng hang s6 vao moi gia tri chi dich chuyén tam (trung binh, trung vi, min, max) theo ding
hing s6 d6, con dé trai (range, IQR, do léch chuan) hoan toan KHONG d6i. Nhan véi hang s&
duong b thi tam VA db trai déu duoc nhan 1én theo hé s6 b — ca hai loai thong ké déu thay déi
theo cling ti lé. Néu nhan véi s6 am, phai lay gia tri tuyét d6i |b| cho do léch chuan (vi d6 l1éch
chuan khéng am).
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Vi du mau - Applying the transformation rules

A short quiz (out of a low maximum) is given to four students: 20, 24, 26, 30. Direct computation
gives mean = 25, median = 25, range = 10, IQR = 6 (using Q; = 22, Q5 = 28),and s, ~ 4.16
(variance = 52/3 ~ 17.33).

(a) Curve: add 5 points to every score. New data: 25,29, 31, 35. New mean = 25+ 5 = 30; new
median = 25 4+ 5 = 30; range = 35 — 25 = 10 (unchanged); new @, =27, Q; =33 = IQR =6
(unchanged); the deviations from the new mean are identical to before (—5,—1,1,5), so s, ~
4.16 (unchanged).

(b) Rescale to a 100-point scale: multiply every original score by 2. New data: 40, 48, 52, 60.
New mean = 25 x 2 = 50; new median = 25 x 2 = 50; range = 10 x 2 = 20; new @, = 44,

100 +444+100 208
Qs =56 = IQR = 6 x 2 = 12; new 52 = - Jg i =5 ~ 093355, ~ 833 =
416 % 2.

This confirms both rules exactly: adding shifted only the centers and extremes, leaving every

spread measure fixed; multiplying scaled every statistic (center and spread alike) by the same
factor of 2.

(1) L6i thuong gap: Nhiéu hoc sinh nghi ring cong mot hing s6 vao moi gia tri sé lam thay déi
dd léch chuan (standard deviation) hoic IQR — diéu nay SAl: phép cdng (adding a constant)
chi dich chuyén tam cta phan phéi, khéng lam thay déi do trai. Chi phép nhan (multiplying by
a constant) md&i lam co gian do trai theo dung hé s6 doé (dung gia tri tuyét déi néu hé sé am, vi
dé léch chuan khong thé am).

1.6.1 Standardizing as a Special Linear Transformation

The z-score formula introduced later in this chapter, z = T “, is itself a linear transformation: it
. 1 . . crrs
can be rewritten as z = <—H> + (—) x, i.e., subtracting the constant p (shifting the mean to 0) and
g g

1
then multiplying by the constant — (scaling the standard deviation to exactly 1).
g

Applying the two transformation rules in sequence: subtracting p shifts the mean from p to 0
. . C 1

without changing the spread; multiplying by — then scales that spread from o down to exactly 1.
g

Standardized data (z-scores) therefore always have mean 0 and standard deviation 1, regard-

less of the shape or original units of the data — a fact that underlies the Normal-distribution

work in the rest of this chapter and reappears throughout the course (e.g., correlation and
least-squares regression in Unit 2).

— GIAI THICH TIENG VIET
VN T —u
g

Coéng thic 2z = thuc chat 1a mét phép bién déi tuyén tinh: trir 1 (dich trung binh vé 0,

2o ~ 2 S e ~ y=l 1 .~ ~ ~ ~ A s Y ~ . ~ ye
khong doi do trai) roi nhan vai — (co gian d6 1éch chuan vé dung 1). Vi vay, sau khi chuan hoa
o

(standardize) BAT KY tap dir liéu nao — khong nhat thiét phai phan phéi chuin — dir liéu méi
luén c6 trung binh = 0 va dé léch chuan = 1.
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1.7 The Normal Distribution

Many quantitative variables encountered in practice — physical measurements, standardized test
scores, manufactured-part dimensions — follow a strikingly similar bell-shaped pattern. This section
introduces the mathematical model for that pattern, the Normal distribution, and the tools used to
compute probabilities and percentiles from it.

1.7.1 Density Curves and the Normal Model

A density curve is a smooth curve that models the overall shape of a distribution: it is always on or
above the horizontal axis, and the total area underneath it equals exactly 1 (representing 100% of
the data). The area under a density curve above any interval gives the proportion of observations
in that interval. A density curve can be thought of as the limiting shape approached by a histogram
of the same variable as the sample size grows very large and the bin width shrinks toward zero —
the jagged bars smooth out into a continuous curve, while the total area (now 1 instead of the total
count) is preserved.

Khai niém cét 16i

A Normal distribution is symmetric, unimodal, and bell-shaped, fully described by its mean p
(the center, where the peak sits) and standard deviation o (which controls how wide/flat or
narrow/tall the bell is). We write N(u, o). Many real variables — heights, standardized test
scores, measurement errors — are approximately Normal.

GIAI THICH TIENG VIET
Pudng cong mat doé (density curve) ludn nam trén hodc bang truc hoanh va cé téng dién tich
bén dudi bang 1 (térc 100% dir liéu); dién tich trén mot khoang chinh 13 ti 1€ dir liéu roi vao
khoang dé. Phan phdi chuan (Normal distribution) cé hinh chuéng, déi xirng, mét dinh, dugc
xac dinh hoan toan bai trung binh . (vi tri dinh) va dé léch chuin o (d6 "béo/gay” cta chudng).

For any density curve, the median is the point that divides the area exactly in half, while the mean
is the curve's "balance point” (where it would balance if cut from solid material). For a symmetric
curve such as the Normal curve, these two points coincide exactly at the center, which is also where
the peak (mode) sits — so for a Normal distribution, mean = median = mode. For a skewed density
curve, by contrast, the mean is pulled toward the longer tail while the median is not, exactly mirroring
the behavior of skewed data distributions discussed earlier in this chapter.

1.7.2 The Empirical Rule (68-95-99.7)

Empirical Rule (68-95-99.7): for a Normal distribution, about 68% of values fall within 1o of
i, about 95% within 20, and about 99.7% within 3o.

—30 —20 -0 +o +20 +30
The Normal curve with the 68-95-99.7 rule marked at +10, +20.
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- GIAI THICH TIENG VIET
Quy tic 68-95-99.7 gilp udc lwgng nhanh ma khéng can bang z: khodng .+ 1o chira khoang
68% dir liéu, p + 20 chira khoang 95%, u 4+ 30 chira khoang 99.7%.

Bai tap luyén tap

Adult male heights are approximately Normal with 4 = 70 in and 0 = 3 in. About what percent
of men are taller than 76 inches?

(A) 0.15% (C) 5%
(B) 2.5% (D) 16%
Loi giai chi tiét
. . 16—="70 ..
76 inis = 2 standard deviations above the mean. By the 68-95-99.7 rule, 95% of

men are within +20, leaving 5% split evenly between the two tails: 2.5% above 76 in. (B).

1.7.3 z-Scores and Standardization

. T — .. . .

A z-score standardizes a value: z = 7”, giving the number of standard deviations z is from the
ag

mean. Standardizing lets us compare values from different Normal distributions on a common scale.

. GIAI THICH TIENG VIET

T

Diém chuan hoa z = cho biét = cach trung binh bao nhiéu dé léch chudn — z am nghia

o
la x nhd hon trung binh, z dwong nghia |a x I&n hon trung binh. Vi z-score khéng cé don vi, ta
c6 thé dung no dé so sanh hai gia tri dén tir hai phan phdi chuan khac nhau.

(1) Léi thuong gap: D6 léch chuan mau ludn chia cho n— 1 (khéng phai n) trong AP Statistics —
may tinh CASIO/TI c6 ca hai (o, va s,.); ludon dung s, trir khi dé néi ré day la todn bg population.

1.7.4 Computing Normal Probabilities from a Table

The empirical rule only handles values exactly 1, 2, or 3 standard deviations from the mean. For any
other value, we standardize to a z-score and look up ®(z) = P(Z < z), the proportion of a standard
Normal distribution (1 = 0,0 = 1) below z, in a table of the standard Normal cumulative distribution.

z D(2) ‘ z D(2) ‘ z d(2)

0.00 0.5000 | 1.04 0.8508 | 1.70 0.9554
0.25 0.5987 | 1.05 0.8531 | 1.80 0.9641
0.50 0.6915 | 1.09 0.8621 | 1.90 0.9713
0.67 0.7486 | 1.10 0.8643 | 1.96 0.9750
0.75 0.7734 | 1.20 0.8849 | 2.00 0.9772
0.84 0.7995 | 1.28 0.8997 | 2.33 0.9901
1.00 0.8413 | 1.645 0.9500 | 3.00 0.9987

Selected values of the standard Normal cumulative distribution ®(z) = P(Z < z).
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To find the proportion below z: standardize, z = u, then read ®(z) directly. To find the

g
proportion above z: compute 1 — ®(z). To find the proportion between two values z;, < z,:
compute ®(z,) — ®(2,). Because the standard Normal curve is symmetric about 0, ®(—z) =
1—®(2).

Empirical rule vs. table: a consistency check. The empirical rule says about 95% of values lie within
+20, leaving 5% in the two tails combined. Using the precise table value instead, ®(2.00) = 0.9772,
so the exact proportion in the upper tail beyond 20 is 1 —0.9772 = 0.0228 = 2.28%, and 2 x 2.28% =
4.56% in both tails combined — close to, but not exactly, the empirical rule’s rounded 5%. The em-
pirical rule is a convenient, memorable approximation for whole-number multiples of o; the standard
Normal table gives the precise value for any z.

Vi du miu - Area below a value

Adult women'’s heights are approximately Normal with = 64 in, o = 2.5 in. Find the propor-

tion of women shorter than 68 in.
— 64 4
682 56 =35 = 1.60. From the table, ®(1.60) = 0.9452. About 94.52% of women are

shorter than 68 inches.

Vi du mau - Area between two values

Using the same distribution (x = 64, 0 = 2.5 in), find the proportion of women between 60
and 68 inches tall.
60 — 64 68 — 64

or = 160 = ®(-1.60) = 109452 = 0.0548.  z, = = 1.60 =

2.5
®(1.60) = 0.9452.

z =

21:

P(60 < z < 68) = (1.60) — &(—1.60) = 0.9452 — 0.0548 = 0.8904.

About 89.04% of women are between 60 and 68 inches tall.

() Léi thueng gap: Bang chuan tic cho ®(z) = P(Z < z) — dién tich bén tri cta z. Muén tinh
P(Z > z) (bén phai), phai ldy 1—®(z); mudn tinh dién tich gitra hai gia tri, 18y ®(2yan) — P (24usi)-
Quén trir cho 1 khi dé hoi “I&n hon” hodc “trén” 13 16i rat phé bién.

Vi du mau - The IQR of a Normal distribution

Using the standard Normal table, find the interquartile range of the women’s-height distribu-
tion (1 = 64, 0 = 2.5in).

@, is the 25th percentile: we need z with ®(z) = 0.25. By symmetry this is the negative of
the z for the 75th percentile; the table gives ©(0.67) = 0.7486 ~ 0.75, so ; corresponds to
z = —0.67 and Q5 corresponds to z = 0.67.

Q, = 64+(—0.67)(2.5) = 64—1.675 = 62.33in, Q4 = 64+(0.67)(2.5) = 64+1.675 = 65.68 in.

IQR = Qs — Q, = 65.68 — 62.33 ~ 3.35 in.

In general, for any Normal distribution, IQR ~ 2(0.67)c = 1.340 — a useful shortcut linking
the Normal model directly back to the IQR studied earlier in this chapter.
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Vi du miu - A symmetric middle-percentage interval

What interval of heights contains the middle 80% of adult women, again using u = 64, 0 = 2.5
in?

"Middle 80%" leaves 20% split evenly between the two tails, i.e. 10% in each tail. We need z
with ®(z) = 0.90 (leaving 10% above); the table gives ®(1.28) = 0.8997 ~ 0.90, so z = +1.28
marks the boundaries.

Tiow = 64 — 1.28(2.5) = 64 — 3.2 = 60.81in, &gy = 64 + 1.28(2.5) = 64 + 3.2 = 67.21in.

The middle 80% of women have heights between 60.8 and 67.2 inches. (Notice 67.2 in matches
the 90th-percentile cutoff found earlier — as it must, since the upper boundary of the middle
80% is, by definition, the 90th percentile.)

1.7.5 Inverse Normal: Finding a Value from a Percentile

Sometimes we know a proportion or percentile and must work backward to find the corresponding
value of x — an inverse Normal problem. The procedure is reversed: find the z whose table value

®(z) matches the target proportion, then solve z = T tor a

T = U+ zo.

Vi du miu - Inverse Normal

Using the same women’s-height distribution (. = 64, o = 2.5 in), find the height that marks
the 90th percentile.

We need = such that ®(z) = 0.90. From the table, ®(1.28) = 0.8997 ~ 0.90, so z ~ 1.28.
xr=pu+zo =064+ 1.28(2.5) =64 + 3.2 =67.21in.

A woman would need to be at least about 67.2 inches tall to be in the tallest 10% of women.

1.7.6 Assessing Normality

Before applying Normal-based methods, it is good practice to check whether data are actually ap-
proximately Normal.

Normal probability plot

A Normal probability plot graphs each data value against its expected z-score if the data were
exactly Normal. If the data are approximately Normal, the points fall close to a straight line.
Systematic curvature (the points bending away from a line) indicates the data are skewed;
points that veer sharply away from the line only at the two ends indicate outliers or heavier-
than-Normal tails.

GIAI THICH TIENG VIET
Bi€u dd xac suit chuan (Normal probability plot) vé tirng gia tri dir liéu so v&i z-score ky vong
néu di¥ liéu phan phéi chuan hoan hao. Néu cac diém ndm gan mot dudng thing, dir liéu xap
xi chuan. Néu d6 thi bi cong mét cach hé théng, dir liéu bi léch (skewed); néu chi hai dau léch
khoi duong thang, cé thé do ngoai |& hodc dudi phan phdi "day” hon phan phéi chuan.
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Vi du miu - Reading a Normal probability plot

Two data sets each produce a Normal probability plot. Plot 1’s points fall almost exactly on a
straight line from corner to corner. Plot 2’s points follow a line through the middle but bend
noticeably upward at the right end, with the single largest data value sitting well above where
the line would predict. Interpret each plot.

Plot 1 indicates the data are approximately Normal — no important information is lost by using
the empirical rule or table-based Normal calculations on this variable.

Plot 2's upward bend at the right end signals that the largest value(s) sit farther from the center
than a Normal model would predict — consistent with either a right-skewed distribution or a
single high outlier. Methods built on the assumption of Normality (such as the empirical rule)
should be applied cautiously, if at all, to this data set; a five-number summary and boxplot
would likely describe it more faithfully.

1.8 Practice problems

Bai tap luyén tap

A survey of 50 cars parked in a lot records their color: Red 15, Blue 20, White 10, Black 5. What
percent of the cars are Blue?

(A) 20% (C) 40%
(B) 30% (D) 50%

Lai giai chi tiét

. 2
Relative frequency of Blue = % = 0.40 = 40%. (C).

Bai tap luyén tap

Which type of graph is best suited to precisely compare the counts of six categories against
one another (rather than emphasizing each category’s share of a single whole)?

(A) Pie chart (C) Boxplot
(B) Bar graph (D) Normal probability plot

Loi giai chi tiét
A bar graph places every category’s count on the same numeric axis, so heights can be com-

pared directly and precisely; a pie chart emphasizes parts of a whole and is harder to compare
precisely once there are several categories. (B).

Bai tap luyén tap

A dotplot of number of siblings for 12 students shows: 0 siblings (3 students), 1 sibling (4
students), 2 siblings (3 students), 3 siblings (1 student), 4 siblings (1 student). What is the mode
of this distribution?

L
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(A) 0 (C) 2
(B) 1 (D) 3

Loi giai chi tiét

The mode is the most frequent value. Here 1 sibling occurs for 4 students, more than any other
value (3,4, 3, 1, 1 students respectively for 0, 1, 2, 3, 4 siblings). (B).

Bai tap luyén tap

The stemplot below shows the ages of 12 employees at a small company.

Stem \ Leaves

2,358
3112469
41035
5|2

Find the median and the IQR of the ages, and determine whether age 52 is a suspected outlier.

Loi giai chi tiét

Reading off the stemplot, the sorted ages are 23, 25, 28, 31, 32, 34, 36, 39, 40, 43, 45, 52 (n = 12).

. 4
Median = average of 6th and 7th values = S = 35. Lower half {23, 25, 28,31, 32,34} =
2 1 4 4
Q, = 8131 _ 995, Upper half {36,39,40,43,45,52} = Q, = 0; S _ a5, IQR =

2
41.5 — 29.5 = 12. Upper fence = 41.5 + 1.5(12) = 59.5. Since 52 < 59.5, age 52 is not a
suspected outlier.

Bai tap luyén tap

Two commuting groups are summarized by five-number summaries (minutes): Bus riders —
min 10, @; = 18, median 25, @3 = 32, max 55. Car drivers — min 8, ¢); = 12, median 15,
Q5 = 20, max 40. Compare the two distributions using SOCS, checking each for outliers with
the 1.5 x IQR rule.

,

Busriders: TQR = 32—18 = 14; upper fence = 32+ 1.5(14) = 53; since 55 > 53, the maximum
is an outlier. Lower fence = 18 — 21 = —3; the minimum (10) is not below it.

Cardrivers: IQR = 20 — 12 = 8; upper fence = 20 + 1.5(8) = 32; since 40 > 32, the maximum
is an outlier. Lower fence = 12 — 12 = 0; the minimum (8) is not below it.

Comparison: the median commute is much shorter for car drivers (15 min) than bus riders (25
min), and bus commute times are more variable (/Q R = 14 min vs. 8 min for cars). Both groups
have an occasional unusually long commute (a high outlier), but otherwise cars are both faster
and more consistent.

Bai tap luyén tap

In a back-to-back stemplot comparing two classes’ quiz scores, Class 1's leaves are spread
across many stems while Class 2's leaves cluster tightly around a single stem. Which conclu-
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sion is correct?

(A) Class 1 has smaller spread than Class 2 (C) Both classes have equal spread

(B) Class 2 has smaller spread than Class 1 (D) The stemplot cannot show spread

Loi giai chi tiét

Leaves spread across many stems indicate values scattered over a wide range (larger spread);
leaves clustered around one stem indicate values packed closely together (smaller spread). (B).

Bai tap luyén tap

A histogram of number of pets owned by families shows most families owning 0-2 pets, with
a long tail extending toward families owning 6-10 pets. This shape is best described as:

(A) Skewed left (C) Symmetric
(B) Skewed right (D) Uniform

Loi giai chi tiét

The long tail points toward the larger values (6-10 pets), which is the defining feature of a
skewed right distribution. (B).

Bai tap luyén tap

A distribution of birth months among 120 people shows roughly the same frequency (about 10
people) in every one of the 12 months, with no distinct peak. This shape is:

(A) Skewed right (C) Uniform
(B) Bimodal (D) Unimodal and symmetric

Loi giai chi tiét
Roughly equal frequency across the entire range, with no clear peak, is the definition of a
uniform distribution. (C).

Bai tap luyén tap

Data set A: {40,42,43,45,120}. Which measure of center best describes a typical value, and
why?

(A) Mean, because it uses every value and the median is resistant

(B) Median, because 120 is a resistant outlier

(D) Standard deviation, because it measures
(C) Median, because 120 is a strong outlier spread

Loi giai chi tiet

120 is far from the rest of the data (an outlier), which would pull the mean upward and make
it unrepresentative. The median is resistant to outliers, so it better describes a typical value.
(C).

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 29



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Bai tap luyén tap

Seven donors give the following amounts ($): 10, 15, 15, 20, 20, 25, 200. Compute the mean and
the median, and describe the shape of the distribution and which measure of center is more
appropriate.

Lai giai chi tiét

305 .
Sum =10+ 15+ 15 + 20 + 20 + 25 + 200 = 305; mean = = ~ 43.57. Sorted data is already

given; median (4th of 7 values) = 20. Since mean (~ 43.57) is much greater than the median
(20), the distribution is strongly skewed right, driven by the $200 outlier. The median ($20)
better represents a typical donation; the mean is inflated by the single large gift.

Bai tap luyén tap

If the largest value in a data set is increased (and remains the largest value), which of the
following statistics must increase?

(A) The median (C) The mode
(B) The mean (D) The IQR

Loi giai chi tiét

The mean directly incorporates the exact size of every value, so increasing any value (while n
stays fixed) strictly increases the sum and therefore the mean. The median, mode, and IQR
depend only on the position (rank) of values, not their exact size, and since the value stays the
largest, none of these positional statistics change. (B).

Bai tap luyén tap

Exam scores for 5 students are 70, 75, 80, 85, 90. Compute the sample variance and the sample
standard deviation.

Loi giai chi tiet

4 .
Mean = 0 Ot et o 00 = % = 80. Deviations: —10,—5,0,5,10; squared:

5
100, 25, 0, 25, 100, summing to 250.

250 250
2 _ 77 = — = = ~ (. o
= ooo =" =625 s =VE25~791

Bai tap luyén tap

Verify @, = 7 and Q; = 11.5 for the data set {5,7,7,8,9,10,13,15} using the exclude-the-
median method. Is the outlier rule triggered by 15? Show all fence calculations.

Loi giai chi tiet

n = 8 (even), so split evenly: lower half {5,7,7,8} = @, = “T = 7; upper half
{9,10,13,15} = Q4 = 213 = 115, So IQR = 115 — 7 = 4.5. Upper fence =
11.5 + 1.5(4.5) = 11.5 + 6.75 = 18.25. Since 15 < 18.25, 15 is NOT a suspected outlier.
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Lower fence = 7 — 6.75 = 0.25; no values fall below it either.

Bai tap luyén tap

Find the five-number summary of the data set {12, 15, 18, 18, 20, 22, 25, 50}, check for outliers,
and describe how the modified boxplot’s upper whisker would be drawn.

Loi giai chi tiet

. 18 420 15418
n = 8 (even). Median = ;r = 19. Lower half {12,15,18,18} = @, = _QF = 16.5.
22 +25
Upper half {20,22,25,50} = Q5 = —; = 23.5. IQR = 23.5 — 16.5 = 7. Upper fence

= 23.5+ 1.5(7) = 34; since 50 > 34, it is a suspected outlier. Lower fence = 16.5 — 1.5(7) = 6;
the minimum (12) is not below it. Because 50 is an outlier, the upper whisker stops at the
largest non-outlier value, 25, and 50 is plotted as a separate point.

Bai tap luyén tap

A data set has @, = 40 and Q5 = 55. Which of the following values would be flagged as a low
outlier by the 1.5 x IQR rule?

(A) 20 (C) 42
(B) 17 (D) 55

Lai giai chi tiét

IQR = 55 — 40 = 15. Lower fence = 40 — 1.5(15) = 40 — 22.5 = 17.5. Only 17 is below 17.5
(note 20 > 17.5, so it is not flagged). (B).

Bai tap luyén tap

A set of temperatures has mean 68 °F and standard deviation 5 °F. If every temperature is con-
verted by subtracting a constant offset of 10 °F, what are the new mean and standard devia-
tion?

(A) Mean 58°F, SD 5°F (C) Mean 68°F, SD 5°F

(B) Mean 58°F, SD —5°F (D) Mean 58°F, SD 15°F

Loi giai chi tiét

Subtracting a constant is adding a = —10: the mean shifts to 68 — 10 = 58 °F, but the standard
deviation is unaffected by a shift, so it remains 5 °F. (A).

Bai tap luyén tap

A set of distances (miles) has mean 12, median 10, range 20, and standard deviation 4. Convert
every distance to kilometers by multiplying by 1.6. Find the new mean, median, range, and
standard deviation (in km).
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Loi giai chi tiét

Multiplying by a positive constant scales every one of these statistics by that same constant:
new mean = 12(1.6) = 19.2 km; new median = 10(1.6) = 16 km; new range = 20(1.6) = 32
km; new standard deviation = 4(1.6) = 6.4 km.

Bai tap luyén tap

Pumpkin weights are approximately Normal with mean 8 Ib and standard deviation 1.5 Ib. What
percent of pumpkins weigh between 5 Ib and 11 |b?

(A) 68% (C) 99.7%
(B) 95% (D) 50%

Loi giai chi tiét

5=8—2(1.5) and 11 = 8 + 2(1.5), so this interval is exactly i + 20. By the empirical rule, this
contains about 95% of pumpkins. (B).

Bai tap luyén tap

A student scored 82 on a test with mean 75 and standard deviation 5. Find the student’s z-score
and the approximate percentile this corresponds to.

(A) z = 1.4, ~ 92nd percentile (C) z=0.7, ~ 92nd percentile
(B) z = 1.4, ~ 84th percentile (D) z = 1.4, ~ 50th percentile

Loi giai chi tiet

2 _
Z = 8 3 7 = g = 1.4. From the standard Normal table, ®(1.4) = 0.9192, i.e. about the 92nd

percentile. (A).

Bai tap luyén tap

Battery lifetimes are approximately Normal with mean 500 hours and standard deviation 25
hours. Find the proportion of batteries lasting less than 550 hours.

Loi giai chi tiet

= L_;)OO = % = 2.00. From the table, (2.00) = 0.9772. About 97.72% of batteries last
less than 550 hours.

Bai tap luyén tap

Using the same battery distribution (mean 500 hours, SD 25 hours), find the proportion of
batteries lasting between 460 and 540 hours.
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Lo giai chi tiét
540 —500
- 25

460 — 500
= = —1.60 = ®(—1.60) = 1 —0.9452 = 0.0548. =z,

®(1.60) = 0.9452.

= 1.60 =

P(460 < z < 540) = 0.9452 — 0.0548 = 0.8904 ~ 89.0%.

Bai tap luyén tap

IQ scores are approximately Normal with mean 100 and standard deviation 15. What IQ score
marks the 84th percentile?

(A) 100 (C) 115
(B) 108 (D) 130

Lai giai chi tiét
We need z with ®(z) = 0.84; the table gives ®(1.00) = 0.8413 ~ 0.84, so z ~ 1.00. =z =
100 4+ 1.00(15) = 115. (C).

Bai tap luyén tap

Cholesterol levels are approximately Normal with mean 190 mg/dL and standard deviation 20
mg/dL. A clinic wants to flag the lowest 5% of patients for follow-up. What cholesterol level
marks this cutoff?

Loi gidi chi tiét
The lowest 5% corresponds to ®(z) = 0.05. By symmetry, this is the negative of the z for the
upper 95%: since ®(1.645) = 0.9500, we have z = —1.645.

z =190 + (—1.645)(20) = 190 — 32.9 = 157.1 mg/dL.

Patients with cholesterol below approximately 157.1 mg/dL would be flagged.

Bai tap luyén tap

Package weights are approximately Normal with mean 50 g and standard deviation 4 g. What
weight marks the 99th percentile?

(A) 54 g (C) 59.3 g
(B) 58¢g (D) 66 g

Loi giai chi tiét
We need z with ®(z) = 0.99; the table gives ®(2.33) = 0.9901 =~ 0.99, so z ~ 2.33. = =
50 4 2.33(4) = 50 + 9.32 = 59.32 ~ 59.3 g. (C).

Bai tap luyén tap

A Normal probability plot of a data set curves noticeably and is not close to a straight line.
What does this indicate about the data?
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(A) The data are approximately Normal (C) The data have no outliers

(B) The data are not approximately Normal (a
departure such as skewness) (D) The data must be categorical

Loi giai chi tiét

A straight-line pattern on a Normal probability plot indicates approximate Normality; system-
atic curvature is exactly the signal that the data depart from a Normal shape (e.g., skewness).

(B).

Bai tap luyén tap
On Test A (mean 70, SD 8), Maria scored 82. On Test B (mean 100, SD 15), Julia scored 120.

Who performed better relative to her own class?

(A) Maria, since her z-score (1.5) is higher (C) They performed equally well
than Julia’s (~ 1.33) (D) Cannot be determined without more in-
(B) Julia, since her raw score is higher formation

Loi giai chi tiet

82 —170 120 — 100 . .
——— =15, 2z, = ———=— = 1.333. Maria’s score is farther above her class’s

ZMaria —
mean in standard-deviation units, so she performed relatively better, even though Julia's raw
score is higher. (A).

Bai tap luyén tap

A data set has mean 42 and median 37. The distribution is most likely:

(A) Skewed left (C) Perfectly symmetric
(B) Skewed right (D) Cannot be determined

Loi gidi chi tiét
Mean > median means the mean has been pulled upward by a long right tail, so the distribution
is skewed right. (B).

Bai tap luyén tap

A city records resident complaints this month: Noise = 45, Parking = 30, Trash = 15, Other
= 10. Which type of display orders these categories from most to least frequent, and what is

that display called?
(A) A pie chart, called a dot chart (C) A histogram, called a frequency polygon

(B) A bar graph with categories sorted by fre-
quency, called a Pareto chart (D) A boxplot, called an ordinal chart
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Loi giai chi tiét

Ordering bars from tallest (most frequent) to shortest (least frequent) is exactly the definition
of a Pareto chart — a bar graph, not a pie chart, histogram, or boxplot, with bars sorted by
descending frequency. (B).

Bai tap luyén tap

For the data set {5,8,9,10,11,12, 14,40}, find Q,, @5, and IQR, then determine whether 40
is not an outlier, a mild outlier, or an extreme outlier.

Loi giai chi tiét

8+9

n = 8 (even). Lower half {5,8,9,10} = @, = = 8.5. Upper half {11,12,14,40} =
124+ 14 .
Qs = ;L = 13. IQR = 13 — 8.5 = 4.5. Mild upper fence = 13 + 1.5(4.5) = 19.75;

since 40 > 19.75, 40 is at least a mild outlier. Extreme upper fence = 13 + 3(4.5) = 26.5; since
40 > 26.5 as well, 40 is an extreme outlier.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 2

Exploring Two-Variable Data

Muc tiéu Unit: Bang hai chiéu (two-way table), phan bé bién (marginal distribution) va phan bé cé diéu
kién (conditional distribution) cho dir liéu dinh tinh hai bién, biéu d6 cot phan doan (segmented bar
chart); biéu d6 phan tan (scatterplot) va hé s6 tuong quan r; dudng hdi quy binh phuong t6i thiéu
(LSRL) — hé s6 gdc, hé sé chan, du doan va nguy co ngoai suy (extrapolation); phan du (residual) va biéu
d6 phan du dé kiém tra tinh tuyén tinh; hé sé xac dinh 2 va dé Iéch chudn phan du s; phan biét diém
ngoai | (outlier) va di€ém anh hudng (influential point) trong hoi quy; bién déi dir liéu bang logarit (log,
log-log) dé tuyén tinh hod mé hinh ma va mé hinh Iy thira.

2.1 Bivariate Categorical Data: Two-Way Tables

jl Coreidea

Two-variable (bivariate) data comes in two flavors, and the tool you use to explore the relation-
ship depends on the type of each variable. When both variables are categorical, relationships
are explored with two-way tables and conditional distributions. When both variables are
quantitative, relationships are explored with scatterplots, correlation, and regression - the
tools that occupy the rest of this unit.

- GIAI THICH TIENG VIET
Dt liéu hai bién c6 hai dang: néu ca hai bién déu la dinh tinh (categorical) (VD gidi tinh, phuong
tién di chuyén), ta dung bang hai chiéu va phan bé cé diéu kién dé tim méi lién hé. Néu ca hai
bién déu la dinh lvgng (quantitative) (VD chiéu cao, diém sé), ta dung bi€u dé phan tan, hé s&
twong quan, va héi quy tuyén tinh - ndi dung chiém phan I&n chuong nay.

2.1.1 Two-way tables and marginal distributions

A two-way table (or contingency table) displays counts of individuals classified by two categorical
variables simultaneously - one variable defines the rows, the other defines the columns. Each entry
in the body of the table is a joint count: the number of individuals falling into that specific combina-
tion of row category and column category. Row and column totals (and the grand total in the corner)
are added around the edges of the table.

Two-way table: class year and transportation

A college surveys 400 students, recording each student’s class year (Underclassman or Upper-
classman) and primary mode of transportation to campus (Walk, Drive, or Bus).

Walk Drive Bus Total

Underclassmen 90 60 50 200
Upperclassmen 30 140 30 200

Total 120 200 80 400
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The marginal distribution of a single variable is found from the totals in the margins of the
table (as percentages of the grand total), ignoring the other variable entirely.

. T 200 200
Marginal distribution of class year: Underclassmen = 100 = 50%, Upperclassmen = 100~ 50%.

120 200 80
Marginal distributi jion: Walk = — = , Drive = — = ,Bus = — =
20c(;rgma distribution of transportation: Wa 100 30%, Drive 100 50%, Bus 100
0.

Marginal distribution: the distribution of one categorical variable alone, computed from the
row totals or column totals divided by the grand total. It says nothing about the relationship
between the two variables.  Joint distribution: the distribution of the combination of both
variables at once - each cell count divided by the grand total.

. GIAI THICH TIENG VIET

\

Phan bé bién (marginal distribution) Ia phan bo cia MOT bién duy nhat, tinh tir tong hang
ho3c téng c6t chia cho téng I6n (grand total) - hoan toan bé qua bién con lai. Phan bd két hop
(joint distribution) 1a phan bé clia cap gia tri (bién 1, bién 2) ddong thdi - mbi 6 trong bang chia
cho téng I&6n. Hoc sinh thudng nham hai khai niém nay vai phan bd cé diéu kién (xem muc
tiép theo) - ba loai phan b& nay c6 miu s6 khac nhau: phan bé bién chia cho téng 1&n, phan
bd két hop cling chia cho tng 16m (nhung & tirng 6), con phan bé cé diéu kién chia cho MOT
tong hang hodc MOT tdng cot cu thé.

2.1.2 Conditional distributions and association

A conditional distribution of one variable is the distribution of that variable restricted to just the
individuals who fall into a single category of the other variable - each relevant cell count is divided
by that category’s row (or column) total, not the grand total.

To find the conditional distribution of variable Y given a specific category of variable X: take
each joint count in that row (or column) and divide by the row’s (or column’s) total. Two cat-
egorical variables show an association if the conditional distributions of Y differ noticeably
across the categories of X. If the conditional distributions are nearly identical, the variables
show no association (they behave independently).

Two categorical variables are said to be independent if knowing the category of one variable gives
no additional information about the other - equivalently, every conditional distribution of Y (across
all categories of X) matches the overall marginal distribution of Y. Independence is therefore the
categorical-data counterpart of “no association”: the opposite of independence is exactly the kind
of association this section is built to detect.

Conditional distributions and interpreting association

Using the class-year/transportation table above, find the conditional distribution of transporta-
tion mode given Underclassman, and given Upperclassman, and describe the association.

Given Underclassman (divide the top row by its row total, 200): Walk = % = 45%, Drive
60 50
—200—30%, Bus—%_%%. .

Given Upperclassman (divide the bottom row by its row total, 200): Walk = 200 = 15%, Drive
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= % = 70%, Bus = % = 15%.

The two conditional distributions (45/30/25 vs. 15/70/15) are very different - Underclassmen
walk about three times as often as Upperclassmen (45% vs. 15%), while Upperclassmen drive
more than twice as often (70% vs. 30%). This is strong evidence of an association between
class year and transportation mode: knowing a student’s class year changes what you would

predict about how they get to campus.

100 +
5
> 80 ¢
a
[0}
S ol B walk
c
£ B Drive
E 40 | ! Bus
c
(0]
o
& 20
0 -l

Underclassmen Upperclassmen

Segmented bar chart of the conditional distribution of transportation mode, given class year. The very different segment
heights across the two bars visually confirm the association between class year and transportation mode.

(1) L6i thuwong gap: Birng chia cho sai téng. Khi tinh phan bé cé diéu kién ctia Y cho mét hang
cu thé, phai chia cho téng cta hang dé (VD 200), khéng phai téng I1&n (400). Ngugrc lai, khi tinh
phan bé bién, phai chia t6ng hang/c6t cho téng I6n. Nham mau s6 13 16i phé bién nhat khi lam
bai vé bang hai chiéu. Ngoai ra, d€ két ludn cé association hay khéng, phai so sanh cac phan
bé c6 diéu kién véi nhau (khong phai so sanh cac con sé tuyét déi, vi cdc nhém co thé cé c&
mau khac nhau).

Conditioning in the other direction

Using the same class-year/transportation table, condition on transportation mode instead of
class year: find the distribution of class year given Walk, given Drive, and given Bus.

Given Walk (divide the Walk column by its total, 120): Underclassmen = 20 = 75%, Upper-

30 120
I = — =25%.
classmen 120 5% .
Given Drive (divide the Drive column by its total, 200): Underclassmen = 200 = 30%, Upper-

140
| = — = .
classmen 500 70%

. . . . 50
Given Bus (divide the Bus column by its total, 80): Underclassmen = 0= 62.5%, Upperclass-

30
men = — = 37.5%.
80 %

Walkers are overwhelmingly Underclassmen (75%), while drivers are overwhelmingly Upper-
classmen (70%) - the same underlying association shows up regardless of which variable is
used to condition, though the specific percentages differ depending on the direction chosen.
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Three distributions, three denominators. It helps to keep the three distributions that can be read
from a two-way table straight, since each divides by a different total.

Distribution Denominator used What it describes

Marginal the grand total the distribution of ONE variable alone
(row totals or column totals over the grand
total)

Joint the grand total the distribution of a specific (row category,
column category) pair - one cell over the
grand total

Conditional one row total or one column total the distribution of one variable, restricted

to individuals in a single category of the
other variable

Row percentages and column percentages are simply conditional distributions computed in the
two possible directions - conditioning on the row variable (dividing across each row by its row total)
or conditioning on the column variable (dividing down each column by its column total). Either direc-
tion is valid; the appropriate choice depends on which variable is naturally thought of as explaining
the other.

Association between two categorical variables can also be displayed graphically. A segmented
bar chart (as above) stacks each category’s conditional distribution into a single bar reaching 100%,
making it easy to compare shares directly. A side-by-side (clustered) bar chart instead draws a sep-
arate bar for each category, placed next to each other in groups - useful for comparing raw counts
(or percentages) across groups without forcing everything into a single 100% bar. Both displays are
built from the same conditional distributions; they simply arrange the same information differently.

As with quantitative variables, an observed association between two categorical variables does
not by itself establish that one variable causes the other - a lurking variable could still be responsible
(for example, a study might find an association between a student’s chosen elective and their exam
score, when a lurking variable such as prior interest in the subject actually drives both).

2.2 Scatterplots and Correlation

2.2.1 Describing a scatterplot

A scatterplot displays the relationship between two quantitative variables measured on the same in-
dividuals, with each point representing one individual. We describe a scatterplot using four features:

e Form: does the pattern look linear (following a straight line) or curved (following some other
shape, e.g. a parabola or exponential curve)?

¢ Direction: does y tend to increase as x increases (positive association) or decrease as x increases
(negative association)?

e Strength: how closely do the points cluster around the form? A strong relationship has points
tightly hugging a curve or line; a weak relationship has points loosely scattered.

e OQOutliers: any individual points that fall far from the overall pattern, in either the z-direction, the
y-direction, or both.

Reasoning: describing a scatterplot in words

A scatterplot plots weekly training mileage () against marathon finishing time in minutes (y) for
20 runners. For 19 of the runners, the points decrease from upper left to lower right, hugging
a straight line closely. One runner, however, trained very little (low z) yet still finished with a
fast time (low y), sitting well below where the pattern would predict. Describe this scatterplot
using form, direction, strength, and outliers.
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Form: linear (for the main cluster of 19 runners). Direction: negative - higher weekly mileage is
associated with a faster (lower) finishing time. Strength: strong, since the 19 typical points hug
the line closely. Outlier: the low-mileage runner with an unexpectedly fast time; this single
runner does not fit the overall pattern and would pull the LSRL and r away from what the other
19 points alone would suggest.

2.2.2 Explanatory and response variables

When investigating whether one variable might help explain or predict changes in another, the ex-
planatory variable (independent variable, ) is the one thought to explain or cause changes, and
the response variable (dependent variable, y) is the one thought to be affected. By convention, the
explanatory variable is plotted on the horizontal axis and the response variable on the vertical axis.
Not every pair of variables has a clear explanatory/response role - when there is no such distinction
(e.g. height and arm span), either variable may be placed on either axis.

Identifying explanatory and response variables

For each pair, identify a natural explanatory and response variable, if one exists. (a) Daily hours
of sunlight and daily ice cream sales at a beach shop. (b) Shoe size and height for a sample of
adults.

(a) Hours of sunlight is the natural explanatory variable (z) and ice cream sales the response
(y): sunnier days plausibly drive more ice cream purchases; there is no plausible mechanism
running the other direction.

(b) Neither variable clearly explains the other - both shoe size and height are largely deter-
mined by a person’s overall body size (a common underlying factor). There is no natural causal
direction here, so either variable could reasonably be placed on the x-axis.

2.2.3 The correlation coefficient »

The correlation coefficient »r measures the strength and direction of a linear relationship: —1 <
r < 1. ris unitless, unaffected by which variable is x or y, and unaffected by unit changes -
but r is not resistant to outliers and only measures linear association.

GIAI THICH TIENG VIET
r chi do mirc d6 tuyén tinh: r gan +1 |3 quan hé tuyén tinh manh,  gan 0 c¢6 thé van |3 quan
hé rat manh nhung phi tuyén (vi du hinh parabol).  khéng déi khi déi don vi do, khéng cé don
vi, va bi anh huéng manh bai outlier - khéng "resistant”.

Reasoning: estimating r from a description

A scatterplot of a used car’s age (in years, z) versus its resale value (in dollars, ) shows points
that fall very close to a downward-sloping line, tightly clustered with no obvious curvature and
no outliers. Estimate the sign and approximate size of r.

As the car’s age increases, resale value decreases - a negative association, so » < 0. Because
the points are described as tightly clustered around a straight line (a strong, clean linear pat-
tern with no outliers pulling the fit off), » should be close to —1 - a reasonable estimate is
something like r ~ —0.90 to —0.97. (If the description instead said the points were loosely
scattered around a downward trend, a more modest magnitude such as r ~ —0.4 would be
more appropriate.)

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 40



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

How one outlier can transform r

Five points follow a perfectly straight line: (1,40), (2,50), (3,60), (4,70), (5,80) (indeed y =
30 + 10z exactly for each point), so » = 1 for this data set. A sixth point, (6, 20), is now added
- far below where the pattern would predict (the line would predict y = 30 + 10(6) = 90 at
x = 6, but the actual value is only 20).

Recomputing r for all six points gives » = 0 exactly: a single poorly-placed point took the
correlation from perfect positive (r = 1) all the way down to no linear association at all (r = 0).
This demonstrates concretely why r is described as not resistant: because r is built from every
point’s squared and cross-product deviations, one point far from the pattern can dominate the
calculation and swing r dramatically, especially in a small data set.

2.2.4 Computing r from raw data

The properties above describe how r behaves, but r can also be computed directly from raw data
using standardized values (z-scores).

1 " Ry .
P = Z (IZ x) (y’ y) In words: standardize every z-value and every y-value
n—1 S S

(convert to z-scores), multiply zach pair of z-scores together, sum the products, and divide by
n—1. Points where x and y are simultaneously above average (or simultaneously below average)
contribute a positive product; points where one is above average while the other is below
contribute a negative product - which is why a consistent positive pattern drives r toward +1

and a consistent negative pattern drives r toward —1.

Computing r by hand with z-scores

Find r for (1,2),(2,3),(3,5), (4,4), (5,6).

x = 3, y = 4, and both standard deviations equal s, = s, = V2.5 ~ 1.581 (each set of

deviations is —2,—1,0, 1, 2, so both variances equal #9144 — 2 5),

Ty oz =t g, = y;yg A
1 2 —1.265 —1.265 1.600
2 3 —0.632 —0.632 0.400
3 5 0.000 0.632 0.000
4 4 0.632 0.000  0.000
5 6 1.265 1.265 1.600

. 3.600  3.600
Summing the last column: 1.600+0.4004-0.000+0.00041.600 = 3.600. Sor = 1= 4 =

0.900 - matching what the strong, tightly-clustered upward pattern in the data_suggests.

In practice, r is almost always obtained from a calculator or software rather than by hand, since
the z-score computation grows tedious for larger data sets - but the z-score formula is what deter-
mines the properties of r discussed earlier (unaffected by units, symmetric in = and y, sensitive to
outliers).

GIAI THICH TIENG VIET
Cong thirc r = —5 3" z, 2, cho thay ban chat ctia 7: moi diém dir liéu dugc "chuan hoad” thanh
hai z-score (do do léch so v&i trung binh theo don vi dé 1éch chuan), réi nhan hai z-score lai.
Néu 2 va y CUNG cao hon trung binh (hodc CUNG thap hon trung binh) tai nhiéu diém, tich
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z,%, da s6 duong = r duong. Néu mot bién cao trong khi bién kia thap, tich am = r am. Day
cling 1a ly do r khong c6 don vi: z-score da "khir” don vi gbc cta = va y.

2.2.5 Correlation, causation, and lurking variables

A strong correlation (or a high r2) never by itself proves that = causes y. There are three broad
explanations for an observed association between x and y: (1) = genuinely causes y; (2) the causation
actually runs the other direction, y causes z; or (3) a lurking (confounding) variable - a variable not
measured in the study - influences both z and y, creating an association between them even though
neither causes the other directly.

Reasoning: identifying a lurking variable

Across many cities, the number of firefighters dispatched to a fire and the dollar amount of
property damage caused by that fire are strongly positively correlated. Does sending more
firefighters cause more damage? Identify a lurking variable that better explains the association.

Itis not that firefighters cause damage - rather, the size (severity) of the fire is a lurking variable
that drives both quantities: a larger, more severe fire requires dispatching more firefighters and
independently causes more property damage before it can be contained. The size of the fire,
not the number of firefighters, is the common cause behind the strong positive correlation.

(1) L6i thueng gap: Tuong quan manh (hodc r2 cao) khéng chirng minh nhan qua (correlation
is not causation). Hai bién c6 thé twong quan manh vi (1) = thuc su gay ra y, (2) y gay ra
(chiéu nguoc lai), hodc (3) mot bién gay nhiéu (lurking/confounding variable) tic dong Ién ca
hai. Vi du kinh dién: sé lugng linh cliru hod dugc diéu dén va thiét hai cia dam chay tuong
quan duvong manh - khoéng phai vi linh clru hoa gay ra thiét hai, ma vi do I6n ctia dam chay la
bién gay nhiéu tac dong |én ca hai. Ngoai ra, luén kiém tra biéu d6 phan du (residual plot, xem
phan sau): néu phan du cé dang cong, mé hinh tuyén tinh khéng phu hop du r cé thé van 16n.

2.3 Least-Squares Regression

2.3.1 The regression equation

When a scatterplot shows a reasonably linear pattern, we can summarize it with a line that best fits
the data: the least-squares regression line (LSRL).

S
LSRL: § = a + bz, where b = r - S—y (slope) and a = y — bz (intercept). Residual = observed —

x
predicted = y — 7. 7?2 (coefficient of determination) = the fraction of variation in y explained
by the linear model on z. The LSRL is called “least-squares” because, among all possible lines,
it is the one that minimizes the sum of the squared residuals, > (y — 7)2.
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Study hours ()
Scatterplot of exam score vs. study hours with the least-squares regression line overlaid: a strong, positive, linear
association.
Vi du mau - Worked example
Summary statistics for study hours (z) and exam score (y): z = 5, s, = 2,y = 75, s, = 8,
r=0.9.
8 ~
Slope: b = 0.9 - = = 3.6. Intercept: « = 75 —3.6(5) = 75 — 18 = 57. So y = 57 + 3.6x.

Interpretation of slope: for each additional hour studied, predicted exam score increases by
about 3.6 points, on average. Predicted score at + = 6: § = 57 + 3.6(6) = 78.6. If the
actual score at x = 6 was 80, the residual is 80 — 78.6 = 1.4 (the LSRL underpredicted). Also
r? = 0.92 = 0.81: about 81% of the variability in exam score is explained by the linear model
on study hours.

- GIAI THICH TIENG VIET
LSRL viét duéi dang § = a + bx: b (hé s gbc) cho biét y du doadn thay déi bao nhiéu khi z
tang 1 don vi; a (hé s6 chdn) Ia gid tri § dw doan khi z = 0. Céng thirc b = r - s, /s, nghia la he
s8 goc ludn cung diu vaéi r. LSRL 13 dudng "tét nhat” theo nghia: téng binh phuong phan duw
S (y — §)? 13 nhé nhat trong tat ca cac dudng thang c6 thé vé qua dir liéu - day 13 ly do tén
goi "binh phuong téi thiéu” (least squares).

2.3.2 Interpreting slope and intercept in context

Every slope and intercept should be interpreted in the context of the problem, using the units of the
variables involved - a bare number like “3.6" is not a complete interpretation.

Slope interpretation template: “For each additional [one unit of z], the predicted [y, in its units]
[increases/decreases] by about [|b|], on average.” Intercept interpretation template: “When
[z = 0], the predicted [y] is about [a].” The intercept is only meaningful if z = 0 is a realistic, or
at least plausible, value within (or near) the range of the data - otherwise it is simply the point
where the fitted line happens to cross the y-axis, with no practical meaning.

In the study-hours example, the slope b = 3.6 means: for each additional hour of studying,
predicted exam score increases by about 3.6 points, on average. The intercept a« = 57 would literally
mean a student who studies 0 hours is predicted to score about 57 - since z = 0 is not far outside
the observed study-hour range (2 to 9 hours), this interpretation is at least plausible, though still an
extrapolation (see below).
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Interpreting slope and intercept together

A biologist records a cricket’s chirp rate (z, chirps per 15 seconds) and the outdoor temperature
(y, in °F) on five occasions: (20, 60), (24, 61), (28,73), (32,81), (36,90). Summary statistics: z =
28, s, ~ 6.32,y = 73, 5, ~ 12.90, r ~ 0.980. Find the LSRL and interpret both the slope and
the intercept in context.

Sy 12.90 _ _
b = r-S— = 0.980-@ ~ 2.00. a = y—br = 73 —2.00(28) = 73 — 56 = 17.00. So
§ = 17.00 + 2.00.
Slope: for each additional chirp per 15 seconds, predicted temperature increases by about 2°F,
on average.
Intercept: literally, a cricket chirping 0 times per 15 seconds would predict a temperature of
about 17°F - but z = 0is far below the observed chirp rates (20 to 36), so this is an extrapolation
and the number 17°F should not be trusted as a real prediction (crickets typically stop chirping
altogether at low temperatures well above 17°F, so the linear pattern almost certainly breaks
down long before z = 0).

As a useful check, notice that y(z) = 17 + 2(28) = 73 = y exactly - the LSRL always passes

through the point (z, y), regardless of the data set, since a = y — bz was constructed precisely
so that this holds.

2.3.3 Reading regression output from technology

In practice, the LSRL, 2, and s are usually produced by a calculator or statistical software rather
than computed by hand from summary statistics. Output is typically displayed in a table like the one
below.

Reading computer regression output

Software output for the cricket-chirp data above:

Predictor  Coef
Constant 17.00 5=2944  R-sq=196.1%
Chirps 2.00

Write the LSRL, and find r (with the correct sign).

The row labeled “Constant” gives the intercept ¢ = 17.00, and the row labeled by the ex-
planatory variable (“Chirps”) gives the slope b = 2.00, so §y = 17.00 + 2.00z - matching the
hand calculation above. S = 2.944 is the residual standard deviation s, and R-sq = 96.1%
is 72 = 0.961. Since software output reports R-sq (not r itself) and does not display a sign,
recover r by taking a square root and attaching the sign of the slope: r = +1/0.961 ~ 0.980
(positive, since b = 2.00 > 0).

2.3.4 Prediction, interpolation, and the danger of extrapolation

Once a LSRL is fitted, it can be used to predict a value of y for a given value of x by substituting into
7y = a + bx. Predicting for an z-value within the range of the observed data is called interpolation
and is generally reliable. Predicting for an x-value outside the range of the observed data is called
extrapolation, and is unreliable - there is no evidence the same linear pattern continues beyond the
data that was actually collected. In the cricket example, predicting temperature at x = 30 chirps
(within the observed range of 20 to 36) is interpolation: § = 17 4+ 2(30) = 77, i.e. 77°F, a trustworthy
prediction. Predicting at z = 5 chirps or z = 60 chirps would be extrapolation, since both fall outside
the observed range.
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The danger of extrapolation

Using the study-hours model § = 57 + 3.6z (fit to data ranging from about z = 2toz = 9
hours), predict the exam score for a student who studies z = 40 hours, and comment on the
reliability of this prediction.

y = 57 + 3.6(40) = 57 + 144 = 201. This predicted score of 201 points is obviously impos-
sible if the exam is scored out of 100 points. The value x = 40 is far outside the observed
range of study hours (2 to 9), so this is a severe extrapolation: nothing in the data justifies
assuming the same linear trend (roughly 3.6 points per hour) continues indefinitely - in reality,
additional studying almost certainly shows diminishing returns well before 40 hours, and the
true relationship (if it could even be measured that far out) is very unlikely to still be a straight
line.

(') L6i thueng gdp: Ngoai suy (extrapolation) 1a dung LSRL dé du doan tai mét gia tri z ndm
ngoai pham vi dir liéu quan sat duogc. Khong cé gi dam bao xu huéng tuyén tinh van ding bén
ngoai pham vi d6 - du doan cé thé voé ly (nhu diém thi vuot qua thang diém) hodc don gian
la sai vi mai quan hé thuc té€ déi dang (VD khéng con tuyén tinh, cé "diminishing returns”, dat
tran, v.v.). Ludn kiém tra: gia tri = can du doan cé nam trong khoadng dir liéu géc hay khéng,
trude khi tin twéng vao g.

2.4 Residuals and Residual Plots
2.4.1 The residual and the residual plot

A residual is the vertical distance between an observed data point and the LSRL: residual =
y — y = observed — predicted. A positive residual means the LSRL underpredicted that point
(the actual value was higher); a negative residual means the LSRL overpredicted it. For the true
least-squares line, the residuals always sum to (approximately) zero. A residual plot graphs the
residuals (vertical axis) against the explanatory variable z (horizontal axis), with a horizontal
reference line at residual = 0.

- GIAI THICH TIENG VIET
Phan du (residual) = gia tri thuc té — gia tri dw doan = y — 7. Phan du duong nghia 1a LSRL dw
doan thap hon thuc t&; phan du am nghia la LSRL du doadn cao hon thuc té€. Biéu dé phan duw
(residual plot) vé cac phan du theo z, kém mét dudng ngang tai 0 - day la cong cu quan trong
nhat dé kiém tra xem mo hinh tuyén tinh cé thuc su pht hop hay khéng, ngay ca khi r tréng
c6 vé Ién.

Constructing a residual plot

A trainee’s push-up count y is recorded at the end of each week = = 1,...,8 of a training
program: (1,5),(2,8),(3,9),(4,13),(5,14),(6,16),(7,20), (8,21). Summary calculation gives
the LSRL § ~ 2.857 4 2.310z (using z = 4.5, y = 13.25, s, ~ 2.449, Sy A 5.701, r ~ 0.992,
sob=r-s,/s, ~23l0and a = y — bx ~ 2.857). Compute the residuals and comment on
whether a linear model is appropriate.
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x y(observed) ¢ (predicted) residual
1 5 5.17 —0.17
2 8 7.48 0.52
3 9 9.79 —0.79
4 13 12.10 0.90
5 14 14.40 —0.40
6 16 16.71 —0.71
7 20 19.02 0.98
8 21 21.33 —0.33

The residuals bounce back and forth between roughly —0.8 and +1.0 with no obvious trend or
curve as z increases (and they sum to 0, as expected for a true LSRL). This random, patternless
scatter around zero confirms a linear model is appropriate for this data.

1+ py °
[ ]
©
>
2 o brrm——mtr—
$ °
[a'4 ° °
° [ ]
—1+
0 2 4 6 8
Week (z)

Residual plot for the push-up data: residuals scatter randomly above and below zero, with no curve or fan shape,
confirming that a linear model is a reasonable fit.

2.4.2 Reading patterns in a residual plot

A residual plot’s shape reveals whether the linear model is trustworthy, independent of how large r
or 2 happens to be.

Random scatter around zero, with no trend or curve = the linear model is appropriate.
Curved pattern (e.g. a U-shape or arch) = the true relationship is not linear - a curve fits
the data better than a line, even if r looks high.  Fan or funnel shape (residuals spreading out,
or narrowing, as x increases) = non-constant variance: the linear model’s predictions become
less (or more) precise across the range of z.

° L4 °
° ® ° o °
°
,,,,,,,,,,,,,,,,,,,,,,,,,,, ® o _____ ,g.,,,,t,,,,,,,,,,,,,,,,
° L4 °
° ° °
L4 °
° ° °
°
Random scatter Curved pattern Fan / funnel shape
linear model OK linear model NOT appropriate non-constant variance

Three canonical residual-plot patterns. Left: random scatter around zero - the linear model fits well. Middle: a clear
curve - the true relationship is not linear. Right: a fan (funnel) shape - the spread of residuals is not constant across .
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A high r with a clearly curved residual plot

Consider (1,1), (2,4), (3,9), (4,16), (5,25) - thatis, y = 22. A straight-line fit gives § = —7+6x
with 7 ~ 0.981 - a correlation that looks very strong. Compute the residuals and evaluate
whether the linear model is really appropriate.

Predicted values: at x = 1,...,5, y = —1,5,11,17,23. Residuals: 1 — (—1) = 2;4 -5 = —1;
9—11=—-2;16 — 17 = —1; 25 — 23 = 2. The residuals form the sequence +2, -1, -2, —1, +2:
they start positive, dip negative in the middle, then rise back to positive - a textbook U-shaped
curve, not random scatter. Even though r ~ 0.981 looks impressively strong, the residual plot
reveals the true relationship is curved (in fact exactly quadratic), so a straight line is not the
right model here. This is exactly why a high correlation alone is never sufficient evidence that
a linear model is appropriate - the residual plot must also be checked.

GIAI THICH TIENG VIET

VN
Mot hé s6 7 16m (VD 0.98) KHONG dam bdo mé hinh tuyén tinh 1a ding - vi du y = z2 cho
r ~ 0.981 nhung bi€u d6 phan du cé dang chir U rd rét (+2, —1, —2, —1, +2), cho thay quan hé
thuc chat 1a parabol chir khéng phai dudng thang. Vi vay quy trinh chuan khi phan tich hoi
quy ludn 13: (1) tinh LSRL va r, ROI (2) b3t budc vé va kiém tra biu d6 phan du trudc khi két
ludn Mo hinh tuyén tinh phu hop.

2.5 The Coefficient of Determination 2 and the Standard Deviation of the Residuals s
2.5.1 Interpreting 2 in context

r2, the coefficient of determination, is the proportion (or percent) of the variability in the re-
sponse variable y that is explained by the least-squares regression on the explanatory variable

z. It is always between 0 and 1 (0% and 100%), and it is simply the square of the correlation
coefficient r.

Vi du miu - Worked example

A regression of house price (y, in $1000s) on square footage (z) gives § = 25 + 0.12z with
r? = 0.72. Interpret 2 in context.

About 72% of the variability in house price is explained by the linear relationship with square
footage. The remaining 28% of the variability in price is due to other factors not captured by
square footage alone (location, age, number of bathrooms, condition, and so on) - as well as
ordinary scatter around the line. Note that 2 describes the overall fit of the model across all
houses in the data; it says nothing about any single house’s price, and it is not the same number
as r itself: here r = v/0.72 ~ 0.85, not 0.72.

GIAI THICH TIENG VIET
r2 tra |&i cau hoi: "md hinh tuyén tinh giai thich dugc bao nhiéu phan trdm su bién thién cua
y?" - day 1a mét con s6 mo ta dé phu hgp ctia ca md hinh, khéng phai mot du doan cho tirng
ca thé rieng l&. Luu y 72 ludn khéng am (tir 0 dén 1), khac véi  ¢6 thé Am - nén khi biét 2, ta
chi biét ¢ manh cta quan hé tuyén tinh, khong biét duoc chiéu (duong hay am) trir khi dugc
cho biét thém dau cua hé s6 goc b.
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2.5.2 The standard deviation of the residuals s
While 2 describes fit as a percentage, the standard deviation of the residuals, s, describes the typical
size of a prediction error in the original units of y.
_ 2y —9)? . : . . .
s=\ T where n is the number of data points. Roughly speaking, s is the typical

n —
(“give or take”) distance between an observed y-value and the value the LSRL predicts for it -
the typical prediction error.

Computing s

For the push-up training data above (n = 8), the residuals were
—0.17, 0.52, —0.79, 0.90, —0.40, —0.71, 0.98, —0.33. Find and interpret s (and check r?
for this same fit).

Squaring and summing: 0.172 + 0.522 + 0.792 4+ 0.902 + 0.40% + 0.71% + 0.982 + 0.332 ~ 3.476.

4
Then s = 2772 = +/0.579 =~ 0.761. Predictions from this LSRL are typically off by about

0.76 push-ups. (For reference, r ~ 0.992 here, so r? ~ 0.985: about 98.5% of the variability
in push-up count is explained by week number - a very strong fit, consistent with the small
value of s.)

- GIAI THICH TIENG VIET
s (d6 léch chu3n phan du) cho biét sai s6 du doan dién hinh, tinh bang ddng don vi cta y -
khac véi 2 13 mot ti 1é phan tram khéng don vi. Cong thirc s = \/Z(y —19)?/(n—2) tuong ty
dé léch chuan théng thudng nhung chia cho n — 2 (vi da "dung mat” 2 bac tu do dé udc lugng
a vab). s cang nho, cac diém dir liéu cang bam sat dudng LSRL, va du doan cang dang tin cay.

Where 2 comes from. The total variation in y can be split into two pieces: variation the line
explains, and variation left over as scatter around the line. Writing SST = " (y —y)? (total variation
iny)and SSE = > (y — 7)? (leftover variation, the sum of squared residuals), it can be shown that

SSE
2=1-===.
" SST
For the push-up data, SSE ~ 3.476 (computed above) and SST = > (y — y)? ~ 227.5 (using y =
3.476 . . . .
13.25). Sor? ~ 1 — 997 s 1—0.0153 ~ 0.9847 - matching r? ~ 0.985 obtained directly by squaring

r ~ 0.992. This confirms, numerically, that 2 really is the fraction of the total variation in y that
the linear model accounts for: here, only about 1.5% of the total variation in push-up counts is left
unexplained (residual scatter).

2.6 Outliers and Influential Points in Regression

In the context of regression, “unusual” points come in two different, sometimes overlapping, flavors,
and it is essential to tell them apart.

An outlier (in regression) is a point with a large residual - it lies far from the pattern followed
by the rest of the data, vertically.  An influential point is a point whose removal would sub-
stantially change the LSRL (its slope and/or intercept) - influential points typically have an
extreme z-value (far from z), giving them high leverage to pull the line toward themselves. A
point can be an outlier, influential, both, or neither - and, surprisingly, an influential point does
not need to have a large residual once it is included in the fit.
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A large-residual point that is not influential

Basedata: (1,2),(2,3),(3,3),(4,5), (5,4),givingz = 3, LSRLy = 1.6+0.6x, r ~ 0.832. Suppose
a sixth point, (3,12), is added - note its z-value, 3, equals = exactly. Find the new LSRL and
comment.

Recomputing with all six points: the new mean is still z = 3 (since % = 3), so the added

point’s deviation from the mean, z — z = 0, contributes nothing to the slope calculation (b =
Sz —2)(y — )/ > (x — z)? - a zero z-deviation multiplies every term involving this point
by 0). The new LSRL is § ~ 3.033 + 0.6x: the slope is unchanged at 0.6, only the intercept
shifted (from 1.6 to about 3.03) and r dropped sharply (from 0.832 to about 0.232, since the
point clashes badly with the pattern). The predicted value at z = 3 is now about 4.83, so this
point’s residual is 12 — 4.83 ~ 7.17 - a huge outlier by residual - yet it barely influenced the
slope at all, because a point sitting exactly at = has zero leverage.

An influential point with high leverage

Using the same base data (1,2),(2,3),(3,3),(4,5),(5,4) (§ = 1.6 + 0.6x), suppose instead a
point far out at x = 15 is added: (15, 20). Find the new LSRL and comment.

Recomputing with this point included: z = 5, §y ~ 6.17, and the new LSRL is § ~ —0.45 + 1.32x
(with » ~ 0.984). The slope more than doubled, from 0.6 to about 1.32 - a dramatic change
caused by a single point. Checking this point’s own residual under the new line: predicted
value at z = 15 is —0.45 4 1.32(15) ~ 19.40, so the residual is only 20 — 19.40 ~ 0.60 - quite
small! This point does not stand out as an outlier once it is included (the line has been pulled
toward it), yet it is clearly influential: removing it swings the slope back down to 0.6. The key
giveaway is its extreme z-value (15, far from the other points’ range of 1 to 5), which gives it
strong leverage over the fitted line.

20 + ) Base points A
A Added point (15, 20)

- — — LSRL without added point

——— LSRL with added point

15 +

0 2 4 6 8 10 12 14 16

Adding a single point with an extreme z-value tilts the LSRL substantially (dashed vs. solid pink line): a clear case of an
influential point.

(1) L6i thueng gdp: Dlng danh dong "diém ngoai 1é (outlier)” véi "diém anh hudng (influential
point)”. Outlier chi néi vé phan du 16n (diém ndm xa md hinh theo phuong thang ding) -
mot outlier & gan z c6 thé gan nhu khéng dnh hudng dén hé sé gbc. Influential point néi vé
viéc loai bo diém dé lam thay déi dang ké LSRL - thudng do diém cé gia tri = cuc doan (don
bay/leverage cao), va mot diém cé thé anh huédng manh du phan du ctia no (sau khi da tinh ca
né vao mé hinh) lai kha nhé. Cach kiém tra chac chan nhat: tinh lai LSRL ¢6 va khéng c6 diém
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Feature Outlier Influential point
Defined by a large residual (far from the pattern ver- a substantial change in the LSRLs
tically) slope/intercept when the point is re-
moved
Usual cause a y-value inconsistent with the rest of the an extreme z-value (far from z), giving

Pointatz =z

Residual once in-
cluded
How to confirm

data
can still be a large-residual outlier

typically large

inspect the residual plot for a point far
from 0

high leverage

has essentially zero leverage - cannot be
influential on the slope

can be small (the line may already be
pulled toward the point)

refit the LSRL with and without the point;
compare a and b

Putting the two ideas together, every unusual point falls into one of four categories: a typical
point (neither an outlier nor influential - it fits the pattern and sits near z); an outlier only (large
residual, but near z, like the (3,12) point above - low leverage means the slope barely moves); an
influential point only (extreme z-value that pulls the line toward itself, ending up with a small resid-
ual once included, like the (15,20) point above); and a point that is both an outlier and influential
(extreme z-value and a large residual even after the line is refit) - this last case is the most damaging,
since the point both distorts the LSRL substantially and remains poorly fit by the resulting line.

- GIAI THICH TIENG VIET
Bdn kha nang khi cé6 mot diém bat thudng trong hoi quy: (1) di€m binh thuéng - khéng phai
outlier, khéng anh hudng; (2) chi la outlier - phan du I&n nhung = gan z nén hau nhu khéng
déi hé sb goc; (3) chi 1a influential - z cuc doan nén "kéo” dudng hdi quy vé phia no, va sau
khi tinh vao mé hinh thi phan du cta chinh né lai nhé; (4) vira |3 outlier vira influential - x
cuc doan VA phan du van I&n ngay ca sau khi d3 tinh vao mé hinh - day 13 truong hop dang
lo ngai nhat.

2.7 Transforming Data to Achieve Linearity

2.7.1 Exponential growth and the logarithmic transformation

Not every relationship between two quantitative variables is linear. When a scatterplot of y versus x
curves upward at an increasing rate - consistent with exponential growth, y = a - b* - a logarithmic
transformation can straighten the pattern so that least-squares regression can be applied.

If y = a - b® (an exponential model), then taking the natural log of both sides gives Iny =
Ina + 2Inb - alinear equation in x and Iny. So: (1) transform the data by computing Iny for
each point; (2) fit the LSRL of Iny on z, giving Iny = a; + b, z; (3) if the transformed scatterplot
is linear (and its residual plot shows random scatter), the exponential model fits, and translating
back: a = e, b = eb1, giving j = a - b® = e - (ebl)x.

. GIAI THICH TIENG VIET

Khi bi€u d6 phan tan y theo x cong l1én nhanh dan (ting trudng ma, exponential), ta khéng thé
4p dung LSRL truc ti€p. Giai phap: 13y Iny (log tu nhién), vé lai bi€u dé phan tan cua Iny theo
z - néu biéu dé méi thang hang, mé hinh mi y = a - b* phu hgp. Sau khi hdi quy Iny theo =
dugc Iny = a, + b, z, "dich nguoc” lai bang cach 18y ma hai vé: a = e™ (gia trj ban dau, (ng
vGi z = 0) va b = e (hé s6 ting truéng mbi don vi z).
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Linearizing exponential growth

A biologist counts a bacterial colony’s population y (in thousands) at the end of each hour
x=0,1,2,3,4,5: y = 3,6, 11, 24, 47, 95. The scatterplot of y vs. x curves sharply upward.
Apply a log transformation, fit a line, and translate back to an exponential model.

Step 1 - transform: Iny = 1.0986, 1.7918, 2.3979, 3.1781, 3.8501, 4.5539 for z = 0,...,5 re-
spectively.

Step 2 - fit the LSRL of Iny on z: using 7 = 2.5, Iny ~ 2.812, s, ~ 1.871, Siny ~ 1.296, and
r ~ 0.99997 (essentially perfect - confirming the transformed data is very linear), the slope is
b, ~ 0.692 and intercept a; ~ 1.081, so Iny = 1.081 + 0.692z.

Step 3 - translate back: a = ¢!'98! ~ 2.95 and b = €92 &~ 2.00, giving the exponential model

7~ 2.95 - (2.00).

Since b ~ 2.00, the model says the colony’s population roughly doubles every hour - consistent
with the data (population values are close to doubling at each step). Using the model to predict
atz = 6: § ~ 2.95(2.00)% ~ 2.95(64) ~ 188 thousand.

Original data: curved Transformed: linear
100 & °
)
[t 80 + 4+
P —
2 5
3 | .
£ 60 fg
c hd 8—
2 40 2?7
o [
3 20} -
g . °
0o * 1 0 : : :
0 2 4 0 2 4
Hours (x) Hours (x)

Left: the original population data curves sharply upward. Right: plotting In y against x straightens the pattern almost
perfectly, confirming an exponential model.

After fitting a transformed regression, it is still important to check the residual plot of the trans-
formed fit (residuals of Iny versus x) for random scatter - the same diagnostic used throughout
this unit, now applied on the transformed scale. For the bacterial-growth data, the residuals of
Iny = 1.081 + 0.692z are 0.018, 0.019, —0.068, 0.020, —0.000, 0.011 for z = 0, ..., 5: all small, with
no systematic curve, confirming that the exponential model - not merely a coincidentally high r -
genuinely fits this data.

2.7.2 Power models and the log-log transformation

A second common curved pattern is the power model, y = a - z? (for = > 0), which arises in contexts
like scaling laws (e.g. an animal’s metabolic rate as a power of its body mass). Power models are
linearized differently than exponential models: instead of transforming only y, both variables are
log-transformed.

If y =a-2?, thenlny =Ina + plnz - linear in Inz and Iny. So: plot Iny versus In x (a log-log
transformation); if that scatterplot is linear, fit Iny = a, + b, Inz. Then the exponent is simply
p = b, (the slope), and a = e, giving § = a - zP.
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Recovering a power model from log-log regression

A log-log regression (base-10 logs) on a data set gives logy = 0.30 + 0.50log z. ldentify the
power model § = a - xP.

Here the slope is p = 0.50 and the intercept converts as a = 10°3° ~ 1.995 ~ 2.00. So the
fitted power model is j ~ 2.00 - 2% = 2.00,/z - a square-root relationship between x and .

Reasoning: exponential or power model?

Two researchers each have a curved scatterplot. Researcher A’s data starts near y = 0 when
x is near 0 and grows at a fairly steady percentage rate as x increases (each additional unit
of z multiplies y by roughly the same factor). Researcher B’s data is only defined for » >
0, passes near the origin, and grows more slowly in percentage terms as z gets large (each
doubling of = multiplies y by roughly the same factor, rather than each added unit of ). Which
transformation - Iny only, or log-log - is more appropriate for each?

Researcher A: growth by a constant multiplicative factor per added unit of x is the signature of
exponential growth (y = a - b*), so only Iny should be transformed (plot Iny vs. z).
Researcher B: growth that depends on ratios of = (each doubling of = multiplies y by a fixed
factor) is the signature of a power model (y = a - zP), which calls for the log-log transformation
(plot Iny vs. In z).

- GIAI THICH TIENG VIET
M6 hinh Iy thira (power model) y = a - 2P khac md hinh m{ & chd s6 mi ndm & x, khéng phai
& hang s6. D& tuyén tinh hoa, phai Iy log & CA HAI bién (Inz va Iny), khéng chi y nhu mé
hinh md. Sau khi h6i quy Iny theo In x dugc hé s6 goc b,, do chinh la s6 ml p ctia mo hinh géc;
hé s6 chan a, chuyén nguoc lai bang a = e (hodc 10% néu dung log co s6 10).

Feature Exponential model y = a - b* Power model y = a - «?

Raw scatterplot curves upward (or decays) faster and  curves following a power law, typi-
faster; multiplicative growth per unit  cally defined for x > 0
X

Transform applied Iny only (z left alone) both Iny and In z (log-log)

Linearized equation Iny=Ina+=xzInb Iny=Ina+plhz

Recovering the a=e", b=¢eh a =e™, p = b, (the slope itself)

model

Key formulas for this unit. Marginal distribution: row/column total + grand total.  Condi-
tional distribution: cell count - that row’s/column’s total.

. 1 T — T y—y
Correlation: r» = ,—l<r<i.
ortelation: r — 13 (=) (=), 1< <

z Yy

LSRL: § = a + bz, b:r-z—y, o= §—bz.

Residual: y — 3.  Coefficient of determination: 2 = 1 — gSTg Residual standard devia-
— G2
tion: s = LW=9" .
n—2

Exponential transform: y = a - b* <= Iny=Ina+xInb. Power transform: y = a - 2? <~
Iny =Ina+plnx.
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2.8 Practice Problems

Bai tap luyén tap

For a bivariate data set, z = 12, s, = 3,y = 50, s, = 12, and r = —0.75. What is the LSRLs
slope, and what does the sign mean?

(A) b = —3; as x increases, y tends to de- crease

crease (C) b = 3; as x increases, y tends to decrease

(B) b = —3; as x increases, y tends to in- (D) b = 0.75; no relationship

Lai giai chi tiét

S 12 . . .
b=r--2=-075- 5 = —0.75(4) = —3. Since the slope is negative, y tends to decrease as
S

xT
x increases. (A).

Bai tap luyén tap

A regression of house price (y, in $1000s) on square footage (x) gives § = 25 + 0.12z with
r2 = 0.72. Which interpretation is correct?

(A) 72% of houses are priced above average (C) About 72% of the variation in price is
explained by the linear model on square

(B) For each extra square foot, price in- footage

creases by exactly $0.12 (D) The correlationis r = 0.72

Loi giai chi tiét

r? is the proportion of variability in the response (y) explained by the least-squares regression
on z; it is a description of the model’s fit, not a statement about individual houses. (C). (Note:
r =+/0.72 ~ 0.85, not 0.72 - common trap in choice (D).)

Bai tap luyén tap

In the study-hours example above (§ = 57 + 3.6x), a student who studied = 8 hours actually
scored y = 86. Find and interpret the residual.

Loi giai chi tiét
Predicted: y = 57+3.6(8) = 57+ 28.8 = 85.8. Residual = y —y = 86 —85.8 = 0.2. The residual
is small and positive: the LSRL predicted almost exactly right, slightly underestimating this

student’s score by 0.2 points.

Bai tap luyén tap

A survey of 400 smartphone owners records operating system (iOS or Android) and satisfaction
level (Satisfied, Neutral, Dissatisfied):
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Satisfied Neutral Dissatisfied Total

i0S 140 40 20 200
Android 90 60 50 200
Total 230 100 70 400

What percent of ALL 400 respondents are iOS users who reported being Satisfied?

(A) 35% (C) 57.5%
(B) 70% (D) 50%

Loi giai chi tiet
140

This asks for a joint percentage (both conditions at once, out of the grand total): 200 — 35%.

(Choice (B), 70%, is instead the conditional percent of iOS users who are satisfied, 140/200 - a
common mix-up between joint and conditional distributions.) (A).

Bai tap luyén tap

Using the table above, find the marginal distribution of satisfaction level, and the conditional
distribution of satisfaction given Android. Is there an association between operating system
and satisfaction? Explain using the conditional distributions.

Lai giai chi tiét

Marginal distribution of satisfaction (divide column totals by the grand total 400): Satisfied
= 230/400 = 57.5%, Neutral = 100/400 = 25%, Dissatisfied = 70/400 = 17.5%.

Conditional distribution given Android (divide the Android row by its total, 200): Satisfied
= 90,/200 = 45%, Neutral = 60/200 = 30%, Dissatisfied = 50/200 = 25%.

Conditional distribution given iOS (for comparison, divide the iOS row by 200): Satisfied =
140/200 = 70%, Neutral = 40/200 = 20%, Dissatisfied = 20/200 = 10%.

Because the conditional distributions differ substantially between iOS (70/20/10) and Android
(45/30/25), there is an association: iOS owners report being satisfied at a much higher rate
(70%) than Android owners (45%).

Bai tap luyén tap

To assess whether there is an association between two categorical variables displayed in a
two-way table, the correct approach is to:

(A) Compare the two marginal distributions (C) Compare the grand total to each individ-
to each other ual cell count

(B) Compare the conditional distributions of
one variable across the categories of the (D) Compute the correlation coefficient r be-
other tween the two variables

Lai giai chi tiét

Association is assessed by comparing how the distribution of one variable changes across cat-
egories of the other - i.e., by comparing conditional distributions (not marginal distributions,
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which by definition ignore the other variable entirely; and r applies to quantitative variables,
not categorical ones). (B).

Bai tap luyén tap

In the segmented bar chart of transportation mode by class year shown earlier in this unit,
which statement is best supported by the data?

(A) Underclassmen and upperclassmen use (C) A majority of upperclassmen drive to

each mode of transportation at roughly campus (70%), while walking is the most
the same rate common mode among underclassmen
(45%)
(B) A majority of underclassmen drive to (D) Bus is the most common mode of trans-
campus portation for both groups

Lai giai chi tiét

From the conditional distributions computed earlier: Underclassmen walk most often (45%,
the largest of their three categories, though not a majority), while 70% of Upperclassmen - a
true majority - drive. This is a clear association, ruling out (A). Choice (D) is false (Bus is the
least common mode for both groups). (C).

Bai tap luyén tap

A scatterplot of daily hours spent watching TV (z) and GPA (y) for a group of students shows
points loosely scattered, trending downward from upper left to lower right, with considerable
scatter around the overall pattern. Which value of r is most plausible?

(A) »=0.85 (C) r=-0.35

(B) r = —0.85 (D) »=0.35

Loi giai chi tiét
The trend is downward, so » must be negative, eliminating (A) and (D). “Considerable scatter”

around the pattern (not a tight, clean line) rules out a value close to —1, so a modest magnitude
like » = —0.35 is far more plausible than » = —0.85. (C).

Bai tap luyén tap

Suppose the correlation between adults’ height (measured in centimeters) and weight (mea-
sured in kilograms) is » = 0.78. (a) If height were instead measured in inches and weight in
pounds, what would the new correlation be? (b) If the variables’ roles were swapped, with z =
weight and y = height, what would r be? Justify both answers.

Loi giai chi tiét

(@) » = 0.78 still. Correlation is unaffected by a change of units (converting cm to inches and
kg to pounds is a linear rescaling of each variable, and r is unitless).

(b) » = 0.78 still. Correlation is symmetric in z and y - it measures the strength of the linear
association between the two variables regardless of which one is labeled explanatory () and
which is labeled response (y).
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Bai tap luyén tap

Four points follow a perfect line: (1,5), (2,10), (3, 15), (4,20), giving r = 1. A fifth point, (5, 2),
is added. Find the new value of r (using b = 7 - s, /s, and the fact that recomputing gives slope
b = 0.4 and intercept a = 9.2 for the five-point data set; you do not need to derive b and a
from scratch) and comment on what this illustrates about 7.

Lai giai chi tiét

With the new point included, recomputing the correlation for all five points gives r ~ 0.087 -
essentially 0. A single point added far from an otherwise perfect linear pattern collapsed the
correlation from r = 1 (perfect positive) to r ~ 0.087 (essentially no linear association). This is
a dramatic illustration that r is not resistant to outliers, especially in small data sets.

Bai tap luyén tap

Summary statistics for advertising spend (z, in $1000s) and sales (y, in $1000s): z = 20, s, = 4,
j = 150, s, = 30, 7 = 0.6. Find the LSRL.

Loi giai chi tiet
Sy

b 30

ro =L =06 = 0.6(75) = 45. a = j — b = 150 — 45(20) = 150 — 90 = 60. So
S
— 60+ 4.5z.

Bai tap luyén tap

Using §j = 60+4.5x from the previous problem (advertising spend = vs. sales y, both in $1000s),
which is the correct interpretation of the slope?

<)

(A) For each additional dollar spent on adver- (C) When advertising spend is $0, predicted
tising, sales increase by $4.5 sales are $4500

(B) For each additional $1000 spent on ad-
vertising, predicted sales increase by (D) Sales cause advertising spend to increase
about $4500, on average by $4500

Loi giai chi tiét

Both variables are measured in $1000s, so the slope 4.5 means: for each additional $1000
(one unit of x) spent on advertising, predicted sales increase by about 4.5 thousand dollars
($4500), on average. Choice (A) misreads the units; (C) confuses slope with intercept; (D)
wrongly asserts causation and reverses the variables. (B).

Bai tap luyén tap

For the same model y = 60 + 4.5x, the observed advertising spends in the data ranged from
x = 10 to z = 50 (i.e., $10,000 to $50,000). Interpret the intercept a« = 60 literally, and
comment on whether that literal interpretation is trustworthy.
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Loi giai chi tiét

Literally, the intercept says: when advertising spend is $0, predicted sales are $60,000. How-
ever, ¢ = 0 lies outside the observed range of the data ($10,000 to $50,000), so this interpreta-
tion is an extrapolation - there is no evidence the same linear relationship continues down to
z = 0 (a company spending nothing on advertising may behave very differently than the linear
trend among $10,000-$50,000 spenders suggests). The literal number should not be trusted as
a reliable prediction.

Bai tap luyén tap

Using y = 60+4.5z (advertising spend x in $1000s, observed range $10,000 to $50,000), predict
sales when advertising spend is $35,000.

Lai giai chi tiét

x = 35: g = 60 + 4.5(35) = 60 4+ 157.5 = 217.5, i.e., predicted sales of about $217,500. Since
x = 35 is within the observed range (10 to 50), this is interpolation, not extrapolation, so the
prediction is reasonably trustworthy.

Bai tap luyén tap

For the advertising model above, with observed = ranging from 10 to 50, which of the following
predictions would involve extrapolation?

(A) z =15 (C) z =45
(B) x =25 (D) =z =80

Loi giai chi tiét

Extrapolation means predicting outside the range of observed z-values (10 to 50). Only z = 80
falls outside this range; the other three values are all within it. (D).

Bai tap luyén tap

Using § = 60 + 4.5z, an advertising spend of z = 35 ($35,000) actually produced sales of
y = 230 ($230,000). Find the residual.

(A) 12.5 (C) 217.5
(B) —12.5 (D) 230

Loi giai chi tiét

7 = 60 + 4.5(35) = 217.5. Residual = y — § = 230 — 217.5 = 12.5. (A).

Bai tap luyén tap

A residual plot shows points randomly scattered above and below the zero line, with no obvi-
ous pattern, across the entire range of x. What does this indicate?
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(A) The linear model is appropriate (C) The residuals show non-constant vari-
ance

(B) The linear model is not appropriate; the (D) There is a strong correlation between the
relationship is curved variables

Loi giai chi tiét

Random, patternless scatter around zero in a residual plot is precisely the condition that indi-
cates a linear model is a good fit for the data. (A).

Bai tap luyén tap

A residual plot for six data points (x = 1 through 6) has these residuals, in order:
—4, —1,1, 2, 1, —4. Describe the pattern and state its implication for the appropriateness
of the linear model.

Lai giai chi tiét

The residuals rise from negative (—4) up to positive (+2 at the middle) and then fall back to
negative (—4) - an arch shape (concave down), a clear curved pattern rather than random
scatter. This indicates the true relationship between x and y is not linear; a curved model would
fit the data better than a straight line, regardless of how large r might be for the straight-line
fit.

Bai tap luyén tap

A residual plot shows residuals clustered very close to zero for small values of x, but increas-
ingly spread out (both above and below zero) as z increases. What does this pattern indicate?

(A) The linear model is appropriate and no (C) Non-constant variance (a fan/funnel
further action is needed shape): predictions become less precise
as x increases

(B) The relationship between z and y is (D) A strong negative correlation between z
curved, not linear and y

Lai giai chi tiét

Residuals that fan out (or narrow) as = changes indicate the spread of the residuals is not the
same across the range of x - a violation of constant variance, commonly called a fan or funnel
shape, meaning predictions are less reliable in the region where residuals spread out more. (C).

Bai tap luyén tap

The correlation between weekly hours of exercise (z) and reduction in resting heart rate (y, in
bpm) is » = 0.88. Find and interpret 2.

Loi giai chi tiét

r2 = 0.882 = 0.7744, or about 77.4%. About 77.4% of the variability in resting heart rate
reduction is explained by the linear relationship with weekly hours of exercise; the remaining
22.6% is due to other factors and natural scatter.
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Bai tap luyén tap

For a data set with n = 10 points, the sum of squared residuals is 72. Find s, the standard
deviation of the residuals.

(A) 3 (C) 7.2
(B) 9 (D) 8

Loi giai chi tiét

Sy —19)? \/ 72 72
— = = —_— = — .A.
S\/n—Q 10—2 V3 Vo=3.(A)

Bai tap luyén tap

Which of the following best describes an influential point in a regression?

(A) Any point with a large residual (C) A point that lies exactly on the LSRL

(B) A point whose removal would substan-
tially change the slope or intercept of the (D) The single point in the data set with the
LSRL, typically due to an extreme z-value largest y-value

Loi giai chi tiét

-

An influential point is defined by its effect on the regression line if removed, not by the size of
its residual - influential points are typically extreme in z (high leverage), and can even have a
small residual once included in the fit. (B).

Bai tap luyén tap

Base data: (2,5), (4,8), (6,10), (8,15), (10,17) gives LSRL § ~ 1.7 + 1.55z (rr ~ 0.990). A sixth
point, (30, 10), is added; recomputing gives the new LSRL § ~ 10.03 + 0.081z (r ~ 0.185). (a)
By how much does the slope change? (b) Find the residual of the added point (30, 10) using
the new LSRL, and use it, together with part (a), to argue this point is influential.

Lai giai chi tiét

(a) The slope drops from about 1.55 to about 0.081 - a change of about 1.47, essentially flat-
tening the line (more than a 90% reduction). This alone shows the point is highly influential.
(b) Predicted value at = = 30 using the new line: § ~ 10.03 +0.081(30) ~ 10.03 + 2.43 ~ 12.45.
Residual = 10 — 12.45 ~ —2.45 - moderate, not enormous, given the response values in this
data set range up to about 17. So the point’s own fit is not wildly out of line, yet its presence
(due to its extreme = = 30, far beyond the base range of 2 to 10) drastically reshaped the entire
regression - confirming it is influential regardless of how “normal” its residual looks.

Bai tap luyén tap

A scatterplot of y versus x curves sharply upward, increasing faster and faster as x increases.
A scatterplot of Iny versus x, however, is very linear. Which model best describes the original
relationship between x and y?
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(A) Linear model, y = a + bx (C) Power model, y = a - 2P

(B) Exponential model, y = a - b* (D) No relationship exists

Loi giai chi tiét

A relationship that is linearized by taking In y (leaving = untransformed) is the signature of an
exponential model, sincey = a-b* < Iny =Ina+xzInb, linearin z and Iny. A power model
would instead require transforming both variables (log-log). (B).

Bai tap luyén tap

An investment’s value y (in dollars) is recorded at the end of each year x = 0,1, 2, 3, 4 (withz =
0 the initial investment): y = 1000, 1210, 1460, 1770, 2140. The scatterplot curves upward.
Use a log transformation to fit an exponential model, and predict the investment’s value after
6 years.

Loi giai chi tiét

Taking natural logs: Iny ~ 6.9078, 7.0984, 7.2862, 7.4787, 7.6686 for x = 0, ..., 4. Fitting the
LSRL of Iny on z gives (using z = 2, Iny ~ 7.288, and r ~ 0.99999, confirming an excellent
linear fit) slope b, ~ 0.190 and intercept a; ~ 6.908, so Iny = 6.908 + 0.190z.

Translating back: a = €%9°% ~ 1000 and b = €199 ~ 1.21, giving 7 ~ 1000 (1.21)* - consistent
with an investment growing about 21% per year. Predicting at z = 6: j ~ 1000(1.21)¢ ~
1000(3.1298) ~ $3130 (extrapolating two years beyond the observed data, so this prediction
should be treated with some caution, though modest here since it is only slightly beyond the
observed range).

Bai tap luyén tap

To linearize a suspected power model y = a - 2” (with z > 0, y > 0), which transformation
should be applied before fitting a LSRL?

(A) PlotIny versus x (C) Plot Iny versus Inz

(B) Plot y versus Inz (D) Plot 3% versus x2

Loi giai chi tiet

Sincey = a-2? < Iny = Ina + plnz, both variables must be log-transformed (a log-log
plot) to produce a linear relationship, with the resulting slope equal to the power p. (C).

Bai tap luyén tap

Six data points: (1,4),(2,7),(3,9), (4,14), (5,17), (6,19). (a) Find the LSRL. (b) Find r and r2.
(c) Find the residual at z = 3. (d) Even though r is very high here, explain why a residual plot
should still be examined before concluding the linear model is appropriate.

Loi giai chi tiét

(@) Using z = 3.5,y ~ 11.67, s, ~ 1.871, s, ~ 5.680, and r ~ 0.993: b = r - sy/sx ~ 3.14,
a =7 —bT ~ 11.67 — 3.14(3.5) ~ 0.67. S0 jj ~ 0.67 + 3.14z.
(b) r ~ 0.993, so r? ~ 0.986: about 98.6% of the variability in y is explained by the linear model
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on z.
(c) Predicted at = 3: § ~ 0.67 +3.14(3) = 0.67+ 9.42 ~ 10.10. Residual = 9—10.10 ~ —1.10.
(d) A high r (or r2) only measures the strength of a linear association - it does not rule out
systematic curvature. As shown earlier in this unit, data that is exactly quadratic (y = 22) can
still produce r ~ 0.98, yet its residual plot reveals an unmistakable curved pattern. Only the
residual plot can confirm that the scatter around the line is truly random (rather than system-
atically curved or fanning out), which is why checking it is a required step even when r looks
excellent.

Bai tap luyén tap

Find r for (
r=3,9=3, 5,

Lai giai chi tiét

Standardizing: z, = —1.265,—-0.632,0,0.632,1.265 and, matching each point in order, z, =
—1.265,0,—0.632,1.265,0.632. Products z,2,: (—1.265)(—1.265) = 1.600; (—0.632)(0) =

0.000; (0)(—0.632) = 0.000; (0.632)(1.265) = 0.800; (1.265)(0.632) = 0.800. Summing:

3.200  3.200
1.600 + 0.000 + 0.000 + 0.800 + 0.800 = 3.200. So r = —— = —— = 0.800.

5—1 4
Bai tap luyén tap

Across a large collection of countries, per-capita chocolate consumption and the number of
Nobel laureates per capita are found to be strongly positively correlated. Does this mean
eating chocolate causes Nobel-worthy achievement? Suggest a plausible lurking variable.

Loi giai chi tiét

No - this association almost certainly does not reflect a direct causal effect of chocolate. A
plausible lurking variable is a country’s wealth (GDP per capita): wealthier countries tend to
have both higher average chocolate consumption (a discretionary, relatively expensive food in
many regions) and greater investment in education, universities, and scientific research (which
produces more Nobel laureates) - national wealth drives both variables independently, pro-
ducing a strong correlation between them with no causal link running directly from chocolate
to Nobel prizes.

1,1),(2,3),(3,2),(4,5), (5,4) using standardized values (z-scores). (You may use
=5, ~ 1.581.)

Bai tap luyén tap

For a regression with n = 12 data points, SST = Y (y—y)? = 500and SSE = Y (y—1)? = 120.
Find (a) 72 and (b) s, the standard deviation of the residuals.

Lai giai chi tiét

SSE 120 e et . .
(a) 2 :' ~SoT = = T 1—0.24 = 0.76, so about 76% of the variability in y is explained
by the linear model.

SSE 120 120
(b)s_\/n_2_\/12_2_ 1—0_\/ﬁ~3.46.
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Collecting Data

Muc tiéu Unit: Phan biét t&ng thé (population), mau (sample) va khung miu (sampling frame); théng ké
mau (statistic) va tham s& t&ng thé (parameter); cac phuong phap chon mau ngau nhién (SRS, phan tang,
cum, hé théng) va cach thuc hién cu thé; cac ngudn sai léch (bias) trong khdo sat, k& ca hiéu (rng cach
d3t cau héi; ngdén ngir va nguyén tic thiét k& thi nghiém (bién giai thich, bién dap (rng, nghiém thirc,
d6i tugng thi nghiém, nhan t&, mdrc dé); nguyén tic so sanh, ngau nhién hoa, I3p lai; thiét k& khéi ngau
nhién va c3p ghép; nhiéu bién (confounding), thiét k& mu don/mu déi va hiéu rng gid dugc; pham vi suy
luan (scope of inference) theo khung 2x2; va cac nguyén tac dao dirc khi thu thap dir liéu.

3.1 Planning a Study: Population, Sample, and Sampling Frame

Every statistical investigation begins with a precise description of who or what is being studied and
how information about them will actually be gathered. Getting this vocabulary exactly right matters,
because the validity of every later conclusion depends on knowing exactly which group a set of data
can legitimately describe.

Population, sample, and sampling frame

The population is the entire group of individuals or objects about which information is wanted.
A sample is the subset of the population that is actually observed or measured. The sampling
frame is the list (or other mechanism) from which the sample is physically drawn. Ideally the
sampling frame matches the population exactly, but in practice it is often a step removed from
it — a phone directory is a sampling frame for “all households,” but it misses unlisted numbers;
a list of registered voters is a sampling frame for “eligible voters,” but it misses eligible people
who never registered. A census attempts to collect data from every member of the population;
a sample survey collects data from a sample and uses it to draw conclusions about the larger
population.

A statistic is a number that describes a sample (e.g., a sample mean z or a sample proportion p)
— it can be calculated directly from data. A parameter is a number that describes the population
(e.g., a population mean y or a population proportion p) — it is a fixed but almost always un-
known number. Estimating an unknown parameter using a statistic computed from a sample,
and describing how much that statistic could vary from sample to sample, is the central task
of statistical inference, formally developed in the sampling-distributions and inference units.

- GIAI THICH TIENG VIET

Tong thé (population) 1a toan bd nhém déi twong ma ta mudn tim hiéu; mau (sample) 13 tap con
thuc sw dugc quan sat; khung mau (sampling frame) [a danh sach cu thé dung dé rit mau ra
— trén ly thuyét khung mau nén trung khép hoan toan véi téng thé, nhung thuc té thudng bi
thiéu sét (vi du danh ba dién thoai ban bé sot cac ho chi dung dién thoai di dong). Diéu tra toan
b6 (census) thu thap dir liéu tir moi thanh vién téng thé; diéu tra chon mau (sample survey) chi
thu thap tir mot mau roi suy rong ra tong thé. Théng ké mau (statistic) 1a con s6 tinh duoc tur
dir liéu mau (nhu z, p); tham s6 téng thé (parameter) 1a con s6 ¢d dinh nhung thudng khéng
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bi€t, m6 ta ca téng thé (nhu 1, p). Meo nhé: chir cai dau — Statistic di vai Sample, Parameter di
v&i Population.

Vi du mAau - Population, sample, and sampling frame

A high school has 1,200 enrolled students. The principal wants to estimate the average number
of hours students spend on homework per week. She obtains a numbered roster of all 1,200
student ID numbers from the registrar’s office and uses a computer to randomly select 60
of those ID numbers; she then asks each of the 60 selected students to report their weekly
homework hours, obtaining a sample mean of £ = 8.4 hours.

e Population: all 1,200 enrolled students.

e Sampling frame: the registrar's numbered roster of 1,200 student ID numbers (here it
matches the population exactly, since every enrolled student has exactly one ID number).

e Sample: the 60 students who were selected and actually reported their hours.
e Statistic: £ = 8.4 hours (computed from the 60 sampled students).

e Parameter being estimated: ., the true (unknown) mean weekly homework hours of all
1,200 students.

This is a sample survey, not a census, because data was collected from only 60 of the 1,200
students.

A census sounds like the most reliable option, since in principle no one is left out — but a true
census is rarely practical. Contacting every single member of a large population is expensive and
time-consuming, response rates are typically far from complete (so a “census” often becomes an
incomplete sample survey in disguise), and by the time data collection finishes for a very large or fast-
changing population, the population itself may already have changed. A carefully designed sample
survey, using far fewer resources, can often estimate a population parameter with a documented and
controllable amount of uncertainty — which is why sample surveys, not censuses, are the standard
tool for most statistical questions.

3.2 Random Sampling Methods

Random sampling is what allows a sample statistic to be used to draw a trustworthy conclusion
about a population: because chance, not a person’s judgment, decides who ends up in the sample,
the sample tends to look like a smaller version of the population, and the size of the resulting error
can be described mathematically. This is precisely why convenience samples — surveying whoever
happens to be easiest to reach — are avoided in careful statistical work: without a chance mechanism
behind the selection, there is no mathematical basis for saying how well the sample represents the
population at all.

Simple Random Sample (SRS): every group of n individuals has an equal chance of being cho-
sen. Stratified random sample: divide the population into homogeneous strata, then take an
SRS from each. Cluster sample: divide into heterogeneous clusters that each represent the
population, then randomly select whole clusters. Systematic sample: select every k-th indi-
vidual from a list, starting at a random point.

. GIAI THICH TIENG VIET

Phan biét cac loai chon mau: SRS — moi nhém n déi twong cé co hdi bang nhau; phan tang
— chia thanh cac tang giéng nhau bén trong, |1ay SRS méi tang; cum — chia thanh cac cum da
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dang nhu cd téng thé, chon nguyén cum. Sai léch tu nguyén (voluntary response) ludn lam mau
thién vé ngudi c6 y ki€n manh (rat thich hoac rat ghét).

° ° e (® o o © o © o ©
stratumA | (@) @ ° ° o . o

° ° ° ° ° L4 ° °

° ° ° ° ° o © o © e ©
Stratum B e (@® o ° ° o . o

° ° ° e (@ ° ° °

° ° ° e (@ o © o © o ©
Stratum C ° e (@ o ° o . o

) ) ° ) ° ® ° °

Stratified sample: Cluster sample:
strata are internally homogeneous clusters each mirror the population

Left: a stratified sample divides the population into homogeneous strata (A, B, C) and draws an SRS from each. Right: a
cluster sample divides the population into heterogeneous clusters that each resemble the whole population; entire
clusters (bold outline) are then randomly selected in full.

3.2.1 Simple Random Sampling in Practice

Carrying out an SRS requires a numbered list of the population and a source of random digits (a
random digit table or a random-number generator). Every member of the population is assigned a
unigue number using the same number of digits (e.g., 01,02, ..., 28 for a population of 28); digits are
then read off in matching-length groups, discarding any group that is out of range or a repeat, until
enough distinct individuals have been chosen.

Vi du mAu - Selecting an SRS with random digits

A teacher has N = 28 students, numbered 01 through 28, and wants an SRS of n = 5 students
to complete a short survey. She reads the following row from a random digit table, two digits
at a time:

05913 06227 38841 92107

Reading continuous two-digit groups from the left: 05, 91, 30, 62, 27, 38, 84, 19, 21, 07, ....
Discard any group above 28 or equal to 00, and skip repeats:

e 05 — valid, select student #5.
91, 30, 62 — all exceed 28, discard.

27 — valid, select student #27.

38,84 — exceed 28, discard.

19 — valid, select student #19.

21 — valid, select student #21.

07 — valid, select student #7.

Five distinct valid numbers have now been found, so the SRS is students #5, #7, #19, #21,
#27. Because the digits were random and every valid group had an equal chance of appearing
next, every student — and every possible group of 5 students — had an equal chance of being
chosen.
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3.2.2 Stratified Random Sampling in Practice

When a population naturally divides into subgroups that differ in a way related to the variable of
interest, stratifying and sampling separately within each stratum guarantees every subgroup is rep-
resented and typically produces more precise estimates than an SRS of the same total size.

Vi du mAiu - Proportional stratified sampling

A district of N = 1,000 students consists of 600 urban students and 400 rural students; a re-
searcher suspects internet access differs sharply between the two groups and wants an overall
sample of n = 50, proportionally allocated. The number sampled from each stratum is propor-
tional to its share of the population:

4
600 30, Rural sample size = 50 x 00

1,000 1,000

Urban sample size = 50 x

The researcher numbers the 600 urban students 001-600 and draws an independent SRS of
30 of them using a random-number generator; separately, she numbers the 400 rural students
001-400 and draws an independent SRS of 20 of them. Combining the two SRSs gives the full
stratified sample of 30 + 20 = 50 students, with both urban and rural students guaranteed
proportional representation.

3.2.3 Cluster Sampling in Practice

Cluster sampling is chosen not because it improves precision, but because it is often far cheaper
or more practical: it avoids the need for a complete list of every individual in the population and
concentrates data collection geographically.

Vi du miu - Selecting a cluster sample

A school district has 40 schools; district inspectors want to audit classroom textbook condi-
tions but cannot afford to visit every classroom in every school. Each school’s classrooms are
similar in diversity to the district as a whole (a mix of grade levels, subjects, and building ages),
so the schools can serve as clusters. Inspectors number the 40 schools and use a random-
number generator to select 6 of them, then visit and inspect every classroom within those 6
selected schools. Each of the 40 schools had probability % = % = 15% of being one of the
chosen clusters. Because whole schools — not individual classrooms scattered across the dis-
trict — are visited, travel costs are dramatically reduced compared to a comparably sized SRS

of classrooms drawn from all 40 schools.

3.2.4 Systematic Sampling in Practice

A systematic sample requires only that the population be arranged in some order (a list, a production
line, a queue), a step size k, and one random starting point between 1 and k.

Vi du mAu - Selecting a systematic sample

A factory produces N = 5,000 items per day, and quality control wants a systematic sample of
n = 50 items. The step size is k = N /n = 5,000/50 = 100. A random-number generator picks
a starting point » between 1 and 100; suppose r = 37. The sample then consists of items num-
bered 37,137,237, 337, ...,4,937 — every 100th item after the random start. Counting terms

confirms the sample size: 5737 1 = 49 + 1 = 50 items, as required.

1 24 5 6 79 10 11 1214 15 16 1719 20 21 2224 25 26 2729 30
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A smaller-scale illustration: an ordered list of N = 30 items with step k = N /n = 5 and a random start » = 3. Items #3,
#8, #13, #18, #23, #28 (highlighted) are selected, giving a sample of size n = 6.

(') L6i thuwong gap: Néu danh sach téng thé cé mot quy luat 13p lai (periodicity) tring véi buéc
nhay &, mau hé théng (systematic sample) c6 thé bi Iéch nghiém trong du quy trinh chon diém
bat dau 13 ngau nhién. Vi du: mot chudi nha hang ghi doanh thu mdi ngay trong nhiéu tuan;
néu lay every 7th day (méi 7 ngay mét 1an), mau sé ludn roi vao cting mét thir trong tudn (vi
du luén 13 th Hai), khién két qua khong dai dién cho cac ngay con lai — hoan toan khéng lién
quan dén viéc diém bat dau cé ngiu nhién hay khéng. Trudc khi dung mau hé théng, can kiém
tra xem th(r tu ctia danh sach cé an chra chu ky nao trung véi k hay khong.

3.2.5 Stratified versus Cluster: A Side-by-Side Comparison

Students frequently confuse these two designs because both begin by partitioning the population
into groups. The difference is what those groups look like internally, and what gets randomly se-
lected.

Feature

Stratified Random Sample

Cluster Sample

Groups formed

What is ran-
domly selected

Main purpose

Typical use case

Risk if
formed

poorly

Homogeneous strata — individu-
als within a stratum are similar on
a key variable

An SRS is drawn from every stra-
tum

Guarantee representation of ev-
ery subgroup and increase preci-
sion

Sampling by grade level, income
bracket, or region when subgroup
comparisons matter

Strata that are not truly homoge-
neous lose the precision benefit

Heterogeneous clusters — each
cluster is a small-scale mirror of
the whole population

A random subset of whole clusters;
every member of a chosen cluster
is included

Reduce cost/logistics when a full
list of the population is unavailable
or spread out

Sampling by school, city block, or
store location when travel/access
is expensive

Clusters that are not representa-
tive of the population bias the
sample

GIAI THICH TIENG VIET

4 hai déu chia nhém truéc khi chon, nhung khac nhau & ban chat nhém va cach chon: phan
tang chia thanh tang déng nhdt bén trong roi 1dy mau ngiu nhién trong tirng tdng — muc tiéu
la ddm bao dai dién va ting do6 chinh xac; cum chia thanh cum da dang nhu téng thé réi chon
nguyén cum — muc tiéu la tiét kiém chi phi di lai/khao sat khi khong cé danh sach day du tirng
ca nhan.

3.2.6 Choosing Among the Four Methods

In practice, the choice of sampling method is driven by what is known about the population and what
resources are available, not by any single “best” method. An SRS is the simplest to justify statistically
and is the right default whenever a complete numbered list of the population is available and no
important subgroup structure needs to be guaranteed. A stratified sample is preferred when the
population contains subgroups that are known (or suspected) to differ substantially on the variable
being measured, and comparing those subgroups — or ensuring every one of them is represented —
matters to the study’s purpose. A cluster sample is preferred when no complete list of individuals
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exists, or when the population is spread out geographically and visiting individually selected people
would be prohibitively expensive; the trade-off is some loss of precision compared to an SRS of the
same size. A systematic sample is preferred when individuals naturally arrive or are already arranged
in an accessible order (a checkout line, a production line, a sorted registry) and drawing a true SRS
from that order would be impractical — provided the order contains no hidden periodicity that could
align with the step size k.

3.3 Sources of Bias in Sampling

Even a study that begins with a genuinely random selection mechanism can still end up with a mis-
leading sample if something goes wrong dfter selection — the sampling frame could already be in-
complete, selected individuals could fail to respond, or respondents could answer inaccurately. Each
of these failure points has a specific name.

Khai niém cét 16i

Bias is a systematic favoring of certain outcomes. Undercoverage: some groups are left out
of the sampling frame. Nonresponse bias: chosen individuals cannot be reached or refuse
to answer. Response bias: people answer untruthfully (e.g., due to wording, sensitive topics,
interviewer presence). Voluntary response bias: the sample consists of people who choose
themselves (e.g., call-in polls) — this tends to overrepresent strong opinions.

. GIAI THICH TIENG VIET

Phan biét cac loai sai léch: undercoverage — moét nhém bi bo sét khéi khung mau ngay tir dau;
nonresponse — ngudi duoc chon khéng tra 161 duoc hodc tir chéi; response bias — ngudi tra
151 khéng trung thuc (do cach hoi, chi dé nhay cam, cé ngudi phong van truc tiép); voluntary
response — mau gom nhirng ngudi tu nguyén tham gia, ludn thién vé y ki€n manh.

Type of bias Where the flaw occurs Typical example

Undercoverage In the sampling frame itself, be- A phone survey using only landline
fore any selection happens numbers, missing cell-only house-

holds

Nonresponse Selected individuals cannot be A mail survey with a very low return

bias reached or refuse to participate rate

Response bias  Respondents answer, but un- Leading question wording; sensitive
truthfully or inaccurately topics; an interviewer's presence

Voluntary re- The sample is entirely self- Online or call-in polls open to who-

sponse bias selected by respondents ever chooses to respond

Wording effects are a particularly important cause of response bias: the exact phrasing of a
guestion can push respondents toward a particular answer even when the underlying attitude has
not changed.

Vi du miu - Leading versus neutral question wording

Neutral wording: “Do you support increasing funding for public parks?”

Leading (loaded) wording: “Given that public parks provide critical green space and important
health benefits for our community, do you support increasing funding for public parks?”

The second version embeds a persuasive justification directly inside the question before asking
for an opinion, pressuring respondents toward answering “yes” regardless of their actual views.
Surveys using the leading version will tend to report a higher percentage in favor than surveys
using the neutral version, even when sampled from the same population — this inflation is
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response bias due to wording, not a genuine difference of opinion.

Vi du mAu - Identify the bias

(a) A city government mails a paper survey about a proposed tax increase to all 5,000 registered
voters; only 400 are returned. Diagnosis: an 8% return rate means the vast majority of selected
voters simply never responded — this is nonresponse bias, and the 400 who did respond may
differ systematically (e.g., stronger opinions, more free time) from those who did not.

(b) A radio station invites listeners to call in and vote on whether the mayor is doing a good
job. Diagnosis: the sample is entirely self-selected — only listeners motivated enough to call
participate — so this is voluntary response bias, which typically overrepresents people with
strong (often negative) opinions.

(c) A pollster estimates national opinion by calling only randomly generated landline telephone
numbers. Diagnosis: younger adults, who disproportionately have only cell phones, are almost
entirely excluded from the sampling frame before any calls are even made — this is undercov-
erage, a flaw in the frame itself rather than in who responds.

(d) A school nurse conducts face-to-face interviews with students, asking them directly
whether they have ever vaped on school grounds. Diagnosis: the presence of an adult in-
terviewer asking about a sensitive, rule-breaking behavior makes students more likely to un-
derreport it — this is response bias due to the interview format itself (an anonymous, self-
administered questionnaire on the same topic would likely produce more honest answers).

3.3.1 Bias versus Variability, and the Effect of Sample Size

Two very different questions can be asked about a sampling method: is it centered on the truth, and
how much do its results scatter from sample to sample? These are the concepts of bias and variability,
and confusing them is one of the most common errors in describing sampling methods.

Bias describes whether a sampling method tends to systematically overestimate or underes-
timate the population parameter — it is a property of the method, not of any single sample,
and describes how far results are centered from the truth on average. Variability describes
how much results from that method would differ from each other if the sampling were re-
peated many times — it describes the spread of results around wherever the method happens
to be centered. Increasing the sample size reduces variability (repeated samples cluster more
tightly together), but it does not reduce bias: a method with a structural flaw (e.g., voluntary
response, undercoverage) remains just as systematically off no matter how large the sample
gets, because the flaw is in who is included, not in how many.

OO

Low bias Low bias High bias High bias
low variability high variability low variability high variability

Each target’s center (small dark dot) is the true population parameter; each pink dot is the result of one repetition of a
sampling method. Bias shifts the whole cluster of dots away from the center; variability spreads the dots out. Only
reducing bias (choosing a better method) fixes off-center results — a larger sample size only tightens the spread.
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Vi du miu - A famous case of a huge but biased sample

Before the 1936 U.S. presidential election, a magazine mailed roughly ten million straw-poll
questionnaires to names drawn from telephone directories, magazine subscription lists, and
car-registration records, and received about 2.4 million responses. Based on this enormous
sample, it predicted a comfortable win for the Republican candidate; in reality, Franklin D.
Roosevelt won in a landslide. The sample was not randomly selected — during the Depres-
sion, owning a telephone or a car skewed the frame toward wealthier, disproportionately
Republican-leaning households (undercoverage) — and it also suffered from voluntary re-
sponse bias, since only motivated recipients mailed their questionnaire back. No amount of
additional responses could have fixed the prediction, because the flaw was bias in the sampling
method, not insufficient sample size.

- GIAI THICH TIENG VIET

Bias (thién léch) 12 d3c diém ctia phurong phdp chon mau — cho biét két qua cé bj léch tam khoi
gia tri that hay khong. Variability (d6 bién thién) cho biét két qua dao dong nhiéu hay it gitra
cac [an I3p lai. TAng c& mau (n) chi lam giam do bién thién (cac két qua tap trung gan nhau hon),
chir khéng stra duwoc bias — néu phuong phap chon mau vén da thién Iéch (vi du voluntary
response), mau cang 1&n thi két qua sai cang "chic chan” chir khéng hé chinh xac hon. Day 1a
ly do mét khao sat v&i hang triéu ngudi tra 161 tu nguyén van cé thé sai léch nghiém trong hon
mot mau ngdu nhién chi vai tram ngudi.

3.4 Observational Studies, Experiments, and the Language of Experiments

An observational study records data without imposing treatments and can only show association. An
experiment deliberately imposes treatments and, if well designed, can support causation. The terms
“explanatory variable” and “response variable” are used in both kinds of study — an observational
study can still ask whether an explanatory variable is associated with a response variable — but only
in an experiment does the researcher control who receives which value of the explanatory variable,
which is what ultimately allows a causal conclusion.

The vocabulary of experiments

The explanatory variable (or independent variable) is the variable manipulated by the re-
searcher, thought to explain or cause changes in another variable. The response variable (or
dependent variable) is the outcome that is measured. A treatment is a specific condition ap-
plied to experimental units; when an experiment has more than one factor, a treatment is a
specific combination of levels, one from each factor. An experimental unit is the individual ob-
ject to which a treatment is applied; when the experimental units are people, they are called
subjects. A factor is an explanatory variable that is deliberately manipulated in the experi-
ment, and a level is one specific value, amount, or version of a factor. A placebo is a fake, inert
treatment made to look identical to the real one, used to control for the placebo effect — the
tendency of subjects to respond favorably to any treatment, real or fake, simply because they
believe they are being treated.

- GIAI THICH TIENG VIET
Bién giai thich (explanatory variable) 13 bién bi tdc déng/thay déi c6 cha dich bdi ngudi nghién
clru; bién dap trng (response variable) 1a két qua duoc do lwdng. Nghiém thirc (treatment) la
diéu kién cu thé ap 1én déi twong thi nghiém; néu c6 nhiéu nhan té (factor), mét nghiém thirc
la mot t6 hgp mirc dé (level) clia tat ca cac nhan t6. Déi tuwong thi nghiém (experimental unit)
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|3 vat/ca thé nhan nghiém thirc; néu la ngudi thi goi la subject. Gid dugc (placebo) 1a nghiém
thirc "gid” trong giong that, dung dé kiém soat hiéu (rng gia duoc (placebo effect) — xu huéng
ngudi tham gia cdm thay d& hon chi vi tin rang minh dang duoc diéu tri, du thuc té khong
nhan thudc that.

Vi du mAau - Labeling the language of an experiment

A researcher tests whether a sleep-tracking app improves sleep quality. She recruits 60 adult
volunteers; 30 are randomly assigned to use the app nightly for 4 weeks, and the other 30 keep
a simple sleep diary with no app. At the end of 4 weeks, every participant rates their sleep
quality on a 0-100 scale.

e Explanatory variable (factor): whether or not the sleep app is used.
o Levels of the factor: “app” and “no app” — 2 levels.

¢ Treatments: since there is only one factor, the treatments are simply the 2 levels: “app” and
“no app” (control).

e Response variable: the self-reported sleep quality score (0-100).
¢ Experimental units / subjects: the 60 adult volunteers.

¢ Placebo: not really possible here — subjects obviously know whether they are using an app,
so this design cannot be blinded on the subject side (a genuine limitation, discussed further
with blinding below).

When an experiment has more than one factor, a treatment is a specific combination of levels,
one from each factor. For example, if the factors are fertilizer amount (levels: low, high) and
watering frequency (levels: daily, weekly), there are 2 x 2 = 4 treatments in all: low-daily,
low-weekly, high-daily, high-weekly.

3.5 Principles of Experimental Design

Principles of good experimental design: comparison (a control group), random assignment of
subjects to treatments, and replication (enough subjects per group). A confounding variable
affects the response and is related to the explanatory variable, making it impossible to separate
their effects. Blocking groups subjects who are similar on a variable expected to affect the
response, then randomizes within each block. A double-blind design keeps both subjects and
evaluators unaware of treatment assignment, controlling for the placebo effect and evaluator
bias.

Volunteer subjects

Y

Random assignment

Group_1: ] [ Group 2:
Treat Compare response variable between groups | (placebo)
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A completely randomized experimental design with a placebo control group.

. GIAI THICH TIENG VIET

B&n nguyén tac thiét k& thi nghiém tét: so sanh (comparison) — luén c6 nhém déi chirng
(control); ngau nhién hoa (random assignment) — dung co ché& ngau nhién dé chia dé6i twong
vao cac nhém nghiém thirc, tranh thién vi cta ngudi thuc hién; 1ap lai (replication) — da s6 doi
twong méi nhom dé sai s6 ngiu nhién "trung hod” 13n nhau; va ki€m soat cac bién ngoai lai —
gitr moi diéu kién khac giéng nhau gilra cdc nhom ngoai trir nghiém thirc dang thir nghiém, dé
tranh nhiéu bién (confounding variable).

Vi du mAau - Designing a completely randomized experiment

A teacher wants to test whether listening to instrumental background music improves perfor-
mance on a timed math worksheet, using 50 available student volunteers.

e Treatments: (1) complete the worksheet while instrumental music plays; (2) complete the
worksheet in silence (control).

¢ Random assignment method: number the 50 volunteers 01-50; using a random-number
generator, draw 25 distinct numbers without replacement — those students form the music
group, and the remaining 25 form the silence group.

e Response variable: the number of correctly answered problems on the worksheet.

e Replication: using 25 students per group (rather than just 1) allows ordinary variation in
individual math ability to average out, so any consistent difference between groups is more
likely due to the music itself.

e Control of extraneous variables: both groups receive the identical worksheet, the identical
time limit, and the identical room conditions except for the presence or absence of music,
so any confounding from unequal conditions is avoided.

Because the students themselves know whether they are hearing music, this design cannot be
blinded on the subject side; however, whoever grades the worksheets can be kept unaware of
which group produced which paper, which is discussed further below.

(') L6i thuong gap: Replication (nhiéu déi tuong trén méi nhém nghiém thirc, trong cting mot thi
nghiém) hoan toan khac vai replicating a study (I3p lai toan bd nghién ciru & mét thaoi diém/dia
diém/nhom d6i twong khac, thudng 1a mot nghién cru déc Idp sau nay). Mot thi nghiém vai 25
ngudi méi nhdm da cé replication — khéng can thém mét thi nghiém hoan toan méi dé thoa
diéu kién nay. Dé thi hay danh Iira bang cach hdi "can lam gi dé ting replication?” — cau tra |1&i
ding 13 tang s6 ddi tuwgng thi nghiém trong méi nhém, khéng phai ”13p lai thi nghiém & trudng
khac.

3.6 Randomized Block Design and Matched-Pairs Design

3.6.1 Randomized Block Design

Sometimes researchers already know, before the experiment even begins, that some other variable
— not the one being tested — will strongly affect the response. Blocking groups experimental units
into blocks that are similar with respect to that nuisance variable before treatments are assigned,
and randomization is then carried out separately within each block. This is the experimental analogue
of stratified sampling: it removes a known source of variability from the treatment comparison,
increasing the experiment’s precision.
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Vi du miu - Extending the fertilizer experiment with blocking

Researchers test a new fertilizer against the standard fertilizer on 30 plots of land, but 15 of the
plots have sandy soil and 15 have clay soil — a factor known to strongly affect plant growth on
its own. Rather than randomly assigning all 30 plots at once, they first block by soil type: within
the 15 sandy plots, they randomly assign about half to the new fertilizer and the rest to the
standard fertilizer; independently, within the 15 clay plots, they again randomly assign about
half to each fertilizer. Growth is compared between the two fertilizers within the sandy block
and within the clay block separately, and the two within-block comparisons are then combined.
Because soil-type variability is now balanced out within each block rather than contaminating
the overall comparison, any remaining difference in growth is more clearly attributable to the
fertilizer itself.

‘ 30 plots (experimental units) ’

T

‘ Block 1: Sandly soil { Block 2: Clay soil 1

(15 plots) (15 plots)
Random assign: Random assign: Random assign: Random assign:
New fertilizer Standard fertilizer New fertilizer Standard fertilizer

A randomized block design: plots are first sorted into blocks by soil type (the nuisance variable), and treatments are
randomly assigned separately within each block, isolating the fertilizer’s effect from soil-type variability.

3.6.2 Matched-Pairs Design

A matched-pairs design is a special case of blocking in which every block has exactly two experimen-
tal units. There are two common versions: (1) the same subject is measured under both treatments,
often in a randomly determined order to avoid an order effect; or (2) two very similar subjects —
matched on characteristics expected to affect the response — are paired together, and within each
pair, one is randomly assigned to each treatment.

In a matched-pairs design, “random assignment” still happens — it just happens within each pair
rather than across the whole group. For a same-subject design, this typically means randomly
choosing which treatment the subject receives first (or which side/location on the subject re-
ceives which treatment), so that order or position does not become a confounding variable.

For a same-subject, before/after style matched pair, order matters: if every subject always re-
ceived Treatment A first and Treatment B second, any change over time (fatigue, learning, or simply
the passage of time) would be confounded with the treatment difference. Suppose 20 volunteers
each test two brands of noise-cancelling headphones for perceived noise reduction. For each vol-
unteer, a coin flip decides whether Brand A or Brand B is tested first; the two within-person ratings
are then compared. Randomizing the order — rather than testing every volunteer on Brand A first
— prevents an order effect from being confused with a genuine brand difference.

(1) L6i thuong gap: Khéng phai cir dung khai (block) 1a ludn tét hon. Néu bién dung dé chia
khéi thuc ra khéng anh hudng dang ké dén bién dap (rng, viéc chia khéi khéng lam sai két qua,
nhuwng ciing khong mang lai loi ich gi — chi lam thiét ké phirc tap hon mot cach khéng can thiét
so v&i thiét k& hoan toan ngiu nhién (completely randomized design) don gian.
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3.6.3 Block Design or Completely Randomized? A Worked Comparison

Vi du mau - Choosing between a block design and a completely randomized design

(a) A dermatologist wants to compare a new anti-itch cream to the standard cream using 24
volunteers, each of whom has a similar itchy rash on both forearms. For each volunteer, a coin
flip decides which forearm receives the new cream and which receives the standard cream;
after two weeks, a blinded evaluator (who does not know which arm received which cream)
rates the itchiness of each arm. Diagnosis: this is a matched-pairs design — each volunteer
serves as their own block of size 2, controlling for person-to-person differences in skin sen-
sitivity, and the coin flip is the random assignment step within each pair. Randomizing which
arm gets which cream (rather than always using, say, the left arm for the new cream) prevents
any systematic left/right difference from confounding the comparison.

(b) An online retailer tests 3 website layouts (A, B, C) on conversion rate using 300 shoppers.
The retailer suspects returning customers react very differently to layout changes than new
customers, so it first separates the 300 shoppers into “returning” and “new” groups, then ran-
domly assigns shoppers to a layout separately within each group. Diagnosis: this is a randomized
block design with customer type as the blocking variable — blocking is used (rather than a sim-
ple completely randomized design across all 300 shoppers at once) because customer type is
expected to strongly affect the response, so isolating its effect increases the precision of the
layout comparison.

(c) If the retailer had ignored the returning/new distinction entirely and simply randomly as-
signed all 300 shoppers to one of the 3 layouts, that would instead be a completely randomized
design — still valid, but without the extra precision gained from blocking on a variable known
to affect the response.

GIAI THICH TIENG VIET

hié’t ké khai (block design) chia déi twgng thanh cac khadi giéng nhau bén trong theo mét bién
gay nhiéu d3 biét trudc, réi méi ngau nhién hoa trong tirng khéi — giéng hét logic ctia chon mau
phan ting nhung ap dung cho viéc phdn nhém nghiém thirc. Thiét ké cip ghép (matched pairs)
la trwdng hop dic biét cha thiét ké khéi khi mbi khéi chi co 2 déi tuong — c6 thé la cing mot
ngudi do hai [an (trudc/sau), hodc hai nguoi rat giong nhau ghép cap lai. Chi nén dung khoi
khi bién khéi thuc su anh hudng dén bién dap rng; néu khong, thiét k& hoan toan ngiu nhién
(completely randomized design) don gian hon ma van hop Ié.

3.7 Confounding Variables, Blinding, and the Placebo Effect

A confounding variable is a variable — often one the researcher never measured — that affects the
response variable and is related to the explanatory variable, so that its effect on the response cannot
be separated from the effect of the explanatory variable. Confounding is the single biggest threat to
drawing causal conclusions from an observational study. It is a distinct problem from the sampling
biases of Section 3: bias in sampling is a flaw in who ends up in the data, while confounding is a flaw
in the comparison itself — a third variable, unrelated to how the data were collected, is tangled up
with the explanatory variable being studied. Random assignment is the tool that specifically defends
against confounding, because it tends to spread any lurking variable roughly evenly across treatment
groups.
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Single-blind design: only one side (typically the subjects) is kept unaware of the treatment as-
signment. Double-blind design: neither the subjects nor the people evaluating outcomes know
who received which treatment; the assignment code is usually held by a separate, uninvolved
study coordinator. Double-blinding controls for two distinct problems at once: the placebo
effect (subjects who believe they are being treated tend to report improvement even from
an inert treatment) and evaluator bias (a researcher who knows a subject received the “real”
treatment may — even unconsciously — score their outcome more favorably).

Single-blind ’ Double-blind
e Subject: does not know treat- e Subject: does not know treat-
ment vs. placebo ment vs. placebo
e Evaluator: knows the assign- e Evaluator: also does not know
ment — code held by a separate coor-
dinator

Single- versus double-blind designs. Double-blinding controls for both the placebo effect (subject-side bias) and
evaluator bias (unconscious favoritism when scoring or diagnosing outcomes).

Vi du miu - Spot the confounding variable

A news report states: “Students who eat breakfast every day have higher GPAs than students
who skip breakfast, so schools should require students to eat breakfast to raise grades.” This
was purely an observational study — no one randomly assigned students to eat breakfast or
skip it.

Possible confounding variable: household routine and socioeconomic stability. Families with
structured mornings, consistent schedules, and reliable access to food are more likely both
to ensure their children eat breakfast and to provide other advantages (sleep, tutoring, stable
housing) that independently raise GPA. Because breakfast-eating was not randomly assigned,
this lurking variable could account for some or all of the observed association — so the claim
that eating breakfast causes higher GPA is not justified by this study alone. To turn this into a
study that could support a causal claim, researchers would need to randomly assign otherwise-
similar students to either eat breakfast or skip it — precisely the random-assignment step that
this observational study never performed.

3.8 Scope of Inference

Scope of inference: random sampling allows generalizing results to the population; random
assighment allows concluding cause-and-effect. An observational study — even a large, well-
conducted one — can never establish causation because of possible confounding.

(1) L6i thueng gip: "Random sample” va "random assignment” 13 hai viéc khac nhau: 13y mau
ngau nhién cho phép suy rong ra téng thé; chi c6 phan nhém ngiu nhién (random assignment)
trong thi nghiém mdai cho phép két ludn nhan qua. Co ca hai mdi vira suy rong vira két luan
nhan qua duoc.

The two decisions — whether individuals were randomly sampled from a population, and whether
they were randomly assigned to treatments — are completely independent of each other, giving four
possible combinations and four correspondingly different sets of valid conclusions.
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Random assignment: Yes

Random assignment: No

Random sampling:

Yes

Random sampling:

No

Can generalize to the population
and infer causation (the strongest
possible design, though rare in
practice)

Can infer causation for the subjects
studied; cannot safely generalize
to a larger population (a typical

Can generalize to the population;
cannot infer causation (a random-
sample survey or observational
study)

Cannot generalize and cannot in-
fer causation (an observational
study on a convenience sample)

volunteer-based experiment)

Vi du mAu - One scenario for each of the four cases

(a) Random sampling: yes; random assignment: yes. Researchers randomly select 200 hos-
pitals nationwide, then within each hospital randomly assign patients undergoing a certain
surgery to Drug A or Drug B. Conclusion: the results can be generalized to patients at hospitals
nationwide, and the difference in recovery outcomes can be attributed to (caused by) the drug.
(b) Random sampling: yes; random assignment: no. A survey randomly samples 1,000 U.S.
adults and simply asks how many hours they exercise weekly and how they rate their stress
level; no treatment is imposed. Conclusion: the association between exercise and stress can
be generalized to U.S. adults, but exercise cannot be said to cause lower stress, since this is
purely observational.

(c) Random sampling: no; random assignment: yes. A professor recruits 40 students from
her own class (not randomly selected from all students) and randomly assigns 20 to a new
memory technique and 20 to normal studying. Conclusion: for these 40 students specifically,
the technique appears to have caused the improvement in memory performance, but the result
cannot be safely generalized to all students, since the 40 were not randomly sampled from a
larger population.

(d) Random sampling: no; random assignment: no. A blogger reads through comments vol-
untarily left by readers describing their diet and mood. Conclusion: neither generalization (the
readers were self-selected, not randomly sampled) nor causation (no treatment was randomly
assigned) is justified — the weakest possible design.

. GIAI THICH TIENG VIET

B&n 6 trong bang 2 x 2 trén tuong (ng véi bn mic do suy luan khac nhau: cé ca hai (13y mau
ngau nhién + phan nhém ngau nhién) thi vira suy rong ra téng thé vira két luan dugc nhan
qua; chi cé 1ay mau ngau nhién (khong c6 phan nhém) thi suy rong dugc nhung khong két luan
nhan qua; chi c6 phan nhém ngau nhién (miu khong ngau nhién) thi két luan nhan qua duoc
nhuwng chi ding cho nhom déi tuong da nghién ciru, khéng suy rong duoc; va néu khéng cé gi
ca thi khong dugc két luan diéu gi chac chan ngoai nhirng gi quan sat truc tiép trén chinh mau
doé.

3.9 Ethical Considerations in Data Collection

Any study involving human participants carries ethical obligations that are independent of its statis-
tical design. Participants must give informed consent — they must be told the purpose, procedures,
and any foreseeable risks of the study and agree to take part before data collection begins. Partic-
ipants must retain the right to withdraw from the study at any time without penalty. All individual
data must be kept confidential, with results reported only in aggregate or anonymized form. For
studies conducted at universities, hospitals, and most research organizations, the proposed design
must first be approved by an Institutional Review Board (IRB) — an independent panel that reviews
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the procedures in advance to confirm that risks to participants are minimized and are reasonably
justified by the value of the knowledge the study may produce. Additional safeguards apply to vul-
nerable populations, such as children or hospitalized patients, who typically require consent from
a parent or guardian in addition to the participant’s own agreement; if any element of deception is
used in a study’s design, participants are ordinarily debriefed — told the true purpose of the study
— as soon as their participation ends.

3.10 Practice Problems

Bai tap luyén tap

A school wants to survey student opinions and randomly selects 5 whole homerooms out of
40, then surveys every student in each selected homeroom. This is:

(A) A simple random sample (C) A cluster sample

(B) A stratified random sample (D) A systematic sample

Loi giai chi tiét
Homerooms are heterogeneous groups that each roughly reflect the student body, and entire
homerooms are randomly selected (not individuals within each). This is a cluster sample. (C).

Bai tap luyén tap

A university registrar assigns each of the 8,000 enrolled students a unique ID number and
uses a computer’s random-number generator to select 200 ID numbers, surveying those 200
students about campus dining. This sampling method is:

(A) A simple random sample (C) A cluster sample

(B) A stratified random sample (D) A systematic sample

Lai giai chi tiét

Every student has an equal chance of selection, and every possible group of 200 students has
an equal chance of being the chosen group — this is the defining property of an SRS. (A).

Bai tap luyén tap

A hospital administrator knows patient satisfaction differs a great deal between the pediatric,
adult, and geriatric wards. She separately draws an SRS of 15 patients from each of the three
wards. This sampling method is:

(A) A simple random sample (C) A cluster sample

(B) A stratified random sample (D) A systematic sample

Lai giai chi tiét

The wards form homogeneous groups (patients within a ward tend to be similar), and an SRS
is drawn separately from every group — the defining property of a stratified random sample.
(B).
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Bai tap luyén tap

A quality inspector examines every 25th car coming off an assembly line, beginning with the
8th car. This sampling method is:

(A) A cluster sample (C) A simple random sample

(B) A stratified random sample (D) A systematic sample

Loi giai chi tiét

Individuals are chosen at a fixed interval (¢ = 25) from an ordered list, starting at a randomly
chosen point (the 8th car) — this is a systematic sample. (D).

Bai tap luyén tap

A researcher has a complete list of all 120 neighborhoods in a large county, each of which
contains a socioeconomically diverse mix of residents similar to the county as a whole. She
randomly selects 10 neighborhoods and surveys every household within them, rather than
trying to obtain a list of all residents individually. Explain why this is a cluster sample rather
than a stratified sample.

Loi giai chi tiet

The 120 neighborhoods are heterogeneous — each one internally mirrors the diversity of the
whole county — rather than homogeneous, so they function as clusters, not strata. Further-
more, whole neighborhoods are randomly selected and every household within a chosen neigh-
borhood is included, rather than an SRS being drawn from within every neighborhood (which
is what stratification would require). Both features together — heterogeneous groups, and se-
lecting entire groups rather than sampling within each one — identify this as a cluster sample.

Bai tap luyén tap

A researcher mails a survey to 2000 randomly selected households; only 300 return it, and the
topic (household debt) may make respondents unwilling to answer honestly. The two biases
most clearly present are:

(A) Undercoverage and voluntary response (C) Response bias and undercoverage

(B) Nonresponse bias and response bias (D) Voluntary response and systematic bias

Lai giai chi tiét

Only a small fraction returned the survey — nonresponse bias — and a sensitive topic like debt
may cause untruthful answers — response bias. (B).

Bai tap luyén tap

A news website posts an online poll asking “Do you support the new city budget?” and reports
results based on whoever chooses to click a response. This is an example of:

(A) Nonresponse bias (C) Voluntary response bias

(B) Undercoverage (D) Systematic sampling error
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Loi giai chi tiét

The sample consists entirely of people who chose to participate on their own; such self-
selected samples overrepresent people with strong opinions. (C).

Bai tap luyén tap

A political pollster surveys opinion by calling only randomly generated landline telephone num-
bers. Younger adults, who disproportionately have only cell phones, are almost entirely absent
from the sample. This is an example of:

(A) Voluntary response bias (C) Undercoverage

(B) Response bias (D) Nonresponse bias

Loi giai chi tiét

The flaw is in the sampling frame itself (landline numbers) before any calls are even placed —
an entire group is structurally excluded from ever being selected. (C).

Bai tap luyén tap

A city council considers two versions of a survey question: Version 1: “Do you support building
a new public library?” Version 2: “Given that literacy programs benefit children throughout our
community, do you support building a new public library?” Explain what type of bias Version
2 is likely to introduce, and why.

Loi giai chi tiét

Version 2 is a leading (loaded) question, which produces response bias due to wording. By
embedding a persuasive justification directly into the question before asking for an opinion,
it pressures respondents toward answering “yes,” inflating the apparent level of support com-
pared with the neutrally worded Version 1 — even though the underlying opinions of the pop-
ulation have not changed.

Bai tap luyén tap

A polling company wants to estimate the proportion of all 5.2 million registered voters in a
state who favor a ballot measure. It surveys a random sample of 800 voters and finds that
62% favor the measure. The value 62% is:

(A) A population (C) A statistic
(B) A parameter (D) A census

Lai giai chi tiét

The 62% was computed from the 800 sampled voters, not from all 5.2 million registered vot-
ers — any number computed from sample data is a statistic (here, it estimates the unknown
population parameter, the true proportion of all 5.2 million voters who favor the measure). (C).
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Bai tap luyén tap

The United States government attempts to count and collect basic data from every single
resident of the country every ten years. This is an example of a:

(A) A sample survey (C) A cluster sample

(B) A census (D) A voluntary response sample

Loi giai chi tiét
Data is collected from (attempted for) every member of the population, not just a subset — this
is a census by definition. (B).

Bai tap luyén tap

Students who drink more coffee tend to have higher stress scores. A researcher wants to claim
coffee causes stress. What is the strongest objection?

(A) Correlation was not computed explain both

(B) This is an observational study, so a con- (C} The sample size is too small

founding variable (e.g., workload) could (D) The response variable is categorical

Loi giai chi tiét
Without random assignment of a "treatment” (coffee amount), this is an observational study; a

lurking/confounding variable such as workload or sleep could independently raise both coffee
intake and stress. Association # causation. (B).

Bai tap luyén tap

Neighborhoods with more ice cream shops per capita also tend to have higher rates of
swimming-pool drownings. A newspaper op-ed claims ice cream shops cause drownings and
calls for tighter permits. Which lurking variable most plausibly confounds this relationship?

(A) Neighborhood population density swimming)

(B) Outdoor temperature / season (hot (C) The price of ice cream

weather drives both ice cream sales and (D) The number of lifeguards on duty

Loi giai chi tiét

Hot weather independently increases both ice cream purchases and swimming (and therefore
drowning risk); it is related to the “explanatory” variable (ice cream sales) and directly affects
the response (drownings), the exact definition of a confounding variable. (B).

Bai tap luyén tap

In a clinical trial for a new pain medication, neither the patients nor the doctors evaluating
pain levels know who received the actual drug versus an inactive pill that looks identical. This
design primarily protects against:
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(A) Undercoverage in the sampling frame (C) Nonresponse bias

(B) The placebo effect and evaluator bias (D) Voluntary response bias

Loi gidi chi tiét
Keeping both subjects and evaluators unaware of assignment is the definition of double-
blinding, which controls simultaneously for the placebo effect (subject-side) and evaluator bias

(evaluator-side). (B).

Bai tap luyén tap

A wildlife researcher records the diet and body weight of wild bears exactly as she finds them
in the forest, without altering their environment or diet in any way. This is:

(A) A completely randomized experiment (C) A matched-pairs experiment

(B) An observational study (D) A randomized block design

Loi giai chi tiét
No treatment is imposed on the bears; data is simply recorded as it naturally occurs. Without
an imposed treatment, this cannot be an experiment of any kind. (B).

Bai tap luyén tap

A food scientist tests how oven temperature (325°F or 375°F) and baking time (20 or 25
minutes) affect the moistness of muffins. Batches of muffin batter are randomly assigned to
one of the four temperature-time combinations. |dentify: (a) the factors, (b) the number of
levels of each factor, (c) the number of treatments, (d) the experimental units, (e) the response
variable.

Loi giai chi tiet

-

(a) The factors are oven temperature and baking time. (b) Each factor has 2 levels (325°F/375°F;
20 min/25 min). (c) A treatment is a combination of one level from each factor, so there are 2 x
2 = 4 treatments: 325°F-20min, 325°F-25min, 375°F-20min, 375°F-25min. (d) The experimental
units are the batches of muffin batter. (e) The response variable is moistness (however it is
measured, e.g., a moisture-content score).

Bai tap luyén tap

Explain the difference between an “experimental unit” and a “subject,” using an experiment
that applies fertilizer to individual plant pots and an experiment that gives a new memory
drug to individual people.

Loi giai chi tiét

“Experimental unit” is the general term for whatever a treatment is applied to — it could be a
person, an animal, a plot of land, or a batch of material. “Subject” refers specifically to a human
experimental unit. In the fertilizer experiment, the experimental units are the plant pots —

they are not called subjects, since they are not human. In the memory-drug experiment, the
experimental units are also correctly called subjects, because the individuals receiving the drug
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are people.

Bai tap luyén tap

Researchers test a new fertilizer on plant growth, but suspect that soil type (sandy vs. clay) also
strongly affects growth. Describe an experimental design that accounts for this using blocking.

Lai giai chi tiét

Block the plots by soil type (sandy, clay) since soil type is expected to affect the response.
Within each block, randomly assign plots to receive the new fertilizer or the standard fertil-
izer (control). Compare growth between treatment and control within each soil block, then
combine results. This randomized block design removes soil-type variability from the treat-
ment comparison, increasing the experiment’s precision.

Bai tap luyén tap

A dermatologist wants to compare a new anti-itch cream (Cream X) to the standard cream
(Cream Y), using 24 volunteers who each have a similar itchy rash on both forearms. Design a
matched-pairs experiment.

Lai giai chi tiét

For each of the 24 volunteers, flip a coin to randomly decide which forearm receives Cream
X and which receives Cream Y — each volunteer is their own matched pair (a block of size
2), which controls for person-to-person differences in skin sensitivity and rash severity. After
a fixed treatment period, a blinded evaluator who does not know which arm received which
cream rates the itchiness of each arm using a standardized scale. The comparison is then
made within each volunteer (the difference between their two arm scores), and these 24 within-
person differences are combined. Randomizing which arm receives which cream (rather than a
fixed rule, such as always treating the left arm with Cream X) prevents any systematic left/right
effect from confounding the comparison.

Bai tap luyén tap

A teacher wants to test whether listening to instrumental background music improves perfor-
mance on a timed math worksheet, using 50 available student volunteers. Design a completely
randomized experiment, clearly identifying the treatments, the method of random assignment,
and the response variable.

Lai giai chi tiét

Treatments: (1) complete the worksheet while instrumental music plays; (2) complete the
worksheet in silence (control). Random assignment: number the 50 volunteers 01-50; use
a random-number generator to select 25 distinct numbers without repeats to form the mu-
sic group, with the remaining 25 students forming the silence group. Response variable: the
number of correctly answered problems on the worksheet. All 50 students should receive the
identical worksheet, time limit, and room conditions except for the music/silence manipula-
tion, so that any consistent difference in scores between the two groups can be attributed to
the music rather than to some other varying condition.
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Bai tap luyén tap

A physical-education teacher wants to compare two warm-up routines’ effect on 100-meter
sprint times, using 40 students — 20 of whom are on the school’s competitive track team
(much faster on average) and 20 of whom are not. Should she use a completely randomized
design or a randomized block design? Justify your choice and describe how you would carry
it out.

Loi giai chi tiet

She should use a randomized block design, blocking by track-team status. Track-team mem-
bership is a nuisance variable already known to strongly affect sprint times, independent of the
warm-up routine, so leaving it uncontrolled would add unnecessary variability to the treatment
comparison. Procedure: form two blocks — “track team” (20 students) and “non-track-team”
(20 students). Within the track-team block, randomly assign 10 students to Warm-up A and
10 to Warm-up B; independently, within the non-track-team block, randomly assign 10 stu-
dents to Warm-up A and 10 to Warm-up B. Compare sprint times between the two warm-ups
within each block, then combine the two within-block comparisons. This isolates the effect
of the warm-up routine from the large speed difference that track-team status alone would
otherwise create.

Bai tap luyén tap

Before a university study involving human participants can begin, the researchers must submit
their proposed procedures for review by an independent panel that evaluates whether risks
to participants are justified and reasonably minimized. This panel is called:

(A) A sampling frame committee (C) A cluster audit committee

(B) An Institutional Review Board (IRB) (D) A census bureau

Loi giai chi tiet

This independent, prior-approval review of a study’s ethics and risk-to-benefit balance is ex-
actly the role of an Institutional Review Board. (B).

Bai tap luyén tap

A polling organization takes a simple random sample of 1500 registered voters nationwide
and asks whether they approve of a proposed law; it does not assign anyone to any treatment.
Based on this study, which conclusion is justified?

(A) Can generalize to all registered voters, tor caused their opinions
and the wording of the law caused their

.. (C) Cannot generalize beyond the 1500 vot-
opinions

ers, but causation can be determined

(B) Can generalize to all registered voters, (D) Cannot generalize and cannot determine
but cannot establish that any single fac- causation

Lai giai chi tiét

Random sampling was used (so results generalize to all registered voters), but there was no
random assignment of any treatment (this is purely observational), so no cause-and-effect
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conclusion is justified. (B).

Bai tap luyén tap

A biology professor recruits (via a voluntary sign-up sheet, not a random sample of all students)
60 students from her own university to test a new tutoring method, then randomly assigns 30
to receive the tutoring and 30 to a control group. Test scores are significantly higher in the
tutoring group. What conclusions are justified, and what conclusion is not justified?

Loi giai chi tiét

Random assignment was used (30 vs. 30, randomly split), so for these particular 60 students,
the tutoring method can be said to have caused the improvement in test scores. However,
random sampling was not used — the 60 students were self-selected volunteers, not randomly

drawn from a larger population of students — so the result cannot be safely generalized to all
students in general; it applies only to students similar to those who volunteered.

Bai tap luyén tap

Researchers obtain a list of every hospital in a state and randomly select 40 of them. Within
each selected hospital, patients undergoing a certain surgery are randomly assigned to receive
either a new post-operative pain protocol or the standard protocol, and recovery time is com-
pared. Classify this study using the random sampling / random assignment framework, and
state precisely what conclusions are justified.

Lai giai chi tiét

Random sampling: yes (40 hospitals randomly selected from all hospitals in the state). Random
assignment: yes (patients randomly assigned to a protocol within each hospital). This is the
top-left cell of the framework — the strongest possible position. Conclusions: the results can
be generalized to (patients undergoing this surgery at) hospitals throughout the state, and
because of random assignment, any consistent difference in recovery time can be attributed
to (caused by) the pain protocol rather than to some other lurking variable.

Bai tap luyén tap

A club has 24 members, and an SRS of 4 members will be selected to form a committee.
What is the probability that two particular members, Alice and Bob, are both selected for the
committee?

Lai giai chi tiét

The total number of possible committees of 4 from 24 members is (*!) = 10,626. The number
of committees that include both Alice and Bob is the number of ways to choose the remaining
2 members from the other 22: (%) = 231. So

21 L o0m17
10,626 46 ~

P(both Alice and Bob selected) =

Check by a second method: P(Alice selected) = 5 = %; given Alice is selected, 3 spots remain

among the other 23 members, so P(Bob also selected | Alice selected) = % Multiplying,
1

P(both) = ¢ x 2% = 32 = 1, confirming the answer.
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Bai tap luyén tap

A grocery chain records total daily sales for one of its stores and wants a systematic sample of
8 days from a 56-day (8-week) stretch to estimate typical daily sales. An employee proposes
using k = 7 (one week) as the step size, with a randomly chosen start day in the first week.
Explain why this specific choice of k is a poor idea, even though the starting day is chosen
randomly.

Lai giai chi tiét

Because a week has exactly 7 days, a step size of &k = 7 means every single day selected will
fall on the same day of the week (e.g., if the random start is a Saturday, every selected day
is a Saturday). Daily sales are known to follow a weekly pattern (weekends typically differ
from weekdays), so this sample would badly misrepresent the store’s overall daily sales, sys-
tematically over- or under-estimating the true average depending on which day of the week
happened to be selected. Randomizing the starting point does not fix this problem, because
the flaw is that the population list (daily sales) has a periodicity that matches k£ — a different
step size (e.g., k = 8 or k = 9, which does not divide evenly into a 7-day cycle) would avoid
always landing on the same weekday.

Bai tap luyén tap

Two sampling methods are used repeatedly to estimate the same unknown population propor-
tion p. Method A'’s results are tightly clustered but consistently centered well above the true
value of p. Method B'’s results are centered right on the true value of p, but scattered widely
from sample to sample. (a) Describe Method A and Method B in terms of bias and variability.
(b) Will simply increasing the sample size fix Method A’s main problem? Explain.

Loi giai chi tiét

(a) Method A has low variability (tightly clustered results) but high bias (consistently off-center
from the true p). Method B has low bias (correctly centered on p on average) but high vari-
ability (widely scattered results). (b) No — increasing the sample size for Method A would only
make its results cluster even more tightly around the same wrong, too-high value; it would not
move that center closer to the true p. Bias is a flaw in the sampling method itself (e.g., a flawed
frame or self-selection), and only switching to a better-designed method — not collecting more
data with the same flawed method — can fix it.
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Probability, Random Variables, and
Probability Distributions

Muc tiéu Unit: Udc lwong xac suat bing mé phéng va Dinh luat sé I6n (Law of Large Numbers), phan
biét v&i ngd nhan cta ngudi danh bac (gambler’s fallacy); ndm virng cac quy tic xac suat co ban (quy
tac cong, bién cd xung khac, xac suat cé diéu kién, quy tic nhan, tinh doc Iap, biéu dé Venn va biéu do
cay); xay dung va phan tich phan phéi xac suat ctia bién ngau nhién rdi rac, tinh ky vong 1 va dé léch
chuin o; bién déi va két hop cac bién ngiu nhién déc 1ap; 1am quen véi bién ngau nhién lién tuc va
dudng cong mat doé (k& ca phan phdi déu); ap dung phan phdi nhj thirc (binomial, ké ca xap xi chuan) va
phan phdi hinh hoc (geometric) vao cac bai toan thurc té.

4.1 Introducing statistics: estimating probability by simulation

Some sequences of outcomes generated by a genuinely random process look strangely patterned,
while some sequences that are actually the product of a hidden pattern can look random at first
glance. To avoid being fooled by short-run appearances, statisticians define probability formally:
the probability of an outcome is the proportion of times it would occur in an indefinitely long series
of independent repetitions of a random process - it is never a promise about what happens on any
single trial, or even the next several trials.

Because a random process can rarely be repeated infinitely many times in practice, probability
is estimated in one of two ways. The theoretical probability is calculated directly from a model -
for example, counting equally likely outcomes or applying a known probability rule. The empirical
(or simulated) probability is the observed relative frequency of an outcome after actually running a
large number of trials, either physically or with a computer simulation.

Simulation is especially valuable when a probability is awkward or effectively impossible to com-
pute directly with the rules developed later in this unit - for instance, an intricate multi-stage process
with many possible paths. In such cases the simulated process does the calculating for you, one trial
at a time, and the resulting relative frequency serves as a stand-in for the theoretical probability.

People are often poor at telling genuinely random outcomes apart from patterned ones, be-
cause of the gambler’s fallacy - the mistaken belief that a random process has a “memory” and must
balance itself out soon (e.g., thinking a coin is “due” for tails after five heads in a row). In reality,
independent trials never compensate for the past: after five heads, P(tails) on the next flip is still
exactly 0.5.

Vi du miu - Recognizing genuine randomness

Two students each report a sequence of 20 coin flips. Student 1 reports
HTHTHTHTHTHTHTHTHTHT (perfect alternation). Student 2 reports a messier sequence
that happens to include one run of three tails in a row and one run of three heads in a row,
mixed with shorter runs. Which report is more consistent with genuinely flipping a fair coin
20 times?

Solution. Every specific sequence of 20 flips, including the perfectly alternating one, is equally
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likely under the fair-coin model - each has probability (0.5)2°. The key is not the probability of
one exact sequence versus another, but which pattern the sequence displays. A truly random
process has no memory and does not systematically avoid repeats, so runs of three or more
identical outcomes show up fairly often across 20 independent flips. A perfectly alternating
sequence, with zero runs longer than one, is a highly atypical pattern for genuine randomness
to produce. People asked to “make up” a random-looking sequence consistently fall for the
gambler’s fallacy and avoid long runs, producing sequences that alternate suspiciously often
- exactly like Student 1's. Student 2’s messier sequence, containing ordinary short runs, is far
more consistent with genuine independent coin flips.

. GIAI THICH TIENG VIET

Ngo nhan cia ngudi danh bac (gambler’s fallacy) 1a niém tin sai [am ring mét qua trinh ngau
nhién cé “tri nhd” va phai tu can bang lai - vi du nghi rang sau 5 [an ra mat nglra lién tiép thi
lan ti€p theo “phai” ra mat sap. Thuc té, cac an thir ddc 1ap khéng hé anh hudng 1an nhau: xac
suat van 13 0.5 du trudc dé ra gi. Vi ngd nhan nay, khi con ngudi tw bia mot day két qua “tréng
c6 vé ngau nhién,” ho thudng tranh cac chudi I3p dai (run) - trong khi dir liéu ngiu nhién that
su’ lai thudng xuyén cé cac chudi 13p nhu vay.

Law of Large Numbers (LLN): as the number of independent, identically distributed trials n
increases, the observed relative frequency of an outcome converges to its true theoretical
probability. This convergence happens only in the long run: the relative frequency after a
small number of trials can deviate substantially from the theoretical value, and it need not move
closer to that value on every additional trial - only the overall long-run trend is guaranteed.

- GIAI THICH TIENG VIET
Dinh luat s6 16n (Law of Large Numbers - LLN) phat biéu rang khi s6 1an thr n cang I6n, tan
suat twong déi quan sat dugc (xac suat thuc nghiém/mo phdong) sé cang gan vdi xac suat ly
thuyét that su cha bién c¢6. Diém can luu y: LLN chi ding vé lau dai - véi n nho, tan suat quan
sat c6 thé léch kha xa gia tri ly thuyét, va khong nhat thiét méi [an thir tiép theo sé kéo tan
suat lai gan hon ngay lap tirc; chi cé xu huwéng chung la hoi tu vé xac suat that khin — co. Day
la ly do vi sao mé phoéng véi c& mau nho cé thé cho két qua gay hiéu [am.

Designing a simulation

A well-designed simulation used to estimate a probability has four components.

1. State the assumptions of the underlying probability model (e.g., each free throw is made
independently with probability 0.7).

2. Assign a random device to imitate one trial - e.g., let two-digit random numbers 00-69
represent “made” and 70-99 represent “missed,” matching the stated probability 0.7, and
discard any repeated or invalid digits if needed.

3. Run many trials, recording the outcome of each one exactly as the assumptions specify.

4. Summarize: compute the relative frequency of the outcome of interest across all trials -
this relative frequency is the simulated (empirical) probability estimate.

More trials produce a more reliable estimate, by the Law of Large Numbers.
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Vi du mAu - Simulating with a table of random digits

A basketball player makes free throws independently with probability p = 0.70 on each at-
tempt. Use a table of random digits to simulate 10 independent attempts, and report the
simulated (empirical) probability of a make.

Solution. Step 1 (assumptions): each attempt is independent, with P(make) = 0.70 on every
attempt. Step 2 (assign digits): let the single digits 0, 1,2, 3, 4, 5, 6 represent a make (7 of the
10 equally likely digits, matching p = 0.70) and the digits 7, 8,9 represent a miss. Step 3 (run
trials): read the following row of random digits, one digit per attempt:

5 2 9 6 0 3 8 4 1 4

Attempt 1 2 3 4 5 6 7 9 10
Digit 5 2 9 6 0 3 8 4 1 4
OQutcome M M X M M M X M M M

M = make, X = miss.

Step 4 (summarize): only the digits 9 and 8 (attempts 3 and 7) fall in the “miss” range; the
remaining 8 attempts are makes. The simulated probability of a make in this particular run

isp = 0= 0.80. This one run of 10 trials landed noticeably above the theoretical value

p = 0.70 - areminder that with only 10 trials, relative frequency can deviate substantially from
the true probability. Repeating the simulation many more times (or running far more trials per
repetition) would, by the Law of Large Numbers, pull the long-run simulated proportion of
makes back toward 0.70.

Vi du mAu - Simulating a fair coin

A coin is claimed to be fair, so its theoretical probability of heads on any flip isp = 0.5. A
simulation of repeated independent flips produces the running results below.

Flips (n) Cumulative heads Relative frequency p = heads |p — 0.5]
10 6 0.600 0.100
20 11 0.550 0.050
50 24 0.480 0.020
100 53 0.530 0.030

200 97 0.485 0.015
500 252 0.504 0.004
1000 489 0.489 0.011

The relative frequency does not shrink its distance from 0.5 at every single step - it rises from
0.020 back up to 0.030, and later from 0.004 back up to 0.011 - but the overall pattern across
the seven rows is a relative frequency staying much closer to the theoretical value p = 0.5 as
n grows from 10 to 1000, exactly as the Law of Large Numbers predicts. A simulation like this
can support a claim (here, that the coin is fair), but it can never prove it with certainty.

4.2 Introduction to probability: sample space and probability rules

For example, tossing a fair coin twice has sample space S = {HH,HT,TH,TT}; the event A =
“exactly one head” is the subset { HT', TH?}, so if the four outcomes are equally likely, P(A) = %
0.5. Not every sample space has equally likely outcomes - a spinner with unequal-sized regions,
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for instance - so probabilities must always be read from (or calculated using) the actual model, not
assumed equal by default.

The sample space S is the set of all possible outcomes of a random process. An event is any
subset of the sample space - a collection of outcomes we are interested in. Every probability
rule follows from two basic facts: 0 < P(A) < 1 for any event A, and the probabilities of all
outcomes in S sum to 1.

Two rules built directly on this foundation are used constantly throughout this unit.

Complement rule: P(A¢) = P(not A) = 1 — P(A), where A° (“not A”) is every outcome in S
that is not in A.

Addition rule (general form): P(AU B) = P(A) + P(B) — P(AN B). If A and B are mutually
exclusive (cannot occur together), then P(A N B) = 0 and the rule simplifies to P(A U B) =
P(A)+ P(B).

- GIAI THICH TIENG VIET
Quy tac phan bu (complement rule): xac suat “A khéng xay ra” luén bang 1 trtr di xac suat “A
xay ra”. Quy tic cong (addition rule): dé tinh P(A U B) (A hoic B xay ra), cong P(A) véi P(B)
roi trir di phan giao P(A N B) dé€ tranh dém trung nhirng két qua nam trong ca hai bién cé.
Néu A va B khéng thé xay ra dong th&i (xung khac), phan giao bang 0 nén chi can cdng truc
ti€p hai xac suat.

S A = Coffee B =Tea

Coffee only Both
0.15

Tea only

0.20

Neither
0.20

Venn diagram for the coffee/tea example: the four disjoint regions (only A, only B, both, neither) partition the whole

sample space S and sum to 1.

Vi du mau - Addition rule with a Venn diagram

Let A = the event a randomly selected adult drinks coffee, and B = the event the same adult
drinks tea. Suppose P(A) = 0.60, P(B) = 0.35, and P(A N B) = 0.15 (drinks both). Find
P(A U B), and use it to find the probability the adult drinks only coffee, only tea, and neither.

Solution. By the addition rule, P(AUB) = P(A)+P(B)—P(ANB) = 0.60+0.35—0.15 = 0.80.
Coffee only: P(A)—P(ANB) = 0.60—0.15 = 0.45. Teaonly: P(B)—P(ANB) = 0.35—0.15 =
0.20. Neither: 1 — P(AU B) = 1 —0.80 = 0.20. As a check, the four disjoint regions of the
Venn diagram sum to 1: 0.45 + 0.15 4+ 0.20 + 0.20 = 1.00. So 80% of adults drink coffee, tea, or
both, and 20% drink neither beverage.

4.3 Mutually exclusive (disjoint) events
Events A and B are mutually exclusive (equivalently, disjoint) if they cannot both occur on the

same trial: P(AN B) = 0. On a Venn diagram, mutually exclusive events are drawn as two
circles that do not overlap.
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A common misconception is to treat “mutually exclusive” as a fancy synonym for “unrelated,” in
the everyday sense of the word independent. In probability, the two ideas are almost opposites: for
two events with positive probability, being mutually exclusive is actually the strongest possible form
of dependence.

Why mutually exclusive events cannot be independent

Suppose A and B are mutually exclusive with P(A) > 0and P(B) > 0. Then P(ANB) = 0. If
A and B were also independent, the multiplication rule would require P(ANB) = P(A)- P(B)
- a product of two positive numbers, which cannot equal 0. This is a contradiction, so mutually
exclusive events with positive probability are never independent. Intuitively: knowing that
A occurred tells you for certain that B did not occur (since they cannot happen together) -
knowledge of A completely changes the probability of B, which is the opposite of indepen-
dence.

. GIAI THICH TIENG VIET

Dirng nham “xung khic” (mutually exclusive - khéng thé cuing xay ra) véi “doc 1ap” (indepen-
dent - bién c6 nay khéng anh hudng dén xac suat bién cé kia). Trén thuc t€, néu A va B déu
c6 xac suat duong va xung khac nhau, biét A xay ra sé cho biét chac chan B khoéng xay ra -
day 12 mirc d6 phu thuéc manh nhat c6 thé cé, hoan toan trai nguoc véi tinh doc 1ap.

Vi du miu - Mutually exclusive events and the addition rule

A dealership’s records show that among vehicles sold last month, P(sedan) = 0.40, P(SUV) =
0.35, and P(truck) = 0.25 (every vehicle sold falls into exactly one of these three categories).
Find P(sedan or truck).

Solution. A single vehicle cannot be both a sedan and a truck, so the two events are mu-
tually exclusive: P(sedan N truck) = 0. The addition rule simplifies to P(sedan or truck) =
P(sedan) + P(truck) = 0.40 4+ 0.25 = 0.65. As a check, the three categories are mutually
exclusive and exhaustive (every vehicle is exactly one type), so their probabilities sum to 1:
0.40 4+ 0.35 + 0.25 = 1.00.

4.4 Conditional probability
4.4.1 Definition and the conditional probability formula

The conditional probability of A given that B has occurred is

P(ANB)

P(A|B):W7

P(B) > 0.

“Given B” means we restrict attention entirely to the outcomes where B has already happened,
and ask what fraction of those outcomes also satisfy A.

P(AN B)
P(B)
c6 dirng sau dau “|” (bién c6 da biét chic chan da xay ra), khéng phai P(A). Viét nham thanh

R sé cho ra P(B | A) - mét dai lugng hoan toan khac vé&i P(A | B), trir khi tinh c&

(") L&i thudng gap: Trong céng thirc P(A | B) = , Mau s6 ludn 13 xac suat cha bién
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4.4.2 Two-way tables

Two-way tables display counts (or probabilities) jointly classified by two categorical variables, and
are one of the most natural places to compute conditional probabilities directly from row or column
totals.

Addition rule: P(A U B) = P(A) + P(B) — P(A N B) (subtract 0 if mutually exclusive).
Conditional probability: P(A | B) = W Independence: A, B are independent iff
P(ANB)= P(A)- P(B), equivalently P(A | B) = P(A).

Vi du mau - Two-way table

200 students are classified by class year and sport participation:

Sport Nosport Total

Freshman 30 20 50
Sophomore 25 35 60
Junior 20 30 50
Senior 15 25 40
Total 90 110 200

P(Sport) = o = 0.45. P(Sport | Freshman) = 23 = 0.60. Since 0.60 # 0.45, Sport and
Freshman are not independent. Addition rule: P(Junior or Sport) = P(Junior) + P(Sport) —
P(Junior and Sport) = 0.25 + 0.45 — 0.10 = 0.60.

. GIAI THICH TIENG VIET

Kiém tra doc 1ap: so sanh P(A | B) v&i P(A) - néu bang nhau thi doc 1ap. Lwu y: hai bién ¢
xung khac (mutually exclusive, khéng thé cung xay ra) ma déu cé xac suat duong thi khéng
bao gi® doc Iap, vi biét mot bién c6 xay ra sé cho biét chac chan bién c6 kia khdng xay ra.

Two-way tables also introduce useful vocabulary for locating a probability inside the table. A
joint probability is the probability of two categories occurring together, found in a single interior cell
of the table (e.g., P(Freshman and Sport) = % = 0.15). A marginal probability is the probability of
just one variable, ignoring the other, found in a row or column total (e.g., P(Sport) = 2% = 0.45,

200
from the “Total” row). A conditional probability restricts to a single row or column and divides by
that row or column’s total, as computed above. Every conditional probability in a two-way table can
therefore be written as a ratio of a joint probability to a marginal probability, which is exactly the

formula P(A | B) = P(ﬁ(;f)

4.4.3 Tree diagrams and the general multiplication rule

Rearranging the conditional probability formula gives the general multiplication rule: P(A N B) =
P(A)- P(B| A). Atree diagram organizes a multi-stage random process so this rule can be applied
visually: multiply probabilities along a branch to get the probability of that path, and add across
branches that lead to the same final outcome.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 90



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Part selected

/N

Machine A Machine B
P =10.60 P =0.40
0.05/ \).95 o.oz/ \).92
Defective OK Defective OK

Tree diagram for the manufacturing example: multiplying along each path (general multiplication rule) gives
P(A N Def) =0.60 x 0.05 = 0.03 and P(B N Def) = 0.40 x 0.08 = 0.032.

Vi du mau - Tree diagram and the general multiplication rule

A factory has two machines. Machine A produces 60% of all parts, and 5% of Machine A’s parts
are defective. Machine B produces the remaining 40% of parts, and 8% of Machine B’s parts
are defective. A part is selected at random.

(@) Find P(Machine A and defective).
(b) Find P(defective).

(c) Given the part is defective, find P(Machine A | defective).
Solution. Multiply along each branch of the tree:

P(ANDef) = P(A) - P(Def | A) = 0.60 x 0.05 = 0.030
P(B N Def) = P(B) - P(Def | B) = 0.40 x 0.08 = 0.032

(a) P(Machine A and defective) = 0.030.
(b) Every defective part comes from exactly one machine, so add the two branch probabilities:
P(Def) = 0.030 + 0.032 = 0.062.

(c) P(Machine A | defective) = P(ﬁ(g::;f) _ 8822

duces most of the parts and has the lower defect rate, once we know a part is defective there is
only about a 48.4% chance it came from Machine A - noticeably lower than the unconditional
60%, because Machine B'’s higher defect rate pulls a disproportionate share of the defective
parts toward it. This process - dividing one branch of a tree by the sum of all branches leading
to the observed outcome - is the basic reasoning behind what is formally known as Bayes'’
theorem.

~ 0.4839. Even though Machine A pro-

4.5 Independent events and unions of events

Events A and B are independent if knowing one occurred does not change the probability of
the other: P(A | B) = P(A) (equivalently P(B | A) = P(B)). This is algebraically equivalent to
P(ANB) = P(A)- P(B) - the multiplication rule for independent events, which is the special
case of the general multiplication rule P(AN B) = P(A) - P(B | A) when P(B | A) = P(B).

Independence vs. mutual exclusivity

e Mutually exclusive: A and B cannot both happen - P(A N B) = 0. A statement about the
outcomes of A and B never overlapping.
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ENGLISH

¢ Independent: whether A happens has no effect on the probability that B happens - P(A |
B) = P(A). A statement about probabilities not influencing each other.

As shown above, two events with positive probability that are mutually exclusive can never
be independent, and two events that are independent (with positive probability) can never be
mutually exclusive. Checking one of these two properties tells you nothing about the other,
except that they can never both hold at once.

Vi du miu - Checking independence and applying the multiplication rule

Roll a fair six-sided die once. Let A = “the roll is even” (P(A) = %) and B = “the roll is at least
5" (P(B) = 1, outcomes {5, 6}). Are A and B independent?

Solution. AN B = “even and at least 5" = {6}, so P(AN B) = . Check the multiplication rule:
P(A)-P(B) = -3 = ¢. Since P(AN B) = P(A) - P(B) = ¢, A and B are independent
- among the outcomes {5, 6}, exactly one (6) is even, so the conditional probability of “even”

given “at least 5" is still % unchanged from the unconditional probability.

. GIAI THICH TIENG VIET

Hai cach kiém tra doc lap twong duong nhau: so sanh P(A | B) véi P(A), hodc so sanh
P(AN B) v&i P(A) - P(B) - chi can moét trong hai cach cho két qua bang nhau 1a du dé két
ludn déc 1ap. Quy tic nhan téng quat P(AN B) = P(A)- P(B | A) ludn ding cho moi bién c8;
quy tic nhan don gian P(A N B) = P(A) - P(B) chi dung khi A va B dc 13p.

The general multiplication rule is essential precisely when trials are not independent - most com-
monly, when sampling without replacement from a small, finite group. Removing an item changes
the composition of what remains, so the probability on the second draw depends on the result of
the first.

Vi du mau - General multiplication rule without independence

A bag contains 5 red marbles and 3 blue marbles. Two marbles are drawn without replacement.
Find P(both marbles are red).

. 5 .
Solution. The first draw: P(red,) = 3 Because the marble is not returned, only 4 red marbles

4 T
remain out of 7 total for the second draw: P(red, | red,) = = By the general multiplication

rule,
5 4 20 )
P(both red) = P(red,) - P(red d)=---==—=— ~0.357.
(both red) (red,) - P(red, | red,) S T 1 0.357
Notice that P(red, | red,) = 2 # 2 = P(red,) - the two draws are not independent, so only
the general multiplication rule (not the simplified independent-events version) applies here.

A very common exam pattern combines independence with the complement rule to find the
probability that at least one of several independent events occurs - directly computing this by adding
individual probabilities is tempting but wrong, since “at least one” includes many overlapping ways
for two or more events to happen together, which a simple sum would double-count.

Vi du mAu - "At least one” with independent events

A car has 4 independent smoke detectors, each working correctly with probability 0.98 on a
given day. Find the probability that at least one of the four detectors fails on a given day.
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Solution. It is far easier to work with the complement, “none of the four detectors fails.” Since
the detectors are independent, the probability that all four work is the product of the individual
probabilities:

P(none fail) = P(all 4 work) = (0.98)* ~ 0.92237.

By the complement rule, P(at least one fails) = 1 — P(none fail) = 1 — 0.92237 ~ 0.0776.
There is about a 7.8% chance that at least one of the four detectors fails on a given day, even
though each individual detector is highly reliable.

(1) L6i thuong gap: V&i bai toan “it nhat mot” (at least one) trong sé nhiéu bién cé déc lap, hoc
sinh thudng mac 16i cdng tryre ti€p cac xac suat riéng 1é (vi du P(16i 1) + P(16i 2) 4 ---), dan dén
dém trung cac trudng hop nhiéu bién cd cung xay ra. Cach l1am dung va nhanh nhat luén |a
dung quy tac phan bu: P(it nhat mot xay ra) = 1 — P(khéng cé bién c8 ndo xay ra), va vai cac
bién c6 doc 1ap, P(khéng cd bi€n c6 nao xay ra) la tich clia cac xac suat "khong xay ra” riéng
[é.

4.6 Introduction to random variables and probability distributions

A discrete random variable takes values that can be listed (finitely many, or countably infinite, like
0,1,2,3,...), each with a positive probability - this is the type of random variable studied for most of
this unit. A continuous random variable instead takes any value in an interval of real numbers (such
as height or time), so probability is described by area under a density curve rather than by a table;
continuous random variables are developed later in this unit, after the discrete case.

By convention, an uppercase letter such as X denotes the random variable itself (the process of
generating a numerical outcome), while a lowercase letter such as = denotes one specific possible
value it could take. For example, if X = the number of heads in 3 tosses of a fair coin, then X can take
the values x = 0,1, 2,3, and P(X = 2) asks for the probability that this particular random process
produces the specific value 2.

A random variable assigns a numerical value to each outcome of a random process. A dis-
crete random variable X takes a countable list of possible values z,, z,, ..., each with its own
probability. Its probability distribution is a table (or formula) listing every possible value of X
together with P(X = z;). A table is a valid probability distribution exactly when (1) every
probability satisfies 0 < P(z,;) < 1, and (2) the probabilities sum to exactly 1: ). P(z;) = 1.

GIAI THICH TIENG VIET

Bién ngau nhién roi rac (discrete random variable) nhan mét danh sach cac gia tri dém duorc,
moi gia tri gan vé&i mot xac suat. Mot bang phan phdi xac suat dugc goi 1a hop 1€ khi théa hai
diéu: moi xac suat déu nam trong khoang [0, 1], va téng tat ca cac xac suat phai bang dung
1. Néu téng khac 1, hodc c6 mét xac suat am hay I6n hon 1, bang dé khéng phai 1a mot phan
phéi xac suat hop Ié.

Vi du mau - Recognizing a valid probability distribution

A discrete random variable X has the proposed distribution below. Is it a valid probability
distribution?

T 0 1 2 3
P(X==z) 020 045 0.30 0.10
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Solution. Every listed probability lies between 0 and 1. Sum: 0.20+0.45+0.30+0.10 = 1.05 # 1.
Because the probabilities sum to 1.05, not 1, this is not a valid probability distribution - at least
one value must be corrected before this table can describe a real random variable.

4.7 Mean and standard deviation of random variables

For discrete random variable X: uy = E(X) = Y z,P(z;), and 0% = > (x; — px)?P(z;),
with oy = \/0%. The mean py is the long-run average value of X over many repetitions; the
standard deviation oy measures the typical distance of X from that average.

Vi du miu - Building a distribution and computing ji ., oy

A carnival game costs $4 to play. A player spins a wheel: with probability 0.10 they win a $20
prize, with probability 0.30 they win a $5 prize, and with probability 0.60 they win nothing. Let
X = the player’s net profit (prize won minus the $4 cost). Build the probability distribution of
X, then find 1y and o .

Solution. Net profit: win $20 prize — X = 20 — 4 = 16; win $5 prize - X = 5—4 = 1; win
nothing - X =0—4 = —4.

z  Pl@) z2P@) (v—px)? (v—px)?P(2)

16 0.10 1.6 272.25 27.225
1 0.30 0.3 2.25 0.675
—4 060 —24 12.25 7.350
Sum 1.00 —0.5 35.250

px = Y xP(z) = 1.6 + 0.3 — 2.4 = —0.5. Using uy = —0.5 to build the last column: 0% =
S — px)?P(x) = 35.25,50 0 = V/35.25 ~ 5.94. On average, a player loses about $0.50 per
play (the game favors the house), and any individual play’s net profit typically differs from that
average by about $5.94, due to the wide range of possible prizes.

Notice that u = —0.5 is not itself a possible outcome of a single play - the game only ever pays
16, 1, or —4 dollars. Like most averages, the expected value is a long-run summary describing what
happens on average across many repetitions, not a value that must occur on any individual trial.

4.8 Transforming and combining random variables

Transforming: E(aX + b) = aE(X) + b, Var(aX + b) = a*Var(X) (so 0, x.;, = |alox).
Combiningindependent X,Y: E(X4+Y) = E(X)+E(Y),andVar(X+Y) = Var(X)+Var(Y)
(variances always add for independent variables, even when subtracting).

(1) L6i thuerng gdp: Khi cdng hodc trir hai bién ngiu nhién doc 1ap, phuong sai luén cdng (khéng
bao gio trir), vi ca hai ngudn bién thién déu lam két qua kém chic chan hon: Var(X —Y) =
Var(X) + Var(Y).

. GIAI THICH TIENG VIET
Khi nhan bién ngiu nhién véi hang s6 a réi cdng hang s6 b: ky vong bién déi theo cling cong
thirc a E(X) +b, nhung phuong sai chi bi nhan vai a? (hang sé cong b khong anh hudng dén do
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trai). Khi két hop hai bién ddoc 1ap, ky vong cong/trir binh thuwdong nhu sé thuc, nhung phuong
sai (khdng phai do 1éch chuan) luén céng lai, du ta dang céng hay trir hai bién.

Vi du mAu - Linear transformation of a random variable

Average daily high temperatures in a city during a certain month are modeled by a random
variable X (in °C) with .y = 18 and oy = 4. Convert to degrees Fahrenheit using Y = %X+32.
Find iy and oy, and interpret each.

Solution. Applying the transformation rules with a = % and b = 32:
9 9 9 9
py = ghx +32==(18) +32=324+32=644°F, oy = ‘g‘ ox=(4)=T72°F
The additive constant 32 shifts every value (and therefore the mean) upward but does not
stretch or compress the distribution, so it contributes nothing to oy.. The multiplicative con-
stant % rescales the entire distribution, so it multiplies both the mean and the standard devia-
tion. On average, the daily high is 64.4°F, typically varying from day to day by about 7.2°F.

Vi du mau - Combining two independent random variables

At a coffee shop, the time to take an order has mean py = 3.2 minutes and SD o = 0.8
minutes. The time to prepare the drink is independent of the order time, with mean p, = 2.5
minutes and SD oy = 0.6 minutes. Let ' = X + Y be the total time, and D = X — Y the
difference between the two stage times.

Solution. Means: jp = px + gy = 3.2+ 2.5 = 5.7 minutes; up = pux — iy =3.2—-2.5=0.7
minutes. Because X and Y are independent, variances add in both cases: Var(T') = Var(D) =
0% + 02 =0.82+0.62 = 0.64 + 0.36 = 1.00, S0 o = o, = v/1.00 = 1.0 minute. On average,
a customer’s total wait is 5.7 minutes, with the order stage typically taking 0.7 minutes longer
than the preparation stage; both the total time and the difference in stage times vary by about
1.0 minute from customer to customer.

4.9 Continuous random variables and density curves

So far, every random variable in this unit has been discrete, taking a countable list of separated
values. Many quantities of real interest - height, time, weight, a proportion - instead take any value
in an interval of real numbers, and are described not by a probability table but by a smooth density
curve.

A continuous random variable X is described by a density curve: a curve that lies on or above
the horizontal axis, with total area under the curve equal to 1. The probability that X falls in
an interval equals the area under the density curve above that interval: P(a < X < b) = the
area under the curve between = = a and © = b. Because a single point has zero width, the
area above any single value is 0, so for a continuous random variable P(X = a) = 0 for every
a - consequently P(X < a) = P(X < a), since including or excluding a single endpoint never
changes the probability.

GIAI THICH TIENG VIET
V6i bién ngau nhién lién tuc (continuous random variable), xac suat dugc biéu dién bang dién
tich duéi dudng cong mat dé (density curve), chir khdng phai bang mot bang liét ké tirng gia
tri nhu bién rdi rac. Téng dién tich dudi toan bd dudng cong ludn bang 1. Vi mét diém don
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lé khong c6 “bé réng” nén dién tich tai ding mét diém bang 0 - do d6 P(X = a) = 0 v&i bién
lién tuc, va viéc lay dau “<” hay “<” khéng lam thay déi xac suat.

The most important continuous density curve in this course is the Normal curve: symmetric,
single-peaked, and bell-shaped, fully determined by its mean p and standard deviation 0. The 68-
95-99.7 rule gives quick area (probability) estimates for any Normal curve: about 68% of the total
area lies within 1o of i, about 95% within 20, and about 99.7% within 3o.

xX

" 7‘ 3o I ‘_ =4 Iz 4‘» o I +‘ 30
The Normal density curve: the shaded area between . — o and p + o represents P(u— o < X < pu+ o) =~ 0.68,
matching the 68-95-99.7 rule. Total area under any density curve equals 1.

Vi du mAu - Area under the Normal density curve

Heights of adult men in a population are approximately Normal with ;. = 70 inchesand o = 2.5
inches. Using the 68-95-99.7 rule, find (a) P(65 < X < 75) and (b) P(X > 72.5).

Solution. (a) 65 = 70 — 2(2.5) and 75 = 70 + 2(2.5), so this interval spans exactly p + 20:
P(65 < X < 75) ~ 0.95.

(b) 72.5 = 70 4+ 1(2.5) = pu + o. About 68% of the area lies within 1o of  (between 67.5 and
72.5), leaving 1 — 0.68 = 0.32 split evenly between the two symmetric tails, so each tail holds
about %32 = 0.16: P(X > 72.5) ~ 0.16.

4.9.1 The uniform distribution

A uniform distribution is the simplest continuous model: its density curve is a flat, constant height
over an interval [a, b] (and 0 outside it), so every sub-interval of a given length is equally likely, re-
gardless of where it falls within [a, ].

A continuous random variable X is uniformly distributed on [a, b] if its density curve has the

constant height

. ] 1
fora < z < b(and height 0 elsewhere), so the total areais (b—a) x — =

—a
1. For any ¢ < d within [a, b], the probability of landing between them is simply the area of a
rectangle:

Plc<X<d)=(d—c)x

b—a

. GIAI THICH TIENG VIET
Phan phéi déu (uniform distribution) trén doan [a, b] c6 dudng cong mat dé 13 mot doan thing

P . VN ~ e ]- ~ Y . 2 z ~ ~ e A ’

nam ngang v&i chiéu cao khong doi 5 - nghia |a moi khodng con cé cung do dai déu co
—a

xac suat bang nhau, bat ké vi tri clia né trong [a, b]. Vi dudng cong |a mét hinh chir nhat, xac

suat P(c < X < d) chi don gian 1a dién tich hinh chir nhat co6 chiéu dai (d — ¢) va chiéu cao
1

b—a’
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density

|~

height =

He
)

i > = (minutes)

2 5 10 14

Uniform density curve for browsing time on [2, 14] minutes (height not drawn to scale): total area = 12 x 11—2 =1.The
shaded region, from 5 to 10 minutes, has area P(5 < T < 10) =5 x 15 = & ~ 0.417.

12
Vi du miu - The uniform distribution

A city bus is scheduled to arrive every 20 minutes. In practice, its arrival time W (minutes after
the scheduled time) is uniformly distributed between 0 and 20 minutes. Find P(5 < W < 12)
and P(W < 5).

Solution. The density height is = 0.05.

1
20— 0
P(5 < W < 12) = (12—5)x0.05 = 7x0.05 = 0.35,  P(W < 5) = (5—0)x0.05 = 5x0.05 = 0.25.

There is a 35% chance the bus arrives between 5 and 12 minutes late, and a 25% chance it
arrives within the first 5 minutes of the scheduled time.

4.10 The binomial distribution

4.10.1 Introducing the binomial distribution

The binomial setting arises naturally whenever a fixed number of identical, independent yes/no trials
are repeated - inspecting parts off an assembly line, surveying independent shoppers, or recording
makes and misses across a fixed number of shot attempts. The formula for P(X = k) has two parts,
each answering a different question: the binomial coefficient (7)) counts how many different arrange-
ments of k successes and n — k failures are possible among the n trials, while p*(1 — p)"~* is the
probability of any one such specific arrangement (successes and failures are independent, so proba-
bilities along a single arrangement multiply). Since every arrangement with exactly & successes has
this same probability, multiplying the two together gives the total probability of exactly k successes
in any order.

A binomial setting requires: Binary outcomes (each trial is success/failure), Independent trials,
a fixed Number of trials n, and the Same probability p of success on every trial (BINS). Under
these conditions, if X = the number of successes in n trials, then

P(X=k) = (Z)pk(l —p)™ k. kE=0,1,..,n.

- GIAI THICH TIENG VIET
B&n diéu kién BINS can kiém tra trudce khi dung céng thirc nhj thire: Binary (két qua nhi phan
- thanh cong/that bai), Independent (cac lan thdr doc 1ap véi nhau), N ¢6 dinh (s6 lan thir n
khéng daéi), Same p (xac suat thanh cong p gidng nhau & moi [an thi). Thi€u mét trong bén
diéu kién, cong thirc nhj thire khéng ap dung chinh xac duorc.
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ENGLISH

0.4
0.35

— 0.3 0.26
w2 0.23
I
5 0.2
A

0.1 7.8-1072 7.7-1072

I N
0
0 1 2 3 4 5

k
Binomial probability distribution, n = 5,p = 0.4: p = np =2.0,0 = v/np(1 — p) = 1.10.

Vi du mAu - Binomial probability and constructing a distribution table

A basketball player makes free throws independently with p = 0.4 each. Out of n = 5
attempts, find P(X = 3) made shots, then construct the full distribution table of X.

P(X=3)= (Z) (0.4)3(0.6)2 = 10(0.064)(0.36) = 0.2304.

k 0] 1 2 3

(and P(X = 5) = 0.4° ~ 0.010)
P(X=k) 0078 0.259 0.346 0.230 0.077

Mean: px = np = 5(0.4) = 2.0 makes; oy = 1/5(0.4)(0.6) = V1.2 ~ 1.10.

4.10.2 Parameters, cumulative probabilities, and the 10% condition

For binomial X with parameters n and p: uy = np and oy = /np(1 —p). A cumulative
binomial probability adds several individual terms: P(X < k) (“at most k"), P(X > k) (“at least
k"), and P(X > k) (“more than k,” which excludes & itself, unlike “at least”). The complement
rule is often the fastest route: P(X > k) =1—P(X <k—1).

() Loi thuong gap: “it nhat &” (at least k, tirc P(X > k)) va “nhiéu hon £” (more than £, tirc
P(X > k)) khac nhau: “it nhat k£” bao géom gia tri k, con “nhiéu hon £” thi khéng. Véi k = 3
chang han: P(X > 3) cdng ca s6 hang P(X = 3), con P(X > 3) chicong tlr P(X = 4) tr& 1én.
Doc nham mét chir trong dé bai sé dan tai sai dap s6 hoan toan.

Vi du miu - Cumulative binomial probability with the complement rule

On a multiple-choice quiz with 4 choices per question, a student guesses randomly and inde-
pendently on all n = 6 questions, so p = 0.25 per question. Find the probability the student
gets at least 3 questions correct.

Solution. It is faster to use the complement: P(X >3)=1—-P(X <2)=1—[P(0)+ P(1) +
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P(0) = (g) (0.25)°(0.75)¢ = 0.755 ~ 0.17798
P(1) = (f) (0.25)1(0.75)° = 6(0.25)(0.23730) ~ 0.35596
P(2) = (g) (0.25)2(0.75)* = 15(0.0625)(0.31641) ~ 0.29663

P(X <2)~0.17798 4 0.35596 + 0.29663 = 0.83057. So P(X > 3) = 1 — 0.83057 ~ 0.1694.
There is about a 16.9% chance the student gets at least 3 of the 6 questions right by guessing
alone.

When sampling without replacement from a finite population, the probability of success techni-
cally changes slightly after each draw - strictly speaking, this violates the “independent trials” and
“same p" conditions of BINS. In practice, when the sample is small relative to the population, this
change is negligible and the binomial model still gives an excellent approximation.

10% condition: when sampling without replacement, trials may be treated as approximately
independent (and p as approximately constant) provided the sample size satisfies n < 0.10N,
where N is the population size. If n > 0.10N, removing individuals changes the remaining
proportion of successes too much for the binomial model to be trustworthy.

Vi du mau - Checking the 10% condition

A quality control manager samples n = 15 items without replacement to inspect. Should she
treat the number of defective items as approximately binomial if the shipment contains (a)
N = 120 items, or (b) N = 2000 items?

Solution. (a) 0.10 x 120 = 12, and n = 15 > 12, so the 10% condition fails: sampling 15 out
of only 120 items changes the remaining composition of the shipment too much from draw to
draw, so the binomial model should not be used. (b) 0.10 x 2000 = 200, and n = 15 < 200,
so the condition holds: sampling 15 out of 2000 barely changes the remaining proportion of
defectives, so treating the count of defectives as approximately binomial is reasonable.

(1) L6i thueng gap: Dirng quén kiém tra diéu kién 10% khi 1dy mau khéng hoan lai (without
replacement) tir mot t6ng thé hiru han. Néu c& mau n vuot qua 10% kich thudc téng thé N,
xac suat thanh cong p sé thay déi dang ké sau méi lan chon, vi pham gia dinh “p khéng déi” cua
phan phadi nhi thirc - khi d6 cong thirc nhij thirc chila mét xap xi kém va khéng nén ap dung.

4.10.3 Normal approximation to the binomial distribution

When n is large, computing an exact binomial cumulative probability by summing many individual
terms becomes impractical by hand. Because a binomial distribution with a large n is roughly sym-
metric and bell-shaped (provided p is not too close to 0 or 1), it can be approximated by a Normal
curve with the same mean and standard deviation.
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Normal approximation to the binomial: if X is binomial with parameters n and p, and both np >
10 and n(1 — p) > 10, then X is approximately Normal with iy = np and oy = /np(1 — p).
Probabilities for X can then be estimated using z = — together with the standard

np(l —p)
Normal curve.

- GIAI THICH TIENG VIET
Khi n 1&n, viéc cong nhiéu s6 hang nhi thirc bang tay rat mat cong, nén ta cé thé xap xi phan
phéi nhi thirc bang phan phdi chudn cé cung 1 = np va o = /np(1 — p) - véi diéu kién c3
np > 10 va n(1l — p) > 10 (ddm bao phan phaoi khéng qua léch vé mot phia). Thi€u mot trong
hai diéu kién, xap xi chuan co thé sai léch dang ké so vdi gia tri nhi thirc that, dac biét khi p qué
gan 0 hoac 1.

Vi du mau - Normal approximation to the binomial

A city survey finds that 40% of residents support a proposed transit tax. In an independent
random sample of n = 150 residents, let X = the number who support it. Estimate P(X < 54)
using the Normal approximation, and compare with the exact binomial value.

Solution. Check conditions: np = 150(0.4) = 60 > 10 and n(1 — p) = 150(0.6) = 90 > 10, so
the Normal approximation is appropriate. The approximating Normal curve has i = 60 and

ox = 1/150(0.4)(0.6) = v/36 = 6.

5460

i 6

=100 =  P(X<54)~P(Z<-1.00)=0.1587.

The exact binomial probability (summing P(X = 0) through P(X = 54)) is 0.1799 - reasonably
close to the Normal approximation, with the small remaining gap coming from the binomial
distribution’s discreteness. (Using the refinement z = W’T‘m ~ —0.92, called a continuity
correction, gives P(Z < —0.92) ~ 0.1797, even closer to the exact value.) The Normal approx-
imation is a genuine approximation, not an exact method - it is most accurate when both np
and n(1 — p) are comfortably above 10.

4.11 The geometric distribution

A geometric setting shares the Binary, Independent, Same-p conditions with the binomial set-
ting (BIS), but counts the number of trials up to and including the first success - there is no fixed
number of trials. If X = the trial number of the first success,

1
P(X =k)=(1—p)1ip, k=1,2,3,..., ”X:ﬁ

- GIAI THICH TIENG VIET
Khac v&i phan phéi nhi thirc, phan phdi hinh hoc (geometric) khéng c6 so [an thir c6 dinh - ta
dém sb [an thir cho dén khi thanh cdng lan dau tién thi dirng lai. Gia tri nhd nhat cé thé cia X
. . R " Y en aen A e s . 1, o alos
la 1 (thanh cong ngay lan thir dau tién), khéng bao gio la 0. Ky vong p = —: xac suat thanh
p

cong p cang nhd, trung binh cang phai cho lau méi thanh céng.
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c o AReiee 1S . 9 1—p
Aside: the geometric distribution also has a variance formula, o5, = 5 (so oy =

. 1.
/(1 —p)/p?). This is rarely needed in practice - only the mean formula py = — is treated
p
as an essential exam-ready formula in this course.

|02
0.16
I 0.13
bt 0.1
— 0.1 8.2-10°2
A8 I l 6.6-102
0 l .
1 2 3 4 5 6

k (call number)

Geometric probability distribution for the sales-call scenario below, p = 0.20: probabilities decay geometrically,
P(X =k)=(0.8)*1(0.2).

Vi du miu - Geometric probability

A fair die is rolled repeatedly. Find the probability that the first 6 appears on the 4th roll.

Here p = 1 (geometric). P(X =4) = (1 — %)3 ()=

3
(23)7(L) =12 1 = 125~ 0.0965.

Vi du mau - Cumulative geometric probability

A recruiter contacts job candidates one at a time; each independently accepts an offer with
probability p = 0.20. Find (a) the probability that more than 5 candidates must be contacted
before the first acceptance, and (b) the probability that at most 5 candidates must be contacted.

Solution. “More than 5 trials needed” means the first 5 trials all fail: P(X > 5) = (1 —p)° =
(0.8)° = 0.32768. By the complementrule, P(X < 5) = 1—P(X > 5) = 1—-0.32768 = 0.67232.
So there is about a 32.8% chance the recruiter needs more than 5 contacts to get an acceptance,

and about a 67.2% chance the first acceptance happens within the first 5 contacts.

() Léi thuerng gap: Véi bién ngau nhién hinh hoc, P(X > k) = (1—p)* (khéng phai (1 —p)*1),
vi “nhiéu hon & [an thi” nghia 12 c3 & [an thir dau tién déu that bai. Ngoai ra, X luén bat dau
tr 1 - khong ton tai P(X = 0) trong phan phéi hinh hoc, vi can it nhat mot [an thir dé “thanh
cong [an dau tién” cé thé xay ra.

Binomial vs. geometric: how to tell them apart

Both settings share the same Binary, Independent, Same-p conditions, but ask a different ques-
tion about the trials.

e Binomial: the number of trials n is fixed in advance; the random variable X counts the
number of successes within those n trials. X can equal 0,1,2, ..., n.

e Geometric: the number of trials is not fixed - trials continue until the first success occurs;
the random variable X counts how many trials that takes. X can equal 1,2, 3, ..., with no

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 101



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

fixed upper limit.
A quick test while reading a problem: if it specifies “out of n trials” or gives a fixed sample size,
suspect binomial; if it asks “how many trials until ...” or “the probability the first ...occurs on
trial ...," suspect geometric.
B Formula reference for Unit 4
Rule / quantity Formula
Complement P(A¢)=1—P(4)
Addition rule P(AUB)=P(A)+ P(B)— P(ANB)
Conditional probability P(A|B) = P(If(;)B)
General multiplicationrule  P(ANB)=P(A)-P(B| A)
Independence check P(ANB) = P(A)P(B), equivalently P(A | B) = P(A)
Discrete RV mean wx = > z;P(z;)
Discrete RV variance 0% =S (z; — px)*P(z;)
Transforming E(aX +b) = aE(X) + b, Var(aX + b) = a*Var(X)
Combining independent E(X +Y) = E(X)+ E(Y), Var(X +Y) = Var(X) +
XY Var(Y)
Continuous RV P(a < X < b) = area under density curve from a to b;
total area =1
1
Uniform on [a, b] Plce< X <d)=(d—c) x 5
—a
Binomial probability P(X = k) = (Z)p’“(l — )"k ux = np, ox =
np(1 —p)
Normal approx. to binomial  valid if np > 10 and n(1 — p) > 10; use u = np, o0 =
np(1—p) .
Geometric probability PX =k =0-p*p puxy == PX >k =
p
(1-p)*

4.12 Practice problems

A survey shows 30% of customers prefer brand X. Among n = 8 randomly and independently
chosen customers, find P(exactly 2 prefer brand X).

(A) 0.0576 (C) 0.2965
(B) 0.1765 (D) 0.3000

Loi giai chi tiét
Binomial with n = 8, p = 0.3: P(X = 2) = (i) (0.3)2(0.7)6 = 28(0.09)(0.117649) ~ 0.2965.
(C).

R B3i2 |

A random variable X has iy = 50, 0y = 5. Let Y = 3X — 10. Find py- and oy
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Loi giai chi tiét

iy = 3(50) — 10 = 140. Adding a constant does not affect spread, and multiplying scales the
SD by [3]: oy = 3(5) = 15. (A).

Bai 3

A spinner lands on "win” with probability p = 0.25 on each independent spin. Find the proba-
bility that the first win occurs on exactly the 3rd spin.

(A) 0.140625 (C) 0.25
(B) 0.046875 (D) 0.5625

Loi giai chi tiet

-

Geometric: P(X = 3) = (1 — 0.25)2(0.25) = (0.75)2(0.25) = 0.5625(0.25) = 0.140625. (A).

Bai 4

In a large population, 44% of people have type O blood. What is the probability that a randomly
selected person does not have type O blood?

(A) 0.44 (C) 1.44
(B) 0.56 (D) 0.22

Loi giai chi tiét

By the complement rule, P(not O) =1 — P(O) = 1 — 0.44 = 0.56. (B).

Bai 5

Two fair six-sided dice are rolled, and S is the sum of the two faces shown.
(@) How many outcomes are in the sample space?

(b) Find P(S =T7).
(c) Find P(S > 10).

Loi giai chi tiét
(a) Each die has 6 faces, and the rolls are independent, so the sample space has 6 x 6 = 36
equally likely outcomes.

_ - _ 7y 6 _
(b) Sum = 7: (1,6),(2,5),(3,4),(4,3),(5,2),(6,1) - 6 outcomes, so P(S = 7) = 35 =
0.167.
(c) Sum > 10 means sum = 10, 11, or 12: (4,6), (5,5), (6,4) for 10; (5,6), (6,5) for 11; (6, 6) for
12 - 6 outcomes total, so P(S > 10) = = = ¢ ~ 0.167.

~
~

o=

1
6
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Bai 6

A single card is drawn from a standard, well-shuffled 52-card deck. Let A = "the card is a King”
and B = "the card is a Queen.” Find P(A or B).

(A) 0.1538 (C) 0.3077
(B) 0.0769 (D) 0.0059

Loi giai chi tiét
A card cannot be both a King and a Queen, so A and B are mutually exclusive: P(AN B) = 0.
Addition rule: P(AUB) = P(A)+ P(B) = & + & = & = 2 ~ 0.1538. (A).

52 52
At a school, 62% of students take Spanish, 28% take French, and 15% take both languages. Find

the probability that a randomly selected student takes Spanish or French, and the probability
that a student takes neither.

Lai giai chi tiét
Addition rule: P(Spanish or French) = P(S)+ P(F) — P(SNF) =0.62+ 0.28 — 0.15 = 0.75.

By the complement rule, P(neither) = 1 — 0.75 = 0.25. So 75% of students take at least one
of the two languages, and 25% take neither.

Let A = the event a randomly selected registered voter is a Democrat, and B = the event the
same voter is a Republican (assume no voter is registered as both). Suppose P(A) = 0.35
and P(B) = 0.30. Explain whether A and B are mutually exclusive, and whether they are
independent.

Loi giai chi tiet

Since no voter can be registered as both a Democrat and a Republican, A and B are mu-
tually exclusive: P(A N B) = 0. To check independence, compare P(A N B) = 0 to
P(A)- P(B) = 0.35 x 0.30 = 0.105. Since 0 # 0.105, A and B are not independent. This
illustrates the general fact that mutually exclusive events with positive probabilities can never
be independent: knowing a voter is a Democrat tells you with certainty that they are not a
Republican, so the two probabilities strongly affect each other.

Bai 9

A survey of 250 adults classifies them by exercise habits and daily vitamin use:

Vitamin No vitamin Total

Exercise 70 50 120
No exercise 40 90 130
Total 110 140 250

Find P(Vitamin | Exercise).
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ENGLISH

(A) 0.583 (C) 0.440
(B) 0.280 (D) 0.636

Loi giai chi tiét
Restrict attention to the "Exercise” row (120 people total), of whom 70 take a vitamin:

P(Vitamin | Exercise) = % ~ 0.583. (A). (D) is the reversed conditional probability

P(Exercise | Vitamin) = {5 ~ 0.636.

A shipment of electronic components comes 60% from Supplier X and 40% from Supplier Y.
Historically, 3% of Supplier X's components are defective, while 7% of Supplier Y’s components
are defective. A component is chosen at random from the shipment.

(@) Find P(Supplier Y and defective).
(b) Find P(defective).
(c) Given the component is defective, find P(Supplier X | defective).

Lai giai chi tiét

Using the general multiplication rule along each tree branch:

P(X N Def) = 0.60 x 0.03=0.018,  P(Y N Def) = 0.40 x 0.07 = 0.028.

(@) P(Supplier Y and defective) = 0.028.

(b) P(Def) = 0.018 4+ 0.028 = 0.046.
.01
(c) P(Supplier X | Def) = % ~ 0.3913. Even though Supplier X provides most of the
components (60%), only about 39.1% of the defective components come from Supplier X, since
Supplier Y's higher defect rate contributes a disproportionate share of the defective pile.

Using the same table as the previous problem (exercise vs. vitamin use), what can you conclude
about the independence of "Exercise” and "Vitamin use”?

(A) They are independent, since both proba- (C) They are mutually exclusive
bilities are positive

(B) They are not independent, since (D) Independence cannot be determined
P(Vitamin | Exercise) # P(Vitamin) from a two-way table

Loi giai chi tiét

S 110 S . 70 .
P(Vitamin) = — = 0.44. From problem 9, P(Vitamin | Exercise) = — ~ 0.583. Since

250 120
0.583 +#+ 0.44, exercise status changes the probability of taking a vitamin, so the two variables

are not independent. (B).
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ENGLISH

§ Bai12

Suppose P(A) = 0.6 and P(B | A) = 0.25. Find P(AN B). Ifitis also known that P(B) = 0.3,
are A and B independent?

Lai giai chi tiét
General multiplication rule: P(AN B) = P(A) - P(B | A) = 0.6 x 0.25 = 0.15. To check
independence, compare to P(A) - P(B) = 0.6 x 0.3 = 0.18. Since P(AN B) = 0.15 # 0.18 =
P(A)P(B), A and B are not independent (equivalently, P(B | A) = 0.25 # 0.30 = P(B),
confirming the same conclusion).

Which statement about two events A and B, each with positive probability, is TRUE?

(A) If A and B are mutually exclusive, they (C) If A and B are mutually exclusive, they
are also independent. cannot be independent.

(B) If A and B are independent, they can still (D) Mutually exclusive and independent de-
be mutually exclusive. scribe the same relationship.

Loi giai chi tiét
For events with positive probability, mutual exclusivity forces P(A N B) = 0, while indepen-
dence would require P(AN B) = P(A)P(B) > 0 - these cannot both hold. (C).

A discrete random variable X has distribution P(X = 0) = 0.15, P(X = 1) = 0.35, P(X =
2) =k, P(X = 3) = 0.10. Find the value of k that makes this a valid probability distribution.

(A) 0.40 (C) 0.25
(B) 0.60 (D) 0.15

Loi giai chi tiet

All probabilities must sum to 1: 0.15+ 0.35 + k +0.10 =1 = 0.60 + k = 1 = k = 0.40. (A).

A discrete random variable X has the distribution below.

@ 1 2 3 4
P(X=1) 01 04 03 02

Find puy and o x.

Lai giai chi tiét

iy =S xP(z) = 1(0.1) 4 2(0.4) + 3(0.3) + 4(0.2) = 0.1 + 0.8 + 0.9 + 0.8 = 2.6.
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0% =Y (x — pux)?P(x) with py = 2.6:

0% = (1—-2.6)2(0.1) + (2 —2.6)%(0.4) + (3 — 2.6)%(0.3) + (4 — 2.6)%(0.2)
= 0.256 + 0.144 + 0.048 + 0.392 = 0.84.

So oy = v/0.84 ~ 0.917.

Exam scores in a class have uy = 80 and oy = 12 (out of 100). The teacher rescales every
score using Y = 0.8X + 20. Find py- and oy

Loi giai chi tiet

uy = 0.8(80) + 20 = 64 + 20 = 84. The additive constant 20 does not affect spread; the
multiplicative constant scales SD: oy = 0.8(12) = 9.6. (C).

Bai 17

At a grocery store, the time to scan a customer’s items has mean 4.5 minutes and SD 1.2
minutes. The time to process payment is independent, with mean 1.8 minutes and SD 0.5
minutes. Find the mean and SD of the total checkout time.

Lai giai chi tiét

Mean of a sum: i, = 4.5 + 1.8 = 6.3 minutes. Because the two stages are independent,
variances add: o2, = 1.22 + 0.5% = 1.44 4 0.25 = 1.69, 50 01,y = V1.69 = 1.3 minutes. Total
checkout time averages 6.3 minutes, typically varying by about 1.3 minutes from customer to
customer.

Two independent baristas prepare drinks. Barista A’'s time has mean 3.5 minutes and SD 0.9
minutes; Barista B's time has mean 3.0 minutes and SD 1.2 minutes. Find the mean and SD of
the difference A — B in their times.

(A) =05 06=15 (C) u=05, c =225

(B) o =0.5 06=0.3 (D) u=6.5,0=15

Loi giai chi tiét
s = 3.5 —3.0 = 0.5 minutes. Variances add even for a difference, since both baristas
are independent sources of variability: 04 5 = 0.92 + 1.2 = 0.81 + 1.44 = 2.25,50 0 4_p =

Vv2.25 = 1.5 minutes. (A). (B) incorrectly subtracts the SDs directly (1.2 — 0.9 = 0.3), which is
never valid.
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Which of the following does not satisfy the conditions for a binomial random variable?

(A) Flipping a fair coin 20 times, counting the (C) Surveying 50 independent shoppers,
heads each with buy probability 0.3

(B) Drawing 5 cards without replacement, (D) 10 independent free throws, each made
counting red cards with probability 0.7

Loi giai chi tiét

Drawing cards without replacement means the probability of a red card changes after each
draw, and the trials are not independent - this violates both the "Independent” and "Same p”
conditions of BINS. (B). The other three scenarios all satisfy binary outcomes, independence,
a fixed number of trials, and a constant success probability.

An airline reports that 90% of its flights depart on time. For a random sample of n = 6 inde-
pendent flights, find the probability that exactly 5 depart on time.

Loi giai chi tiet

Binomial withn =6,p =0.9, k = 5:

P(X=5)= (g) (0.9)°(0.1)! = 6(0.59049)(0.1) = 0.354294 ~ 0.3543.

A factory inspects n = 200 independently produced units, each defective with probability
p = 0.15. Find the mean and standard deviation of the number of defective units.

(A) =30, 0 ~5.05 (C) =170, 0 ~ 5.05
(B) =30, 0 ~ 255 (D) =30, o~ 4.5

Loi giai chi tiet

px = np = 200(0.15) = 30. o x = \/np(1 — p) = 1/200(0.15)(0.85) = v/25.5 ~ 5.05. (A).

A vaccine successfully protects against a disease in 85% of recipients, independently. Among
n = 5 vaccinated people exposed to the disease, find the probability that at least 4 are pro-
tected.

(A) 0.8352 (C) 0.4437
(B) 0.3915 (D) 0.1648

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 108



859%9 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Binomial, »n =5,p =0.85: P(X >4) = P(X =4) + P(X =5).
5
P(X =4) = ( 4) (0.85)4(0.15)! = 5(0.52200625)(0.15) ~ 0.39150
P(X =5) = (0.85)5 ~ 0.44371

P(X > 4) ~ 0.39150 4 0.44371 = 0.83521. (A).

A fair coin is flipped n = 10 independent times. Find P(at most 2 heads).

(A) 0.0547 (C) 0.9453
(B) 0.1719 (D) 0.0322

Lai giai chi tiét

Binomial, n = 10, p = 0.5: P(X <2) = P(0) + P(1) + P(2).

10
P(0) = (0 ) (0.5)10 = 1355 ~ 0.00098

10
P(1) = ( ) ) (0.5)10 = 19 ~ 0.00977

10
B(7) = (2 ) (0.5)10 = 22 ~ 0.04395

Sum: P(X < 2) ~ 0.00098 + 0.00977 + 0.04395 = 0.0547. (A).

A committee samples n = 25 students without replacement to survey opinions on a new policy.
Should the number of students favoring the policy be treated as approximately binomial if the
school has (a) V = 200 students, or (b) NV = 3000 students? Justify using the 10% condition.

Loi giai chi tiét
Compare n to 0.10N. (a) 0.10(200) = 20; since n = 25 > 20, the condition fails - do not treat

as approximately binomial. (b) 0.10(3000) = 300; since n = 25 < 300, the condition holds -
the binomial model is a reasonable approximation.

A basketball player’s free-throw attempts are independent, each made with probability 0.75.
Find the probability that her first miss occurs on the 4th attempt.

(A) 0.1055 (C) 0.0039
(B) 0.3164 (D) 0.4219
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Loi giai chi tiét

Let "success” mean a miss, with p = 1 — 0.75 = 0.25. The first three attempts must be
makes (probability 0.75 each), then a miss: P(X = 4) = (0.75)3(0.25) = 0.421875(0.25) =
0.10546875 ~ 0.1055. (A).

Bai 26

Using the same free-throw shooter as the previous problem (p = 0.25 probability of a miss on
each attempt), find the average number of attempts needed until her first miss.

Lai giai chi tiét

-

. . 1 1
For a geometric random variable, uy = — = 038 = 4 attempts.
p 5

Bai 27

A recruiter contacts candidates independently; each accepts an offer with probability p =
0.30. Find (a) the probability that more than 4 candidates must be contacted before the first
acceptance, and (b) the probability that at most 3 candidates are needed.

Lai giai chi tiét

(a) "More than 4” means the first 4 contacts all fail: P(X > 4) = (1 —0.30)* = (0.7)* = 0.2401.
(b) P(X <3)=1—(0.7)3 = 1 — 0.343 = 0.657.

Bai 28

A factory machine produces defective parts independently with probability p = 0.04. In a
random sample of n = 150 parts, find the mean and standard deviation of the number of
defective parts, and interpret both values in context.

Loi giai chi tiét

This is binomial with n = 150, p = 0.04 (BINS conditions are reasonable if parts are produced
independently). 1y = np = 150(0.04) = 6 parts. oy = /np(1 —p) = /150(0.04)(0.96) =
V5.76 = 2.4 parts. Interpretation: in batches of 150 parts, the factory expects an average of

6 defective parts, with the actual count in a given batch typically varying from this average by
about 2.4 parts.

Bai 29

A school trip’s total cost is the sum of two independent components: bus rental, with mean
$450 and SD $30, and meals for the group, with mean $720 and SD $50.
(@) Find the mean and SD of the total trip cost.

(b) A $50 discount coupon is applied, reducing the total cost by a fixed $50. Find the new mean
and SD.
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Loi giai chi tiét

(a) Mean of the sum: . = 450 + 720 = 1170. Since the two costs are independent, variances
add: 02 = 30% + 50% = 900 + 2500 = 3400, S0 o = /3400 =~ 58.31. Total cost averages $1170,
typically varying by about $58.31.

(b) Subtracting the fixed $50 coupon shifts the mean but not the spread: 5, = 1170 — 50 =
1120, while o4_5, = o7 ~ 58.31 (unchanged, since subtracting a constant does not affect
variability).

A screening test for a disease has sensitivity P(positive | disease) = 0.95 and specificity
P(negative | no disease) = 0.90. In the tested population, 2% actually have the disease.

(@) Using a tree-diagram approach, find P(positive test).
(b) Find P(disease | positive test).

(c) If 5 people from this population are tested independently, find the probability that at least
1 tests positive.

Loi giai chi tiet

Tree branches, multiplying along each path: P(disease) = 0.02, P(pos | disease) = 0.95, so
P(disease N pos) = 0.02(0.95) = 0.019. Also P(no disease) = 0.98 and P(pos | no disease) =
1 —0.90 = 0.10 (complement of specificity), so P(no disease N pos) = 0.98(0.10) = 0.098.

(a) Add the two branches leading to a positive test: P(positive) = 0.019 4 0.098 = 0.117.

: ons 0.019 . )
(b) P(disease | positive) = i 0.1624 - even with a fairly accurate test, only about 16.2%

of positive results are true disease cases, because the disease is rare (only 2% prevalence) and
the pool of healthy false positives is large.

(c) Treat the 5 independent tests as binomial with p = P(positive) = 0.117.
P(at least 1 positive) = 1 — P(none positive) = 1—(1—0.117)®> = 1 —(0.883)® ~ 1 —0.5368 =
0.4632.

The number of siblings X for students in a large school survey has the distribution below.

0 0 1 2 3 4
P(X=2) 025 040 020 0.10 0.05

Find py and o x.

wx =Y. xP(x) =0(0.25)+1(0.40)+2(0.20)+3(0.10)4+4(0.05) = 0+0.40+0.404+0.304+0.20 =
1.30 siblings.

0% =Y (x — pux)?P(x) with py = 1.30:

0% = (0 —1.3)2(0.25) + (1 — 1.3)2(0.40) + (2 — 1.3)%(0.20) + (3 — 1.3)%(0.10) + (4 — 1.3)%(0.05)
= 0.4225 + 0.036 + 0.098 + 0.289 + 0.3645 = 1.21.

So oy = v/1.21 = 1.10 siblings.
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The number of days per week X that an employee at a company works overtime has the
distribution below.

0 0 1 2 3 4
P(X=z) 030 025 020 0.15 0.10

Find .y and o, and interpret in context.

Loi giai chi tiét
iy = 0(0.30) + 1(0.25) + 2(0.20) + 3(0.15) 4 4(0.10) = 0 + 0.25 + 0.40 + 0.45 + 0.40 = 1.50
days.

0% = (0—1.5)2(0.30)+(1—1.5)%(0.25)+(2—1.5)%(0.20)+(3—1.5)%(0.15)+(4—1.5)%(0.10) = 0.675+0.0625-+0.05-

ox = V1.75 ~ 1.32 days. On average, an employee works overtime about 1.5 days per week,
typically varying from this average by about 1.32 days.

A large orchard reports that 20% of its apple trees show early signs of a fungal infection. In a
random sample of n = 100 independently inspected trees, let X = the number showing signs
of infection.

(@) Verify that X may be approximated by a Normal distribution.
(b) Use the Normal approximation to estimate P(X < 15).

Lai giai chi tiét
(@) np = 100(0.20) = 20 > 10and n(1—p) = 100(0.80) = 80 > 10, so the Normal approximation

is appropriate.
(b) i = np = 20,05 = +/np(1 —p) = 1/100(0.20)(0.80) = /16 = 4.

15-20
Ty

=—-125 =  P(X<15) ~ P(Z<—1.25)~ 0.1056.

(For reference, the exact binomial value is about 0.1285; the Normal approximation lands in
the right neighborhood but is noticeably less precise here than in a case with larger np and

n(l—p).)

The time T (in minutes) that a customer spends browsing before checkout at a small shop is
uniformly distributed between 2 and 14 minutes.

(@) Find the height of the density curve.
(b) Find P(5 < T < 10).

(A) 0.417 (C) 0.500
(B) 0.357 (D) 0.083
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Loi giai chi tiét

1 1
1—3 —§~0.0833.

(b) P(5 < T < 10) = (10 — 5) x — = - ~ 0.417. (A).

12 12

A network has 3 independent backup servers, each failing on a given day with probability 0.05.
Find the probability that at least one of the three servers fails on a given day.

(a) Height =

(A) 0.1426 (C) 0.0001

(B) 0.15 (D) 0.8574

Loi giai chi tiét

Use the complement: P(atleastonefails) = 1 — P(nonefail). By independence,

P(none fail) = (0.95)3 = 0.857375, so P(at least one fails) = 1 — 0.857375 = 0.142625 ~
0.1426. (A). Choice (B) is the incorrect "add the probabilities” shortcut (3 x 0.05 = 0.15), which
overcounts and is never the correct method.

,
A discrete random variable X has P(X = —2) = 0.30, P(X = 0) = 0.45, P(X = 5) = 0.25.
(@) Verify this is a valid probability distribution.

(b) Find pux and o .

Loi giai chi tiét
(a) All three probabilities lie in [0, 1], and 0.30 4+ 0.45 4+ 0.25 = 1.00, so this is a valid probability

distribution.
(b) pux = (—2)(0.30) + 0(0.45) + 5(0.25) = —0.6 + 0 + 1.25 = 0.65.

02 = (—2—0.65)2(0.30)+(0—0.65)2(0.45)+(5—0.65)2(0.25) = 2.10675+0.190125+4.730625 = 7.0275.

ox = \/7.0275 ~ 2.65.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 5

Sampling Distributions

Muc tiéu Unit: Phan biét tham s& (parameter) va théng ké mau (statistic); hiéu sai s6 chon mau (sampling
variability) va tu tay xay dung phan phéi [ay mau (sampling distribution) tir mét téng thé nhoé; phan biét
tinh khong thién Iéch (unbiasedness - tdm chia phan phéi) v&i d6 bién thién (variability - dé trai, phu
thudc c& mau va cach 1ay miu, khéng phu thudc tinh thién Iéch); tinh s Tp VA kiém tra diéu kién Large
Counts; tinh 1z, o va ap dung Dinh ly giéi han trung tam (CLT) ké ca khi téng thé Iéch; hi€u vi sao o
va o; gidam theo 1/,/n ch* khéng phai 1/n; lam quen v&i phan phéi lay mau cda hiéu hai théng ké doc
1ap, nén tang cho cac Unit suy dién (Unit 6-8).

Suppose two students each take a random sample of 50 classmates and ask what proportion
own a gaming console. Student A’s sample gives p = 0.58; Student B’s sample gives p = 0.64.
Both followed the exact same correct random sampling procedure, yet their answers differ. Neither
student made an error — every random sample of a given size, drawn by the same method, is simply
one outcome out of an enormous number of samples that could have been drawn. Understanding
the entire collection of outcomes a statistic can take, and how that collection behaves, is the subject
of this unit.

Three features of that collection matter, and they organize everything that follows: its center
(is the statistic centered at the true parameter, or systematically off?), its spread (how much do
values of the statistic typically vary from sample to sample, and what controls that variation?), and
its shape (can a Normal curve be used to compute probabilities about the statistic, and under what
conditions?). Every later unit in this course — every confidence interval, every significance test — is
built directly on top of the ideas developed here.

5.1 Statistics, parameters, and sampling variability

Khai niém cét 16i

A parameter describes the population (e.g., i1, p) and is usually unknown. A statistic describes a
sample (e.g., 7, p) and varies from sample to sample — this is sampling variability. The sampling
distribution of a statistic is the distribution of its values over all possible samples of a given size.
An estimator is unbiased if the mean of its sampling distribution equals the true parameter.

GIAI THICH TIENG VIET
Théng ké mau (statistic, vi du z, p) thay déi theo tirng mau — dé 1a bién thién do 13y mau.
"Khéng thién léch” (unbiased) nghia I3 trung binh ctia phan phéi 1y mau bang ding tham s&
that; ting c& mau n chi [am giam bién thién (d6 trai hep lai), khéng lam giam thién léch néu
phuong phap 18y mau vén da léch.

Every parameter has a natural statistic used to estimate it, and the notation itself is a helpful
memory aid: population quantities are almost always Greek letters (u, p, o), while the corresponding
sample statistics either reuse the Latin letter (s for o) or add a "hat” or bar to the Greek/Latin symbol
(z for u, p for p) to signal "this is an estimate, computed from data.”
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Population quantity Parameter Sample quantity Statistic
Mean I Sample mean %
Proportion P Sample proportion D
Standard deviation o Sample standard deviation s

A parameter is a single fixed number — it does not change unless the population itself changes.
A statistic, by contrast, is a random variable: before the sample is drawn, we do not know what value
it will take, and afterward, a different SRS of the same size would almost certainly give a different
value. The sampling distribution describes exactly how that randomness behaves — its center, its
spread, and its shape — and every confidence interval and significance test built in later units rests
directly on the sampling distribution of some statistic.

A useful habit when reading any problem in this unit is to ask, in order: what is the population,
what parameter am | being asked about, what is the sample, and what statistic estimates that pa-
rameter? Only once these four pieces are correctly identified does it make sense to ask about the
statistic’s sampling distribution at all.

5.1.1 Building a sampling distribution by hand

The definition of a sampling distribution ("the distribution of a statistic over all possible samples of a
given size”) can feel abstract. For a small enough population, we can construct the entire sampling
distribution explicitly and see exactly what the definition means. Real populations are far too large
to enumerate every possible sample by hand - that is precisely why formulas such as p; = p and
o, = o/y/n exist, so we never have to. But working through one small, fully enumerable case first
makes those formulas far more than something to memorize.

Vi du miu - Constructing a sampling distribution from scratch

Consider the tiny population {2, 4,6, 8} (N = 4). Its population mean is

2444648 20

= _5
2 4 4 )

and its population standard deviation is

2—5)2+ (4—5)2+ (6 —5)2+ (8 —5)2 1+1
U:\/( 5)2+(4—5)2+(6—5)2+ (8 —5) _\/9+ 149 e ooss
4 4
Now take an SRS of size n = 2, without replacement. There are (‘21) = 6 equally likely samples,
each with probability %. Listing every one and its sample mean z:

Sample {2,4} {2,6} {2,8} {4,6} {4,8} {6,8}
T 3 4 ) ) 6 7

Collecting these six equally-likely outcomes into a distribution table gives the sampling distribu-
tion of z forn = 2:

T 3 4 5 6 7
Probability 1/6 1/6 2/6 1/6 1/6
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Probability
(s (s (@)
v oW o~
I I

o
—

0.33
2 0.17 0.17 l 0.17 0.17
3 4 5 6 7
Sample mean z
The sampling distribution of z for all (‘21) = 6 possible SRSs of size n = 2 from the population {2, 4, 6, 8}.

The mean of this sampling distribution is

3+44+10+6+7 30

e = 3(2) +4(8) +5(2) +6(2) +7(8) = . =25,
which is exactly the population mean © = 5 — direct, hand-computed confirmation that z is an
unbiased estimator of p: it holds not just approximately, but exactly, once every possible sample is

accounted for. The spread of the sampling distribution (z ranges only from 3 to 7, clustered near 5) is
also visibly tighter than the spread of the population itself (which ranges from 2 to 8): the sampling

distribution’s standard deviation here is \/(3’5)2+(4’5)2*2(60”(6’5)2*(7’5)2 = /%2 ~ 1.291, noticeably

smaller than o ~ 2.236. Note this is not exactly o/\/n = 2.236/v/2 ~ 1.581: the formula o, = o/\/n
is exact only when sampling with replacement, or when the population is large relative to n (the 10%
condition) — here, with n = 2 sampled without replacement from a population of only N = 4, that
condition is badly violated, so a small finite-population adjustment is needed. In virtually every AP
Statistics scenario the 10% condition holds comfortably, so this adjustment can safely be ignored
and o, = o/\/n is used directly.

What happens if the sample size grows, still within the same tiny population? Take n = 3 instead
of n = 2 from {2, 4, 6,8}. There are only (g) = 4 possible SRSs:

Sample {2,4,6} {2,4,8} {2,6,8} {4,6,8}
i 4 14/3 ~ 4.67 16/3 ~ 5.33 6

. 44+467+533+6 20 .
The mean of these four values is + + to_ 2 5 — matching © = 5 exactly,

4
once again. But the spread has shrunk: the standard deviation of this n = 3 sampling distribution is

(4—5)2+(4.67—5)2+(5.33—5)2+(6—5)% __ 140.11140.1114+1 __ ~ :
\/ . = |/ T = V/0.556 ~ 0.745, noticeably smaller than the

n = 2 spread of ~ 1.291 computed above. Both sampling distributions are centered at exactly the
same place (¢ = 5); only the spread changed as n grew from 2 to 3. This small, fully hand-verified
comparison is a preview of the general rule developed later in this unit: increasing the sample size
never changes the center of a sampling distribution, but it always shrinks the spread. It is the same
1/4/n relationship that governs every sampling distribution discussed in this chapter, made visible
here through direct enumeration in a population small enough to check by hand.

. GIAI THICH TIENG VIET

Vi mot téng thé nho, ta cé thé liét ké toan bd cac miu SRS c& n cé thé cé, tinh = cho tirng
mau, rdi gom lai thanh bang phan phai 1y mau — day chinh la cach "nhin thay” dinh nghia triru
tugng cta sampling distribution bang con sé cu thé. Khi I3y trung binh cé trong sé cla tat ca
cac z nay (theo xac suat tirng mau), ta luén duoc dang i cla téng thé — dé 13 bang chirng truc
ti€p cho tinh khéng thién léch. Dong thoi, do trai ca bang phan phéi nay (tir 3 dén 7) hep hon
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nhiéu so va&i doé trai cia chinh téng thé (tir 2 dén 8) — minh hoa truc quan cho viéc lay trung
binh mau lam gidm bién thién. Khi c& mau tang tir 2 1én 3 (vAn trong tng thé chi c6 4 phan
tr), d6 trai cang hep hon nira trong khi tdm van khéng déi - dung nhu quy luat 1//n sé dugc
phat bi€u chinh thirc & phan sau.

5.2 From individual values to sample statistics: a z-score refresher

Before developing the sampling distributions of p and z in detail, it is worth pausing on a distinction
that causes frequent errors: a z-score for a single individual observation is a different calculation
from a z-score for a statistic.

Vi du mAu - Individual z-score - no sample involved

Scores on a national placement exam are approximately Normal with . = 500 and o = 100.
What proportion of individual test-takers score above 6507

~ 650 —500
T 100
About 6.68% of individual test-takers score above 650. This calculation uses the population
standard deviation ¢ directly — no sample and no sampling distribution is involved at all; it is a
single random individual being compared to the whole population.

= 1.50. P(X > 650) = P(Z > 1.50) = 1 — 0.9332 = 0.0668.

Now change the question: instead of one test-taker, take an SRS of n = 25 test-takers and ask
about their average score x. Averages are far less variable than individual scores — an unusually high
or low single score gets diluted by the other 24 scores it is averaged with. Answering this new kind
of question requires a different (smaller) standard deviation than ¢: the standard deviation of the
sampling distribution of z, developed fully below.

A quick way to decide which calculation a problem requires: if the question asks about a sin-
gle randomly chosen individual ("What is the probability a randomly selected test-taker scores above
650?"), use o directly, exactly as in Unit 1. If the question asks about a sample average, sample propor-
tion, or any other statistic computed from multiple observations ("What is the probability the average
of 25 test-takers exceeds 650?"), the standard deviation of that statistic’s sampling distribution must
be used instead — o, = o/+/n foramean, or o, = \/p(1 — p)/n for a proportion. Both are developed
in fullin the sections that follow. Watch, too, for the wording that signals which case applies: phrases
like "a randomly selected,” "one,” or "an individual” point to o; phrases like "the sample mean,” "the
average of,” or "the proportion of the sample” point to a sampling-distribution standard deviation
instead.

GIAI THICH TIENG VIET
O Unit 1, ta tinh z-score cho mét ca thé bang cach dung truc ti€p o cua téng thé. Nhung khi
cau hdi chuyén sang trung binh cia cd mét mau z (thay vi mot ca thé), z sé it bién thién hon
nhiéu so v&i tirng ca thé riéng |é, vi cac gia tri cao/thap bat thudng bi "trung hod” khi lay trung
binh. Vi vay céng thirc z-score cho z (hay p) phai dung mét dé [éch chuan khac - khong phai
o, ma la o; hodc o (luén nho hon o ciia mot ca thé&). Nham 1an hai dai lwvong ndy - dung o cua
ca thé dé tinh xac suat cho mét théng ké - 13 16i cuc ky phé bién khi lam bai thi.

5.3 Bias and variability of a statistic

The hand-built example above showed unbiasedness directly: the mean of the sampling distribution
matched the population mean exactly. That property — where the sampling distribution’s center
lands — is only one of two properties that matter for judging how good a statistic is as an estimator.
The other, entirely separate, property is how spread out that sampling distribution is.
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Bias concerns the center of a sampling distribution: an estimator is unbiased if y i =
parameter, and biased if its sampling distribution is systematically too high or too low. Vari-
ability concerns the spread of a sampling distribution, and is controlled by the sample size n
and the sampling design — not by whether the estimator is biased. These are two completely
separate properties: a statistic can be unbiased yet highly variable, or biased yet very precise
(low variability). A well-designed study aims for both properties at once - an estimator that is
both unbiased and has low variability - but achieving one does not guarantee the other.

. GIAI THICH TIENG VIET

Bias lién quan dén tam cla phan phdi 1ay mau (gia tri trung binh cta théng ké c6 ding bing
tham s6 that hay khong), con dd bién thién (variability) lién quan dén d6 trai cia phan phéi do,
va do trai nay phu thudc vao ¢& mau n va cach thiét ké 1ay mau - KHONG phu thudc vao viéc
théng ké co bi thién léch hay khéng. Mot uwéc lugng cé thé khong thién [éch nhung van rat
bién thién (mau nho), hodc bi thién l1éch nhung lai rat 6n dinh (sai mot cach nhat quan) - day
13 hai tinh chat déc 1ap v&i nhau.

5.3.1 A biased estimator: the sample maximum

Not every natural-seeming statistic is unbiased. A classic counterexample is trying to estimate a
population’s maximum value using the sample maximum. Intuitively, a sample can only ever miss
the true maximum or hit it exactly — it can never overshoot past it — so a systematic downward pull
should be expected before any calculation is done at all.

Vi du miu - The sample maximum systematically underestimates

Let the population be {1,2,...,10}, so the true population maximum is 10. Take an SRS of
n = 3 values without replacement and use the sample maximum as the estimate. There are
(130) = 120 equally likely samples. For the sample maximum to equal a specific value m, that
value m must be in the sample, and the other two values must both come from {1,...,m — 1}

— there are (") such samples.

Sample maximum m 3 4 5 6 7 8 9 10

Number of samples (", ") 1 3 6 10 15 21 28 36
Probability (out of 120) 0.008 0.025 0.050 0.083 0.125 0.175 0.233 0.300

The mean of this sampling distribution is

_ 3(1) +4(3) +5(6) + 6(10) + 7(15) + 8(21) +9(28) +10(36) _ 990 _ .
:umax - 120 — 1720 — . .

Even though the true population maximum is 10, the sample maximum averages only 8.25 across
all possible samples — it systematically underestimates the true maximum, because the value 10
itself must be drawn to appear as the sample max, which happens in only 36 of the 120 samples.
k(N +1)
k+1 °
which is always strictly less than IV whenever k < N; the bias shrinks toward 0 only as &£ — N (i.e.,
only as the "sample” approaches a full census).
A parallel calculation shows the mirror-image effect for the sample minimum as an estimator of
the population minimum. For the same population {1, ..., 10} and SRS of n = 3, the sample minimum
equals m only when m is drawn and the other two values come from {m + 1,...,10} — there are

(9™ such samples for eachm = 1,...., 8

In general, for an SRS of size k without replacement from {1,..., N}, E[sample max| =
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Sample minimum m 1 2 3 4 5 6 7 8

Number of samples (*°,;™) 36 28 21 15 10 6 3 1

_ 1(36) +2(28) + 3(21) + 4(15) + 5(10) +6(6) +7(3) +8(1) _ 330 _,

:umln - 120 — 120 — . .
The true population minimum is 1, but the sample minimum averages 2.75 across all possible samples
— it systematically overestimates the true minimum, the mirror image of the sample maximum'’s
downward bias. (Notice 2.75 = 11 — 8.25: for the symmetric population {1, ..., 10}, the bias of the
minimum and the bias of the maximum are exact reflections of each other around the population’s
center, 5.5.) Both statistics, minimum and maximum, are biased in opposite directions, and neither

bias shrinks by collecting a larger sample unless the sample size approaches the full population.

n = 100

n =10

w
Two sampling distributions of = from the same population (i = 50, o = 20), both correctly centered at p (both
unbiased) but with very different spread: o, = 20/v/10 ~ 6.32 for n = 10 versus o, = 20/4/100 = 2.00 for n = 100.
Bias is about the center; variability is about the spread — the two curves illustrate identical bias (none) with very
different variability.

)

(') L6i thuong gap: Dirng nham 13n "khéng thién léch” (unbiased) véi "chinh xac / it bién thién’
(precise). Day |3 hai tinh chat khac nhau. Tang c& mau n chi giam do bién thién (d6 trai cta
phan phéi 1ay m3u hep lai, vi du 0. = o/,/n nhd dan) - n6 khéng stra duoc thién léch. Néu
mot théng ké vén da thién 1éch (nhu sample maximum & trén), 1ay mau 16n hon chi khién sai
s6 do 13p lai chinh xac hon, chr phan phdi van léch tam sai chd. Trén dé thi, hay luén tu héi:
cau hoi dang hai vé tam (thién léch) hay vé dd trai (bién thién) ctia phan phéi 1y mau - hai cau
tra 161 khong bao gi¢ dugc dung thay thé cho nhau.

5.4 Sampling distribution of a sample proportion

Before this section and the next develop exact formulas, it is worth naming the checklist used
throughout the remainder of this unit — the same three conditions, checked in the same order,
every time.

The three-step routine: conditions — p, 0 — 2

Random: the data must come from a genuine SRS (or a randomized experiment) — without
genuine randomization, no probability statement about a sampling distribution is justified. 10%
condition: if sampling without replacement, the sample size must satisfy n < 0.10V, so that
observations behave as close to independent. (Why 10%? Removing observations from a
finite population without replacement changes the composition of what remains, so successive
draws are not perfectly independent; keeping the sample to at most 10% of the population
keeps that dependence small enough to safely ignore.) Shape condition: for p, this means
Large Counts (np > 10 and n(1 — p) > 10); for z (the following section), this means the
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population itself is (approximately) Normal, or n is large enough for the Central Limit Theorem
to apply (rule of thumb n > 30). Only once every relevant condition is verified do we compute
1 and o of the sampling distribution, then standardize with z and read the standard Normal
table.

. GIAI THICH TIENG VIET

Trudc khi dung mé hinh chuan cho phan phai 18y mau, luén kiém tra ding thi tu ba diéu kién:
Random (SRS hodc thi nghiém ngiu nhién hod), 10% (néu lay mau khéng hoan lai, n < 10%
téng thé), va diéu kién hinh dang (Large Counts cho p; téng thé chuan hodc n > 30 cho ).
Quy trinh ba budc nay khéng déi xuyén suét phan con lai cta Unit: kiém tra diéu kién — tinh
u, o cta phan phéi 1dy miu — chuin hoa z va tra bang chuan.

p(i—p)

The sampling distribution of p is approximately Normal when the Large Counts condition holds:
np > 10 and n(1 — p) > 10 (and the sample is at most 10% of the population).

Vi du m3u - Worked example

In a population with true proportion p = 0.3, an SRS of n = 100 is taken. Find P(p > 0.35).
0.3(0.7)
100

If an SRS of size n is taken from a population with true proportion p: u; = p, o =

Large Counts: np = 30 > 10, n(1—p) = 70 > 10 — condition met. p; = 0.3, 05 =

v/0.0021 ~ 0.0458.

03503

SomEs 109 = P(p>0.35) = P(Z > 1.09) ~ 0.1379.

—20 -0 p=0.3 +o +20
Sampling distribution of p for p = 0.3, n = 100: approximately Normal, centered at p, with o, ~ 0.0458.

This single example already shows the full mechanics: verify conditions, compute 1, and o, then
standardize. Why does the Large Counts condition use the specific threshold 10? Itis a rule of thumb,
not an exact law: the sampling distribution of p is really built from a discrete count (the number of
"successes” in the sample), and a continuous Normal curve approximates a discrete distribution well
only once there is enough "room” on both sides of the center for the bell shape to form — roughly
10 expected successes and 10 expected failures is the threshold most statisticians have found gives
a reasonably accurate approximation in practice. The AP exam expects this threshold to be checked
explicitly, not derived from scratch. The next two subsections apply the same three-step routine to
a complete four-part write-up, and then to a case where the Normal approximation is not valid at
all.
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A quick scan across several (p, n) pairs shows how easily Large Counts can pass or fail depending
on how close p sitsto 0 or 1:

P n  np n(l—p) Large Counts?

0.50 20 10 10 met (boundary)

0.10 50 5 45 fails
0.40 30 12 18 met
0.95 100 95 ) fails
0.25 60 15 45 met

Notice that p values close to 0.5 pass Large Counts most easily (since p(1—p) is largest there), while p
values near 0 or 1 demand a much larger n before the condition is satisfied. This is exactly the same
reason o, = /p(1 —p)/n is largest when p = 0.5 and shrinks as p moves toward either extreme
- the two facts (Large Counts difficulty and maximal spread) share the same underlying cause, the
factor p(1 —p).

5.4.1 A complete four-part probability check

Every probability question about p follows the same four-part routine: (1) find the center 1.5, (2) find
the spread o, (3) verify shape/conditions (Random, 10%, Large Counts), and only then (4) compute
the probability using z-scores.

Vi du mAu - Four-part check for a first-generation student rate

A large university reports that p = 0.40 of its (many thousands of) undergraduates are first-
generation college students. For an SRS of n = 150 students, find P(p < 0.33).

(1) Center: i, = p = 0.40.

(2) Spread: o, = \/0'4?(50660) =+/0.0016 = 0.04.

(3) Shape/conditions: Random - SRS is given. 10% - 150 is surely at most 10% of the
university’s undergraduate population. Large Counts - np = 150(0.40) = 60 > 10 and
n(l —p) = 150(0.60) = 90 > 10. All three conditions are met, so the sampling distribu-
tion of p is approximately Normal.

(4) Probability:

033040

03 —1.75.  P(p<0.33) = P(Z < —1.75) = 1 — 0.9599 = 0.0401.

There is only about a 4.01% chance that a random sample of 150 students would show fewer
than 33% first-generation students, even though sampling variability alone could produce such
a result.

Vi du mau - A two-sided probability

A manufacturing line’s defect rate is believed to be p = 0.10. For an SRS of n = 400 units
inspected, find P(0.085 < p < 0.115).

Conditions: Random (SRS given); 10% (a production run vastly exceeds 4,000 units); Large
Counts: np = 400(0.10) = 40 > 10, n(1 — p) = 400(0.90) = 360 > 10 — met.

0.10(0.90)
0.085—0.10 0.115—0.10
Rlow — W = —100, Zhigh = W = 1.00.
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P(0.085 < p < 0.115) = P(—1.00 < Z < 1.00) = 0.8413 — (1 — 0.8413) = 0.6826.

This is the familiar "within one standard deviation” figure from the 68-95-99.7 rule (Unit 1) —
the same empirical rule applies to any approximately Normal distribution, including the sam-
pling distribution of a statistic.

5.4.2 When the Large Counts condition fails

Not every proportion problem allows a Normal approximation. When the true proportion p is close
to 0 or 1, and n is not large enough to compensate, the sampling distribution of p can be badly
skewed.

Vi du mAu - A rare condition - Large Counts fails

A rare genetic condition affects p = 0.015 of newborns nationally. For an SRS of n = 400
newborns, can the sampling distribution of p be treated as approximately Normal?

Random: SRS given. 10%: any reasonable newborn population vastly exceeds 4,000, so 10%
holds easily. Large Counts: np = 400(0.015) = 6 < 10 — this already fails, even though
n(l —p) = 400(0.985) = 394 > 10 easily. Since both parts of Large Counts must hold, the
condition is not satisfied.

Because the expected number of affected newborns in the sample is only 6, the count (and
hence p) behaves like a strongly right-skewed discrete distribution: most samples will show a
small handful of cases (0, 1, 2, ...), a symmetric bell curve would badly misrepresent this skew,
and it could even assign meaningful probability to nonsensical outcomes near p < 0. Normal-
based z-score methods are therefore not valid here; a probability question about this sample
proportion would require different tools (e.g., the exact binomial distribution or simulation),
not covered by the Normal model of this unit. How large would n need to be for Large Counts
to hold with this same p = 0.015? We would need np > 10, i.e., n > 10/0.015 ~ 666.7, so at
least n = 667 newborns — well over the n = 400 actually available in this example, and nearly
20 times the minimum n ~ 34 that would suffice for a proportion closer to the center, such as
p = 0.3. The further p sits from 0.5, the larger a sample must be before a Normal approximation
becomes trustworthy.

Large Counts met (p=0.5) Large Counts fails (p=0.05)

30

, 30
£2 20
* 10 10
0 0
0 5 10 0 5 10
count count

Illustrative comparison of two sampling-distribution shapes for a count out of n = 20 trials: when Large Counts is met
(left, e.g. p = 0.5), the shape is roughly symmetric and bell-shaped; when Large Counts fails (right, p close to 0), the
shape is noticeably right-skewed and clustered near 0 — a Normal curve would poorly describe it.

. GIAI THICH TIENG VIET

V&i p: ki€m tra da ba diéu kién Random - 10% - Large Counts truéc khi dung mé hinh chuan.
Khi thoa, u; = p (khong chéch) va o5 = v/p(1—p)/n, roi chuan hod z va tra bang nhu binh
thuong. Khi p rat gan 0 hodc 1 va n khéng du I6n dé€ bu lai (Large Counts that bai), phan phéi
cuta p bi Iéch manh va khéng dugc 4p dung mé hinh chuan - day 13 16i rat hay gap khi hoc sinh
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I quén kiém tra diéu kién trudc khi tinh z.

5.5 Sampling distribution of a sample mean

The same three-step routine used for p applies to z, with one important difference in the shape
condition: instead of Large Counts, we now ask whether the population itself is Normal, or whether
n is large enough for the Central Limit Theorem to take over.

For an SRS of size n from a population with mean p and standard deviation o: p, = pu,
0. = 2. Central Limit Theorem: as n grows large, the sampling distribution of z becomes

xr \/ﬁ
approximately Normal regardless of the population’s shape (a common rule of thumb is n > 30).
If the population itself is Normal, z is exactly Normal for any n.

Vi du mau - Worked example

Adult resting heart rate has ;. = 72 bpm, 0 = 9 bpm (population shape roughly Normal). For
an SRS of n = 36, find P(z > 75).

9 9 75— T2
Oz = —F—==—-=15.2=

/3 6 1.5

=20= P(z>75) = P(Z>2.0) ~ 0.0228.

—20 —g pn=r2 +o +20
Sampling distribution of x for SRS of n = 36 resting heart rates (. = 72, o = 9): approximately Normal, centered at 72,
with o, = 1.5.

The heart-rate example above worked because the population itself was stated to be roughly
Normal. Because o, (like o@) measures how much a statistic varies from sample to sample, rather
than how much a single individual observation varies, it is commonly called the standard error of
the statistic — terminology used throughout the confidence-interval and significance-testing units
later in this course. The next three subsections examine what happens to the sampling distribution
of z under three different combinations of population shape and sample size: large n from a skewed
population, small n from a Normal population, and (as a caution) small » from a skewed population.

(!) Léi thueng gap: o, = o/+/n gidm khi n ting, nhung khéng bang 0 va khong thé tinh néu
khong biét o (khi doé phai dung s va phan phéi t — sé hoc & Unit 7). Birng nham o (d6 léch
chuan cua z) véi o (d6 [éch chuan ctia mét quan sat don 1é).

5.5.1 The Central Limit Theorem on a skewed population

The power of the CLT is that it says nothing about the shape of the population — only about the
sampling distribution of z, once n is large enough.
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Household income (illustrative bins)

A right-skewed population of household incomes - most households have low-to-moderate income, with a long tail of
high earners. For this illustration, u = $65,000 and o = $40,000. The population itself does not need to be Normal for
the Central Limit Theorem to apply to z.

Vi du mau - CLT applied to a skewed population

Household incomes in a region are strongly right-skewed with ;. = $65,000 and o = $40,000.
For an SRS of n = 100 households, find P(z > $70,000).
Conditions: Random (SRS given); 10% (any real region has far more than 1,000 households);
population shape is skewed, not Normal, so we cannot claim z is exactly Normal for small
n — but n = 100 > 30, so by the Central Limit Theorem the sampling distribution of z is
approximately Normal regardless of the population’s skew.
40000 40000
_ = 65000 = —— = —— =4000.
Ha ’ 7z 100 10
70000 — 65000

oo = 125 P(E>70000) = P(Z > 1.25) = 1 — 0.8944 = 0.1056.

—20 —0  wu=65000 +o +20
-10%
The sampling distribution of z for SRS of n = 100 household incomes: already approximately Normal in shape by the
CLT, centered at the same mean p = $65,000, but with much smaller spread (o, = $4,000 versus the population’s own
o = $40,000).

5.5.2 A small sample from a Normal population

When the population itself is already (approximately) Normal, the CLT is not even needed — Z is
exactly Normal for any sample size, even a very small one.

Vi du mau - Small n, but the population is already Normal

A machine fills specialty coffee bags with weights that are Normally distributed, . = 500 g,
o = 15 g. For a small SRS of only n = 9 bags, find P(z < 493 g).
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Conditions: Random (SRS given); 10% (a production run vastly exceeds 90 bags); the population
is stated to be Normal, so the sampling distribution of x is exactly Normal for any n, including
this small n = 9 — no need to invoke the CLT or check n > 30.

15 15 5 493 — 500
O = —— = — = . ==
9 3 5

P(z < 493) = P(Z < —1.4) = 1 — 0.9192 = 0.0808.

—1.4.

The key phrase to notice in this problem is "weights that are Normally distributed” — that single
fact does all the work of satisfying the shape condition, regardless of how small n is.

5.5.3 A caution: small samples from a skewed population

The two examples above work because in each case at least one condition (Normal population, or
n > 30) held. When neither holds, no valid probability calculation is possible with the tools of this
unit — recognizing this situation, and refusing to compute a number anyway, is itself a tested skill on
the AP exam.

Vi du mAu - Neither condition holds - do not compute a probability

Customer wait times at a help desk are strongly right-skewed (most calls resolve quickly, but
a few take very long), with ;1 = 4 minutes and ¢ = 6 minutes. For a small SRS of only n = 4
calls, a student wants P(z > 7).

Conditions: the population is explicitly not Normal (strongly skewed), and n = 4 is nowhere
near the n > 30 threshold needed for the CLT to overcome that skew. Neither condition for
treating = as approximately Normal is satisfied.

If a student naively plugged into the Normal formula anyway: 0. = 6/v4 =3,z = (1—4)/3 =
1.00, suggesting P(z > 7) ~ 1 — 0.8413 = 0.1587 — but this number is not trustworthy. With
only 4 skewed observations averaged together, the true sampling distribution of z is itself
still visibly skewed, and z-scores from the standard Normal table do not apply. The correct
response to such a problem is to state that the probability cannot be determined with the
methods of this unit, not to report a numerical answer. (In practice, statisticians facing this
situation would instead use simulation-based methods — such as bootstrap resampling — that
do not require the Normal-shape assumption at all; those methods are outside the scope of
this unit, but the conditions check above is exactly how a student recognizes when they would
be needed.)

. GIAI THICH TIENG VIET

\
Vi z: kiém tra Random - 10% - (tng thé chuan HOAC n du I1&n dé ap dung CLT, thuong lay
maoc n > 30). Néu téng thé da cho 13 chuan, z luén chuan véi moi n, ké ca n rat nho. Néu téng
thé léch nhung n > 30, CLT van dadm bao z xap xi chuan. Nhung néu téng thé Iéch va n nho,
KHONG duoc gia dinh z xap xi chuan - dirng cd tinh z-score trong trudng hop nay, vi két qua
sé khong dang tin cay.

5.6 How sample size affects the sampling distribution

Both o, = o/y/n and o; = \/p(1 — p)/n shrink as n grows — but only through the square root of n,
not n itself. This has a very concrete practical consequence for anyone designing a study or a survey:
precision does not come cheaply, and doubling the effort spent collecting data does not double the
precision gained.
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Because o and o are both proportional to 1/1/n, cutting a sampling distribution’s standard
deviation in half requires quadrupling n (multiplying by 4, not 2). More generally, to shrink the
standard deviation by a factor of k, the sample size must increase by a factor of k2.

Vi du mau - How much bigger must n be to halve the spread?

A poll currently uses n = 400 respondents to estimate a proportion believed to be p = 0.5. Its

standard deviation is
0.5(0.5
o5 =1/ 4<00 ) = +v/0.000625 = 0.025.

How large would the new sample need to be to cut this standard deviation exactly in half, to
0.01257?
0.25 0.25 0.25
Set = 0.0125. Squaring both sides: = 0.00015625, so = ————— =1600.
Mo quaring Trew "new = 0 00015625
Check: o5 = \/0.25/1600 = 1/0.00015625 = 0.0125 — exactly half of the original 0.025. In-
creasing n from 400 to 1600 is exactly a factor of 4 (i.e., 22), confirming that halving o requires

quadrupling the sample size, not merely doubling it.

The same 1/4/n pattern holds at every scale, not just for the single jump worked out above:

n 25 100 400 1600
o (with p = 0.5) 0.1000 0.0500 0.0250 0.0125

Each time n quadruples (25 — 100 — 400 — 1600), o is cut exactly in half — the same pattern
repeats at every step, not just the one step worked out above. This is also why collecting more data
has diminishing returns: the jump from n = 25 to n = 100 (a difference of only 75 observations)
cuts the standard deviation in half, but so does the much larger jump from n = 400 to n = 1600 (a
difference of 1200 observations) — each additional halving of the spread costs four times as much
data as the halving before it. This is precisely why researchers designing real studies must balance the
cost of collecting additional data against the shrinking benefit each additional observation provides.

GIAI THICH TIENG VIET
Vi o, va oy ti 1é véi 1/y/n (chi khong phai 1/n), muén gidam dé léch chuan clia phan phéi lay
mau xuéng con mdt nira, ta phai tang n |én gap bdn [an, khong phai gap doi. Day 13 16i rat phé
bién: hoc sinh thudng nghi "muén dé chinh xac gap déi thi 1ay mau gap doéi” - nhung thuc t&
phai 18y mau gap bén [an (t6ng quat: mudn gidm do [éch chuan di k [an, phai ting n 1én k2 [an).

5.7 Combining sampling distributions: differences between two samples

The ideas above extend naturally to comparing two independent samples — the foundation for two-
sample inference in later units (Unit 6-8). Every two-sample confidence interval and significance test
built later in this course — comparing two proportions, or comparing two means — is constructed
directly from the sampling distribution developed in this section, so the formulas below are worth
committing to memory now rather than re-deriving later.
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For two independent random samples: the sampling distribution of a difference of two sample
proportions p; — p, has

p1(1—py) | pa(l—py)
'u’f)1*132:p1_p2’ Jﬁﬁzz\/l ! + 2 27

UG Ty

and the sampling distribution of a difference of two sample means =, — z, has

of 03
Kz, —z, = M1 — K2, Oz —iy — nil + niz

In both cases the mean of the difference is the difference of the parameters, and because the
two samples are independent, the variances add (never the standard deviations directly) before
the square root is taken.

The requirement of independence between the two samples is essential and must be checked,
not assumed: the variance-addition formula above is valid only when knowing the outcome of Sam-
ple 1 tells us nothing about Sample 2 — for example, two separately drawn SRSs from two different
populations, or two randomly assigned groups in an experiment. It would not apply to before-and-
after measurements taken on the same individuals, since those two sets of measurements are related
to each other by design, not independent.

Why do independent variances add, even though the statistic itself is a difference? This follows
from a general property of independent random variables: for any two independent quantities X
and Y, Var(X —Y) = Var(X) + Var(Y). Subtraction affects the mean (E[X — Y] = E[X]|— E[Y]), but
variance is always additive under independence, whether the two quantities are added or subtracted
— a negative sign squares away when variance is computed. Applying this general rule directly to p,
and p, (or z, and z,) produces exactly the variance-addition formulas above.

. GIAI THICH TIENG VIET

Khi két hop hai mau déc 1ap, tam cta phan phéi 1ay mau cua hiéu hai théng ké luén 13 hiéu
hai tham s& that (p, — p, ho3c y1; — p1,) - khéng thién léch. Nhung d6 léch chuan thi KHONG
duoc trir hay cong truc tiép - ta phai cdng phuong sai ciia hai mau lai réi méi 13y cin bac hai.
Y twdng nay sé duoc dung lai xuyén sudt cac Unit suy dién hai mau (so sanh hai ti I&, so sanh
hai trung binh) & cac chuong sau. Ghi nhé: hai mau phai doc 1ap véi nhau (khéng phai cling
mot nhém doéi tugng do hai [an) thi cong thirc cong phuong sai nay mai co gia tri.

Vi du miu - Comparing two independent approval rates

Company A reports p; = 0.90 approval among an SRS of n; = 100 employees. Company B
reports p, = 0.64 approval among an independent SRS of n, = 144 employees. Find P(p, —
Py > 0.20).

Conditions: both samples random and independent (given); each sample is surely at most 10%
of its company; Large Counts for Company A: n;p; = 90 > 10, ny(1 — p;) = 10 > 10; Large
Counts for Company B: nyp, = 92.16 > 10, ny(1 — py) = 51.84 > 10 — all met.

0.90(0.10)  0.64(0.36
Op p, = \/ 1<oo )4 1(44 ) _ \/G0009 1 0.0016 = v/0.0025 = 0.05.
0.20 — 0.26 R
p= oo =120 P(py—py > 0.20) = P(Z > —1.20) = P(Z < 1.20) = 0.8849.
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There is about an 88.49% chance that a pair of independent samples like these would show
Company A’s approval rate exceeding Company B’s by more than 0.20, consistent with the
true gap of 0.26. Note that even though n, # n, and p; # p,, the same three-step routine
applies without modification: verify conditions for each sample separately, compute ¢ and o
of the difference, then standardize.

The same logic applies directly to a difference of two independent means, replacing p(1 — p)/n
with o2 /n inside the sum of variances.

Vi du mau - Comparing two independent means

Line 1 produces bolts with lengths approximately Normal, x; = 50.00 mm, o; = 0.3 mm, from
an SRS of n; = 100 bolts. Line 2 produces bolts with lengths approximately Normal, i, = 50.05
mm, 0, = 0.4 mm, from an independent SRS of n, = 100 bolts. Find P(z, — z, > 0) — the
chance that Line 1's sample mean comes out higher than Line 2’s, even though Line 1’s true
mean is lower.

Conditions: both samples random and independent (given); both populations stated to be
approximately Normal, so the Normal condition holds regardless of n.

tz _z = 950.00 —50.05 = —0.05.
2

T, —T
0.32  0.42
=2 T /0.0009 + 0.0016 = v/0.0025 = 0.05.
0— (—0.05
B (()05> =1.00. P(z,—1,>0)=P(Z>1.00) =1—0.8413 = 0.1587.

Even though Line 1's bolts are, on average, slightly shorter than Line 2's, sampling variability
alone gives roughly a 15.87% chance that a particular pair of samples would show the opposite
pattern — a reminder of why a single pair of sample means is rarely enough, by itself, to prove
one population’s true mean exceeds another’s. This exact kind of reasoning, formalized with
a decision rule for how small a probability must be before it counts as convincing evidence,
becomes the significance test for two independent means in a later unit.

Summary of this unit’s core formulas:

A:p O = p7<1_p> = = 0‘7:70— N

'up ) p n ’ Kz 12 T \/ﬁa
_ P =py) | pa(1—py). - _ |o? o3
'ui)lfﬁZ = P17 P2 0-131*152 B \/ nq * ) ’ ,U@I,QEZ = M1 Ho, 0-5517592 - ny + n2.

In every case the same three-step routine applies: verify conditions (Random, 10%, Large
Counts or Normal/n > 30, checked separately for each sample when there are two) — com-
pute the mean and standard deviation of the sampling distribution — standardize with z and
read the standard Normal table.
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Statistic Conditions Center and spread
N 1—
D Random; 10%; Large Counts p;=p, o;= u
(np > 10, n(1 — p) > 10) "
x Random; 10%; population p; =pu, oz = 7
Normal, or n > 30 (CLT) v
D1 — Do Random & independent; 10% = p, — Py O =
for heach; | Large CtOLImts for pi(1—p))  py(l—py)
each sample separately n T
O'2 0'2
T, — Ty Random & independent; 10% o= pi; — ptg, 0 = ¢/ —% + -2
for each; both populations T

Normal, or both n,,n, > 30

A handful of pairs of ideas from this unit are especially easy to mix up under exam pressure; it is
worth keeping them straight explicitly.

Often confused First quantity Second quantity

Variability of an individual o (a single observation) o, = o/\/n, or o =

vs. of a statistic m

Bias vs. variability the center of a sampling the spread of a sampling
distribution distribution

Large Counts vs. CLT shape condition for p shape condition for =z
(np > 10,n(1 —p) > 10) (Normal population, or

n > 30)
Doubling n vs. quadrupling doubles n = divides quadruples n = divides
n O statistic by \/i O statistic by 2

5.8 Why sampling distributions matter beyond this unit

Every idea developed in this chapter reappears, essentially unchanged, in the four units that follow.
A confidence interval is nothing more than a statistic plus-or-minus a multiple of its standard error,
statistic + 2* - ogatistic (OF t* - S Egpatistic ONCE 0 must be estimated by s), built directly from the center
and spread of a sampling distribution exactly like those developed here. A significance test asks
precisely the kind of question already practiced throughout this unit - "if the null hypothesis were
true, how unusual would this sample’s statistic be?” - by computing a z (or t) statistic from the
sampling distribution and comparing it against a standard reference distribution.

Three properties of a sampling distribution decide whether - and how - a given inference
procedure may be used: its shape (is a Normal or ¢ model justified, via Large Counts, the CLT,
or a stated Normal population?), its center (is the statistic unbiased, so the sampling distribution
is centered at the true parameter?), and its spread (how is o 4.tic, OF its estimate, computed
for this particular statistic?). Every inference procedure introduced in Units 6 through 8 begins
by answering exactly these three questions for a specific statistic: p, z, p; — py, £; — T, and
others introduced later.

. GIAI THICH TIENG VIET

Toan bd néi dung Unit nay sé duoc dung lai gan nhu nguyén ven trong cac Unit suy dién (Unit
6-8): khoang tin ciy (confidence interval) chi 13 "théng ké - mot hé sé nhan x sai s& chuan
(standard error)” - |ay truc ti€p tir tam va do trai ca phan phéi lay mau; kiém dinh gia thuyét
(significance test) chi 13 hai "néu gia thuyét géc dung, két qua mau nay bat thudng dén mirc
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nao?” bang cach chuan hoa z (hoic t), ding nhu da luyén tap xuyén sudt Unit ndy. Ba cau héi
luén I3p lai & moi Unit suy dién phia sau: hinh dang (md hinh chuan cé hop 1é khéng?), tam
(théng ké c6 khéng thién Iéch khéng?), va dé trai (sai s6 chuan tinh thé nao?).

5.9 Practice problems

The items below span every idea developed in this unit — from hand-built sampling distributions and
the bias/variability distinction, through the Large Counts and Central Limit Theorem conditions, to
sample-size effects and combining two independent samples.

A state election board wants to know the true proportion of all registered voters who support
a proposed law. It surveys a random sample of 800 registered voters; 512 say they support it.
Identify the population, the parameter, the sample, and the statistic in this context.

Lai giai chi tiét

Population: all registered voters in the state. Parameter: the true (unknown) proportion of
all registered voters who support the law, denoted p. Sample: the 800 registered voters who
were actually surveyed. Statistic: the sample proportion p = 512/800 = 0.64, computed
from the sample and used as a point estimate of p. This fixed-versus-random distinction —
one unchanging population parameter versus one sample’s statistic, which would come out
differently with a different sample — underlies every inference procedure introduced later in
this course.

Which statement correctly describes sampling variability?

(A) Sampling variability is an error that occurs same correct random sampling method.
only when a biased sampling method is

UGadl (C) Sampling variability is eliminated once

. o the sample size is at least 30.
(B) Sampling variability is the natural ten-

dency of a statistic’s value to differ from (D) Sampling variability describes the differ-
sample to sample, even under the exact ence between two separate populations.

Loi giai chi tiét
Sampling variability is the natural, unavoidable tendency of a statistic to take different values

across different random samples of the same size, drawn by the exact same correct method —
it is not a mistake, and it shrinks with n but never fully disappears. (B).

Consider the small population {1, 3,5,7,9}. List every possible SRS of size n = 2 (without
replacement), compute z for each, display the resulting sampling distribution of z in a table,
and verify that its mean equals the population mean.
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Loi giai chi tiét

. 1+34+54+74+9 25 .
Population mean: = tot 7 R 5= 5. There are (g) = 10 equally likely samples:
Sample {1,3} {15} {L7} {19} {35} {3,7} {3.9 {57} {59} {7.9)
T 2 3 4 5 4 5 6 6 7 8

Sampling distribution of z (each sample has probability 1/10):

z 2 3 4 5 6 7 8
Probability 1/10 1/10 2/10 2/10 2/10 1/10 1/10

2+34+4+44+5+54+64+6+74+8 50
Mean of the sampling distribution: p, = oI AHOHOHONOFTHS i = 5,

which equals the population mean p = 5 exactly — conﬁrminéoi is unbiased. Notice, too, that
the sampling distribution’s values (2 through 8) already cluster more tightly around 5 than a
uniform spread across the full range would suggest, since the middle value £ = 5 occurs most
often (2 of the 10 samples).

Consider the small population {10, 20, 30}. List every possible SRS of size n = 2 (without re-

placement), compute z for each, and verify that the mean of the resulting sampling distribution
equals the population mean.

Loi giai chi tiét
104+20+30 60

Population mean: p = — 5 =3 = 20. There are (;’) = 3 equally likely samples:

{10,20} — = = 15; {10,30} — z = 20; {20,30} — z = 25. Each has probability 1/3. Mean
. T 15420 + 25 60 )

of the sampling distribution:. ————— = — = 20, exactly equal to the population mean

1 = 20 — confirming x is unbiased even for this very small population, where only 3 distinct
samples exist at all.

Which of the following statistics, computed from repeated SRSs of a population, is an unbiased
estimator of the population mean p?

(A) The sample mean z (C) The sample range (maximum — minimum)

(D) The value of the very first observation
(B) The sample maximum drawn in the sample

Loi giai chi tiét
z is unbiased: p; = p for any sample size n. The sample maximum systematically underes-
timates the population maximum (as shown in this unit); the sample range and a single first

observation are not generally unbiased estimators of u either, since neither one’s long-run
average across repeated samples equals . in general. (A).
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Two methods for estimating the true weight of a reference object (known to weigh exactly
50.0 kg) are compared by repeating each measurement many times. Method 1 (a calibrated
digital scale) gives readings that average 49.8 kg across repetitions, tightly clustered between
49.6 and 50.0 kg. Method 2 (an uncalibrated spring scale) gives readings that average exactly
50.0 kg across repetitions, but individual readings vary widely, from 40 kg to 60 kg. Compare
the bias and variability of the two methods.

Loi giai chi tiét

Method 1 has a small bias (its long-run average, 49.8 kg, is 0.2 kg below the true 50.0 kg) but
low variability (readings are tightly clustered — precise and consistent). Method 2 is unbiased
(its long-run average equals the true value exactly) but has high variability (any single reading
could be far off, making it unreliable in a single use). This illustrates that bias and variability
are independent properties: an estimator can be almost-unbiased-but-imprecise, or slightly-
biased-but-highly-consistent, and neither is automatically "better” without specifying which
property matters more. In many practical settings a small, consistent bias (Method 1) is ac-
tually preferred over large unpredictable swings (Method 2), since the bias can potentially be
corrected once it is known, while high variability cannot.

Which statement correctly compares two SRS’s of sizes n = 25 and n = 400 from the same
population, both used to estimate p with z?

(A) The n = 400 sample gives a biased esti- tribution is less variable

mate but n = 25 does not (C) & does not depend on n

(B) Both Z's are unbiased for p, but o, is (D) The n = 25 sample is unbiased only if the
smaller for n = 400, so its sampling dis- population is Normal

| Loi gidi chi tiét
Both are SRSs, so both give an unbiased estimator (1, =  regardless of n). But o, = o/v/n

is smaller for the larger sample (n = 400 shrinks o, by a factor of /400/25 = 4 compared to
n = 25), so the larger sample’s statistic is less variable, not less biased. (B).

A population has p = 0.6. For an SRS of n = 20, is the Large Counts condition met, and why
does this matter?

(A) Yes; np = 12,n(1 — p) = 8, both > 10 so mal approximation is unreliable

Normal approx. is valid
. (C) Yes, because n > 10
(B) No; n(1 —p) = 8 < 10, so the sampling

distribution of » may be skewed and Nor- (D) No, because p > 0.5

Loi giai chi tiét
np = 20(0.6) = 12 > 10 but n(1 — p) = 20(0.4) = 8 < 10. The condition fails, so we should
not treat the sampling distribution of p as approximately Normal here. (B).
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A population has true proportion p = 0.02. For a proposed SRS of n = 400, is the Large Counts
condition satisfied?

(A) Yes, since n = 400 is a large sample size though n(1 —p) =392 > 10

(B) Yes, since n(1 —p) = 392 > 10 (D) No, since neither part of the condition is
(C) No, since np = 400(0.02) = 8 < 10, even satisfied

Loi giai chi tiét

np = 400(0.02) = 8 < 10 — this alone is enough to fail Large Counts, even though n(1 —p) =
392 > 10 comfortably. Both parts must hold; one failing part fails the whole condition, so a
Normal model should not be used to compute probabilities for p here. (C).

A population has true proportion p = 0.85. For a proposed SRS of n = 50, is the Large Counts
condition satisfied?

(A) Yes, since np = 42.5 > 10 (C) Yes, since p > 0.5
(B) No, since n(1—p) = 50(0.15) = 7.5 < 10,
even though np = 42.5 > 10 (D) No, since np < 10

Lai giai chi tiét

np = 50(0.85) = 42.5 > 10 (v'), but n(1 — p) = 50(0.15) = 7.5 < 10 (fails). Both parts must
be checked separately, and this sample fails on the second part — with p close to 1, it is the
failures, not the successes, that become too rare for a Normal approximation. (B).

A population has true proportion p = 0.50. For a proposed SRS of n = 15, check whether the

Large Counts condition is satisfied, and explain what this means for the shape of the sampling
distribution of p.

Lai giai chi tiét

np = 15(0.50) = 7.5 < 10 and n(1 — p) = 15(0.50) = 7.5 < 10 — both parts fail (not just
one). Even though p = 0.5 is the "most favorable” value of p for Large Counts (it maximizes
p(1 — p)), the sample size n = 15 is simply too small to guarantee a Normal-shaped sampling
distribution for p. With so few observations, p can only take a small number of discrete val-
ues (0/15,1/15,...,15/15), and its distribution is better approximated directly by the binomial
distribution than by a continuous Normal curve.

Cereal box weights are Normal with ¢ = 68 g, 0 = 3 g. For an SRS of n = 36 boxes, find
P(& < 67).

(A) 0.0228 (C) 0.4522
(B) 0.3707 (D) 0.9772
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Loi giai chi tiét
0. =3/v36=0.5. 2= (67— 68)/0.5 = —2.0. P(Z < 67) = P(Z < —2.0) ~ 0.0228. (A).

Battery lifetimes in a large shipment are approximately Normal with x = 100 hours, o = 20
hours. For an SRS of n = 25 batteries, find P(z < 98).

Lai giai chi tiét

Conditions: SRS given (Random); n = 25 surely < 10% of the shipment; population stated to
be Normal, so the sampling distribution of  is approximately Normal regardless of sample size

— met.
20 _@_4 ~98—-100

= . z =
TV25 5 4
P(z < 98) = P(Z < —0.5) =1 —0.6915 = 0.3085.

—0.5.

There is roughly a 30.85% chance that a random sample of 25 batteries would show an average
lifetime below 98 hours, purely from sampling variability around the true mean of 100 hours.

A true population proportion is p = 0.25. For an SRS of n = 300, find P(0.20 < p < 0.30).

Loi giai chi tiet

Conditions: SRS given; n = 300 surely < 10% of the population; Large Counts: np = 75 > 10,
n(l—p) =225 > 10 — met.

.25(0.
;= 02%2)75) = 1/0.000625 = 0.025.
0.20 — 0.25 0.30 — 0.25
Zlow — W = —200, Zhigh = W = 2.00.

P(0.20 < p < 0.30) = P(—2.00 < Z < 2.00) = 0.9772 — (1 — 0.9772) = 0.9544.

This matches the familiar "within two standard deviations” figure (~ 95%) from the 68-95-99.7
rule, applied here to the sampling distribution of p rather than to individual observations.

§ Ciu15 |

A machine fills bottles with a Normally distributed volume, x = 355 mL, o = 4 mL. For a small
SRS of only n = 4 bottles, find P(z < 353).

Loi giai chi tiet

Conditions: SRS given; n = 4 surely < 10% of the production run; population stated to be
Normal, so z is exactly Normal for any n, including this very small n = 4.

4 _4_ 353 —355
= /i =g =% 7z = — 5
P(% < 353) = P(Z < —1.00) = 1 — 0.8413 = 0.1587.

= —1.00.
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Even with only 4 bottles in the sample, the calculation is fully valid, because the population of
individual bottle volumes was already stated to be Normal — no CLT or large-n argument is
needed here.

An online retailer claims p = 0.20 of orders use a discount code. For an SRS of n = 400 orders,
carry out a complete four-part check and find P(p > 0.25).

Loi giai chi tiét
0.20(0.80)

(1) Center: p; = 0.20. (2) Spread: o, = 400 = +/0.0004 = 0.02. (3) Conditions:

Random (SRS given); 10% (the retailer surely processes far more than 4,000 orders); Large
Counts: np = 80 > 10, n(1 — p) = 320 > 10 — all met, so p is approximately Normal. (4)
Probability:
0.25 —0.20 ~
e=—p o =25 P(h>025) = P(Z>25) = 1-0.9938 = 0.0062.

An observed rate of 25% discount-code usage would be quite unusual (only about a 0.62%
chance) if the true rate were really 20% — the kind of reasoning that becomes the basis of a
significance test in later units.

Light bulb lifetimes have population standard deviation ¢ = 100 hours. A student wants P(z >
1000) for an SRS of n = 25 bulbs, but mistakenly uses o = 100 directly in the z-score formula
instead of the standard deviation of the sampling distribution. Explain the error and compute
the correct value to use.

Lai giai chi tiét

The student has confused o (the standard deviation of a single light bulb’s lifetime) with o, (the
standard deviation of the sample mean z of 25 bulbs) — these are different quantities, and o
is always smaller. The correct standard deviation to use is

1 1

Tooy/n /25 5
which is five times smaller than o = 100. Using o in place of o, would make z appear far more
variable than it actually is, distorting any resulting probability calculation — typically producing
z-scores that are far too small in magnitude, and probabilities far too close to 0.5.

A population of grocery store transaction amounts is strongly right-skewed. For an SRS of
n = 45 transactions, what can be said about the shape of the sampling distribution of z?

(A) It is also strongly right-skewed, since the (C) It is approximately Normal, because n =
population is skewed 45 > 30 satisfies the Central Limit Theo-

(B) It cannot be determined without knowing rem, regardless of the population’s skew

o (D) It is exactly Normal only if » > 100
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Loi giai chi tiét

By the Central Limit Theorem, once n is large enough (rule of thumb n > 30), the sampling
distribution of z becomes approximately Normal no matter what shape the population has. Here
n = 45 > 30, so the population’s skew does not prevent z from being approximately Normal
— only the population’s own distribution stays skewed, never the sampling distribution of z
itself. (C).

A population of insurance claim amounts is strongly right-skewed. For an SRS of only n = 5
claims, can the sampling distribution of = be treated as approximately Normal?

(A) Yes, because z is always Normal regard- (C) No, because n = 5 is far too small for the
less of n CLT to overcome the population’s strong
skew, and the population itself is not Nor-

(B) Yes, because n > 2 is enough for the CLT mal

to apply (D) No, because o is unknown

Loi giai chi tiét

Neither condition for Normality of z is met: the population is not Normal (it is strongly skewed),
and n = 5 is far below the n > 30 threshold needed for the CLT to compensate for that
skew. The sampling distribution of x here likely remains visibly skewed, so no z-score-based
probability should be reported. (C).

Insurance claims at a large firm are strongly right-skewed with population mean p = 1200
dollars and standard deviation o = 900 dollars. For an SRS of n = 100 claims, find P(z > 1335).

Loi giai chi tiet

Conditions: Random (SRS given); 10% (a large firm processes far more than 1,000 claims);
population is skewed, not Normal, but n = 100 > 30, so by the CLT z is approximately Normal.

1 —12 1
o — 900 _ 00, _ 335 00 135 15

T /100 “ 90 T 90
P(z > 1335) = P(Z > 1.5) = 1 — 0.9332 = 0.0668.

Notice that the population’s own standard deviation ($900) is much larger than o, ($90) — av-
eraging 100 skewed claims together has already tamed the variability by a factor of 10, exactly
as 0/+/100 = ¢/10 predicts.

When the Random, 10%, and Large Counts conditions are all satisfied for a sample proportion
p, the sampling distribution of p is best described as:
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(A) exactly binomial, and never treated as (C) always right-skewed, regardless of the
continuous value of p

(B) approximately Normal - unimodal and
symmetric, centered at p (D) uniform over all values between 0 and 1

Lai giai chi tiét

When Random, 10%, and Large Counts all hold, the (discrete) distribution of p is well approxi-
mated by a continuous, symmetric, bell-shaped Normal curve centered at ji;, = p. (B).

Which statement about the Central Limit Theorem (CLT) is correct?

(A) The CLT guarantees that the population (C) The CLT states that the sampling distribu-

distribution itself becomes Normal as n tion of x becomes approximately Normal
increases as n increases, regardless of the popula-
tion’s shape

(B) The CLT applies only when the popula- (D) The CLT guarantees o, = o for any sam-
tion distribution is already Normal ple size n

| Loi gidi chi tiét

The CLT is a statement about the sampling distribution of x, not about the population itself (the
population’s shape never changes). As n grows, z's sampling distribution becomes approxi-
mately Normal for essentially any population shape, and o, = o //n shrinks with n (it is never
simply equal to o for n > 1). (C). Options (A) and (D) confuse the population with the sampling
distribution of z; option (B) reverses the entire point of the theorem, which is that Normality
of the population is not required.

For a fixed population, to cut the standard deviation of the sampling distribution of z (or p)
exactly in half, the sample size n must be:

(A) doubled (C) squared

(B) quadrupled (multiplied by 4) (D) increased by 50%

Loi giai chi tiét

Since o, = o/+/n (and similarly for o) depends on 1//n, halving the standard deviation re-
quires /Minew = 2/ Toids 1-€4 Npew = 41g14- (B).

A population has standard deviation o = 12. An SRS currently uses n = 36. By what factor
must n increase to reduce o, to exactly one-third of its current value? Verify your answer
numerically.
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Loi giai chi tiét

12 12
Currently, 0, = — = — = 2. To reduce this to one-third, we need the new standard

V36 6

deviation to equal 3 ~ 0.667. Since o;  1/4/n, reducing o, by a factor of 3 requires increasing
12 12
V324 18

is exactly 3 of the original value 2, as required. The sample size must increase ninefold, from

n by a factor of 32 = 9. Check: n,, = 9(36) = 324, and o, = = 0.667, which

n = 36 to n = 324 — confirming the general rule that reducing a sampling distribution’s spread
by a factor of k always costs a factor of k2 in sample size. The same k2 rule applies identically
to o; = \/p(1 — p)/n, since both standard deviations depend on n only through 1//n.

§ Ciu25 |

For two independent SRSs used to estimate 1, — u,, the standard deviation of the sampling
distribution of z; — z, is found by:
(A) adding o, and o, directly (C) subtracting the two variances

(B) adding the two variances o?/n,; and
o2 /n,, then taking the square root (D) multiplying oy and o,

Lai giai chi tiét

-

Because the two samples are independent, their variances add: o, ;= \/0{/n; +05/n,.
Standard deviations are never added or subtracted directly — squaring, adding, then taking the
square root at the end is required every time. (B).

Vending machine snack weights are approximately Normal. Brand P has i, = 458, 0, =5 g,
with an SRS of n; = 25 bags tested. Brand Q has u, = 42 g, 0, = 6 g, with an independent
SRS of ny = 12 bags tested. Find P(zp —zg > 1).

Lai giai chi tiét

Conditions: both samples random and independent (given); both populations stated to be
approximately Normal, so the Normal condition holds regardless of the small sample sizes.

s, =45 —42 =3,
52 62 25 36
=y s o /1+3=V4=2.
Tzp—iq 95 T 12 955 T 12 +3= V4
1-3
s= 5" =—100. P@p—q>1)=P(Z>—100) = P(Z < 1.00) = 0.8413.

The standard deviation of a statistic’s sampling distribution (such as o or aﬁ) is also commonly
known as the statistic’s:
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(A) margin of error (C) p-value

(B) standard error (D) confidence level

Loi gidi chi tiét

’
.
v
X

The standard deviation of a sampling distribution is called the standard error of the statistic
— terminology used throughout the confidence-interval and significance-testing units later in
this course, where it appears directly inside every margin-of-error formula. (B).

§ Cau2s_

Consider the small population {5, 10, 15, 20}. List every possible SRS of size n = 3 (without re-
placement), compute z for each, and verify that the mean of the resulting sampling distribution
equals the population mean.

Loi giai chi tiét

‘
.
M
>\

5+ 10+15+20 50
Population mean: i = i + i =7 = = 12.5. There are( ) = 4 equally likely samples:

{5,10,15} — & = 10; {5, 10 20}—>x~1167 {5,15,20} — & ~ 13.33; {10, 15,20} — & = 15.

1 11. 1 1
Mean of the sampling distribution: O Lior + 5 33 T % = 12.5, exactly equal to the

population mean p = 12.5 — confirming z is unblased even with a sample size as large as N —1
relative to the population.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 6

Inference for Categorical Data:
Proportions

Muc tiéu Unit: Khung suy dién théng ké bén budc (State - Plan - Do - Conclude); diéu kién Random
- 10% - Large Counts cho suy dién vé ti 1&; khoang tin cdy mét ti 1é va cach xac dinh c& mau can thiét
cho mét sai sé bién cho trudc; ki€ém dinh gia thuyét mét ti 1é (mot phia va hai phia) va méi lién hé gilra
khoang tin cay véi kiém dinh hai phia; sai [am loai |, sai [am loai I, mlc y nghia a: va nang luc kiém dinh
(power); khoang tin cdy va kiém dinh gia thuyét cho hiéu hai ti 1é p, — p, (phuong phap khong gép cho
khoang tin cdy, phuong phap gdp - pooled - cho kiém dinh).

Many of the most consequential questions in medicine, business, politics, and public policy re-
duce to a single number: what proportion of some population has a certain characteristic, and does
one group’s proportion differ from another’'s? What fraction of a batch of vaccines is effective?
What share of voters support a candidate? Does a redesigned checkout page convert visitors to
purchases more often than the old one? A categorical variable sorts individuals into non-numeric
groups (yes/no, defective/not defective, favor/oppose), and the proportion p of a population falling
into a category of interest is the natural parameter for summarizing it. This unit develops the two
core tools — confidence intervals and significance tests — used throughout statistics to answer such
guestions from sample data, together with the safeguards (Random, 10%, Large Counts) that keep
the resulting conclusions trustworthy, and extends both tools to comparisons between two inde-
pendent groups.

6.1 The Four-Step Framework for Statistical Inference

Every confidence interval and every significance test in this course can be organized around the same
four steps. Using this framework consistently is not just good habit — on the AP exam, full credit on
an inference free-response question requires each of these steps to appear explicitly.

j State - Plan - Do - Conclude

STATE: Identify the population parameter of interest in context (a proportion p, or a difference
in proportions p, — p,). For a confidence interval, state the confidence level and what you
intend to estimate. For a significance test, state the null and alternative hypotheses, H, and
H_, both in words and in symbols, and the significance level a.

PLAN: Name the specific inference procedure you will use (e.g., “one-sample z interval for a
proportion,” “two-sample z test for a difference in proportions”). Then verify every condition
that procedure requires — Random, 10%, Large Counts — using the actual numbers given in
the problem. Simply writing “conditions are met” without checking each one earns no credit.

DO: If, and only if, the conditions are satisfied, carry out the mechanics: compute the sample
statistic(s), the standard error (for a Cl) or the standardized test statistic (for a test), and the
resulting interval or P-value.

CONCLUDE: Answer the original question in context, using precise statistical language. For
a test: “reject H,” or “fail to reject H,” — never “accept H,” — justified by comparing the P-
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value to a. For a confidence interval: “we are C% confident that the interval from ___ to _
captures the true value of [parameter, described in context].”

. GIAI THICH TIENG VIET

Moi bai toan suy dién théng ké (khodng tin cay hodc kiém dinh gid thuyét) déu nén trinh bay
theo dung bén budc: STATE (Néu) - xac dinh tham sé téng thé can udc lugng hodc néu rd
H,, H, va mirc y nghia o; PLAN (Lap ké hoach) - goi tén dung phuong phap suy dién sé dung
va kiém tra ddy du cac diéu kién (Random, 10%, Large Counts) bang s6 liéu cu thé cha dé bai,
khoéng chi viét chung chung “diéu kién da théa”; DO (Thuc hién) - tinh toan théng ké mau, sai
s chuan (hoac thong ké kiém dinh) va khoang tin cdy (hoac P-value); CONCLUDE (Két luan)
- trd 161 ciu héi gbc trong ngit cdnh dé bai, dung ding thuat ngir: va&i ki€ém dinh, chi duoc néi
“bac bd H," hodc “khong bac bé H,” (khéng bao gid noi “chap nhan H,"); véi khoang tin cay,
phai noi “ching ta tin twdng C'% rang khoang nay chira gia tri that cua..”. Dé thi AP ludn chdm
diém theo tirng buéc riéng biét, nén bd sét moét budce (du tinh toan ding) van bi trir diém.

6.2 Conditions for Inference about a Proportion

6.2.1 The Sampling Distribution of a Sample Proportion

Before any inference procedure can be justified, it helps to know how the sample proportionp = x/n
(where z is the count of successes in the sample) behaves across repeated random samples of size
n drawn from a population with true proportion p. Three facts describe this sampling distribution:

e Center: p is an unbiased estimator of p — averaged across all possible samples of size n, ., = p.
Some samples will overestimate p and some will underestimate it, but there is no systematic
tendency in either direction.

e Spread: the standard deviation of p is 05, = \/p(1 — p)/n, which decreases as n increases — larger
samples give more precise estimates of p. Unlike inference for a population mean, this standard
deviation depends only on p and n; there is no separate, unknown population standard deviation
to estimate from the data, so no t-distribution is required here. z-procedures apply directly, with
p (for a Cl) or p, (for a test) substituted in place of the unknown p.

e Shape: by the Central Limit Theorem applied to a proportion (equivalently, the Normal approxi-
mation to the Binomial distribution), the sampling distribution of p is approximately Normal pro-
vided the sample is large enough — this is exactly the role played by the Large Counts condition
below.

Together, these three facts justify every z-based procedure in this unit: once Random, 10%, and
Large Counts all hold, p behaves like a draw from an approximately Normal distribution centered at
p with standard deviation /p(1 — p)/n, and the familiar z* and z-statistic machinery follows directly.
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6.2.2 The Random, 10% and Large Counts Conditions

Random: the data must come from a random sample or, in an experiment, from random as-
signment to treatment groups. Without this, no probability-based method of inference can
legitimately extend conclusions beyond the individuals actually observed.

10% condition: when sampling without replacement from a finite population of size N, re-
quire n < 0.10N. Removing individuals from a finite population without replacement tech-
nically makes successive observations dependent (the composition of what remains changes
slightly with each draw); the 10% condition keeps this dependence small enough that the stan-
dard variance/standard-error formulas — which assume independence — remain approximately
valid.

Large Counts condition (also called the Normal or large-sample condition): the sampling dis-
tribution of p is only approximately Normal when the expected number of successes and the
expected number of failures are both at least 10. Critically, which proportion you plug in de-
pends on the procedure: for a confidence interval (where the true p is unknown), check np > 10
and n(1 — p) > 10 using the sample proportion p; for a significance test (where H,, specifies a
hypothesized value), check np, > 10 and n(1 — p,) > 10 using the hypothesized proportion p,,
since a test temporarily assumes H, is true.

. GIAI THICH TIENG VIET

Ba diéu kién bat budc trudc khi dung phuong phap z cho ti 1é: Random - dir liéu phai dén tur
mau ngau nhién (hodc phan bé ngau nhién trong thi nghiém); 10% - néu |ay mau khéng hodn
lgi t&r mot téng thé hiru han kich thudc N, c& mau n phai khéng vuot qua 10% cda N, dé cac
lan chon van xap xi déc 1ap véi nhau; Large Counts - phan phdi Idy mau ctia p chi xap xi chuan
khi s6 “thanh cong” va s6 “that bai” ky vong déu > 10. Diém dé nham nhat: véi khoadng tin cay
thi ki€m tra bang p (gia tri mau, vi p that chua biét); con véi kiém dinh gia thuyét thi kiém tra
bang p, (gia tri gia thuyét trong H,, vi phép kiém dinh tam gia sir H,, ding dé tinh toan). Nham
Ian hai cong thirc nay 13 16i rat phé bién khi kiém tra diéu kién.

6.2.3 Checking Conditions in Practice

Vi du mAau - Conditions all satisfied

A quality-control manager at an electronics distributor wants to construct a confidence interval
for the true proportion of defective units in a shipment of N = 5,000 items. She selects a simple
random sample of n = 150 items and finds 18 defective. Check whether the conditions for a
one-proportion z interval are satisfied.

Random: an SRS was selected — satisfied.

10%: 0.10N = 0.10(5,000) = 500; the sample size n = 150 < 500 — satisfied.

Large Counts: p = 18/150 = 0.12; np = 150(0.12) = 18 > 10 and n(1 — p) = 150(0.88) =
132 > 10 — satisfied.

All three conditions hold, so a one-proportion z interval is appropriate here.

Vi du miu - The 10% condition fails

A regional hobby association has N = 300 members. An officer surveys n = 40 members, se-
lected at random and without replacement, about a proposed rule change; 18 support it. Check
the conditions for a one-proportion z procedure.

Random: an SRS is stated — satisfied.
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10%: 0.10N = 0.10(300) = 30; butn = 40 > 30 — this condition fails. Sampling more than 10%
of a small, finite population without replacement means successive selections are no longer
close enough to independent for the standard standard-error formula to be trustworthy.
Large Counts: p = 18/40 = 0.45; np = 18 > 10 and n(1 — p) = 22 > 10 — this condition alone
would be satisfied.

Because the 10% condition fails, a standard one-proportion z procedure should not be used
here without a finite-population correction, a larger population, or a smaller sample.

6.3 Confidence Intervals for a Proportion

General form: statistic 4 (critical value)x(standard deviation of statistic). For one proportion:

~

n

Conditions: Random (SRS or random assignment); 10% condition (n < 0.10N if sampling
without replacement); Large Counts: np > 10 and n(1 — p) > 10. Common critical values:
90% — z* = 1.645; 95% — 1.960; 99% — 2.576.

Vi du mau - Worked example

A random sample of n = 200 likely voters finds 118 favor a ballot measure. Construct and

interpret a 95% confidence interval for the true proportion p who favor it.

R 118 ore . .
D= 200 = 0.59. Conditions: random sample given; n = 200 is surely < 10% of all voters;

Large Counts: np = 118 > 10, n(1 — p) = 82 > 10 — conditions met.

0.59(0.41
SE = 2(00) = v/0.0012095 ~ 0.0348, ME = 1.96(0.0348) ~ 0.068.

95% Cl: 0.5940.068 = (0.522, 0.658). Interpretation: we are 95% confident the true proportion
of all likely voters favoring the measure is between 52.2% and 65.8%.

The standard Normal curve with the middle 95% of area shaded (z* = +£1.96). A 95% confidence interval is built by
extending a margin of error of z* - SE on either side of p, so that the method captures the true p in about 95% of all
possible random samples.

6.3.1 Choosing a Sample Size for a Desired Margin of Error

Before collecting data, researchers often need to know how large a sample must be to guarantee a
margin of error no larger than some target value M E. Starting from ME = z*\/p*(1 — p*)/n and
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solving for n:
2

n=(55) ra-p,

where p* is a planning value for p — either a reasonable estimate from prior data, or, if no such
estimate exists, the conservative choice p* = 0.5. Because p*(1 — p*) is maximized at p* = 0.5, using
0.5 guarantees the actual margin of error will be at most A E' no matter what the true p turns out to
be — but it also produces the largest possible required sample size. Always round n up to the next
whole number, since rounding down would allow the margin of error to exceed the target.

Vi du miu - Determining sample size

A marketing team wants to estimate, with 95% confidence and a margin of error of at most
0.03 (3 percentage points), the proportion of customers who would recommend a new product.

(a) No prior estimate available. Use the conservative p* = 0.5:

1.96\ 2 1.96)2(0.25)  0.9604
( ) (0.5)(0.5) = 1:96°(025) _ ~ 1067.1 = n — 1,068,

0.03 (0.03)2  0.0009
(b) A pilot survey suggests about 20% of customers would recommend it. Use p* = 0.20:

(1.96)2(0.20)(0.80)  0.614656
n = =
(0.03)2 0.0009

~ 682.9 = n = 683.

Using the realistic prior estimate (p* = 0.20) nearly halves the required sample size compared
to the conservative default (683 vs. 1,068), because 0.5(1 —0.5) = 0.25 is larger than 0.2(0.8) =
0.16. The conservative guess is always “safe” but never cheaper.

5

o

I

”,

O 0.1

X

0

2]

S

£ 5-102 7 o

o n =1,068 = ME = 0.03

Y

O @ e ‘

£ !

EO |

Y 0 1 1 1 1 — 1 1 1 1 !
>3 0 200 400 600 800 1,0001,2001,4001,6001,8002,0002,200

Sample size n

Margin of error for a 95% one-proportion z interval as a function of n, using the conservative planning value p* = 0.5.
M E decreases as n increases, but at a diminishing rate — quadrupling n only halves M E, since M E « 1//n.
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6.3.2 Confidence Level versus a Confidence Interval

Confidence level (e.g., “95%") describes the long-run success rate of the method used to build
the interval: if we repeated the random sampling process many times and constructed a con-
fidence interval from each sample using the same procedure, approximately C% of those in-
tervals would capture the true parameter value.

A specific confidence interval already calculated from one sample (e.g., “(0.522, 0.658)”") either
does or does not contain the true parameter — once the data are collected there is nothing
left to be random. It is therefore incorrect to say “there is a 95% probability that p is in this
interval” The correct statement is: “we are C% confident that this interval captures the true
value of [parameter, in context]” — the confidence describes trust in the method, applied to
this one outcome of it.

GIAI THICH TIENG VIET

Can phan biét hai cach dién giai: mirc tin cdy (95%) mé ta ti Ié thanh céng vé lau dai cia phuong
phdp - néu lap lai viéc 1ay miu va xay dung khoang tin cay nhiéu [an theo dung quy trinh,
khoang 95% s6 khoang do sé chira gia tri that p. Nguoc lai, mét khodng tin cdy cu thé d3 tinh
duoc (vi du (0.522,0.658)) thi hodc cé chira p hoac khéng - khéng con gi ngau nhién nira mot
khi d3 c6 s6 lieu, nén KHONG dugc néi “cé 95% xac suat p nam trong khoang nay”. Cau ding:
“ching ta tin tudng 95% rang khoang nay chira gia tri that ctia p” - niém tin dit vao phuong
phdp, khéng phai vao mét xac suat ap dung cho khoang cu thé dé.

A note on small samples. The standard p 4+ 2*/p(1 — p)/n interval tends to perform poorly
— its true capture rate falls noticeably below the stated confidence level — when n is small or
when p is close to 0 or 1, even if the Large Counts condition is technically satisfied. A well-
known refinement, the plus-four (Agresti-Coull) interval, adds two artificial successes and two

e . . - 2., - . .
artificial failures before computing: use p = T 1 in place of p, and n + 4 in place of n, in the
n

same formula. This adjustment is not required for AP-level work (where the Large Counts
condition is treated as sufficient), but it explains why some statistical software reports slightly
different interval bounds than the by-hand z-interval taught in this course.

6.4 Significance Tests for a Proportion

P — Do

VPo(1 —pg)/n
Vi du m3u - Worked example

Test, using the voter data above (p = 0.59, n = 200), whether a majority favor the measure:
Hy:p=0.5vs. H,:p> 0.5 ata=0.05.

Test statistic: z = , using the hypothesized p, in the standard deviation (not p).

0.59 — 0.50 0.09 0.09
z = — = ~
v/0.5(0.5)/200  +/0.00125  0.03536

P-value = P(Z > 2.55) ~ 0.0055. Since 0.0055 < 0.05, reject H,: there is convincing evidence
that a majority of likely voters favor the measure.

2.55.
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. GIAI THICH TIENG VIET

Vi kiém dinh mét ti 18, mau s6 dung p,, (ti 1€ gid thuyét) chr khéng dung p — khac véi khodng
tin cdy (dung p vi p chua biét). "Bac bd H," nghia 13 c6 bang chirng thuyét phuc ang ho H,;
"khong bac bo H,"” khéng cé nghia la H,, duing, chi 1 chua da bang chimng.

to reject H,,

_Reject H,,

Rejection region for a one-sided upper-tail test at o = 0.05: reject H|, if the standardized test statistic falls at or beyond
z* = 1.645 (the shaded area equals «).

6.4.1 A One-Sided Test in the Other Direction

Vi du miu - A “less than” alternative

A shipping company claims that at least 90% of its packages are delivered on time (p, = 0.90).
A regulator suspects the true on-time rate is actually lower and randomly samples n = 120
recent packages, finding that 100 were delivered on time. Test at o = 0.05.

State: let p = the true proportion of all packages delivered on time. H, : p = 0.90; H, : p <
0.90; a = 0.05.

Plan: one-sample z test for a proportion. Random — SRS given. 10% — 120 packages is far less
than 10% of all packages the company ships. Large Counts (test, use p,): np, = 120(0.90) =
108 > 10; n(1 — py) = 120(0.10) = 12 > 10 — conditions met.

. 100

0.90(0.10) 0.8333 — 0.90
E=4{——m—=+v0. ~ 0.02 = ——— ~ —243.
S 120 0.00075 ~ 0.02739, z 0.02739 3

P-value = P(Z < —2.43) = 1 — ®(2.43). Interpolating in the standard Normal table between
2.40 — 0.9918 and 2.50 — 0.9938: ®(2.43) ~ 0.9918 + 0.3(0.0020) = 0.9924, so P-value ~
1 —0.9924 = 0.0076.

Conclude: since 0.0076 < 0.05, reject H,,. There is convincing evidence that the true on-time
delivery rate for this company is below 90%.

6.4.2 A Two-Sided Test

Vi du mAu - A two-sided test

A snack company states that 8% of its bags contain a “prize ticket” (p, = 0.08). A consumer
group tests whether the true proportion differs from 8%, sampling n = 400 bags at random
and finding 25 with tickets. Test at o = 0.05.

State: let p = the true proportion of all bags containing a prize ticket. H, : p =0.08; H, : p #
0.08; a = 0.05.
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Plan: one-sample z test for a proportion. Random — SRS given. 10% — 400 bags is a tiny
fraction of total production. Large Counts (use p,): np, = 400(0.08) = 32 > 10; n(1 — py) =
400(0.92) = 368 > 10 — conditions met.

25

~ [0.08(0.92) ~0.0625 — 0.08
SE === 557" = V0000184 ~ 001357, 2= o ~ —1.29.

Two-sided P-value = 2P(Z < —1.29) = 2[1 — ®(1.29)]. Interpolating between 1.28 — 0.8997
and 1.30 — 0.9032: ®(1.29) &~ 0.9015, so P-value ~ 2(1 —0.9015) = 2(0.0985) = 0.197.

Conclude: since 0.197 > 0.05, fail to reject H,,. There is not convincing evidence that the true
proportion of bags with a prize ticket differs from 8%.

Fail to reject H,,

|
a/2=0.025 /2 =0.025

|

1

|

|

l
~1.96 1.96

Rejection region for a two-sided test at a = 0.05: reject H if z < —1.96 or z > 1.96 — the two shaded tails together
total area .

6.4.3 Connecting the Confidence Interval and the Two-Sided Test

A useful check: a two-sided test of H, : p = p, at significance level o will reject H, exactly when
the corresponding (1 — «) confidence interval for p does not contain p, — the two procedures are
built from the same information and must agree.

Vi du mAu - Do the interval and the test agree?

Using the prize-ticket data above (p = 0.0625, n = 400), construct a 95% confidence interval
for p and check whether it is consistent with the two-sided test’s conclusion.

0.0625(0.9375
SE = \/4(00) = v0.0001465 ~ 0.01210, ME =1.96(0.01210) = 0.0237.

95% Cl: 0.0625 + 0.0237 = (0.0388, 0.0862).

The hypothesized value p, = 0.08 does fall inside (0.0388,0.0862). This is exactly consistent
with the earlier two-sided test, which failed to reject H,, : p = 0.08 at « = 0.05 — whenever p,
lies inside the 95% ClI, the corresponding two-sided test at o = 0.05 will fail to reject. Notice
the ClI's standard error used p = 0.0625 (the sample value), while the test’s standard error used
po = 0.08 (the hypothesized value) — the two SE formulas are related but not identical, which
is why the numeric boundary values differ slightly from a pure algebraic inversion of the test.
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6.4.4 Interpreting P-values and Statistical Significance

A P-value is the probability, computed assuming H, is true, of obtaining a sample statistic at
least as extreme (in the direction of H,) as the one actually observed. A small P-value means
the observed result would be surprising if H, were true — evidence against H,. Comparing
the P-value to a pre-chosen significance level « gives a firm decision rule: if P < «, the result
is statistically significant at level « and we reject H; if P > «, we fail to reject H,,.

Statistical significance is not the same as practical significance. Because SE = /p(1 —p)/n
shrinks as n grows, a sufficiently large sample can make even a tiny, practically unimportant
difference from p, produce a very small P-value. Conversely, a real and practically meaningful
difference can fail to reach statistical significance if the sample is small (low power). Always
report and interpret the size of the estimated effect itself (the point estimate, or better, a con-
fidence interval), not merely whether P < «.

Vi du mAu - Statistical versus practical significance

An online retailer runs an enormous study with n = 1,000,000 users, testing whether a new
checkout-button color changes the historical conversion rate p, = 0.500. It observes p = 0.505
and tests H, : p = 0.500 vs. H, : p # 0.500.

| 0.5(0.5) 0.505 — 0.500
E= | =200 g, BT
S 1.000,000 _ 200082 0.0005 0

A z-statistic this large corresponds to an astronomically small two-sided P-value (P ~ 0), so the
result is overwhelmingly statistically significant — reject H, with essentially total confidence.
Yet the estimated effect itself — a shift from 50.0% to 50.5% conversion — may be far too
small to matter for a business decision. With n this large, even a trivial, practically meaningless
difference from p, becomes statistically detectable, which is exactly why the size of the effect
(not just significance) must always be examined.

6.5 Type |l and Type Il Errors, Significance Level, and Power

Type | error: rejecting H, when H,, is actually true (a “false positive”). For a test conducted at
significance level a, P(Type | error) = o whenever H,, is true.

Type ll error: failing to reject H, when H,, is actually false (a “false negative”); its probability is
denoted 3.

Power of atest =1 — 3 = P(reject H, | H,, is false, for a specific true parameter value) — the
probability the test correctly detects a real effect of that size.

Power increases when: (i) the sample size n increases (smaller S E, sharper separation between
the H, and H, sampling distributions); (ii) the true parameter value is farther from p, (a larger
effect size is easier to detect); (iii) the significance level « is increased (a larger rejection region
makes H,, easier to reject, but at the cost of a higher Type | error rate). For fixed n and effect
size, o and 3 trade off: shrinking o enlarges 3 (lowers power), and vice versa.

GIAI THICH TIENG VIET
mg'ai [am loai | (Type | error): bac bo H,, trong khi H, thuc ra ding (“duwong tinh gia"); xac suat
mac sai [dm nay chinh 1a «. Sai [am loai Il (Type Il error): khong bac bé H,, trong khi H,, thuc
ra sai (“am tinh giad”); xac suat la 5. Nang luc kiém dinh (power) = 1 — 3 13 xac suat phat hién
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ding mét hiéu (rng c6 that. Power ting khi: (1) c& mau n ting (sai s6 chuan nhoé hon, hai phan
phéi Iy mau tach biét ré hon); (2) hiéu (rng that (khoang cach giira p that va p,) 16n hon; (3)
murc y nghia o tang (ving bac bo rong hon, nhung déi lai ting nguy co sai [am loai ). V&i n va
hiéu &rng 6 dinh, o va 3 ludn danh déi 1an nhau: giam « sé [am tang /3 (gidm power).

H,: dist. if p = %fiﬁcﬁ){@léﬁt. at true p

|
|
|
|
|
|
|
!
!
|
|
1

Conceptual power diagram: the navy curve is the sampling distribution of p assuming H, is true; the pink curve is the
sampling distribution at the true (alternative) value of p. The dashed line marks the test’s critical value. a (pink-shaded)
is the area of the H|, curve beyond the critical value; 3 (amber-shaded) is the area of the H,, curve on the “fail to reject”

side. Power = 1 — 3 is the remaining area of the H, curve beyond the critical value.

Vi du mau - Type | and Type Il errors in context

A factory targets a defect rate of at most 2%. Quality control tests H, : p = 0.02 (the defect
rate meets target) vs. H, : p > 0.02 (the rate has risen above target, triggering a line inspec-
tion).

Type | error: concluding the defect rate exceeds 2% (halting the line for inspection) when the
true rate is actually still 2%. Consequence: an unnecessary, costly production stoppage even
though nothing was actually wrong.

Type ll error: failing to detect that the defect rate has truly risen above 2% (allowing produc-
tion to continue unchanged) when it has, in fact, increased. Consequence: the factory keeps
shipping a higher-than-intended proportion of defective units to customers, risking safety,
warranty costs, and reputational damage before the problem is eventually caught.

Vi du mau - Power increases with sample size

A polister tests H, : p = 0.5 vs. H, : p > 0.5 at a = 0.05 (2* = 1.645), asking whether more
than half of voters support a candidate. Suppose, unknown to the pollster, the true support is
p = 0.65. Compare the power of this test using (a) n = 25 and (b) n = 100.

(@) n = 25. Critical value of p: SE;, = 1/0.5(0.5)/25 = 0.10, so p* = 0.5+ 1.645(0.10) = 0.6645.
Under the true p = 0.65: SE, = 1/0.65(0.35)/25 = /0.0091 ~ 0.0954.

0.6645 — 0.65

Interpolating between 0.00 — 0.5000 and 0.25 — 0.5987: ®(0.15) ~ 0.5000 + 0.6(0.0987) =
0.559. Power ~ 1 — 0.559 = 0.44 (about 44%).

(b) n = 100. SE, = 4/0.5(0.5)/100 = 0.05, so p* = 0.5 + 1.645(0.05) = 0.58225. Under
p=0.65: SE, = 1/0.65(0.35)/100 ~ 0.04770.
0.58225 — 0.65
Zpower = 0 04770 —1.42, Power = P(Z > —1.42) = ®(1.42).

Interpolating between 1.40 — 0.9192 and 1.50 — 0.9332: ®(1.42) ~ 0.9192 + 0.2(0.0140) =
0.922. Power ~ 0.92 (about 92%).
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Quadrupling the sample size (25 — 100) raises the power to detect this same true effect (p =
0.65 vs. hypothesized 0.5) from roughly 44% to roughly 92% — a dramatic illustration of how
larger samples make a test far more likely to detect a real effect of a given size.

Vi du miu - Type | and Type Il error in a two-sample context

A researcher compares pass rates between two teaching methods using H, : p; = p, vs.
H, : p, # p,. Describe, in context, what a Type | error and a Type Il error would mean here.

A Type |l error means concluding the two teaching methods have different true pass rates when,
in fact, their true pass rates are equal. Consequence: a school might invest significant time and
money adopting the “better” method campus-wide based on a difference that does not actually
exist, while an equally effective (and perhaps cheaper or simpler) alternative is abandoned for
no real reason. A Type Il error means concluding there is no convincing evidence of a difference
when, in fact, one method'’s true pass rate genuinely is higher. Consequence: the school keeps
using an inferior method and students continue to be under-served, simply because the study
did not have enough evidence (often due to too small a sample) to detect a real, meaningful
difference.

6.6 Comparing Two Proportions: A Confidence Interval for a Difference

For independent random samples (or independent groups) from two populations, the confi-
dence interval for p; — p, is

PO p1(1—p Do(1—p
(pl—pg)j:z*\/pl( p1) +p2( p2>.
iy g

This is the unpooled standard error: each sample uses its own proportion, because a confi-
dence interval does not assume p; = p, — it is meant to estimate whatever the true difference
actually is. Conditions: Random for each sample/group; 10% for each sample if sampled with-
out replacement; the two samples must be independent of one another; Large Counts for each
sample: nyp; > 10, ny(1 —p;) > 10, nypy > 10, ny(1 — py) > 10.

Independent samples, not matched pairs. The two-sample procedures in this section (and the
pooled test in the next) require the two samples or groups to be genuinely independent — no
individual should appear in, or be linked to, both groups. A common design that violates this is
a matched-pairs or before/after study, where the same individuals (or naturally paired individ-
uals, such as siblings or matched patients) are measured under both conditions. Applying an
independent two-sample z procedure to matched data is a genuine error: it ignores the corre-
lation between paired observations, typically producing a standard error that is too large and
making real effects harder to detect. Recognizing whether a study design yields independent
groups or paired/matched observations is itself part of the Plan step’s condition-checking.

Vi du mau - Confidence interval for a difference in proportions

Independent random samples of customers are taken from two branches of a retail chain.
Branch 1: n,; = 120 surveyed, 96 report being satisfied. Branch 2: n, = 150 surveyed, 108
report being satisfied. Construct and interpret a 95% confidence interval for p; — p,.
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State: let p,, p, = the true proportions of satisfied customers at Branch 1 and Branch 2. Esti-
mate p; — p, with 95% confidence.

Plan: two-sample z interval for a difference in proportions (unpooled). Random — indepen-
dent SRSs given. 10% — both samples are small relative to each branch’s customer base. In-
dependent samples — different branches, unrelated customers. Large Counts: n,p, = 96 > 10,
ni(1—py) =24 > 10; nypy = 108 > 10, ny(1 — py) = 42 > 10 — conditions met.

108

- 96 -
Do: p, = — =0.80;p, = 150

190 = 0.72; point estimate p; — p, = 0.08.

0.80(0.20)  0.72(0.28
SE = \/ 1(20 ) + 1<50 ) =/0.001333 + 0.001344 = v/0.002677 ~ 0.0517.

ME = 1.96(0.0517) ~ 0.1014.  95% Cl : 0.08 +0.1014 = (—0.021, 0.181).

Conclude: we are 95% confident that the true difference in satisfaction proportions (Branch 1
minus Branch 2) is between —0.021 and 0.181. Because this interval contains 0, it is plausible
that there is no real difference between the two branches’ satisfaction rates, even though the
interval leans positive.

Vi du miu - A two-sample Cl that does not contain zero

Two tutoring programs report pass rates on a certification exam. Program A: n,; = 200 stu-
dents, 170 pass. Program B: n, = 180 students, 126 pass. Construct a 95% confidence interval
for p, — pp and interpret it.

pa = 170/200 = 0.85; pg = 126/180 = 0.70. Conditions (Random, 10%, independent groups,
Large Counts: 170, 30,126, 54 all > 10) are satisfied.

0.85(0.15 0.70(0.30
SE = \/ 2<00 ) + 1(80 ) = 1/0.0006375 + 0.0011667 = v/0.0018042 ~ 0.0425.

ME =1.96(0.0425) ~ 0.0833. 95% Cl : 0.15 + 0.0833 = (0.067, 0.233).

Unlike the branch-satisfaction example above, this interval is entirely positive — it does not
contain 0. We are 95% confident the true difference p , —pg is between 0.067 and 0.233, which
is convincing evidence that Program A’s true pass rate genuinely is higher than Program B's,
not merely a difference attributable to sampling variability.

6.7 Comparing Two Proportions: A Significance Test Using Pooled Proportions

T+ Tq

For two proportions, use the pooled estimate p, =
ny + Ny

under H; : p; = py:

p2
\/pc pc n1 + ”iz)

Pooling is appropriate here because H, assumes the two population proportions are equal, so
the best single estimate of that common proportion combines both samples. Large Counts for
the test: check n,p, > 10, n,(1 —p,) > 10, nyp, > 10, ny(1 — p.) > 10, using the pooled
proportion in place of each sample’s own p.
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Vi du miu - Two-sample test using the pooled proportion
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An agricultural researcher compares seed germination rates for two fertilizers. New fertilizer:
n, = 160 seeds treated, 128 germinate. Standard fertilizer: n, = 180 seeds treated, 126 germi-
nate. Test whether the new fertilizer's true germination rate is higher, at o = 0.05.

State: let p,,p, = the true germination proportions under the new and standard fertilizers.
H, : p; = p, (equivalently p, — p, = 0); H, : p; > po; a = 0.05.

Plan: two-sample z test for a difference in proportions (pooled). Random — random assign-
ment of seeds to treatment assumed. 10% — samples are small relative to any realistic popu-

lation of seeds. Independent groups — the two treatment groups do not overlap. Large Counts

~ 128 + 126 254 - ~
ooled): = — = — =~ 0.7471; ~ 119.5 > 10, 1— ~ 40.5 > 10,
(pooled): b = 1657180 ~ 340 Mbe 2 10, my(1 = 5c) =
nyD. ~ 134.5 > 10, ny(1 — p,.) ~ 45.5 > 10 — conditions met.

128 126
Tag = 080Dy = 105 = 0.70.

Do: p
Pr= 180

1 1
SEI::VA17471a12529)(160«+180) — 1/0.18896(0.011806) = 1/0.002231 ~ 0.04723

~0.80—-0.70

©0.04723
P-value = P(Z > 2.12) = 1 — ®(2.12). Interpolating between 2.10 — 0.9821 and 2.20 —
0.9861: ®(2.12) ~ 0.9821 + 0.2(0.0040) = 0.9829, so P-value ~ 1 — 0.9829 = 0.017.

Conclude: since 0.017 < 0.05, reject H,,. There is convincing evidence that the true germina-
tion rate under the new fertilizer is higher than under the standard fertilizer.

~ 2.12.

6.8 Formula Summary, Technology, and Choosing a Procedure

6.8.1 Formula Summary

Procedure Formula Key conditions

One-prop. Cl D+ 2/D(1—Dp)/n Random, 10%, np > 10,
n(l—p)>10
Sample size n = (2*/ME)%*p*(1 — p*), round up use p* = 0.5 if no prior esti-
mate

One-prop. test 2= PP Random, 10%, np, > 10,

po(1—po)/n n(l —py) > 10

T 1o

Two-prop. Cl (P —po) £ z*\/pl( Py + b1 = Ps) Random, 10%, independent
™ N2 samples, Large Counts per

sample (unpooled)

al —p2 y, De = T1t T Random, 10%, independent
\/pc Pe) n i) g samples, Large Counts using

na
pooled p,

Two-prop. test

Critical values: 90% — 2* = 1.645; 95% — 1.960; 98% — 2.326; 99% — 2.576.
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Using technology. Graphing calculators and statistical software implement each procedure
above directly: on a TI-84, the 1-PropZInt and 1-PropZTest menus compute the one-
proportion Cl and test from z, n, and (for the test) p,; 2-PropZInt and 2-PropZTest do the
same for two samples, automatically using the unpooled SE for the interval and the pooled SE
for the test. On the AP exam, using technology to carry out the mechanical Do step is fully
acceptable, but the Plan step — naming the procedure and explicitly checking every condition
— must still be written out; a calculator cannot verify Random, 10%, or Large Counts for you.

Vi du miu - Reading computer output

Statistical software reports the following for a two-proportion z-test comparing click-through
rates on two website banner designs:

Sample 1 ny = 500, z; =42 (p; = 0.084)
Sample 2 ny = 500, x5 =25 (py = 0.050)
Pooled proportion p, = 0.067

Test statistic z=2.15

P-value 0.032

State the hypotheses being tested and give a conclusion at o = 0.05.

This output corresponds to H,, : p; = p, Vvs. H, : p; # p, (a two-sided test — software reports
a two-tailed P-value by default unless a direction is specified). Checking the arithmetic: p. =
(42 +25) /(500 + 500) = 67/1000 = 0.067, and SE = ,/0.067(0.933)(1/500 + 1/500) ~ 0.0158,
giving z = (0.084—0.050)/0.0158 = 2.15, consistent with the printout. Since P = 0.032 < 0.05,
reject H: there is convincing evidence that the true click-through rates differ between the two
banner designs.

6.8.2 Choosing Between a Confidence Interval and a Significance Test

The choice of procedure follows directly from the question being asked. Use a confidence interval
when the goal is to estimate an unknown proportion (or a difference in proportions) — the ques-
tion takes the form “what is the value of p?” or “how large is the gap between p, and p,?” Use a
significance test when the goal is to decide between two competing claims about a proportion — the
question takes the form “is p equal to this specific value, or not?” or “do p, and p, actually differ?”
The two are connected, as shown above: a two-sided test at level o agrees with whether the match-
ing (1 — «) Cl contains the hypothesized value. But they answer different questions — a Cl reports a
plausible range of values for the parameter; a test reports whether one particular value can be ruled
out as implausible.

6.9 Common Pitfalls

() Loi thudng gap: Dién giai khoéng tin cay sai 13 16i phé bién nhat: KHONG duoc néi "¢ 95%
Xac suat p nam trong khoang nay”. Cach néi dung: "ching ta tin twéng 95% rang khoang nay
chtra gia tri that ctia p” — vi p 1a hang s6 c¢6 dinh, con khoang tin cdy méi 1a cai ngiu nhién (thay
d6i theo mau).

() Léi thudng gap: Dirng 1an 16n cong thirc sai s6 chuan (standard error) dung cho khoang tin
cay vdi cong thirc dung cho kiém dinh gia thuyét. Véi MOT ti Ié: khoang tin cay dung p (gia
tri wdc lwgng tr mau, vi p that chua biét) = SE = /p(1 — p) /n; ki€m dinh dung p, (gia tri gia
thuyét trong H,, vi phép ki€ém dinh tam gid sir H,, ding) = SE V/Po(1 —pg)/n. V&I HAI ti
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lé twong tu: khoang tin cdy cho p, — p, dung céng thirc khéng gdp (unpooled, méi mau dung
p riéng); kiém dinh Hy, : p, = p, dung cong thirc gop (pooled) p,, vi H,, gia st hai ti |é tong thé
bang nhau nén udc luong chung bang cach gdp ca hai miu. Dung nham céng thic SE 13 16i
tinh toan rat phé bién, ngay ca khi cac budc con lai déu dang.

6.10 Practice problems

Bai tap luyén tap

A city of 850,000 residents is the population of interest. A researcher randomly samples n =
600 residents (without replacement) to estimate support for a new transit line; 372 support it.
Which of the following is correct?

(A) All three conditions (Random, 10%, Large (B) The 10% condition fails
Counts) for a one-proportion z interval

1 (C) The Large Counts condition fails
are satisfied

(D) The Random condition cannot be verified

Lai giai chi tiét

p = 372/600 = 0.62. Random: SRS stated. 10%: 0.10(850,000) = 85,000 > 600. Large Counts:
np = 372 > 10, n(1 — p) = 228 > 10. All three hold. (A).

Bai tap luyén tap

A poll of n = 40 people finds p = 0.22. Is it appropriate to use the one-proportion z-interval
here?

(A) Yes, n = 40 is large enough (C) No — the 10% condition fails
(B) No — np = 8.8 < 10, so the Large Counts
condition fails (D) Yes, because p < 0.5

Loi giai chi tiét

np = 40(0.22) = 8.8 < 10, so the Normal approximation used to build a z-interval is not
justified with this sample; a larger sample (or an adjusted method) is needed. (B).

Bai tap luyén tap

A university club has N = 180 members. The club president wants to construct a z confidence
interval for the proportion who favor moving meetings online and randomly samples n =
45 members without replacement, finding 27 in favor. Check all three conditions and state
whether the one-proportion z-interval is appropriate.

Loi giai chi tiét

p = 27/45 = 0.6. Random: SRS given — satisfied. 10%: 0.10(180) = 18; but n = 45 > 18 —
fails. Large Counts: np = 27 > 10, n(1—p) = 18 > 10 — satisfied on its own. Because the 10%
condition fails (more than 10% of a small finite population was sampled without replacement),
the standard one-proportion z-interval is not appropriate here without adjustment.
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Bai tap luyén tap

If the sample size n in a one-proportion confidence interval is quadrupled (multiplied by 4) and
p stays the same, what happens to the margin of error?

(A) It is multiplied by 4 (C) Itis divided by 2
(B) It is multiplied by 2 (D) Itis divided by 4

Lai giai chi tiét

ME = z*\/p(1 —p)/n, so ME  1/+/n. Quadrupling n divides M E by v/4 = 2. (C).

Bai tap luyén tap

A random sample of n = 250 small businesses finds that 145 report using social media for
advertising. Construct and interpret a 90% confidence interval for the true proportion of all
small businesses that use social media for advertising.

Lai giai chi tiét

p = 145/250 = 0.58. Conditions (Random, 10%, Large Counts: np = 145 > 10, n(1 — p) =
105 > 10) are satisfied.

/0. 42
SE = 058;5%) ~ 0.0312, ME = 1.645(0.0312) ~ 0.0514.

90% ClI: 0.58 4 0.0514 = (0.529, 0.631). We are 90% confident the true proportion of all small
businesses using social media for advertising is between 52.9% and 63.1%.

Bai tap luyén tap

As the confidence level of a one-proportion z-interval increases from 90% to 99% (with » and
p held fixed), the margin of error:
(A) Decreases (C) Stays the same

(D) Cannot be determined without knowing
(B) Increases p

Lai giai chi tiét

A higher confidence level requires a larger critical value (z* rises from 1.645 to 2.576), which
directly increases M E = z* - SE. (B).

Bai tap luyén tap

A city council wants to estimate, with 98% confidence and a margin of error of at most 0.025
(2.5 percentage points), the proportion of residents who support a proposed park renovation.
A previous survey suggested about 40% support such projects. Find the required sample size.
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Loi giai chi tiét
z* = 2.326 for 98% confidence; p* = 0.40, 1 — p* = 0.60.

_(2.326)%(0.40)(0.60)  5.4103(0.24)  1.2985

(0.025)2 0.000625  0.000625

Bai tap luyén tap

A nutritionist samples n = 90 adults and finds that 54 meet the recommended daily fiber
intake. Construct a 95% confidence interval for the true proportion of adults meeting this
recommendation, and write ONE correct sentence interpreting the confidence level and ONE
correct sentence interpreting the specific interval you found.

~ 2077.5 = n = 2,078.

L& giai chi tiét
P = 54/90 = 0.6.

0.6(0.4)
90

95% Cl: 0.6 + 0.1012 = (0.499, 0.701).

Confidence level: if we repeated this sampling process many times and built a 95% CI from
each sample, about 95% of those intervals would capture the true population proportion.
Specific interval: we are 95% confident that the interval (0.499, 0.701) captures the true pro-
portion of all adults meeting the recommended daily fiber intake.

Bai tap luyén tap

A cereal company claims that 25% of its cereal boxes contain a prize. A consumer group tests
H,:p=0.25vs. H, : p# 0.25 using a random sample of n = 300 boxes, of which 87 contain
a prize. Find the test statistic ».

SE =

~0.0516, ME = 1.96(0.0516) ~ 0.1012.

(A) z ~ 1.60 (C) 2z~ 2.50
(B) z~ 0.04 (D) z ~0.16

Loi giai chi tit
P = 87/300 = 0.29. SE = 1/0.25(0.75)/300 = +/0.000625 = 0.025. z = (0.29 — 0.25)/0.025 =
1.60. (A).

Bai tap luyén tap

An airline claims that at least 85% of its flights depart on time. A watchdog group suspects the
actual on-time rate is lower and tests H, : p = 0.85 vs. H, : p < 0.85 using a random sample
of n = 150 flights, of which 116 departed on time. Carry out the significance test at & = 0.05
and state a conclusion in context.
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Loi giai chi tiét
p = 116/150 ~ 0.7733. Conditions: Random given; 10% satisfied (150 flights < 10% of all
flights); Large Counts using p,: np, = 127.5 > 10, n(1 — p,) = 22.5 > 10.

0.85(0.15) 0.7733 — 0.85
SE=\"T50 0.02916, = 0.02916 63

P-value = P(Z < —2.63) = 1 — ®(2.63). Interpolating between 2.60 — 0.9953 and 2.70 —
0.9965: ®(2.63) ~ 0.9957, so P-value =~ 0.0043. Since 0.0043 < 0.05, reject H,: there is
convincing evidence the true on-time departure rate is below 85%.

Bai tap luyén tap

In a significance test for a proportion, a P-value of 0.03 means:

(A) There is a 3% probability that H, is true getting a sample statistic at least as ex-

treme as the one observed
(B) There is a 3% probability that A, is true )
e true proportion equals the observe
(D) The t ti Is the ob d

(C) If H is true, there is a 3% probability of sample proportion 3% of the time

Loi giai chi tiét

The P-value is a conditional probability computed assuming H,, is true — it is the probability of
a result at least as extreme as what was observed, not the probability that any hypothesis is
true. (C).

Bai tap luyén tap

A cell-phone manufacturer claims that no more than 3% of its phones are returned for defects
within the first year (p, = 0.03). A regulator suspects the true return rate is higher and ran-
domly samples n = 500 phones sold last year, finding that 22 were returned for defects. Carry
out an appropriate test at « = 0.01. Use State/Plan/Do/Conclude.

,

State: let p = the true first-year defect-return proportion. H, : p = 0.03; H, : p > 0.03;
a = 0.01.

Plan: one-sample z test. Random — given. 10% — 500 phones is a tiny fraction of all phones
sold. Large Counts (use p,): np, = 15 > 10, n(1 — p,) = 485 > 10 — met.

Do: p = 22/500 = 0.044.

~ [0.03(0.97) ~0.044 —0.03
SE = || =5 57 ~ 000763, z=— o= ~ 184

P-value = P(Z > 1.84) = 1 — ®(1.84). Interpolating between 1.80 — 0.9641 and 1.90 —
0.9713: ®(1.84) ~ 0.9670, so P-value ~ 0.033.

Conclude: since 0.033 > 0.01, fail to reject H,,. There is not convincing evidence, at the 1%
significance level, that the true defect-return rate exceeds 3%.
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Bai tap luyén tap

A vending-machine manufacturer claims that exactly 10% of cups are underfilled beyond tol-
erance (p, = 0.10). A technician randomly inspects n = 200 cups and finds 28 underfilled
beyond tolerance. Test whether the true underfill proportion differs from 10% at o = 0.05.
Use State/Plan/Do/Conclude.

State: let p = the true proportion of all cups underfilled beyond tolerance. H, : p = 0.10;
H,:p+0.10; o = 0.05.

Plan: one-sample z test. Random — given. 10% — 200 cups is tiny relative to total cups
dispensed. Large Counts (p,): np, = 20 > 10, n(1 — py) = 180 > 10 — met.

Do: p = 28/200 = 0.14.

0.10(0.90) 0.14 — 0.10
E= /2 1 0.02121 _ T o189,
S 200 0.02121, == = 2121 89

Two-sided P-value = 2[1 — ®(1.89)]. Interpolating between 1.80 — 0.9641 and 1.90 — 0.9713:
®(1.89) ~ 0.9706, so P-value ~ 2(0.0294) = 0.059.

Conclude: since 0.059 > 0.05, fail to reject H,. There is not convincing evidence, at the 5%
level, that the true underfill proportion differs from 10% (though the result is close to signifi-
cant).

Bai tap luyén tap

If a two-sided test of H, : p = p, produces a P-value of 0.08, what would the one-sided P-
value be for the alternative in the observed direction (assuming the sample result falls in that
direction)?

(A) 0.16 (C) 0.04
(D) Cannot be determined from the two-
(B) 0.08 sided P-value alone

Lai giai chi tiét

The two-sided P-value is twice the one-sided P-value in a symmetric Normal test, so the
one-sided value is 0.08/2 = 0.04. (C).

Bai tap luyén tap
Inatest of H, : p = 0.5, a Type | error would mean:

(A) Concluding p #+ 0.5 wheninfactp =0.5 (C) Using the wrong sample size
(B) Concluding p = 0.5 whenin fact p # 0.5 (D) Failing to check conditions

Loi giai chi tiét

A Type | error is rejecting a true H, — here, concluding the proportion differs from 0.5 when
it actually equals 0.5. (A).
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Bai tap luyén tap

An airport security screening process uses H, : p = 0.001 (the normal proportion of bags
requiring secondary screening) vs. H, : p > 0.001 (an elevated rate suggesting a system mal-
function). Describe, in context, what a Type |l error would be for this test and describe one
realistic consequence of making it.

Loi gidi chi tiét

A Type Il error here means failing to reject H, — concluding there is no evidence of an elevated
screening-flag rate — when in fact the true rate is elevated (a real malfunction or emerging
issue exists). Consequence: a genuine security or equipment problem goes undetected and

uncorrected, potentially allowing a real risk to persist for longer than necessary before anyone
investigates.

Bai tap luyén tap

All else held constant, if the significance level « of a test is increased from 0.01 to 0.10, what
happens to the power of the test?

(A) Power decreases (C) Power is unaffected by o

(B) Power increases (D) Power becomes exactly 1 — o

Loi giai chi tiet

Increasing « enlarges the rejection region, making it easier to reject H, whenever H_, is true,
which raises power — at the cost of also raising the Type | error rate. (B).

Bai tap luyén tap

Two studies test H, : p = 0.40 vs. H, : p > 0.40 at a = 0.05. Suppose the true proportion is
actually p = 0.50 in both studies. Study 1 uses n = 60; Study 2 uses n = 240 (four times as
large). Without carrying out the full power calculation, explain which study has higher power
and why, referring to the standard error.

Lai giai chi tiét

Since SE = /p(1 — p)/n shrinks as n grows, Study 2’s sampling distributions (both the one
used to set the rejection region under H,,, and the one describing actual sample behavior under
the true p = 0.50) are much narrower than Study 1's. Narrower, more separated distributions
mean a much larger share of Study 2’s true sampling distribution lies past the critical value in
the rejection region. Study 2 (n = 240) has substantially higher power to detect the same true
difference (0.50 vs. 0.40) than Study 1 (n = 60).

Bai tap luyén tap

When constructing a confidence interval for p; — p,, why is the unpooled standard error used
instead of a pooled estimate?
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(A) Because pooling is mathematically im- ability

possible for two samples (C) Because the pooled estimate is always

. larger and therefore more conservative
(B) Because a confidence interval does not g

assume p; = p,, so each sample’s own (D) Because the Large Counts condition can-
proportion should describe its own vari- not be checked with a pooled estimate

Loi giai chi tiet

A confidence interval is used precisely because p, and p, are unknown and not assumed equal,
so each sample’s own p should describe its own sampling variability. (B).

Bai tap luyén tap

Independent random samples are taken from two high schools to estimate the difference in
the proportion of seniors planning to attend a four-year college. School X: n; = 140 seniors
sampled, 98 plan to attend. School Y: n, = 160 seniors sampled, 88 plan to attend. Construct
and interpret a 90% confidence interval for py — py-.

Loi giai chi tiét

Dx = 98/140 = 0.70; py = 88/160 = 0.55. Conditions (Random, 10%, independent samples,
Large Counts: 98,42, 88, 72 all > 10) are satisfied.

SE:\/0.70(0.30) 0.55(0.45)

— 1/0.001 001547 ~ 0.0552.
VTR v/0.0015 + 0.001547 ~ 0.055

ME = 1.645(0.0552) ~ 0.0908.  90% Cl : 0.15 -+ 0.0908 = (0.059, 0.241).

We are 90% confident that the true difference in proportions planning to attend a four-year
college (School X minus School Y) is between 0.059 and 0.241. Since the entire interval is
positive, this is convincing evidence that School X’s true proportion is higher.

Bai tap luyén tap

A 95% confidence interval for p; — p, is calculated to be (—0.04, 0.11). Which conclusion is
correctly supported?

(A) We can be sure p, = p, D1 = D2

(C) Because the interval is mostly positive,

(B) Because the interval contains O, it is plau-
we can conclude p; > p,

sible there is no difference between the
two population proportions; a two-sided (D) The interval is invalid because it contains
test at @ = 0.05 would fail to reject Hj, : a negative value

Loi giai chi tiét

An interval containing 0 means a difference of 0 is a plausible value for p;, — p,; by the Cl-test
connection, the corresponding two-sided test at o = 0.05 would fail to reject H, : p; = p,.

(B).

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 160



BENO"ES? Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Bai tap luyén tap

An online retailer redesigns its checkout page. Old page: 30 of 250 visitors converted. New
page: 51 of 300 visitors converted. Test H, : p; = p, vs. H, : p; #+ py at a = 0.05 (1 =old,
2 =new).

(A) z ~ 1.65, P ~ 0.10; fail to reject H, at (C) z ~ 3.30, P ~ 0.001; reject H,
a =0.05

(B) z ~ 1.65, P ~ 0.05; reject H,, (D) Cannot test; sample sizes differ

Loi giai chi tiet
30451 81

SE = \/0.1473(0.8527) (555 + 555) = 1/0.1256(0.007333) ~ v/0.000921 ~ 0.0304.

A7 —0.12
= O(TT& ~ 1.65, two-sided P ~ 0.10. Since 0.10 > 0.05, fail to reject H, — not quite

convincing evidence of a difference at the 5% level (though suggestive). (A).

Bai tap luyén tap

Sample 1: z; = 45 successes in n; = 150. Sample 2: z, = 60 successes in n, = 150. Find the
pooled sample proportion p,. used for a two-proportion significance test.

(A) 0.30 oo
(B) 0.35 (D) 0.175
5o 45460 105 _ .0 5

Pe = 150 + 150 ~ 300

Bai tap luyén tap

A university offers a traditional lecture section and a “flipped classroom” section of introduc-
tory statistics. Of n; = 90 students in the flipped section, 72 earned a grade of B or higher. Of
n, = 110 students in the traditional section, 71 earned a grade of B or higher. Test whether
the true proportion earning a B or higher is greater in the flipped section, at & = 0.05. Use
State/Plan/Do/Conclude.

Loi giai chi tiét

State: let p,, p, = true proportions earning B or higher in the flipped and traditional sections.
Plan: two-sample z test (pooled). Random/independent groups assumed; 10% satisfied;

~ 72471 143 . ~
ooled = ———— = — = (.715; Large Counts: ~ 64.4, 1 — ~ 25.7,
p pc 90—|— 110 200 g u nlpc TL1< pc)
nop. ~ 78.7, ny(1 — p,) ~ 31.4, all > 10 — met.
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Do: p, = 72/90 = 0.80; p, = 71/110 ~ 0.6455.

SE = \/0.715(0.285) (& + 1i5) = /0.203775(0.020202) ~ 0.0642.

~0.80 —0.6455
T T 0.0642

P-value = 1 — ®(2.41). Interpolating between 2.40 — 0.9918 and 2.50 — 0.9938: ®(2.41) ~

0.9920, so P-value ~ 0.0080.

Conclude: since 0.0080 < 0.05, reject H,. There is convincing evidence that the true propor-

tion earning a B or higher is greater in the flipped-classroom section.

Bai tap luyén tap

Pooling the two sample proportions into a single p,. is appropriate for:

~ 2.41.

(A) Both the confidence interval and the sig- (C) The significance test only, since H,, as-
nificance test for p, — p, sumes p; = p,, so it is estimated using
both samples combined

(B) The confidence interval only, since it es- (D) Neither procedure; pooling is only used
timates the common variability under H,, for one-proportion procedures

Loi giai chi tiét
Only the significance test assumes p; = p, under H; the confidence interval makes no such
assumption and always uses the unpooled SE. (C).

Bai tap luyén tap

A researcher wants to know only whether the proportion of defective items has changed from
a historical value of 8%; she does not need to estimate the new proportion’s actual value.
Which procedure is most directly suited to her goal?

(A) A one-proportion confidence interval (C) A two-proportion confidence interval

(B) A one-proportion significance test (D) A two-proportion significance test

Loi giai chi tiét

Testing whether a proportion has changed from a specific historical value is exactly what a
significance test (comparing p to a hypothesized p,) is designed to answer. (B).

Bai tap luyén tap

Explain, in one or two sentences each: (a) why the standard error formula changes between a
one-proportion confidence interval and a one-proportion significance test; (b) why increasing
the sample size decreases the margin of error of a confidence interval and increases the power
of a significance test testing a fixed true effect.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 162



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

(a) The CI's SE uses p because the true p is unknown and is exactly what is being estimated,;
the test’s SE uses the hypothesized p, because a test temporarily assumes H,, is true in order
to measure how far the observed statistic is from what H,, predicts.

(b) Both effects trace back to the same source: SE = /p(1 —p)/n shrinks as n grows. A
smaller SE directly shrinks the margin of error, producing a tighter Cl. A smaller SE also makes
the sampling distributions under H, and under a fixed true alternative narrower and therefore
less overlapping, so a larger share of the alternative’s distribution falls past the critical value
into the rejection region — i.e., power increases.

Bai tap luyén tap

A city’s building code review board has historically approved 75% of routine renovation permit
applications (p, = 0.75). After adopting a new streamlined review process, the board reviews
a random sample of n = 180 recent applications and approves 150 of them. (a) Test whether
the true approval rate under the new process differs from 75%, at o« = 0.05, using State/Plan/-
Do/Conclude. (b) If the board incorrectly concludes the approval rate has changed when it
actually has not, what type of error is this, and what is one realistic consequence?

,

(a) State: let p = the true approval proportion under the new process. H, : p = 0.75; H, : p #
0.75; o = 0.05.

Plan: one-sample z test. Random — given. 10% — reasonable to treat the ongoing stream of
applications as effectively unlimited. Large Counts (p,): np, = 135 > 10, n(1 — p,) = 45 > 10
— met.

Do: p = 150/180 ~ 0.8333.

0.75(0.25) 0.8333 — 0.75
E =4/ 22929 0.0322 = 2880 = U0 958
2 180 0.08228, 2 0.032283 o8

Two-sided P-value = 2[1 — ®(2.58)]. Interpolating between 2.55 — 0.9946 and 2.60 — 0.9953:
®(2.58) &~ 0.9950, so P-value = 2(0.0050) = 0.010.

Conclude: since 0.010 < 0.05, reject H,,. There is convincing evidence that the true approval
rate under the new process differs from 75% (the sample suggests it is now higher).

(b) Concluding the rate has changed when it actually has not is a Type | error (rejecting a true
H,). Consequence: the board might unnecessarily overhaul or further modify a review process
that was never actually broken, wasting staff time and resources for no real benefit.

Bai tap luyén tap

A very large clinical trial finds a statistically significant difference (P = 0.001) between the cure
rates of two treatments, but the actual difference in cure rates is only 0.3 percentage points.
What can correctly be concluded?

(A) The treatments are clearly meaningfully (C) Because P < 0.05, the sample size must
different in practice have been too small

(B) The result is statistically significant, but
the tiny effect size means the difference (D) The test is invalid whenever the effect
may not be practically important size is small
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Loi giai chi tiét
With a very large sample, even a trivial, practically unimportant difference can be statistically
significant, because the standard error shrinks as n grows. Statistical significance says the

difference is unlikely to be due to chance alone; it says nothing about whether the difference
is large enough to matter in practice. (B).

Bai tap luyén tap

A significance test of H,, : p = 0.40 produces a P-value of 0.21. Explain precisely what this
P-value does and does not tell us.

Loi giai chi tiét

It tells us that, if H, were true (p = 0.40), there would be about a 21% chance of observing a
sample proportion at least as far from 0.40 (in the direction of H,) as the one actually obtained
— an unremarkable, unsurprising result under H,,, so there is no convincing evidence against
it. It does not tell us the probability that H, is true, the probability that H, is true, or that H,, is

exactly correct — a P-value only measures how surprising the observed sample result would
be if H, held.

Bai tap luyén tap

Two independent samples give p;, = 0.45 (n; = 80) and p, = 0.30 (n, = 100). Find the
(unpooled) standard error used for a confidence interval for p; — p,.

Lai giai chi tiét

-

SE = +/0.003094 + 0.0021 = v/0.005194 ~ 0.0721.

\/0.45(0.55) N 0.30(0.70)
80 100

Bai tap luyén tap

A quality engineer wants to test a claim about the proportion of defective bolts in a batch of
exactly N = 60 bolts, and inspects all 60 bolts (a complete census, not a sample). Explain why
standard one-proportion z-procedures are not appropriate here, regardless of how large np
and n(1 — p) turn out to be.

Loi giai chi tiét

z-procedures for a proportion exist to quantify the uncertainty of estimating an unknown pop-
ulation proportion from a sample that is only part of the population. Here, every single bolt in
the population of interest was inspected, so there is no sampling variability at all: the “sample”
proportion is the population proportion exactly, with nothing left to estimate or generalize
beyond what was already completely measured. A confidence interval or significance test is
only meaningful when a subset of a larger population is used to infer about that population —
neither applies to a full census.

Bai tap luyén tap

A coin is tested for fairness: H, : p = 0.5 vs. H, : p # 0.5, based on n = 400 flips resulting in
236 heads. Test at o = 0.05.
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Loi giai chi tiét
D = 236,/400 = 0.59.

10.5(0.5 0.59 —0.50
SE = 4(00 ) = v0.000625 = 0.025, z=—"——— =3.60.

0.025

This z-value lies beyond the largest entry in the standard Normal table (3.00 — 0.9987), so
the two-sided P-value is smaller than 2(1 — 0.9987) = 0.0026 — in fact it is far smaller still
(P < 0.001). Since this is far below « = 0.05, reject H,: there is very convincing evidence the
coin is not fair (it favors heads).

Bai tap luyén tap

In a two-proportion z-test with unequal sample sizes n, # n,, the pooled proportion p. =
T+ Xq
ny + ny
(A) Always exactly the simple average of p, weighted by each sample’s size

and p,

is best described as:

(C) Always equal to the smaller of p; and p,

(B) A weighted average of p, and p,, (D) Undefined whenever n, # n,

Loi gidi chi tiét
Writing ; = n,p, and z, = n,p,, the pooled proportion becomes p, = M _
Ny T Ny
weighted average of the two sample proportions, with the larger sample contributing more

weight. (B).

Bai tap luyén tap

If the planning value p* used in the sample-size formula n = (z*/ M E)?p*(1 — p*) moves from
p* = 0.5 to p* = 0.1, with 2* and M F held fixed, the required sample size n will:

(A) Increase (C) Stay exactly the same

(B) Decrease (D) Become negative

Loi giai chi tiet

p*(1 — p*) is maximized at p* = 0.5 (value 0.25) and is smaller at p* = 0.1 (value 0.09). Since n
is directly proportional to p*(1 — p*), a smaller product means a smaller required sample size.

(B).

Bai tap luyén tap

A poll estimates p = 0.47 from n = 500 respondents and reports a margin of error of about
0.044 at 95% confidence. Verify this margin of error and explain, in one sentence, what it
means in context.
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Loi giai chi tiét

0.47(0.53)
500
This confirms the reported value. In context: we can be 95% confident that the true population

proportion is within about 4.4 percentage points of the sample estimate of 47% — that is, the
true proportion is estimated to lie roughly between 42.6% and 51.4%.

SE = ~ 0.0223, ME = 1.96(0.0223) ~ 0.044.

Bai tap luyén tap
For a one-proportion significance test, the Large Counts condition should be checked using:

(A) p, always (C) The average of p and p,

(D) Large Counts does not apply to signifi-
(B) py, the hypothesized value cance tests

Lai giai chi tiét

A significance test temporarily assumes H, is true, so every part of the test — including check-
ing Large Counts — uses the hypothesized value p,, not the sample value p. (B).

Bai tap luyén tap

Two independent surveys ask residents about support for a local ordinance. Survey 1: n, = 90,
58 in favor. Survey 2: n, = 100, 55 in favor. Test H;, : p; = py vs. H, : p; # py at a = 0.05.

Loi giai chi tiét

_ N . 58+55 113
= ~ 0.6444; p, = 55/100 = 0.55. Pooled: p, = —————— = — ~, 0.5047.
Py = 58/90 ~ 0.6444; b, = 55/100 = 0.55. Pooled: p, = oo = 0 ~ 0.5947

SE = \/0.5947(0.4053) (& + 1a5) = 1/0.2410(0.02111) ~ /0.005089 ~ 0.0713.

_0.6444 —0.55
00713

Two-sided P-value = 2[1 — ®(1.32)]. Interpolating between 1.30 — 0.9032 and 1.40 — 0.9192:

®(1.32) ~ 0.9064, so P-value ~ 2(0.0936) = 0.187. Since 0.187 > 0.05, fail to reject H,: there

is not convincing evidence that true support for the ordinance differs between the two survey
populations.

~ 1.32.

Bai tap luyén tap

A clinic measures the same 150 patients’ blood-pressure-control status (controlled/not con-
trolled) before starting a new medication and again 3 months after starting it. Which of the
following is true?
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(A) A two-sample z test/interval for p, — p, ply
(independent samples) is directly appro-
priate here

(B) This is a matched-pairs (before/after) de-
sign, so the independent two-sample z- (D) Matched designs always require a larger
procedures in this unit do not directly ap- sample size than independent designs

Lai giai chi tiét

The “before” and “after” measurements come from the very same 150 patients rather than
two independent groups, so the observations are paired/correlated. Using the independent
two-sample procedures here would ignore that correlation and is not directly appropriate; a
matched-pairs approach is needed instead. (B).

Bai tap luyén tap

Explain, in one sentence, why applying the independent two-sample z-test for p; — p, to the
before/after study on the same 150 patients (from the previous problem) would be inappro-
priate.

Loi gidi chi tiét
Because the “before” and “after” measurements come from the very same 150 patients rather
than from two independent groups, the two sets of observations are correlated (an individual
patient’s “after” outcome is linked to their own “before” outcome), which violates the inde-
pendence condition required by the two-sample z procedures and would generally distort the

standard error and produce misleading conclusions.

Bai tap luyén tap

A national health agency wants to determine whether the true proportion of a country’s adults
who are vaccinated exceeds a target of 70%. It separately also wants to estimate, as precisely
as possible, the actual current vaccination proportion. Which pairing of procedures is correct
for these two separate goals?

(C) The 10% condition automatically fails in
every matched design

(A) Confidence interval for the first goal, sig- interval for the second

nificance test for the second .
o (C) Two confidence intervals
(B) Significance test for the first goal (H, :

p = 0.70 vs. H, : p > 0.70), confidence (D) Two significance tests

Loi giai chi tiet

The first goal (“does p exceed a specific target value?”) is a decision between competing claims
— a significance test. The second goal (“what is the actual value of p?”) is estimation — a
confidence interval. (B).
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 7

Inference for Quantitative Data: Means

Muc tiéu Unit: Phan phdi t va ly do dung ¢ thay cho z khi o chua biét; diéu kién Random - 10% -
Normal/Large Sample va tinh robust cua tha tuc ¢; khodng tin cay va kiém dinh ¢t cho mét trung binh
w; cho hiéu hai trung binh doc 1ap 11; — p,; cho dit liéu b3t cip (matched pairs) trén hiéu s6 j,; va anh
hudng ctia c& mau |én sai s6 bién (margin of error).

7.1 Reviewing the Four-Step Framework for Means

All quantitative inference in this unit - confidence intervals and significance tests alike - follows
the same four-step framework used for proportions: State, Plan, Do, Conclude. The parameter
changes from a proportion p to a mean p (or a difference of means i, — p,, or a mean difference
,), and the sampling distribution changes from Normal/z-based to ¢-based, but the logical structure
of a complete inference argument does not change. Two patterns recur throughout every section

that follows: a confidence interval always has the form statistic 4 (critical value)x(standard error),
estimate — hypothesized value

standard error
standard error formula, and degrees of freedom change from one procedure to the next.

The four-step framework, applied to means

State: Define the parameter in context (u, p; — uy, O p,). For a test, write H, and H, and
choose a significance level a.

Plan: Name the correct procedure (one-sample ¢, two-sample ¢, or matched-pairs ¢) and check
its conditions: Random, 10%, Normal/Large Sample.

Do: If conditions are met, compute the standard error, the test statistic or margin of error, the
degrees of freedom, and the P-value (or confidence interval).

Conclude: Interpret the result in the context of the original question - reject or fail to reject
H, in words, or state what the interval says about the parameter.

and a test statistic always has the form . Only the specific statistic,

- GIAI THICH TIENG VIET
Khung 4 buéc (State - Plan - Do - Conclude) da xuat hién xuyén sudt phan suy dién cho ti
lé va dugc ap dung lai nguyén ven cho trung binh & Unit nay. Diém khac biét cét 16i: khi o
(dd 1éch chuan téng thé) khéng biét - gan nhu ludn ludn trong thuc té€ - ta phai udc luong né
bang s (dd léch chudn mau), va diéu nay budc ta chuyén tir phan phéi chuan (z) sang phan phéi
t. Nhiéu vi du mau trong chuong nay sé trinh bay ré 4 budc bing cac nhan in dam dé rén thoi
quen trinh bay bai ldm FRQ duing chuan.
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7.2 The t-Distribution

Properties of the ¢-distribution

e Symmetric and unimodal, centered at 0 - just like the standard Normal curve.

Indexed by degrees of freedom d f: a different ¢-curve exists for every value of d .

More spread out than the standard Normal curve (lower peak, heavier tails), because it must
account for the extra uncertainty of estimating o with s.

As df — oo, the t-distribution converges to the standard Normal distribution.

The total area under every ¢-curve equals 1, exactly as for any density curve.

GIAI THICH TIENG VIET
mEhi nha 5 tinh chat cda phan phai ¢: doi x(rng quanh 0, c6 tham s6 d f riéng cho tirng dudng
cong, tdn man hon (dinh thap, dudi day) so vai z, hdi tu vé z khi df — oo, va ludn co téng dién
tich bang 1 nhu moi dudng cong mat dé khac.

When ¢ is unknown (the usual case), we estimate it with s and use the ¢-distribution with
df =n—1: -
s T — fo
— Test: t = .
vn’ s/\/n
Conditions: Random; 10%; and Normal/Large Sample - population approximately Normal, or
n > 30, or the sample shows no strong skew/outliers for smaller n.

Chhz+t¢t*

7.2.1 Why We Use ¢ Instead of =

r—p
o/vn
exactly, provided o is known. In practice ¢ is almost never known - we only have the data in front of
us - so we substitute the sample standard deviation s in its place, forming

For a sample mean z, the true standardized statistic follows a standard Normal distribution

s/vn’

Because s itself varies from sample to sample (it is a statistic, not a fixed constant), this substitution
injects an extra source of random variability beyond what z alone contributes. The resulting statis-
tic no longer follows a standard Normal distribution: it follows a slightly different, more spread-
out distribution called the ¢-distribution, first derived by William Sealy Gosset (writing under the
pseudonym “Student”) in 1908 while working on quality control at the Guinness brewery.

This extra spread matters most when n is small: with only a handful of observations, s can land
quite far from the true o just by chance, so the ¢-distribution must have noticeably heavier tails
to keep the stated confidence level accurate. As the sample grows, s becomes a far more reliable
estimate of o, and the ¢-distribution’s extra spread shrinks toward nothing.

t

Substituting the estimate s for the unknown o adds extra sampling variability. The ¢-
distribution accounts for this by being more spread out than the standard Normal distribution,
especially for small sample sizes (where s itself is a noisier estimate of o).

GIAI THICH TIENG VIET
-
r—p

o/v/n

Ly do dung phan phéi ¢ thay vi z: céng thirc chuin hoa chi thuc su cé phan phéi chuan
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khi o da biét. Vi o hau nhu ludn khéng biét trong thuc t€, ta phai thay bang s udc luong tir
mau - va s lai dao ddng ngau nhién theo tirng mau khac nhau. Su bat dinh thém vao nay khién

3: ?//i c6 phan phéi tan man hon (dudi day hon) so va&i phan phéi chuan - dac
S n

biét ré khi c& mau n nhé.

thong ké t =

7.2.2 Shape of the ¢-Distribution and Degrees of Freedom

Every t-distribution is symmetric and bell-shaped, centered at 0, just like the standard Normal curve
- but it has heavier tails (more probability far from the center) and a lower, wider peak. The exact
shape is indexed by a single parameter, the degrees of freedom df. For one-sample procedures,
df = n— 1: once the sample mean z is fixed, only n — 1 of the n deviations (z; — =) are free to vary
(the last one is determined by the requirement that the deviations sum to zero), so s is built from
n — 1 independent pieces of information.

As df increases (larger samples), s becomes a more precise, more stable estimate of o, so the
extra variability shrinks and the ¢-distribution’s shape converges toward the standard Normal curve.
In the limit df — oo, the t-distribution is the standard Normal distribution - which is exactly why
the df = oo row of a t-table reproduces familiar z* critical values (1.645, 1.960, 2.326, ...).

—— Standard Normal (z)
- - - t-distribution, df = 10
—— t-distribution, df = 3

0.4 +

0.3 +

density

0.2 +

0.1 ¢

The t-distribution with d f = 3 (pink) is noticeably lower-peaked and heavier-tailed than the standard Normal curve
(navy); with d f = 10 (dashed grey) it has already moved much closer to Normal. As d f — oo, the t-curve converges to
the standard Normal curve.

- GIAI THICH TIENG VIET
Phan phai t luén ddi xirng, hinh chuéng, tam tai 0 - giéng phan phéi chuan - nhung dudi day
hon va dinh thap hon. Hinh dang cu thé phu thudc vao bac tw do df = n — 1 (v6i suy dién
mot mau). n cang I6n = df cang I6n = s wdc luong o cang chinh xac = dudng cong t cang
"ap sat” dudng cong chuan z. Khi df — oo, phan phdi t trd thanh chinh phan phéi chuan - do
la ly do hang df = oo trong bang ¢ trung v&i cac gia tri z* quen thudc.

7.2.3 Reading Critical Values from the ¢-Table

A t-table lists critical values ¢* for a grid of degrees of freedom (rows) and one-tail (upper-tail) areas
(columns). To find ¢* for a confidence interval, first compute df = n— 1, then find the column whose

, Where C is the confidence level (this splits the leftover probability 1 — C evenly

between the two tails).

area equals
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Reading the ¢-table

(a) A researcher plans a 98% confidence interval for i, from a sample of n = 18. Find ¢*.

df =n—1=17. A98% two-sided interval leaves 1 — 0.98 = 0.02 total in the tails, so each tail
has area 0.01. Reading the df = 17 row at the 0.01 column: t* = 2.567. (For comparison, the
corresponding z* for 98% confidence, found on the df = oo row, is only 2.326 - the ¢-based
value is larger because the t-distribution is more spread out.)

(b) Track how the 95% critical value (t* at one-tail area 0.025) changes as d f increases:

df 5 10 20 30 40 (df =oo: 2"
£ 2571 2228 2.086 2.042  2.021 (1.960)

The values decrease steadily toward 1.960 as df — oo, exactly the convergence shown in the
figure above.

GIAI THICH TIENG VIET

VN
Cach doc bang t: tinh df = n — 1, xac dinh dién tich duéi can dung (= 1_20 cho khoang tin cay
hai phia mdc C), roi do giao diém hang df - cot dién tich dudi dé€ lay t*. Luén nhé t* > 2* &

cung murc tin cdy (vi £ tan man hon), va khoang cach nay thu hep dan khi df ting.

The choice between a z procedure and a t procedure comes down to a single question: is o
known?

z procedure (o known) t procedure (o unknown)
Standard error o /+/n (exact) s/y/n (estimated)
Critical value z*, stgndard Normal table t*, t—'EabIe withdf =n—1
‘g T — Ho T — Ho
Test statistic = =
" /v s/\/m
Frequency of use Rare - only when ¢ is ex- Nearly always, since o is vir-
plicitly given tually never known

7.3 Conditions for One-Sample ¢ Procedures

7.3.1 Random, 10%, and Normal/Large Sample

Every one-sample ¢ procedure - confidence interval or significance test - requires the same three
conditions before the mechanics can be trusted. Note the naming: procedures for a proportion
check a Large Counts condition (np, > 10 and n(1 — p,) > 10), while procedures for a mean check a
Normal/Large Sample condition instead - the two names are not interchangeable, and mixing them
up on a free-response answer costs a scoring point even when the surrounding work is correct.

Random: the data come from a random sample or a randomized experiment, so the sample is
representative and the inference is not systematically biased.

10% condition: if sampling without replacement from a finite population, the sample size n
should be no more than 10% of the population size, so that individual observations are close
enough to independent for the standard error formula s//n to be valid.

Normal/Large Sample condition: the sampling distribution of  must be approximately Nor-
mal. This holds if any one of the following is true: (i) the population itself is known to be
approximately Normal; (ii) n > 30, so the Central Limit Theorem guarantees z is approximately
Normal regardless of the population’s shape; or (iii) n < 30 but a graph of the sample data
(dotplot, boxplot, stemplot) shows no strong skew and no outliers.
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Each condition guards against a specific failure. Random protects against selection bias: a con-
venience sample of the loudest customers, the easiest-to-reach patients, or the first n items off a
production line is not guaranteed to represent the population, no matter how large n is. The 10%
condition exists because the formula SE = s//n silently assumes the observations behave inde-
pendently; sampling more than roughly 10% of a finite population without replacement measurably
reduces the true variability below what an independence-based formula predicts, so the stated con-
fidence level would no longer be accurate. The Normal/Large Sample condition exists because the
entire ¢t*/P-value machinery is built on the assumption that z itself has an approximately Normal
sampling distribution - without that, the critical values from the ¢-table simply do not apply.

- GIAI THICH TIENG VIET
Ba diéu kién bat budc trudc khi dung thu tuc ¢ mét mau: Random (mau ngiu nhién/thi nghiém
ngau nhién hoa), 10% (c& mau khéng vuot qua 10% téng thé khi Iay mau khéng hoan lai), va
Normal/Large Sample (t6ng thé xap xi chuan, HOAC n > 30 nh& Dinh ly gi6i han trung tam,
HOAC n < 30 nhung di liéu mau khéng cé léch manh/ngoai lai rd rét khi vé db thi).

7.3.2 Robustness of ¢t Procedures

A procedure is called robust against a particular violation of its conditions if the actual behavior (true
confidence level, true Type | error rate) stays close to the stated level even when that condition is not
perfectly met. ¢-procedures are reasonably robust against mild departures from Normality, especially
as n grows - but robustness has limits.

t-procedures are fairly robust to non-Normality except when the sample is small and shows
strong skewness or a clear outlier. As a rough guide: for n < 15, only proceed if the data show
no outliers and no strong skew; for 15 < n < 30, mild skew is tolerable but strong skew or
outliers are still a concern; for n > 30, the Central Limit Theorem makes ¢-procedures robust
to all but the most extreme outliers.

When checking a small sample by eye, the familiar 1.5 x IQR rule from univariate data analysis
remains the standard benchmark for flagging a possible outlier (a value more than 1.5 IQR below @,
or above Q5). Skewness that is severe enough to worry about typically shows up as a visibly long
tail on one side of a dotplot or boxplot, with the bulk of the observations bunched toward the other
side - not merely a slight asymmetry.

GIAI THICH TIENG VIET
Khi kiém tra dir liéu mau nhoé bang mat, quy tic 1.5 x IQR quen thudc tir phan théng ké mé
t3 mot bién van 13 chudn dé xac dinh ngoai lai (mot gia tri thap hon @, hodc cao hon @ qua
1.5 IQR). Léch (skew) du nghiém trong dé dang lo ngai thudng thé hién ré bang mét "dudi”
kéo dai hdn vé mot phia trén dotplot/boxplot, v&i phan 16n gia tri don vé phia con lai - ch
khong chi |a bat déi xirng nhe.

Checking conditions in practice

(a) A class of n = 34 students records the time (minutes) needed to finish a survey. A histogram
is unimodal and slightly right-skewed with no extreme outliers. Can a one-sample ¢ procedure
proceed?

Yes. Even though the population shape is skewed, n = 34 > 30, so the Large Sample condition
is satisfied through the Central Limit Theorem - the sampling distribution of z will be approx-
imately Normal regardless of the (mild) skew in the raw data.

(b) A different class of n = 9 students has survey times that are mostly 10-15 minutes, except
for one student who took 55 minutes. Can a one-sample t procedure proceed?
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Not safely. With n = 9 < 15 and one extreme outlier, the Normal/Large Sample condition
fails: the sample is far too small for the Central Limit Theorem to help, and the outlier strongly
suggests the population is not Normal (or at least that z and s from this sample are unreliable).
One should investigate the outlier, consider removing it only with strong justification, or use
a resistant/nonparametric alternative instead of a standard ¢ procedure.

() Léi thueng gap: Mot hiéu [am phé bién: "n > 30 thi ludn an toan, bat ké dir liéu trong nhu
thé nao” Dinh Iy gigi han trung tam gitp z xap xi chuan khi n 1&n, nhuwng né KHONG mién
nhiém hoan toan vai cac outlier cuc doan - mét gia tri bat thudng qua 16n van c6 thé kéo léch
Z va théi phéng s, dun = 30 hay n = 300. Ludn nhin d6 thi dir liéu trudc khi két ludn diéu kién
Normal/Large Sample dugc thoa man.

7.4 The One-Sample ¢ Confidence Interval for ;

When conditions are met, a confidence interval for a population mean p takes the general form
statistic + margin of error:

:Eﬁ:t*-%, df =n—1.
The standard error SE — —— measures the typical distance between z and u; multiplying by the

n
critical value ¢* builds in enough of a cushion that the method captures 4 at the stated confidence

level in the long run.

B Confidence level vs. confidence interval

These are two different objects, and free-response scoring distinguishes them sharply.
The confidence interval is the specific numeric range computed from one sample (e.g.,
(833.5,866.5) hours) - it either does or does not contain the true y, though we never know
which. The confidence level (e.g., 95%) describes the method: if the same sampling procedure
were repeated many times, about 95% of the resulting intervals would capture the true p. The
correct interpretation template is: “We are C% confident that the interval (__, ) captures
the true [parameter, described in context].” Two answers that lose credit: describing individual
values instead of the parameter (“C'% of bulbs last between...”), and assigning a probability to
the fixed, already-determined parameter (“there is a C% probability that y is in this interval”).

GIAI THICH TIENG VIET

mi"hém biét mlrc tin cdy (confidence level, vi du 95%) va khoang tin cdy (confidence interval, vi
du (833.5,866.5) gi®): mirc tin cdy mo ta phuong phdp - néu l3p lai viéc 1dy mau nhiéu [an,
khoang 95% s6 khoang tinh duorc sé chira u that; con khoang tin cay 13 két qua CU THE tur
MOT mau duy nhat - né hodc chira , hodc khong, ta khéng bao gidr biét chic. Cau tra 16
chuin luén theo mAiu: "Chung ta tin tudng C% rang khoang (...) chira gia tri that cda [tham
s0, viét theo nglt canh].”

Vi du miu - A one-sample ¢ interval

A random sample of n = 25 light bulbs has £ = 850 hours, s = 40 hours. Construct a 95% CI
for the true mean lifetime p (population roughly symmetric, no outliers).

State: parameter of interest is i, the true mean lifetime of this bulb model. We want a 95%
confidence interval.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 173



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Plan: one-sample t interval. Random: stated. 10%: 25 bulbs is surely less than 10% of all bulbs
of this model produced. Normal/Large Sample: population is described as roughly symmetric
with no outliers, so this is acceptable even though n < 30.

Do: df = 24, t* = 2.064 (from the t-table, d f = 24, one-tail area 0.025). SE = = 8.

W
[\
E‘O

850 + 2.064(8) = 850 + 16.51 = (833.5, 866.5) hours.

Conclude: We are 95% confident that the true mean lifetime of this bulb model is between
833.5 and 866.5 hours.

Vi du mau - A small-sample ¢ interval

A manufacturer records the drying time (minutes) of n = 12 randomly selected samples of a
new paint formulation:

14, 15, 15, 16, 16, 16, 17, 17, 17, 18, 18, 19

Construct a 90% confidence interval for the true mean drying time p.

State: parameter is p, the true mean drying time of the new formulation. Target: 90% CI.
Plan: one-sample ¢ interval, df = n — 1 = 11. Random: samples are stated to be randomly
selected. 10%: satisfied (batch size is surely far larger than 120 cans). Normal/Large Sample:
n = 12 < 30, so we examine the dotplot below.

[ J [ J
[ ] [ ] [ ] [ J
[ ] (] [ ] [ ] [ ] [ ]
13 14 15 16 17 18 19 20

Drying times (minutes) for n = 12 paint samples. The distribution is roughly symmetric and single-peaked with
no outliers, so the Normal/Large Sample condition is satisfied despite the small sample size.

The dotplot is roughly symmetric, unimodal, and has no outliers, so we may proceed.

1 e /2
Do: z = %8 = 16.5. The sum of squared deviations is 23.0, so s = 1—? ~ 1.446. df = 11,
. 1.44
and from the table at df = 11, one-tail area 0.05: t* = 1.796. SE = \/1»26 ~ 0.417.

16.5 4 1.796(0.417) = 16.5 4+ 0.75 = (15.75, 17.25) minutes.

Conclude: We are 90% confident that the true mean drying time of this paint formulation is
between 15.75 and 17.25 minutes.

. GIAI THICH TIENG VIET

Cong thirc khoang tin cay t mot mau ludn cé dang wéc luwgng diém -+ sai s6 bién: z + t* - ﬁ
Khi n < 30, bat budc phai kiém tra do thi (dotplot, boxplot...) d€ xac nhan khéng cé Iéch manh
hay ngoai lai trugc khi ap dung cdng thirc - day |a budce "Plan” khéng dugc bo qua, ké ca khi
d@ bai chi cho s6 liéu tém tat.

7.5 The One-Sample ¢ Test for 1
To test a claim H,, : u = pg against H,, : 1 # p (or py with a < or >), compute
T — fig

s/v/n

t= df =n—1,
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then find (or bound) the P-value using the ¢-distribution with that d f. The reasoning is identical to
a one-proportion z-test: assume H,, is true, measure how many standard errors the observed z sits
from 1, and ask how likely a result this extreme (or more extreme) would be by chance alone.

What a P-value actually means

The P-value is the probability, assuming H, is true, of obtaining a test statistic at least as
extreme (in the direction of H,) as the one actually observed. It is not the probability that H,,
is true, and it is not the probability of making an error. A small P-value means the observed
data would be surprising if H, were true, which is treated as evidence against H,; it does not
by itself measure the size or importance of the effect.

- GIAI THICH TIENG VIET
P-value 13 xac suat quan sat dugc théng ké ki€ém dinh cuc doan bang hoic hon gia tri da tinh,
v6i gid dinh H, ding. Day KHONG phai la xac suat H, ding, va ciing KHONG phai xac suat
mac sai [am. P-value nho nghia la két qua quan sat dugc sé rat bat thuong néu H,, that sy
ding - d6 la bang chitng chéng lai H,, chir ban than P-value khéng do do |&6n thuc té€ ctia hiéu
ng.

Vi du miu - A two-sided one-sample ¢ test

A city claims mean commute time is 1, = 32 minutes. A random sample of n = 16 commuters
gives ¥ = 34.5, s = 6 (roughly symmetric, no outliers). Test H, : u = 32 vs. H, : u # 32 at
a = 0.05.

State: H, : © = 32 minutes; H, : u # 32 minutes, where p is the true mean commute time.
a = 0.05.

Plan: one-sample ¢-test, df = 15. Random: stated. 10%: 16 commuters is well under 10% of
all commuters in the city. Normal/Large Sample: distribution described as roughly symmetric
with no outliers, so proceed despite n < 30.

Do:
_345-32 25

T o6/V/16 15

From the t-table at df = 15: ¢ = 1.341 has one-tail area 0.10, and ¢t = 1.753 has one-tail area
0.05. Since 1.341 < 1.67 < 1.753, the one-tail area is between 0.05 and 0.10, so the two-tail
P-value is between 0.10 and 0.20.

Conclude: Since P > 0.10 > o = 0.05, we fail to reject H,: there is not enough evidence that
the true mean commute time differs from 32 minutes.

1.67.

0.4 1
t=—1.70

0.3 |
2
2 02|
s 0.
e

0.1}

shaded area = PAslue
0 :
—4 -3 —2 —1 1 2 3 4

The sampling distribution of the test statistic (approximately bell-shaped, d f = 19) under H, with the shaded lower tail
beyond ¢t = —1.70 representing the P-value of a one-sided lower-tail test.
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Vi du miu - A one-sided one-sample ¢ test

An energy-bar manufacturer states that its bars have a mean weight of at least 45 g. A con-
sumer group suspects the bars are underfilled and weighs a random sample of n = 20 bars,
finding x = 44.2 g and s = 2.1 g (distribution roughly symmetric, no outliers). Test at o = 0.05
whether there is evidence the true mean weight is less than 45 g.

State: H, : n = 45g; H, : u < 45 g, where p is the true mean weight of all bars produced.
a = 0.05.

Plan: one-sample ¢-test, df = 19. Random: stated. 10%: 20 bars is far less than 10% of total
production. Normal/Large Sample: roughly symmetric, no outliers, so proceed despite n < 30.
Do:

44245 08
T 21/V20 04696

Since df = 19: t = 1.328 has one-tail area 0.10, and ¢t = 1.729 has one-tail area 0.05. Because
|t| = 1.70 lies between 1.328 and 1.729, and this is already a one-sided test, the P-value itself
is between 0.05 and 0.10.

Conclude: Since P > 0.05 = «, we fail to reject H: there is not enough evidence at the 5%
level that the true mean bar weight is below 45 g, although the sample result is suggestive and
a larger sample might resolve the question more clearly.

—1.70.

(!) L6i thueng gap: Khi doc bang ¢ cho mét ki€ém dinh mét phia (one-sided, H,, dung < hoic
>), dién tich duéi tra duoc tir bang chinh 13 P-value - KHONG duoc nhan déi. Nguoc lai, véi
ki€m dinh hai phia (H, dung #), phai nhan déi dién tich mot dudi dé ra P-value hai phia. Nham
|an gitra hai trudng hop nay 13 16i rat phé bién, dac biét khi dé bai déi tir dang "khac” sang dang
"lén hon/nhé hon”.

As with any significance test, a decision based on a t-test can be wrong in one of two ways. In
the energy-bar example, a Type | error would mean rejecting H,, : 1 = 45 (concluding the bars are
underfilled) when in fact the true mean weight really is 45 g; a Type Il error would mean failing to
reject H, (missing the underfilling) when the true mean weight is actually below 45 g. The significance
level v is chosen in advance as the maximum acceptable probability of a Type | error, which is exactly
why the decision rule “reject H, if P < «” is applied consistently rather than adjusted after seeing
the data.

GIAI THICH TIENG VIET

Théng ké kiém dinh ¢ — x/_ \/‘ﬁ) do "khoang cach” giita  quan sat duoc va gia tri gia thuyét
S n

tinh theo don vi sai s6 chuin. |t| cang |&n thi bang chirng chéng lai H, cang manh. Vi bang ¢

chi cho mot vai méc dién tich dubi c6 dinh, ta thudng chi chan khoang cho P-value (vi du: "P

nam gitra 0.025 va 0.05”) thay vi tinh chinh xac - diéu ndy hoan toan da dé so sanh véi a va

dua ra két luan.

7.5.1 Confidence Intervals and Two-Sided Tests Are Linked

A two-sided significance test and a confidence interval answer closely related questions, and they
are mathematically connected: a two-sided test of H,, : u = p, at significance level « rejects H, if
and only if p, falls outside the corresponding (1 — «) confidence interval for y, computed from the
same data.

For a two-sided test at significance level a: reject H, : u = p, if and only if p, lies outside the
(1 — a) confidence interval for x. Equivalently, fail to reject H if and only if 1, lies inside that
interval.
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Vi du miu - Using a Cl to answer a two-sided test

Using the light-bulb data from earlier (n = 25, z = 850, s = 40), the 95% CI for n was
(833.5, 866.5) hours. Without recomputing a ¢-statistic, test H, : = 840 vs. H, : u # 840 at
a = 0.05.

Since 840 lies inside the interval (833.5, 866.5), a two-sided test at « = 0.05 would fail to reject
H, : p = 840: the 95% Cl is entirely consistent with a true mean lifetime of 840 hours. (Had
the claim instead been 1, = 870, which lies outside (833.5, 866.5), the same reasoning would
reject H, at a = 0.05.)

GIAI THICH TIENG VIET
C6 méi lién hé hai chiéu gitra khoang tin cay va kiém dinh hai phia: néu 1, n3m NGOAI khoang
tin cady mic (1 — «), kiém dinh hai phia &@ mérc o sé bac bé Hy; néu u, nam TRONG khoang,
ki€ém dinh sé khong bac bo H,,. Meo nay gilp tra 167 nhanh nhiéu cau hdi tric nghiém ma khong
can tinh lai théng ké ¢ tir ddu - mién 13 mlc y nghia o va mdrc tin cdy (1 — ) khép nhau.

7.6 Two-Sample ¢ Procedures for 11, — 1,

(T =) =0
V/si/ny + s3/n,
same standard error, SE = /s%/n, + s3/n,, is used both for a confidence interval and for a
significance test.

Two independent samples: ¢ =

; a conservative d f is min(n; —1,n,—1). The

Some textbooks and software also offer a pooled two-sample ¢ procedure, which assumes the
two populations share a common variance 0} = 05 = o7 and combines s; and s, into a single
pooled estimate with df = n; + n, — 2. AP Statistics does not use the pooled procedure: the equal-
variance assumption is difficult to verify and rarely worth the risk, while the unpooled approach used
throughout this unit performs nearly as well when variances happen to be equal and considerably
better when they are not. Always use the unpooled formula SE = /s?/n, + s3/n, with conserva-
tive df = min(n,; — 1,n, — 1) for hand calculations in this course.

7.6.1 Confidence Interval for pi; — 1,

A two-sample ¢ interval estimates the true difference in population means, i, — 5, Using (z, —z,) +
t* - SE. Conditions require randomness (or random assignment) and independence both within and
between the two samples - this is what distinguishes the procedure from matched pairs. Whether the
“Random” condition is satisfied by random sampling (an observational study, generalizing only to the
sampled population) or by random assignment to treatments (a randomized experiment, supporting
a cause-and-effect conclusion) changes what kind of conclusion the final answer is allowed to make,
even though the arithmetic of the interval itself is identical either way.

Vi du miu - A two-sample ¢ confidence interval

Two teaching methods are compared using independent classes. Method A: n; = 10, 2, = 82,
s; = 6. Method B: n, = 12, z, = 77, s, = 8. Construct a 95% confidence interval for p 4, — p .
State: parameter is 114 — up, the true difference in mean scores between students taught by
Method A and by Method B. Target: 95% ClI.

Plan: two-sample t interval with conservative df = min(9,11) = 9. Random: assume classes
represent random/independently assigned groups. 10%: both samples are small relative to
the population of all students who could take these courses. Normal/Large Sample: assume
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the score distributions are roughly symmetric with no outliers (as is typical for exam scores of
this kind), so we may proceed despite n,,n, < 30. The two groups are independent of one
another.

Do: t* = 2.262 (df = 9, one-tail area 0.025).

[62 82
SE = RETI V3.6 + 5.333 = 1/8.933 ~ 2.989.

ME = 2.262(2.989) ~ 6.76. (82 —77) 4+ 6.76 = 54 6.76 = (—1.76, 11.76).

Conclude: We are 95% confident that the true difference in mean scores 1, — g is between
—1.76 and 11.76 points. Because this interval contains 0, it is plausible that the two methods
produce the same population mean score - the data do not provide convincing evidence of a
difference.

7.6.2 Significance Test for j1; — puy
A two-sample t-test checks H, : u; — p, = 0 (equivalently u; = p,) against a one- or two-sided
() — ) =0

alternative, using the same standardized statistic t = 55

Vi du mau - A two-sample ¢ test

Two independent random samples compare the mean battery life (hours) of two smartphone
models. Model X: n; = 14, z; = 11.8, s; = 1.5. Model Y: n, = 11, z, = 10.6, s, = 1.9.
Both distributions are roughly symmetric with no outliers. Test at o« = 0.05 whether there is a
significant difference in mean battery life.

State: H, : ux — py = 0; H, : ux — ny # 0, where piy, piy- are the true mean battery lives of
the two models. oo = 0.05.

Plan: two-sample ¢-test, conservative df = min(13,10) = 10. Random: independent random
samples stated. 10%: satisfied for both models. Normal/Large Sample: both distributions
roughly symmetric with no outliers, so proceed despite n < 30. Samples are independent of

each other.
1.52  1.92
SE = VTR v/0.1607 + 0.3282 = 1/0.4889 ~ 0.6992.

Do:
_ 11.8-106 1.2
© 0 0.6992 0.6992
At df = 10: t = 1.372 has one-tail area 0.10; ¢t = 1.812 has one-tail area 0.05. Since 1.372 <

1.72 < 1.812, the one-tail area is between 0.05 and 0.10, so the two-tail P-value is between
0.10 and 0.20.

Conclude: Since P > 0.10 > a = 0.05, we fail to reject H,: there is not enough evidence of a
significant difference in mean battery life between the two models.

and the same conservative df.

~ 1.72.

GIAI THICH TIENG VIET
Tha tuc hai mau doc 1ap dung khi hai nhém di liéu dén tir nhirng doi twong khac nhau, khong
lién quan, dugc I3y mau (hodc phan nhom) doc 1ap véinhau. Cong thirc SE = \/s2/n, + s2/n,
cong phuong sai (khéng phai do léch chuan) cla hai mau - moét 16i thudng gap 13 cong truc
ti€p s, + s, hodc s, /n; + s5/n, Ma quén binh phuong va can bac hai dung thir tu.
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(!) L6i thuong gap: V&i hai miu doc |ap, luén dung df bao thd min(n, — 1, n, — 1) khi tinh tay
(phan mém dung céng thirc Welch chinh xac hon, cho df 1é va thudng 1&n hon) - khong dugc
cdng ny + n, — 2 nhu héi quy hay ANOVA. Dung df bao tha luén cho két qua an toan hon
(khoang tin cay rong hon mét chut, P-value Idn hon mét chut) so véi gia tri d f chinh xac cua
Welch.

7.6.3 Reading Statistical Software Output

AP Statistics exam questions and real research reports often present computer output rather than
raw data. Locating the test statistic, degrees of freedom, and P-value inside a printout - and recon-
ciling them with a hand calculation - is its own essential skill.

Vi du miu - Interpreting two-sample ¢ software output

A researcher compares reaction time (ms) under Caffeine vs. Placebo using two independent
groups of 15 participants each and reports the following software output:

Group N Mean StDev SE Mean

Caffeine 15 342.6 28.4 7.3
Placebo 15 361.2 31.7 8.2

Difference = —18.6 T-Value= —1.69 DF =27 P-Value =0.102

Use this output to test H, : ue —pup =0vs. H, : po — pup # 0 at o = 0.05.

The software uses the more precise Welch approximation, giving a non-conservative DF =
27 rather than the hand-calculation value df = min(14,14) = 14; both approaches lead to
the same conclusion here. Since P = 0.102 > a = 0.05, we fail to reject H: this sample
does not provide convincing evidence that mean reaction time differs between Caffeine and
Placebo. Checking by hand with the conservative df = 14: t = —1.69 falls between the df = 14
table values 1.345 (one-tail area 0.10) and 1.761 (one-tail area 0.05), so the two-tail P-value is
bounded between 0.10 and 0.20 - consistent with, though less precise than, the software’s
P =10.102.

- GIAI THICH TIENG VIET
Khi doc két qua xuat ra tor phan mém théng k&, can xac dinh ding bén thanh phan: c¢& mau va
théng ké mé ta cua tirng nhém, gia tri ki€ém dinh (T-Value), bac tu do (DF - thudng 13 s6 1é do
dung céng thirc Welch), va P-value. Luén c6 thé ddi chi€u nguoc bang cach tinh tay véi df
bao tha dé kiém tra tinh hop ly cta két qua phan mém, nhu trong vi du trén.

Statistical significance answers only one narrow question: is the observed difference unlikely to
have arisen from chance alone? It says nothing about whether that difference is large enough to mat-
ter in practice. With a very large sample, even a tiny, practically meaningless difference can become
statistically significant (a very small P-value); with a small sample, a genuinely important difference
can fail to reach significance. For this reason, a complete answer always reports and interprets the
point estimate and confidence interval alongside the P-value, so that practical significance can be
judged separately from statistical significance.

GIAI THICH TIENG VIET

Y nghia théng ké (statistical significance) chi tra i cau héi "khac biét quan sat duoc cé khé
xay ra do ngau nhién hay khéng?” - KHONG néi |én khac biét d6 cé du 16n dé cé y nghia thuc
té& (practical significance) hay khéng. M3au cang I6n thi cang dé phat hién nhirng khac biét rat
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nhé 1a cé y nghia théng ké&”, du khac biét do cé thé chang quan trong gi trong thuc té. Vi vay,
ludn bao cido kém khodng tin cay va do I&n khac biét thuc t€, khong chi riéng P-value.

7.7 Matched Pairs ¢ Procedures
7.7.1 Reducing Pairs to a One-Sample Problem

Matched pairs: first compute the differences d, for each pair, then run a one-sample ¢t procedure
on the differences with df = n,,s — 1. All formulas from Sections 4-5 apply directly, with z

replaced by d, s replaced by s, and 1 replaced by 1, (the true mean difference).

A common point of confusion: because a matched-pairs design produces 2n individual measure-
ments (before and after, or two conditions per pair), it is tempting to use d f = 2n — 2 as though this
were a two-sample procedure. This is incorrect - once the data are reduced to the n differences d,,
there are only n data points left to analyze, so df = n — 1, never 2n — 2 or 2n — 1. The Random
condition for matched pairs can be satisfied either by randomly sampling the pairs themselves, or,
in an experiment, by randomly assigning which member of each pair receives which treatment (as
with a study that randomly assigns one twin in each pair to a treatment and the other to a control)
- the pairing itself need not be random, only the sampling or assignment.

GIAI THICH TIENG VIET
Bai toan matched pairs (b3t cip) ludn quy vé kiém dinh/khoang tin cdy mét mau trén cac hiéu
s& d, - khéng dung cong thirc hai m3u déc 1ap. Dau hiéu nhan biét: "trudc-sau” trén clng
mot doi tuong, hodc tirng cap dugce ghép chu dich (vi du hai giay trai/phai ciia cing mot nguoi,
hoac hai anh em sinh d6i).

Pairing is a deliberate design choice, and it usually pays off. When the two measurements within
a pair are positively correlated - a subject who starts relatively heavy tends to remain relatively
heavy; a naturally fast runner tends to stay relatively fast - computing the difference d, for each pair
cancels out much of that shared, subject-specific variability before it ever reaches s;. The result is
often a considerably smaller standard error than an independent two-sample design with the same
total number of measurements would produce, which is exactly why researchers deliberately pair or
block subjects whenever a natural pairing is available.

Vi du m3u - A matched-pairs ¢ test

Eight participants’ weights (Ib) before/after an 8-week program: differences (before — after) are
6,3,7,4,3,9,6, 2. Test whether the program reduces mean weight: H, : y, =0vs. H, : p; >0,
at a = 0.01.

State: H, : p, = 0; H, : py > 0, where p, is the true mean difference (before — after) in
weight for participants of this program. o = 0.01.

Plan: matched-pairs t-test, df = np,s —1 = 7. Random: assume participants are a random
sample of the target population. 10%: satisfied. Normal/Large Sample: withn = 8 < 15, we
need the differences to show no strong skew or outliers; assume this is confirmed by a dotplot

of the differences.

Do: d = 6+3+7+4;3+9+6+2 = % — 5. Deviations: 1,—2,2,—1,—2.4,1,—3;

squares sum to 40; s; = 1/40/7 ~ 2.39.
‘o 5—0 _ )
2.39/v/8  0.845
The t-table value for df = 7 at one-tail area 0.005 is 3.499; since 5.92 > 3.499, P < 0.005.

~592,  df="T.
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Conclude: Since P < 0.005 < o = 0.01, we reject H,: there is strong evidence that the
program reduces mean weight.

(1) L6i thueng gap: Loi thuong gdp nhat véi matched pairs: hoc sinh dung cdng thirc hai mau
doclap SE = \/s?/n, + s2/n, trén dir liéu "trudc” va "sau” thay vi tinh hiéu s6 d; trudce réi ap
dung céng thirc mdt mau. Cach 1am sai ndy bé qua su’ twong quan duong gitra "truéc” va "sau”
trén cung mot déi tuong (ngudi c6 can ning ban dau cao thudng van cao sau chuong trinh),
khi€n SE bi tinh qua I&n mot cach khéng can thiét va lam gidm sirc manh cda kiém dinh.

7.7.2 Confidence Interval for the Mean Difference 1,

The same reduction to differences applies to confidence intervals: compute d 4 ¢* - 3\/—‘1 with df =
n

n — 1, where n is the number of pairs.

Vi du mau - A matched-pairs ¢ confidence interval

A computer-skills instructor records typing speed (words per minute) for n = 10 students
before and after a 4-week typing course. The differences (after — before) are:

5,3, 6, 4,2, 7, 5,4, 6, 3.

Construct a 95% confidence interval for the true mean improvement 1.

State: parameter is p,, the true mean improvement (after — before) in typing speed for stu-
dents who take this course. Target: 95% CI.

Plan: matched-pairs ¢ interval, df = n —1 = 9. Random: students assumed to be a random
sample of the target population. 10%: satisfied. Normal/Large Sample: n = 10 < 30; assume
a dotplot of the differences shows no strong skew or outliers.

- 4 - T 22.
Do: d = 1—2 = 4.5. Sum of squared deviations from d is 22.5, so s = 25 _ 2.5 and
1.581
sg = V2.5~ 1.581. t* = 2.262 (df = 9, one-tail area 0.025). SE = \/51% = 0.500.

4.5 4 2.262(0.500) = 4.5 + 1.131 = (3.37, 5.63) wpm.

Conclude: We are 95% confident that the true mean improvement in typing speed after this
course is between 3.37 and 5.63 words per minute. Because the entire interval lies above 0,
the data provide convincing evidence of a genuine (positive) improvement.

(!) Léi thueng gap: Trudc khi tinh d;, phai chon va gilr nhat quan mét quy wéc dau - vi du "sau
— trudc” hodc "trudc — sau” - roi dp dung diing quy wéc doé cho ca d 13n huéng cia H,. Déi
chiéu quy uéc gitra lc tinh d va lac viét H, (vi du dung "trudc — sau” dé tinh s6 liéu nhung lai
viét H, : u, > 0 véiy nghia "sau I&n hon truéc”) sé khién dau cla ¢ va két luan cudi cling bj

ddo nguoc so vai thuc té.

7.7.3 Two-Sample or Matched Pairs? Choosing the Right Procedure

The single most important decision before running any two-group ¢ procedure is recognizing which
procedure applies. The test is structural, not statistical: ask whether the two sets of measurements
are linked observation-by-observation.
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Two independent samples Matched pairs
Group 1 (n4)Group 2 (n,)
Before After
° ° o
° ° o
° ° o
° ° e e
° ° o
different, unrelated same subject measured twice
subjects in each group (or naturally paired)

Independent samples (left) compare separate, unrelated groups of subjects; matched pairs (right) link each measurement
in one set to a specific, corresponding measurement in the other set.

Vi du miu - Two-sample or matched pairs? Three scenarios

Scenario 1. A researcher randomly assigns 40 volunteers into two independent groups: 20 take
Supplement A, 20 take Supplement B, and cholesterol levels are compared after 8 weeks.

— Two independent samples. The volunteers in Group A share no special link with those in
Group B; each group is a separate, unrelated set of subjects.

Scenario 2. A physical therapist measures the grip strength of 15 patients before and after a
6-week rehabilitation program.

— Matched pairs. Each patient contributes two linked measurements (before and after), so
the natural unit of analysis is the within-patient difference d,.

Scenario 3. A shoe company tests the durability of two sole materials by having each of 12
runners wear one shoe of each material (one on each foot, randomly assigned to left or right)
for 500 miles.

— Matched pairs. Even though two different materials are compared (not the same subject
twice), each runner acts as a block that pairs one measurement of Material 1 with one mea-
surement of Material 2 - the same logic as "before/after” pairing.

. GIAI THICH TIENG VIET

Cau hai quyét dinh: "Méi gia tri & nhém 1 c6 dugc ghép tuw nhién véi diing mét gia tri & nhém
2 hay khong?” Néu CO (ciing mét d6i tuong do hai [3n, hoic hai déi tuong duoc ghép chu dich
nhu cip song sinh, hai chan ctia cting mot ngui) = matched pairs. Néu KHONG (hai nhém
gdém nhirng d6i tuong hoan toan tach biét, duwoc chon/phan ngau nhién déc lap) = hai mau
ddc 1ap. Chon sai tha tuc sé cho SE sai va toan bd phan "Do” bi sai theo.

Putting the three procedures side by side. Every ¢ procedure in this unit follows the same two

. . timate — hypothesized val .
patterns - Cl: statistic +¢* - SE; test: ¢t = estimate ypothesized value _ with the parameter,

SE
standard error, and degrees of freedom changing as shown below.

Procedure Parameter Standard error Degrees of freedom
S
One-sample - -1
p I Tn n
. 52 52 .
Two-sample (in-  p; — pt 142 min(n; — 1, ny, — 1)
dependent) o T (conservative)
S
Matched pairs L d Npirs — 1
d \/m pairs
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7.8 Sample Size and the Margin of Error
S
vn

- . . 1 .
n. Because n appears inside a square root, M E is proportional to —: to cut the margin of error
mn

in half, the sample size must be roughly quadrupled, not merely doubled. (The critical value t* also
decreases slightly as n grows, making the actual reduction in M E marginally better than the 1/,/n
rule alone would suggest.)

The margin of error of a ¢t interval, ME = t* - , shrinks as n grows - but not proportionally to

15 ¢

10 |

margin of error (hours)

20 40 60 80 100 120 140 160 180 200

sample size n

Margin of error versus sample size, using s = 40 and z* ~ 1.96 as an approximation for t* at large d f. Quadrupling n
from 25 to 100 roughly halves the margin of error.

Vi du miu - Margin of error shrinks with n

Reconsider the light-bulb scenario with s = 40 hours. With n = 25, the 95% margin of error
was t*- SE = 2.064(8) ~ 16.51 hours. Suppose instead n = 100. For df = 99, the critical value
t* is very close to z* = 1.960 (the d f = oo row), so

4
E = 40 4, ME ~ 1.960(4) = 7.84 hours.

V100

Quadrupling the sample size (25 — 100) exactly halves the standard error (8 — 4, since
v/100/+/25 = 2), and the margin of error drops from about 16.51 to about 7.84 hours - slightly
more than a straight halving, because t* also fell slightly (from 2.064 toward 1.960) as df in-
creased.

Vi du mAu - Planning a sample size

Pilot data suggest s ~ 40 hours (light-bulb context). Researchers want a 95% confidence in-
terval with margin of error no more than 10 hours. Using z* ~ 1.96 as a first approximation
(the exact df is not yet known, since it depends on the sample size being solved for), solve

ME:z*-%gmforn:

2 2
2*s 1.96(40) 9
> = | ——-= = (7. =0l.47.
n > (ME) ( 10 ) (7.84) 61.47

Since n must be a whole number and larger n only helps, round up: n = 62. (With n = 62,
df = 61 is close to the df = 40 row of the table, where t* = 2.021 - still near 1.96, confirming
the approximation was reasonable.)
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In practice, the value of s used for planning almost never comes from thin air - it is typically bor-
rowed from a small pilot study, a similar study published elsewhere, or a known range for the variable
being measured (for a roughly Normal variable, a rough range-based estimate is s ~ range/4). Be-
cause required sample size grows with the square of both z* and s, but only shrinks with the square
of M E, tightening precision or raising confidence is expensive: doubling the confidence level’s z* or
doubling s quadruples the required n, while halving the target margin of error also quadruples it. Re-
searchers therefore treat sample-size planning as a genuine trade-off between the cost of collecting
more data and the value of a tighter interval, not a step to maximize blindly.

- GIAI THICH TIENG VIET

Vi ME = t* - s/\/n, mudn gidm sai s6 bién xuéng mot nira thi phai ting c& mau Ién gip bén
lan (khéng phai gap ddi) - do n nam trong cin bac hai. Khi lap k& hoach chon c¢& mau trudc
khi thu thap dir liéu, ngudi ta thudong dung 2* (thay vi t*) lam x&p xi ban dau, vi df that sy
phu thudc vao chinh n dang can tim - mot bai toan “con ga va qua trirng” ma xap xi bang z*
giai quyét gon gang. Trong thuc té€, s dung dé 1ap ké hoach thuong 13y tir mot nghién ciru thir
nghiém nhd (pilot study) ho3c tir tai liéu tuwong tu da cong bd; vi ¢& mau can thiét ting theo
binh phuong cta ca z* 13n s, viéc doi héi do tin cy cao hon hodc sai s6 bién nhé hon ludn phai
danh dé&i bang chi phi thu thap dir liéu I6n hon dang ké.

(1) L6i thueng gap: Trén dé tu luan (FRQ), diém bi mat nhiéu nhat thuong dén tir viéc bé qua
buéc "Plan”: viét ding cong thirc va ra ding s6 & budc "Do” KHONG tuw dong dugc diém cho
phan kiém tra diéu kién. Moi bai todn moét mau, hai mau, hay matched pairs déu phai néu rd
Random, 10%, va Normal/Large Sample (hodc diéu kién tuong (rng), dong thoi giai thich tirng
diéu kién dua trén dir kién dé bai cho - khéng chi khang dinh suéng rang diéu kién "da thoa

»

man”.

7.9 Practice Problems

Bai tap luyén tap

Two teaching methods are compared. Method A: n; = 10, z; = 82, s; = 6. Method B: ny, = 12,
Ty =77, sy = 8. Construct a 95% CI for 4 — p15 Using conservative df = 9 (t* = 2.262).

(A) 5+6.76 = (—1.76, 11.76) (C) —5+6.76 = (—11.76, 1.76)
(B) 5 + 2.26 = (2.74, 7.26) (D) 5+ 1.41 = (3.59, 6.41)
Loi giai chi tiét
62 82
SE = 0 + i V3.6 +5.333 = v/8.933 ~ 2.989. ME = 2.262(2.989) ~ 6.76. ClI:

(82 —77) £ 6.76 = 5+ 6.76 = (—1.76,11.76). (A). Since the interval contains 0, we cannot
conclude a significant difference in mean scores at the 95% level.

Bai tap luyén tap

Which is the correct condition to check before a one-sample ¢t-test with n = 12 and a dotplot
showing one clear high outlier?

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 184



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

(A) Large Counts condition, since n < 30 (C) No condition is needed since t-

(B) Normal/Large Sample condition may fail procedures are always robust

- the outlier and small » make the ¢- (D) The 10% condition, since the outlier af-
procedure unreliable fects independence

Loi giai chi tiét
With small n and a clear outlier, the sampling distribution of £ may not be close to Normal,
and t-procedures are not robust to strong outliers at small sample sizes. (B).

Bai tap luyén tap

A 90% confidence interval for mean battery life is (38.2, 41.8) hours. Which is a correct inter-
pretation?

(A) 90% of batteries last between 38.2 and (C) We used a method that captures the true
41.8 hours mean in about 90% of all possible sam-
ples; we are 90% confident this particular

(B) There is a 90% probability the true mean (RS @ RS g

isin (38.2,41.8) (D) The sample mean is 90% likely to be 40

Loi giai chi tiet

-

A confidence level describes the long-run capture rate of the method across repeated sampling,
translated to "confidence” for the one interval computed. (C). Options (A) and (D) confuse
individual values with the mean; (B) misapplies probability to a fixed parameter.

Bai tap luyén tap
For a 99% confidence interval based on a sample of n = 11, what are df and ¢*?

(A) df =10, ¢* = 3.169 (C) df = 10, t* = 2.764
(B) df = 11, t* = 3.106 (D) df = 10, t* = 2.228

Loi giai chi tiét

df =n—1=10. A99% Cl leaves 0.01 total in the tails, so each tail has area 0.005. At df = 10,
the 0.005 column gives t* = 3.169. (A). (B) uses the wrong d f; (C) and (D) use the wrong column
(0.01 and 0.025).

Bai tap luyén tap

Compared to the standard Normal distribution, the ¢-distribution with small df is:

(A) more spread out with heavier tails, con- mal

verging to Normal as df increases (C) identical in shape for every df

(B) narrower with lighter tails than the Nor- (D) skewed to the right
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Loi giai chi tiét
Substituting s for the unknown ¢ adds extra variability, so the ¢-distribution has a lower peak

and heavier tails than z, especially for small df; as df — oo, it converges to the standard
Normal curve. (A).

Bai tap luyén tap

A sample of n = 8 measurements shows a strong left skew with no outliers. Can a one-sample
t-test be used safely? Explain.

Loi giai chi tiét

Not safely without further caution. With n = 8 (well under 15) and clear strong skew, the
Normal/Large Sample condition is doubtful: ¢-procedures are not robust to strong skewness
at such small sample sizes, since the sampling distribution of z may itself be noticeably skewed
rather than approximately Normal. A larger sample, a transformation, or a nonparametric pro-
cedure would be more appropriate.

Bai tap luyén tap

A sample of n = 50 is strongly right-skewed with no extreme outliers. Is the Normal/Large
Sample condition met? Explain.

Loi giai chi tiét
Yes. Because n = 50 > 30, the Central Limit Theorem guarantees that the sampling distribu-

tion of z is approximately Normal regardless of the skew present in the population, as long as
there are no extreme outliers distorting z and s.

Bai tap luyén tap

Which scenario best satisfies the Normal/Large Sample condition for a one-sample ¢-test?

(A) n = 10 with one clear outlier (C) n = 5, clearly and strongly skewed

(B) n = 15, roughly symmetric, no outliers (D) n = 8, strongly bimodal

Loi giai chi tiét
With n < 30, we need the sample data to show no strong skew and no outliers. Only the
n = 15, roughly symmetric, no-outlier sample satisfies this. (B).

Bai tap luyén tap

A random sample of n = 20 measures the caffeine content (mg) of a new energy drink: z =
95.4 mg, s = 8.2 mg (roughly symmetric, no outliers). Construct a 90% confidence interval for
the true mean caffeine content .

Lai giai chi tiét

-

8.2

—— ~ 1.834.
V20

df = 19. For 90% confidence, one-tail area = 0.05, so t* = 1.729. SE =
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ME = 1.729(1.834) ~ 3.17. Cl: 95.4 £+ 3.17 = (92.23, 98.57) mg. We are 90% confident the
true mean caffeine content is between 92.23 and 98.57 mg.
Bai tap luyén tap

A cereal box states the mean weight is 500 g. A random sample of n = 30 boxes givesz = 496 g,
s=12g. Test Hy : =500 vs. H,, : 1 # 500 at o = 0.05.

496 —500 4

12/4/30 2191
t = 2.045 has one-tail area 0.025. Since 1.699 < 1.83 < 2.045, the one-tail area is between
0.025 and 0.05, so the two-tail P-value is between 0.05 and 0.10. Since P > 0.05 = «, we fail
to reject H,,: not enough evidence the true mean box weight differs from 500 g (a close call).

Bai tap luyén tap

A tire manufacturer claims its new tire lasts more than 50,000 miles on average. A random
sample of n = 16 tires gives z = 51,200 miles, s = 2,400 miles (roughly symmetric, no outliers).
Test the claim at o = 0.05.

Loi giai chi tiét
State: H;, : = 50,000; H, : i > 50,000 miles. o = 0.05.

Plan: one-sample t-test, d f = 15. Random, 10%, and Normal/Large Sample (roughly symmet-
ric, no outliers, n < 30 but condition satisfied) are all met.

1200 — 12 .
= 51200 = 50000 = 00 = 2.00. Atdf = 15: t = 1.753 has one-tail area 0.05; t = 2.131
2400/+/16 600

has one-tail area 0.025. Since 1.753 < 2.00 < 2.131, P is between 0.025 and 0.05.
Conclude: Since P < 0.05 = «a, we reject H,: there is convincing evidence that the true mean
tire life exceeds 50,000 miles.

df =29. t = ~ —1.83. Atdf = 29: t = 1.699 has one-tail area 0.05;

Bai tap luyén tap

A dietitian records the sugar content (g) of n = 9 randomly selected granola bars from a new
brand: 12,14,13,15,11,14,13,12,16. A dotplot shows a roughly symmetric, single-peaked
shape with no outliers. Construct a 95% ClI for the true mean sugar content .

Loi giai chi tiet

120 .. .
& = = ~ 13.33 g. Sum of squared deviations is 20.0, so s = 1/20/8 ~ 1.581 g. df = §,
. 1.581
t* = 2.306 (one-tail area 0.025). SE = —5 ~ 0.527. ME = 2.306(0.527) ~ 1.22. CI:

13.33+£1.22 = (12.11, 14.55) g. We are 95% confident the true mean sugar content is between
12.11 and 14.55 g.

Bai tap luyén tap

Independent samples: n, = 8, z; = 64, s; = 5; ny, = 10, 7, = 59, s, = 7. Construct a 90% Cl
for uy; — py using the conservative df.
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(A) 5+5.37 = (—0.37, 10.37) (C) —5 +5.37 = (—10.37, 0.37)
(B) 5+ 2.32 =(2.68, 7.32) (D) 5 +8.99 = (—3.99, 13.99)

Loi giai chi tiét

2 4
df = min(7,9) = 7, so t* = 1.895 (one-tail area 0.05). SE = ,/; % = /8.025 ~ 2.833.

ME = 1.895(2.833) ~ 5.37. Cl: (64 — 59) + 5.37 = 5 4 5.37 = (—0.37,10.37). (A).

Bai tap luyén tap

A gym claims a new workout program (Group 1) produces greater average fat loss than a stan-
dard program (Group 2). Independent samples: Group 1: n, = 12, z; = 8.4 kg, s; = 2.1 kg.
Group 2: n, = 10, z, = 6.9 kg, s, = 1.8 kg. Test at &« = 0.05 whether Group 1’s mean fat loss
is greater.

Loi giai chi tiét

State: Hy : pi; —pio = 0; H, : 13 — p1g > 0. @ = 0.05.
Plan: two-sample t-test, conservative df = min(11,9) = 9. Random, 10%, Normal/Large
Sample, and independence between groups are all assumed satisfied.

2.12  1.82 8.4—16.9

Do: SE = T2 aF ET v0.3675 + 0.324 = 1/0.6915 ~ 0.8316. t = 08316 ~ 1.80. At

df = 9: t = 1.383 has one-tail area 0.10; t = 1.833 has one-tail area 0.05. Since 1.383 < 1.80 <
1.833, P is between 0.05 and 0.10.

Conclude: Since P > 0.05 = «, we fail to reject H,: not quite enough evidence that Group
1's mean fat loss exceeds Group 2's, though the result is suggestive.

Bai tap luyén tap

When calculating a two-sample ¢ procedure by hand using the conservative method, the de-
grees of freedom equal:

(A) ny +ny,—2 (C) ny+ny,—1
(B) min(ny — 1, ny — 1) (D) max(n;,n,) —1

Loi giai chi tiét

The conservative (by-hand) approach for two independent samples uses df = min(n, —1,n,—
1); the pooled formula n, +n,—2 belongs to different procedures (e.g., pooled-variance meth-
ods, regression, ANOVA) that assume equal population variances. (B).

Bai tap luyén tap

Independent random samples compare mean study hours per week for two dorms. Dorm A:
n, = 16, z; = 14.2, s; = 3.5. Dorm B: n, = 20, z, = 11.8, s, = 4.1 (both roughly symmetric,
no outliers). Construct a 95% ClI for p, — pup.
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Loi giai chi tiét
State: parameter ;4 — pp; target 95% CI.
Plan: two-sample ¢ interval, conservative d f = min(15,19) = 15, so t* = 2.131. Random, 10%,

Normal/Large Sample, and independence between dorms assumed satisfied.

3.52 4.12
Do: SE = 16 IF 20 T v/0.7656 + 0.8405 = /1.6061 ~ 1.267. ME = 2.131(1.267) ~

2.70. Cl: (14.2 —11.8) £ 2.70 = 2.4 + 2.70 = (—0.30, 5.10) hours.

Conclude: We are 95% confident the true difference in mean weekly study hours is between
—0.30 and 5.10 hours; because the interval contains 0, we cannot conclude a significant differ-
ence at this level.

Bai tap luyén tap

Two independent samples of exam scores: n; =9, z; =78, s; = 6; ny =9, Ty = 83, 55 = 5.5.
Test Hy : p; = py vs. H, @ 1y # pg using conservative df = 8. Which is closest to the test
statistic and conclusion at oo = 0.05?

(A) t ~ —1.84, P > 0.05, fail to reject H, (C) t ~ —2.50, P < 0.05, reject H,
(B) t ~ —1.84, P < 0.05, reject H,, (D) ¢t ~ —0.91, P > 0.05, fail to reject H,
Loi giai chi tiét
2 —
SE = ﬁ—l—y = +/7.361 =~ 2.713. t = (IR ~ —1.84. Atdf = 8 ¢t = 1.397 has

9 9 2.713
one-tail area 0.10; t = 1.860 has one-tail area 0.05. Since 1.397 < 1.84 < 1.860, the two-tail

P-value is between 0.10 and 0.20, so P > 0.05 and we fail to reject H,,. (A).

Bai tap luyén tap

A horticulturist compares plant heights (cm) using two fertilizers on independent random sam-
ples. Fertilizer 1: n, = 7, ; = 32.4, s; = 4.2. Fertilizer 2: n, =9, z, = 28.1, s, = 3.6 (both
roughly symmetric, no outliers). Construct a 98% CI for j; — pu5.

Loi giai chi tiét
. . 422 3.62
df = min(6,8) = 6, so a 98% Cl needs one-tail area 0.01: t* = 3.143. SE = — + 5 =

V2.52+ 144 = v/3.96 ~ 1.990. ME = 3.143(1.990) ~ 6.25. Cl: (32.4 — 28.1) + 6.25 =
4.346.25 = (—1.95, 10.55) cm. The interval contains 0, so at the 98% level we cannot conclude
a significant difference in mean plant height.

Bai tap luyén tap

A physical therapist measures the grip strength of the same 20 patients before and after a
rehabilitation program. Which procedure is appropriate?

(A) Two-sample t procedure (independent) (C) Chi-square test
(B) Matched-pairs t procedure (D) One-proportion z procedure
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Loi giai chi tiét

Each patient is measured twice (before and after), so the two sets of measurements are linked
observation-by-observation - this calls for a matched-pairs ¢ procedure on the within-patient
differences. (B).

Bai tap luyén tap

A coach wants to know if a new stretching routine improves 1-mile run times. Eight runners’
times (minutes) are recorded before and after adopting the routine for 4 weeks; differences
(before — after) are: 0.4,0.2,0.5,—0.1,0.3,0.6,0.2,0.3. Test at a = 0.01 whether the routine
reduces run time on average.

Lai giai chi tiét

State: H, : pu; = 0; H, : uy; > 0, where p, is the true mean reduction (before — after) in run
time. o = 0.01.

Plan: matched-pairs ¢-test, df = 7. Random, 10%, and Normal/Large Sample (assume no
strong skew/outliers among the differences) are all satisfied.

- 24 . =,
Do: d = 5= 0.3. Sum of squared deviations from d is 0.32, so s; = 1/0.32/7 ~ 0.2138. t =

03 _ U3 ~ 3.97. At df = 7,t = 3.499 has one-tail area 0.005; since 3.97 > 3.499,
0.2138//8  0.0756
P < 0.005.

Conclude: Since P < 0.005 < a = 0.01, we reject H,: strong evidence the routine reduces
mean run time.

Bai tap luyén tap

A tutor records SAT practice scores for n = 6 students before and after a 3-week prep course;
differences (after — before) are: 40, 60, 30, 50, 20, 60. Construct a 90% confidence interval for
the true mean score improvement ;.

Lai giai chi tiét
260

d= =5~ 7~ 43.33. Sum of squared deviations from d is 1333.33, so s2 = 1333.33/5 = 266.67,
. 16.
sy ~ 16.33. df = 5, t* = 2.015 (one-tail area 0.05 for 90% Cl). SE = 62)3 ~ 6.667. ME =

2.015(6.667) ~ 13.43. Cl: 43.33 +£13.43 = (29.90, 56.76) points. We are 90% confident the true
mean improvement is between 29.90 and 56.76 points.

Bai tap luyén tap
For a matched-pairs ¢ procedure based on 14 pairs, the degrees of freedom equal:

(A) 13 (C) 26
(B) 14 (D) 12

Lai giai chi tiét

-

df = Npges — 1 = 14 — 1 = 13. (A).
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Bai tap luyén tap

Two graders (Grader X and Grader Y) each independently score the same 10 essays out of 100
points. Differences (X — Y) are: 3,—2,4,1,0,5,—1,2,3,1. Decide whether a two-sample or
matched-pairs procedure is appropriate, then construct a 95% Cl for the mean difference in
scoring.

Loi giai chi tiét

Decision: the same 10 essays are scored by both graders, so the scores are naturally paired by
essay - a matched-pairs procedure is appropriate, not a two-sample procedure.

State: parameter is 11, the true mean difference (X — Y) in scoring. Target: 95% CI.

Plan: matched-pairs t interval, d f = 9. Random, 10%, Normal/Large Sample (assume no strong
skew/outliers) are satisfied.

- 16 - =
Do: d = — = 1.6. Sum of squared deviations from d is 44.40, so s3 = 44.40/9 = 4.933, s; ~

10
. 2.221
2.221. t* = 2.262 (df = 9, one-tail area 0.025). SE = —— ~ 0.702. M E = 2.262(0.702)

V10
1.59.
CI:1.6+1.59=(0.01, 3.19) points.

Q

Conclude: We are 95% confident the true mean difference in scoring is between 0.01 and 3.19
points. Because the interval barely excludes 0, there is weak but real evidence that Grader X
scores slightly higher on average than Grader Y.

Bai tap luyén tap

If the sample size for a ¢ confidence interval is quadrupled (all else equal), the margin of error
will approximately:

(A) double (C) quarter
(B) halve (D) stay the same

Loi giai chi tiét

1 . - 1 1 . .
ME «x —, so quadrupling n multiplies — by =, roughly halving the margin of error (a small
Vn vn o2

additional decrease comes from t* shrinking slightly as d f grows). (B).
Bai tap luyén tap

Pilot data suggest s ~ 15. Researchers want a 95% confidence interval with margin of error no
more than 4. Using z* ~ 1.96 as an approximation, find the minimum required sample size.

Loi giai chi tiet

2 2
1.96(1 29.4 .
n > (96;1(5>> = (i) = (7.35)? = 54.02. Since n must be a whole number and larger

n only tightens precision, round up: n = 55.
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Bai tap luyén tap

A researcher knows the population standard deviation o exactly (an unusual situation) and
wants a confidence interval for . Which distribution should be used?

(A) The t-distribution (C) The chi-square distribution
(B) The standard Normal (z) distribution (D) The F-distribution

Loi giai chi tiét
The t-distribution exists specifically to handle the extra uncertainty from estimating o with

s. If o is actually known, that extra uncertainty does not exist, so the ordinary z procedure
applies. (B).

Bai tap luyén tap

A teacher wants to know if her single class’s mean test score differs from the national average
of 75 (a fixed, known value). She has scores from her one class (n = 28). Which procedure
applies?

(A) One-sample t-test (C) Matched-pairs ¢-test

(B) Two-sample t-test (D) Chi-square test

Loi giai chi tiét

There is only one sample being compared to a fixed hypothesized value (75), not to a second
sample - this is a one-sample t-test. (A).

Bai tap luyén tap

An airline’s stated checked-bag weight limit is 23 kg; the airline believes the true mean weight
of bags checked does not exceed this. A random sample of n = 25 bags gives z = 23.8 kg,
s = 2.5 kg (roughly symmetric, no outliers). Test at & = 0.01 whether the mean weight exceeds
the limit.

Lai giai chi tiét

State: H,: pn=23; H, : un > 23 kg. a =0.01.
Plan: one-sample t-test, df = 24. Random, 10%, Normal/Large Sample (roughly symmetric,

no outliers) are satisfied.
23.8 — 23 0.8
Do: t = =

2.5/v/25 0.5
one-tail area 0.05. Since 1.318 < 1.60 < 1.711, P is between 0.05 and 0.10.

Conclude: Since P > 0.05 > a = 0.01, we fail to reject H,: not enough evidence at the 1%
level that mean checked-bag weight exceeds 23 kg.

Bai tap luyén tap

Statistical software reports df = 18.6 (a non-integer value) for a two-sample ¢-test, while a
hand calculation using the conservative method gives df = 11. Explain why the two values
differ, and which one is generally more precise.

= 1.60. At df = 24: t = 1.318 has one-tail area 0.10; ¢ = 1.711 has
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Loi giai chi tiét

Software typically uses the Welch-Satterthwaite approximation, a formula that blends n,, n,,
sy, and s, to produce a more precise (and usually larger, non-integer) effective df, rather than
simply taking min(n; — 1,n, — 1). The Welch df is generally more accurate, giving a narrower
Cl and a more precise P-value; the conservative df = min(n; — 1,n, — 1) used for hand
calculations is a safe lower bound that never overstates the evidence, but is somewhat less
precise.

Bai tap luyén tap

A study pairs each of 15 sets of identical twins, randomly assigning one twin in each pair to Diet
A and the other to Diet B, then compares weight change after 10 weeks. Is this a two-sample
or matched-pairs situation? Explain.

Loi giai chi tiet

This is a matched-pairs situation. Although two different diets are being compared (not the
same subject measured twice), each pair of twins acts as a natural block: the twins share
genetics and much of their environment, so pairing controls for those shared factors. The
correct analysis reduces each twin pair to a single difference d, = (Diet A weight change) —
(Diet B weight change) and runs a one-sample ¢ procedure on those 15 differences, with df =
14.

Bai tap luyén tap

A random sample of n = 40 delivery times (minutes) for a food-delivery app has z = 28.6,
s = 6.4. The distribution is strongly right-skewed with no extreme outliers. Construct a 95%
confidence interval for the true mean delivery time p, and justify that conditions are met.

Lai giai chi tiét

Conditions: Random: assume stated. 10%: satisfied. Normal/Large Sample: even though
the distribution is strongly skewed, n = 40 > 30, so the Central Limit Theorem makes the
Normal/Large Sample condition acceptable.

4
df = 39 (use df = 40 row, the closest tabulated value): t* ~ 2.021. SE = \(;ZO ~ 1.012.
ME =~ 2.021(1.012) ~ 2.05. Cl: 28.6 + 2.05 = (26.55, 30.65) minutes. We are 95% confident

the true mean delivery time is between 26.55 and 30.65 minutes.

Bai tap luyén tap

A random sample of n = 13 measurements of dissolved oxygen (mg/L) in a lake gives z = 7.9,
s = 1.1, with a dotplot showing a roughly symmetric shape and no outliers. An environmental
standard requires a mean of at least 8.0 mg/L. Test at « = 0.10 whether there is evidence the
true mean is below the standard.

Loi giai chi tiét

State: Hy: u=8.0; H, : p < 8.0 mg/L. o = 0.10.
Plan: one-sample ¢-test, df = 12. Random, 10%, Normal/Large Sample (roughly symmetric,
no outliers) are satisfied.
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9—8. —0.1 .. . .
Do: t = 7.9 =80 = 0 ~ —0.33. This is far smaller in magnitude than even the df = 12,
1.1/v/13  0.3051
one-tail-area-0.10 value of 1.356, so P > 0.10.
Conclude: Since P > 0.10 = «, we fail to reject H,,: not enough evidence that the true mean

dissolved oxygen level is below the standard.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 8

Inference for Categorical Data:
Chi-Square

Muc tiéu Unit: Kiém dinh khép t6t (goodness of fit), kiEm dinh tinh déc 1ap (independence) va tinh
déng nhat (homogeneity) véi théng ké x2; khung suy luin bén budc State-Plan-Do-Conclude &p dung
cho x?; hinh dang va bac tu do cta phan phdi x?; diéu kién Random, 10%, va Expected Counts > 5
(vi sao dung expected chir khong phai observed); phan tich dong gdép tirng thanh phan (component
contribution); phan biét ba loai kiém dinh qua tinh huéng thuc té; va cach xtr ly khi vi pham diéu kién
expected counts bang cach gdp nhém.

8.1 Review: the four-step inference framework

Every significance test introduced earlier in this course — for a single proportion, a difference of
proportions, a single mean, or a difference of means — follows the same logical skeleton. The three
chi-square tests in this unit follow it too; only the details of State and Do change. On the AP Statistics
exam, a chi-square procedure is one of the required inference procedures students must be able to
select correctly from a described scenario, and free-response questions built around it often also ask
for a supporting graph or numerical summary before the formal test itself.

The four steps applied to chi-square tests

e State: identify the population(s) and the categorical variable(s) involved; write H, and H,
in words and, where useful, in symbols; give the significance level a. For every chi-square
test, H, is a claim about a distribution of a categorical variable (never about a mean or a
single proportion).

¢ Plan: name which of the three tests applies (goodness of fit, independence, or homogeneity
— Sections 3-5 give the criteria) and verify the conditions common to all three: Random,
10% (if sampling without replacement), and all expected counts > 5.

e Do: compute the expected counts, the test statistic x? = > %, and the degrees of
freedom; locate the P-value (or bracket it) using a chi-square table or technology.

e Conclude: compare P to a (equivalently, compare x? to the critical value from the table)
and state a decision about H,, in the context of the problem, not just “reject” or “fail to reject.”

- GIAI THICH TIENG VIET
Moi kiém dinh y nghia théng ké (significance test) trong chuong trinh déu theo ding bén budc:
State (néu tong thé, bién, gia thuyét H,/H,, mic «); Plan (chon ding loai kiém dinh va kiém
tra diéu kién); Do (tinh todn théng ké kiém dinh va bac tu do, tim P-value); Conclude (so sanh
vGi o va két luan bang ngdn nglr ctia bai toan thuc té). Voi cac kiém dinh x2, H, ludn 1a mét
phat bi€u vé phan phdi cua bién dinh tinh — khéng phai vé trung binh hay mét ti Ié don 1é.
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8.1.1 The State step, side by side

The three chi-square tests differ mainly in how H, is phrased. Comparing the three wordings side by
side helps prevent the single most common State-step error on this unit — writing a goodness-of-fit
hypothesis when the sampling design actually calls for independence or homogeneity, or vice versa.

Test Typical H, wording

Goodness of fit “The distribution of [variable] in the population is [stated pro-
portions].”

Independence “[Variable 1] and [Variable 2] are independent in the popula-

tion” (equivalently, “there is no association between [Variable
1] and [Variable 2]").

Homogeneity “The distribution of [variable] is the same across [the group-
s/populations].”

Unlike a z-test or ¢-test for a proportion or mean, a chi-square test is never two-sided or lower-
tailed. Because every term (O — E)?/E is non-negative, a large x? statistic can only mean the
data deviate more from H,, than expected — small deviations from H,, always give small (near-
zero) values of x2. So even though H, is worded as a non-directional statement (“not equally

likely,” “associated,” “distributions differ”), the P-value is always the area to the right of the
observed yx? under the chi-square curve.

Chi-square tests appear throughout the sciences and in industry wherever a categorical vari-
able needs to be checked against a model: geneticists check offspring ratios against Mendelian
predictions, election analysts check whether a poll’'s demographic breakdown matches the census,
quality-control engineers check whether defect types occur in the proportions a process is supposed
to produce, and social scientists check whether two categorical survey items are related. All of these
are instances of one of the three tests developed in Sections 3-5.

Graphing calculators and statistical software compute y?, df, and an exact P-value directly
(for example, a TI-84’s x2GOF-Test for goodness of fit, or x?2way-Test, entered from a matrix
of counts, for independence and homogeneity). For a GOF test, the observed counts go into
one list and the hypothesized proportions (or the expected counts directly) into another; for
independence/homogeneity, the counts are entered as a matrix matching the shape of the
table, and the calculator returns x?, d f, P, and the full matrix of expected counts in one step —
useful for double-checking the Large Counts condition. When only a printed critical-value table
is available, bracket the P-value between the two columns the computed x? falls between, or
simply compare x? directly to the single critical value for the stated o — both approaches lead
to the same reject/fail-to-reject decision.

8.2 The chi-square statistic and its distribution (?)

8.2.1 Why we square the deviations

For a categorical variable sorted into k categories, let O denote an observed count and E the count
expected if H, were exactly true. The chi-square statistic combines the mismatch in every category

into a single number:
2 (C E)2
=D —F

Assigned sum > (O — E) would be useless as a test statistic: because expected counts are built from
the same totals as the observed counts (the same n, and, for independence/homogeneity, the same
marginal totals), the positive and negative deviations always cancel exactly, giving > (O — E) = 0
for every table, whether H, is a perfect description of the data or a terrible one. Squaring each
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deviation removes the sign, so genuine mismatches accumulate instead of canceling, and it penalizes
large deviations disproportionately — a deviation twice as large contributes four times as much to
x2. Dividing by E then rescales each squared deviation relative to the size of the expected count: a
raw miss of 5 candies is a much bigger relative surprise when E = 10 than when E = 500.

Vi du mau - Why raw deviations always cancel

A variable has four categories with expected counts E = 20, 20, 20, 20 (total 80) and observed
counts O = 15,25, 30, 10 (total 80). The raw deviations are —5,5, 10, —10, and indeed > (O —
E) = —54 5+ 10 — 10 = 0 — no information about the mismatch survives. Squaring gives
25,25, 100, 100; dividing by E = 20 in each category gives components 1.25,1.25, 5.0, 5.0, so

2 =1.25+1.25+5.0+5.0=12.5.

The squared-and-standardized version reveals exactly what the signed sum hid: categories 3
and 4 are the biggest sources of mismatch.

8.2.2 Shape of the chi-square distribution

The sampling distribution of x? under H,, is a family of curves indexed by degrees of freedom (d f).
Every member of the family shares three properties: it is defined only for xy? > 0 (a sum of squared
terms can never be negative), it is right-skewed, and its exact shape depends on df. As df in-
creases, the distribution becomes taller in the middle, less skewed, and increasingly symmetric and
bell-shaped — a consequence of the Central Limit Theorem, since a chi-square variable with df = k
is itself a sum of k independent squared standard-normal variables. The mean of a chi-square distri-
bution equals its df; the variance equals 2 df. It is worth remembering that the chi-square curve is
itself only an approximation to the true, discrete sampling distribution of (O — E)?/E — an approxi-
mation that becomes accurate as sample sizes grow, which is exactly why the Large Counts condition
(discussed next) exists: it is the practical rule of thumb that keeps this approximation trustworthy.

density

11.070

0 2 4 6 8 10 12 14
2
X

Chi-square distribution (d f = 4, shown for shape): right-skewed, always non-negative; the critical value 11.070 (df = 5,
o = 0.05) is marked for reference.
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Three members of the chi-square family. At d f = 2 the curve is monotonically decreasing from its peak at 0; at df = 5 it
peaks away from 0 but is still clearly right-skewed; at d f = 10 it is markedly more symmetric and bell-shaped, and its
peak has shifted rightward toward its mean of 10.

- GIAI THICH TIENG VIET
Phan phéi x? luén khéng am (y? > 0) va léch phai (right-skewed), vi né 12 téng cta cac s6 hang
da binh phuong. Hinh dang cu thé phu thudc vao bac tu do (df): df cang Ion, dudng cong
cang ddi xirng va cé dang hinh chudng, dinh cang dich sang phai (vi trung binh ctia phan phai
x? chinh bang df). D3y la ly do cic bang gia tri t&i han (critical value) cta x2 luén duoc lap
riéng cho tirng d f.

The chi-square goodness-of-fit test was introduced by the statistician Karl Pearson in 1900, mak-
ing it one of the earliest formal hypothesis-testing procedures in statistics — decades before the
four-step State/Plan/Do/Conclude framework used throughout this course was standardized for
teaching. The tests for independence and homogeneity are later extensions of Pearson’s original
idea to two-way tables. Pearson’s key insight was that the sum >~(O — E)?/E, computed from any
large random sample, behaves approximately like a known mathematical curve (the chi-square dis-
tribution) regardless of the specific categories or context involved — which is precisely what makes
a single family of critical-value tables usable across genetics, manufacturing, polling, and every other
field where categorical data arise.

8.2.3 Degrees of freedom: where the formulas come from

The degrees of freedom of a chi-square test count how many of the expected counts are genuinely
free to vary once the necessary totals are held fixed. In a goodness-of-fit test with k categories,
the total n is fixed, so once & — 1 of the expected counts are chosen the last one is completely
determined (all counts must sum to n) — exactly k — 1 quantities are free, hence df = k— 1. In a
two-way table with r rows and ¢ columns, fixing every row total and every column total imposes
r + ¢ — 1 independent constraints on the table (one constraint is redundant, because the row totals
and the column totals both have to add up to the same grand total), which leaves (r — 1)(c — 1) cells
free to vary before the remaining cells are forced by the fixed totals — hence df = (r—1)(c —1) for
both the independence and the homogeneity tests.

8.2.4 Reading a chi-square critical-value table

A chi-square table lists critical values indexed by d f (rows) and upper-tail area « (columns). To use it:
locate the row for the test’s d f, then compare the computed x? to the entry in the column for the
chosen . If x? exceeds that entry, reject H, at that a. If ? falls between two columns, the P-value
can be bracketed between the corresponding o values — for example, a x? that falls between the
a = 0.05 and @ = 0.025 columns means 0.025 < P < 0.05. As a further illustration, a test with
df = 8 and x? = 17.0 falls between the o = 0.05 entry (15.507) and the o = 0.025 entry (17.535) in
the row for df = 8, 50 0.025 < P < 0.05 without needing any further computation.

df a=010 a=0.05 «=0.025 «a=0.01

2.706 3.841 5.024 6.635
4.605 5.991 7.378 9.210
6.251 7.815 9.348 11.345
7.779 9.488 11.143 13.277
9.236 11.070 12.833 15.086
10.645 12.592 14.449 16.812
13.362 15.507 17.535 20.090
10 15.987  18.307 20.483 23.209
12 18.549  21.026 23.337 26.217

Selected chi-square critical values used throughout this unit (a full table also lists every intermediate d f).

oo hhWN -
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8.2.5 Conditions common to all three chi-square tests: Random, 10%, and Expected Counts > 5

Every chi-square procedure in this unit — goodness of fit, independence, homogeneity — requires
the same three conditions before the chi-square curve can be trusted as an approximation to the
true sampling distribution of the test statistic.

Random: the data come from a random sample or a randomized experiment, so the results are
not systematically biased and can be generalized to the population(s) of interest.

10% condition: if sampling without replacement from a finite population, the sample size should
be no more than 10% of the population, so that individual observations are close to indepen-
dent.

Large Counts (Expected Counts): every expected count E; > 5.

The Large Counts condition is stated in terms of expected, not observed, counts, and the dis-
tinction matters. The chi-square distribution is a continuous curve used to approximate the true
(discrete) sampling distribution of x? under repeated random sampling from H,,. That approxima-
tion is only accurate when every category's expected count is reasonably large; when an expected
count is small, the possible values a count can actually take are sparse and lumpy, and the smooth
chi-square curve badly misrepresents the true P-value (typically making it too easy to reject a true
H,). This is purely a statement about what H,, predicts, which is exactly what expected counts repre-
sent — it says nothing about what a particular sample happens to show. A cell with a small observed
count next to a large expected count is not a violation of anything; it is simply evidence against H,
which is exactly what the test is designed to detect. A cell with a small expected count, on the other
hand, is a structural problem with the approximation itself, regardless of what is observed there.

For instance, suppose a goodness-of-fit test with n = 40 has just two categories with hypoth-
esized proportions p = 0.95 and p = 0.05, giving expected counts 38 and 2. Even if the observed
count in the small category turns out to be 10 — a striking, interesting deviation from an expected
count of only 2 — the Large Counts condition is still violated, because it is the expected count of 2,
not the observed count of 10, that determines whether the chi-square curve can be trusted as an
approximation.

(1) L6i thuong gap: Khéng dung % dé tinh y2. Théng ké x2 luén tinh trén s6 dém (counts),
khéng dung phan tram hay ti 6. Ngoai ra, diéu kién > 5 ap dung cho expected counts chir
khéng phai observed counts — mot 6 c6 observed nhd nhung expected 1&6n van hoan toan hop
|é (d6 chinh |a bang chirng chdng lai H,); ngugc lai, néu expected < 5 & bat ky 6 nao, diéu kién
bi vi pham va can gdp nhom hodc thu thém di liéu trudce khi két luan (xem Section 7).

(') L6i thuong gap: “Independence” mang hai nghia khac nhau — dirng nham lan. Diéu kién
Random ngam gia dinh cac quan sat doc 1ap véi nhau (observations are independent) — méi
ca thé khong anh hudng dén xac suat xay ra clia ca thé khac — va diéu kién nay ap dung cho
cd ba loai kiém dinh x2. Khai niém nay hoan toan khac vd&i tén goi "kiém dinh tinh déc 13p”
(test for independence) & Section 4, von ndi vé viéc hai bién dinh tinh c6 lién hé véi nhau hay
khong. Mot kiém dinh goodness-of-fit hay homogeneity van can “independent observations”
du né khong phai 1a "test for independence.”

8.3 Chi-square goodness-of-fit test (> GOF)

A chi-square goodness-of-fit (GOF) test uses one random sample from a single population and asks
whether a single categorical variable follows a specific hypothesized distribution. Typical uses in-
clude checking a genetic cross against a Mendelian ratio, checking whether a manufacturing pro-
cess produces defect types in their historical proportions, and checking whether a random-number
generator or a die produces outcomes that are actually equally likely.
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H,: the categorical variable follows the stated population proportions p,,p,, ... ,p,. H,: the
variable does not follow that distribution (at least one p, is wrong).

k 2
—E.
X2:Z<01Eil>’ E; = np;, df =k—1.

=1

GIAI THICH TIENG VIET
Kiém dinh khop t6t (goodness of fit) chi diing cho MOT bién dinh tinh trén MOT mau, so sanh
phan phdi quan sat dugc véi mot phan phoi gia thuyét da cho truéce (cé thé 1a déu nhau —
equally likely — hoc khéng déu nhau, mién 13 cac ti 1é p, dugc néu rd va cong lai bang 100%).
Bac tu do ludn bang s& nhom trir 1.

8.3.1 Equal proportions: a uniform hypothesized distribution

Vi du miu - Candy colors — equally likely?

A bag of 60 candies should have colors in equal proportion (six colors). Observed counts:
8,12,9,11,10, 10. Test H,, : colors are equally likely vs. H,, : they are not, at o = 0.05.
State: Letp,, ..., ps be the population proportions of the six colors. Hj : p; = p, = -+ = pg =
H, : atleast one p; # . v = 0.05.

Plan: Chi-square goodness-of-fit test, df = 6 — 1 = 5. Random: assume the candies in the bag
are randomly mixed. 10%: 60 candies are far fewer than 10% of all candies the manufacturer
produces. Expected counts: each expected count is 60/6 = 10 > 5 — condition met.

Do: Expected count for each color = 60/6 = 10. The squared deviations (O — E)? for the six
colors are 4,4,1,1,0,0, and every expected count is 10, so

=

G*

s A4+4+14+1+0+40 10

=—=1.0.
10 10 0

X

Conclude: With df = 5, the critical value at o« = 0.05 is 11.070. Since 1.0 < 11.070 (in fact x?
is even below the a = 0.10 critical value of 9.236, so P > 0.10), fail to reject H: the data are
consistent with an equal-proportion distribution of colors.

8.3.2 Unequal proportions: a non-uniform hypothesized distribution

Not every GOF hypothesis states that categories are equally likely; H, may specify any set of pro-
portions that sum to 100%, and each category then gets its own expected count E, = np,.

Vi du miu - Testing a manufacturer’s stated color mix

A candy manufacturer states that its assorted-color candies are produced in the long-run pro-
portions Blue 24%, Orange 20%, Green 16%, Yellow 14%, Red 13%, Brown 13%. A quality-
control inspector randomly samples n = 200 candies from a shipment and records the color
counts below. Test whether the shipment’s color composition is consistent with the manufac-
turer’s stated distribution, at a. = 0.05.
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Color Stated % Observed O Expected E = np;,

Blue 24% 66 48
Orange 20% 30 40
Green 16% 22 32
Yellow 14% 32 28
Red 13% 16 26
Brown 13% 34 26
Total 100% 200 200
State: H,: the shipment's color proportions match the stated distribution

(24%, 20%, 16%, 14%, 13%,13%). H,: at least one color proportion differs from the stated
value. a = 0.05.
Plan: Chi-square goodness-of-fit test, df = 6 — 1 = 5. Random: the 200 candies were sampled
randomly from the shipment. 10%: 200 candies are less than 10% of the full shipment. Expected
counts: from the table, the smallest expected count is 26 > 5 — condition met.
Do:

, 182 (—10)2 (—10)? 4% (-10)* &2

= — — ~ 0. 2. 12 D71+3.846+2.462 ~ 19.25.
X 48+ 10 + 39 +28—|— 2% —1—26 6.75+2.5+3.125+0.571+3.846+2.46 9.25

Conclude: With df = 5, the critical value at o« = 0.05 is 11.070, and 19.25 > 11.070; in fact
19.25 also exceeds the o = 0.01 critical value of 15.086, so P < 0.01. Reject H: there is
convincing evidence that the shipment’s color composition differs from the manufacturer’s
stated distribution. In practice, a result this strong would likely prompt the inspector to flag
the shipment for further investigation, since a systematic shift this large across several colors
more plausibly reflects a problem upstream (for example, a miscalibrated color-mixing step)
than ordinary sampling variation.

. GIAI THICH TIENG VIET

Khi gia thuyét khong phai "déu nhau”, méi nhém c6 expected count riéng E; = n x p, (Vi p; 12
ti 1é gia thuyét cia nhém dd), thay vi chia déu n/k. Cach tinh x2, df = k — 1, va cach so sanh
V@i gia tri t&i han hoan toan giong truong hgp "déu nhau” — chi khac & buéce tinh E,.

8.3.3 Reading component contributions to x?

Each term (O, — E,)?/E; is that category’s component of the total statistic — it measures how much
that single category contributed to the evidence against H,. Reading the components lets you go
beyond “reject/fail to reject” and explain which categories drove the result.

In the color example above, the six components were Blue 6.75, Orange 2.5, Green 3.125, Yellow
0.571, Red 3.846, Brown 2.462. Blue and Red together contribute 6.75 + 3.846 = 10.60, roughly 55%
of the total x? = 19.25 — the shipment contains noticeably more blue candies and noticeably fewer
red candies than the manufacturer’s stated distribution predicts. Yellow's component (0.571, under
3% of the total) shows that color came out very close to its expected count and contributed almost
nothing to the rejection of H,,.

(1) L6i thueng gap: Phan tich component chi mang tinh mé ta (descriptive), khéng phai mét
ki€ém dinh riéng biét. Khéng dugc chon ra mot component I&n nhat réi tuyén bé nhom do "co
y nghia théng k&” mét cach doc 1ap — két luan reject/fail to reject chi 4p dung cho x? téng,
khéng ap dung cho tirng 6 riéng Ié.
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8.3.4 Reading exact P-values from technology

Statistical software, or a calculator’s built-in goodness-of-fit test, reports an exact P-value instead
of only a table-based bracket. The next example shows how that exact value should relate to the
critical-value table.

Vi du mau - Customer complaint categories

A company’s complaint log has historically shown Billing 30%, Shipping 25%, Product Quality
20%, Customer Service 25% of all complaints. This month, a random sample of n = 180 com-
plaints gives Billing 62, Shipping 40, Quality 30, Service 48. Test whether this month’s pattern
differs from the historical distribution, at o = 0.05.
State: H,: this month’s complaint distribution matches the historical distribution
(30%, 25%, 20%, 25%). H : at least one category’s proportion has changed. o = 0.05.
Plan: Chi-square goodness-of-fit test, df = 4 —1 = 3. Random: the 180 complaints are treated
as a random sample of this month'’s complaints. 10%: 180 complaints are a small fraction of all
complaints the company could ever receive. Expected counts: 0.30(180) = 54, 0.25(180) = 45,
0.20(180) = 36, 0.25(180) = 45 — all > 5, condition met.

82 (_5)2 (—6)2 32

Do: 2 = > 2 —1.185 + 0.556 + 1.000 + 0.200 ~ 2.94.
XN =T T T + + +

Conclude: With df = 3, the critical value at « = 0.05 is 7.815, and even the more lenient
o = 0.10 critical value is only 6.251. Since 2.94 is well below both, P > 0.10; a calculator’s
exact P-value output would confirm this directly rather than requiring a bracket. Fail to reject
H,: this month’s complaint pattern is consistent with the company'’s historical distribution.

8.4 Chi-square test for independence

A chi-square test for independence uses one random sample from a single population and classifies
each individual on two categorical variables, asking whether the two variables are associated. Market
researchers use it to check whether product preference is related to a customer’s region; public-
health researchers use it to check whether a risk factor is related to an outcome; pollsters use it
to check whether opinion on an issue is related to demographic category — in every case, a single
sample is cross-classified on two variables at once.

H,: the two categorical variables are independent in the population (no association). H,: the
two variables are associated (not independent).

B _ (row i total) x (column j total)y df = (r—1)(c—1).

1] n

GIAI THICH TIENG VIET
Kiém dinh tinh doc 1ap (independence) dung MOT tong thé duy nhat, mdi ca thé dugc phan
loai theo HAI bién dinh tinh ciing ltc, va cau hai la hai bién do cd lién hé (associated) vGi nhau
téng ha to o]
ONg Nang > tONg CO%. ;v — (r — 1)(c — 1) Vi r, ¢ Ia

hay khoéng. Expected count ctia méi 6 —~
toéng chung

s6 hang, s6 cot.
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8.4.1 Example: gender and subject preference

Vi du mau - Gender and subject preference

Is there an association between gender and preferred subject? A random sample of n = 120
students gives the table below. Test at ae = 0.05.

Math Science Arts Total

Male 30 20 10 60
Female 20 25 15 60

Total 50 45 25 120

State: H,: gender and subject preference are independent. H : gender and subject preference
are associated. o = 0.05.
Plan: Chi-square test for independence, df = (2 —1)(3 — 1) = 2. Random: the 120 students
are a random sample. 10%: 120 students are less than 10% of all students at the relevant
population level. Expected counts: computed below, all > 5 — condition met.
Do: Expected counts (row totalx col total /120): Male-Math 25, Male-Science 22.5, Male-Arts
12.5, Female-Math 25, Female-Science 22.5, Female-Arts 12.5.
, 5% 25° 25% 5% 25° 25 N

X _%+ﬁ+ﬁ+%+%+ﬁ =14+0.27840.5+1+0.278 + 0.5 ~ 3.56.
Conclude: With df = 2, the critical value at « = 0.05 is 5.991. Since 3.56 < 5.991, fail to reject
H,: there is no significant evidence of an association between gender and subject preference.

8.4.2 Visualizing association before testing: conditional distributions

Before running a formal test, it is good practice to describe what a two-way table shows using condi-
tional distributions — the percentage breakdown of the column variable computed separately within
each row. For the gender/subject table above:

Math Science  Arts

Male (of n = 60 males) 50.0% 33.3%  16.7%
Female (of n = 60 females) 33.3% 41.7%  25.0%

The two conditional distributions look different — males lean more toward Math, females more
toward Science and Arts — which is exactly the kind of pattern that motivates running a formal
test in the first place. But in this particular sample, the gap between the two rows (x> = 3.56
against a critical value of 5.991) turned out to be small enough to be plausibly explained by chance
sampling variation alone. A chi-square test is precisely what distinguishes a real difference between
conditional distributions from the ordinary sample-to-sample variation any random sample would
show even when H|, is exactly true.

8.4.3 Example: age group and preferred news source

The gender/subject example above did not reject H,. The next example shows the same mechanics
leading to the opposite conclusion.

Vi du mau - Age group and news source — a significant association

A random sample of n = 300 adults is classified by age group and by the news source they use
most often. Test whether age group and news source are associated, at o = 0.05.
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Age group Social media TV  Newspaper Total

18-34 70 20 10 100
35-54 35 40 25 100
55+ 15 40 45 100
Total 120 100 80 300

State: H,: age group and preferred news source are independent. H,: age group and preferred
news source are associated. o = 0.05.

Plan: Chi-square test for independence, df = (3—1)(3 —1) = 4. Random: the 300 adults form
a random sample. 10%: 300 adults are less than 10% of the adult population. Expected counts:
shown in the table below (row totalxcol total/300); the smallest is 26.67 > 5 — condition met.

Age group Social media TV Newspaper

18-34 40.00 33.33 26.67
35-54 40.00 33.33 26.67
55+ 40.00 33.33 26.67

Do:

,_ 30° N (—13.33)2 N (—16.67)2 N (—5)2 N 6.672 N (—1.67)2 N (—25)2 N 6.672 N 18.332
© 40 33.33 26.67 40 33.33 26.67 40 33.33 © 26.67

~ 22.50 +5.33 +10.42 + 0.63 + 1.33 + 0.10 + 15.63 + 1.33 + 12.60 ~ 69.87.

Conclude: With df = 4, the critical value at a = 0.05 is 9.488, and x? = 69.87 is far larger — it
also exceeds the o = 0.01 critical value of 13.277, so P < 0.01. Reject H,: there is convincing
evidence that age group and preferred news source are associated. Younger adults in the
sample favor social media far more than expected, while adults 55 and older favor newspapers
far more than expected. A finding this strong would typically motivate follow-up research into
why the age groups differ so much in their media habits — though, as Section 4.6 discusses,
the test itself only establishes that an association exists, not why it exists.

X

80
<
@ 60| a
€
<
O 40 -
o)
A
€
5 20 - n
0
(&)

0
18-34 35-54 55 or older
I 1 observed I B Expected

Observed vs. expected counts choosing “social media” as their primary news source, by age group, from the
agexnews-source example. The largest gaps between observed and expected bars occur for the youngest and oldest
groups — consistent with the large x? statistic and the decision to reject H,,.
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8.4.4 Component contributions in a two-way table

Just as in a goodness-of-fit test, each cell of a two-way table contributes its own term (O — E)?/E
to the total x2, and reading these components shows which cells drove a significant result.

In the age-group/news-source example, the nine components were (row by row, in the order they
appear in the table): 22.50, 5.33, 10.42 for ages 18-34; 0.63, 1.33, 0.10 for ages 35-54; 15.63, 1.33, 12.60
for ages 55+. The single largest component, 22.50, comes from the youngest group’s social-media
cell — that one cell alone accounts for roughly 32% of the entire test statistic (22.50/69.87 ~ 0.32).
The oldest group’s two large components (social media, 15.63; newspaper, 12.60) show that group
deviating from expected counts in both directions at once — far below expected on social media,
far above expected on newspaper. The middle-aged group, by contrast, contributed almost nothing
(0.63 + 1.33 4+ 0.10 = 2.06, under 3% of the total): its news-source distribution came out close to
what independence would predict.

8.4.5 The special case of a 2 x 2 table: connection to the two-proportion z-test

When a two-way table has exactly two rows and two columns, df = (2 —1)(2 — 1) = 1, and the
chi-square test becomes mathematically equivalent to the two-proportion z-test from an earlier
unit: testing H, : p; = p, against a two-sided H, : p; # p, satisfies y? = 22, where z is the test
statistic from the two-proportion z-test on the same data. In the car-ownership practice problem
(Independence practice, below), x?> = 16.0, so the equivalent two-proportion z-test on that same
2 x 2 table would give z = +£1/16.0 = +4.0 — the same conclusion, reached from an algebraically
identical direction. This equivalence holds only for 2 x 2 tables (df = 1); it has no analogue once a

table has more than two rows or columns, since there is no single “z” statistic once more than two
proportions are being compared at once.

- GIAI THICH TIENG VIET
VGi bang 2 x 2 (df = 1), ki€m dinh x? va kiém dinh hai ti |& (two-proportion z-test) tuwong
duong vé mit todn hoc: x? = 22. Day ciling 13 ly do gia tri t&i han x2 ¢ df = 1, o = 0.05 (I3
3.841) chinh 13 binh phuong cla gia tri t&i han z = 1.96 quen thudc (1.962 ~ 3.8416). Quan hé
nay chi dang khi bang cé dung 2 hang va 2 cot — khoéng ap dung cho bang I&n hon.

8.4.6 What a significant chi-square result does — and does not — tell you

Three cautions apply to every chi-square conclusion, no matter which of the three tests produced
it.

Association is not causation. Rejecting H,, in a test for independence shows that two variables
measured on the same observational sample are related, but it does not, by itself, show that one
causes the other — a lurking variable could explain both. A chi-square result supports a causal claim
only when the explanatory categorical variable was assigned to subjects by random assignment
in a designed experiment, which is exactly the setting behind many homogeneity tests (subjects
randomly assigned to, say, different treatments or different diets).

x? measures the amount of evidence against H,,, not the size or direction of any relationship. A
large x? says the data are unlikely under H,; on its own it says nothing about which categories are
linked, how strongly, or in which direction. That information has to come from examining the actual
counts, the component-contribution discussions earlier in Sections 3 and 4, or a graph of conditional
distributions.

Statistical significance is not the same as practical importance. With a large enough sample,
even a tiny, practically unimportant deviation from H, can produce a large x? and a rejected null.
For example, testing H, : p = 0.50 vs. H, : p # 0.50 for a two-category variable with n = 10,000 and
observed counts 5100 and 4900 (a shift of only one percentage point) gives expected counts of 5000
and 5000, so
9 1002 n (—100)?

5000 5000

Y =2.0+2.0 = 4.0,
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which exceeds the df = 1, a = 0.05 critical value of 3.841 — technically significant, even though a

shift from 50% to 51% may be of little practical consequence in most real contexts. Always report

and interpret the actual counts and proportions alongside the significance decision, not the decision

alone.

- GIAI THICH TIENG VIET
Ba luu y quan trong khi doc két qua x?: (1) Cé lién hé khéng déng nghia véi c6 quan hé
nhan qua (association is not causation) — chi khi bién giai thich duwoc gan ngau nhién (random
assignment) trong mot thi nghiém mai cé thé suy ludn nhan qua tir két qua cé y nghia théng
ké. (2) x2 16n chi cho biét c6 bang chirng chéng lai H,, khéng cho bi€t méi lién hé manh hay
yéu, theo chiéu nao — muén biét diéu do phai xem lai bang so liéu, cac component, hodc phan
phéi cé diéu kién. (3) V&i mau du 16n, ngay cd mot khac biét rat nho va khéng cé y nghia thuc
tién cling c6 thé cho ra két qua "cé y nghia théng ké&” (statistically significant) — luén bao cao
sO liéu thuc té di kém véi két luan, khéng chi riéng két luan reject/fail to reject.

8.5 Chi-square test for homogeneity

Independence and homogeneity share identical mechanics — the same expected-count formula and
thesame df = (r—1)(c—1) — but they arise from a different sampling design and answer a different
guestion. A homogeneity test begins with two or more separate populations or groups, samples
independently within each one, and classifies every individual on the same one categorical variable,
asking whether the groups share the same distribution of that variable. Comparative clinical trials,
comparisons of outcome rates across schools, hospitals, or factories, and before/after comparisons
of an intervention on separate cohorts are all classic homogeneity settings.

H,: the distribution of the categorical variable is the same across all populations/groups. H : at
least one population/group has a different distribution. Expected counts and d f are computed
exactly as for independence, using the row and column totals of the combined table.

8.5.1 Example: comparing three weight-loss diets

Vi du miu - Comparing three weight-loss diets

Independent random samples of n = 80 patients are assigned to each of three diets (A, B, C),
and each patient’s outcome after eight weeks is recorded. Test whether the outcome distri-
bution is the same across the three diets, at o = 0.05.

Diet Lostweight Nochange Gained weight Total

A 45 20 15 80
B 30 25 25 80
C 25 20 35 80
Total 100 65 75 240

State: H,: the distribution of weight-change outcome is the same for all three diets. H,: the
distribution of weight-change outcome differs for at least one diet. « = 0.05.

Plan: Chi-square test for homogeneity, df = (3 —1)(3 — 1) = 4. Random: patients were
independently randomly assigned/sampled within each diet group. 10%: each group of 80 is
a small fraction of all possible patients who could follow that diet. Expected counts: shown
below; the smallest is 21.67 > 5 — condition met.
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Diet Lost weight Nochange Gained weight

A 33.33 21.67 25.00
B 33.33 21.67 25.00
C 33.33 21.67 25.00

Do: Row-by-row components (O — E)?/E:
Diet A: 4.083 + 0.128 4+ 4.000 = 8.211 Diet B: 0.333 4+ 0.513 + 0.000 = 0.846

Diet C: 2.083 + 0.128 + 4.000 = 6.211
2 =8.211+ 0.846 + 6.211 ~ 15.27.

Conclude: With df = 4, the critical value at o = 0.05 is 9.488, and the critical value at o = 0.01
is 13.277. Since 15.27 > 13.277, P < 0.01, so reject H,: there is convincing evidence that
the distribution of weight-change outcome is not the same across the three diets. Diet A
produced far more “lost weight” results than expected under a common distribution (O = 45
vs. E = 33.33, component 4.08), while Diet C produced far more “gained weight” results than
expected (O = 35 vs. E = 25, component 4.00); together these two cells account for over half
of the total test statistic. Because patients were randomly assigned to diets in this design, this
result — unlike a purely observational independence test — does support the causal claim that
the choice of diet affects weight-change outcome, not merely that diet and outcome happen
to be associated.

. GIAI THICH TIENG VIET

Kiém dinh homogeneity dung céng thirc va cach tinh x?2, df giéng hét independence — diém
khac biét duy nhat ndm & thiét k& Iay mau: homogeneity bat dau tir nhiéu téng thé/nhém
riéng biét da biét trudc (vi du: ba nhém dugc gan ngau nhién vao ba ché dd &n khac nhau),
trong khi independence bat dau tir mét mau ngau nhién duy nhat réi méi phan loai theo hai
bién. Vi co ché tinh todn giéng nhau, mét sé sach goi chung ca hai 13 "kiém dinh hai chiéu”
(two-way table test).

8.5.2 Visualizing distributions before testing

As with independence, it helps to compare the conditional (row) distributions before formally testing
them. For the three-diet table:

Diet Lost weight No change Gained weight
A (of n = 80) 56.25% 25.00% 18.75%
B (of n = 80) 37.50% 31.25% 31.25%
C (of n = 80) 31.25% 25.00% 43.75%

Diet A’s row is noticeably shifted toward “lost weight” compared to the other two, and Diet
C’s row is noticeably shifted toward “gained weight." These visual differences in the conditional
distributions are consistent with — and foreshadow — the significant result the formal test produced:
a common underlying distribution across all three diets would be expected to make the three rows
of percentages look much more alike than they do here.
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Observed vs. expected counts of patients who lost weight, by diet, from the three-diet homogeneity example. Diet A
shows more “lost weight” patients than expected under a common distribution, and Diet C shows fewer.

8.6 Choosing the right chi-square test

The three tests use identical arithmetic once expected counts are found, so the decision of which
test applies rests entirely on the sampling design described in the problem.

- GIAI THICH TIENG VIET
Phan biét ba loai kiém dinh x2: Goodness of fit — MOT téng thé, MOT bién dinh tinh, so véi
mot phan phai giad thuyét cho truéc; Independence — MOT téng thé, HAI bién dinh tinh, héi cé
lien hé khong; Homogeneity — NHIEU téng thé/nhém (da I3y mau riéng biét), MOT bién dinh
tinh, hoi phan phéi c6 giéng nhau gitra cdc nhém khong. Céng thirc tinh todn (y?, expected,
cach so sanh df) giéng hét nhau & ca ba trudng hop; diém khac biét chi nam & cach dit cau
héi va cach 1ay mau (bao nhiéu téng thé, bao nhiéu bién).

Goodness of fit ( ( .
) . Independence Homogeneity

= p.opulatlon, L exiisigane] 1 population, 2 categorical > 2 populations/groups, 1
variable. . - .
c b q variables. categorical variable.

ompares oLserved cc.)unts Asks whether the two vari- Asks whether the groups
to a hypothesized distribu- . o
tion ables are associated. share the same distribution.
df =k—1 ‘dfz(r—l)(cfl) ) kdf:(r—l)(c—l)

The three chi-square tests, distinguished by how many populations are sampled and how many categorical variables are
recorded.

Scenario 1. A single random sample of 500 U.S. adults is classified by both political party (Democrat/Re-
publican/Independent) and opinion on a policy proposal (Support/Oppose/Undecided). — Indepen-
dence: one sample, two categorical variables recorded on the same individuals, asking whether party
and opinion are associated.

Scenario 2. A biologist wants to know whether the wing-color distribution of a butterfly popu-
lation matches the 9:3:3:1 ratio predicted by a genetic model; a sample of 250 butterflies is classified
by wing color. — Goodness of fit: one sample, one variable, compared against a distribution stated
in advance by the genetic model.

Scenario 3. Independent random samples of 150 students are drawn separately from three differ-
ent high schools, and each student is classified by preferred learning format (In-person/Online/Hybrid).
— Homogeneity: three separate populations (the three schools) sampled independently, each clas-
sified on the same one variable, asking whether the format preference distribution is the same across
schools.

Scenario 4. A national retailer wants to know whether the payment-method mix at its own
stores (Card/Cash/Mobile) matches the industry-wide proportions reported in a trade publication
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(55%, 25%, 20%). The retailer samples 300 transactions from its own stores only. — Goodness of
fit: even though the comparison is being made against an external, publicly reported benchmark,
there is still only one sample (the retailer’'s own transactions) and one categorical variable (payment
method), tested against a distribution stated in advance — not a comparison of several separately
sampled groups, so this is not homogeneity.

Test Sampling design H, compares df
Goodness of fit One random sample, one Observed distribu- &k —1
categorical variable tion vs. a stated
distribution
Independence One random sample, two The two variables (r—1)(c—1)
categorical variables VS. no association
between them
Homogeneity Independent samples from The distributions (r—1)(c—1)
> 2 groups, one categorical across groups
variable VS. one common
distribution

Side-by-side summary of the three chi-square procedures covered in this unit.

8.7 When conditions fail: combining categories

If any expected count in a chi-square table is below 5, the Large Counts condition is violated and the
chi-square approximation cannot be trusted as stated. Two standard remedies exist: collect more
data (a larger n raises every expected count proportionally) or, when that is not possible, combine
categories that are conceptually similar so that every resulting expected count reaches 5 or more.
Combining categories reduces the number of categories k (or the number of rows/columns), which
correspondingly reduces df.

Combining categories is a practical fallback, not a first choice. Whenever collecting a larger
sampleis realistic, doing so is preferable: a larger n raises every expected count in proportion without
discarding any of the original category structure or the detail it carries. Combining is reserved for
situations where some categories are inherently rare in the population (so that no sample of a realistic
size would ever push their expected counts to 5) or where gathering additional data is not practically
possible.

Vi du miu - Combining categories to fix a condition violation

A geneticist hypothesizes that eye color in a population follows Brown 45%, Blue 27%, Green
9%, Hazel 15%, Other 4%. In a sample of n = 50, the expected counts are Brown 22.5, Blue
13.5, Green 4.5, Hazel 7.5, Other 2.0 — Green and Other both fall below 5.

Remedy: combine Green and Other into a single “Green/Other” category. Its combined hy-
pothesized proportion is 9% + 4% = 13%, giving a combined expected count of 0.13 x 50 =
6.5 > 5; all four remaining categories now satisfy the condition, and df drops from 5 —1 =4
to4—-1=3.

Observed counts were Brown 20, Blue 15, Green 3, Hazel 9, Other 3; after combining,
Green/Otherhas O =3+3=6, FE = 4.5+ 2.0 =6.5.

(20 —22.5)2 (15—13.5)2 (9—17.5)2 (6—6.5)?
+ + +
22.5 13.5 7.5 6.5

With df = 3, the critical value at o = 0.05 is 7.815. Since 0.783 < 7.815, fail to reject H,: the
sample is consistent with the hypothesized (combined) eye-color distribution.

X* =

~ 0.278+0.167+40.3004-0.038 ~ 0.783.

The same remedy applies to two-way tables. Suppose a 2 x4 table testing independence between
class year (Underclass/Upperclass) and favorite elective among four choices has one column — say,
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“Foreign Language” — with very few students overall, giving expected counts below 5 in both rows of
that column. The fix is identical in spirit: merge the “Foreign Language” column with a conceptually
related column (for instance, another humanities elective) until every expected count in the merged
table reaches 5, updating d f from (2 —1)(4 — 1) = 3 before merging to (2 —1)(3 — 1) = 2 afterward,
since the table now has one fewer column.

(1) Léi thuong gdp: Chi gdp nhém khi cdc nhém cé y nghia hop ly dé gép chung (vi du: hai mau
mat hiém, hai mirc thu nhap lién k&) — khéng duoc gdp tuy tién chi dé "sira” cho expected > 5
néu viéc gop lam mat di thong tin quan trong cta cau héi nghién clru. Sau khi gop, phai nhé
cap nhat lai d f theo s6 nhdm mdi, va dién giai két luan theo ding cac nhém da gop.

Formula reference for this unit.

. O—E)?
Test statistic (all three tests): y2 = <7
( ): x § 7
Goodness of fit: £, =np,;, df =k—1.
. row total x column total
Independence / homogeneity: F;; = . , df=(r—1)(c—1).
n

Conditions for all three tests: Random; 10% (if sampling without replacement); every expected
count > 5.

8.8 Practice problems
8.8.1 Goodness-of-fit practice

Adie is rolled 120 times: observed face counts are 18,22, 19, 15, 25, 21. Test H,, : the die is fair
at a = 0.05.
(A) x* = 3.0,df = 5, critical = 11.070; fail to reject H,
reject H, (C) x? =6.0,df = 5; reject H,
(B) x% = 3.0, df = 6, critical = 12.592; fail to (D) x? = 3.0, df = 5; reject H,

| Loi giai chi tiét
A+4+1425+25+1 60

Expected each = 120/6 = 20. x? = 0= 3.0. df =6 —1 = 5;

20
critical value 11.070. Since 3.0 < 11.070 (in fact 3.0 is even below the a. = 0.10 critical value of
9.236, so P > 0.10), fail to reject H, — consistent with a fair die. (A).

Bai tap luyén tap

A retailer expects payment shares of Card 50%, Cash 30%, Mobile 20% among all transactions.
In a random sample of 150 transactions, observed counts are Card 84, Cash 40, Mobile 26. Test
H, at oo = 0.05.

(A) x? ~ 2.17, df = 2; fail to reject H,, (C) x? ~4.17,df = 2; reject H,,
(B) x? ~ 2.17, df = 3; fail to reject H, (D) x? ~ 2.17,df = 2; reject H,,
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Loi giai chi tiét
Expected: Card = 0.50(150) = 75, Cash = 0.30(150) = 45, Mobile = 0.20(150) = 30. x* =

P (=5 (-4

— =1. . . ~ 2.17. =3 — 1 = 2; critical val =0.
75+ 15 4 30 08 4+ 0.556 + 0.533 7.df =3 critical value at « = 0.05

is 5.991, and at o = 0.10 is 4.605; since 2.17 is below both, P > 0.10. Fail to reject H,,. (A).

Bai tap luyén tap

In a goodness-of-fit test with four categories, the individual components (O — E)?/E are
0.8,3.6,0.2,1.4. (a) What is x?? (b) With df = 3, is the result significant at « = 0.05? (c)
Which category contributed most to the test statistic?

Loi giai chi tiét
@x*=084+36+02+14=6.0. (b)df =4—1 = 3; critical value at o = 0.05 is 7.815,
and even at o = 0.10 it is 6.251; since 6.0 is below both, P > 0.10. Fail to reject H,. (c) The

category with component 3.6 contributed the most — it alone accounts for 3.6/6.0 = 60% of
the total statistic.

L

~ ~

Bai tap luyén tap

A sample of n = 40 is spread across five categories with hypothesized proportions
10%, 15%, 20%, 25%, 30%. Which of the following is true of the Large Counts condition for
a chi-square goodness-of-fit test here?
(A) All expected counts are > 5; condition the 10% category is only 4, below 5

met (C) Violated, because n < 50

(B) Violated, because the expected count for (D) Violated, because df < 4

Loi giai chi tiét
Expected counts: 0.10(40) = 4, 0.15(40) = 6, 0.20(40) = 8, 0.25(40) = 10, 0.30(40) = 12 (sum
= 40, checks out). The first category has expected count 4 < 5, so the Large Counts condition

is violated; categories would need to be combined (e.g., merge the 10% and 15% categories)
before proceeding. (B).

Bai tap luyén tap

Mendel’s dihybrid-cross model predicts a phenotype ratio of 9:3:3:1 (Round Yellow : Round
Green : Wrinkled Yellow : Wrinkled Green) among n = 160 offspring. Observed counts are
88, 34, 28, 10. Test whether the data are consistent with the 9:3:3:1 ratio at a = 0.05.

Loi giai chi tiet

State: H,: the phenotype ratio is 9:3:3:1, i.e. proportions 2, 3 3. L H : the ratio is not

9:3:3:1. a = 0.05.

Plan: Chi-square goodness-of-fit test, d f = 4—1 = 3. Random: assume offspring are a random
sample from the cross. 10%: 160 offspring are a small fraction of all possible offspring from
the cross. Expected counts: 160(-%) = 90, 160(5%) = 30, 160(<;) = 30, 160(75) = 10 — all > 5,
condition met.
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_2)2 42 (_2)2 02
Do 2= 27 & (227 0% st 05334 0.133 4 0 = 0.711.
a 90 307 30 10 + + +

Conclude: With df = 3, the critical value at & = 0.05 is 7.815, and even the o« = 0.10 critical
value is 6.251; since 0.711 is far below both, P > 0.10. Fail to reject H,: the data are consistent
with the 9:3:3:1 genetic ratio.

Bai tap luyén tap

A campus dining hall claims that lunch orders split Vegetarian 20%, Chicken 35%, Beef 30%,
Fish 15%. In a random sample of 200 orders, the observed counts are Vegetarian 34, Chicken
80, Beef 54, Fish 32. Test the dining hall's claim at o = 0.05.

Loi giai chi tiet

State: H,,: the true order proportions match the claim (20%, 35%, 30%, 15%). H,: at least one
proportion differs. o = 0.05.

Plan: Chi-square goodness-of-fit test, df = 4 — 1 = 3. Random: the 200 orders are a ran-
dom sample. 10%: 200 orders are less than 10% of a semester’s worth of orders. Expected:
0.20(200) = 40, 0.35(200) = 70, 0.30(200) = 60, 0.15(200) = 30 — all > 5, condition met.

—6)>  10*  (=6)* 22

Do: x? = (=6) + =0 + (=6) + 30— 0.900 + 1.429 + 0.600 + 0.133 ~ 3.06.

Conclude: With df = 3, the critical value at « = 0.05 is 7.815, and even at o = 0.10 it is 6.251;
since 3.06 is below both, P > 0.10. Fail to reject H,: the sample is consistent with the dining

hall’s claimed order distribution.

Bai tap luyén tap

A city traffic department claims that car accidents are equally likely to occur on any of the
seven days of the week. Records for a random sample of n = 350 accidents give the following
counts by day: Mon 42, Tue 40, Wed 45, Thu 48, Fri 65, Sat 70, Sun 40. Test the department’s
claim at o = 0.05.

,

State: H,: accidents are equally likely on each of the seven days (p, = % for each day). H,:
accidents are not equally likely across days. o = 0.05.
Plan: Chi-square goodness-of-fittest,df = 7—1 = 6. Random: the 350 accidents are a random
sample of all accident records. 10%: 350 accidents are less than 10% of all accidents that could
ever be recorded. Expected counts: 350/7 = 50 for every day, all > 5 — condition met.
Do:

—8)2 —10)? —5)2 —2)2 152 202 —10)2
o O (F102 (52 (227 152 202 (10)
50 50 50 50 50 50 50

= 1.28 +2.00 4 0.50 + 0.08 4 4.50 + 8.00 + 2.00 = 18.36.

Conclude: With df = 6, the critical value at o = 0.05 is 12.592, and at . = 0.01 is 16.812. Since
18.36 > 16.812, P < 0.01, so reject H: there is convincing evidence that accidents are not
equally likely across the days of the week — Friday and Saturday, in particular, show noticeably
more accidents than an equal-likelihood model predicts.
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8.8.2 Independence practice

Bai tap luyén tap

A 3 x 4 table of counts is analyzed for independence and x2,. = 15.2. What is d f, and what is
the conclusion at o = 0.05 (critical value 12.592)?

(A) df = 7; fail to reject (C) df = 12; fail to reject
(B) df = 6; reject H,, evidence of associa-
tion (D) df = 6; fail to reject

Loi gidi chi tiét
df =(r—1)(c—1) =(3—1)(4 —1) = 6. Since 15.2 > 12.592, reject H,: there is convincing
evidence of association between the two variables. (B).

Bai tap luyén tap

A survey classifies 180 people by exercise frequency (Low/Medium/High) and self-reported
stress level (Low/High), a 3 x 2 table. The computed chi-square statistic is x? = 8.44. What is
df, and what is the conclusion at o« = 0.05 (critical value at df = 2 is 5.991)?

(A) df = 2; reject H,, evidence of associa- (C) df = 6; fail to reject H,
tion
(B) df = 3; fail to reject H, (D) df = 2; fail to reject H,

Loi giai chi tiét
df = (3—1)(2—1) = 2. Since 8.44 > 5.991, reject H,: there is convincing evidence of an
association between exercise frequency and stress level. (Since 8.44 falls between the o =

0.025 critical value of 7.378 and the o = 0.01 critical value of 9.210, the exact P-value satisfies
0.01 < P < 0.025.) (A).

Bai tap luyén tap

A random sample of 200 shoppers is classified by preferred payment method (Card/Cash/Mo-
bile) and generation (Gen Z/Millennial/Gen X or older). Test whether payment method and
generation are associated, at o = 0.05.

Generation Card Cash Mobile Total
GenZ 35 15 20 70
Millennial 30 20 20 70
Gen Xorolder 25 15 20 60
Total 90 50 60 200

Lai giai chi tiét

State: H,: payment method and generation are independent. H,: payment method and gen-
eration are associated. o = 0.05.

Plan: Chi-square test for independence, df = (3 —1)(3 — 1) = 4. Random: the 200 shoppers
are a random sample. 10%: 200 shoppers are less than 10% of all shoppers. Expected counts:
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Gen Z: 31.5,17.5,21.0; Millennial: 31.5,17.5,21.0; Gen X or older: 27.0,15.0, 18.0 — smallest is
15.0 > 5, condition met.
Do:

, 352 (=25 (-1 (-15)?% 25% (-1)? (=2)? 0% 22

=315 175 T 21 T35 T1rsT 21 T2 Ti5tis

~ 0.389 4 0.357 + 0.048 4 0.071 + 0.357 4 0.048 + 0.148 4+ 0 + 0.222 ~ 1.64.

Conclude: With d f = 4, the critical value at o = 0.05 is 9.488, and even at o = 0.10 it is 7.779;
since 1.64 is well below both, P > 0.10. Fail to reject H,: no convincing evidence that payment
method and generation are associated.

Bai tap luyén tap

A survey of 400 respondents classified by education level (3 categories) and primary news
platform (5 categories) forms a 3 x 5 table. The computed chi-square statistic is y? = 22.1.
What is d f, and what is the conclusion at o = 0.05 (critical value at df = 8 is 15.507)?

X

(A) df = 8; reject H,, evidence of associa- (C) df = 8; fail to reject H,
tion
(B) df = 15; fail to reject H, (D) df = 12; reject H,

Loi giai chi tiet

df = (3—1)(b—1) = 8. Since 22.1 > 15.507, reject H,: there is convincing evidence of an
association between education level and primary news platform. (A).

Bai tap luyén tap

A random sample of 150 college students is classified by class year (First-year/Upperclass) and
car ownership (Yes/No). Test whether car ownership is associated with class year at o = 0.01.

Ownsacar Nocar Total

First-year 18 57 75
Upperclass 42 33 75
Total 60 90 150
(A) x? =16.0,df = 1; reject H, (C) x* =8.0,df = 1; reject H,
(B) x% = 16.0, df = 2; fail to reject H, (D) x? = 16.0, df = 1; fail to reject H,

Loi giai chi tiét
Expected counts (row totalxcol total/150): First-year-Owns = 30, First-year-No car = 45,
(—12)? 122 122 (—12)?

Upperclass-Owns = 30, Upperclass-No car = 45 (all > 5). x? = %0 T T
48+32+48+432=16.0.df = (2—1)(2—1) = 1; critical value at « = 0.01 is 6.635. Since
16.0 > 6.635, reject H: convincing evidence that car ownership is associated with class year.
(A).
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Bai tap luyén tap

A 2 x 3 table testing independence between smoking status (Smoker/Non-smoker) and pre-
ferred exercise type (Cardio/Strength/None) has expected counts 18,24, 8, 22, 26, 12. Are the
conditions for the chi-square test met? Explain.

Loi gidi chi tiét
Yes. All six expected counts (18, 24, 8, 22, 26, 12) are at least 5 — the smallest is 8. As long as
the data also came from a random sample (or randomized design) that is less than 10% of the
population when sampled without replacement, all three conditions for the chi-square test for
independence are satisfied.

Bai tap luyén tap

A two-proportion z-test on a 2 x 2 table gives z = 2.83. If the same data were analyzed as a
chi-square test, what would be the value of x? and its degrees of freedom?

(A) x?~8.01,df =1 (C) x? ~8.01,df =2
(B) x?~2.83,df =1 (D) x2~16.02,df =1

Loi giai chi tiét

-

Fora 2 x 2 table, x? = 22, s0 x? = 2.83%2 = 8.0089 ~ 8.01;df = (2—1)(2—1) = 1. (A).

Bai tap luyén tap

In the age-group/news-source example (Section 4), which single cell contributed the most to
the total chi-square statistic, and what does that indicate?

Loi giai chi tiet

The 18-34/social-media cell has the largest component, 22.50, out of the total y? ~ 69.87 —
about 32% of the entire test statistic on its own. This indicates that the youngest age group
relies on social media as its primary news source far more than an independence model would
predict (O = 70 vs. E = 40), and that this single cell is the main driver of the significant
association found in that example.

8.8.3 Homogeneity practice

Bai tap luyén tap

A researcher gives three different weight-loss diets to three independent groups of patients
and records, for each group, how many lost weight, stayed the same, or gained weight. Which
chi-square test applies, and why?

(A) Goodness of fit, because there is one (C) Homogeneity, because there are three
variable separate groups (populations) compared

(B) Independence, because there are two on one categorical variable

variables (D) No chi-square test applies; use a t-test
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Loi giai chi tiét

There are three separate populations/groups (the three diets), each measured on the same one
categorical variable (weight change category) — this is a comparison of distributions across
groups, i.e. a chi-square test for homogeneity. (C).

Bai tap luyén tap

Random samples of 100 patients each are drawn from three hospitals and classified by treat-
ment outcome (Improved/No change/Worsened), a 3 x 3 table. The computed chi-square
statistic is x2 = 10.9. What is df, and what is the conclusion at o = 0.05 (critical value at
df = 4is9.488)?

(A) df = 4; reject H,, evidence outcome dis- (C) df = 4; fail to reject H,
tributions differ

(B) df = 6; reject H, (D) df = 9; reject H,

Lai giai chi tiét

df =(3—1)(3—1) = 4. Since 10.9 > 9.488, reject H,: convincing evidence that the outcome
distribution differs across the three hospitals. (Since 10.9 falls between the o = 0.05 critical
value of 9.488 and the oo = 0.025 critical value of 11.143, 0.025 < P < 0.05.) (A).

Bai tap luyén tap

Independent random samples of 100 students each are drawn from three high schools and
classified by preferred elective category (STEM/Arts/Sports). Test whether the elective-
preference distribution is the same across the three schools, at o« = 0.05.

School STEM Arts Sports Total

A 40 25 35 100
B 55 20 25 100
C 30 40 30 100

Total 125 85 90 300

Lai giai chi tiét

State: H,: the distribution of elective preference is the same across the three schools. H,:
the distribution differs for at least one school. o = 0.05.
Plan: Chi-square test for homogeneity, df = (3—1)(3—1) = 4. Random: independent random
samples within each school. 10%: each sample of 100 is a small fraction of its school’s student
body. Expected counts: 125/3 ~ 41.67, 85/3 ~ 28.33, 90/3 = 30.00 for every school (row totals
are all 100) — smallest is 28.33 > 5, condition met.
Do:
,  (=1.67)%2 (=3.33)2 52 1333 (-8.33)2 (-5)2 (—11.67)> 11.67% 07
xX* = + + =+ + + + + + —
41.67 28.33 30 41.67 28.33 30 41.67 28.33 30
~ 0.067 + 0.392 + 0.833 4+ 4.267 4 2.451 + 0.833 + 3.267 + 4.804 + 0 ~ 16.91.

Conclude: With df = 4, the critical value at o = 0.05 is 9.488 (and at o = 0.01 is 13.277).
Since 16.91 > 13.277, P < 0.01, so reject H,: convincing evidence that elective preference
distribution differs across the three schools.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 AP Statistics - Trang 216



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

-

Bai tap luyén tap

Independent random samples of 60 trees each are taken from three separate forest plots (Plot
1, Plot 2, Plot 3), and each sampled tree is classified by health status (Healthy/Stressed/Dead).
(a) Which chi-square test is appropriate for comparing the three plots? (b) What are the degrees
of freedom?

Loi giai chi tiet

(a) There are three separate populations (the plots), each independently sampled and classified
on the same one categorical variable (health status), so a chi-square test for homogeneity
applies. (b)df = (3—1)(3—1) = 4.

Bai tap luyén tap

A study compares 4 independent groups on a 3-category outcome (a 4 x 3 table for homogene-
ity). If x? = 14.9, what is d f, and what is the conclusion at a = 0.05 (critical value at df = 6 is
12.592)?

(A) df = 6; reject H, (C) df = 6; fail to reject H,

(B) df = 12; fail to reject H, (D) df = T7; reject H,

Loi giai chi tiét
df =(4—1)(3—1) = 6. Since 14.9 > 12.592, reject H,,: convincing evidence that the outcome
distribution is not the same across the four groups. (A).

Bai tap luyén tap

Independent random samples of 50 employees from two companies (X and Y) are classified by
commute mode (Drive/Public transit/Walk-Bike). Test whether commute-mode distribution
is the same for the two companies, at o = 0.05.

Company Drive Transit Walk/Bike Total

X 30 12 8 50
Y 20 18 12 50
Total 50 30 20 100
(A) x? = 4.0, df = 2; fail to reject H,, (C) x? =8.0,df = 2; reject H,
(B) x? =4.0,df = 3; reject H, (D) x% = 4.0, df = 1; fail to reject H,,

Loi giai chi tiét
Expected counts (row total = 50 for each company): Drive = 25, Transit = 15, Walk/Bike = 10

. 52 (=3)2 (=22 (-5 3% 22
f h > 5). x2 == 7= T 15 = L0+0.
or both companies (all > 5). x 5 + z + 10 + 5F + T + 10 0+ 0.6 +
0441.0+06+04=40.df =(2—1)(3—1) = 2; critical value at o = 0.05 is 5.991, and at

a = 0.10 is 4.605; since 4.0 is below both, P > 0.10. Fail to reject H,,. (A).
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Bai tap luyén tap

Independent random samples of 40 adults under age 40 and 40 adults aged 40 or older are
classified by preferred beverage (Coffee/Tea/Neither). Test whether the beverage-preference
distribution is the same for the two age groups, at o = 0.05.

Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Age group Coffee Tea Neither Total
Under 40 25 10 5 40
40 or older 15 15 10 40
Total 40 25 15 80

(C) x? ~ 10.33, df = 2; reject H,,
(D) x% ~ 5.17, df = 1; fail to reject H,

(A) X2 ~ 5.17, df = 2; fail to reject H,,
(B) x? ~ 5.17,df = 3; reject H,

Loi giai chi tiét
Expected counts (row totals equal 40): Coffee = 40(40)/80 = 20, Tea = 40(25)/80 = 12.5,
52 N (—2.5)? N
20 12.5

= 1254+ 0.5+ 0.833 +1.25 + 0.5 + 0.833 ~ 5.17. df =

7.5 ) )
(2—1)(3—1) = 2; critical value at o = 0.05 is 5.991. Since 5.17 < 5.991, fail to reject H, — a
close call, since 5.17 falls between the o = 0.10 critical value (4.605) and the o = 0.05 critical
value (5.991), so 0.05 < P < 0.10. (A).

Neither = 40(15)/80 = 7.5, the same for both age groups (all > 5). x? =
(=2.5)2  (=5)2  2.5? N 2.52

8.8.4 Choosing the correct test

Bai tap luyén tap

A single random sample of 500 registered voters is classified by political party and by their
opinion on a ballot measure. Which chi-square test applies?

(A) Goodness of fit (C) Homogeneity

(B) Independence (D) No chi-square test applies

Loi giai chi tiét
One sample, two categorical variables measured on the same individuals, asking whether they
are associated: Independence. (B).

Bai tap luyén tap

A biologist samples 250 butterflies and classifies each by wing color, to check whether the color
distribution matches a genetic model’s predicted proportions. Which chi-square test applies?

(A) Goodness of fit
(B) Independence
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Loi giai chi tiét

One sample, one categorical variable, compared to a distribution specified in advance (the
genetic model): Goodness of fit. (A).

Bai tap luyén tap

Independent random samples of 200 patients are drawn from each of four different hospitals
and classified by satisfaction level (Low/Medium/High). Which chi-square test applies?

(A) Goodness of fit (C) Homogeneity

(B) Independence (D) No chi-square test applies

Lai giai chi tiét

Four separate populations (hospitals), each independently sampled, classified on the same one
categorical variable, asking whether the distributions match across hospitals: Homogeneity.
(C).

8.8.5 Conditions and extra practice

Bai tap luyén tap

A goodness-of-fit test has hypothesized proportions 5%, 10%, 15%, 30%, 40% and a sample
size of n = 45. Which categories, if any, violate the expected-count condition?

(A) None; all expected counts are > 5 (C) Only the 5% category
(B) The 5% and 10% categories, with ex-
pected counts 2.25 and 4.5 (D) All five categories

Lai giai chi tiét

Expected counts: 0.05(45) = 2.25, 0.10(45) = 4.5, 0.15(45) = 6.75, 0.30(45) = 13.5, 0.40(45) =
18 (sum = 45). Both 2.25 and 4.5 are below 5, so those two categories violate the condition
and should be combined with a neighboring category before testing. (B).

Bai tap luyén tap

Explain why the chi-square statistic squares each deviation (O — E) instead of simply summing
the deviations directly. Address what would happen to ) (O — E) if it were used as the test
statistic instead.

Lai giai chi tiét

Expected counts are built from the same totals (sample size n, and for independence/homo-
geneity, the same row and column totals) as the observed counts, so > (O — E) = 0 for every
table — positive and negative deviations always cancel exactly, no matter how well or badly H,,
fits the data. Squaring each deviation makes every term non-negative, so genuine mismatches
accumulate rather than canceling out, and it penalizes larger deviations more than proportion-
ally (a deviation twice as large contributes four times as much). Dividing each squared devia-
tion by E then standardizes it relative to the size of the expected count, so the same absolute
miss counts for more when E is small than when E is large.
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Bai tap luyén tap

As the degrees of freedom of a chi-square distribution increase, the shape of the curve:

(A) Becomes more strongly right-skewed (C) Becomes left-skewed

(B) Becomes more symmetric and bell-
shaped, with its peak shifting to the right (D) Stays exactly the same regardless of d f

Loi gidi chi tiét
A chi-square variable with df = k is the sum of k£ independent squared standard-normal vari-
ables. As k grows, the Central Limit Theorem pulls the sum’s distribution toward a symmetric,

approximately normal shape, and the mean of the distribution (which equals d f) shifts right-
ward. (B).

Bai tap luyén tap

A random sample of 120 students is classified by whether they eat breakfast regularly (Yes/No)
and whether they pass a morning fitness test (Pass/Fail). Test whether breakfast consumption
is associated with passing the fitness test, at a = 0.01.

Pass Fail Total

Breakfast: Yes 45 15 60
Breakfast: No 25 35 60

Total 70 50 120

Loi giai chi tiet

State: H: regular breakfast consumption and passing the fitness test are independent. H:
they are associated. o = 0.01.
Plan: Chi-square test for independence, df = (2 —1)(2 — 1) = 1. Random: the 120 students
are a random sample. 10%: 120 students are less than 10% of all students. Expected counts:
row total = 60 for both groups, so expected = 35.0 (Pass) and 25.0 (Fail) for both breakfast
groups — all > 5, condition met.
Do: , 102 (=102 (-10)* 107

X = 35 aln 95 ol 35 ol o5 2.857 +4.0 + 2.857 + 4.0 ~ 13.71.

Conclude: With df = 1, the critical value at & = 0.01 is 6.635. Since 13.71 > 6.635, reject
H,: convincing evidence that regular breakfast consumption is associated with passing the
morning fitness test.

Bai tap luyén tap

A statistics software program reports x> = 9.50, df = 3, P-value = 0.0234 for a chi-square
test. (a) Using oo = 0.05, what is the conclusion? (b) Show that this P-value is consistent with
where x? = 9.50 falls in the critical-value table.

Loi giai chi tiét
(@) With df = 3, the critical value at o« = 0.05 is 7.815. Since 9.50 > 7.815, reject H,. (b) With
df = 3, the critical values are 6.251 (o = 0.10), 7.815 (o = 0.05), 9.348 (o = 0.025), and 11.345
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(o = 0.01). Since 9.348 < 9.50 < 11.345, the true P-value must lie between 0.01 and 0.025 —
consistent with the software’s reported value of P = 0.0234.
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AP - ADVANCED PLACEMENT - COLLEGE BOARD . Unit 9

Inference for Quantitative Data: Slopes

Muc tiéu Unit: Diéu kién LINER cho héi quy tuyén tinh (doc bi€éu dé phan du va Normal probability
plot); ki€ém dinh va khoang tin cay ¢ (mot dudi va hai dudi) cho hé sé goc 3, clia dudng héi quy tong thé,
df = n — 2; doc va khai thac day du bang két qua hoi quy (computer regression output: by, by, SE, , s,
R-sq, T, P); lién hé v&i ky thuat bién d8i dir liéu (transformation) da hoc & Unit 2 khi diéu kién Linear
khong thoa.

Unit 9 closes the course by returning to the least-squares regression line of Unit 2 and asking
an inference question: does the linear pattern seen in this sample provide convincing evidence of a
genuine linear relationship in the population, or could the observed slope simply be due to sampling
variability? The mechanics are strikingly close to the one-sample ¢t-procedures of Unit 7 — the same
statistic-over-standard-error structure, the same ¢-distribution, the same four-step write-up — but
applied to a new parameter, the population slope 3, and gated by a new set of conditions, LINER.
By the end of the unit, a full computer regression printout — a wall of numbers to an untrained eye —
should read as fluently as a one-sample ¢-test summary: parameter, statistic, standard error, degrees
of freedom, and conclusion. The unit also closes the loop back to Unit 2's least-squares line and Unit
3's study-design vocabulary, and forward to the kind of reasoning used in any applied field that fits
a line to data — economics, medicine, environmental science, and beyond.

9.1 The four-step framework for slope inference

Every inference procedure in this course, from a one-proportion z-test in Unit 6 to a chi-square
test in Unit 8, is organized the same way. Slope inference is no exception: the parameter changes
to 3,, the standard error changes to SE, , and the degrees of freedom change to n — 2, but the
underlying logic — state a hypothesis or confidence level, plan a procedure and check conditions, do
the calculation, and conclude in context — never changes.

The four-step framework, applied to slopes

e State: identify the parameter (3,, the true slope of the population regression line), the
hypotheses H,, : 3, = 0 vs. an appropriate H, (for a significance test), or the confidence
level C% (for an interval), and the significance level « if one is given.

e Plan: name the correct inference procedure (a ¢-test or ¢t-interval for a slope) and verify the
LINER conditions using a scatterplot, a residual plot, a Normal probability plot of residuals,
and a description of how the data were produced.

by —0

SEy,

(for a test), or the interval b, +t*SEy, (for a confidence interval), reading b, and SE, directly

from computer output rather than computing them by hand.

¢ Do: if conditions are reasonably met, compute the test statistict = withdf =n—2

e Conclude: state the decision — reject or fail to reject H,, or report and interpret the interval
— in a full sentence, in the context of the problem, in terms of ;. Never write "accept H,,,’
and never claim certainty.
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GIAI THICH TIENG VIET
B&n buéc State - Plan - Do - Conclude ap dung cho MOI bai suy dién théng ké trong chuong
trinh, ké ca suy dién vé hé s goc 3,: State néu tham s6 can suy dién, gia thuyét (hoic do tin
cay mong mudn); Plan chon duing thua tuc (¢-test hoic t-interval cho slope) va kiém tra da diéu
kién LINER; Do thyc hién phép tinh (¢ hodc khoang tin cay) dua trén b,, SE, doc truc tiép tir
bang computer output, KHONG tu tinh tay; Conclude két luan bing cau vin day du, gin voi
nglr canh dé bai, khéng bao gi& viét "accept H,” hay khang dinh chac ch3n tuyét déi.

On the free-response portion of the exam, each of the four steps typically corresponds to a
specific piece of credit that a reader looks for: a correctly identified parameter and hypotheses
(State), a named procedure with conditions checked (Plan), correct mechanics (Do), and a contextual
conclusion linked back to the P-value or interval (Conclude). Skipping the Plan step — jumping
straight to a calculation — is one of the most common ways a response loses credit, even when the
arithmetic itself is entirely correct; naming the procedure and at least gesturing at LINER is worth
doing even under time pressure.

The parameter-statistic pattern below should look familiar from every inference unit so far —
only the symbols and the standard-error formula change:

Population parameter Sample statistic Where it was introduced
D D Unit 6, one proportion
x Unit 7, one mean

Unit 9, slope of the population regression
line

I
A

(=l
[l

Response variable (y)

Temperature (x)

A strong, positive, linear scatterplot with no visible curve is the starting point for slope inference. The Linear and part of
the Random/Independent conditions can already be judged from this plot and the study design; Equal SD and Normal
residuals require the residual plot and Normal probability plot of Section 9.2.

A first four-step significance test

A biology class records the chirp rate (y, chirps per minute) of n = 14 crickets along with the
ambient temperature in °F (x). Computer output for the regression of chirp rate on tempera-
ture:

Predictor Coef SE Coef

Constant  —70.5 18.9
Temp 3.75 0.62

Conditions have been checked and are satisfied. Test, at « = 0.05, whether temperature is a
useful linear predictor of chirp rate.

State: let 3, be the true slope of the population regression line relating chirp rate to tempera-
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ture. H, : 5, = 0 (no linear relationship) vs. H,, : 3, # 0; o = 0.05.
Plan: a ¢-test for the slope. LINER conditions are given as satisfied,sodf = n—2 = 14—2 = 12.
Do:

f_bh—=0_ 375
- SE, 062

The two-sided critical value at & = 0.05 with df = 12 is t* = 2.179.

Conclude: since 6.05 > 2.179 (equivalently P < 0.05), reject H,: there is convincing evidence
of a linear relationship between temperature and chirp rate. Because b; = 3.75 > 0, the
association is positive — warmer temperatures are linked to a higher chirp rate, on average.
(This kind of relationship is well documented in entomology, sometimes called Dolbear’s Law
after an 1897 study of exactly this pattern.)

6.05.

9.2 Conditions for regression inference

Before any t-test or t-interval for 5, can be trusted, the data must plausibly have come from the
population regression model

y:BO+6lx+67

where ¢ represents random scatter of individual y-values about the true population line. The sample
regression line y = b, + b,z is only an estimate of this unknown population line, built from one
particular sample; b, and b, are statistics that vary from sample to sample, just like z or p vary from
sample to sample. Whether that variability behaves the way the ¢-procedures assume depends on
five conditions, remembered by the acronym LINER.

The population regression model is y = S, + 5,2 + . Conditions (LINER): Linear relation-
ship (scatterplot and residual plot show no curve); Independent observations (10% condition);
Normal residuals (especially important for small n); Equal standard deviation of residuals across
all z (no fan/funnel shape); Random sample or random assignment.

- GIAI THICH TIENG VIET
Ghi nhé diéu kién hoi quy bang LINER: Linear (thang), Independent (doc 1ap), Normal (phan dw
gan chuan), Equal SD (phuong sai phan du déu), Random (ngau nhién). Ludn kiém tra biéu do
phan du: néu cé hinh cong — vi pham Linear; néu dd trai phan du tang/gidm dan theo x (hinh
loa) — vi pham Equal SD.

Each letter protects a different piece of the inference machinery. If Linear fails, the straight-
line model itself is the wrong description of the relationship, so a slope b, is not even measuring
something meaningful. If Independent or Random fail, the sampling-distribution theory behind SE,,
no longer applies, and any P-value or confidence level is unreliable, regardless of how large ¢ turns
out to be. If Normal or Equal SD fail badly, the t-distribution is a poor model for how b, actually varies
from sample to sample, especially when n is small — though, as with the one-sample ¢-procedures of
Unit 7, larger sample sizes make the test more robust to mild skewness in the residuals. Because the
five conditions protect different parts of the argument, a full LINER check should never be shortened
to "conditions are met” without naming which evidence (which plot, which fact about the design)
supports each letter.
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Condition How it is checked Consequence if violated
Linear Scatterplot and residual plot show The straight-line model misrepresents
no curve the relationship; b; does not summarize

it meaningfully
Independent  10% condition; description of how Standard error formulas underestimate

the data were produced true variability; overly narrow intervals,
misleadingly small P-values
Normal Normal probability plot of residuals  The ¢-distribution is a poor model for b,
is roughly linear especially with small » (less serious as n
grows)
Equal SD Residual plot shows roughly con- SEbl, which assumes constant spread
stant vertical spread (no fan) at every z, becomes inaccurate
Random Random sample or random assign-  Sampling-distribution theory does not
ment described apply; conclusions cannot be general-

ized beyond the data at hand

(1) L6i thuong gap: Independent va Random tuy déu lién quan dén cach thu thap dir liéu nhung
hoi hai cau khac nhau: Random hoi "d{r liéu cé dugc 1dy mau ngiu nhién (hodc xtr ly c6 phan
ngau nhién) hay khong” — néu KHONG, két luan khong thé suy rong ra tdng thé; Independent
(10% condition) hdi "mau c6 nhé hon khoang 10% téng thé khong” khi 1y mau khéng hoan
lai — néu mau qua I6n so véi téng thé, cac quan sat khéng con gan nhu doc 1ap véi nhau. Hai
diéu kién nay can dugc néu va kiém tra RIENG BIET, khong gép chung thanh mot cau.

9.2.1 Checking LINER with residual plots and Normal probability plots

Two graphs do almost all the diagnostic work: a residual plot (residuals on the vertical axis, = or
7 on the horizontal axis) checks Linear and Equal SD simultaneously, while a Normal probability
plot of the residuals checks Normal. Independent and Random are judged from how the data were
collected, not from a plot.

Building a residual plot from raw data. A tutor records the number of study sessions attended
(x) and quiz score out of 50 (y) for n = 8 students, and fits § = 20 + 3.

x yl(observed) ¢ =20+ 3z residual=y—y
1 24 23 1

2 27 26 1

3 28 29 -1

3 31 29 2

4 33 32 1

5 34 35 -1

6 39 38 1

7 40 41 -1

Each residual is computed as observed y minus predicted y; plotting these eight (z, residual) points
is exactly what produces a residual plot. Here the residuals bounce between about —1 and 2 with no
upward or downward trend and no curve — the pattern that supports Linear and Equal SD. Software
builds the same plot automatically from a much larger data set, but the underlying idea (subtract,
then plot) never changes.

residual °
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The residual plot built directly from the table above: no curve, no trend, roughly constant spread — exactly the pattern

LINER requires.

Checking LINER: employees and monthly sales

A regional manager regresses monthly sales (y, in thousands of dollars) on the number of em-
ployees (z) for a random sample of n = 18 stores, representing less than 10% of all the com-
pany'’s stores. Two diagnostic plots are produced.

residual residual

Normal score

Left: residual plot — random scatter about zero, no curve, roughly constant spread. Right: Normal probability plot
of the same residuals — points fall close to a straight diagonal line.

Determine whether inference for the slope is appropriate.

State: the LINER conditions must be checked before trusting any ¢-test or ¢-interval for ;.
Plan: examine the residual plot for curvature (Linear) and changing spread (Equal SD); examine
the Normal probability plot for departures from a straight line (Normal); use the description of
the study for Independent and Random.

Do: the residual plot shows points scattered randomly above and below zero with no curved
pattern and roughly the same vertical spread across all z — Linear and Equal SD both look sat-
isfied. The Normal probability plot is close to a straight diagonal line, with no strong curvature
at the ends — Normal is reasonably satisfied. The stores were randomly sampled and are fewer
than 10% of all stores — Independent and Random are satisfied.

Conclude: all five LINER conditions are reasonably met, so it is appropriate to carry out ¢-based
inference for the slope 3, in this setting.

Checking LINER: a funnel-shaped residual plot

A different study regresses a car’s stopping distance (y) on its speed (x) for n = 24 test runs. The
residual plot shows residuals clustered tightly near zero for low predicted values, but fanning
out much farther from zero as the predicted value increases; no curved pattern is visible, and
a Normal probability plot of the residuals looks reasonably straight.

State/Plan: check LINER, focusing on the shape of the spread in the residual plot.

Do: no curvature in the residual plot = Linear is satisfied; a fan/funnel shape (spread increasing
with z) = Equal SD is violated; a roughly straight Normal probability plot = Normal is satisfied.
Conclude: because Equal SD fails, the standard SEb1 formula (which assumes constant residual
spread at every z) is not trustworthy here. Before performing ¢t-based inference for the slope,
a transformation of y (for example, a log or square-root transform, as in Unit 2) that stabilizes
the spread should be tried.

Thay Tudong 0332747 169 -

(') LOi thu’o'ng gap Mot hinh cong (curved pattern) trong residual plot luén cé nghia vi pham
Linear, BAT KE dé trai (spread) clia cac diém cé déu hay khong. Nguoc lai, hinh loa (fan/funnel
shape) — do trai tang hoidc giam dan theo z — 13 vi pham Equal SD, chit KHONG phai Linear.
Day 13 hai 16i khac nhau, dé nham Ian khi mé ta biéu d6 phan du. Khi mé ta mét residual plot
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trén bai thi, luén ndi ré CA HAI dic diém — hinh dang (cé cong hay khong) VA do trai (déu hay
loa) — vi mbi dic diém &rng vé&i mot diéu kién LINER riéng biét.

9.3 Inference for the slope j,

If LINER holds, the sample slope b, behaves like any other statistic used earlier in the course: across
repeated random samples of size n, the values of b, form an approximately Normal sampling distri-
bution centered at the true population slope 3, with some standard error SE, that measures how
much b, bounces around from sample to sample. Because the population standard deviation of the
residuals is essentially never known, SEb1 is estimated from the data, and the resulting standard-
ized statistic follows a ¢-distribution rather than a standard Normal distribution — exactly as in the
one-sample ¢-procedures for a mean. Intuitively, each parameter estimated from the same data set
"uses up” one degree of freedom: a one-sample ¢t-procedure for i has df = n — 1 because only z is
estimated, while slope inference has df = n— 2 because both b, and b, are estimated from the same
n pairs of data before any residual can even be computed.

H, : 5, = 0 (no linear relationship) is tested with

~ SE,’

df =n—2,

where b, (sample slope) and SEb1 are read from computer regression output. A Cl for j;:
by £t"SE, ,df =n—2.

GIAI THICH TIENG VIET

Phan phdi miu cua b, (hé s& géc mau) cé tam tai 5, (hé s6 gdc that cua téng thé) khi cac diéu
kién LINER dugc thoa man. SE, do do dao dong clia b, gitta cac mau ngau nhién khac nhau

cing c&n — ludn LAY TU bang computer output, khéng tu tinh tay trong hau hét cac bai. Théng

~ g . b _0 ~ ~ . A ~ 2. g 2 x N
ké kiém dinh ¢ = éE dung df = n — 2 (mat hai bac tu do vi phai uéc lvgng ca b, lan b, tur
by

cung mot bo dir liéu).

In this context, the P-value answers a specific question: if the true slope 3, really were 0 (no
linear relationship), how likely is it that a random sample of this size would produce a sample slope
b, as far from 0 as — or farther than — the one actually observed? A small P-value means such an
extreme sample slope would be unlikely under H;, which counts as evidence against H; it is not, by
itself, a statement about the size or practical importance of the relationship.

Hours studied and exam score

A regression of exam score on hours studied (n = 12) gives computer output:

Predictor Coef SE Coef

Constant 584 3.10
Hours 4.8 1.2

Test Hy: 8, =0vs. H, : 5, # 0 at a = 0.05, and give a 95% Cl for ;.

State: H, : 5, =0, H, : f; # 0, a = 0.05, where 3, is the true slope relating exam score to
hours studied.

Plan: a t-test for the slope (LINER conditions assumed satisfied); df =n —2 =12 — 2 = 10.
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Do:
48

=15 =
Conclude: Since 4.0 > 2.228, P < 0.05: reject H, — convincing evidence of a linear relationship
between hours studied and exam score.

t 40, 10 ao.0s = 2:228.

For the confidence interval (same conditions, df = 10, t* = 2.228 for 95% confidence):
4.8 4+2.228(1.2) = 4.8 + 2.67 = (2.13, 7.47).

We are 95% confident that, on average, each additional hour of study is associated with an
increase in exam score of between 2.13 and 7.47 points.

(1) L6i thueng gap: Khéng dung cong thirc tha cong cho SE, tru khi dé yéu cau — hau hét
bai AP cho s&n bang computer output; chi can |3y ding b, va SE, tubangvanhddf=n—2
(khac vai kiém dinh trung binh dung df = n — 1).

Is a specific slope value plausible? A confidence interval can also assess claims other than "3, =
0.” Using the 95% CI from the example above, (2.13, 7.47): is it plausible that the true slope is exactly
5 points per hour of study? Since 5 lies inside (2.13, 7.47), this value is plausible — a two-sided test
of H, : 5; = 5 would fail to reject at a = 0.05. Is a slope of exactly 1 point per hour plausible? Since
1 lies outside (2.13, 7.47), it is not plausible — a test of H, : §; = 1 would reject at & = 0.05. A
confidence interval is really a whole collection of plausible hypothesized values, not just a check on
whether 0 is one of them.

9.3.1 A one-sided significance test from computer output

Not every slope test is two-sided. When a researcher has a directional claim in mind before collecting
data — "more of z is linked to more y,” or "more of x is linked to less yy” — the alternative hypothesis is
one-sided, and the critical value comes from a single tail of the ¢-distribution rather than being split
between two tails. Choosing the direction of H, must happen before looking at the data; it should
follow from the research question, not from whichever way the sample slope happened to point.

One-sided test: advertising hours and weekly sales

A retailer wants to know whether more hours of local TV advertising per week (x) are asso-
ciated with higher weekly sales (y, in thousands of dollars), based on n = 17 weeks of data.
LINER conditions have been checked and are satisfied. Computer output:

Predictor Coef SE Coef

Constant 124 5.30
Ad Hours 2.15 0.82

Test at aw = 0.05 whether there is convincing evidence of a positive linear relationship.

State: H, : 5, =0vs. H, : 5; > 0, a = 0.05, where 3, is the true slope relating weekly sales
to advertising hours.

Plan: a ¢-test for the slope; conditions are given as satisfied; df = 17 — 2 = 15.

Do:
o 2.15 9.6
o082 T

The one-sided critical value at « = 0.05 with df = 15 is t* = 1.753.
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Conclude: since 2.62 > 1.753 (so P < 0.05), reject H,,: there is convincing evidence that more
advertising hours are associated with higher weekly sales, on average.

(') L6i thueng gap: Voi kiém dinh mot dudi (one-sided), phai dung duing gia tri t* & cot dién
tich mét dudi twong (ang o (khéng chia déi a nhu ki€ém dinh hai duéi). Déng thoi huéng cla
H, (> 0 hay < 0) phai khdp véi dau cua b, quan sat dugc — néu b, trai dau véi H,, két luan
ngay lap tiec |a fail to reject H, ma khong can tinh .

9.3.2 Bounding the P-value from the ¢-table

Many AP problems supply a printed ¢-table rather than an exact calculator P-value. The required
skill is to locate |t| between two adjacent critical values in the table and report the resulting bound
on P, then compare that bound to a.

Bounding a P-value from the table

For a regression with n = 20 (df = 18), a slope test gives t = 2.35. Using the one-tail crit-
ical values for df = 18 (0.10, 0.05, 0.025, 0.01, 0.005 areas: 1.330, 1.734, 2.101, 2.552, 2.878),
bound the P-value and state the two-sided conclusion at o = 0.05.

Since 2.101 < 2.35 < 2.552, the one-tail area satisfies 0.01 < P, ...i; < 0.025; doubling for
a two-sided test, 0.02 < P < 0.05. Because this entire range lies below o = 0.05, reject
H, : B, = 0 even without an exact P-value from software.

¥ t
—2.582101 2. 1728552
The bell-shaped t-distribution (d f = 18, shown for shape). The observed t = 2.35 lies between the tabulated critical
values 2.101 (one-tail area 0.025) and 2.552 (one-tail area 0.01), so the one-tail P-value is bounded between 0.01 and

0.025.

A one-tailed bound. The same idea works for a one-sided test. Suppose df = 25 and a slope test
givest = 1.95, with H, one-sided. The one-tail critical values ford f = 25are 1.316, 1.708, 2.060, 2.485, 2.787
(areas 0.10,0.05,0.025,0.01,0.005). Since t = 1.95 exceeds 1.708 (the critical value for one-tail area
0.05) but not 2.060, the one-tail P-value satisfies 0.025 < P < 0.05; because ¢ is already beyond the
0.05 cutoff, P < 0.05, so a one-sided test at a = 0.05 would reject H,,.

9.3.3 Recognizing calculator output (LinRegT Test)

Besides the Predictor/Coef/SE Coef table used by statistical software, the exam and most graph-
ing calculators also present slope-inference results in a compact vertical format, typically labeled
LinRegTTest. The pieces are identical to a table printout — only the layout changes. Both formats
report the same underlying quantities because both come from the same least-squares calculation;
a student who can read one fluently should expect to recognize the other on sight, without needing
to relearn the procedure.
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Calculator-style output: practice time and typing speed

A regression of typing speed (y, words per minute) on weeks of practice (x) for n = 11 students
(LINER conditions satisfied) gives the following calculator output:

LinRegT Test

y=a-+bx
B#0andp#£0

t =3.41
df =9

a = 18.6
b =24

S =4.85
r? = 0.564
r =0.751

Test Hy: 5, =0vs. H, : 5, # 0at a = 0.05.

State: H, : 5, =0, H, : f; # 0, a = 0.05, where j3, is the true slope relating typing speed to
weeks of practice.

Plan: a ¢-test for the slope; LINER given as satisfied; the calculator confirms df = n — 2 =
11—-2=09.

Do: the calculator already reports ¢ = 3.41. The two-sided critical value at & = 0.05, df = 9, is
t* = 2.262.

Conclude: since 3.41 > 2.262, reject H,: convincing evidence of a linear relationship between
weeks of practice and typing speed. The positive r = 0.751 matches the positive slope b = 2.4,
and 72 = 0.564: about 56.4% of the variability in typing speed is explained by weeks of practice.

9.4 Confidence interval for the slope 3,

A significance test only answers a yes/no question — is 3, different from 0? — while a confidence in-
terval estimates how large the true slope plausibly is, which is often the more useful piece of informa-
tion in context (for example, a range of plausible dollar increases in revenue per dollar of advertising,
rather than just "the effect is nonzero”).

A confidence interval for the true slope 3, has the same general form as every interval in this
course — statistic + (critical value) x(SE of the statistic):

blj:t*SEbl, df:n_Q,

where t* is the two-sided critical value for the stated confidence level. The interval is inter-
preted exactly like any other Cl: "We are C% confident that the interval from ___to___ captures
the true population slope 3, .’

GIAI THICH TIENG VIET
m%c“mg thirc khoang tin cady cho 3, dung ding "khung sudn” cta MOI khoang tin cay trong
chuong trinh: statistic + critical value x SE. VGi slope: b, £ t*SE, , df = n —2, vat* lubn
13y tir cot hai dudi (two-sided) du bai ki€ém dinh lién quan c6 thé mét dudi. Dién giai luén theo
mau: "Chung ta tin twéng C% rang khodng tlr ___ dén ___ chira gia tri 5, that cta téng thé” —

KHONG dugrc néi vé xac suat ctia 3, (d6 1a mot hing s6 c6 dinh, khong phai bién ngau nhién).
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9.4.1 The link between the two-sided test and the confidence interval

From a confidence interval to a test decision

A 95% confidence interval for 3,, computed from a regression of plant height on fertilizer
dose, is (0.8, 3.4). Without repeating the ¢-test, what would a two-sided test of H;, : 5; = 0
vs. H, : B; # 0 conclude at a = 0.05?

A C% confidence interval and a two-sided test at « = 1 — C' always agree: if the hypothesized
value (0) falls outside the interval, the corresponding test rejects H, at that «; if 0 falls inside
the interval, the test fails to reject H,. Here 0 is not contained in (0.8, 3.4), so a two-sided test
at o = 0.05 would reject H,: there is convincing evidence of a nonzero slope.

9.4.2 A 90% confidence interval from computer output

90% Cl: daily exercise and resting heart rate

A researcher randomly samples n = 22 adults (fewer than 10% of the adult population) and
regresses resting heart rate (y, in beats per minute) on average daily exercise time (z, in min-
utes). A scatterplot shows a linear, negative trend; the residual plot shows random scatter
with roughly constant spread and no curve; a Normal probability plot of the residuals is ap-
proximately linear. Computer output:

Predictor Coef SE Coef

Constant  88.6 3.40
Exercise —0.42 0.11

Construct and interpret a 90% confidence interval for ;.

State: let 3, be the true slope relating resting heart rate to daily exercise minutes; construct a
90% confidence interval for 3.

Plan: a t-interval for the slope. LINER: Linear — the scatterplot is linear with no curve;
Independent — n = 22 is less than 10% of all adults; Normal — the Normal probability plot
is roughly linear; Equal SD — the residual plot shows constant spread; Random — the sample
was randomly selected. All conditions are satisfied, so df = 22 — 2 = 20.

Do: the two-sided critical value for 90% confidence with df = 20 is t* = 1.725.
—0.42 4+ 1.725(0.11) = —0.42 + 0.190 = (—0.610, —0.230).

Conclude: we are 90% confident that, on average, each additional minute of daily exercise is
associated with a decrease in true mean resting heart rate of between 0.230 and 0.610 beats
per minute.

Confidence level and interval width. As with every confidence interval in this course, a higher
confidence level requires a larger critical value t*, which widens the interval. Using the exercise/heart-
rate data above (b, = —0.42, SE, = 0.11,df = 20): a 90% Cl uses t* = 1.725 (margin of error 0.190),
while a 99% CI would use t* = 2.845 (margin of error 2.845(0.11) ~ 0.313) — nearly 65% wider, in
exchange for greater confidence that the interval captures /3;. There is no free lunch: for a fixed sam-
ple size, greater confidence always costs precision, whether the parameter is a mean, a proportion,

. . 5 .
or a slope. The other lever is sample size: because SE, = ———— shrinks as n grows, a larger
tos,vn—1

study can achieve both high confidence and a narrow interval, which is exactly why researchers plan
sample sizes in advance rather than accepting whatever data happen to be available.
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9.4.3 When the interval contains zero

Occasionally a confidence interval for 5, straddles 0 — for example, (—1.4, 3.2). This does not mean
B4 is probably 0; it means the data are consistent with a wide range of slopes, including zero, negative
values, and positive values. The correct conclusion is that these data do not provide convincing
evidence of either a positive or a negative linear relationship — precisely the same conclusion a
two-sided test would reach by failing to reject H, : 5, = 0 at the matching significance level. A
Cl containing 0 is not evidence that no relationship exists, only that this particular data set could
not distinguish the direction (or existence) of one with the desired confidence. For contrast, the
exercise/heart-rate interval above, (—0.610, —0.230), does not contain 0: every plausible value in that
range is negative, so those data do provide convincing evidence of a genuinely negative relationship.

9.5 Reading full computer regression output

The AP exam almost always supplies regression results as computer output rather than raw data, so
fluency in reading a full printout — not just picking out b, and SE, —is essential.

Anatomy of a regression printout

For each predictor, a typical printout reports the coefficient estimate (Coef), its standard error
(SE Coef), a t-statistic (" = Coef/SE Coef, testing whether that coefficient is 0), and a P-value
for that ¢-statistic. Below the coefficient table, s (the residual standard deviation, roughly the
typical size of a residual, in the units of y) and R-sq (= 2, the proportion of variability in
y explained by the linear model on z) summarize the overall fit. The correlation r = +v/72
always takes the same sign as b,. Although the exam essentially always gives SEb1 directly, it

s
sp,vVn—1

spread of xz-values (s,), or a larger sample size n all make SE,, smaller.

is worth knowing it is not arbitrary: SE, = , S0 a smaller residual spread s, a wider

- GIAI THICH TIENG VIET
Doc bang computer output day du: hang Constant cho b,,; hang bién giai thich cho b, va SE, ;
cot T chinh 13 Coef /SE Coef (da tinh san t-statistic, khéng can ty chia); cot P 13 P-value (thudng
da 13 hai dudi). Bén dudi bang, s 1a dé Iéch chuan phan du (cac diém dir liéu thudng léch khoi
dudng hoi quy khoang s don vi ctia ), con R-sq chinh 13 r2. Dau ctia » = +v/72 LUON trling
dau véi b, : slope dwong — r duong; slope am — r am.

Table printout Calculator (Lin- Meaning
RegTTest)
Constant, Coef a intercept b,
Predictor row, Coef b slope b,
Predictor row, SE Coef  (computed as b/t) SE,,
5 5 residual standard deviation
R-sqg r? coefficient of determination
Predictor row, T t test statistic for H, : 8; =0

Templates for interpreting regression output

Exam responses are scored on precise wording nearly as much as on correct arithmetic. Four
templates cover almost every interpretation question in this unit:

e Slope: "For each additional [unit of ], the predicted [y, in context] [increases/decreases]
by about [|b,]] [units of y], on average.”

e Intercept b,: "When [z] = 0, the predicted [y] is [b,]” — meaningful only if z = 0 is plausible
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in context; otherwise the intercept is simply a mathematical anchor for the line, not a claim
about real cases.

e 12: "About [r? x 100]% of the variability in [y, in context] is explained by the linear model
on [z, in context].”

¢ Test conclusion: "Because P [< or >] «, we [reject/fail to reject] H,); the data [do/do not]
provide convincing evidence of a linear relationship between [x] and [y] in the population.”

e Confidence interval: "We are [C]% confident that the interval from [lower bound] to [upper
bound] captures the true slope 3, relating [y] to [z].”

. GIAI THICH TIENG VIET

N3m mau cau dién giai trén nén thudc long: (1) slope - "mdi khi z ting thém 1 don vi, y du
doan tang/giam trung binh khoang |b,| don vi”; (2) intercept - chi c6 y nghia thuyc té néuz = 0
hop ly trong ngtr canh; (3) 2 - ludn néi vé % bién thién cda y dugc giai thich bai mé hinh tuyén
tinh trén z; (4) két luan kiém dinh - so sanh P vé&i o roi két luan bang nglr canh; (5) khoang tin
cay - luén theo mau "tin tuéng C% rang khoang ... chira 3,

() L6i thuerng gdp: Dién giai r2 va dién gidi slope KHONG duoc d6i chd cho nhau: 72 néi vé ti
Ié bién thién duorc giai thich (mot con s6 mé ta dé khdp mé hinh), con slope néi vé mirc thay
d&i trung binh cta y khi z ting 1 don vi (mét téc do thay d&i). N6i "mdi don vi = tang, y giai
thich dugc r?%” 1a sai — d6 1a hai dai lwvong khac nhau hoan toan.

Applied to the engine-size example below: slope — "for each additional liter of engine size,
predicted highway mpg decreases by about 4.35 mpg, on average”; 2 — "about 64% of the variability
in highway mpg is explained by the linear model on engine size”; test conclusion — "because P =
0.000 < 0.05, we reject H,,; the data provide convincing evidence of a linear relationship between
engine size and fuel economy.” Filling in each template with the actual numbers from a printout,
rather than describing them vaguely, is what separates a full-credit response from a partial one.

A single influential point — often one with an unusually extreme z-value — can noticeably change
by, SE, , and R-sq even though it is only one observation among many; examining the scatterplot
for such points, and noting whether removing them would change the conclusion, remains good
practice even when a full printout is already provided.

Full output: engine size and fuel economy

A regression of highway fuel economy (y, in mpg) on engine size (z, in liters) for n = 25 cars
gives:

Predictor Coef SE Coef T P

Constant 38.2 1.85 20.65 0.000
EngineSize —4.35 0.68 —6.40 0.000

s =2.47mpg, R-sq=64.0%.
1. Write the least-squares regression equation.

2. Find and interpret r.

3. Is the slope significantly different from 0 at o = 0.05 (df = 23)?
4. Predict the highway mpg for a car with a 2.5-liter engine.

1. § = 38.2 —4.352.
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2. R-sq = 0.64, so r = +v/0.64 = £0.8; since b; = —4.35 < 0, r = —0.8 — a strong, negative
linear association between engine size and fuel economy.

3. Check: T'= b, /SE, = —4.35/0.68 ~ —6.40, matching the printed T-value; df = 25 — 2 =
23. This |t| is far beyond every critical value in the ¢-table for nearby degrees of freedom,
consistent with P = 0.000 < 0.05. Reject H, : 5, = 0 — convincing evidence of a linear
relationship between engine size and fuel economy.

4.y =38.2—4.35(2.5) = 38.2 — 10.875 = 27.325 ~ 27.3 mpg.

Full output without 7'/ P: weekly mileage and race time

Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

A coach regresses 5K race time (y, in minutes) on average weekly training mileage (z, in miles)
for n = 30 runners; LINER conditions have been checked and are satisfied.

Predictor = Coef  SE Coef

Constant 264 1.10
Mileage —0.085 0.028

(a) Test, at o = 0.01, whether higher weekly mileage is associated with a faster (lower) race
time. (b) Construct a 95% Cl for 3.
(a) State: H,: 8, =0vs. H, : ; <0, =0.01;df =30—2 = 28.
Plan/Do: 0.085
t=— ~ —3.04.

0.028 30
The one-sided critical value at o = 0.01 with df = 28 is t* = 2.467.
Conclude: since | — 3.04| = 3.04 > 2.467, reject H: convincing evidence that higher weekly
mileage is associated with faster 5K times, on average.

(b) For a 95% Cl with d f = 28, the two-sided critical value is t* = 2.048:
—0.085 4+ 2.048(0.028) = —0.085 4 0.0573 = (—0.142, —0.028).

We are 95% confident that each additional mile of average weekly training mileage is associated
with a decrease in true mean 5K time of between 0.028 and 0.142 minutes.

Full output: a non-significant result

A researcher regresses weekly exercise hours (y) on weekly social-media hours (x) for n = 20
randomly selected college students (LINER conditions checked and satisfied):

Predictor Coef SE Coef T P

Constant 5.20 0.85 6.12 0.000
SocialMedia —0.08 0.11 —0.73 0478

s = 1.35 hours, R-sq = 3.1%. Test H, : f; = 0vs. H, : §; # 0ata = 0.05 (df = 18,
t* = 2.101), and comment on R-sq.

State: H, : 5, = 0vs. H, : p; # 0, a = 0.05; 3, is the true slope relating exercise hours to
social-media hours; df = 20 — 2 = 18.

Do: T'= —0.08/0.11 ~ —0.73 (matches printed T); | — 0.73| = 0.73 < 2.101.

Conclude: since 0.73 < 2.101 (equivalently P = 0.478 > 0.05), fail to reject H,: these data
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do not provide convincing evidence of a linear relationship between social-media hours and
exercise hours. This is consistent with R-sq = 3.1% — the linear model on social-media hours
explains almost none of the variability in exercise hours, and » = ++1/0.031 ~ +0.18 is very
close to 0.

9.6 Connecting back to transformations (Unit 2)

B When LINER fails due to curvature

If a scatterplot (or residual plot) shows clear curvature, the Linear condition fails, and ¢-based
inference for 3, on the original variables is not valid — no matter how small SE;, looks. As in
Unit 2, a transformation — commonly taking the logarithm of y (for exponential-type growth
or decay) or a power/log-log transform of both variables (for power-law relationships) — can
sometimes straighten the pattern. Slope inference is then carried out on the transformed vari-
ables, and conclusions are stated in terms of that transformed model.

GIAI THICH TIENG VIET
Néu biéu d6 phan du ¢ hinh cong (vi pham Linear), quay lai ky thuat bién déi dir liéu (trans-
formation) da hoc & Unit 2: 13y log cta y (khi dir liéu ting/giam ki€u ham mi) hoic log-log
ca hai bién (khi dir liéu theo ham IQy thira) dé ”Iam thing” méi quan hé, réi méi ap dung t-
test/t-interval cho slope trén bién dd bién déi — khong ap dung truc ti€p [én dir liéu goc con
cong.

Linearizing exponential growth

A biologist counts a bacterial colony (y) once every hour (x) for 10 hours. The scatterplot of y
versus x curves sharply upward, so the Linear condition fails on the original scale. Taking the
natural log of the counts and re-plotting In(y) versus x produces a roughly straight scatterplot.

300 } ° 6 .
[ ]
[ ]
[ ]
= 200 1 o 2 4 °
c c [ ]
5 > °
8 . 8 o °
100 | o )
[ ]
[ ]
oe_°* ¢ ° ‘ ‘ ‘ 0 ‘
0 2 4 6 8 0 2 4 6 8
Time (hr) Time (hr)

Left: raw colony count vs. time — clearly curved. Right: In(count) vs. time — approximately linear, so slope
inference can be carried out on this transformed model.

Aregression of In(y) on x gives a slope of b; ~ 0.38. Since the fitted model is In(y) = b, +0.38z,
each additional hour multiplies the predicted count by ¢°3% ~ 1.46 — an increase of about
46% per hour. Any t-test or t-interval for the slope should now be performed on this linear,
transformed model rather than on the originally curved data.

The same idea extends to power-law relationships of the form y = aa?: plotting In(y) against
In(z) (a log-log transform, rather than logging vy alone) straightens the pattern, and the slope of the
fitted line on the log-log scale estimates the power p. Whichever transformation is used, the LINER
conditions must be re-checked on the transformed scatterplot and residual plot before proceeding
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with ¢-based inference — a straight In(y)-vs-x plot does not guarantee that the residuals from that
transformed model are well-behaved, so the diagnostics are never skipped, only re-applied on the
new scale.

With LINER established, the test statistic and confidence interval for 5, computed, and a full
computer printout readable end to end, the toolkit for quantitative-response regression is com-
plete. Combined with the two-variable descriptive tools of Unit 2 and the study-design vocabulary
of Unit 3, this unit closes the course’s treatment of relationships between two variables — from first
describing an association, to designing a study capable of investigating it, to finally deciding, with a
stated level of confidence, whether it holds in the population.

9.7 Practice problems

(1) L6i thueng gap: Trudc khi ndp mot bai suy dién vé slope, tu kiém tra nhanh: da néu ding
tham s6 3, trong nglr cadnh (khéng chi viét chung chung "the slope”) chua? da goi tén di nam
diéu kién LINER kém bang chirng cu thé tir dé bai (khong chi viét "conditions are met”) chua?
da dung dung df = n — 2 (khéng phai n — 1) chua? cau két luan c6 gan véi ngir canh dé bai, so
sanh P v6i a (hodc ¢ v&i t*), va trdnh cac tir "accept H,,” hay "prove” khong?

Summary of formulas — Unit 9: population model y = 5, + 3,z + ¢; conditions LINER; test

. . b, —0 . .
statistict = bl“E , df = n—2; confidence interval b, it*SEbl, df =n—2;r = +/72 with the
bl

same sign as by; SEl71 =

S
— (rarely computed by hand — read b, and SE, directly from
Smm y p y 1 bl y
output). Whether the printout is a Predictor/Coef/SE Coef table or a calculator’s LinRegT Test
screen, the same five quantities (b, b;, SEbl, s, r2) drive every question in this unit.

~ ~
O 3

Bai tap luyén tap

1. Regression output for n = 15: by = 2.3, SE, = 0.9. Test H, : 8, = 0vs. H, : 3; # 0 at
a=0.05(df =13, t* = 2.160).

(A) ¢ ~ 2.56; reject H,, (C) t ~ 2.56; fail to reject H,
(B) ¢ ~ 0.39; fail to reject H,, (D) t ~ 1.44; reject H,,
Loi giai chi tiét

2.3 . . . .
b= 09 ~ 2.56. Since 2.56 > 2.160, reject H, — convincing evidence of a nonzero slope. (A).

Bai tap luyén tap

2. Using the same output (b, = 2.3, SE, =0.9,df =13,t" = 2.160), find the 95% confidence
interval for f;.

L

(A) (0.36, 4.24) (C) (—1.94, 4.24) (wrong sign somewhere)
(B) (1.40, 3.20) (D) (2.30, 2.30)

Lai giai chi tiét

ME = 2.160(0.9) ~ 1.944. Cl: 2.3 4 1.944 = (0.356, 4.244) ~ (0.36,4.24). (A).
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Bai tap luyén tap
3. A regression gives r? = 0.64 and a negative slope. What is r?

(A) 0.64 (C) —0.8
(B) 0.8 (D) —0.64

Loi giai chi tiet

-

r = 4+vr2 = £/0.64 = +0.8; since the slope is negative, r must also be negative (they always
share the same sign). » = —0.8. (C).

Bai tap luyén tap

4. A residual plot for a regression of iy on z shows a clear U-shape (curved pattern), and the
spread of residuals is roughly constant across all . Which LINER condition is violated, and
which is satisfied?

Loi giai chi tiét
The curved pattern in the residual plot means the relationship between x and y is not linear —
the Linear condition is violated, so a straight-line model (and slope inference based on it) is not
appropriate; a transformation or different model should be considered. The roughly constant

spread of residuals across x means the Equal SD condition is satisfied.

Bai tap luyén tap

5. A regression uses data from n = 40 subjects to estimate the population slope ;. What are
the degrees of freedom for the ¢-test/interval for the slope?

(A) 39 (C) 38
(B) 40 (D) 37

Loi giai chi tiet

For slope inference, df = n — 2 = 40 — 2 = 38 (two parameters, b, and b,, are estimated from
the same data). (C).

Bai tap luyén tap

6. Which of the following, if true, would most likely increase SE;, , all else equal?

(A) A larger sample size n (C) Data points lying farther from the regres-

(B) Data points lying closer to the regression sion line (larger residual scatter)

line (smaller residual scatter) (D) A wider range of xz-values in the sample

Loi giai chi tiét

Since SEb1 = , a larger residual standard deviation s (points farther from the line)

S
s,vn—1
makes SE, larger. A larger n, a smaller s (points closer to the line), or a wider spread of x (s,)
would all make SE, smaller, not larger. (C).
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Bai tap luyén tap

7. Regression output for n = 20: b; = 1.8, SE, = 0.65. Test H, : 3, = 0vs. H, : 3; # 0 at
a=0.05(df = 18, t* = 2.101).

(A) t ~ 2.77; reject H, (C) t ~ 2.77; fail to reject H,
(B) ¢ ~ 1.17; fail to reject H,, (D) ¢ ~ 0.36; fail to reject H,

Lai giai chi tiét

-

1.8 . . . .
= T 2.77. Since 2.77 > 2.101, reject H, — convincing evidence of a nonzero slope. (A).

Bai tap luyén tap

8. Regression output for n = 10: b; = —0.9, SE;, = 0.4. Test H, : 3, =0vs. H, : f; < 0at
a = 0.01 (df = 8, one-tail t* = 2.896).

(A) ¢t ~ —2.25; reject H, (C) t ~ —3.60; reject H,,
(B) t ~ —2.25; fail to reject H, (D) t ~ —0.44; fail to reject H,

Loi giai chi tiét

t= % = —2.25. Since | —2.25| = 2.25 < 2.896, we fail to reject H: the data do not provide

convincing evidence, at the strict o = 0.01 level, of a negative linear relationship. (B).

Bai tap luyén tap

9. (Four-step FRQ.) A horticulturist regresses plant height after 6 weeks (y, cm) on fertilizer
dose (z, grams) for n = 13 randomly selected plants (fewer than 10% of all plants of this type).
LINER conditions have been checked and are satisfied. Output:

Predictor Coef SE Coef

Constant 8.10 1.60
Fertilizer 0.62 0.21

Test at @ = 0.05 whether there is a linear relationship between fertilizer dose and plant height.

Loi giai chi tiet

State: H,: 5, =0vs. H, : f; # 0, a = 0.05, where 3, is the true slope relating plant height to
fertilizer dose.

Plan: ¢-test for the slope; conditions given as satisfied; df = 13 —2 = 11.

.62 . .
Do: t = % ~ 2.95. Two-sided critical value, df = 11, a = 0.05: t* = 2.201.

Conclude: since 2.95 > 2.201 (P < 0.05), reject H, — convincing evidence of a linear relation-
ship between fertilizer dose and plant height.
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10. (Four-step FRQ.) A pediatric researcher regresses hours of sleep the night before an exam
(y) on hours of screen time that evening (x) for n = 10 randomly chosen teenagers (fewer than
10% of all teenagers). LINER conditions are satisfied. Output:

Predictor Coef SE Coef

Constant 8.90 0.55
ScreenTime —0.55 0.19

Test at a = 0.05 whether there is a linear relationship between screen time and sleep hours.

Loi giai chi tiét
State: H,: 5, =0vs. H, : f; # 0, a = 0.05, where 3, is the true slope relating sleep hours to
screen time.
Plan: t-test for the slope; conditions satisfied; df = 10 — 2 = 8.
—0.55

Do: ¢t = N ~ —2.89. Two-sided critical value, df = 8, o = 0.05: t* = 2.306.

Conclude: since | — 2.89] = 2.89 > 2.306 (P < 0.05), reject H, — convincing evidence of
a (negative) linear relationship between screen time and sleep hours: more screen time is
associated with less sleep, on average.

Bai tap luyén tap

11. (Four-step FRQ.) An education researcher wonders whether a student’s seating distance
from the front of the classroom (z, meters) is linearly related to test score (y), based on n =
27 randomly assigned seats (fewer than 10% of all possible seatings). LINER conditions are
satisfied. Output:

Predictor Coef SE Coef

Constant  91.5 3.10
Distance —1.2 0.55

Test at o = 0.05 whether there is a linear relationship between seating distance and test score.

Lai giai chi tiét

State: H,: 5, =0vs. H, : 5, # 0, @ = 0.05, where 3, is the true slope relating test score to
seating distance.

Plan: ¢-test for the slope; conditions satisfied; df = 27 — 2 = 25.

Do: t = —2

0.55
Conclude: since | — 2.18| = 2.18 > 2.060 (P < 0.05), reject H, — convincing evidence of
a linear relationship between seating distance and test score (farther seats associated with
lower scores, on average). Note this is an observational study, so no causal claim is justified —

see Problem 26.

Bai tap luyén tap

12. Computer output for a slope test reports T' = 3.55, P = 0.002. At o = 0.01, what is the
correct conclusion?

~ —2.18. Two-sided critical value, df = 25, a = 0.05: t* = 2.060.
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(A) Reject H,, since P < « (C) Reject Hy, since T < «
(B) Fail to reject H,,, since P < « (D) Fail to reject H,, since T > 3

Loi giai chi tiét

Since P = 0.002 < a = 0.01, the result is statistically significant: reject H,. There is no need
to compute ¢t by hand when 7" and P are already printed. (A).

Bai tap luyén tap

13. Regression output for n = 16: b, = 4.1, SE;, = 1.15. Find the 95% confidence interval for
By (df =14, t* = 2.145).

(A) (1.63, 6.57) (C) (—1.63, 6.57)
(B) (2.95, 5.25) (D) (4.10, 4.10)

Loi giai chi tiet

-

ME = 2.145(1.15) ~ 2.467. Cl: 4.1 + 2.467 = (1.633, 6.567) ~ (1.63, 6.57). (A).

Bai tap luyén tap

14. Regression output for n = 32: b; = 0.28, SE;, = 0.09. Find the 90% confidence interval
for 8, (df = 30, t* = 1.697).

(A) (0.13, 0.43) (C) (0.28, 0.28)
(B) (0.19, 0.37) (D) (—0.06, 0.62)

Lai giai chi tiét

-

ME = 1.697(0.09) ~ 0.153. Cl: 0.28 + 0.153 = (0.127, 0.433) ~ (0.13, 0.43). (A).

Bai tap luyén tap

15. (Four-step FRQ.) A sleep researcher regresses reaction time change on a driving simulator
(, milliseconds) on hours of sleep the previous night (z) for n = 22 randomly selected drivers
(fewer than 10% of all licensed drivers). Scatterplot, residual plot, and Normal probability plot
all support LINER. Output:

Predictor Coef SE Coef

Constant 410 12.0
Sleep —3.6 1.4

Construct and interpret a 95% confidence interval for ;.

Loi giai chi tiét
State: let 5, be the true slope relating reaction-time change to hours of sleep; construct a 95%

Cl.
Plan: ¢-interval for the slope; LINER satisfied (given); d f = 22 — 2 = 20.
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Do: two-sided critical value, df = 20, 95%: t* = 2.086.
—3.6 +2.086(1.4) = —3.6 4+ 2.9204 ~ (—6.52, —0.68).

Conclude: we are 95% confident that, on average, each additional hour of sleep is associated
with a decrease in true mean reaction-time change of between 0.68 and 6.52 milliseconds.

Bai tap luyén tap

16. (Four-step FRQ.) A hardware store regresses weekly revenue from paint sales (y, dollars) on
the number of DIY workshops held that week (z) for n = 12 randomly selected weeks (fewer
than 10% of all weeks the store has operated). LINER conditions are satisfied. Output:

Predictor Coef SE Coef

Constant 210 40.0
Workshops 5.2 1.9

Construct and interpret a 95% confidence interval for ;.

Loi giai chi tiét

State: let 3, be the true slope relating weekly paint revenue to number of workshops; con-
struct a 95% CI.

Plan: ¢-interval for the slope; LINER satisfied (given); df = 12 — 2 = 10.

Do: two-sided critical value, df = 10, 95%: t* = 2.228.

5.2+ 2.228(1.9) = 5.2 4 4.2332 ~ (0.97, 9.43).

Conclude: we are 95% confident that, on average, each additional workshop held is associated
with an increase in true mean weekly paint revenue of between $0.97 and $9.43.

Bai tap luyén tap

17. A 95% confidence interval for the slope relating advertising spend to revenue is (1.2, 3.8)
(revenue in thousands of dollars per thousand dollars spent). Which is the correct interpreta-
tion?

(A) 95% of the data points fall between a (C) We are 95% confident that the interval
slope of 1.2 and 3.8 from 1.2 to 3.8 captures the true popu-
lation slope 3,

(B) There is a 95% probability that the true (D) 95% of all possible samples would give a
slope 3, is between 1.2 and 3.8 slope in this exact interval

Loi giai chi tiet

A confidence interval is a statement about our confidence in the method capturing the fixed,
unknown parameter 3, — not a probability statement about j, itself (choice B), not a statement
about individual data points (choice A), and not a claim that 95% of samples reproduce this
exact interval (choice D — different samples give different intervals). (C).
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Bai tap luyén tap

18. A different study regresses a car’s stopping distance (y) on its speed (x). The residual plot
shows residuals tightly clustered near zero for small predicted values but fanning out much
wider for large predicted values, with no curved pattern. Which LINER condition is violated,
and what should be done before running ¢-based inference?

Loi giai chi tiet

The fan/funnel shape (spread of residuals increasing with z, no curve) violates Equal SD, not
Linear. The standard SEb1 formula assumes constant residual spread, so it is unreliable here.
A variance-stabilizing transformation of y (for example, a log or square-root transform) should
be applied and the diagnostics re-checked before performing t-based inference for the slope.

Bai tap luyén tap

19. A Normal probability plot of residuals from a small study (n = 9) shows a pronounced
S-shaped curve at both ends, though the middle of the plot is fairly straight. Is inference for
the slope appropriate here?

Loi giai chi tiét

A pronounced curve at the ends of a Normal probability plot suggests the residuals may not
be approximately Normal — the Normal condition is questionable. This concern is especially
serious here because n = 9 is small; t-procedures are much less robust to non-Normal resid-
uals with such a small sample. Inference for the slope should be treated with caution (or a
transformation considered) rather than trusted at face value.

Bai tap luyén tap

20. Which single diagnostic is best for checking whether the residuals are approximately Nor-
mally distributed?

(A) The original scatterplot of y vs. (C) A Normal probability plot of the residuals

(B) A residual plot (residuals vs. = or vs. pre- (D) Knowing whether the data came from a
dicted p) random sample

Loi giai chi tiét

A residual plot (choice B) is designed to reveal curvature (Linear) and changing spread (Equal
SD), not the shape of the residual distribution. A Normal probability plot (choice C) is specifi-
cally built to reveal departures from Normality — points falling close to a straight line support
the Normal condition. (C).

Bai tap luyén tap

21. A student wants to study the relationship between hours spent on social media (z) and
self-reported stress level (y, on a 100-point scale), and recruits volunteers by posting a survey
link in a single large school group chat. Explain what LINER condition this design threatens,
and what limitation this places on any conclusions from a slope test or CI.
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Loi giai chi tiét

This is a convenience/voluntary-response sample, not a random sample — the Random condi-
tion is violated, so the sampling-distribution theory behind the ¢-procedures does not strictly
apply. Even if a very small P-value were found, the conclusion cannot be generalized beyond
the students who happened to see and respond to the link; the scope of inference is limited
to describing this particular volunteer group, not the broader population of students.

Bai tap luyén tap

22. A study'’s residual plot shows no curve and constant spread; its Normal probability plot
of residuals is slightly curved at both ends but roughly linear in the middle; the n = 45 sub-
jects were randomly selected and represent less than 10% of the population. Which LINER
condition is most questionable, and how serious is the concern?

(A) Linear — serious concern (C) Normal — mild concern given the sample
size
(B) Independent — serious concern (D) Random — serious concern

Lai giai chi tiét

-

Linear, Independent, and Random all look satisfied from the description. The Normal probabil-
ity plot shows mild curvature at the ends, which flags the Normal condition, but with n = 45 (a
reasonably large sample), the t-procedures are fairly robust to mild departures from Normality,
so this is only a mild concern rather than a reason to abandon the analysis. (C).

Bai tap luyén tap

23. (Full-output FRQ.) A realtor regresses home price (y, in thousands of dollars) on lot size (z,
in thousands of square feet) for n = 17 randomly selected home sales (fewer than 10% of all
sales in the area). LINER conditions have been checked and are satisfied. Output:

Predictor Coef SE Coef T P

Constant 145.2 12.4 11.71 0.000
LotSize 8.6 2.05 420 0.001

= 28.4 (thousand dollars), R-sq = 55.2%.
Write the least-squares regression equation.

Interpret the slope in context.
Find r.
Test Hy: 3, = 0vs. H, : 8, # 0ata = 0.05 (df = 15, t* = 2.131).

LA < R o

Predict the price of a home on a 6,000-square-foot lot (z = 6).

Loi giai chi tiét
1. § = 145.2 + 8.6x.

2. For each additional 1,000 square feet of lot size, predicted home price increases by about
$8,600, on average.

3. R-sq = 0.552, so r = £1/0.552 ~ +0.743; since b; > 0, r &~ 0.743.
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4.t = 8.6/2.05 ~ 4.20, matching the printed 7. Since 4.20 > 2.131 (P = 0.001 < 0.05), reject
H, — convincing evidence of a linear relationship between lot size and home price.

5.9 =145.2+8.6(6) = 145.2 + 51.6 = 196.8, i.e., about $196,300.

Bai tap luyén tap

24. (Full-output FRQ.) A college advisor regresses first-semester GPA (y) on average weekly
study hours (x) for n = 20 randomly selected students. LINER conditions have been checked
and are satisfied. Output:

Predictor Coef SE Coef T P

Constant  2.10 0.18 11.67 0.000
StudyHrs 0.045 0.014 3.21 0.005

s =0.31, R-sq=36.5%.
1. Write the least-squares regression equation, and find .

2. A particular student studied = = 10 hours per week and earned an actual GPA of 2.80. Find
and interpret the residual.

3. Construct a 95% confidence interval for 3, (df = 18, t* = 2.101).

1. y = 2.10 4+ 0.045z. R-sq = 0.365, so r = +1/0.365 ~ 40.604; since b; > 0, r ~ 0.604.

2. Predicted GPA: y = 2.10+0.045(10) = 2.10+0.45 = 2.55. Residual = observed — predicted
= 2.80 — 2.55 = 0.25. The model underpredicted this student’s GPA by 0.25 points.

3. ME = 2.101(0.014) ~ 0.0294. CI: 0.045 4 0.0294 = (0.0156, 0.0744). We are 95% confident
that, on average, each additional weekly study hour is associated with an increase in true mean
GPA of between 0.016 and 0.074 points.

Bai tap luyén tap

25. (Full-output FRQ.) A marketing analyst regresses monthly revenue (y, in thousands of dol-
lars) on advertising budget (x, in thousands of dollars) for n = 13 randomly selected months.
LINER conditions have been checked and are satisfied. Output:

Predictor = Coef SE Coef T P

Constant  52.0 6.8 7.65 0.000
AdBudget 3.15 0.95 3.32 0.007

s = 9.6 (thousand dollars), R-sq = 49.9%.
1. Interpret s = 9.6 in context.

2. Is the slope convincingly different from 0 at o = 0.01 (df = 11, t* = 3.106)?

3. Does R-sq = 49.9% mean advertising budget is not a useful predictor? Explain.

Loi giai chi tiét
1. The actual monthly revenue typically differs from the value predicted by the regression line
by about $9,600.
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2.t =3.15/0.95 ~ 3.32 (matches printed T). Since 3.32 > 3.106 (P = 0.007 < 0.01), reject H,,
— the slope is convincingly different from 0 even at this strict level.

3. No. Statistical significance (P = 0.007) and the strength of fit (R-sq) answer different ques-
tions: the slope is convincingly nonzero, but advertising budget alone explains only about
half (49.9%) of the variability in monthly revenue — other factors (season, competitor pricing,
staffing, etc.) likely also matter. A significant slope does not require a high R-sq.

Bai tap luyén tap

26. In an observational study of n = 200 cities, a regression of heart-disease rate () on average
commute time (z) gives t = 5.8 and P < 0.001. A newspaper headline claims, "Long commutes
cause heart disease.” Explain the flaw in this claim.

Loi giai chi tiet

This is an observational study — no treatments were randomly assigned to cities. A highly sig-
nificant slope only shows a strong linear association between commute time and heart-disease
rate, not causation. Confounding variables (for example, income, urban density, occupational
stress, or exercise habits) could plausibly affect both commute time and heart-disease risk,
producing the observed association without either variable directly causing the other. Only
a well-designed, randomized experiment — which is not feasible here, since commute time
cannot ethically or practically be randomly assigned to people — could support a causal claim.

Bai tap luyén tap

27. A residual plot for a regression of 3 on x shows a clear downward-then-upward curve (like
the letter U), with roughly constant vertical spread. What should be done next?

(A) Report the slope and P-value as usual — (C) Recognize that the Linear condition fails
the pattern does not matter and consider a transformation or a differ-

(B) Increase the sample size to fix the prob- ent (curved) model

lem (D) Switch to a chi-square test

Loi giai chi tiét

A curved residual pattern always signals a violation of the Linear condition, regardless of how
large or constant the spread is, and regardless of sample size — more data would not fix a
fundamentally wrong model shape. The appropriate response is to consider a transformation
(Unit 2) or a nonlinear model before trusting any slope inference. Chi-square procedures are
for categorical, not quantitative, data. (C).

Bai tap luyén tap

28. A calculator’s LinRegT Test screen for a regression of n = 14 observations reports ¢t = 1.95,
df = 12. At a = 0.05 (two-sided, t* = 2.179), what is the correct conclusion?

(A) Reject H,, sincet >0 (C) Reject H, since df = 12 is large enough
(B) Fail to reject H,, since 1.95 < 2.179 (D) Fail to reject H,, since t < df
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Loi giai chi tiét

Compare |t| to t*: 1.95 < 2.179, so fail to reject H, — the data do not provide convincing
evidence of a nonzero slope. Reasoning about the sign of ¢ (choice A) or the size of df alone
(choices C, D) does not determine significance. (B).

Bai tap luyén tap

29. (Four-step FRQ.) A gardener uses a calculator to regress tomato vyield (y, kg) on hours of
sunlight per day (z) for n = 16 randomly selected plants (fewer than 10% of all such plants).
LINER conditions are satisfied. The calculator’s LinRegT Test reports b = 0.85, ¢t = 3.10, df =
14. Test at o = 0.05 whether sunlight hours are linearly related to yield.

State: H, : 5, =0vs. H, : 5; # 0, a = 0.05, where 3, is the true slope relating tomato yield
to sunlight hours.

Plan: ¢-test for the slope; LINER satisfied; df = 16 — 2 = 14, matching the calculator.

Do: the calculator reports ¢ = 3.10 directly. Two-sided critical value, df = 14, a = 0.05:
t* = 2.145.

Conclude: since 3.10 > 2.145 (P < 0.05), reject H, — convincing evidence of a linear relation-
ship between sunlight hours and tomato yield. Since b = 0.85 > 0, more sunlight is associated
with higher yield, on average.

Bai tap luyén tap

30. A statistical-software printout reports "Coef” and "SE Coef” for each predictor, while a
calculator’s LinRegT Test reports a, b, t, and s. Which correctly matches the calculator notation
to the table notation?

(A) a = Coef for Constant; b = Coef for the Constant

predictor (C) a = SE Coef; b =T
(B) a = Coef for the predictor; b = Coef for (D) a = r; b = r?

Lai giai chi tiét

In §y = a + bz, a is the intercept, matching the Constant row’s Coef in a table printout, and b is
the slope, matching the predictor row’s Coef. Likewise, the calculator’s s corresponds to the
printout’s residual standard error, and its ¢ corresponds to the predictor row’s T value used in
the significance test. (A).
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On tap nhanh truéc ngay thi:
Toan canh 9 Unit:

1. Unit 1 - Exploring One-Variable Data: shape-center-spread-outlier; mean/median,
SD/IQR; z-score; phan phéi chuan va quy tac 68-95-99.7.

2. Unit 2 - Exploring Two-Variable Data: scatterplot, hé sé twong quan r; duong hoi quy binh
phuong nho nhat (LSRL) § = a + bx; phan du (residual); r2; bién déi dir liéu (transformation)
khi mé&i quan hé khong tuyén tinh.

3. Unit 3 - Collecting Data: cac phuong phap chon mau (SRS, phan tang, cum, hé théng); cac
loai sai léch (bias); nguyén tac thiét ké thi nghiém; pham vi suy luan (scope of inference) -
chi thi nghiém ngau nhién hoa t&t méi cho phép két luan nhan qua.

4. Unit 4 - Probability, Random Variables, and Probability Distributions: quy tic xac suit;
bién ngau nhién rdi rac; phan phdi nhi thirc (binomial) va hinh hoc (geometric); gia tri ky
vong va phuong sai.

5. Unit 5 - Sampling Distributions: phan phai mau cta z va p; dinh ly gi&i han trung tam (CLT);
diéu kién Random - 10% - Large Counts/Normal.

6. Unit 6 - Inference for Categorical Data: Proportions: kiém dinh va khoang tin cdy z cho
mot va hai ti lé.

7. Unit 7 - Inference for Quantitative Data: Means: kiém dinh va khoang tin cdy ¢ cho mot va
hai trung binh (déc 1ap va bat cip - paired).

8. Unit 8 - Inference for Categorical Data: Chi-Square: khdp tot (goodness of fit), doc lap
(independence), dong nhat (homogeneity); luén dung s6 dém, expected > 5.

9. Unit 9 - Inference for Quantitative Data: Slopes: diéu kién LINER; kiém dinh va khoang tin
cdy t cho f3,, df = n — 2; doc bang computer output day du.

Tham s6 Thong ké mau  SE (wdc luvong) Phan phéi

p p p(1—p)/n z

P — Do ]51 _232 \/pl(i;pﬁ + pQ(iL;Pz) z

1 @ s/v/n t,df =n—1

H1 — Ho Ty — Ty Vsi/ny + s3/ny t, df ~
min(ny,ny)—1

B1 by SE,, (doc tir output) t,df =n—2

Ghi nhé chung khi lam bai: (1) luén néu da shape-center-spread-outlier trong ngir canh;
(2) s, chia chon — 1, con o; = o/\/n; (3) ki€ém tra DU diéu kién (Random - 10% - Large
Counts/Normal, hodc LINER vé&i hoi quy) trudec moi Cl/test; (4) statistic 4 (critical value)x(SD
cua statistic) 1a cong thirc géc ctia MOI khoang tin cay; (5) t: df = n— 1 (mét mau), df =n—2
(h6i quy); (6) x?: ludn dung sé dém, expected > 5; (7) lubn viét "reject/fail to reject H,", khong
bao gio "accept H," hay noi xac suat vé mot tham so co dinh.

On lai day du cong thire, digu kién ap dung, va cach dién giai két qua theo ding ngir canh cua
tirng bai toan trudc khi budc vao phong thi.
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Poéng hanh cung 8020 English

Cam on ban d3 hoc cuing bé gido trinh qudc t€ 8020. Diém that - Thay that - Két qua that — nhiéu
hoc vién chi can 1-2 khoa dé dat két qua mong muén.

Chuong trinh dao tao tai 8020 English

IELTS Academic/General - SAT - PTE - Duolingo - TOEFL | AP (College Board) - IB Diploma - Cambridge
IGCSE / A-Level | san hoc béng du hoc.

Vi sao chon 8020 English?

e 100% giado vién dat toi thi€u 8.0 IELTS hoac 1500 SAT — ddi ngli Gido su - Tién si - Thac si tot
nghiép trudng top dau thé gidi (Carnegie Mellon — #1 Hoa Ky vé Khoa hoc May tinh).

e Kém 1-1 moi dé tubi; I&p si s6 nho 2-5 ban (da s6 dudi 10 ban/I6p).

e L6 trinh ca nhan ho4, theo sat tién do tirng hoc vién; I&p OFFLINE tai TP.HCM & ONLINE toan
quoc.

Bang vang hoc vién
AP 5/5 — Calculus AB/BC AP 4-5 — Biology, Chemistry IB 90/100 — Economics
SAT 1590/ 1570 / 1550 IELTS 8.0-9.0 Duolingo 110 - PTE 90
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Cam nhan hoc vién & phu huynh

“Ban da cdi thién duoc tu duy Writing — ky ndng tirng la néi so’ I6n nhdt — va cuéi cting da ddu vdo trudng
top nhu mong muén. Thdi dé hoc tdp cuc ky nghiém tuc; ngay cd khi ndm vién van cé gdng hoc déu ddn.”
— Phan Thi Thanh Hang - IELTS Overall 8.5

“Cdn tdt cd ky ndng trén 7.5 dé xét vao trudng top 1 Anh Qudc vé Y hoc (chuong trinh UKFPO ctia NHS) —
va da dat muc tiéu sau khi hoc Writing 1-1.”
— Tran Hoang Bao Ngoc - IELTS Overall 8.0 (Writing 6.0 — 7.5)

“Gia dinh va bé xin cdm on thdy cé da gitp con c6 hanh trang chin chu khi qua My. Dat diém 5 mén Gidi tich
trong thdi gian ngdn la qud mdn nguyén.”
— Phu huynh - AP Calculus BC 5/5

“Em cdm on thdy dd luén déng hanh. Nh¢ thdy, em hoc vitng hon rdt nhiéu du thoi gian 6n khéng dai.”
— Hoc vién - AP Calculus AB 4

KET QUA HOC VIEN A 8020
FEEDBACK PHU HUYNH & HOC VIEN AP ENGLISH

lg?:- l;:if:f:[apc:uumuc soao0

-, Tinrhde,
Nascy TP A0eR pooge Com s Pe s L)

- ) Phy r_‘“y’_"‘ AP Calculu S_BC: 5 _ Phy huynh - AP Caleulus BC Hoe vién - AP Calculus AB: 4 - Statistics: 3
G’z ::C E;j;:;,:?:y:: :’;‘ e ’1:;" e f‘;‘r’:’r:”‘:‘;"‘ “Me con xin gt 137 cdm on chén thank t6i thiy vA ¢4 nhém. Thai  "Em c&m on thiy Steven d& ludn dBng hanh. Nh thiy, em hoc
@ g g Dl graik g M o8 gian én rét ngdin nhemg con nhdn duoc it nhidu sy b g vimg hom et nhidu ol thid gian khéng dai.”

mén Aguyin,”

Feedback phu huynh & hoc vién AP — nhiéu mén dat diém 4 & 5
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