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Loi m& dau - Foreword

Cuén sach nay thudc bo gido trinh luyén thi chuong trinh quéc té€ ciia 8020 English (8020 Education)
— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
bé ndi dung duoc bién soan bai doi ngli Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co |&i gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.

Thanh tich 8020 English
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Poi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky s Amazon) - TS Nguyén Phuéc Trudng (Toan, DH
Klagenfurt) - cting doi ngl giang vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
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Khanh Bang 1510 - Thado Nguyén 1520 - Tam Anh 1530.

“Cubi cung dd ddu vao trudng top nhu’ mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: moi Unit gém (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 16 giai; (3) Hé thong bai tap kém 16 giai chi tiét. Hay tu 1am bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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IB DIPLOMA PROGRAMME . Unit 1

Number and Algebra

Muc tiéu Unit: Day s6 va cap s6 cong/nhan, ky hiéu téng X, cac nguyén ly dém va khai trién nhij thire,
m va logarit, cac ky thuat chirng minh todn hoc (truc ti€p, phan chirng, phan vi du, quy nap), va (AHL)
s6 phirc cung hé phuong trinh tuyén tinh.

1.1 Number Sets, Standard Form, and Approximation

Real numbers are built up from smaller nested sets. The natural numbers N = {0, 1,2, 3, ... } are the
counting numbers and zero; the integers Z = {...,—2,—1,0,1,2, ... } extend these to include neg-

ative whole numbers; the rational numbers Q = {]—? ip,qEZ, qF O} are all numbers expressible
q

as a ratio of integers (equivalently, every terminating or recurring decimal); and the real numbers R
contain both the rationals and the irrational numbers R Q — numbers such as v/2, 7, and e, whose
decimal expansions never terminate and never repeat. These sets are nested: NC Z C Q C R. (A
rigorous proof that v/2 is irrational is given later in this unit, in the section on Mathematical proof.)

1.1.1 Standard (scientific) form

Very large or very small numbers are usually written in standard form (scientific notation) to keep
track of place value clearly, e.g. 52000 = 5.2 x 10* and 0.00081 = 8.1 x 10~*.

Standard form: a number is written as a x 10, where 1 < |a| < 10 and k € Z.

Multiplying/dividing in standard form:

10%1
(ay x 107) x (ay x 10%2) = (aja,) x 10F1+k2, u x10n a4

- x 10F1=F2,
ay X 10%2 a4

then renormalise (adjust the coefficient and exponent together) if the resulting coefficient is
notin [1,10).

GIAI THICH TIENG VIET
Dang chuan (standard form) a x 10% luén yéu cdu 1 < |a| < 10 — day la quy udc bat budc chir
khéng chi |4 cach trinh bay dep. Khi nhan hoic chia hai s6 & dang chuin, ta nhan/chia phan
hé s6 a va CONG/TRU s6 mii k twong (ng (vi cting co s& 10); néu hé s6 két qua roi ra ngoai
khoang [1,10) (chang han ra 30 ho3c 0.4), phai chuin hoa lai bang cach dich diu phay va diéu
chinh sé mi cho khép.

Vi du mau - Worked example

Given p = 6 x 10* and ¢ = 5 x 10, calculate pq and E, giving each answer in standard form.
q

pg = (6 x 5) x 10476 = 30 x 101°.
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Since 30 ¢ [1,10), renormalise: 30 x 10'% = 3.0 x 10! x 10'° = 3.0 x 10!

=—-x10*%=12x10"2.

p 6
q 5

(Check: p = 60000, ¢ = 5000 000; pg = 6 x 10* x 5 x 10 = 300000000000 = 3.0 x 10! v;
p/q = 60000 = 5000000 = 0.012 =1.2 x 1072 V')

1.1.2 Rounding and bounds

A number can be approximated by rounding to a given number of decimal places (counting digits
after the decimal point) or to a given number of significant figures (counting from the first non-zero
digit). Any rounded (or truncated) measurement carries an implied degree of accuracy: the true
value lies within half a unit of the last figure kept.

Upper and lower bounds: if a measurement z is given rounded to a precision p (the place value
of the last figure kept — e.g. the nearest whole number, p = 1; the nearest 0.1, p = 0.1), the
true value X satisfies

T —g <X < z+ 123
For example, a length given as 12 cm to 2 significant figures has p = 1 cm (the last significant
digit is the units digit), so the true length lies in [11.5, 12.5) cm.

Combining bounds: for a sum or product, the maximum possible result uses the upper bounds

e . . A
of the quantities involved and the minimum uses the lower bounds; for a quotient B the

maximum uses (upper bound of A) = (lower bound of B), and the minimum uses (lower bound
of A) = (upper bound of B).

. GIAI THICH TIENG VIET

Khi mét s6 do duoc 1am tron, gia tri that ludn nam trong mot khodng quanh gia tri da cho —
goi la can trén (upper bound) va can duéi (lower bound), rong ig quanh gia tri da cho, véi p
|3 d6 chinh xac (gia tri ctia chir s6 cudi cung dugc gilr lai). Khi tinh toan véi cac dai luvgng co
can (vi du téc do = quang dudng -+ thoi gian), dé tim can TREN cua két qua, luén Iél'y can trén
cla tlr s6 va can DUCI clia mau s6 (va nguoc lai cho can dudi) — day 1a diém rat dé nham lan
néu khéng suy luan can than tirng budc.

Vi du miu - Worked example

A car travels a distance of 180 km, measured to 3 significant figures, in a time of 2.5 hours,

measured to 2 significant figures. Find the upper and lower bounds of the average speed
d— distance

(spee = time)'

Distance 180 km to 3 s.f.: the last significant digit is the units digit, so p = 1 km and 179.5 <

d < 180.5.

Time 2.5 hours to 2 s.f.: the last significant digit is the first decimal place, so p = 0.1 hours and

2.45 <t < 2.55.

Maximum speed uses the upper bound of distance and the lower bound of time:

180.
speed, ,, = 287255 ~ 73.7 km/h (3 s.f.).

Thay Twdng 0332747169 - Co Nancy 0983422692  IB Diploma Mathematics: Analysis and Approaches - Trang 9
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Minimum speed uses the lower bound of distance and the upper bound of time:

179.
speed . = 27—9555 ~ 70.4 km/h (3 s.f).

So 70.4 km/h < speed < 73.7 km/h, which contains the point estimate 180 ~ 2.5 = 72 km/h,
as it should. v/

Percentage error: if v, is an approximate (estimated or measured) value and v is the exact
(true) value,

Vg — Vg

% error = x 100%.

Vg
The percentage error is always reported as a non-negative quantity — the modulus removes
the sign of the difference, and the exact value always goes in the denominator.

GIAI THICH TIENG VIET
ai s6 phan tram (percentage error) do do léch tuong doi gitra gia tri gan ding v, va gia tri

dadng v, tinh theo cong thirc YA"YEB| 100% — luén chia cho gia tri PUNG (khong phai gia

Vg
tri gan dung) & mau s, va luén Iay trj tuyét déi vi sai s6 phan trim khéng mang dau.

Vi du miu - Worked example

A tour company estimates a coach journey will take 45 minutes; it actually takes 48 minutes.
Find the percentage error in the estimate.

45 — 48

% error = ‘

Vi du mau - Worked example

A length is measured as 12 cm to 2 significant figures. Find the maximum possible percentage
error in this measurement.

From the bounds found above (this level of accuracy gives p = 1), the true length lies in
[11.5,12.5), so the maximum possible absolute error is 0.5 cm. The percentage error is largest
when the true value in the denominator is smallest, i.e. when v, = 11.5:

‘ « 100% = 4% « 100% = 6.25%.

0.5
% €rror ., = s % 100% ~ 4.35% (3 s.f.).
1.2 Sequences
A sequence uq, Uy, Us, ..., U,, ... is an ordered list of numbers, each called a term. A sequence may

be defined by a formula for the general term w,, (an explicit definition) or by giving the first term(s)
together with a rule linking each term to the one(s) before it (a recursive definition, e.g. u, ; =
u,, + 3). Two families of sequence dominate the syllabus because their terms and sums can be
written in closed form.

Thay Twdng 0332747169 - Cd Nancy 0983422 692 B Diploma Mathematics: Analysis and Approaches - Trang 10
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1.2.1 Arithmetic sequences

An arithmetic sequence has a constant common difference d = v, ; — u,, between consecutive
terms.

General term: u,, = u; + (n — 1)d. Arithmetic mean: if a, b, ¢ are consecutive terms of an
arithmetic sequence, b = a ;L C.

GIAI THICH TIENG VIET
Cap s6 cong (arithmetic sequence) co hiéu gitra hai s6 hang lién ti€p khoéng dai, goi la cong sai
d. Cong thirc s6 hang tong quat u,, = u; + (n — 1)d — chd y s6 mi (n — 1) ch&t khéng phai n,
vi u; ng va&i "0 budce nhay”. Néu a, b, c lién tiép la cap s6 cong thi b chinh la trung binh cong
cliaa vac.

Vi du miu - Worked example

The 5th term of an arithmetic sequence is 23 and the 12th term is 58. Find u,, d, and S;;.

S208) +14(5)) = (6 +70) = (76) = 570

S.. =
15 2

(The sum formula is derived below.)

1.2.2 Geometric sequences

. . Up 41 .
A geometric sequence has a constant common ratio » = —= (r £ () between consecutive terms.
u

n

General term: u,, = u; r™ L. Geometric mean: if a, b, c are consecutive positive terms of
a geometric sequence, b = +/ac.

Vi du m3u - Worked example

A geometric sequence has u, = 6 and u; = 48. Find r, uy, and 5.
Us 5 _ 48

=7 —:8:>T:2.ThenU2:u1T:6:>ul:3'
U2 6
0_1)  3(1024—1
Slo_ul(:_l ) _ 3( 1 ) — 3% 1023 = 3069.

GIAI THICH TIENG VIET
Cap s6 nhan (geometric sequence) c6 ti sé gilra hai s6 hang lién ti€p khong déi, goi la cong boi
r. Khir < 0, day sé sé dao déng dau (dm, duong, am, duong,...). Trung binh nhan b = \/ac chi
ap dung khi a, ¢ cing diu (thuong xét véi s6 hang duong).
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T T T T
—e— arithmetic: u; =3, d =4
—=— geometric: u; =3, r=1.5
40 - N
S
S
20| 1
0

Arithmetic growth is linear (constant increments); geometric growth is exponential (the increments themselves grow).

1.3 Series: sums of sequences

A series is the sum of the terms of a sequence. S, = u; + uy + --- + u,, denotes the sum of the first
n terms.

Arithmetic series: S, = g(zul +(n—1)d) = g(u1 +u,,) (either form; the second says “average
of first and last term, times the number of terms”).

Geometric series: S, = wu(—1) _wud—r) (r # 1).
r—1 1—r

Sum to infinity: if || < 1, the geometric series converges and S =

not exist (the series diverges, or oscillates without settling).

GIAI THICH TIENG vu‘zT
Coéng thac S

tra trwdc, vi néu ]r\ > 1 thi téng v6 han khong ton tai (téng cac s6 hang ngay cang I6n hoac
dao déng khong giam). Dé IB thudng "gai” hoc sinh quén kiém tra diéu kién nay.

day la diéu kién hoi tu bat budc phai kiém

N
I
.

Vi du mau - Worked example

Lo . . 10 .
An infinite geometric series has u; = 10 and u43 = —. Find r, and evaluate S__

243"
10 1 1 1 . .
ug = uyr’ = 503 = 10r° = r° = e it Since |r| < 1, S exists:
Uq 10 10
= = = -5 =15.
* 1-r 1-31 2

S
Vi du miu - Worked example

A theatre’s front row has 18 seats. Each successive row has 3 more seats than the row in front
of it, and there are 25 rows in total. Find the number of seats in the back row and the total
number of seats in the theatre.

This is arithmetic with u; = 18, d = 3, n = 25.
Ugs = 18 + 24(3) = 18 + 72 = 90 seats.

25
525 =5

25 25
5 (uy + ugg) = ?(18 +90) = ?(108) = 1350 seats.
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Vi du miu - Worked example

The first three terms of a geometric sequence are k — 1, k+ 1, 2k + 2. Find all possible values
of k and the corresponding common ratio.

For a geometric sequence, the middle term squared equals the product of the outer two: (k +
1)? = (k—1)(2k+2).

K242k +1=2k2—2 = k2—2k—3=0 = (k—3)(k+1)=0=k=30rk=—1.

If k = 3: terms are 2,4,8,sor = 2 — valid. If kK = —1: terms are —2, 0, 0; a geometric sequence
cannot have a zero term (division by zero in r), so £ = —1 is rejected. Answer: k = 3, r = 2.

() L6i thueng gap: Two very common slips: (1) using S = Y without first checking

—T
|r| < 1; (2) mixing up u,, (the n-th term) with S,, (the sum of the first n terms) — always re-read
which one the question asks for.

1.4 Sigma notation

Sigma notation writes a sum compactly: Z“k = uy + uy + -+ + u,,, where k is the (dummy) index
k=1
running from the lower limit to the upper limit.

Linearity: Z(auk +bu,) =a Z uy +b Z v, A constant sums to itself n times: Z ¢ = nc.
k=1 k=1 k=1 k=1

Vi du miu - Worked example

4 6
Evaluate Z(Qr2 —1), and evaluate Z (5+ 3(k— 1)) by recognising it as an arithmetic series.
r=1 k=1

First sum directly: r =1:1, r =2:7, r = 3: 17, r = 4: 31, giving total 1 + 7 + 17 + 31 = 56.
Second sum: this is arithmetic with u; = 5,d = 1, n = 6,50 ug =5+ 5(3) = 7.5.

S, = g(s +7.5) = 3(12.5) = 37.5.

. GIAI THICH TIENG VIET
Ky hiéu X chi |3 cach viét gon cta mét téng — khi gap ZZ:1<“'>’ ludn hoi: day cé phai cap s6

cong/nhan khéng? Néu diing, dung cong thirc S,, c6 san sé nhanh hon nhiéu so véi cong tirng
s6 hang, dac biét khi n l1én.

1.5 Counting principles and the binomial theorem
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ENGLISH

1.5.1 Permutations and combinations

Factorial: n! = n(n —1)(n — 2) -+ (2)(1), with 0! = 1.

Permutations (order matters): the number of ways to arrange r objects chosen from n distinct
n!

(n—7r)!"
Combinations (order does not matter): the number of ways to choose r objects from n distinct
!
objects is (n) ="C, = w
T

objectsis" P, =

rl(n—r)

GIAI THICH TIENG VIET

u khac biét cét 16i: chinh hop (P) dung khi thir tw cé y nghia (vi du: xép huy chuong
vang/bac/déng), t& hop (C) dung khi thi tu khéng quan trong (vi du: chon mét nhém ban
dé di choi). Ludn ty héi "néu dai thir tu thi két qua cé dugc xem 13 khac khéng?” trudce khi
chon coéng thirc.

Vi du mau - Worked example

A committee of 3 people is chosen from 8 candidates. In how many ways can this be done if
(a) the three positions are identical (an ordinary committee), and (b) the committee has three
distinct roles — president, secretary, treasurer?

! .7
(a) Order does not matter: (2) 8l _8-7-6_

56.

351 6
(b) Order matters (each role is different): 8P, = 8- 7-6 = 336.

I r

Vi du m3u - Worked example

A password consists of 4 distinct letters (from the 26-letter alphabet) followed by 2 distinct
digits (from 0-9). How many different passwords are possible?

Letters: 26P, = 26 - 25 - 24 - 23 = 358 800. Digits: 1P, = 10 -9 = 90. By the multiplication
principle: total = 358 800 x 90 = 32292 000 passwords.

1.5.2 The binomial theorem

For a positive integer n: (a +b)" = Z (Z) a"~*bk. The general (or (k + 1)-th) termis T}, =

k=0
(Z) a™ *bk. The coefficients (}) form Pascal’s triangle, where each entry is the sum of the
two entries above it: (V) = (7-1) + (. 1)-

n=>0 1

n=1 1 1

n =2 1 2 1

n =23 1 3 3 1

n=4 1 4 6 4 1

n=>5 1 51010 5 1

n=>06 1 6 152015 6 1

Pascal's triangle: row n lists the coefficients (7)), (), ..., (12). Each entry is the sum of the two entries above it.

n
1 n
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Vi du miu - Worked example

Find the coefficient of x® in the expansion of (z + 2)8.
8

Generalterm T}, , = (k

):png’“. Need8 —k=5= k=3.

8
T, = (3) 2(2)° =568 o7 = 44827,

Coefficient = 448.

Vi du miu - Worked example

4

. . . . 3
Find the term independent of z (the constant term) in the expansion of (a: — —) .
X

4 —3\" /4
General term: T, = (k) A <?> = (k) (—3)kz42k Need4 — 2k =0 =k = 2.

4
T, = (2) (—3)22° = 6- 9 = 54.

Vi du miu - Worked example

Use the binomial theorem to approximate (1.02)'° correct to 4 decimal places, keeping terms
up to 3 in the expansion of (1 + z)!° with z = 0.02.

(1+2)'0 ~ 1+ 10z + 4522 + 1202° (using () = 10, (}}) = 45, () = 120). With z = 0.02:
1+ 10(0.02) + 45(0.0004) + 120(0.000008) = 1 + 0.2 + 0.018 + 0.00096 = 1.21896 ~ 1.2190.

(The true value, 1.02'° = 1.21899 ..., agrees to 4 d.p. — the termsin z* and beyond are negligible
here.)

- GIAI THICH TIENG VIET
S6 hang tong quat Tj,,, = (}})a™ *b* — chuy chi s6 (k + 1) (rng véi k (khong phai s6 hang thir
k), vi k bat dau tir 0. Khi tim "hé s6 cta ™" hodc "s6 hang khéng chira z”, luén 1ap phuong
trinh cho s6 mii cta = bang m (ho3c bang 0) roi giai ra k trudc khi thay vao cong thirc.

1.6 The Binomial Theorem for Negative and Fractional Indices (AHL)

The binomial theorem established above is a finite expansion of n + 1 terms, valid for every value
of z, whenever n is a non-negative integer. When the index n is negative or a fraction (any rational
number), the same-looking formula still generates the correct coefficients term by term, but the
expansion no longer terminates — it becomes an infinite series, and it only equals (1 + x)™ for a
restricted range of .
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ENGLISH

AHL only. For any rational number n and |z| < 1,

—1 —1 —2
<1+x>n:1+mj+n(n2' )$2+n(n 3)'(n )x3+-~,

an infinite series (it terminates, and reduces to the ordinary binomial theorem, only when n is
a non-negative integer). For (a + bx)™ with a # 0, factor out a™ first:

nin—1)

b \" b b\ : b
(a+bx)" = a™ <1+ax) =a" 1+n<fx> = (*SL’) + valid for |—z| < 1.

a

a a

(") L6i thuong gap: (AHL) The expansion (1 +z)" = 1 + nz + ”(”2‘_1)

(14+2)" when |z| < 1. Thisis different from the ordinary binomial theorem for a positive integer
n, which is an exact, finite identity true for all z: here, whenever n is negative or fractional, the
series is infinite and it diverges (fails to represent the function) outside |z| < 1. Always state
the validity range as part of the answer — it is the single most commonly forgotten step.

x? + --- only represents

GIAI THICH TIENG VIET
m?,'L\HL) Céng thirc khai trién nhij thirc cho n m hodc phan s6 c6 DANG giéng hét céng thic da
hoc, nhung ban chat khac han: day 1a mét chudi vé han (khéng bao gid dirng lai), va chi ding
khi |2| < 1 — diéu kién hoi tu nay bat budc phai néu ré trong ciu tra 1o, vi dé IB thudng hoi
thang "khai trién ndy ding véi nhitng gia tri nao cua z?”. V6i (a + bx)", ludn dua a™ ra ngoai
trudc dé dua biéu thirc vé dang (1 + (cai gi d6 nho))” rdi méi ap dung cong thirc.

Vi du mau - Worked example

(AHL) Find the first four terms of the expansion of (1 —2z)~! in ascending powers of z, stating
the range of values of x for which the expansion is valid.

Here n = —1, applied with z replaced by —2x:
(—1)(=2)

2!

(1—2x) =1+ (=1)(—22) + (—21)% +
—6

G (—823) + -+ = 1+ 22 + 422 + 823 + -

2
=1+2x+ 5(4x2) +
. . 1
Valid for | — 2z| < 1, i.e. |z| < 5

o0

(Check: this is exactly the geometric series Z(Qx)"”‘ =1+ 2z + 42% + 823 + --- with common
k=0

ratio 2z, which converges precisely when [2z| < 1 < |z| < 1. V)

Vi du mau - Worked example

(AHL) Find the first three terms of the expansion of (1 + a:)l/2 in ascending powers of . Hence
approximate 1/1.02, and compare with the true value.
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ENGLISH

1
Heren = —:
"7

1 5(—3 11
(1+$)1/2:1+2x+2<2'2>$2+~-:1+2x—8x2+~- (lz| < 1).

Set z = 0.02 (so v/1.02 = (1 + 0.02)/2):
1 1
V102~ 1+ 5(0.02) - §<0'02)2 =1+ 0.01 — 0.00005 = 1.00995.

A calculator gives v/1.02 = 1.00995049 ..., which rounds to 1.00995 to 5 decimal places — iden-
tical to the binomial approximation at that accuracy. v/

1.7 Exponents and logarithms

am
Laws of exponents: a™a" = a™""; — =a"""; (@) =a™"; a" = —; al/™ = .
a

Laws of logarithms (a, z,y > 0, base a > 0, a # 1): log (zy) = log, = + log, v; Ioga<§> =
Yy

log, v —log_ y; log, (z") = nlog, =.
Inx

Change of base: log, = = na’ Inverse relationship: ¢'°8:* = 2 and log, (a”) = .
a

GIAI THICH TIENG VIET
Logarit va ham m 13 hai phép toan nguoc nhau: y = o <= z = log, y. Ba quy tac log (cong

khi nhan, trtr khi chia, nhan hé sé khi cé Iy thira) chi &p dung khi cac bi€u thirc bén trong log
déu duwong — day 1a diéu kién xac dinh phai luén kiém tra khi gidi phuong trinh log.

Vi du miu - Worked example

Solve 97 — 4(3%) — 45 = 0.
Note 9% = (3%)2. Letu = 3% (sou > 0): u? —4u—45=0= (u—9)(u+5) = 0= u = 9 (reject
u = —5, since 3% > 0).

3=9=32=1=2.

I r

Vi du miu - Worked example

Solve log, = + log, (v — 4) = 1.

Combine: log, [z(z —4)| =1 = z(x —4) =5'=5=2>—4s—5=0= (z—5)(z+1) =0.
Soxz = 5o0rz = —1. Domain requires x > 0 and x — 4 > 0, i.e. x > 4. Reject z = —1 (and note
x = —1 also fails z > 0). Answer: z = 5.

Vi du miu - Worked example

Solve 3221 = 5*~1 giving the exact answer and a value correct to 3 significant figures.
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Take In of both sides: (2 4+ 1)In3 = (x —1)In5.

In15
2¢In3+In3=2In5—-In5 = z(2In3—1In5)=—(In3+1In5) = T=—"iTs
2.70805
N icall = — ~ —4. ~ —4.61 (3 s.f.).
umerically, z 058779 607, so z 61 (3 s.f.)

Vi du mau - Worked example

A radioactive substance decays according to N(t) = Nye %, where N, = 200 mg and the
half-life is 5 days. Find k, and the mass remaining after 12 days.

. In2
Half-life: N(5) = 100 = 200e %% = 100 = ¢ %% = 0.5 = k = —— ~ 0.1386 per day.

N(12) = 200e~9-1386(12) — 200 ~1-6636 ~ 200(0.1894) ~ 37.9 mg.

(1) L6i thudng gap: log, (z+y) # log, z+log, y — the addition law only applies to a product zy,
never a sum x + y. Also, (log, z)" # log, (2") = nlog, x: the power law moves an exponent
on x out in front, but does not create a power of the whole logarithm.

1.8 Financial applications of sequences and series

Geometric sequences model quantities that grow or shrink by a constant ratio each period — exactly
how compound interest behaves.

Compound interest: if principal PV earns interest rate r per annum compounded & times per
year for t years, the future value is

FV = PV (1 n ;)kt — PV(1+i)",

where i = % is the interest rate per period and n = kt is the total number of periods.

Loan repayment (annuity): a loan of present value PV, repaid in n equal instalments R at
interest rate i per period, satisfies
R R R R 1—(1 + i "

PV

S1xi @ T o i

— a geometric series of discounted payments with common ratio (1 + i), summed using the
geometric series formula.

. GIAI THICH TIENG VIET

\
Lai kép (compound interest) chinh 1a mét cap s6 nhan: méi ky, s6 du dugc nhan véi hé sé
(1 + 4) khéng déi. Cong thirc tra gop (loan repayment) 1a téng cia MOT cap s6 nhan gém n
khoan thanh toan da duoc "chiét khiu” (discounted) vé thoi diém hién tai — day 13 ly do vi sao
chuong "day s6 va chudi s8” ludn c6 phan (rng dung tai chinh trong dé 1B AA.
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Vi du miu - Worked example

Find the future value of $5000 invested at 6% per annum, compounded monthly, for 4 years.
i= % = 0.005, n = 12(4) = 48.

FV = 5000(1.005)%8 ~ 5000(1.27049) ~ $6352.46.

Vi du m3u - Worked example

I r

Derive the loan repayment formula, then find the monthly repayment on a $200 000 loan at
4.8% per annum (compounded monthly) over 25 years (300 monthly instalments).
Derivation: each repayment R made j months from now has present value R(1 + i)~7/. Sum-

ming over j = 1,...,n gives a geometric series with first term R(1 + i)~ and common ratio
(1+4)° L

R1+4)'1—1+i™ 1—(1+4)™ PV -i
P U L (S N S () U i AT
1— (144! i 1—(1+i)™
. 0.048 a00
Calculation: i = 5 = 0.004, n = 300. (1.004) ~ 0.30192.

~200000(0.004) 800
~ 1-0.30192  0.69808

Vi du miu - Worked example

A retiree has $300 000 in a fund earning 5% per annum, and withdraws a fixed amount R at the
end of each year so that the fund is reduced to exactly zero after 20 years. Find R.

Using the annuity formula with PV = 300000, i = 0.05, n = 20: (1.05)72° ~ 0.37689.

~ $1146.03 per month.

~300000(0.05) 15000
1-0.37689  0.62311

~ $24072.68 per year.

(1) L6i thueng gdp: The interest rate « and number of periods n in every compound-interest
or annuity formula must use the same time unit (e.g. both monthly, or both annual) — a very
common error is mixing an annual rate with a monthly period count without first dividing » by
k.

1.9 Roots of unity (AHL)

AHL only. The n-th roots of unity are the n solutions of 2 = 1. Writing 1 = 1(cos0 + isin0)
and applying De Moivre’s theorem (as for any n-th root), the roots are

27k . [ 27k
zk:cos<i>+z’sm<i>, k=0,1,...,n—1,
n n

evenly spaced around the unit circle — the vertices of a regular n-gon inscribed in it.
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Re

The six 6th roots of unity: vertices of a regular hexagon inscribed in the unit circle, spaced 60° apart.

Vi du mau - Worked example

(AHL) List all six 6th roots of unity in the form a + b:.

otk
Angles 0, = % — 60°k for k= 0,..., 5: 0°,60°, 120°, 1807, 240°, 300"

L

3 _]-7 -5 T 5 ¢ a5

1 V3.
—1
2 2 27 2

5+

Vi du mau - Worked example

(AHL) Prove that the n-th roots of unity (n > 2) sum to zero.

The roots are z;, = w* for k = 0,...,n — 1, where w = €27/", This is a geometric series with
first term 1, common ratio w, and n terms:

V3 1 V3. 1 V3
PR 2

L
C2

Since w = €2™/" we have w" = 2™ = 1, so the numerator is 1 — 1 = 0. The denominator
0
w—1+#0forn > 2(asw # 1), so the sum equals 1:0..

w —

GIAI THICH TIENG VIET

AHL) Can bac n cta don vi (roots of unity) chia déu dudng tron don vi thanh n phan bang
nhau, tao thanh dinh cia mét da gidc déu noi ti€p. KEt qua "téng cac can bac n cda don vi
bang 0” 1a mét (rng dung dep cla cong thirc téng cap s6 nhan da hoc & dau chuong — minh
hoa méi lién hé chit ché gilra dai s6 (chudi s6) va hinh hoc (s6 phrc).

1.10 Mathematical proof

Mathematics requires rigorous justification, not just numerical evidence. Four standard proof tech-
niques recur throughout the AA course.

Techniques of proof

¢ Direct proof: start from known definitions/facts and reason forward, step by logical step,
to the desired conclusion.

¢ Proof by exhaustion: when a statement covers only a finite number of cases (or can be
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ENGLISH

reduced to finitely many cases, e.g. by considering every possible remainder on division by
a fixed integer), check that the statement holds in every case.

e Proof by contradiction: assume the negation of the statement is true, and show this as-
sumption leads to a logical impossibility; hence the original statement must be true.

¢ Disproof by counterexample: to show a "for all” statement is false, it suffices to exhibit just
one case where it fails.

¢ Proof by mathematical induction: to prove P(n) for all integers n > n,: (1) base case —
verify P(n); (2) inductive step — assume P(k) (the inductive hypothesis) and prove P(k+1)
follows from it; (3) conclusion — state that by induction, P(n) holds for all n > n,,.

GIAI THICH TIENG VIET
B&n ky thuat chirng minh cét 16i: truc tiép (di thang tir gia thiét dén két luan), phan chirng (gia
str diéu nguorc lai diing roi suy ra vo ly), phan vi du (chi can TIM RA mét trudng hop sai dé bac
boé mét phat bi€u "véi moi”), va quy nap (chirng minh ding cho mét sé nhd nhat, réi ching
minh "néu dung vdi k thi dang véi k + 1”). Thiéu budc két luan trong quy nap — du cac buéc
truéc dung — van bi trir diém trong dé IB.

Vi du miu - Worked example

(Direct proof) Prove that the product of two consecutive integers is always even.

Let the integers be n and n + 1. Among any two consecutive integers, exactly one is even;
write the even one as 2m for some integer m. Then the product n(n + 1) contains the factor
2m, so n(n + 1) = 2m - (integer), which is divisible by 2. Hence n(n + 1) is always even. B

Vi du miu - Worked example

(Proof by exhaustion) Prove that the square of any integer, when divided by 4, leaves remainder
0 or 1 (never 2 or 3).

Every integer n can be written in exactly one of four forms, corresponding to the possible
remainders on division by 4: 4k, 4k + 1, 4k + 2, 4k + 3, for some integer k. Check each case
in turn:

(4k)? = 16k> = 4(4k?) — remainder 0.
(4k +1)%2 = 16k% + 8k + 1 = 4(4k?> +2k) +1 — remainder 1.
(4k + 2)? = 16k* + 16k + 4 = 4(4k*> + 4k +1) — remainder 0.
(4k + 3)% = 16k* + 24k + 9 = 4(4k* + 6k +2) +1 — remainder 1.

These four cases exhaust every possibility for the integer n, and each one gives remainder 0
or 1, so the statement is proved for all integers n. &

Vi du mau - Worked example

(Proof by contradiction) Prove that v/2 is irrational.

Assume, for contradiction, that v/2 is rational. Then /2 = P for integers p, ¢ with no common
q

2
factor (gcd(p, q) = 1), ¢ # 0. Squaring: 2 = p—Q = p? = 2¢?, so p? is even, which forces p itself
q
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to be even (odd? is odd). Write p = 2r. Then (2r)? = 2¢® = 412 = 2¢> = ¢®> = 2r%,s0 ¢* is
even, forcing ¢ to be even too. But then both p and ¢ are even, contradicting gcd(p,q) = 1.
This contradiction shows the original assumption is false, so /2 is irrational.

Vi du mau - Worked example

(Disproof by counterexample) Disprove the statement: “For every positive integer n, n?+n+41
is prime.”’

Test n = 40: 40% + 40 + 41 = 1600 + 40 + 41 = 1681 = 412 = 41 x 41, which is not prime
(it factors as 41 x 41). Since a single counterexample suffices, the statement is false — even
though it happens to hold for every integer n = 0,1, ..., 39.

I r

Vi du m3u - Worked example

(Proof by induction) Prove by induction that Z r(r+1)= nfn + 1?2(” +2) foralln > 1.

r=1
Base case (n = 1): LHS = 1(2) = 2; RHS = I( ?))(3> = 2. True.
k
Inductive step: assume Z r(r+1) = Rk + 1)k + 2). Then
r=1 3

k+1

S a1y = MEE 1;('“ =2 e 1) (k42) = (k1) (k+2) [g + 1} _ (kD : 2)(k+3)
r=1

which is the claimed formula with n = k& + 1. Conclusion: by mathematical induction, the
formula holds for all integersn > 1. &

Vi du mau - Worked example

(AHL style) (Proof by induction — an inequality) Prove by induction that 2 > n? for all integers
n > 5.

Base case (n = 5): 2° = 32, 52 = 25, and 32 > 25. True.
Inductive step: assume 2¥ > k2 for some k& > 5. Then

2k+tl — 9. 9k > 92,

It remains to show 2k? > (k + 1) for k > 5: 2k? — (k +1)? = k? — 2k — 1, and for k > 5 this
equals at least 25 — 10 — 1 = 14 > 0 and is increasing in k, so 2k? > (k + 1) for all & > 5.
Combining, 21 > 2k2 > (k+1)2.

Conclusion: by mathematical induction, 2 > n? for all integers n > 5. B

- GIAI THICH TIENG VIET
V6i chirng minh bang liét ké hét truéng hop (exhaustion), phai chi ra rang cac trudng hop xét
dén bao trum TOAN BO kha nang c6 thé xay ra (vi du: moi sé du khi chia cho 4 chi c6 thé la
0,1,2,3) — thiéu du chi mét trudng hop thi phép chirng minh khéng hoan chinh. Trong phan
chirng, mau chét 13 tim ra mot mau thuan logic (vi du: mét s6 vira chdn vira khong c6 udc
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chung, mau thuan véi gia thiét ban dau). Trong phan vi du, KHONG can chirng minh gi cad —
chi can mét con s6 cu thé lam phat biéu sai. V&i quy nap bat dang thirc, buéc khé nhat thudng
la chirng minh b4t dang thirc phu (vi du 2k > (k + 1)2) — hay trinh bay ré buéc ndy, dirng bod
qua.

1.11 Complex numbers (AHL)

AHL only. A complex number is z = a+bi, where a = Re(z), b = Im(z), and i2 = —1. Arithmetic
follows the usual algebra rules with i> = —1 substituted in; division uses the conjugate z =
a — bi, since zz = a? + b? is real.

Vi du m3u - Worked example
3 in the form = + yi.

(AHL) Simplify (3 + 2¢)(1 — 44), and compute 25 ,

— I
(34 2i)(1 —4i) =3 —12i + 2i — 8i? =3 — 10i + 8 = 11 — 10i (using i? = —1).
Multiply top and bottom by the conjugate 2 + 3::

+1

54i 2430 (5+4)(2+3i) 10+ 15i+ 2 +3i® 7+ 17i 7+E¢
2—-3i 243 449 a 13 13 13 137

AHL only. Polar (trigonometric) form: z = r(cos 6 +isin§) = re? (Euler form), where r = |z| =
va? + b? (modulus) and 0 = arg z (argument, usually —7 < 6 < 7).

De Moivre’s theorem: " = r"(cosnf + i sinn) for any integer n.

z=3+ 44

: Re

z=3—4d
Argand diagram: z = 3 + 44 has modulus |z| = /32 4+ 42 = 5 and argument 6 = arctan(4/3) ~ 53.1°. The conjugate z is
the reflection of z in the real axis.
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Vi du miu - Worked example

(AHL) Write z = 4 — 44/3 i in polar form, and hence find z°.
r = 1/42 + (4v/3)2 = /16 + 48 = /64 = 8. Since Re(z) > 0, Im(2) < 0, z lies in the fourth

quadrant; reference angle arctan(4/3) = arctan v/3 = 607, so 6 = —60".

z = 8(cos(—60°) + isin(—60°)).

By De Moivre: z? = 83( cos(—180°) + isin(—180°)) = 512(—1 + 0i) = —512.

. GIAI THICH TIENG VIET

(AHL) Dang cuc (polar/Euler) gitip tinh Gy thira va khai can s6 phic dé dang qua dinh ly De
Moivre: moédun duoc lGy thira (nhan I3p), con géc dugc nhan véi sé mi. Ludn xac dinh ding
gbc phan tu cua 6 dua vao dau ctia phan thuc va phan 3o — khong chi ap dung arctan mot
cach may maéc, vi arctan chi cho géc trong khoang (—90°, 90°).

Vi du mau - Worked example

(AHL) Find the three cube roots of z = 8.
Write 8 = 8(cos90° + isin90°). The cube roots have modulus 8'/3 = 2 and arguments
90° + 360°k for k = 0,1, 2: that is 30°, 150°, 270°.

wy = 2(€0s30°+isin30°) = V344, w; = 2(cos 150°+isin 150°) = —V/3+i, wy = 2(cos 270°+i|sin 270°) =

(Check: (v/3+14)% =3+2v3i—1 = 2+2/3i,and (242v/3i) (V3 +1) = 2v/3+2i +6i+2/3i =
2v/3 4 8i — 2¢/3 = 8i. V)

Vi du miu - Worked example

(AHL) Given that P(x) = 2® — 72% + 172 — 15 has 2 — i as a root, find all three roots of P.

Since P has real coefficients, complex roots occur in conjugate pairs, so 2+ is also a root. The
corresponding quadratic factor is

(x—2—=i)(z—(2419)=2>—4x+ 4+1)=2>—42+5
(using sum of roots 4, product (2 —i)(2 + ) = 4 + 1 = 5). Dividing P(z) by 22 — 4z + 5:
23 —T22 + 172 — 15 = (22 — 4z + 5)(z — 3).

So the third root is x = 3. Roots: 3, 2 —i, 2+ 1.

. GIAI THICH TIENG VIET

(AHL) Vé6i da thirc c6 hé s6 thuc, nghiém phire LUON xuat hién theo c3p lién hop (a + bi) va
(a — bi) — day goi la dinh ly nghiém lién hgp phirc. Biét mot nghiém phirc, ta suy ra ngay
nghiém lién hop, nhan hai nhan tir bic nhat twong (rng d€ dugc mét nhan tir bac hai véi hé s6
thuc, sau do chia da thirc ban dau cho nhan tir nay dé tim cac nghiém con lai.
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1.12 Loci in the Complex Plane (AHL)

Since |z —al is the distance, in the Argand plane, between the point representing =z and the point rep-
resenting a, equations and inequalities involving moduli and arguments describe familiar geometric
shapes — a locus being the set of all points z satisfying a given condition.

AHL only. Let a,b € C be fixed complex numbers and 6 a fixed real angle.
e |z —a| = r(constant r > 0) is a circle of radius r centred at the point representing a.

e |z —a| = |z — b| is the perpendicular bisector of the line segment joining the points repre-
senting a and b — the set of points equidistant from both.

e arg(z—a) = O is aray starting from, but excluding, the point representing a, making an angle
0 with the positive real axis.

1

The locus |z — 2 — ¢| = 3: a circle of radius 3 centred at the point representing 2 + <.

GIAI THICH TIENG VIET

(AHL) Ba loai quy tich (locus) co ban trong mat phang phirc: |z — a| = r 1a dudng trén tam a
ban kinh r (vi |z — a| chinh 13 khoang cach tlr diém z dén diém a); |z — a| = |z — b| |3 dwong
trung truc ctia doan ndi a va b (tap hop cac diém cach déu hai diém); va arg(z — a) = 6 la mot
tia xuat phat tir « (KHONG bao gém chinh diém «, vi géc ctia s6 0 khong xac dinh) theo huéng
goc 6. Khi giai, luon dat z = z + iy r6i binh phuong hai vé (v&i dudng tron/trung truc) hodc
dung tan 6 kem diéu kién ding diu ctia phan thuc/ao (vai tia), thay vi ap dung cong thirc moét
cach may moc.

Vi du mau - Worked example

(AHL) State the centre and radius of the circle |z — 3 + 2i| = 4.
Write the equation in the form |z — a| = r: since z — 3+ 2i = z — (3 — 2i), we have a = 3 — 27
and r = 4. Centre (3,—2), radius 4.

(Check: the point z = 7 — 2i should lie on the circle, a distance 4 from the centre along the
positive real direction: |z —3 4 2i| = |7 —2i —3+ 2i| = |4| =4 V)
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ENGLISH

Vi du miu - Worked example

(AHL) Find the Cartesian equation of the locus |z — 1| = |z — i|, writing z = x + iy, and confirm
it is a straight line.
|z—1| = |(xr—1) +4y| and |z — i| = |z +i(y — 1)|. Squaring both (both sides are non-negative):

(=12 +y* =2+ (y—1)>%
Expanding: 22 — 2z + 1 + 4% = 22 + y? — 2y + 1. The 22, 3, and 1 terms cancel, leaving
—2r =2y = z=y.

This is the straight line y = = — the perpendicular bisector of the segment joining (1,0) and

(0,1): its midpoint (%, %) lies on y = z v/, and the segment has gradient —1, perpendicular to
the gradient 1 of y =z v.

Vi du miu - Worked example

(AHL) Describe the locus arg(z — 2) = g and verify that z = 3 + i lieson it.

This is a ray starting from, but excluding, the point 2+-0: = (2,0), at angle % (45°) to the positive
real axis; equivalently, y = = — 2 for z > 2.
Check z = 3+14: 2—2 = 1-+1, which lies in the first quadrant

—

real part 1 > 0) witharg(1+1i) =

1 . s
arctan<1> = Z confirming z = 3 + i satisfies arg(z — 2) = —. v

NS

1.13 Systems of linear equations (AHL)

AHL only. A system of linear equations in three unknowns can be solved by elimination: com-
bine pairs of equations to eliminate one variable at a time, reducing to a 2 x 2 system, then
back-substitute. Three outcomes are possible:

¢ Unique solution — the three planes meet at exactly one point.

¢ Infinitely many solutions — the equations are dependent (e.g. one equation is a multiple of
another, or the planes intersect in a common line); the solution set can be written using a
parameter.

¢ No solution — the equations are inconsistent (e.g. parallel planes, or a contradiction such
as 0 = 1 appears during elimination).

Vi du mau - Worked example

(AHL) Solve the system: z+y+2=6, 2x—y+2=3, x+2y—3z=—4
From equation 1: y = 6 — z — 2. Substitute into equation 2:

2r—(6—r—2)+2=3=3x+22=9. (A
Substitute into equation 3:
x+206—2r—2)—32=—4=—2—5z=—-16=>2x=16—52. (B)

Substitute (B) into (A): 3(16 —52) + 22 =9 =48 — 132 =9 = 2=3. Thenz =16 — 15 =1,
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andy=6—1—-3=2.
Solution: (z,y, z) = (1,2, 3).

(Check in equation 2: 2(1) —2+3 =3 Vv;equation3: 1 +4—-9=—4 /)

Vi du miu - Worked example

(AHL) Show that the system = +2y—2 =3, 2zx+4y—2z=06, 3z —y-+ 2z =4 hasinfinitely
many solutions, and give the general solution.

Equation 2 is exactly twice equation 1 (2x eq.1 = 2z + 4y — 2z = 6 V'), so it carries no new
information — only two independent equations remain: z +2y —z =3 and 3z —y + 2z = 4.
Adding these to eliminate z: 4z + y = 7 = y = 7 — 4x. Substituting back: z =z 4+ 2y — 3 =
r+2(7T—4z)—3=11—Tz.

General solution: (z,y,2) = (t, 7—4t, 11 —7t) forany t € R.

Geometrically, the three planes intersect along a common line.

Vi du mau - Worked example

(AHL) Show that the system z+y+2z =4, 2x+2y+22=9, x—y+ 2= 1hasno solution.
Equation 2 is 2x equation 1 in its left-hand side (22 + 2y + 22 = 2(x + y + 2)), SO consistency
would require the right-hand side to also double: 2 x 4 = 8. But equation 2 states this expres-
sion equals 9 # 8 — a direct contradiction. The system is inconsistent; there is no solution
(the corresponding planes do not share a common point).

(1) L6i thuong gap: Before declaring a 3 x 3 system has a unique solution, check that no
pair of equations is a scalar multiple of another (which would signal dependency, not three
independent constraints) — and if elimination produces a statement like 0 = & for k + 0, stop:
the system is inconsistent (no solution), not an error in your algebra.

1.14 Partial fractions (AHL)

A proper rational function (the degree of the numerator is strictly less than the degree of the denom-
inator) can be rewritten as a sum of simpler fractions — the reverse process of combining fractions
over a common denominator. This decomposition makes many rational expressions far easier to
integrate (see Unit 5, Calculus) or to analyse.
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. .. . f(z) A B
AHL only. Distinct | factors: = .
only. Distinct linear factors CCEDICEY) aa:+b+ —
f@) A

(every power of the repeated factor,

R ted li factor: =
epeated linear factor T 1 OE b (om L OP

from 1 up to its multiplicity, contributes one term).
f(z) _ A B

2 - + 2
(ax +b)(z2+pr+q) ar+bdb 22+pr+g
does not factor over the reals (negative discriminant), and the numerator placed over it is a

constant.

,where 22 +pz+¢q

Irreducible quadratic factor:

If the fraction is improper (humerator degree > denominator degree), perform polynomial long
division first to write it as (polynomial) + (proper fraction), then decompose the proper fraction
as above.

GIAI THICH TIENG VIET

m?,'L\HL) Phan tich thanh phan thirc don gian (partial fractions) la qua trinh NGU'OC véi viéc quy
déng mau s6: thay vi gdp nhiéu phan thirc thanh mét, ta tdich mét phan thic phirc tap thanh
téng cac phan thirc don gian hon. Ba dang mau s6 can nhd: (1) cac nhan tir bac nhat khac nhau
— mbi nhan t&r cho mét hing s6 & tir; (2) nhan t&r bac nhat 13p lai (nhu (az 4 b)2) — PHAI viét
dd moi ldy thira tir 1 dén s6 lan 13p lai, khéng chi viét mot s6 hang duy nhat; (3) nhan tr bac hai
vO nghiém thuc — tir s6 tuong (ng chi 1a mét hang sé (khdng phai Az + B) trong chuong trinh
AA. Néu bac tir > bac mau (phan thirc khéng thuc su — improper), phai chia da thirc truéc dé
tach phan nguyén ra, réi mdi phan tich phan phan thirc thuc su con lai.

Vi du mau - Worked example

5 + 7
(z+1)(x+3)
. 5 + 7 A B
Writ = ,S0 5 T=A 3)+ B 1).
rne<x+1><x+3) x+1+x+3 So 5x + (x+3)+ B(z+1)

Setz = —1:5(—1)+7=2=A(2) = A=1. Setx=—3:5(—3)+7=—-8=B(—2) = B=A4.

(AHL) Express in partial fractions.

S5r + 7 1 n 4
(x+1)(z+3) z+1 x+3
Check: 1 N 4 (x+3)+4(:c+1): S5z + 7 v

z+1 43 (x 4+ 1)(x +3) (x4 1)(x+3)

Vi du mau - Worked example

322 4+5x+1 . . .
'AHL) Express in partial fractions.
(AHL) Express -3 22 M P
2 1 A B
Write 327 1 5z + = + + ¢ SO

(z—1D(x+2)?2 z—-1 z4+2 (r+2)?
322 +5zx+1=A(z+2)?+ Bz —1)(z+2) + C(z — 1).

Setzr=1:9=A409)=A=1. Setrx=-2:34)—-10+1=3=C(-3)=C=-1.
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Comparing z2 coefficients: 3=A+B=B=3—-1=2.

322 4+5x+1 1 2 1

(x—1)(z+2)? _a;—1+m—|—2_(x+2)2'

Check (constant term): 44 — 2B — C = 4(1) —2(2) — (—1) =4 —4+ 1 = 1 v (matches the
constant term of the numerator).

Vi du miu - Worked example

202 +x +1
(z —1)(z2 +1)

(AHL) Express in partial fractions.

. o . . . 222 1
Since 22 + 1 has discriminant —4 < 0 (irreducible over the reals), write e =

(x—1)(z2+1)
A B

4+~ _so
x—1+x2+1

222 +z+1=A(2*>+1)+ Bz —1).
Setzx =1:4= A(2) = A=2. Comparingconstantterms:1=A—-B=2—-B= B=1.

20+ 4+1 2 L1
(x—1)(22+1) -1 2241
Check at z = 0: LHS = ! ——1'RHS—1+1——2+1——1\/
- (=D 7 -1 1 B '
Vi du mau - Worked example
2
(AHL) Express Z+3r+5 in the form (polynomial) +L.
r+1 rz+1

Since the numerator’s degree (2) is not less than the denominator’s degree (1), the fraction is
improper: divide first.

> +3x+5=(z+1)(xz+2)+3
(check: (z +1)(z + 2) = 2% 4+ 3z + 2, plus 3 gives 22 + 3z + 5 V'), SO

22 +3x+5 3
—— =+ 2+ —.
r+1 r+1

x. R . . . A
(1) Loi thudng gap: (AHL) For a repeated linear factor (az + b)?, you must include both oS
B

and W — omitting the first-power term is one of the most common errors. Also, always
axr

check whether the fraction is improper (numerator degree > denominator degree) before de-
composing; skipping the polynomial division step leads to an incorrect decomposition.
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ENGLISH

1.15 Practice: Paper 1 style (no calculator)

Bai tap luyén tap

An arithmetic sequence has u; = 5 and d = 3. Find u;, and Sy,

Loi giai chi tiét

-

U =5+9(3) =32 S, = 1—20(2(5) +9(3)) = 5(10 + 27) = 5(37) = 185.

Bai tap luyén tap

A geometric sequence has first term 4 and common ratio 3. Find S;.

Loi giai chi tiét

-

6 _ _
5 = 4(3°—1) _4(729-1) _ 4(728) _ .o
3-1 2 2

Bai tap luyén tap

An infinite geometric series has u; = 10 and r = —%. Find S..
a 2 (C) 20
3
- ® 2 o *

Bai tap luyén tap

An arithmetic series has first term 2 and 20th term 78. Find the common difference and S,

Loi giai chi tiet

_78-2 76 20

d= 5= =15 =4 Sy =5(2+78)=10(80) = 800.

Bai tap luyén tap
Find the coefficient of z° in the expansion of (x + 2)8.

(A) 448 (C) 112
(B) 224 (D) 56
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Loi giai chi tiét

Ty = (5)2% %2 need 8 —k =5 = k = 3. (§) = 56, 23 = 8. Coefficient = 56 x 8 = 448. (A).

Bai tap luyén tap

4

Find the term independent of x in the expansion of (m — ;) .

(A) 54 (C) 36
(B) —54 (D) 81

Loi giai chi tiét

Tpir = (1)(=3)*a* "2 need 4 — 2k = 0 = k = 2. Ty = (3)(—3)% = 6(9) = 54. (A).

Bai tap luyén tap

Solve log,(x 4 2) —log,(z — 1) = 1.

Loi giai chi tiet

-

NI

2 . .
):1:>w+1:3:>1:+2=31:—3:>5:2:L‘:>$:2.5. Domain z > 1: valid.

=1

o

(0]

©w
N A~/
&
L

8
I
s

Bai tap luyén tap

Solve 47 = 2%+3,

(A) z=3 (C) z=1.5
(B) x =6 (D) z =2

Loi giai chi tiét

-

4% = (22)7 = 227,50 2% = 2" = 2p =1 + 3 = z = 3. (A).

Bai tap luyén tap
Solve 9% — 4(3%) — 45 = 0.

Loi giai chi tiét

-

Letu = 3% > 0: u?—4u—45 =0 = (u—9)(u+5) =0 = u = 9(rejectu = —5). 3* =9 = z = 2.

Bai tap luyén tap

Prove directly that the product of two consecutive integers is always even. (Full proof re-
quired.)

Thay Twdng 0332747169 - Cb Nancy 0983422 692 B Diploma Mathematics: Analysis and Approaches - Trang 31



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

Let the integers be n,n + 1. One of any two consecutive integers is even, say it equals 2m for
integer m. Then n(n+1) has 2m as a factor, so n(n+1) = 2 x (integer) — divisible by 2, hence
even. &

Bai tap luyén tap

Prove by contradiction that there is no smallest positive rational number.

Loi giai chi tiét
Suppose, for contradiction, a smallest positive rational number r exists. Then % is also a posi-

tive rational number, and — < r. This contradicts r being the smallest positive rational. Hence
no smallest positive rational number exists. Bl

Bai tap luyén tap

Disprove the statement: “For every positive integer n, n? + 1 is prime.”

Loi giai chi tiet

-

Counterexample n = 3: 32 + 1 = 10 = 2 x 5, which is not prime. The statement is false.

Bai tap luyén tap

Prove by induction that 4™ — 1 is divisible by 3 for all positive integers n.

Lai giai chi tiét

Base (n = 1): 4 — 1 = 3, divisible by 3. Inductive step: assume 4* — 1 = 3m for integer m, i.e.
4k = 3m + 1. Then

4l _1=4.4F—1=4B8m+1)—-1=12m+3=3(4m + 1),

divisible by 3. Conclusion: by induction, 4™ — 1 is divisible by 3 foralln > 1. B

Bai tap luyén tap

4
Evaluate » (272 —1).

=il
(A) 56 (C) 60
(B) 48 (D) 52

Loi giai chi tiét

r=1:1, r =27, r=3:17, r = 4:31. Sum = 1 + 7 + 17 + 31 = 56. (A).
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Bai tap luyén tap

The first three terms of a geometric sequence are k — 1, k+ 1, 2k + 2. Find all possible k& and
the valid common ratio.

Loi giai chi tiét

(k+1)2 = (k—1)(2k+2) = k2+2k+1 = 2k?—2 = k>~ 2k—3=0= (k—3)(k+1)=0=k =3
or k= —1. k = —1 gives terms —2, 0, 0 (invalid, zero term). & = 3,r = 2.

1.16 Practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

A company’s annual profit forms an arithmetic sequence: $50000 in year 1, increasing by
$8 000 each year. Find the profit in year 12 and the total profit over the first 12 years.

Lai giai chi tiét

Uy = 50000 + 11(8000) = 138 000. Sy, = %(2(50 000) + 11(8000)) = 6(188000) = 1128 000.
Profit in year 12: $138 000; total: $1 128 000.

Bai tap luyén tap

A ball is dropped from 10 m and rebounds to 70% of its previous height on each bounce. Find
the height reached after the 5th bounce, and the total vertical distance travelled (theoretically)
before it comes to rest.

Loi giai chi tiét
Height after nth bounce: 10(0.7)". After 5th bounce: 10(0.7)° = 10(0.16807) ~ 1.68 m.
Total distance = 10+2 ) 10(0.7)" = 10+2(10)-

n=1

1—-0.7

= 10+20(2.3333) = 10+46.67 ~ 56.7

Bai tap luyén tap

A geometric series has u; = 8and r = 0.6. Find S_, and the least n for which S__ —S,, < 0.01.

Loi giai chi tiét

n
I
o0
|

©=T"06 20. S, —S,, = 20(0.6)". Need 20(0.6)" < 0.01 = (0.6)" < 0.0005. Testing:

(0.6)* ~ 0.000784 = 20(0.6)* ~ 0.0157 (too big); (0.6)'% ~ 0.00047 = 20(0.6)'> ~ 0.0094 <
0.01. Least n = 15.

Bai tap luyén tap

A quality-control sample of 5 items is drawn (order irrelevant) from a batch of 20 items, of
which 8 are defective. In how many ways can the sample contain exactly 2 defective items?
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(A) 6160 (C) 5040
(B) 3080 (D) 8568

Choose 2 defective from 8: (3) = 28. Choose 3 good from 12: (1?) = 220. Total = 28 x 220 =
6160. (A).

Bai tap luyén tap

Solve 5% = 2 - 3**1 giving your answer correct to 3 significant figures.

Loi giai chi tiét
zIlnb=1In2+(z+1)In3 = z(In5—In3) =In2+In3 =16 = =z =
T ~ 3.51.

Bai tap luyén tap

A bacteria population grows as P(t) = Pye*. Given P, = 500 and the population doubles
every 3 hours, find & and the population after 10 hours.

Loi giai chi tiét
2
92— = | = % ~ 0.2310 per hour. P(10) = 500¢%-2310010) — 50023105 ~ 500(10.08) ~
5040 bacteria.

Bai tap luyén tap

(AHL) Find the modulus and argument of z = 4 — 41/3, and use De Moivre’s theorem to find

23.

Loi giai chi tiét
r = /16 + 48 = 8; Q4, reference angle arctan /3 = 60°, s0 § = —60°. 2> = 83( cos(—180°) +
isin(—180%)) = 512(—1) = —512.

In6  1.79176
In(5/3)  0.51083

~ 3.5076.

Bai tap luyén tap

(AHL) Solve 2?2 = —5 + 12i for z = a + bi (find both square roots) using the algebraic method.

Loi giai chi tiét

a?—b? = —5,2ab =12 = b = 6/a. Then az—g = -5 = a*+5a®>—36 =0 = (a®>+9)(a*—4) =

a
0=dad’=4=a=42.a=2=b=3;a=-2=b=-3. 2=2+3iorz=—2— 3i. (Check:
(24+3)2=4+12i—9=—-5+12i v.)
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Bai tap luyén tap
(AHL) Solve the system = +y+2=6, 20—y +2=3, r + 2y — 3z = —4.

(A) (1,2,3) (€ (3,2,1)
(B) (2,1,3) (D) (1,3,2)

Loi giai chi tiét

-

Elimination gives z = 3, x = 1, y = 2 (full working as in the worked example above). (A).

Bai tap luyén tap

(AHL) Determine whether the system z +2y— 2> =3, 2z +4y—22=6, 3 —y+2z=4hasa
unique solution, infinitely many, or none — justify your answer.

Loi giai chi tiét

Equation 2 = 2x equation 1 (consistent, but dependent), leaving only two independent equa-
tions. Solving them gives a one-parameter family (z, y, z) = (¢, 7—4t, 11—7t). Infinitely many
solutions (the three planes share a common line).

Bai tap luyén tap

A car'’s value depreciates as V() = 32000(0.85)* (dollars, ¢ in years). Find the least whole
number of years for the value to drop below $10 000.

Loi giai chi tiét

In0.3125 —1.16315
Need 0.85¢ 0.3125 = ¢ =
< = In0.85 —0.16252

V ~ $10 260 (not yet below); t = 8 gives V =~ $8721 (below). Least whole number of years: 8.

~ 7.16. Testing integers: t = 7 gives

Bai tap luyén tap

A theatre’s weekly ticket revenue follows a geometric sequence: u; = $12000, with 20%
growth each week (r = 1.2). Find the revenue in week 6 and the total revenue over the first
10 weeks.

Loi giai chi tiét

1.210 — 1
ug = 12000(1.2)> = 12000(2.48832) ~ $29859.84. S;, = 12000(02) =
6.19174 — 1 '

Bai tap luyén tap

A password consists of 4 distinct letters followed by 2 distinct digits, as in the worked example.
If instead repetition of letters and digits is allowed, how many passwords are possible?

(A) 26 x 10% = 45697 600 (C) 26P, x 10?
(B) 26* x 10% = 32292000 (D) 26* + 102
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Loi giai chi tiét

With repetition allowed, each of the 4 letter-slots has 26 independent choices and each of the
2 digit-slots has 10 independent choices: 26* x 10% = 456 976 x 100 = 45 697 600. (A).

Bai tap luyén tap

(AHL) Prove by induction that 2" > n? for all integers n > 5. (Full proof required.)

Loi giai chi tiét

As in the worked example: base case n = 5 gives 32 > 25 (true); inductive step uses 21 =
2-2F > 2k* > (k+1)2 for k > 5 (since k2 — 2k — 1 > 0 there), giving 21 > (k + 1)2. By
induction the result holds foralln > 5. R

Bai tap luyén tap

Write down (do not evaluate) an expression for the future value of $ P invested at annual rate
r, compounded monthly, for ¢ years.

Loi giai chi tiet

-

o
<
Il
g
g
_|_
ol
SN~—

Bai tap luyén tap

State the three cube roots of unity in exact form a + bi.

Loi giai chi tiet

Bai tap luyén tap

(AHL) If w = 2™/5 (a primitive 5th root of unity), evaluate 1 + w + w? + w3 + w?.

(A) 0 € 5
(B) 1 (D) —1

Loi giai chi tiét

By the sum-of-roots-of-unity result (n = 5), the sum is 0. (A).

Bai tap luyén tap

(AHL) If w is a non-real cube root of unity, evaluate 1 + w + w? and w3.
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Loi giai chi tiét

1 4+ w + w? = 0 (sum of the 3 cube roots of unity). w? = 1 (by definition, w is a cube root of
unity).

Bai tap luyén tap

Find the future value of $8000 invested at 5% p.a. compounded quarterly for 6 years, correct
to the nearest cent.

Loi giai chi tiét

-

i = 0.0125, n = 24: FV = 8000(1.0125)* ~ 8000(1.34737) ~ $10 778.96.

Bai tap luyén tap
Find the monthly repayment on a $50 000 car loan at 7.2% p.a. (compounded monthly) over 5

years (60 instalments), correct to the nearest cent.

Loi giai chi tiet

-

) 50000(0.006) 300
— g N —60 ~ — — = . .
i = 0.006, 1= 60: (1.006) " ~ 0.60841. R = T~ me = oo os ~ $994.73

Bai tap luyén tap

A car worth $18 000 today depreciates at 12% per year (compound depreciation). Find its value
in 5 years, correct to the nearest dollar.

(A) $9498 (C) $8500
(B) $10584 (D) $11200

Loi giai chi tiet

-

V = 18000(0.88) ~ 18 000(0.52765) ~ $9498. (A).

Bai tap luyén tap

(AHL) Find all six 6th roots of unity, and verify directly that they sum to zero.

Loi giai chi tiét

Roots: 1, 1 + %gz', -1+ ‘/ng’, -1, -1 - ‘/751', - \/ng Pairing terms: the four non-real
1 1 1 1

roots cancel in imaginary parts symmetrically and the real parts (5 — s =5 5) = 0, plus
1+ (—1) = 0, giving total sum 0.

Bai tap luyén tap

A retiree’s fund of $300 000 earns 5% p.a. Using the annuity formula, find how much larger the
annual withdrawal could be if the fund only needed to last 15 years instead of 20 years.
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Loi giai chi tiét

300000(0.05) 15000
= 15: (1.05)71% ~ 0. ,R = = ~ 2.60. C dt
Forn = 15: (1.05) 0.48102, R 1 043102 01898 $28902.60. Compared to

$24 072.68 for n = 20, the increase is ~ $4829.92 per year.

1.17 Additional practice: Paper 1 style (no calculator)

Bai tap luyén tap

The 3rd term of an arithmetic sequence is 11 and the 7th term is 27. Find the first term, the
common difference, and S;,.

Loi giai chi tiet

-

dd =u; —ug3 =27—11=16=d=4. Thenu; =u3 —2d =11 -8 = 3.

Sig = 7(2(3) +9(4)) = 5(6 + 36) = 5(42) = 210.

Bai tap luyén tap

An infinite geometric series has first term 12 and sum to infinity 16. Find the common ratio r,
and the 4th term u,.

Loi giai chi tiét

u 12 12 3 1 n°? 12
‘S;))oo: 1—1’]" = 16 = 1—r il—T:1—6:Z:>T21.Thenu41:’u17’3:12<1> :6—4:
E.
Bai tap luyén tap

5}

Evaluate » "(3k — 2).

k=1
(A) 35 (C) 40
(B) 30 (D) 45

Loi giai chi tiet

)
Thisisarithmeticwithwu, = 1,d = 3,n = 5,s0u; = 1+4(3) = 13. S; = 5(1—1—13) = 2(14) =1}
(A).

Bai tap luyén tap

Find the coefficients of 2% and of 2?2 in the expansion of (2z — 1)5.
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Loi giai chi tiét

General term T, = (2) (22)>F(—1)k.

Forz3:5—k=3=k=2.T; = (27)3(—1)%? = 10(823) = 80x3. Coefficient = 80.

N
N Ot

2) (22)%(—1)3 = 10(42?)(—1) = —4022. Coefficient = —40.

Forx2:5—k:2:>k:3.T4:<

Bai tap luyén tap

(AHL) Find the first three terms of the expansion of (1+3z)~2 in ascending powers of z, stating
the range of values of = for which the expansion is valid.

Loi giai chi tiet

Here n = —2, applied with x replaced by 3z:
(=2)(=3)

6
o] (Bz)2+=1—6x+ 5(9ag2) +o=1—6x+ 2722 + -

(14+32)2 =1+ (-2)(3z) +

1
Valid for |3z| < 1, i.e. |z| < e

Bai tap luyén tap

Solve log, = + log,(z — 2) = 3.

Loi giai chi tiét

-

log, [z(z—2)] =3=2(z—2)=2°=8=2>-22—8=0= (z—4)(z+2)=0=>z=4o0r
x = —2. Domain requires = > 2: reject = —2. # = 4. (Check: log, 4+ log,2=2+1=3 V)

Bai tap luyén tap

Write 0.0000723 in standard form. Hence evaluate (2 x 10%)(3.5 x 10~%), giving your answer
in standard form.

Loi giai chi tiet

0.0000723 = 7.23 x 107°.
(2x10%)(3.5 x 1075) = (2 x 3.5) x 1036 =7 x 1073.

Bai tap luyén tap

Prove by contradiction that there is no largest even integer.

Loi giai chi tiét
Suppose, for contradiction, that a largest even integer IV exists. Then IV + 2 is also even (since
Niseven),and N+2 > N. This contradicts N being the largest even integer. Hence no largest

even integer exists. B
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Bai tap luyén tap

Prove by induction that Z r-2" = (n—1)2""! + 2 for all integers n > 1.
r=1

Loi giai chi tiet

Base (n = 1): LHS = 1(2) = 2; RHS = (0)(22) + 2 = 2. True.
k
Inductive step: assume Z r-2" = (k—1)2*1 4+ 2. Then

r=1
k+1
D r2t = (k=128 24 (k4 1)28 = 251 [(k—1) + (k+1)] +2 = 251 (2k) +2 = k-2++2 42,
r=1

which is the claimed formula with n = k£ + 1. Conclusion: by induction, the formula holds for
aln>1. 1

Bai tap luyén tap

(AHL) Solve the system =z +y+2=5, z—y+22=8, 2x+y—=z=1.

(A) (2,0,3) (€ (3,2,0)
(B) (0,2,3) (D) (2,3,0)

Loi giai chi tiét

Fromeq.1: y = 5 — 2z — 2. Substituting intoeq.2: z — (5 —x — 2) + 22 =8 = 2x + 32 = 13 (A).
Substituting intoeq.3: 22+ (5 —x—2)—2=1= 2 —22 = —4 = x = 2z — 4 (B). Substituting
(B)into (A):2(22—4)+32=13=72=21=2=3,50x =2,y =5—2—3 = 0. (A). (Check:
eq.2:2—-0+6=8v;eq.3:4+0—-3=1/V)

1.18 Additional practice: Paper 2/3 style (calculator allowed)
Bai tap luyén tap

Find the future value of $12000 invested at 4.5% per annum, compounded semi-annually, for
8 years.

Lai giai chi tiét
0.045
i=—5— =0.0225,n= 2(8) = 16.
FV =12000(1.0225)16 ~ 12000(1.42762) ~ $17 131.46.

Bai tap luyén tap

Find the monthly repayment on a $120 000 loan at 6% per annum (compounded monthly) over
15 years (180 monthly instalments).
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Loi giai chi tiét

. 0.06

U= 0.005, n = 180. (1.005)80 &~ 2.45409 = (1.005) '8 ~ 0.40748.

e 120000(0.005) 600
1 —0.40748  0.59252

~ $1012.63 per month.

Bai tap luyén tap

The mass of a hydrogen atom is approximately 1.67 x 10727 kg. Find, in standard form, the
total mass of 2.5 x 10%* hydrogen atoms.

Loi gidi chi tiét
Total mass = (1.67 x 10727)(2.5 x 10%*) = (1.67 x 2.5) x 1072724 = 4.175 x 102 kg.

Bai tap luyén tap

A rectangular field has length 45 m and width 30 m, each measured to the nearest metre. Find
the upper and lower bounds of the perimeter and of the area.

Loi gidi chi tiét

Length bounds: 44.5 <1 < 45.5. Width bounds: 29.5 < w < 30.5.

Perimeter = 2(1 + w): max = 2(45.5 4+ 30.5) = 2(76) = 152 m; min = 2(44.5 + 29.5) = 2(74) =
148 m.

Area = [w: max = 45.5 x 30.5 = 1387.75 m?%; min = 44.5 x 29.5 = 1312.75 m?.

Bai tap luyén tap

Solve 2¢+1 = 322—1 gjving your answer correct to 3 significant figures.

Loi giai chi tiet

In2+1
Take In: (2 +1)IN2 = (2 — 1)In3 = (N2 — 2In3) = —IN2— N3 = 2 — =12 ns _
2In3—1In2
1.79176
1.50408

~ 1.19126. x ~ 1.19.

Bai tap luyén tap

(AHL) Given z = 5(cos 40° + i sin 40°), find 2* in the form a + b, correct to 3 significant figures.

Loi giai chi tiét

By De Moivre: z* = 5%(cos 160° + i sin 160°) = 625( cos 160° + i sin 160°).

24 ~ 625(—0.93969) + 625(0.34202)i ~ —587 + 214 (3 s.f.).
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Bai tap luyén tap
(AHL) Find the product of the four 4th roots of unity.

(A) —1 () i
(B) 1 (D) —i

Loi giai chi tiét

The four 4th roots of unity are 1, i, —1, —i. Their productis 1 xix (—1) x (—i) = (—i) x (—i) =
2 = —1. (A).

Bai tap luyén tap
(AHL) Find the Cartesian equation of the locus |2 — 3| = |z + 3i|, and identify it.

Loi giai chi tiét

Withz =z +iy: (2—3)2+92 =22+ (y+3)? = 22— 62+ 9+ =22+ 2 +6y+9 = —62 =
6y = y = —uz. This is a straight line — the perpendicular bisector of the segment joining (3, 0)
and (0, —3) (midpoint (1.5, —1.5) liesony = —z v).

Bai tap luyén tap
Which value of n disproves the statement “for every positive integer n, 2® — 1 is prime”?

(A) n=14 C)n=3
(B) n=2 (D) n="5

Loi giai chi tiét
24 —1 =15 =3 x 5, which is not prime. (22 —1 =3,22 —1 = 7,and 2° — 1 = 31 are all prime,
so they do not disprove the statement.) (A).

Bai tap luyén tap

. . 1
(AHL) Use the expansion of (1 — x)~3 up to the 2 term to approximate ———, and compare

(0.98)3’
with the true value.
Loi giai chi tiét
With n = —3 and z replaced by —u:
—3)(—4
1—z)2=1+(-3)(—z) + ( )25 )(—:L‘)2 + =143z + 622 + - (lz] < 1).
Set x = 0.02 (since L _ (1—0.02)73):
- (0.98)3 ' '
1
~ 1+ 3(0.02 6(0.02)2 = 1 + 0.06 + 0.0024 = 1.0624.
.95 ~ 1 H3(0:02) +6(002)7=1+0.06 +
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1
A calculator gives 0.98% = 0.941192, so T ~ 1.06248, which rounds to 1.0625 (4 d.p.) —

matching the approximation to 3 decimal places. v

1.19 Extra practice: Mixed mastery

Bai tap luyén tap

A car’s fuel efficiency is estimated at 14.5 km/L, but careful testing shows the true value is 15.2
km/L. Find the percentage error in the estimate, correct to 3 s.f.

Lai giai chi tiét

-

% 100% = 27 2 100% ~ 4.61%.

14.5 —15.2
% error = ’—‘
15.2

15.2

Bai tap luyén tap

A time is recorded as 15 seconds, correct to the nearest second. Find the maximum possible
percentage error in this measurement, correct to 3 s.f.

Loi giai chi tiét

-

Bounds: 14.5 < ¢t < 15.5, so the maximum absolute error is 0.5 s. The percentage error is
greatest when the true value is smallest (14.5):

0.5
% €rror ., = TR 100% ~ 3.45%.

Bai tap luyén tap

Prove by exhaustion that n? + n is even for every integer n.

Loi giai chi tiét

Every integer is either even or odd — these two cases exhaust all possibilities.

Case 1 (n = 2k): n? + n = 4k? + 2k = 2(2k? + k), even.
Case2(n=2k+1):n?4+n=2k+1)2+Q2k+1)=4k> + 4k +1+2k+1=4k> + 6k +2 =
2(2k* + 3k + 1), even.

Both cases give an even result, so n? + n is even for every integer n. B

Bai tap luyén tap

N |
HI
—

+

Express ———
Press )@+ 1)

in partial fractions.
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Loi giai chi tiét

7 1 A B
(w—g)?_x—i—l) = x—2+:r+1 =Tr+1=A(z+1)+B(x—2). Setx =2: 15 =34 = A=5.

Setz =—-1: 6=—-3B= B=2.
Tr+1 5 2

e—2@+1) -2 z+1

Bai tap luyén tap

(AHL) Express b in partial fractions.
(z —1)2
5 3 3 5
(A)aj—1+(ac—1)2 (C)x—1+(x—1)2
15 3 5
(B) z—1 (z—1)2 (D) (x—1)2

Loi giai chi tiet

5z—2 = A(x—1)+B. Comparing x coefficients: A =5. Setxz = 1: 3 = B. (A): —
(Check constantterm: —A+B=-54+3=—-2V.)

Bai tap luyén tap

The sum of the first n terms of an arithmetic sequence is S, = 3n? + 2n. Find u; and the
common difference d.

Loi giai chi tiét

5, = 3(2(5) +(n—1)6) = g(Gn +4)=3n2+2nv)

Bai tap luyén tap

Find the coefficient of z* in the expansion of (22 — 1)7.

(A) —560 (C) —280
(B) 560 (D) 280

Loi giai chi tiet

Bai tap luyén tap

(AHL) Given that 1 + 2i is a root of 23 — 422 + 9z — 10 = 0, find all three roots.
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Loi giai chi tiét

By the conjugate root theorem, 1 — 2i is also a root. Quadratic factor: (z — (1 + 2i))(z — (1 —
2i)) = 2% — 2z + 5 (sum of roots 2, product 1 + 4 = 5). Dividing:

23 — 422 4+ 92 — 10 = (22 — 22 + 5)(z — 2).
Roots: 2, 1+ 2, 1 — 2i.
Bai tap luyén tap
Solve 227 — 3(2%) — 4 = 0.
Loi giai chi tiét

letu=2>0:u?2—3u—4=0= (u—4)(u+1)=0=u=4(rejectu = —1). 2* =4 =22 =
T = 2.

Bai tap luyén tap

Find the future value of $6000 invested at 4% per annum, compounded semi-annually, for 5
years, correct to the nearest cent.

Lai giai chi tiét

i =0.02,n = 10: FV = 6000(1.02)'° ~ 6000(1.218994) ~ $7313.97.
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Functions

Muc tiéu Unit: Khai niém ham s8, tap xac dinh/tap gia tri, phép bién d&i d6 thi, ham bac hai, ham phan
thirc, ham hop va ham nguoc, va (AHL) ham da thirc bac cao cung dinh ly nhan tir/sé du.

2.1 Functions, domain, and range

A function f : z = f(z) is a rule that assigns to each input = exactly one output f(z). The domain is
the set of all valid inputs; the range is the set of all resulting outputs. A graph represents a function
precisely when it passes the vertical line test (no vertical line cuts the graph more than once).

f is one-to-one (injective) iff it passes the horizontal line test — no horizontal line cuts the

graph more than once. This is exactly the condition under which f~! exists as a function on
the same domain.

. GIAI THICH TIENG VIET

Tap xac dinh (domain) 1a tap cac gia tri = hop 1é (vi du: bi€u thirc trong cin phai > 0, mau s6
phai # 0, biéu thirc trong log phai > 0). Tap gia tri (range) 1a tap cac gia tri y = f(z) co thé dat
dugc. Mot ham s6 ¢6 ham nguoc (trén mién do) khi va chi khi né 13 don anh (méi gia tri y chi
irng véi ding mot z) — kiém tra bang "phép thir dudng thing ngang”.

Vi du mau - Worked example

State the domain and range of f(z) = V9 — x2.
Domain: need9 — 22 >0=22<9= -3<z <3.

Range: as = ranges over [—3, 3], 9 — x? ranges over [0, 9], so V9 — 22 ranges over [0, 3]. Range:
0<y<3.

Vi du mau - Worked example

Determine whether f(z) = 23 — 3z is one-to-one on R.

Factor: f(x) = x(2? —3) = x(x — V3)(z + V3), so f(—V3) = f(0) = f(v/3) = 0. Three
different inputs give the same output 0, so f fails the horizontal line test: f is not one-to-one
on R, and has no inverse function on this domain.

(1) Loi thueng gap: A common domain-finding slip: treating Vo log, and denominators as inde-
pendent restrictions to be applied one at a time instead of combined with AND (intersection).
If a function has both a square root and a logarithm, the domain is the intersection of both
individual conditions, not just one of them.
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2.2 Transformations of graphs

Fory = af(b(x — h)) + k, starting from y = f(z):
* y = f(x)+ k: vertical shift up k (down if k < 0). y = f(x —h): horizontal shift right £ (left
if h < 0).

e y =af(x): vertical stretch by factor a (reflection in the z-axis if a < 0).

. 1 . .
e y = f(bx): horizontal stretch by factor A (reflection in the y-axis if b < 0).

Transformations inside the brackets (affecting x) act in reverse order and reverse sense to in-
tuition; transformations outside (affecting y) act exactly as they appear.

GIAI THICH TIENG VIET
Bién d6i BEN TRONG dau ngoic (theo z) cé thir ty va dau "ngugc truc gidc”: f(x — h) dich
sang phai i don vi (khéng phai trai); f(bx) co lai theo hé s6 % (khéng phai nhan b). Bién doi
BEN NGOAI (theo y) thi truc gidc hon: f(xz) + k dich |én, af(z) gidn theo hé s6 a. Khi ¢6 nhiéu

bién doi két hgp nhu y = af(x —h) + k, ap dung lan lugt cho mot diém cu thé: trudce tién dich
theo z (céng h vao hoanh dd), réi nhan a vao tung do6, cudi cung cong k vao tung do.

y = 2(z —2)% + 1is y = 2 shifted right 2, stretched vertically by factor 2, and shifted up 1 (vertex moves from (0, 0) to

(2,1)).
Vi du miu - Worked example

The graph of y = f(z) has a maximum point at (2,5) and passes through (1,4). State the
coordinates of (a) the maximum point of y = f(z — 3) + 2; (b) the point on y = 3f(z) — 1
corresponding to x = 1.

(a) Shift right 3, thenup 2: (2+3,5+2) = (5,7).

(b) Atz =1, f(1) =4,s0y = 3(4) — 1 = 11: the point is (1, 11) (only the output is transformed
here).

Vi du mau - Worked example

The graph of y = f(z) has a minimum point at (4, —3). Find the corresponding turning point of
y = —2f(x — 1) + 5, and state whether it is now a maximum or minimum.

Apply the transformations to the point (4, —3) in order: horizontal shift right 1 gives = =
4 + 1 = b; vertical stretch/reflection by —2 gives y = —2(—3) = 6; vertical shift up 5 gives
y=6+05=11.

New point: (5,11).
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Since a = —2 < 0, the reflection flips a minimum into a maximum — so (5,11) is now a
maximum point.

2.3 Thegraphsofy = |f(x)|and y = f(|z|)

Two further transformations combine a function f with the absolute value, and although they look
similar in notation, they act in completely different ways.

y = | f(x)| — modulus applied outside f: wherever f(z) > 0, the graph of y = | f(z)| is identical
toy = f(x); wherever f(z) < 0, that part is reflected in the z-axis (replace y by —y). The
resulting graph never lies below the z-axis, and typically has sharp corners (not smooth turning
points) exactly at the z-intercepts of the original graph.

y = f(|z|) — modulus applied inside f: for x > 0, |x| = z, so the graph is unchanged from
y= f(z)onx > 0. Forx <0, |z| = —z > 0, so f(|z|) = f(—=z): the branch of the original
graph for x < 0 is discarded and replaced by the reflection in the y-axis of the 2 > 0 branch.
The result is always an even function, regardless of the symmetry of f itself.

- GIAI THICH TIENG VIET
y = |f(z)]: gilr nguyén phan do thi nam trén truc = (noi f(z) > 0); phan nam dudi truc =
(f(z) < 0) thi Iat Ién trén qua truc . D6 thi két qua ludn ndm trén hodc cham truc hoanh, cé
cac "gbc gay” dung tai nhirng diém cat truc = cua do thi gbc.
y = f(|z|): gilr nguyén phan db thi gbc v&i = > 0, sau dé bé han phan z < 0 ctia dé thi géc va
thay bang anh phan chiéu cta phan = > 0 qua truc y. K&t qua luén 12 mét ham chan, bat ké
ham ban dau c6 d6i xirng gi hay khong.

\-y=fle)=a®—dz 157V
y=|f(z)]
10 |
— y = f(lz|)
5 |1
‘ xr
-3 =2 — 2 3
// _5 1
/ ~10
/, _15 |1

For f(x) = 2 — 4x (roots x = —2, 0, 2): y = | f(z)| reflects the dips below the z-axis upward, producing corners at the
roots; y = f(|z|) keeps only the = > 0 branch and mirrors it into = < 0, giving an even function with a corner at z = 0.

Vi du mau - Worked example

The function f(z) = = — 2 has z-intercept (2, 0) and y-intercept (0, —2). Describe the graph of
y=If(2)| =z =2
f(z) =2 —2>0forz > 2, so that part of the line is unchanged. f(z) < 0 for z < 2, so that

part is reflected in the z-axis, becomingy = —(z —2) =2 — x.
r—2, ©z>2
|z —2| =
2—x, <2
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The graph is a V-shape with vertex (minimum point) at (2, 0): gradient —1 for z < 2, gradient
+1 for x > 2, and the graph never goes below the z-axis.

Vi du mau - Worked example

Solve |2? — 4] = 3.

Casel: 22 —4=3=22=7=2=+4V7.

Case2: 22 —4=-3=22=1=2=+1

Check: atz = +VT: 22 —4=7—-4=3,50|3| =3vV. Atz =41: 22 —4=1—-4=—3,50
—3=3v.

Solutions: z = +1, +V/7.

Vi du miu - Worked example

Let f(x) = 2? — 22— 3. Find the roots of y = f(|z|), and explain why they differ from the roots
of y = f(x).

Factoring: f(z) = (x —3)(z +1),s0 f(z) =0atx =3 and z = —1.

Since |z|? = 22, f(|z|) = |z|*—2|x| -3 = 22 —2|z|—3. Setting f(|z|) = 0 and letting u = |z| > 0:

u?—2u—3=0= (u—3)(u+1)=0=u=3(u=—1rejected, since u > 0).

So |z| =3 = x = 43. Theroots of y = f(|z|) are z = 3 and x = —3: the positive root x = 3 of
the original f is kept, but the negative root x = —1 is discarded (it came from the x < 0 branch
of the original graph) and replaced by its mirror image = = —3 across the y-axis — exactly as
the theory predicts.

2.4 Odd and even functions

A function f is even if f(—z) = f(x) for every x in its domain — the graph is symmetric about
the y-axis. A function f is odd if f(—z) = —f(x) for every x in its domain — the graph is
symmetric about the origin (invariant under a 180° rotation).

To classify a function algebraically: compute f(—x), simplify, and compare with f(z) (even) and
with — f(x) (odd). Many functions are neither even nor odd.

Products: even xeven = even; oddxodd = even; evenxodd = odd.

. GIAI THICH TIENG VIET

Ham chdn: f(—z) = f(x) v6i moi z — db thj d6i x(rng qua truc y (vidu y = 22, y = cos z). Ham
1&: f(—x) = —f(x) v&i moi x — d6 thj d&i x(rng qua gbc toa doé (vi du y = 3, y = sinz). Cach
ki€ém tra: thay —x vao biéu thirc cha f(x), rit gon, roi so sanh vai f(z) (chan) hodc —f(z) (I&).
Rat nhiéu ham s6 khéng chan ciing khong 1é.

Vi du miu - Worked example

Classify f(x) = z* — 322 + 1.
f(=2) = (—2)* =3(—2)?+1 =2*—322+1 = f(x). Since f(—z) = f(z) for every z: fis even.
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Vi du miu - Worked example

Classify g(x) = 2® — 4x.
g(—x) = (—2)3 —4(—2) = —23 + 42 = —(23 — 4x) = —g(x). Since g(—x) = —g(x) for every
x: g is odd.

Vi du mau - Worked example

Classify h(z) = 22 + .
h(—z) = (—x)? + (—x) = 2% — 2. This is not equal to h(z) = 22 + x (unless z = 0), and not
equal to —h(x) = —2? — x either: h is neither even nor odd.

M& réng: phan tach chan - 1é

Every function f (with domain symmetric about 0) can be written uniquely as the sum of an
even part and an odd part:

F(&) = fonl@) + fosa(®):  Founla) = TETIED gy - TR T D)
Verification: fq e (—2) = f(—:n);f(:n) = feven(T) lEVEN);,  fod(—2) = f(_x);f(‘f) —
W = — foqd(z) (0dd); adding the two definitions recovers f(z).

Applied to f(z) = e”: foyen(z) = # = coshz, and fy44(z) = % = sinhz.

Vi du m3u - Worked example

Classify k(x) = z sin z, using the product rule for even/odd functions.
k(—x) = (—x)sin(—z) = (—z)(—sinz) = zsinz = k(z). So k is even. This matches the
product rule: z is odd and sin x is odd, and oddxodd = even.

Function Classification Reason

x2, z*, x8, ... even (—x)" = x" for even n
x, 23, 20 . odd (—x)™ = —a" forodd n
coszx even cos(—z) =cosx

sinz, tanz odd sin(—z) = —sinz

|| even | — x| = |z]

constantc #0 even value ¢ for every z
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2.5 Linear functions and the equation of a line

Gradient between two points (z,,y,) and (z,,1,): m = 22— YL (2, # x).
dby = by

Forms of the equation of a line: slope-intercept y = mx + ¢ (c is the y-intercept); point-
gradient y — y; = m(x — x,); general form az + by + d = 0.
. . . . 1
Parallel lines: m, = m,. Perpendicular lines: m,m, = —1 (equivalently m, = ——).
my
Midpoint of (z,,y,) and (z,,%,): (xl i T2 U i y2>. Distance: d =

2 2
V(@ —21)? + (yg —y1)2

. GIAI THICH TIENG VIET

thay d6i theo y
thay déi theo z
song song c6 cling do déc; hai dudng thing vudng géc cé tich do déc bing —1 (d6 déc nay
13 nghich dao am cltia d6 déc kia). Khi dé cho hai diém, luén tinh dé déc truéc, roi chon dang
phuong trinh pht hop nhat (thudng dung dang diém-dé déc khi biét mét diém cu thé).

D6 déc (gradient) m do dé "nghiéng” cdia dudng thang: m = . Hai duding thang

Vi du mau - Worked example

Find the equation of the line through A(1,2) and B(4, 11), in the form y = max + c.

-2 9,
M=y -1 "3~

Usingpoint A: y—2=3(z—1)=y=3x—1.

Vi du miu - Worked example

Find the equation of the line through (3, —2) that is perpendicular to the line 2z + 4y = 8.

. . . 1 . o1 . . .
Rewrite the given line as y = 5% + 2, so its gradient is —5 A perpendicular line has gradient
-1/2

y—(—2)=2x—-3) = y+2=2r—6 = y=2x—28.

I '

Vi du miu - Worked example

A(2,5) and B(8,1) are two points. Find the midpoint of [AB], and the equation of the line
through this midpoint that is parallel to AB.
248 541

Midpoint: (T, ?> = (5,3). Gradient of AB: m = =—=—C.

A line parallel to AB through (5, 3) has the same gradient —

2
y-3=—3—5) = 8y-9=-2+10 = 2w +3y=19.
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(1) Léi thueng gap: The perpendicular-gradient condition is m,m, = —1, not m, = —m, —
always take the negative reciprocal of the original gradient, not just its negation. A common
special case: any horizontal line (m = 0) is perpendicular to any vertical line (undefined gradi-
ent), which the formula m,;m, = —1 cannot itself capture.

2.6 Quadratic functions
For f(z) = ax® + bz + ¢ (a # 0), completing the square gives vertex form f(z) = a(z — h)? + k with

b
h=—g k= f(h).

—b + Vb2 — 4ac

Quadratic formula: =z = . The discriminant A = % — 4ac determines the

2a
nature of the roots: A > 0 — two distinct real roots; A = 0 — one repeated real root (the
parabola is tangent to the z-axis); A < 0 — no real roots (a complex conjugate pair).
b
Sum and product of roots (o, 3): o« + 3= ——, aff = E.
a a

- GIAI THICH TIENG VIET
Dang dinh f(x) = a(z — h)? + k cho ngay toa do dinh (h, k) ma khong can dao ham. Biét thirc
A = b?—4ac 13 "chia khéa” phan loai nghiém: dwong — hai nghiém phan biét; bang 0 — nghiém
kép (dinh nam trén truc z); am — khéng cé nghiém thuc (khi d6 chuyén sang xét nghiém phirc
— xem Unit 1, phan AHL).

Vi du mau - Worked example

Find the vertex of f(x) = 222 — 8z + 9 by completing the square.
flz)=2(z? —42)+9=2[(x —2)* —4] +9=2(x —2)? =8+ 9 = 2(x — 2)? + 1. Vertex: (2,1).

Vi du mau - Worked example

Find k such that 22 + (k — 2)z + (k + 1) = 0 has equal (repeated) roots.
A=(k—22—4(k+1)=k>—4k+4—4k—4=k—8k=0=k(k—8) =0=k=0o0rk =8.

Vi du mau - Worked example

If o, B are the roots of 222 — 5z + 3 = 0, find a? + 32 without solving for «, 3 individually.
atf=20p="
S22

25 25 12 13
4B =(at+BP-208=" 3= - ==,

4 4 4
Vi du mau - Worked example

A rectangle has perimeter 40 m. Express the area A as a function of the width z, and hence
find the width that maximizes the area.

With width = and length 20 — z (since 2(x + ¢) = 40): A(z) = 2(20 —z) = —2% + 20z. Thisis a

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 B Diploma Mathematics: Analysis and Approaches - Trang 52



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

. . 20 . .
downward parabola with vertex (maximum) at x = _2(71) = 10. So width 10 m gives length

20 — 10 = 10 m (a square), with maximum area A(10) = 100 mZ.

2.7 Quadratic inequalities

To solve ax? + bz +c¢ > 0 (or < 0, > 0, < 0): find the roots of az? + bz + ¢ = 0, then use the
shape of the parabola (upward if a > 0, downward if a < 0) to read off where the expression
is positive or negative. For an upward parabola, the expression is negative between the roots
and positive outside them (the reverse for a downward parabola).

GIAI THICH TIENG VIET
Dé giai bat phuaong trinh bac hai, luén tim nghiém cta phuong trinh bac hai tuong (ng trudc,
sau dé dua vao hinh dang cua parabol (huéng [én néu a > 0, huéng xudng néu a < 0) dé€ xac
dinh dau cta biéu thire trén tirng khoang. Cach truc quan nhat: vé phac mot parabol don gian
va danh dau hai nghiém trén truc  — phan do thi ndm TREN truc z (rng v&i biéu thic duong,
nam DUGI &ng véi am.

Vi du miu - Worked example

Solve 2 — 52 + 6 > 0.

Factor: (z — 2)(z — 3) > 0, with roots 2 = 2,3. Since a = 1 > 0 (upward parabola), the
expression is positive outside the roots:

r<2 or x>3.

Vi du m3u - Worked example

I r

Solve —z2 + 2z + 8 > 0.
Multiply by —1 (reversing the inequality): 22 — 22 — 8 < 0 = (z — 4)(z + 2) < 0, with roots
x = —2, 4. Since the coefficient of 22 is now positive, the expression is < 0 between the roots:

—2<x<A4.

(Check at = = 0, inside this interval, in the original inequality: -0 +0+8=8>0V".)

Vi du mau - Worked example

Solve (z —1)(z + 3) < 0.
Roots z = 1, —3; upward parabola (@ = 1 > 0), so the expression is negative between the roots:

—d<x<l1.

(1) L6i thuong gap: Multiplying or dividing a quadratic inequality by a negative number re-
verses the inequality sign — exactly as with linear inequalities. Also, the solution set for a
strict inequality (<, >) excludes the roots themselves, while <, > includes them.
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2.8 Locating Roots by Sign Change

Many equations built from familiar functions cannot be solved exactly by algebraic methods — for
instance, equations that mix polynomial, exponential, or logarithmic terms. Before solving such an
equation numerically (e.g. with a GDC), it is useful to first confirm where a root lies, using nothing
more than the sign of the function at a few points.

If fis continuous on the closed interval [a,b], and f(a) and f(b) have opposite signs (that is,
f(a) - f(b) < 0), then the equation f(x) = 0 has at least one root ¢ with a < ¢ < b.

This test only guarantees existence of arootin (a, b) (there could be more than one) — it does not
by itself pin down the exact value. However, evaluating f at a point inside (a, b) and checking
its sign against the two endpoints lets the interval containing a root be narrowed repeatedly,
to any desired level of accuracy.

GIAI THICH TIENG VIET

€u f lién tuc trén doan [a,b] va f(a), f(b) trdi dau (tich f(a) - f(b) < 0), thi phuwong trinh
f(x) = 0 chac chan c6 it nhat mét nghiém nam trong khoang (a,b) — vi do thi ciia mot ham
lien tuc khéng thé "nhay” tir gia tri am sang gia tri duwong (hay nguoc lai) ma khéng cat truc
hoanh & dau dé bén trong khoang d6. Day la céng cu hiru ich d€ dinh vi nghiém cla cac
phuong trinh khéng thé giai chinh xac bang dai s6: chi can tinh gia tri cta f tai moét vai diém,
xét dau, roi thu hep dan khoang chira nghiém bang cach kiém tra thém cac diém & gitra.

Vi du mau - Worked example

Show that 23 — x — 3 = 0 has a root between = 1 and z = 2, then use z = 1.5 to narrow
down the interval containing it.

Let f(z) = 2% — 2 — 3. Then

f)=1-1-3=-3<0, f(2)=8-2—-3=3>0.

Since f(1) and f(2) have opposite signs, f has at least one root in (1, 2).

Testing the midpoint: f(1.5) = 3.375 — 1.5 —3 = —0.125 < 0. Since f(1.5) < 0and f(2) > 0
(opposite signs), the root lies in the narrower interval (1.5, 2).

Vi du mau - Worked example

Show that ¢* = 3 — x has a root between x = 0 and = = 1, then narrow the interval using
x = 0.5.

Rearrange as g(x) = ¢” +x—3 = 0 (so that solving g(x) = 0 is equivalent to solving the original
equation). Then

g(0)=e"+0-3=1-3=-2<0, g(1)=e'+1—-3=2.71828... +1—3 ~ 0.718 > 0.

Since ¢(0) and ¢g(1) have opposite signs, g has at least one root in (0, 1).

Testing the midpoint: g(0.5) = %5+ 0.5 —3 ~ 1.6487+0.5—3 = —0.851 < 0. Since g(0.5) < 0
and g(1) > 0, the root lies in the narrower interval (0.5, 1).
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2.9 Rational functions

b . . . d
For f(x) = Z;Cid (c # 0, ad # bc), the graph is a hyperbola with vertical asymptote = = - (where

the denominator vanishes) and horizontal asymptote y = 4 (the ratio of leading coefficients, since
C

numerator and denominator have equal degree).

10 %

10 -8 —6 -4

Vi du m3u - Worked example

. 3 —2
State the asymptotes, and the z- and y-intercepts, of f(z) = $+ T
xr
3
VA:z =—4. HA:y=-=3.
—9 1 1 2
y-intercept: f(0) = VR E z-intercept: 3x —2=0= 2z = 3

GIAI THICH TIENG VIET
V6i ham phan thirc bac nhat/bac nhat: tiém can dirng tai nghiém ctia mau sé (gia tri z lam mau
bang 0), tiém can ngang 13 ti s6 hé s6 bac cao nhat cha tir va mau (vi t&r va mau cung bac 1).
D6 thi ludn gobm hai nhanh hyperbol déi xirng qua giao diém cua hai dudng tiém can.

Vi du mau - Worked example

(AHL) By performing polynomial division, express f(z) =

x?—1, c

in the form z +2 +
x—2 xr —

5 and
state the equations of its asymptotes.

Dividing: 22 — 1 = (x — 2)(z + 2) + 3 (check: (z —2)(z +2) = 2? —4,and 22 —4 +3 =22 — 1
V). So

f(x):$+2+%.

. . . 3
As x — 2, the fraction term dominates: vertical asymptote = = 2. As || — oo, p— — 0, so
x —
f(xz) — x + 2: oblique (slant) asymptote y = x + 2.
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2.10 Rational functions with a quadratic denominator (AHL)

ar+b
2 +cx+d

Vertical asymptotes occur at the real roots of 22 + cz + d = 0. The discriminant A = ¢? — 4d
determines how many: A > 0 gives two vertical asymptotes; A = 0 gives one (a repeated
root); A < 0 gives none — the denominator is never zero, so f is defined and continuous for
every real z.

AHL only. For f(x) = (linear numerator, quadratic denominator):

Horizontal asymptote: since the numerator has smaller degree than the denominator, f(z) —
0 as x — +00, so the horizontal asymptote is always y = 0.

. GIAI THICH TIENG VIET

V6&i ham phan thirc cé tir bac nhat, mau bac hai: s6 tiém can dirng phu thudc biét thirc A =
¢® — 4d cia mau s6 — A > 0 cho hai tiém can dirng, A = 0 cho mét tiém can dirng (nghiém
kép), A < 0 thi khéng cé tiém can dirng ndo (miu s& ludn khac 0 v&i moi z thuc). Vi bac tir
nhé hon bac miu, tiém can ngang luén 13 y = 0.

(1) L6i thuwong gap: If a root of the denominator is also a root of the numerator, the common
factor cancels and that location is a hole (removable discontinuity), not a vertical asymptote
— always factor the numerator too before declaring a vertical asymptote.

Vi du miu - Worked example

3r—1
2 —1x—6

(AHL) For f(xz) =
intercepts.

Factor the denominator: 22 —2—6 = (z—3)(z+2) (check: (z—3)(z+2) = 22 +22—32—6 =
2? —x — 6 v'). Discriminant A = (—1)? — 4(—6) = 1 + 24 = 25 > 0, confirming two real roots;

, find the vertical and horizontal asymptotes, and the z- and y-

the numerator 3z — 1 is nonzero at both x = 3 and z = —2, so both give genuine asymptotes.
Vertical asymptotes: x = 3 and z = —2. Horizontal asymptote: y = 0.
. 1 . -1 1
z-intercept: 3r —1=0=z = 3" y-intercept: f(0) = it
1 ]- A 1
' 0 Yy |
8 :
I 6 |
1T
I 2 I
‘ : 1 ‘ } ‘ X
—6 = —:2 9 : 4 6 8
A
. =6 I
s
1 _10 s 1
3x—1 3x—1 . .
flx)= e -3 D) vertical asymptotes x = —2 and = = 3 (dashed), horizontal asymptote y = 0 (the
x-axis).
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Vi du miu - Worked example

r+1
AHL) F - Tl
(AHL) For f(x) 2 +2x+5

horizontal asymptote and both intercepts.
Discriminant of the denominator: A = 22 —4(5) =4 —20 = —16 < 0,50 22 + 2z + 5 = 0 has
no real roots — the denominator is never zero, so f has no vertical asymptote.

show that the graph has no vertical asymptote, and find the

Horizontal asymptote: y = 0 (numerator degree < denominator degree).

. . 1
z-intercept: x + 1 =0= 2z = —1. y-intercept: f(0) = 5

Vi du mau - Worked example

rz—1
22 —62+9
Denominator: 2% — 6x + 9 = (z — 3)? (check: (z — 3)? = 22 — 62 + 9 V), a repeated root at
x = 3; discriminant A = (—6)2 — 4(9) = 36 — 36 = 0, confirming this. The numerator z — 1 is
nonzero at x = 3 (it equals 2), so this repeated root still gives a genuine vertical asymptote —
just a single one.

(AHL) For f(x) = , find the vertical asymptote(s), and the z- and y-intercepts.

Vertical asymptote: z = 3 (only one). Horizontal asymptote: y = 0.
. . —1 1
z-intercept: x —1 =0= 2 =1. y-intercept: f(0) = 5 =g
. . 1
2.11 The Reciprocal Function y = @) (AHL)
x
Given the graph of y = f(z), the graph of y = f(l) can be sketched directly from it, without finding
X

a new formula each time, by tracking a few correspondences between the two graphs.
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ENGLISH

AHL only. At every x where f(z) # 0, the graphs of y = f(x) and y = L are related as

f(z)
follows:
. 1
e Every zero of f becomes a vertical asymptote of m
X
. . 1 1
e Every vertical asymptote of f/ becomes a point where m — 0 (the graph of m ap-
X X

proaches the z-axis there).

. - 1 .
¢ A local maximum of f at x = z, becomes a local minimum of —— at the same z,, with

f(z)

. . 1 .

ﬁ; a local minimum of f becomes a local maximum of m — the z-coordinate
T a

is unchanged, only the y-value is replaced by its reciprocal and the type of extremum swaps.

y-value

1
@) has exactly the same sign as f(z) at every x in the domain (both positive or both
X
negative) — taking a reciprocal never changes sign.
1 1
If f(x) > L # 0asx — +o0, then m — 7 (a horizontal asymptote); if f(x) — +o0, then
X
1

— = 0.

f(@)

. GIAI THICH TIENG VIET
. 1 . en a - s 1
V&i ham s6 y = m: moi nghiém cua f (noi f(x) = 0) tr& thanh tiém can dirng cla m;
T T

Y N , e 1 A AL AT . R .
nguoc lai, moi tiém can dirng clia f khién —— — 0 (d6 thi tién sat truc hoanh). Mét cuc dai

f()

. s e o1 N . R s . 2
cla f tai x = x, tré thanh cuc tiéu cla % tai cung hoanh do z,, (tung d6 1a nghich dao cta
tung dé ch), va mot cuc ti€u cua f trd thanh cwc dai — hoanh dé khong déi, chi tung do bi

. sy L aa oo e A g = .
nghich dao va loai cuc tri bi ddo ngugc. Dau cua m luén giéng hét dau cda f(x) tai moi

diém, vi phép nghich dao khéng bao gi® 1am déi dau.

N = O 00

|
>~
|
w
L?
|
—
—
N
B e ] | o SIS
w
>

o =2 7

: —6

: —8

1
For f(x) = x2 — 4 (dashed grey), the zeros x = —2, 2 of f become vertical asymptotes (dashed pink) of y = f(T (solid
1 1
navy); the local minimum of f at (0, —4) becomes a local maximum of @) at (0, _Z>; and since f(x) — +oo as

X

1
|z| = 00, —— — 0.

fz)
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ENGLISH

Vi du miu - Worked example

(AHL) The graph of y = f(x) has a zero at x = 5, a vertical asymptote at z = —1, and a local
maximum at (2, 3) (with f(x) > 0 throughout a neighbourhood of = = 2). Describe the corre-
1
sponding features of y = —.
f(z)
. 1
Zero at x = 5: becomes a vertical asymptote of m atz =5.
X
. . 1
Vertical asymptote at + = —1: becomes a point where W —0asx — —1.
X
. . . 1 1 . .
Local maximum (2, 3): becomes a local minimum of m at (2, §> (same x-coordinate, recip-
x
rocal y-value, type of extremum swapped).

Vi du m3u - Worked example

(AHL) For f(z) = x — 3, find and justify the vertical asymptote and the sign behaviour of
1 1

flx) x-—3
. 1 .
f(z) =z — 3 has a single zero at x = 3 (f(3) = 0), so —— has a vertical asymptote at z = 3.

f(x)
1
5 > 0 (matching the sign of f); for z < 3, f(z) =

Sign: forz > 3, f(x) =2 —3 > 0, s0

1
x—3<0, so —3 < 0 (again matching). As z — 3%, f(z) — 0" so — +oojasx — 37,

f(z) — 0" so 3 oo

1 . .
3 — 0: the horizontal asymptote is y = 0.

As x — 400, f(x) = 00, SO

2.12 Exponential and logarithmic functions

f(z) = a” (a > 0,a # 1) has domain R, range y > 0, and horizontal asymptote y = 0. Its inverse is
fHx) = log, =, with domain = > 0, range R, and vertical asymptote = = 0. Since f~1is the inverse

of f, their graphs are reflections of each other in the line y = z.

—y=log,x

y = 3" and y = log, = are reflections of each other in the line y = «.
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Vi du miu - Worked example

A bacteria colony is modelled by N(¢) = 200- 34 (t in hours). Find N(0), N(10) (to the nearest
whole number), and the time for the population to reach 5000 (to the nearest 0.1 hour).

N(0) =200 - 3° = 200.
N(10) = 200 - 32> = 200 - 9v/3 = 200(15.5885) ~ 3118.

t 4In25  4(3.21888)
Solve 200 - 3t/4 = t/d =9 ~In3=1In2 = = ~ 11.7 hours.
olve 200- 3 5000 = 3 5= 1 n3 n25=1¢ n3 109361 7 hours

GIAI THICH TIENG VIET

am mi a” va ham log log, « 1a hai ham ngugc cta nhau, nén dé thi cta ching déi xirng qua
dudng thang y = . Khi giai bai todn mé hinh hoa ting trudng/suy gidm, luén xac dinh ro: dé
cho hé sd tang trudng theo don vi thoi gian nao (gio, ngay, nam...) dé dit ding bién s6 mda.

2.13 Modelling with functions

Real situations are modelled by choosing the function type whose key feature matches the situation:
a constant rate of change suggests linear; a constant percentage change per unit time suggests
exponential; a quantity proportional to another (or to a power of another) suggests direct or inverse
variation; a repeating pattern suggests a sinusoidal model.

Direct variation: y = k2" (k constant) — y increases as x increases (for n > 0); k = —yn is found
xr
from one data pair.

. k . "
Inverse variation: y = — — y decreases as z increases; k = ya".
X

Exponential model: y = ab® or y = ae”®, for constant percentage growth/decay per unit .

Sinusoidal model: y = asin (b(x — ¢)) + d, for a quantity that oscillates periodically (e.g. tide
height, temperature over a year).

- GIAI THICH TIENG VIET
Chon didng LOAI mé hinh 13 buéc quan trong nhat: téc dé thay déi khong ddi — mé hinh
tuyén tinh; ti 1& phan tram thay d&i khéng déi méi don vi thoi gian — mé hinh mi; dai lwong
I3p lai theo chu ky (thay triéu, nhiét d6 theo mta) — mé hinh hinh sin; mét dai lugng ti lé
thuan/nghich vai dai lvong khac — md hinh bién thién (variation). Luén dung dir kién dé bai
dé tim hang s6 (&, a, b,...) trwdc khi dung md hinh dé du doan.

Vi du miu - Worked example

The cost C of ribbon varies directly with its length L. If 5 m of ribbon costs $12.50, find the

constant of variation and the cost of 8 m.

C=kL=k= % = @ = 2.5 ($ per metre). Cost of 8 m: C' = 2.5(8) = $20.

Vi du miu - Worked example

The pressure P of a fixed amount of gas at constant temperature varies inversely with its
volume V (Boyle’s law). Given P = 200 kPa when V =3 L, find Pwhen V =5 L.
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600
PV =k = k= 200(3) = 600. When V" = 5: P = = = 120 kPa,

Vi du mau - Worked example

A population is modelled by P(t) = P,e**. Given P(0) = 1000 and P(4) = 1500, find k correct
to 4 s.f., and predict P(10) correct to 3 s.f.
In1.5

P(4) = 1000e** = 1500 = etk = 1.5 = k = ~ 0.1014.

P(10) = 1000e0-101410) = 1000e!01* &~ 2760 (3 s.f.).

2.14 Composite and inverse functions

(fog)(xz) = f(g(z)); the domain of f o g requires x to be in the domain of g, and g(z) to be in the
domain of f. To find f~!: write y = f(z), swap z and y, then solve for y.

Composition is generally not commutative: (f o g)(z) # (go f)(z). Also f~1(x) # f(lx) — the

inverse function is not the reciprocal function.

Vi du miu - Worked example

Let f(z) = 2;5; ® Find f~!(x), and verify by evaluating £(/~(2)).
y = 2:63_5 =3y=2xr—>5=1x= 3y+5. Swap: f(z) = 3x2—i—5
Check: f~1(2) % _ 5.5, and f(5.5) = 2(553)_5 _ g _o. v

Vi du mau - Worked example

Let f(z) = 22+ 1and g(x) = z—2. Find (fog)(z) and (go f)(z), and confirm they are different.
(fog)(m)=flx—2)=(z—2)*+1=2?—4x+5.
(gof)(x)=g(x®+1)=(22+1)—2=2%—1.

Since 22 — 4z + 5 # 2% — 1 in general, f o g # g o f: composition is not commutative here.

Vi du miu - Worked example

Let g(z) = e** + 1 and f(z) = In(x — 1). Find (f o g)(z) and state its domain.

(fog)(x) = f(g(x)) =In((e** +1) — 1) = In(e**) = 2z. Since e** +1 > 1 for every real z, the
argument of f is always positive, so the domain is all real x (even though the simplified result
2x looks unrestricted, this domain check is still required from the composition).

Vi du miu - Worked example

Let f(z) = 22 — 4z + 3 with restricted domain = > 2 (chosen to make f one-to-one). Find
f~1(z) and state its domain.
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Complete the square: f(r) = (z—2)2—1. Lety = (-2’ -1 = (z -2 =y+1l=>0—-2=
++/y + 1. Since x > 2, take the positive root: =+ = 2 + /y + 1. Swap:

f o) =2+ Vo +1, domain: z > —1

(the range of the restricted f, which becomes the domain of f~1).

(1) L6i thuwong gap: Restricting the domain of a many-to-one function (like 22 — 4z + 3 on all of
R) is exactly what makes an inverse function possible — always check which branch (root sign)
matches the stated domain before writing f~!.

2.14.1 Self-inverse functions

For most functions, f~! is a genuinely different function from f. Occasionally, however, applying f
twice returns the original input — such a function is its own inverse.

f is self-inverse (an involution) if f = f~!, equivalently

f(f(x)) =z forevery z in the domain of f.

Since the graphs of f and f~! are always reflections of each other in the line y = z, the graph
of a self-inverse function is symmetric about the line y = z (reflecting it in y = x maps the
graph onto itself).

- GIAI THICH TIENG VIET
Ham s6 f duoc goi la tw nghich dao (self-inverse, hay involution) néu f = =1, ticla f(f(x)) =
x v&i moi x thudc tap xac dinh — ap dung £ hai lan lién tiép sé tra lai dung gia tri ban dau. Vi
do thi ctia f va f~! ludn d6i xirng qua dudng thang y = x, nén do thi cila moét ham tu’ nghich
dao phai tw déi xirng qua chinh dudng thing dé.

Vi du mau - Worked example

1
Verify that f(x) = - (z # 0) is self-inverse.

f(f(x)) :f(1> :L:m for every x # 0.

x 1/x
Since f(f(x)) = z identically, f = f~1: fis self-inverse. (Graphically: swapping z and y in
y=1givesz = %, i.e.y = L again — the same curve, confirming the symmetry about y = x.)

Vi du mau - Worked example
T —2

Find the value of k for which f(x) = % (domain x +# k) is self-inverse.
x—2
r—k

Compute f(f(z)). Lety = f(z) =

(x—2)—2x—k) 2k—-2—x
x—k =k y x—k x—k

y—2=
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y—2 2k—2—=x
f(f(w)):y_k: (1—k)z+ (k2 —2)

For f to be self-inverse, f(f(x)) = x for every valid z, so

2k —2—z=2z[(1—k)z+ (k* —2)] = (1 — k)2? + (k* — 2).

The left side has no z? term, so matching coefficients of =2 requires 1 — k = 0 = k = 1.
Substituting £ = 1 back: the right side becomes (1 — 2)x = —=x, and the left side becomes
2(1) — 2 — 2 = —x — both sides equal —z v/, so k = 1 works for every z, confirming it is the
required value.

z—2
Answer: k =1, flx) = 1
Check by direct substitution: with & = 1, lety = f(z) = —— i Theny —2 = —xl and
J— xr —
y—1= -1 , SO
ot 2 _ —aflz—1)
— —x/(x —
(@) == = =

y—1 1/ 1)
confirming f is indeed self-inverse.

2.15 Solving |f(x)| = |g(x)| and other equations involving modulus (AHL)

AHL only. Key modulus identity: |A| = |B| if and only if A = B or A = —B (equivalently,
A? = B2). Because both sides of |A| = |B| are automatically non-negative, squaring is always
safe, and every solution produced this way satisfies the original equation — no extraneous-root
check is needed.

For an equation of the form |A| = B, where B is not itself written as a modulus, the right-hand
side must be non-negative (B > 0) for any solution to exist. Splitinto A = Bor A = —B as
before, but now every candidate must be checked in the original equation, since squaring a
quantity that isn’t guaranteed non-negative can introduce extraneous roots.

GIAI THICH TIENG VIET
V6i phuong trinh dang |A| = |B| (ca hai vé déu la tri tuyét d6i): chi can xét hai truong hop
A = B hodc A = —B, va khéng can kiém tra lai vi ca hai vé€ luén khéng am nén khéng thé
c6 nghiém ngoai lai. Nhung v&i phuong trinh dang |A| = B (v€ phai khong phai tri tuyét doi):
trudc tién can diéu kién B > 0, sau dé xét hai trudng hop nhu trén, va bat budc kiém tra lai
tirng nghiém vao phuong trinh géc vi cé thé xuat hién nghiém ngoai lai.

Vi du m3u - Worked example

(AHL) Solve |22 — 1| = |z + 4.

Casel: 2z —1=ao+4=z=>5.
Case2:2r—1=—(z+4)=—2—-4=3r=-3=z=—1

Check: z =5:LHS=|10—1| =9, RHS=|5+4+4|=9v. 2 = —-1: LHS=|—2—1| = 3,RHS
=|—1+4/=3V.

Solutions: z = 5and z = —1.
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Vi du miu - Worked example

(AHL) Solve |z — 3| = 2z + 1.
1
The left side is a modulus, so the right side must be non-negative: 2z +1> 0=z > —5
. 1 e .
Casel:z—-3=22+1= —x =4 = 2 = —4. This fails z > —5 so it is rejected (directly: LHS
—|—4—3| =7, RHS =2(—4) + 1 = —7; 7+ —7).
2 . . 1 ..
Case2: 2 —3=—(2z+1)=—22—1=3x=2=0= 3 This satisfies z > —3 directly: LHS

2 2 7
RHS=2( = 1=-"V.
_RHS (3)+ i~

|

\

|
_w

Il
Wl

. 2
Solution: z = 3 only.

AHL only. For an equation containing a sum of modulus terms, such as [z — a| + [z — b] = &,
identify all critical values (here x = a and = = b) where an individual expression changes sign.
These divide R into intervals; within each interval every modulus can be removed according to

its known sign there, giving an ordinary linear equation to solve — then check that the resulting
2 actually lies inside that interval.

GIAI THICH TIENG VIET
V6i phuong trinh chira téng nhiéu biéu thirc tri tuyét déi (vi du |z — a| + |x — b = k), can xac
dinh tat ca cac diém téi han (noi tirng bi€u thirc bén trong déi dau), chia truc sé thanh cac
khoang, roi trén mdi khodng boé dau tri tuyét déi theo ding dau da biét dé dugc phuong trinh
bac nhat, giai ra « roi kiém tra x ¢4 thuc suw nam trong khodng dang xét hay khéng.

Vi du mau - Worked example

(AHL) Solve |z + 1| + |z — 2| = 5.
Critical values: x = —1 and x = 2, giving three intervals.
Interval x < —1:bothz+1<0andz—2< 0,50 |z + 1| =—2x—1, |z —2|=2—=.

(—x—1)+2—2z)=5=-20+1=5=2=—-2.

Check: —2 < —1 v/;directly | -2+ 1|+ |—2—-2|=14+4=5 /.
Interval -1 <z <2:2+1>0,2—2<0,s0|z+1|=2+1,|z—2|=2—u

(x+1)+(2—2)=3%#5 (nosolution in this interval).
Interval x > 2: bothz+1>0andz—2>0,s0 |z +1|=a+1,|r —2| =2 —2.
(+1)+(x—2)=5=2x—1=5=2=3.
Check: 3> 2 v/;directly |3+ 1|+ [3—2|=4+1=5V.

Solutions: x = —2 and z = 3.
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ENGLISH

-4 -3 -2 -1 1 2 3 4 )

y = |z + 1| + |z — 2| (piecewise linear) meets the line y = 5 (dashed) exactly at z = —2 and = = 3.

2.16 Polynomial functions (AHL)

AHL only. Factor theorem: (x — a) is a factor of polynomial P(z) if and only if P(a) = 0.
Remainder theorem: when P(z) is divided by (z — a), the remainder equals P(a).

Vieta’s formulas (cubic): if ax® + bx? + cx + d = 0 has roots «, 3, 7, then

b c d
atfty=—s aftfytra=_, afy=——.

GIAI THICH TIENG VIET
m?,'AHL) Dinh ly nhan tr (factor theorem) va dinh ly sé du (remainder theorem) la hai cong cu
song song: dinh ly nhan t&r cho biét (z — a) co 1a nhan tir hay khong (kiém tra P(a) = 0), con
dinh ly s6 du cho biét sé du cta phép chia P(z) cho (z — a) chinh 1a P(a) — khéng can thuc
hién phép chia da thirc day da chi d€ tim sé du.

Vi du m3u - Worked example

(AHL) Show that (z — 2) is a factor of P(z) = 23 + 222 — 52 — 6, and factor P(x) fully.
P(2) =8+8—10—6 = 0, so (x —2) is a factor (factor theorem). Dividing: 23 + 222 — 52 — 6 =
(x — 2)(2? + 42 + 3). Factoring the quadratic: 22 + 4z + 3 = (x + 1)(z + 3).

P(z)=(x—2)(x+1)(x +3), roots: x = 2,—1,—3.

20 1y

X
s s TN \VQ 3

—90 |
P(z) =23+ 222 — 5z — 6 = (x — 2)(z + 1)(z + 3): the three z-intercepts are exactly the three roots.
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Vi du miu - Worked example

(AHL) Find the remainder when P(z) = 223 — 322 + 4z — 1 is divided by (z + 1).
By the remainder theorem, the remainderis P(—1) = 2(—1)—3(1)4+4(—1)—1 = —2—-3—4—1 =
—10.

Vi du miu - Worked example

(AHL) P(x) = x® + ax + b has (z — 1) as a factor, and leaves remainder —12 when divided by
(x + 1). Find a and b, then find all roots of P.

P1l)=014+a+b=0=a+b=-1. (i)
P(—1)=—12: —1—a+b=—-12=b—a=—11. (ii)
Adding (i)+(ii) after rearranging (i) as b = —1—a and substituting into (ii): (—1—a)—a = —11 =
—1—2a=—-11=a=05,50b=—6.

P(x) =2 +52—6=(z—1)(2®> + 2 +6)

(check: (z —1)(z* + 2 +6) = 23 + 2% + 62 —2? —x — 6 = 2> + 5z — 6 v'). The quadratic factor
has A =1 — 24 = —23 < 0, so the remaining roots are complex:

e e C N SNRET

2 2 2

1~ —0.5 4 2.398:.

Roots: z =1 and x ~ —0.5 + 2.398;.

Vi du mau - Worked example

(AHL) The cubic equation 223 + pz? + g — 12 = 0 has roots 1, 2, . Find p, ¢, and 7.

—12
Product of roots: 1-2-r:—T:6:>r:3.
Sumofroots:1+2+3:—§:>6:—§:>p:_12,

Sum of pairwise products: 1(2) +2(3) + 1(3) = % =11 = % = q=22.

Check by expansion: 2(z — 1)(z — 2)(z — 3) = 2(2% — 622 + 11z — 6) = 223 — 1222 + 222 — 12
v matches p = —12, ¢ = 22.

Vi du mau - Worked example

(x —1)(z +2)
3

(AHL) Solve the inequality > 0 using a sign diagram.

Critical values: z = —2, 1, 3 (zeros of numerator, zero of denominator). Testing a point in each
interval:

Interval r<—2 =2<z<l 1l<zxz<3 zx>3
Test point r=-3 r=0 r=2 r=4
Sign of expression — + — +

The expression equals 0 at x = —2, 1 (included, since > 0) and is undefined at = = 3 (excluded).

Solution: —2<x <1 or z > 3.
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(1) L6i thuwong g3p: When solving rational inequalities, never multiply both sides by an expres-
sion containing z (its sign is unknown) — instead move everything to one side, combine into
a single fraction, and use a sign diagram over the critical values (zeros of numerator and of
denominator).

2.17 Practice: Paper 1 style (no calculator)

Bai tap luyén tap

State the domain and range of f(z) = V16 — 22.

Loi giai chi tiét

-

Domain: 16 — 22 > 0 = —4 <z < 4. Range: 0 < y < 4.

Bai tap luyén tap

The graph of y = f(x) has a maximum point at (2,5). State the coordinates of the maximum
pointof y = f(x —3) + 2.

(A) (5,7) (C) (5,3)
(B) (—1,7) (D) (—1,3)

Loi giai chi tiét

Shift right 3,up 2: (2+3,5+2) = (5,7). (A).

Bai tap luyén tap

The graph of y = f(x) passes through (1,4). Find the corresponding point on y = 3f(z) — 1.

Loi giai chi tiét

-

Only the output changes: y = 3(4) — 1 = 11. Point: (1,11).

Bai tap luyén tap

Find the vertex of f(x) = 222 — 8z + 9 by completing the square.
(A) (2,1) (€ (2,9)

Loi giai chi tiet

-

f(x) =2(z —2)? + 1. Vertex (2,1). (A).

Bai tap luyén tap

Find & such that 22 + (k — 2)x + (k + 1) = 0 has equal roots.
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Loi giai chi tiét

A=(k—-22—-4k+1)=k*—8k=0=k=0o0rk=38.

Bai tap luyén tap

If a, B are the roots of 222 — 5z + 3 = 0, find o2 + 2.

13 19
25 7
[ s i
a+ﬁ:g,aﬁ:§a2+ﬁ2=%—3=%‘(A)

Bai tap luyén tap

3r — 2
x+4°

State the equations of the vertical and horizontal asymptotes of f(x) =

Loi giai chi tiét
VA: z = —4. HA: y = 3.

-

Bai tap luyén tap

3z —2
State the z- and y-intercepts of = .
T y pts of f(z) = — —
Loi giai chi tiét
z-intercept: z = 2. y-intercept: f(0) = —3.

Bai tap luyén tap

Determine whether f(z) = 23 — 3z is one-to-one on R. Justify your answer.

Loi giai chi tiét

No: f(z) = z(z — V3)(z + V/3), so f(—V/3) = f(0) = f(v/3) = 0 — three inputs share an

output, failing the horizontal line test.

Bai tap luyén tap

Let f(z) = 2241, g(z) = x—2. Find (fog)(z) and (go f)(x), and state whether they are equal.

Loi giai chi tiet

(fog)z) = (x—2)2+1 =242 +5. (go f)(x) = 22+ 1—2 = 22 — 1. Not equal —
composition is not commutative here.
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Bai tap luyén tap

[\]
&I

Let f(z) = T_E’ Find £-1(z).

) 250 © 2
@ o
- 23”3_5 . 3y2+5. So f1(z) = 3“”;5. (A).

Bai tap luyén tap

State the nature of the roots of 22 — 6z + 13 = 0, without solving the equation.

Loi giai chi tiet

A = 36 — 52 = —16 < 0: no real roots (a complex conjugate pair).

Bai tap luyén tap

f(z) = 2% — 4x + 3 with domain z > 2. Find f~!(z) and state its domain.

Loi giai chi tiét

-

f(x) = (z — 2)? — 1. Taking the positive root (since z > 2): f~!(z) = 2 + v/ + 1, domain
x> —1.

Bai tap luyén tap
(AHL) Factor P(z) = 3 + 22® — 5x — 6 fully, given that (z — 2) is a factor.

(A) (z—2)(z+1)(z+3) C) (z+2)(x+1)(z+3)
(B) (z—2)(z—1)(z—3) (D) (z —2)(z +1)(z —3)

—

Loi giai chi tiet

P(2) = 0, so dividing gives 2> + 222 — 52 — 6 = (z — 2)(2®> + 42 + 3) = (x — 2)(z + 1)(z + 3).
(A).

Bai tap luyén tap

(AHL) Find the remainder when P(x) = 223 — 322 + 4z — 1 is divided by (z + 1).

(A) —10 (C) —8
(B) 10 (D) 8
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Loi giai chi tiét
[ Remainder = P(—1) = —2—-3—4—1 = —10. (A).

2.18 Practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

The graph of y = f(x) has a minimum point at (4, —3). Find the corresponding turning point
of y = —2f(x — 1) + 5, and state whether it is now a maximum or minimum.

Loi giai chi tiét
x:44+1=5 y:—2(-3) =6, then +5 = 11. New point (5,11); since a = —2 < 0, the
minimum becomes a maximum.

Bai tap luyén tap

A rectangle has perimeter 40 m. Find the width that maximizes the enclosed area, and state
the maximum area.

Loi giai chi tiet

-

A(z) = 2(20 — 2) = —2% + 207, maximized at z = 10: width 10 m, length 10 m, maximum area
100 m?.

Bai tap luyén tap

A bacteria colony is modelled by N(¢) = 200 - 3¢/* (¢ in hours). Find N(10) (nearest whole
number) and the time for the population to reach 5000 (nearest 0.1 hour).

Loi giai chi tiet

-

4In25
N(10) = 200 - 32 ~ 200(15.5885) ~ 3118. Solve 3t/4 =25 = t = — ® 11.7 hours.

Bai tap luyén tap

(AHL) Solve z2 — 6z + 13 = 0 over the complex numbers.

(A) 34 2i (C) 34+4i
(B) 6+ 4i (D) —3 4+ 2i

Loi giai chi tiét

_6+V-16 644
- 2

-

=3 4 2i. (A).

T

Iw

Bai tap luyén tap

(AHL) Find all roots of P(x) = 2 + 5z — 6, given that (z — 1) is a factor. Give complex roots in
the form a + b1, correct to 3 decimal places.
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Loi giai chi tiét

P(z) = (x—1)(2*+2+6). Realrootx = 1. For 2?4+ 2+6 = 0: z =

112
iT?’ ~ —0.54+2.398;.

Bai tap luyén tap

(AHL) P(z) = 2 + az + b has (z — 1) as a factor and leaves remainder —12 when divided by
(z+1). Find a and b.

(A) a=5,b=—6 (C)a=6,b=-5
(B) a=-50b=6 (D) a=—-6,b=5

Loi giai chi tiét

-

a+b=—landb—a=—11givea =5, b= —6. (A).

,

Bai tap luyén tap

(AHL) The cubic 223 + pz? + gz — 12 = 0 has roots 1, 2, 7. Find p, ¢, and r.

Loi giai chi tiet

Product of roots: 2r = 6 = r = 3. Sum: 6 = —p/2 = p = —12. Sum of pairwise products:
11=¢q/2 = q=22.

Bai tap luyén tap
(x —1)(z +2) 0

(AHL) Solve the inequality 3 >
-

Loi giai chi tiét

-

Sign diagram over critical values —2,1,3 gives —2 <z < 1lorz > 3.

Bai tap luyén tap

-

flz) = 20 — 5. Evaluate f~1(7).
(A) 13 (€) 9
(B) 11 (D) 16

Loi giai chi tiét
- 3z+5
)

> i =2 1

(=)

,

Bai tap luyén tap

g(z) =e* +1, f(z) = In(z — 1). Find (f o g)(z) and state its domain.
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Loi giai chi tiét

(fog)(x) =In(e**) = 2. Domain: all real = (since e2* + 1 > 1 always).

Bai tap luyén tap

x2—1

Solve = 2 for z, correct to 3 decimal places.

x +

Loi giai chi tiét

-

24+ v32
2—1=224+6=>22—-2x—7T=0=>zx= iT: 1:|:2\/§. Sozx ~ 3.828 or z ~ —1.828.
Bai tap luyén tap
A cubic function has zeros at x = —3,—1, 2 and passes through (0, —6). Find its equation in

expanded form.

Loi giai chi tiet

-

f(@) =a(x+3)(z+1)(x—2); f(0) = —6a = —6 = a = 1. Expanding: f(z) = 2®+ 222 —5x—6.

Bai tap luyén tap

2
—1. .
(AHL) Express f(z) = x 5 inthe formz + 2 + ¢ 2,and state its asymptotes.
T — xr —
(A) c=32=2,y=a+2 Cc=3z=-2y=2—2
B) c=-32=2,y=a+2 D) c=1lz=2,y=x+2

Loi giai chi tiét

-

2?2 — 1= (z—2)(z +2) + 3,50 ¢ = 3. VA x = 2; oblique asymptote y = = + 2. (A).

Bai tap luyén tap

Find the z-intercepts of f(x) = ® — 42 and describe the symmetry of its graph.

Loi giai chi tiet

(22 —4) =0= 2z =0,2,—2. Since f(—x) = —f(z), f is odd (symmetric about the origin).

Bai tap luyén tap

Find the largest possible domain of f(z) = In(6 — 2z) + vz + 1.

Loi giai chi tiét

-

Need6 -2z >0=z<3,andz+1>0= 2 > —1. Domain: —1 < z < 3.
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2.19 Further practice: Paper 1 style (no calculator)

Bai tap luyén tap

The graph of y = f(x) is the line f(x) = 22 — 8. What is the minimum value of y = | f(z)|, and
at which x does it occur?

(A) Oatz =4 (C)oatz =0
(B) —8atz =0 (D) Satx =4

Loi giai chi tiet
f(x) = 2z — 8 has z-intercept - = 4 (where f(z) = 0). Since | f(x)| > 0 always, and | f(4)| = 0,
the minimum value of |f(z)]| is 0, occurring at = = 4. (A).

Bai tap luyén tap
Which of the following functions is odd?

(A) z* +1 (C) 22+ =z
(B) x3 — 2z (D) ||

Loi giai chi tiet
Test (B): let g(z) = 2% — 2x. g(—2) = —2% + 22 = —(23 — 22) = —g(z), so g is odd. (The others
are even, neither, and even respectively.) (B).

Bai tap luyén tap

Determine whether f(z) = 2* — 222 is even, odd, or neither. Show your reasoning.

Loi giai chi tiet

-

f(—z) = (—2)* — 2(—2)% = 2* — 222 = f(x). Since f(—x) = f(x) for all z: f is even.

Bai tap luyén tap
Solve |22 — 9| = 7.

(A) z = +4, £V2 (C) = = +v2only
(B) = = +4 only (D) = = +4, +V7

Loi giai chi tiét

Case1l:22—9=7T=22=16=2=+4.Case 2: 22— 9= —7 = 22 = 2 = 7 = +1/2. Check:
16—9=7v;2—9=—-7/.(A).

Bai tap luyén tap

(AHL) Solve |3z + 2| = |z — 6.
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Loi giai chi tiét

Casel:3z+2=2x—6=>2r=-8=2=—-4Case2:3xr+2=—(x—6)=—x+6=4r =
4=2=1 Checkz = —4: LHS=|—-12+2| =10,RHS = | —4 —6| = 10 v'. Check z = 1:
LHS =3+ 2| =5 RHS=|1—6| =5 v. Solutions: z = —4 and = = 1.

Bai tap luyén tap

_2m+1

(AHL) How many vertical asymptotes does the graph of f(z) = ) have?
(A) 2 (©o
(B) 1 (D) 3

Loi giai chi tiét

2?2 —4 = (x — 2)(x + 2), roots x = £2; discriminant A = 0 — 4(—4) = 16 > 0. The numerator
2z+1isnonzeroatxz = 2 (= 5)and x = —2 (= —3), so neither cancels: two vertical asymptotes.
(A).

Bai tap luyén tap

If o, 3 are the roots of 322 + 62 — 2 = 0, find a + 3 and af.

2 2
(A) —2, o (C) -2, =
(B) 2, —; (D) 6, —2

Loi giai chi tiét
6 —2 2

Bai tap luyén tap

5—2x
z+1°

State the vertical asymptote, horizontal asymptote, and y-intercept of f(z) =

Loi giai chi tiét

. . . —2 .
VA: z = —1. HA: ratio of leading coefficients = 4 = —2,s0y = —2. y-intercept: f(0) =

el KA
Il
&

Bai tap luyén tap
(AHL) Solve |z — 1| + |z + 3] = 8.

Loi giai chi tiét

Critical values x = 1, —3, giving three intervals. Forz < —3: (1 —2z) + (-2 —3) = 2z —2 =
8 = x = —5 (valid, check: 6+2 =8 v'). For =3 <z < 1: (1—x) + (x +3) = 4 # §, no solution.
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Forx > 1: (x — 1)+ (x +3) = 22+ 2 = 8 = z = 3 (valid, check: 2 + 6 = 8 V). Solutions:
x=-5and z = 3.

Bai tap luyén tap
Solve log, (z + 3) = 4 exactly.

(A) z =13 (C) z=28
(B) z =16 (D) =5

Loi giai chi tiet

-

2% =x+3=16=z+3=z=13. (A).

Bai tap luyén tap

(AHL) P(z) = 23 — kz + 6 has x = 2 as a root. Find k.

Loi giai chi tiet

-

P(2)=8—2k+6=14—2k=0=k="1.

2.20 Further practice: Paper 2/3 style (calculator allowed)
Bai tap luyén tap

Solve |z? — 5| = 2, giving your answers correct to 3 decimal places.

Loi giai chi tiét
Case1: 22 -5 =2=22=7T=2=4VT~ 42646. Case 2: 22 — 5= 2= 22 =3 = g =
+v3~ 4+1.732. Check: 7T—5=2v;3—5=—2 V. Solutions: z ~ +2.646, +1.732.

Bai tap luyén tap
(AHL) Solve |2z + 5| = 3z — 1.

Loi giai chi tiét

1
Domain: 3z —1 >0 =z > 3 Case1l: 2z +5=3z—1 =2 = 6 (valid, 6 > %; check: LHS

=17,RHS=17Vv). Case 2: 22 +5=—(3z— 1) = =3z + 1 = bz = —4 = = = —0.8 (rejected:
fails z > %; check: LHS = 3.4, RHS = —3.4, not equal). Solution: 2 = 6 only.

Bai tap luyén tap

dr — 3 .
(AHL) For f(z) = m find the vertical asymptotes and evaluate f(1) correct to 3
decimal places.
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Loi giai chi tiét
Factor: 2% + 3z — 10 = (z + 5)(z — 2), so VAs at z = —5 and = = 2 (numerator nonzero at

both). f(1) = ——2>_ — L~ _¢167.

T1+3-10 —6

Bai tap luyén tap
f(z) = 23 + 2x is known to be odd, with f(2.5) = 20.625. Find f(—2.5).

(A) —20.625 (C) —15.625
(B) 20.625 (D) 0

Loi giai chi tiét

-

Since fis odd, f(—z) = —f(z), so f(—2.5) = —f(2.5) = —20.625. (A).

Bai tap luyén tap

Let f(z) = 3;_+21. Find f~!(x) and evaluate f~*(4.5) correct to 3 decimal places.

Loi giai chi tiét

3 1 2 1 2 1
_ o =yr—2)=3xx+1l=>yr—3x=14+2y =2 = y+ .So fY(z) = v .
% = y—3 z—3
9+1 10
Then f~1(4.5) = —— = — ~ 6.667.
en f~(4.5) 15 5 6.667

Bai tap luyén tap

A ball’s height is modelled by h(t) = —4.9t%> + 15t + 1 (¢ in seconds). Find the maximum height,
correct to 2 decimal places, and the time at which it occurs, correct to 2 decimal places.

Loi giai chi tiet

, 15 15 . , b?
Maximum occurs at t = ~2(—49) =5 © 1.53 s. Maximum height: h ., = ¢ — Pl
225
1— ———~ 1248 m.
—19.6

Bai tap luyén tap

DO
|

(AHL) Solve — >~
x —_—

5= 0.5, giving your answers correct to 3 decimal places.
x —_—

Loi giai chi tiét

-

. Nz
Multiply out: 2(22—1) =22 —2—6 = 4o —2 =22 —2—6 = 22 —5x—4=0.Soz = 5iT

Since V41 ~ 6.403: = ~ 5.702 or z ~ —0.702 (neither equals 3 or —2, so both lie in the domain).
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Bai tap luyén tap

2r —3

decimal places.

, state the vertical asymptotes and evaluate f(0.5) correct to 3

Loi giai chi tiét
2(0.5) —
Factor: 2 +rx—2= <$ + 2)(:U — 1), soVAsatxz = —2and z = 1. f(05) = (05>(S _?_>053_ 2 -
—2
— =1. .
—1.25 600

Bai tap luyén tap

fis even with f(3) = 7; g is odd with ¢(3) = —2. Evaluate f(—3) 4+ g(—3).

(A) 9 (C) —9
(B) 5 (D) —5

Loi giai chi tiét
Even: f(—3) = f(3) = 7. Odd: g(—3) = —¢(3) = —(—2) = 2. Sum: 7+ 2 = 9. (A).

Bai tap luyén tap

(AHL) Solve |22 — 1| + |z + 2| = 9, giving your answers correct to 3 decimal places.

Loi giai chi tiét

-

Critical values z = 3, —2. Forz < —2: (1—2z)+(—2—2) = -3z—1=9 =z = —1—30 ~ —3.333
(valid; check: 2 +2 =9v). For—2<a2<3: (1-22)+(z+2) =3—2=9=2 = —6,
rejected (outside interval). Forz > 4: 2z —1)+ (z4+2) =3z +1=9 =2 = g ~ 2.667 (valid;
check: £ + 1 =9 v). Solutions: = ~ —3.333 and z ~ 2.667.

2.21 Additional practice: Mixed review
Bai tap luyén tap

Find the largest possible domain of f(z) = In(5 —z) + V& + 2.

Loi giai chi tiét

-

Need5 -z >0=x <5 andz+2>0= x> —2. Domain: —2 <z < 5.

Bai tap luyén tap

The graph of y = f(z) passes through (—3,6). Find the corresponding pointon y = —f(z +
1)—3.
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(A) (—4,-9) (C) (—4,-3)
(B) (—2,-9) (D) (-2,3)

Loi giai chi tiét

-

Horizontal shift left 1: x = —3 — 1 = —4. Then y = —1(6) — 3 = —9. Point: (—4,—9). (A).

Bai tap luyén tap

Let f(z) = x? — 62 + 5. Find all roots of y = f(|z|), and explain why there are more roots than
y = f(z) has.

Loi giai chi tiét

f(z) = (x — 1)(x — 5), roots z = 1,5 (both already > 0). Since f(|z|) = |z|*> — 6|z| + 5 =
x? —6lz| + 5, settingu = |z| > 0:u? —6u+5=0= (u—1)(u—5)=0=u=1oru=>5,
both valid. So |z| =1 = 2 = +1 and |z| = 5 = = = 45: four roots = = +1, +5. Because both

original roots were already non-negative, neither is discarded — each is kept and mirrored,
giving twice as many roots.

Bai tap luyén tap

QJI

Classify f(x) = iQ if

(A) Even (C) Neither
(B) Odd (D) Cannot be determined

as even, odd, or neither.

Loi giai chi tit
(—z)3 + (—2) —a3—x 3+

f(—z) = e e =—$2+1:—f(m). (B) odd.

Bai tap luyén tap

Find the range of f(z) = —322 + 122 — 7.

Loi giai chi tiet

12 . .
Vertexatx = ———— = 2; f(2) = —3(4) + 24 — 7 = 5. Since a = —3 < 0 (maximum), range:

2(—3)
y < 5.

Bai tap luyén tap

W
|
&

For f(x) = 2216 state the vertical asymptote, horizontal asymptote, and both intercepts.
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Loi giai chi tiét

VA: 2z + 6 = 0 = z = —3. HA: ratio of leading coefficients (writing the numerator as —z + 4)

g

= —%. z-intercept: 4 — z = 0 = = = 4. y-intercept: f(0) = % = ;
' Bai tap luyén tap
. 2x + 3 .. .
(AHL) How many vertical asymptotes does f(z) = — have, and what is its horizontal
T4+ 4x +4
asymptote?
(A) OneVAatz = —2;HAy =0 (C) OneVAatz = —2;HAy =2
(B) TwoVAsatz = +2; HAy =0 (D) No VA;HAy =0

Loi giai chi tiét

Denominator 22 + 4x + 4 = (x + 2)? (discriminant 16 — 16 = 0, a repeated root at » = —2).
Numerator at x = —2: 2(—2) + 3 = —1 # 0, so this repeated root gives one genuine vertical
asymptote. Numerator degree < denominator degree, so HA y = 0. (A).

Bai tap luyén tap

Solve 2*+! = 522 for z, correct to 3 decimal places.

Loi giai chi tiét

Take In of both sides: (x +1)In2 = (z —2)In5 = z(In2 —1In5) = —2In5 —-In2 = z =
2In5+|n2N3.9120N4269

In5—1In2 ~ 0.9163

Bai tap luyén tap

Let f(z) = 2z — 1 and g(z) = 2 + 3. Find (g o f)(x) and hence solve (g o f)(z) = 21, giving
exact answers.

Loi giai chi tiet

4+ 16+ 272

(gof)(z) = (22—1)243 = 42?—4x+4. Setting = 21: 422 —42—17=0=x = 5

4+£12v2 1432
8 2

Bai tap luyén tap

Let f(z) = 5;:?. Evaluate f~1(—1).

> ©
) 4

(B) 1 (D) =
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Loi giai chi tiét

N o _3y—2 1 _3z—2 Sy
y(3—z) =5z +2= 3y 2—x(5+y):>x——y+5,sof (x) = $+5.Thenf (—1) =
—3-2 5 . C5(-125)+2 425

q ——4.Check. f(=1.25) = 3" (—125) 425 1v.(A).

Bai tap luyén tap

Which of the following functions is self-inverse?

ot

(C) f(z) =a?
(D) f(z) =2

(A) f(z) =
(B) f(z) =

]lw 8

Loi giai chi tiét

= x for every x # 0, so f is self-inverse. (Checking the others: (A)

Test (B): f(f(z)) = 3/—33
gives f(f(z)) = z + 10; (C) gives z*; (D) gives 4z — none return x.) (B).

Bai tap luyén tap

Show that 23 + 2 — 5 = 0 has a root between z = 1 and z = 2, then use z = 1.5 to narrow the
interval.

Loi giai chi tiét

Let f(x) =23+ 2 —5. f(1)=1+1—-5=-3<0; f(2) =8+2—5=75 > 0: opposite signs,
so aroot liesin (1,2). f(1.5) =3.375+ 1.5 —5 = —0.125 < 0; since f(1.5) < 0 and f(2) > 0,
the root lies in the narrower interval (1.5, 2).

Bai tap luyén tap
(AHL) Solve |3z — 2| = |2z + T7|.

Loi giai chi tiet

Casel: 3z —2=2x+7=2x=9.Case2:3x —2=—(2x+7) = bz = —5 = = = —1. Check:
r=9:127—-2/=25=|184+7|v.x=—1:|—-3—2|=5=|—2+7| V. Solutions: x =9 and
"

8
|

Bai tap luyén tap

(AHL) P(x) = 223 — 22 — 132 — 6 has (x + 2) as a factor. Factor P(z) fully and state all roots.

Loi giai chi tiét

P(—2) =2(—8)—4+26—6 = 0 v. Dividing by (x+2): P(z) = (v +2)(22% —5x—3). Factoring
the quadratic: 222 — 52 — 3 = (22 + 1)(x — 3) (check: 222 — 62+ — 3 = 222 — 52 — 3 V).

Pz)=(z+2)(2z+1)(z—3), roots: x = —2, —

N[

, 3.
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Bai tap luyén tap

(AHL) For f(x) = 2% — 9, describe the vertical asymptotes, the horizontal asymptote, and the
1

@)’

local feature at z = 0 of y =

Loi giai chi tiét
1 .

f(z) = (z—3)(x+3),zerosat z = +3, so @ has vertical asymptotes at x = 4-3. f has alocal
T

- . - 1 1 .
minimum at (0, —9), which becomes a local maximum of —— at (0, —§>. Since f(z) — 400

f(z)

1
as |z| — oo, —— — 0: horizontal asymptote y = 0.

f(z)

Bai tap luyén tap

The graph of y = f(z) is even and has a local minimum at (-2, 3). State the coordinates of
another point that must lie on the graph, and classify the local extremum there.
(A) (2,3), alocal minimum (C) (2,3), alocal maximum

(B) (2,—3), alocal maximum (D) (—2,-3), a local minimum

[ o
Since f is even, f(—z) = f(x) for all z, so f(2) = f(—2) = 3: the point (2, 3) also lies on the

graph. Reflection in the y-axis maps the local minimum at z = —2 to a local minimum at z = 2
with the same y-value: (2, 3) is also a local minimum. (A).

2.22 Extra practice: Mixed mastery

Bai tap luyén tap

Find the equation of the line through (2, —3) and (6, 5), in the form y = mx + c.

Lai giai chi tiét

5—(—3 8 .
mz%zzzz Using (2,-3):y+3=2(z—2)=y=2x—T.

Bai tap luyén tap

Find the equation of the line through (6, 2) that is perpendicular to y = —3z + 4.

L

(A)y:%x (C) y=3z—16
1 1
(B)y:—gl’ (D)y=§:1:+2
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Loi giai chi tiét
Gradient of given line is —3, so the perpendicular gradient is = (since (=3) (3) =—1).y—2=
1

Bai tap luyén tap

—
W =

Solve 222 — 3z — 2 < 0.

Lai giai chi tiét
1

Factor: 222 — 3z — 2 = (22 + 1)(z — 2), roots = = — 2. Upward parabola (a = 2 > 0),s0 <0

between the roots:

1
' Bai tap luyén tap
Solve 22 — 9 > 0.
(A) < —3o0orz >3 (C) = > 3 only
(B) 3<z<3 (D) x < —3 only

Loi giai chi tiét

-

Roots = = +3; upward parabola, positive outside the roots. (A).

Bai tap luyén tap

The extension e of a spring varies directly with the force F' applied (Hooke's law). A force of
12 N produces an extension of 4 cm. Find the extension produced by a force of 21 N.

Loi giai chi tiét

-

..;;I

1 . 1
e=kF =k= 5=3 cm/N. Extension at F' = 21: e = §(21) =7cm.

Bai tap luyén tap
y varies inversely with 2. Given y = 5 when = = 2, find y when z = 5.

(A) 0.8 (C) 1.25
(B) 2 (D) 12.5

Loi giai chi tiet
20

k= yx? =5(4) = 20. Whenz = 5: y = T 0.8. (A).
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Bai tap luyén tap

A radioactive sample decays as N(t) = Nye *t. Given N(0) = 800 and N(6) = 500, find k
correct to 4 s.f., and find N(12) correct to the nearest whole number.

Loi giai chi tiét

_er __ 000 In0.625  0.4700

=== 0.625 = k = — = 5 ~ 0.07834.

N(12) = N(6) - e %% = 500(0.625) = 312.5 ~ 313 (using the fact that each further 6 time-units
multiplies N by the same factor 0.625).

e

Bai tap luyén tap

: . 3 2
State the vertical and horizontal asymptotes of f(z) = i +5 .
l‘ —_—

Loi giai chi tiét

Vertical asymptote: x = 5 (denominator zero). Horizontal asymptote: y = 3 (ratio of leading
coefficients, since numerator and denominator have equal degree).

Bai tap luyén tap

f(z) =2z +1and g(z) = 22 — 3. Find (f 0 ¢)(2) and (g o £)(2).

Loi giai chi tiét

(fo9)@2) =f(9(2)=f4-3)=f1)=2(1)+1=3.
(g0 f)(2) =9(f(2) =g :

Bai tap luyén tap

Show that z = 1 is a root of 23 — 622 + 11z — 6 = 0, and hence factor the cubic completely.

Loi giai chi tiét
P(1) = 1-6+11—6 = 0,so (x—1) is a factor. Dividing: 2> —62%+112—6 = (z—1)(2?—5z+6) =
(x —1)(x —2)(x — 3).
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IB DIPLOMA PROGRAMME . Unit 3

Geometry and Trigonometry

Muc tiéu Unit: Ti so luvong giac, radian, do dai cung va dién tich quat, duong tron don vi, cac hé thirc
luvong giac, phuong trinh lwgng giac, dinh ly sin va cosin, va (AHL) vector cung hinh hoc vector trong
khoéng gian.

3.1 Right-angle trigonometry and radian measure

. . . . opposite adjacent opposite
For a right triangle with angle §: sinf = ———, = =—F— =
'8 langie wi & I hypotenuse hypotenuse adjacent
sinf
cosf’
Radians: 7 radians = 180°, 50 0,4 = Oy - & For a sector of radius r and angle @ (in radians):

1
arc length s = r0; sector area = 57“29.

GIAI THICH TIENG VIET
mE?‘adian la don vi do gbéc "tu nhién” trong todn hoc vi cong thirc d6 dai cung (s = r0) va dién
tich quat (1726) chi dung khi 6 do bang radian — néu dé cho géc bang do, PHAI déi sang radian
trude khi ap dung hai cong thirc nay.

Vi du mau - Worked example

A sector has radius 6 cm and angle T radians. Find the exact arc length and area.

1
s=r0=6-~ =2rcm. Area=~(6)22 = ~(36)~ = 6x cm?.

3 2 3

l\DM—tw

T
3

Vi du mau - Worked example

In aright triangle, angle A = 41° and the side opposite A has length a = 7. Find the hypotenuse

c and the adjacent side b.
7 7

sindl° _ 0.65606

sin41° = ! =c= ~ 10.67. b = ccos41° ~ 10.67(0.75471) ~ 8.06.
C

3.2 The unit circle and circular functions

The unit circle is the circle of radius 1 centred at the origin. For any angle # measured anticlockwise
from the positive z-axis, the terminal point on the unit circle has coordinates (cos @, sin#) — this

defines sin 6 and cos 6 for all real § (not just angles in a right triangle), and tan§ = CS:)—nSZ (cos 8 + 0).
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cosd,sin0)
sin@ |-----

The unit circle: the point where the terminal ray of angle 6 meets the circle has coordinates (cos 0, sin 6), here shown for
0 = 50°.

Special values (memorize): sin0 = 0, sin % = %, sin} = @, sing = @, sin? = 1 (and cos

takes the same values in reverse order). Periods: sin,cos have period 27; tan has period 7.
Signs by quadrant: all positive in Ql; only sin positive in Qll; only tan positive in Qlll; only cos
positive in QIV.

——y=sing — Yy =COSx
Y
1 i
‘fL'
/2 T /2 27
11!

y = sinz and y = cos z over [0, 27]: both have amplitude 1 and period 27, and cos z is sin z shifted left by /2.

GIAI THICH TIENG VIET

wong tron don vi mé rong dinh nghia sin, cos cho MOI goc (khéng chi gdéc nhon trong tam
giac vudng). Dau cua sin, cos, tan & tirng goc phan tu cé thé nhd qua ciu "Tat Sin Tan Cos”
(Toan phan | duong, phan Il chi Sin duong, phan 11l chi Tan duong, phan IV chi Cos duong) —
twong duong mnemonic ti€ng Anh "CAST” hoac "All Students Take Calculus”.

3.3 Trigonometric identities

Pythagorean identity: sin’ 6 + cos? 6 = 1.

Double angle formulas: sin20 = 2sinfcosf; cos20 = cos2f —sin“§ = 2cos?f — 1 = 1 —
. 2
2sin” 6.

Vi du mau - Worked example

sin 2z B
1+ cos2r

Prove the identity tanz.
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96 9 s .
LHS — smxc205x _ smxc205x _sinz L RHS. m
1+ (2cos®z—1) 2cos‘x cosx

GIAI THICH TIENG VIET
Ba dang cua cos 260 déu tuong duong — chon dang nao dé "triét tiéu” sin hodc cos tuy vao biéu
thire can chirng minh. Khi chirng minh dang thirc lwgng giac, ludn bién déi tir vé& phire tap hon
vé vé don gidn hon, va trinh bay tirng buéc roé rang (khéng "nhay coc”).

1
0s6’ sing’ tanf  sinf’
Pythagorean variants: 1 + tan® 0 = sec26; 1 + cot® 6 = csc2 6.

. . 1 1 0
AHL only. Reciprocal functions: secf = P csch) = ——, cotd = €os

Compound angle formulas: sin(A+B) = sin A cos B+cos Asin B; cos(A+B) = cos A cos BF

. . tan A +tan B
sin Asin B; tan(A 4+ B) = 1fpntaniA::n B’

Vi du mau - Worked example

(AHL) Find the exact value of sin 75° using a compound angle formula.
Write 75° = 45° + 30°:

sin 75° = sin45° cos 30° 4 cos 45°sin 30° = + —

2 2 "2 2
Vi du m3u - Worked example

(AHL) Given sin g = g with @ in the second quadrant, find cos 0, tan 8, sec 9, csc 6, cot 0 exactly.

VI VB VB 1 i
2%}

. . 4

In Qll, cosine is negative: cosf = —/1 — 2—95 = g
3/5 3 5 5 4
tanf=——=—-, secf=—-, cscld=-, cotfh=—-.
—4/5 4’ 4’ 3’ 3

(1) L6i thuong gap: When using sin@ = k (or cos @ = k) to find the other ratios, always deter-
mine the correct sign from the quadrant first — the Pythagorean identity alone only gives a
magnitude (it involves a squared term), never the sign.

3.4 Trigonometric equations and graphs

o

For y = asin (b(xz — ¢)) + d (similarly for cos): amplitude = |a|, period = 2% (or %), phase
shift = ¢ (horizontal shift), vertical shift = d (the new "midline” is y = d).

Vi du miu - Worked example

State the amplitude, period, phase shift, and vertical shift of y = 3 sin <2x — g) + 1.
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2
Rewrite as y = 3sin(2 (:c - %)) + 1. Amplitude = 3; period = ?ﬂ = m; phase shift = % to
the right; vertical shift = 1 up.

Vi du miu - Worked example

Solve 2cos?2z +cosz—1=0for0 <z < 27.

) 1 1
Let u = cosx: 2u +u—1:0:(2u—1)(u+1):0:>u:§oru:—1.cosac:§:>x:
™ oom cos 1=
= = Tr=— T =T.
373
T )
Solutions: z = —, 7, —.
T3 T3

GIAI THICH TIENG VIET

hi gidi phuong trinh luwgng gidc dang "bac hai theo sin/cos”, luén dat v = sinz (hodc cos x)
dé dua vé phuong trinh dai s6 quen thudc, giai u trudc, réi méi gidi = — va luén nhé tim BU
cac nghiém trong mién dé cho (thuwdng cé nhiéu hon 1 nghiém nha tinh chu ky).

3.5 The Harmonic Form R sin(6 + «) (AHL)

AHL only. An expression of the form a sin 6 + b cos 6 (a sine and a cosine term sharing the same angle
6) can always be rewritten as a single sinusoid R sin(f + «). To derive this, expand the target form
with the compound angle formula and match coefficients:

Rsin(6 + o) = Rsinfcosa + Rcosfsina.

Comparing this with a sin §+b cos § gives a = Rcosaand b = R sin a. Squaring and adding: a?+b? =

R2cos?a+ R%sina = R?(cos? a+ sin’ a) = R?, so (taking R > 0) R = v/a? + b2. Dividing the two
. b Rsina

relations, — =

.a Rcosa . .

b respectively, the correct quadrant for « is fixed by the signs of ¢ and b, not by tan « alone.

. a . b .
= tana — but since cosa = = and sina = = carry the same signs as a and

AHL only. asinf + bcos = Rsin( + «), where

R=+va*+b%(R>0), cosa = %, sina = % (so tana = é, with the quadrant of « fixed by the sig
a

Use 1 (equations): to solve a sinf+bcosf = k, rewrite as Rsin(0+«a) = k,i.e.sin(0+ o) =
solve for 6 + « first, then subtract a.

’

x| =

Use 2 (max/min): since —1 < sin(f + «) < 1, the maximum value of asinf + bcosf is R
(occurring when 6 + o = 90° + k - 360°) and the minimum is —R (occurring when 0 + o =
270° + k - 360°).

GIAI THICH TIENG VIET

VN
(AHL) Dang diéu hoa (harmonic form) bién mét tdng "a sin 6 + b cos 6” thanh MOT ham sin duy
nhat Rsin(f + «), gitp giai phuong trinh va tim gia tri I6n nhat/nhd nhat dé dang hon nhiéu
so vGi lam viéc véi hai sé hang riéng biét. R luén duong va tinh nhu dé dai canh huyén cda
tam gidc vudng cé hai canh géc vudng a, b; géc o phai dugc xac dinh bang CA cosa = a/R
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LAN sino = b/R (khéng chi tana = b/a), vi tana = b/a mot minh khéng cho biét a nam &
goc phan tu ndo. Gia tri I&n nhat ca biéu thirc ludn bang R, nhd nhat bang —R — khéng can
dung dao ham.

Vi du m3u - Worked example

(AHL) Express 3sin 6 + 4 cos @ in the form Rsin(f + «) with R > 0 and 0° < o < 90°, stating «
correct to 1 d.p. Hence state the maximum value of 3sin 6 + 4 cos 6 and the smallest positive
value of 6§ (in degrees, to 1 d.p.) at which it occurs.

3 . 4 o .
Herea=3,b=4 R=+v32+42=+25=5. cosa = R sina = E T both positive, so «is in
the first quadrant:

4
o= arctan<§> ~ H3.1°.

So 3sinf 4+ 4cosf = 5sin(f + 53.1°). Maximum value = R = 5, occurring when 6 + 53.1° =
90° = 6 ~ 36.9°. (Check: at # = 36.9°, 3s5in36.9° + 4c0s36.9° ~ 3(0.6004) + 4(0.7997)
1.801 + 3.199 = 5.00 v'.)

Vi du miu - Worked example

(AHL) Solve sin® + v/3cos 6 = 1 for 0 < # < 2, giving exact answers.

Q

1 . 3 ",
Herea =1, b=+v3: R=V1+3=2. cosa = 2 sina = \Qf — both positive, so oo =
exactly.
. . 1
2S|n<9+z) =1 = 5|n(0+z> = —.

3 3 2
T T 7T . . 1 T
letp =0+ §; as 0 ranges over [0, 27|, ¢ ranges over [3, 3}. Since sing = 5 ¢ = 5 + 2km
5 . . . 5 137
or ¢ = % + 2km; within the required range this gives ¢ = % or ¢ = % (i.e. % + 27).
T St 2w 0w 137 27 1lw
b=o-g=0=% G573 " I=% ~H %"

:sin? +v3cosT =1+0=1v. Check § = 1% sin 4™ + /3 cos 11T =

Vi du miu - Worked example

(AHL) Find the maximum and minimum values of 5sind — 12cos#, and the smallest non-
negative value of 0 (in degrees, to 1 d.p.) at which the maximum occurs.
12

) .
Herea =5, b=—12: R = /5% + (—12)? = /169 = 13. cosa = The 0, sina=——<0—

13
so « is in the fourth quadrant:
12
o = arctan <_E> ~ —67.4°.

So5sinf—12cosf = 13sin(f—67.4°). Maximum = 13, minimum = —13. The maximum occurs
when 0—67.4° = 90° = 0 ~ 157.4° (this is already the smallest non-negative solution, since sub-
tracting 360° would give a negative value). (Check: at § = 157.4°, 5sin 157.4° — 12 cos 157.4° ~
5(0.3843) — 12(—0.9231) ~ 1.922 + 11.077 = 13.00 v'.)
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3.6 Non-right-angled triangle trigonometry

b e
sinA sinB sinC
Cosine rule: a? = b? + ¢ — 2bc cos A (use for SAS or SSS); rearranged for an angle: cos A =
Bkt g

2bc

Sine rule:

(use for AAS or SSA — watch for the ambiguous case).

1 . . . .
Area of a triangle: Area = §ab sin C (using two sides and the included angle).

A ¢ B

Standard triangle labelling: side a is opposite vertex A, side b opposite B, side c opposite C.

Vi du mau - Worked example

Triangle ABC hasa = 9,b =7, C = 55°. Find ¢ and the area.
Cosine rule: ¢ = 92 4+ 72 —2(9)(7) cos 55° = 130 — 126(0.57358) ~ 130 — 72.27 = 57.73 = c ~

1 . .
7.60. Area = 5(9)(7) sin 55° = 31.5(0.81915) ~ 25.8 square units.

Vi du miu - Worked example

Triangle ABC hasa = 8,b = 10, A = 35°. Find all possible value(s) of B (the ambiguous case).

sinB B sin 35° 10sin 35°

Sine rule: = sinB = —s ~ 0.71697.

B ~ arcsin(0.71697) ~ 45.8° or B~ 180" —45.8° = 134.2°.

Check validity: if B ~ 134.2°, then A + B ~ 35 + 134.2 = 169.2° < 180° — still a valid triangle.
Both solutions are valid: B ~ 45.8° or B ~ 134.2°.

Vi du miu - Worked example

Triangle ABC has sides a = 6, b = 10, ¢ = 14. Find the largest angle.
The largest angle is opposite the largest side (c = 14), call it C:

a?+b*—c*  36+100—196 —60

cosC =" 2(6)(10) 120

= —0.5 = C = arccos(—0.5) = 120°.

GIAI THICH TIENG VIET

VN
Dinh ly sin dung khi biét mot cap gbéc-canh déi dién (AAS hodc SSA); trudng hop SSA cé thé
cho hai nghiém hgp Ié ("truong hgp mo hé” — ambiguous case) vi sin @ = sin(180° —6). Dinh ly
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cosin dung khi biét du ba canh (SSS) hoac hai canh kém géc xen gilra (SAS) — khéng cé trvong
hgp mo ho véi cosin vi ham arccos chi cho mét gia tri duy nhat trong [0°, 180°).

(1) Loi thuweng gap: The ambiguous (SSA) case only arises with the sine rule. Always check
A + B < 180° before accepting the second (obtuse) solution for B — if it fails, discard that
branch. The cosine rule never has this issue since arccos is single-valued on [0°, 180°].

3.7 Applications: angles of elevation and depression, and bearings

The angle of elevation of an object above an observer is measured upward from the horizon-
tal to the line of sight; the angle of depression of an object below an observer is measured
downward from the horizontal to the line of sight. Since the horizontal lines at two different
positions are parallel, the angle of depression from A to B equals the angle of elevation from
B to A (alternate angles).

A bearing gives a direction as a three-figure angle measured clockwise from north, from 000°
to 360° — e.g. 065° or 220°. The bearing pointing in exactly the opposite direction is found by
adding or subtracting 180°.

Object

0 .
fffff horizontal

Observer

The angle of elevation 6 is measured upward from the horizontal (dashed) to the line of sight.

GIAI THICH TIENG VIET
Géc nang (angle of elevation) do tir duong n5m ngang huéng LEN dén vat; goc ha (angle of
depression) do tir duwdng nim ngang hudng XUONG dén vat — hai gdc nay bing nhau khi nhin
tir hai dau, vi 13 hai géc so le trong gitra hai dudng nam ngang song song. Bearing (phuong vi)
luén viét bing ding ba chir s6, do THEO CHIEU KIM DONG HO tinh tir huéng Bic — vi du
065° hoac 220° — khéng bao gio am hay vuot qua 360°.

Vi du miu - Worked example

From a point on level ground, the angle of elevation to the top of a tower is 20°. After walking
80 m directly towards the tower, the angle of elevation becomes 35°. Find the height of the
tower, correct to 3 s.f.

Let h be the height of the tower and x the distance from the nearer point to its base.

h h h
°© = = N 2 = == .
tan 35 i vy T tan 20 74 80 = x+ 80 an 20°
Subtracting the first equation from the second eliminates z:
1 1
h(tan 50 tan 350> =80 = h(2.74748—1.42815) = 80 = h(1.31933) = 80 = h ~ 60.6 m.
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Vi du miu - Worked example

A ship sails from port P on a bearing of 070° for 40 km to point (), then changes course and
sails on a bearing of 152° for 25 km to point R. Find the distance PR, and the bearing that
would take the ship directly back to P from R, each correct to 3 s.f.

The bearing from (Q back to P is 070° + 180° = 250°, so the interior angle of triangle PQR at
Q is 250° — 152° = 98°.

PR? = 40%+25%—2(40)(25) cos 98° = 2225—2000 cos 98° ~ 2225+278.3 = 2503.3 = PR ~ 50.0 km.

Sine rule for the angle at R (using the unrounded value PR ~ 50.03):

sin(ZQRP)  sin98

= in(£ ~ 0. y ~ 52.3°.
10 £0.03 = sin(LZQRP) ~ 0.7917 = LQRP ~ 52.3

The bearing from R to @ is 152° 4 180° = 332°; the diagram shows P lies on the northern side
of RQ, so the required bearing from R to P is 332° — 52.3° ~ 279.7° ~ 280° (3 s.f.).

Vi du m3u - Worked example

From the top of a vertical cliff 80 m high, the angle of depression to a boat at sea is 12°. Find the
horizontal distance from the base of the cliff to the boat, and the direct (line-of-sight) distance
from the cliff top to the boat, each correct to 3 s.f.

The horizontal at the cliff top is parallel to sea level, so the angle of elevation from the boat to
the cliff top is also 12°.

80 80 80 19080 80 80
tanl12" =7 = d =95 ~ G215 S orom. sinl2=-m = r= orme X 0201

B85 m.

(Check with the unrounded d ~ 376.37: v/376.372 + 802 ~ 384.8 ~ 385 m v'.)

Vi du mau - Worked example

Two people, C and D, stand on opposite sides of a vertical tower and in line with its base. They
observe the top of the tower at angles of elevation 32° and 41° respectively, and are 200 m
apart. Find the height of the tower, correct to 3 s.f.

Let h be the height, and let z,, 2, be the horizontal distances from C' and D to the base. Since
C and D are on opposite sides, z; + x, = 200 (compare with the earlier example, where the
two points were on the same side and the distances were subtracted).

h h h h
00— I - a0 = S
B P T 2, 727 tandr
1 1
h(tan e 410) =200 = A(1.60033+1.15038) = 200 = A(2.75071) = 200 = h ~ 72.7m

(1) L6i thueng gap: Always measure the angle of elevation or depression from the horizon-
tal, never from the vertical. When converting bearings into an interior angle of a triangle,
sketch the situation first — subtracting two bearings only gives the correct angle when both
are measured from the same vertex (use the reverse bearing, +180°, where needed).
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3.8 Three-dimensional trigonometry and geometry of solids

Right-triangle trigonometry and the Pythagorean theorem extend directly into three dimensions: the
angle between a line and a plane, or between two planes, is found by identifying (or constructing) a
right triangle that contains it.

Volume and surface area:
Cuboid (sides I, w, h): V' = lwh; surface area = 2(lw + lh + wh).

Prism: V' = (cross-sectional area) x (length).

Cylinder (radius r, height h): V = 7r2h; curved surface area = 2nrh; total surface area
= 27rh + 27r2.

1
Cone (radius r, height h, slant height | = /r2 + h2): V = gﬂrzh; curved surface area = 7rl;

total surface area = nrl + 7r2.

. 4
Sphere (radius r): V = g7rr3; surface area = 47r2.

e Pyramid: V' = —(base area) x (height).

1
3
Angle between a line and a plane: the angle between the line and its orthogonal projection
onto the plane. Angle between two planes: the angle between their normal vectors (or its sup-
plement, whichever value lies in [0°,90°]) — see the dot product method in the vector geometry

sections below.

GIAI THICH TIENG VIET
Cac cong thirc thé tich va dién tich bé mat trén nam trong bang cong thic chinh thirc cua ky
thi IB, nhung hoc sinh can hiéu ré y nghia tirng dai luong (r, h, | — chiéu cao KHONG phai la
dudng sinh cdia hinh nén). D& tim goc gitra mot dudng thing va mét mit phang, luén tim hinh
chiéu vuéng géc clia dudng thing doé 1én mit phang, réi dung tam gidc vudng chira goc can
tim — day 13 ky ndng cot 16i cta hinh hoc khéng gian.

Vi du m3u - Worked example

A cuboid has length 8 cm, width 5 cm, and height 4 cm. Find the angle between the space
diagonal and the base, correct to 1 d.p.

First find the base diagonal: d = v/82 + 52 = /89 ~ 9.434 cm. The space diagonal, the base
diagonal, and the vertical edge (4 cm) form a right triangle, so

4
= —— ~ 0.424 ~ 23.0°.
tan@ 9434 0 00 = 0 3.0

4
10.247

~

(Check with the full space diagonal /82 + 52 +42 = /105 ~ 10.247: sinf =
0.3904 = 6 ~ 23.0° V')

Vi du mau - Worked example

A pyramid has a square base of side 10 cm and height 12 cm, with apex directly above the
centre of the base. Find the angle between a slant edge and the base, correct to 1 d.p.

102
2

Half the base diagonal is = 5v/2 ~ 7.071 cm. This half-diagonal, the height, and the slant
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edge form a right triangle at the centre of the base, so

tanf = 12 ~ 1.6971 = 0~ 59.5".

7.071
Vi du mau - Worked example

A solid cone has base radius 5 cm and height 12 cm. Find its slant height, its exact volume, and
its exact total surface area (in terms of ), each also correct to 3 s.f.

Slant height: | = /52 + 122 = /169 = 13 cm.

1
V= g7r(5)2(12) = 1007 ~ 314 cm3.  Total SA = 7rl + 7r? = 657 + 257 = 907 ~ 283 cm?.

Vi du mau - Worked example

A solid consists of a cylinder of radius 3 cm and height 9 cm, topped with a hemisphere of the
same radius. Find the total volume and total surface area of the solid, each correct to 3 s.f.

1/4
Volume: V,,; = 7(3)%(9) = 81m; Viemi = 3 <§w(3)3) = 18.

V =81r + 187 = 997 ~ 311 cm?.
Surface area (the flat circle joining the two solids is internal and is not part of the outer surface):
curved cylinder = 27(3)(9) = 54m; curved hemisphere = 27(3)? = 18r; base circle of the
cylinder = 7(3)? = 9.

Total SA = 547 + 187 + 97 = 817 ~ 254 cm?.

(1) L6i thuong gap: In a cone, the slant height I = /12 + A2 is not the vertical height 4 — using
h in place of [ in the curved surface area formula 77l is a common error. Likewise, the height

of a pyramid is the perpendicular distance from the apex to the base, not the length of a slant
edge.

3.9 Vectors (AHL)

AHL only. A vector v = (vy,v,,v3) has magnitude |d| = /v? 4+ v3 + v2. Vectors add/subtract
component-wise; scalar multiplication scales every component. A unit vector in the direction

of visv = % The vector from point A to point B is AB=B—-A (position vector of B minus
v
position vector of A).
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Vector addition by the parallelogram rule: « + ¥ is the diagonal of the parallelogram formed by % and ¥. The same
component-wise rule extends unchanged to three dimensions.

Vi du miu - Worked example

(AHL) Given A(1,—2,3) and B(4,2,—1), find AB, its magnitude, and a unit vector in that direc-
tion.

AB=B—-A=(4—1,2—(=2), =1 —3) = (3,4, —4). |AB| = V9 + 16 + 16 = /41 ~ 6.40.

1
0= = (3,4,-4) ~ (0468, 0625, ~0.625).

. GIAI THICH TIENG VIET

(AHL) Vector AB ludn tinh bing "diém cudi trir diém dau” (B — A), khéng phai nguoc lai. D6
I6n (magnitude) 1a mot s6 khéng am, tinh bang cin bac hai cua téng binh phuong cac thanh
phan — cong thirc nay 13 m& réng truc ti€p cua dinh ly Pythagoras sang khong gian 3 chiéu.

3.10 Vector geometry (AHL)

AHL only. Dot (scalar) product: a - b = a,b; + agby + azby = |aHb\ cos 6, where 6 is the angle
between @ and b. Two nonzero vectors are perpendicular iff G - b = 0.
Cross (vector) product: G x b = (ayby —asby, asby —aybs, a,by —asb, ) — a vector perpendicular

to both @ and b, with magnitude |a@ x b| = |d|[b] sin @ equal to the area of the parallelogram
spanned by d, b (half that for the triangle they span).

-

Vector equation of a line through point A with directiond: 7 = a + td,t € R.

Equation of a plane through point P, with normal 7: 7 - (7 — 7;) = 0, i.e. in Cartesian form
T + NolY + N3z = N Ty + NoYy + N3 2g-

Vi du m3u - Worked example

(AHL) Find the angle between é = (1,2,2) and b = (2, —1,2).
G-b=12)+2(-1)+202)=2—24+4=4]d|=VI+4+4=3,]b|=vVaA+1+4=3.

4 4 4
cosf = 33-0 = 0= arccos<§) ~ 63.6°.
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Vi du miu - Worked example

(AHL) Find a vector equation of the line through A(2,—1,3) and B(5,3,—2), and determine
whether it passes through (11,11, —12).

Directiond = B— A = (3,4, —5). Line: 7 = (2, —1,3) + (3,4, —5). Test (11,11, —12): from the
xz-component, 2 + 3t = 11 = t = 3. Check y: —1 4+ 4(3) = 11 v; check z: 3 —5(3) = —12 V.
Yes, the line passes through (11,11,—12) at ¢t = 3.

I r

Vi du miu - Worked example

(AHL) Find @ x b for G = (2,0, 1),7) = (1,3,0), and hence find the area of the parallelogram
they span.

axb=(00)—1(3), 1(1) — 2(0), 2(3) — 0(1)) = (=3, 1,6).
Area = |d x b| = V9 + 1 + 36 = /46 ~ 6.78.

Vi du m3u - Worked example

(AHL) Find the Cartesian equation of the plane containing (1,2,—1) with normal vector
n=(2,—1,3).

n-(r—ry) =0 = 2(z—1)—1(y—2)+3(z2+1)=0 = 2z —y+32+3=0

Vi du mau - Worked example

(AHL) Find where the line 7 = (1,0,2) 4+ ¢(1,1,—1) meets the plane z + 2y — z = 4.
Substitutex =1+t, y=t, 2=2—1:

(1+t)+2(t)—(2—t):4:>4t—1:4:>t:Z.

. 5 5 5 953 9  /5\ 3 9+10—3
Point: (1+2, 2. 2-2) = (2.2 2) (Check: = +2(2) -2 =2F97% 4,
oint ( VAL 4) (4’4’4) (Check: 7 + (4) 1 1 V)

Vi du miu - Worked example

I '

(AHL) Find the Cartesian equation of the plane through A(1,0,0), B(0,1,0), C(0,0,1).

AB = (—1,1,0), AC = (—=1,0,1). Normal: i = AB x AC = (1(1) — 0(0), 0(—1) —
(=1)(1), (—1)(0) — 1(-1)) = (1,1,1). Using point A(1,0,0): 1(z — 1) + 1(y) + 1(z) = 0 =
r+y+z=1

GIAI THICH TIENG VIET

(AHL) Tich vé huéng (dot product) cho két qua 13 mét SO — dung dé tim géc gitra hai vector
hoac kiém tra vudng goc (G- b = 0). Tich c6 hudng (cross product) cho két qua 1a mot VECTOR
vudng géc véi ca hai vector ban dau, c6 do I6n bang dién tich hinh binh hanh tao bai hai vector
dé — day 1a cong cu chinh dé tim vector phap tuyén clia mot mat phang khi biét hai vector
nam trong mat phang do.
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(!) L6i thuong gap: @ x b + b x @ — the cross product is anti-commutative: b x @ = —(d x b).
Also, to test whether a point lies on a line ¥ = @ + ¢d, you must find a single value of ¢ that
satisfies all three component equations simultaneously — matching just one component is not
sufficient.

3.11 Classifying pairs of lines in space (AHL)

In three dimensions, two distinct lines need not be parallel or intersecting — unlike in a single plane,
they may simply miss each other entirely.

AHL only. Two lines 7 = @, + sd, and 7 = d., + td, fall into exactly one of four cases:
e Coincident: the same line (direction vectors parallel, and a point of one lies on the other).

e Parallel (distinct): direction vectors parallel (Jl = kcfz for some scalar k), but no point in
common.

¢ Intersecting: direction vectors not parallel, and the system formed by setting the two lines
equal (component by component) has a consistent solution for s and ¢.

e Skew: direction vectors not parallel, and the system is inconsistent (no s, ¢ satisfy all three
component equations simultaneously) — the lines never meet, yet are not parallel.

- GIAI THICH TIENG VIET

(AHL) Trong khong gian 3 chiéu, hai dudng thang phan biét cé thé roi vao 4 kha ning: tring
nhau (cung mét dudng thang), song song (cung phuong, khéng giao nhau), cat nhau (khac
phuong, cé giao diém), hodc chéo nhau — skew (khac phuong NHU'NG ciing khéng giao nhau
— diéu nay chi cé thé xay ra trong khéng gian 3D, khéng thé xay ra trong mat phang 2D). Quy
trinh kiém tra: (1) so sanh hai vector chi phuong — néu chiing 1a béi s6 cta nhau (song song)
thi kiém tra thém mot diém chung dé phan biét tring nhau/song song; (2) néu KHONG song
song, giai hé phuong trinh tlr 2 trong 3 thanh phan dé tim s, ¢, roi thir nghiém vao thanh phan
con lai — néu théa man thi cit nhau, néu mau thuan thi chéo nhau.

Vi du mau - Worked example

(AHL) Determine whether the lines 7, = (1,2,3)+s(2,1,—1)and 7, = (4,1,7) +¢(1,—1,2) are
parallel, intersecting, or skew.

Direction vectors (2,1, —1) and (1, —1,2) are not scalar multiples of each other, so the lines
are not parallel. Set the lines equal component-wise:

142s=4+1t, 24+s=1-—1t, 3—s="7+2t.

From the first two equations: 2s —¢t = 3and s +t = —1 = ¢t = —1 — s. Substituting into

2 2 5
25—75:3:25—(—1—5):3:>35+1:3:>s:§,sot:—1—§:—g.
. . . 2 7 5 10 11 .
Check in the third equation: LHS = 3—§ = §; RHS = 7+2<—§> = 7—3 =3 Since

7 11 . . . .. .
3 + 3 the third equation is not satisfied — the system is inconsistent.

The lines are skew.
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Vi du miu - Worked example

(AHL) Determine whether the lines 7, = (2,—1,0) + s(1,2,3) and 7, = (3,2,4) + ¢(1,2, 3) are
coincident, parallel (distinct), or neither.

Both lines share the same direction vector (1,2, 3), so they are parallel (or coincident). Test
whether the point (2,—1,0) (on line 1, at s = 0) also lies on line 2: from the z-component,
3+t =2=t=—1. Check the y-component: 2 + 2(—1) = 0, but the point requires y = —1.
Since 0 # —1, the point does not lie on line 2.

The lines are parallel and distinct (not coincident).

(') Loi thueng gap: (AHL) To test for intersection, solving any two of the three component
equations for s and ¢ is not enough — you must substitute back and verify the third component
equation too. If it fails, the lines are skew, not intersecting, even though a solution existed for
two of the three equations.

3.12 Angles and Intersections Involving Planes (AHL)
AHL only. The dot product also gives the angle between a line and a plane, and the angle between
two planes; the cross product gives the direction of the line where two non-parallel planes meet.

AHL only. Angle between a line (direction d) and a plane (normal 7): if 6 is the angle between
the line and the plane itself (not its normal),

: d -
S|n9:¥, 0° <8 <90°.
|7
Angle between two planes (normals 7, 7i,):
c050:|7jl'42‘, 0° < 6 <90°.
|72 |72

(The absolute value in both formulas selects the acute angle, since either normal could equally
point in the opposite direction.)

Line of intersection of two non-parallel planes: its direction is d = N, X Ny (perpendicular to
both normals, hence lying along both planes); a point on the line is found by solving the two
Cartesian equations simultaneously — e.g. fix one coordinate (such as z = 0) and solve the
resulting pair of equations for the other two, provided that choice does not make the reduced
system inconsistent.

- GIAI THICH TIENG VIET

(AHL) Géc gitra dudng thidng va mat phang dung sin (khdng phai cos) vi géc nay do so véi
chinh mit ph3ng, trong khi vector chi phuong d lai dugc so sanh véi vector PHAP TUYEN 7
(vudng goc véi mat phang) — néu d song song véi 7 thi dudng thing vudng goc véi mat phing
(6 = 90°), con néu d-7i = 0 thi duwdng thing song song v&i (hoic ndm trong) mat phing (6 = 0°).
Nguoc lai, géc gitra hai mat phang dung cos vi ta so sanh truc tiép hai vector phap tuyén. Dé
tim giao tuyén cla hai mit phang, phuong cla giao tuyén luén 1a 71, x 7, (vudng goc véi ca hai
phap tuyén); sau dé chi can tim MOT diém chung bat ky bang cach cho mét bién bang mét gia
tri cu thé (thudng 1a 0) réi giai hé hai phuong trinh con lai theo hai bién kia.
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Vi du miu - Worked example

(AHL) Find the angle between the line ¥ = (1,2, 3) + ¢(2,—1,2) and the plane x + y — 2z = 5,
correct to 1 d.p.

Direction d = (2,—1,2); normal 7 = (1,1, —2).

d-n=201)+(-1)(1)+2(-2)=2—-1—-4=-3, |d-|=3
ld=vVa+1+4=3, |a|=VI+1+4=16
1
sinf = 3 = —==04082 = 6~ 24.1°.
3W6 V6

Vi du m3u - Worked example

(AHL) Find the angle between the planes 4x — y + z = 8 and = + 3y — 2z = 5, correct to 1 d.p.
Normals: 7, = (4,—1,1), n, = (1,3, —2).

i =VI6+1+1=VI8=3V2, |y =V1+9+4=14
1 1 1
cosf = = = ~ 0.0630 = 0 ~ 86.4°.
3vV2-V14  3vV28  6V7

Vi du miu - Worked example

(AHL) Find a vector equation of the line of intersection of the planes = + vy + z = 6 and 2z —
y + 3z = 9, and verify that your line satisfies both equations.

Normals 7, = (1,1,1), 1, = (2, —1, 3). Direction of the line of intersection:

d =17y X7y = (1(3) = 1(=1), 1(2) — 1(3), 1(=1) — 1(2)) = (4, —1,-3).

Point: set z = 0 and solve the reduced system x+y = 6, 2z —y = 9. Adding the two equations:
3x =15 = x = 5, so y = 1. This gives the point (5,1,0).

Line: 7 = (5,1,0) + t(4,—1,-3), teR.
Check: the point satisfies both planes: 5+1+0 =6 v and 2(5) —1+3(0) = 9 v'. The direction

is perpendicular to both normals: J'ﬁl =4—-1-3=0v and J-?zz =841—-9=0VvV —so
the line indeed lies in both planes.

3.13 Reciprocal trigonometric function graphs (AHL)

) 1 1 1 . .
AHL only. Since secx = ——, cscxz = ——, cotz = ——, each reciprocal function has a
. cosw sing . tanz o
vertical asymptote wherever the underlying function equals zero (division by zero).

y = sec z: period 27; vertical asymptotes at v = g +kn (ke Z);rangey < —lory > 1.

y = cscx: period 2; vertical asymptotes at x = kn (k € Z); range y < —1 ory > 1.
y = cotx: period 7; vertical asymptotes at x = kx (k € Z); range all real .
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1
1
1
1
1
1
1
1
1
1
1
I

/2 —11{ )2 i 3m/2 2 5m/2

1
1
1
1
1
1
1
1
1
1
1
I
1
1
1
1
1
1
1
1
1
1

M

1
1
1
1
1
1
1
:
y = sec x: vertical asymptotes (dashed) wherever cos x = 0; the graph never enters the strip —1 < y < 1.

GIAI THICH TIENG VIET
AHL) D6 thi cdc ham nghich dao luong giac (sec, csc, cot) co tiém can dirng tai moi diém ma
ham géc (cos, sin, tan twong (rng) bang 0, vi chia cho 0 khéong xac dinh. Dic biét, secz va
csc x khong bao gid nhan gia tri trong khoang (—1,1), vi |cosz| < 1 va |sinz| < 1 kéo theo
|secz| > 1va|cscz| > 1.

Vi du mau - Worked example

(AHL) State the period, the equations of the first two positive vertical asymptotes, and the
range of y = cscx.

1
csCcx = o is undefined where sinxz = 0, i.e. at z = 0, 7, 27, ... Period = 27. The first two
A

positive asymptotes are v = m and x = 27. Range: y < —lory > 1.

Vi du mau - Worked example

(AHL) State the period, the vertical asymptotes for 0 < z < 7, and the range of y = cot(2z).
Since cot(bx) has period %, y = cot(2z) has period g Asymptotes occur where sin(2z) =0 =

2r =kr =z = j; within [0, 7] this gives z = 0, E, «. Range: all real y — unlike sec, csc, the
function cot is unbounded both above and below within each period.

I r

Vi du m3u - Worked example

(AHL) State the period, the range, and the vertical asymptotes in [—7, 7] of y = 3 sec(2z).
The factor 3 scales the output, and the factor 2 inside the argument compresses the period:

. 2 .
period = g = m range: y < —3 ory > 3 (since |sec(2z)| > 1). Asymptotes occur where

cos(2z) =0= 2z = T b kr= o=+ "2 within [—, 7] this gives

2 17
_ 37 T T 3
TTT Ty

3.14 Inverse trigonometric functions (AHL)

Since sin, cos, tan are not one-to-one over all of R, their inverses are defined only once the domain
is restricted to an interval on which the function is one-to-one (its principal branch).
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AHL only.
e y = arcsin z (also written sin " z): domain [—1,1], range [—g, g}
e y = arccos r (also written cos~! z): domain [—1, 1], range [0, 7].

e y = arctan z (also written tan ' z): domain R, range (—g, g) (horizontal asymptotes y =

15
5

Each graph is the reflection, in the line y = z, of the corresponding trig function restricted to
its principal branch.

—e— Yy = arcsinx Y
—=— 7y 2arccos

—r/d |
—r/2 |

y = arcsin z (navy) has range [—Z, Z]; y = arccos z (pink) has range [0, 7]. Both have domain [—1, 1].

- GIAI THICH TIENG VIET
(AHL) Vi sin, cos, tan khdng phai 13 hAm mét-moét trén toan bd R (mbi gia tri dau ra &rng véi vo
s6 gdc), ham nguoc chi duoc dinh nghia sau khi GIGT HAN mién xac dinh vé mot khoang ma
ham la m6t-mét (goi 1a nhanh chinh). arcsinz luén cho két qua trong [—%, 5|, arccos z ludn
cho két qua trong [0, 7], va arctan z luén cho két qua trong (—%, ) — day la quy udc bt budc
phai nh& khi tinh toan, dac biét khi két hop véi cac ham luong gidc khac trong cling bai toan.

Vi du mau - Worked example

1 1
(AHL) Evaluate arcsin <—§> and arccos <—§> exactly.

1 ) . . 1 ..
arcsin (—7>: need an angle in [—E, E] with sine —=: this is —E.
2 2°2 2 6

1 . . . 1 .. 2T, .
arccos —3 : need an angle in [0, 7] with cosine —5: this is ?ﬂ (in the second quadrant, since

cosine is negative there).

I '

Vi du miu - Worked example

(AHL) Find the exact value of sin (arccos 2)

Let # = arccos g so 6 € [0,7] and cosd = g Since cosf > 0, in fact 0 [0, %} sosinfd > 0.

By the Pythagorean identity,

9 16 4
iNg=1v1—-cos20=1/1—— =/—=-—.
SN COSs 25 25 5
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(This matches the 3-4-5 right triangle: if the adjacent side is 3 and the hypotenuse is 5, the
opposite side is 4.)

Vi du miu - Worked example

(AHL) Express cos(arcsin x) in terms of z, for —1 < x < 1.
Let & = arcsinz, so 8 € [—g, g] and sin @ = z. On this interval cos 8 > 0, so

cos(arcsinz) = \/1 — sin® 0 = V1 — 22.
Vi du m3u - Worked example

(AHL) Find the exact value of tan <arccos 5) .

13
LetHfarccosE so cosf = 3 >0=0¢ [0 E) so sinf > 0 too
N 13’ 13 "2) '
. 25 144 12 .
sinf = \/1 ~ 10 = Vies — 13 (the 5-12-13 triple).

sing  12/13 12

tang = - —
NV~ oso ~ 5/13 5

(1) Loi thueng gap: (AHL) arcsin(sinf) = @ only when 6 is already in [—g, g} — other-
wise, the identity returns the equivalent angle inside that range, not the original 8. Likewise
arccos(cosf) = 0 only for 6 € [0, 7]. Always check which quadrant the "inner” angle belongs
to before assigning a sign to sin # or cos § in a composite expression such as sin(arccos z).

3.15 Scalar and vector projections (AHL)

AHL only. The scalar projection (resolute) of G onto b is

L D
scalar projection = ——,

»n -

the signed length of the "shadow” G casts onto the line through b (positive if the shadow points
the same way as b, negative if opposite). The vector projection of @ onto b is that scalar pro-

) _

QL

.. . . b
jection multiplied by the unit vector ?:

ol
| o
o1
ol

=k
no

a -

|
g~l

vector projection = (

=
=
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0

»
'

vector projection bf G onto b

The vector projection of & onto b (bold navy segment) is found by dropping a perpendicular from the tip of @ to the line
of b.

. GIAI THICH TIENG VIET

(AHL) Hinh chiéu v6 huéng (scalar projection) |a mot SO (c6 thé am néu gbc gilra hai vector la
tu), cho biét "béng” cla a trén dudng thang chira b dai bao nhiéu. Hinh chiéu vector (vector
projection) chinh 13 cai béng d6 nhung biéu dién dudi dang MOT VECTOR cung phuong véi b
— lay hinh chiéu vé huéng nhan véi vector don vi b/|b).

Vi du mau - Worked example

(AHL) Find the scalar and vector projections of d¢ = (3,1, —2) onto b = (1,2,2).
G-b=31)+12)+(-2)(2)=3+2—4=1. [p|=vI+4+4=3.

1 1 12 2
scalar projection = —. vector projection = —=(1,2.2) = | =, =, = | .
proj 3 proj 9<,,) <9,9,9>

I '

Vi du mau - Worked example

(AHL) Find the scalar and vector projections of & = (5,0, —3) onto b = (1, —2,2).
G-b=51)+0(—2)+(=3)(2)=5+0—6=—1. |b|=vI+4+4=23.

. 1 . 1 12 2
scalar projection = —3 vector projection = —5(1, —2,2) = (—5, -, —§> .

The negative sign shows that @'s shadow on the line of b points opposite to b — the angle
between a and b is obtuse.

Vi du mau - Worked example

(AHL) Every vector d can be written as the sum of a component parallel to b (its vector
projection) and a component perpendicular to b. For ¢ = (3,1,—2), b = (1,2,2) (as before,

vector projection = (4, 2, 2)), find the component of & perpendicular to b, and verify it really

is perpendicular.

- S S 12 2 27—1 9—-2 —18—-2 26 7 20
aj_:a_a|\:(371a_2)_<§a§7§>:( 9 ' 9 9 >:< 7)

26 7 20 26+14—-40 O
SW+s@)-F@ = —=5=0v.

Check: @, - b
eck: a 9 9

(1) Léi thuerng gap: The scalar projection of G onto b can be negative (when the angle between
them is obtuse) — do not confuse it with the magnitude |d|, which is always non-negative. The
vector projection is always parallel to b (a scalar multiple of b), never parallel to a.
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3.16 Practice: Paper 1 style (no calculator)

Bai tap luyén tap

Convert 150° to radians, giving an exact answer.

Loi giai chi tiét
T 5w

Bai tap luyén tap

A sector has radius 6 cm and angle g radians. Find the exact arc length and area.

Loi giai chi tiet

1
s=06-—- =27 cm. Area = 5(36)% = 6 cm?.

I s

Bai tap luyén tap

. 2
State the exact values of sin %, cos %ﬁ and tan il

3
¥s B 1 V3

(A) 7’ _7’ —\/§ (C) 57 _7) _\/g
V3 V3 V31

(B) 9 9 \/g (D) o Ty —\/§

Loi giai chi tiet

sinf = ‘/75; 5 = 180° — 30° (Qll) so cos 3T = —‘/75; 2r = 120° (Qll) so tan ZF = —/3. (A\).

Bai tap luyén tap

}_‘I

Given cos 6§ = == with 6 in the third quadrant, find sin 6 exactly.

Loi giai chi tiét

22 egative in QI

. _ 1 _
sinf = —,/1 — 3= 3
Bai tap luyén tap
. . sin 2z
Prove the identity ——— = tanx.
1+ cos2zx

Loi giai chi tiét

2sinz cos 2sinz cos sinz

= = =tanz. A

14+2cos?2z—1 2cos? x cosx
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Bai tap luyén tap

Loi giai chi tiét

-

Bai tap luyén tap

Loi giai chi tiét

-

Bai tap luyén tap

w2

LR

Loi giai chi tiet

-

Bai tap luyén tap

Loi giai chi tiét

-

Bai tap luyén tap

(A) 120°
(B) 110°

Thay Tudong 0332747 169 -

(2cosz —1)(cosz + 1) =0 = cosz = £ or cosz = —1. Solutions: z = Z, 7,

sin75° = sin(45° + 30°) = sin 45° cos 30° + cos 45° sin 30° =
. ) 3
(AHL) Given sinf = -

4 .
cosf = — (Qll negative). tan 6 =

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels

1
Solve cosz = —5 for0 <z < 27.
27 4w 27 5w
W33 ]
T o7 T 5T
B) -, — D) -, —
B) 7. D) .=

3

Solve 2cos?2z +cosz—1=0for0 <z < 27.

5
3

(AHL) Find the exact value of sin 75°.

(©) @

o) VO£V

@. (A).

, 0 in Qll, find cos # and tan 6 exactly.

3/5 3

—4/5 4’

Triangle ABC has sides a = 6, b = 10, ¢ = 14. Find the largest angle.

(C) 135°
(D) 100°

C6 Nancy 0983422 692 I1B Diploma Mathematics: Analysis and Approaches
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Loi giai chi tiét
36 4+ 100 — 196

Largest angle C (opposite ¢ = 14): cos C' = e —0.5 = C = 120°. (A).

Bai tap luyén tap

(AHL) Find @ - b for G = (1,2, 2),7) = (2,—1,2), and state whether they are perpendicular.

Loi giai chi tiet

S

a-b=2—2+4=40: not perpendicular.

Bai tap luyén tap

(AHL) Find |a x b| for @ = (2,0,1), b = (1,3,0), as an exact surd.

(A) V46 (C) V36
(B) V40 (D) 6

Loi giai chi tiét
@ x b= (—3,1,6), magnitude = v/9 + 1 + 36 = v/46. (A).

-

Bai tap luyén tap

(AHL) Find the Cartesian equation of the plane containing (1,2, —1) with normal (2, —1, 3).

Loi giai chi tiét
26 —1)—(y—2)+3(z+1)=0=2x—y+32+3=0.

Bai tap luyén tap

(AHL) State a vector equation of the line through A(2, —1, 3) with direction (3,4, —5).

Lai giai chi tiét

-

r=(2,—1,3)+¢(3,4,—5),t € R.

Bai tap luyén tap

Simplify tan 6 cos 6.

(A) sind (€)1
(B) cosd (D) seco

Loi giai chi tiét

tanfcosf = cosd cosf = sin 4. (A).

QO|lwn
O 5 I
0| >

S
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3.17 Practice: Paper 2/3 style (calculator allowed)
Bai tap luyén tap

A sector has radius 5.5 cm and angle 2.4 radians. Find the arc length and area.

Loi giai chi tiét

-

s =5.5(2.4) = 13.2 cm. Area = 1(5.5)%(2.4) = 36.3 cm?.

Bai tap luyén tap

Lo giai chi tiét
o 7
~ sin4le

-

~ 10.67. b = ccos41° ~ 8.06.

Bai tap luyén tap

Solve sinz = 0.35 for 0° < x < 360°, correct to 1 decimal place.

Loi giai chi tiet

-

x = arcsin(0.35) ~ 20.5° or z = 180 — 20.5 = 159.5°.

Bai tap luyén tap

State the amplitude, period, phase shift, and vertical shift of y = 3 sin (2:0 — g) + 1.

Loi giai chi tiet

Amplitude 3; period 7; phase shift % right; vertical shift 1 up.

Bai tap luyén tap

-

Triangle ABC: a =9,b =7, C = 55°. Find c and the area, correct to 3 s.f.

Loi giai chi tiét

-

¢® =130 — 126 cos 55° ~ 57.73 = ¢ ~ 7.60. Area ~ 31.5sin 55° ~ 25.8.

Bai tap luyén tap

Triangle ABC: a = 8,b = 10, A = 35°. Find all possible values of B.

(A) 45.8° or 134.2° (C) 54.2° or 125.8°
(B) 45.8° only (D) 44.2° or 135.8°

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 IB Diploma Mathematics: Analysis and Approaches
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Loi giai chi tiét
10sin 35°

sin B = - a ~ 0.717 = B ~ 45.8° or 134.2° (both valid, since 35 + 134.2 < 180). (A).

Bai tap luyén tap

(AHL) Find the angle between d = (1,2,2) and b = (2, —1,2), to the nearest 0.1°.

Loi giai chi tiét

-

H;I

cosf = - = 0 ~ 63.6°.

Bai tap luyén tap

I Qo

(AHL) A(1,—2,3), B(4,2,—1). Find |AB| and a unit vector in that direction, to 3 s.f.

Loi giai chi tiét

-

AB = (3,4, —4), |AB| = v/41 ~ 6.40. Unit vector ~ (0.468, 0.625, —0.625).

Bai tap luyén tap

(AHL) Does the line 7# = (2, —1,3) + (3,4, —5) pass through (11,11, —12)? If so, find t.

Loi giai chi tiét

-

Yes, at ¢t = 3 (verified in all three components).

Bai tap luyén tap

(AHL) Find where the line 7 = (1,0,2) 4+ t(1,1,—1) meets the plane z + 2y — z = 4.

Lai giai chi tiét
(9 5 3

— - — ) =(2.25.1.25.0.75).
4,4,4) (2.25,1.25,0.75)

-

C)_‘I

t = —; point
1 p

Bai tap luyén tap
(AHL) Find the area of the parallelogram spanned by ¢ = (2,0, 1) and b = (1,3,0), to 3 s.f.

(A) 6.78 (C) 7.48
(B) 6.08 (D) 5.78

Loi giai chi tiét

-

|d@ x b| = v/46 ~ 6.78. (A).
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Bai tap luyén tap

(AHL) Given cosf = —é with 6 in Qlll, find sec 6, csc 6, cot 6 exactly.

Lai giai chi tiét

-

2v/2 3v2 V2

sec = —3.sinf = ——3 (Qlll), so csch = 0 cotf = e

Bai tap luyén tap

A surveyor measures a triangular plot with A = 52° between sides b = 120 m and ¢ = 95 m.
Find the third side a and the area of the plot.

Loi giai chi tiet

a? = 120% + 95% — 2(120)(95) cos 52° ~ 9387.9 = a ~ 96.9 m. Area = £(120)(95)sin52° ~
4491.7 m?.

Bai tap luyén tap

Solve2sin2x—3sinx+1 =0for0° <z < 360°.

Loi giai chi tiét

(2sinz —1)(sinz — 1) = 0 = sinz = § or sinz = 1. Solutions: = = 30°,90°, 150°.

Bai tap luyén tap

(AHL) Find the Cartesian equation of the plane through A(1,0,0), B(0,1,0), C(0,0,1).

(A) z+y+z=1 Cz—y+z=1
B) z+y+2=0 D) z+y—2=1

Loi giai chi tiet

-

Normal = AB x AC = (1,1,1); plane: z +y + z = 1. (A).

3.18 Additional practice: Paper 1 style (no calculator)
Bai tap luyén tap

A ship is on a bearing of 065° from a lighthouse. What bearing would take the ship directly
back to the lighthouse?

(A) 245° (C) 295°
(B) 115° (D) 065°
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Loi giai chi tiét
Reverse bearing = 065° + 180° = 245°. (A).

Bai tap luyén tap

From a point 12 m from the base of a vertical pole, the angle of elevation to the top is 30°. Find
the exact height of the pole.

Loi giai chi tiét

-

h:12tan30°:12-§:4\/§m

Bai tap luyén tap

A solid cone has base radius 3 cm and height 4 cm. Find the exact slant height and the exact
volume.

Loi giai chi tiet

-

1 =+/32 442 = \/25 = 5 cm (a 3-4-5 right triangle). V = %71’(3)2(4) = 127 cm?,

Bai tap luyén tap

A sphere has radius 3 cm. Find its exact volume in terms of .

(A) 367 (C) 47
(B) 277 (D) 1087

Lai giai chi tiét
4

V=
3

(3)3 = =m(27) = 367 cm3. (A).

|
3

Bai tap luyén tap

(AHL) State the exact value of sec(%), and the period of y = sec .

Loi giai chi tiet

-

HI

cosg =3 = sec% = 2. Period of y = secx is 2.

Bai tap luyén tap

(AHL) Find the exact scalar and vector projections of @ = (2, —3,6) onto b = (1,2,2).
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Loi giai chi tiét

- - . 8 . 8
i-b=2—6+12 = 8; |b| = 3. Scalar projection = 3 Vector projection = 5(1,2,2) =
16 16)

8
979’9

Bai tap luyén tap

Triangle ABC hasa =17,b =8, C = 60°. Find the exact value of c.

Loi giai chi tiét

2 =7248%—2(7)(8) cos60° = 113 — 56 = 57 = ¢ = /5.

Bai tap luyén tap

(AHL) Given @ = (2,—3,6) and b = (1,2,2) (whose vector projection of G onto bis (8, 16, 16),
found earlier), find the exact component of @ perpendicular to b.

Loi giai chi tiét

= S 8 16 16 10 43 38 10 43 38

G =a—d)=(2,-3,6) - (57 §,§> = (37—37 3) Check: 3(1) - 3(2) + 3(2) =
10 — 86 4 76

TJF —0v.

3.19 Additional practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

From a point on level ground, the angle of elevation to the top of a tower is 25°. After walking
60 m directly towards the tower, the angle of elevation becomes 42°. Find the height of the
tower, correct to 3 s.f.

Lai giai chi tiét

-

—_

1
_ = 2.1445 — 1.1106) = 1. _ ~ 53.0 m.
h<tan 25 tan 42o> 60 = h( 5 06) = 60 = h(1.0339) = 60 = h ~ 58.0 m

Bai tap luyén tap

A hiker walks 5 km on a bearing of 040°, then 7 km on a bearing of 110°. Find the direct distance
back to the start, correct to 3 s.f.

(A) 9.90 km (C) 10.9 km
(B) 8.90 km (D) 7.90 km

Lai giai chi tiét

Reverse of first leg = 040°+180° = 220°; interior angle at the turning point = 220°—110° = 110°.
Distance? = 5% + 72 — 2(5)(7) cos 110° = 74 + 23.9 = 97.9 = distance ~ 9.90 km. (A).
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-

-

-

Bai tap luyén tap

A cylindrical water tank has radius 1.4 m and height 2.5 m. Find its volume and total surface
area, each correct to 3 s.f.

Loi giai chi tiet

V = 7(1.4)%(2.5) = 497 ~ 15.4 m3. Total SA = 2m(1.4)(2.5) + 27(1.4)2 = 7w + 3.927 =
10.927 ~ 34.3 mZ2.

Bai tap luyén tap

A cuboid measures 10 cm by 6 cm by 4.5 cm. Find the angle between the space diagonal and
the base, correct to 1 d.p.

(A) 21.1° (C) 18.9°
(B) 24.6° (D) 30.0°

Loi giai chi tiét

. 4.5
Base diagonal = /102 + 62 = /136 ~ 11.66 cm. tan§ = T ~ 0.3859 = 0 ~ 21.1°. (A).

Bai tap luyén tap

(AHL) Evaluate csc(200°) correct to 3 s.f., and state the vertical asymptote of y = cscz (in
degrees, 0° to 360°) nearest to x = 200°.

Lai giai chi tiét

sin200° = —sin20° ~ —0.342 = ¢sc200° ~ —2.92. Asymptotes of csc x occur at multiples of
180°; the nearest to 200° is x = 180°.

Bai tap luyén tap

(AHL) Find the scalar and vector projections of @ = (4, —2,5) onto b = (3,0,—4), correct to 2
d.p. where relevant.

Loi giai chi tiét

G-b=124+0—20 = —8; |77| =+/9 + 16 = 5. Scalar projection = —g = —1.60. Vector projection

8
=——(3,0,—4) = (—0.96, 0, 1.28).
25( ) ) ( ) Y )

Bai tap luyén tap

Lighthouses A and B are 15 km apart, with B on a bearing of 090° from A. A ship at C'ison a
bearing of 040° from A and 320° from B. Find the distance AC, correct to 3 s.f.
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Loi giai chi tiét

Angle at A: 090°—040° = 50°. Angle at B: bearing B —+ A = 270°, so angle = 320°—270° = 50°.
C e e o e _AC 15 _ 15sin50°

Tlhlezgangle C = 180° — 50° — 50° = 80°. Sine rule: S50 — singo AC = ~ingg

—— ~11.7 km.

0.0843 ~ LT KM

Bai tap luyén tap

A solid consists of a cylinder of radius 3 cm and height 9 cm, topped with a hemisphere of the
same radius. Find the total volume and total surface area of the solid, each correct to 3 s.f.

Loi giai chi tiét

1/4
V = 7(3)2(9) + 5 <§7r(3)3> = 817 + 187 = 997 ~ 311 cm3. Total SA = 27(3)(9) + 27(3)% +
7(3)% = 54m + 187 + 97 = 817 ~ 254 cm?.

3.20 Further practice: Paper 1 style (no calculator)

Bai tap luyén tap

A sector has radius 10 cm and angle 3% radians. Find the exact arc length and area.
Loi gidi chi tiét
1 1
s=10- ‘%ﬂ = 6 cm. Area = 5(10)23% = 5(100)%7r = 30w cm?.
Bai tap luyén tap
11
State the exact value of cos Tﬂ
V3 ol
(A - € 3
V3 1
B) —— D) ——
(B) - (D) 3

Loi giai chi tiét

-

11 e . . e . 11
Tﬂ =2 — % so it lies in QIV with reference angle %; cosine is positive in QIV: cos % =
cos & — @ (A).

6 2

Bai tap luyén tap

. .. 1—cos?2
Prove the identity —x = tanuz.
sin 2x
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Loi giai chi tiét
(1 —2sin’ x) 2sin’ x sinz

1—
LHS = - = — = =tanz =RHS. &
2sinxcosx 2sinxcosxr  cosw

Bai tap luyén tap

Solve v2sinz —1=0for0 < z < 2.

T 3w T 5w
WeT 955
T 2T T 57
B) = “° or
®) .5 0 7.
Loi gidi chi tiét
. 1 2 e .
smxzﬁ=%—,posmveanlandQll:xz%orm:w—%:?ZTW. (A\).

Bai tap luyén tap

-

Triangle ABC has a = 2v/3,b = 2, C = 30°. Find the exact value of c.

Loi giai chi tiét

-

02:(2\/5)2+22—2(2\/§)(2)c0530°:12+4—8\/§-§:16—12:4:>c:2.

Bai tap luyén tap

(AHL) Find the exact scalar projection of G = (4,—1,3) onto b = (2,2, 1).

(A) 3 (C) 9
(B) —3 (D) 1

Loi giai chi tiét

QL
S

= . 9
=4(2)+(—1)(2)+3(1) =8—2+3=9. |b| = v4 + 4+ 1 = 3. Scalar projection = 5= 3.

=

Bai tap luyén tap

(AHL) Find @ - b for g = (1,-1, 2),?5 = (2,1,—1), and state whether they are perpendicular.

Loi giai chi tiet

-

Ql
[ 14
I
—_
/=
[\)
~—
+
T
—_
~—
—~
+
[\)

1)+ 2(—1) =2—1—2 = —1 # 0: not perpendicular.

Bai tap luyén tap

-

(AHL) Show that the line 7 = (3,1, —2) + ¢(1, —1,0) lies entirely in the plane z + y + z = 2.
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Loi giai chi tiét

Normal of the plane: 7 = (1,1,1); direction of the line: d = (1,—1,0). Since d - 7 = 1(1) +
(—=1)(1)4+0(1) = 1—1+40 = 0, the line is parallel to the plane. The point (3, 1, —2) satisfies the
plane equation: 3 + 1 + (—2) = 2 v". Since the line is parallel to the plane and passes through
a point on the plane, it lies entirely in the plane.

Bai tap luyén tap

(AHL) State the exact value of cot %, and the period of y = cot z.

Loi giai chi tiét

T cos(m/6)  V3/2 : B .
cot6 = (/o) ~ 12 = V/3. The period of y = cotz is .

Bai tap luyén tap

(AHL) Express sin § — cos 6 in the form R sin(f + «), stating R and the exact value of a. Hence
state the exact maximum value of sin @ — cos 6.

Lai giai chi tiét

-

1 . 1 -
Herea =1,b= —1: R = /12 + (—-1)2 = V2. cosa:ﬁ>0,sma:—ﬁ<0,soalsm

QlV:a = —%. Thus sinf — cos 6 = ﬂsin(@ — %), with exact maximum value /2.

3.21 Further practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

From a point on level ground, the angle of elevation to the top of a tower is 18°. After walking
50 m directly towards the tower, the angle of elevation becomes 47°. Find the height of the
tower, correct to 3 s.f.

Lai giai chi tiét

—_

1
— = . —0.93252) = 2.14516) = ~ 23.3 m.
h(tan 1= tan47°> 50 = h(3.07768 — 0.93252) = 50 = h( 516) =50 = h 3.3m

Bai tap luyén tap

A ship sails from port A on a bearing of 048° for 32 km to point B, then changes course and
sails on a bearing of 132° for 45 km to point C'. Find the distance AC, correct to 3 s.f.

(A) 57.9 km (C) 54.1 km
(B) 62.3 km (D) 60.5 km
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Loi giai chi tiét

The bearing from B back to A is 048° + 180° = 228°, so the interior angle of triangle ABC at
B is 228° — 132° = 96°.

AC? = 3224+45%-2(32)(45) cos 96° = 3049—2880 cos 96° ~ 3049+301.0 = 3350.0 = AC ~ 57.9 km.

(A).

Bai tap luyén tap

Triangle ABC has a = 11, b = 14, C = 63°. Find the length of side ¢ and the area of the
triangle, each correct to 3 s.f.

Lai giai chi tiét

c? =112 +14%2 —2(11)(14) cos 63° = 317 — 308 cos 63° ~ 317 —139.8 = 177.2 = ¢ ~ 13.3. Area
1 . . .

= 5(11)(14) sin63° = 775sin 63° ~ 68.6 square units.

Bai tap luyén tap

A pyramid has a square base of side 8 cm and height 15 cm, with apex directly above the
centre of the base. Find the angle between a slant edge and the base, correct to 1 d.p., and
the volume of the pyramid.

Loi giai chi tiét

2
Half the base diagonal is %_ = 4v/2 ~ 5.657 cm.

15
tanf = ——— ~ 2.651 ~ 69.3°.
an E 6oy 6517 = 0 ~ 69.3

Volume = ~(8)2(15) = %(64)(15) = 320 cm3.

Bai tap luyén tap

IQJ}_A

(AHL) Given P(—2,3,5) and Q(4,—1,2), find PQ, its magnitude, and a unit vector in that di-
rection, each to 3 s.f.

Loi giai chi tiét
PQ=Q—P=(6,—4,-3). |PQ| =36+ 16+ 9 = /61 ~ 7.81.

(6,—4,—3) ~ (0.768, —0.512, —0.384).

u=

1
V61

Bai tap luyén tap

(AHL) Find the area of the triangle with vertices A(1,2,0), B(4,2,1), C(2,5,2), correct to 3 s.f.
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(A) 5.36 (C) 4.36
(B) 10.7 (D) 6.36

Loi giai chi tiét

-

AB = (3,0,1), AC = (1, 3,2).
AB x AC = (0(2) — 1(3), 1(1) — 3(2), 3(3) — 0(1)) = (=3, —5,9).

10.724

5 ~ 5.36. (A).

|AB x AC| = /9 + 25 + 81 = /115 ~ 10.724. Area of triangle =

Bai tap luyén tap

(AHL) Find the angle between the line 7 = (2, —1,4) + ¢(3,1,—2) and the plane 2z —y + z = 7,
correct to 1 d.p.

Loi giai chi tiet

d=3,1,-2),n=(2,-1,1).dn=6-1-2=3.]d|=v9+1+4=14, || =vI+1+1=
V6.
sind S —i~03273:>9~191°
V14v6 VB4 o

Bai tap luyén tap

(AHL) Find the angle between the planes 3z —y + 22z = 6 and = + 2y — z = 4, correct to 1 d.p.

(A) 83.7° (C) 86.4°
(B) 79.1° (D) 75.4°

Loi giai chi tiét

1 1
cosf = = —— ~0.1091 = 0 ~ 83.7°.
V146 /84

(A).

Bai tap luyén tap

(AHL) Find a vector equation of the line of intersection of the planes x — y + 22 = 3 and
2r+y—2z=2.

Loi giai chi tiét

iy = (1,—1,2), By = (2,1, -1).
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. . . 8 1
Settlngz:O:x—y:3and2x+y:5;add|ngglves3m:8:>:c:g, y=-—3
8 1
Line: 7= |—-,—=,0 t(—1,5,3).
r <37 3’ >+ ( ) ) )
8 1 8 1 _—
Check: g—<—§>+O:3/;2<§>~|—<—§>—0:5\/;andd-n1 L 1—5+6=0,

d-flg=—24+5-3=0v.

Bai tap luyén tap

(AHL) Solve 5sind + 12 cos 6 = 6.5 for 0° < 6 < 360°, correct to 1 d.p.

Loi giai chi tiét
5 . 12 . 12
R =52 +122 = /169 = 13. cosa = —, sina = — (both positive, Ql): a = arctan<€> ~

13 13
67.38°.
13sin(6 + 67.38°) = 6.5 = sin(f + 67.38°) = 0.5.

So 6 + 67.38° = 30° + 360k° or 150° + 360k°, giving § ~ —37.4° (— 322.6°) or § ~ 82.6".

Solutions: § ~ 82.6° or 322.6°.

3.22 Extra practice: Mixed mastery

Bai tap luyén tap

In a circle with centre O and radius 9 cm, points A and B lie on the circle such that LZAOB = 2.1
radians. Find (a) the length of chord AB, and (b) the area of the minor segment cut off by chord
AB, each correct to 3 s.f.

Loi gidi chi tiét
(@) Using the chord formula AB = 2rsin<g> withr = 9,0 = 2.1: AB = 18sin(1.05) =~

1 1 .
18(0.8674) ~ 15.6 cm. (b) Sector area = 57'29 = 5(81)(2.1) = 85.05 cm?. Triangle AOB area

(81)sin(2.1) ~ 40.5(0.8632) ~ 34.96 cm?. Segment area = 85.05—34.96 ~ 50.1

1 . 1
= —r2sinf ==
2 2

cm?.

Bai tap luyén tap

A point P(#) on the unit circle has y-coordinate % and lies in the second quadrant. Find the

exact value of tan 6.

) © -3

®) @
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Loi giai chi tiét

. . L 15 .
Since P lies on the unitcircle, 2 + 3> =1 = 2 = —/1 — (%)2 = —,/% =1 (negative in

Y 8/17 __é
Qll). Then tan 8 = e T AL (A).

Bai tap luyén tap

Given that sin@ = g with 6 obtuse, find the exact values of cos 26 and sin 26.

Lai giai chi tiét

Since fis obtuse (Qll), cos 6 = —/1 — § = —\/?5_ cos20 = 1—2sin’0 = 1—2 (g) _ 1_% — é
sin26 = 2sinfcosf = 2 (;) (-?) = _%5.

Bai tap luyén tap

1 1
(AHL) Given that tan A = 5 and tan B = 3 where A and B are acute angles, find the exact
value of tan(A + B).

(A) 1 © :

® 0 -1

Loi giai chi tiét

-

1,1
tan(A + B) = tanA4+tanB  5+35  5/6

= = =— = 1. (A).
l—tanAtanB 1 -1 5/6 @

1.1
23

Bai tap luyén tap

(AHL) Given that cot§ = —% with 6 in the second quadrant, find the exact values of csc 6§ and
sech.

Loi giai chi tiét

-

12
In Qll, sind > 0 and cos# < 0. Using the 5-12-13 triangle, sinf = 3 cosf = —1—53 (check:

—5/1 1 1 1 1
5 _ 5 V). Thencsc9:.—=—3andsec0:—:——3.

o= T 12 sing 12 cosd 5

Bai tap luyén tap

(AHL) Express 3 cos f + 4 sin in the form R cos(§ — a), where R > 0and 0 < a < g giving o
correct to 4 s.f. (radians). Hence solve 3cos 8 + 4sin = 2 for 0 < § < 27, correct to 3 s.f.
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Loi giai chi tiét
Rcos(f — a) = Rcosacosf + Rsinasing, so Rcosa = 3 and Rsina = 4. Then R =

V32 +42 = 5, tana = % = a ~ 0.9273. So 3cosf + 4sinf = 5cos(d — 0.9273). Then

5cos(f — 0.9273) = 2 = cos(f — 0.9273) = 0.4 = 0 — 0.9273 = +1.1593 + 2km. 6 = 0.9273 +
1.1593 ~ 2.09, or § = 0.9273 — 1.1593 ~ —0.232 (— 27 — 0.232 ~ 6.05).

Solutions: § ~ 2.09 or 6.05.

Bai tap luyén tap
Solve tan® z — (1 + v/3) tanz 4+ /3 = 0 for 0° < = < 360°.

(A) 45°, 60°, 225°, 240° (C) 60°, 240° only
(B) 45°, 225° only (D) 30°, 45°, 210°, 225°

Loi giai chi tiét

Factorise: (tanz —1)(tanz —+/3) = 0 = tanz = 1 ortanx = /3. Fortanx = 1: 2 = 45°, 225",
For tanz = v/3: = = 60°, 240°. (A).

Bai tap luyén tap

Triangle PQR has p = 9, ¢ = 13, P = 27°. Determine all possible value(s) of angle @, correct
to 1 d.p., justifying whether one or two triangles are possible.

Loi giai chi tiet

. . in P 13sin27° 5.902
By the sine rule, sinQ = et _ SI; S 0.6558 = Q ~ 41.0°or Q =~

p
180° — 41.0° = 139.0°. Checking the second case: P + Q = 27° + 139.0° = 166.0° < 180°, so it
also gives a valid triangle. Since ¢ > p, both solutions are valid: Q ~ 41.0° or Q ~ 139.0°.

Bai tap luyén tap
Triangle ABC has a = 13,b = 7, ¢ = 15. Find the area of the triangle, correct to 3 s.f.

(A) 45.5 (C) 40.2
(B) 51.0 (D) 62.4

Loi giai chi tiét

a? + c% — b? _ 169+ 225 —49
2ac O 2(13)(15)

345 . 1 .

— ~ (0.8846 = B ~ 27.8°. Area = iacsmB = 5(13)(15) Sin27.8° ~ 97.5(0.4663) ~ 45.5.

390
(A).

First find angle B (opposite b) using the cosine rule: cos B =
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Bai tap luyén tap

From the top of a cliff 85 m high, the angles of depression to two boats, both due east of the
cliff and in line with its base, are 35° and 21°. Find the distance between the two boats, correct
to 3 s.f.

Loi giai chi tiét

Let d;, d, be the horizontal distances from the base of the cliff to the nearer and farther boats.
Since each angle of depression equals the angle of elevation from the corresponding boat:

85 85 85 85
d, = - R ~ 121.4 m, d, = -~
tan35°  0.7002 tan21°  0.3839

Distance between the boats = d, — d; ~ 221.4 —121.4 ~ 100 m.

A 221.4m.

Bai tap luyén tap

A pyramid has a rectangular base measuring 6 cm by 8 cm, with apex 12 cm directly above the
centre of the base. Find the angle between the base and a triangular face containing one of
the 8 cm edges, correct to 1 d.p.

(A) 76.0° (C) 82.9°
(B) 68.2° (D) 63.4°

Loi giai chi tiét
The foot of the perpendicular from the apex to an 8 cm edge lies at a horizontal distance
equal to half the other base side, i.e. g = 3 cm from that edge. The required angle 6 satisfies

12
tan g = i 4 = 0~ 76.0°. (A).

~ ~

Bai tap luyén tap

A large cone has base radius 9 cm and height 12 cm. A plane parallel to the base removes a
similar (smaller) cone of height 4 cm from the top, leaving a frustum. Find (a) the volume of the
frustum, and (b) its curved (lateral) surface area, each correct to 3 s.f.

Loi giai chi tiet
S N 4 1,
By similarity, the small cone’s radius is 9 x G 3cm. (@) Vigge = §7T(9) (12) = 324m; Vypan =
1 .
g7r(3)2(4) = 127. Frustum volume = 3247 — 127 = 3127 ~ 980 cm?. (b) Slant heights: large

=92 + 122 = /225 = 15 cm; small = /32 + 42 = /25 = 5 cm; so the frustum’s slant height
=15—5= 10 cm. Curved SA = 7(R + r)(slant) = m(9 + 3)(10) = 1207 ~ 377 cm?.

~ ~
v 0

Bai tap luyén tap

(AHL) Given 4 = (3,—1,4) and ¥ = (1,2,—2), find () |@| and |4]; (b) % - ¥; (c) the angle between
% and v, correct to 1 d.p.; (d) @ x ¥; (e) the exact scalar and vector projections of % onto 2.
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Loi giai chi tiét
@1 =vVI+1+16=v26~5.10; 5] = VI +4+4=+v9=3.(b)d -0 =3(1)+ (=1)(2) +
=7 =T

40-2) =3—-2—-8 = —T. 0 = ~ ~ —0.4576 0 ~ 117.2°. (d

(—2) (c) cos 753~ B30 = (d)

uxv=((—1)(=2) —4(2), 4(1) — 3(—=2), 3(2) — (—1)(1)) = (—6,10,7). (e) Scalar projection
0] U- v 14 14

v —g ~ —2.33. Vector projection = Y V%= —Z(l, 2,-2) = T4

7] b 9 (‘6’ 979 )

g1 X

Bai tap luyén tap

(AHL) Find the Cartesian equation of the plane that passes through A(2,1,—1) and is perpen-
dicular to the line 7 = (1,0, 3) + t(4,—1, 2).

(A) 42 —y+22=5 C) 4z +y+22=5
(B) 42 —y +2z= -5 (D) 20 —y+42=15

Loi giai chi tiet

The line’s direction (4, —1, 2) is normal to the required plane. Plane: 4(z —2) —1(y—1) +2(z+
1) =0 = dz—8—y+1+22+2 = 0 = 4x—y+2z = 5. Check: 4(2)—1(1)+2(—1) =8—1-2=5
V. (A).

Bai tap luyén tap

(AHL) Find the angle between the line 7 = (2,0, —1) +¢(1,4, —2) and the plane x — 2y + 3z = 5,
correct to 1 d.p.

Loi giai chi tiét

-

d=(1,4,-2),n=(1,-23). d -7 =101) +4(-2) + (-2)(8) =1 -8 -6 = —13. |d| =
VIF16+4=+21, |7 =vI+4+9=14

13 13
V21V14d /204

sinf = ~ 0.7582 = 6 ~ 49.3°.

Bai tap luyén tap

(AHL) Two planes are given by I1, : 22 +y—2z = 3and I, : = — 2y + 2z = 5. Find (a) the angle
between II, and II,, correct to 1 d.p., and (b) a vector equation of their line of intersection.

Lai giai chi tiét
iy = (2,1,-2), iy = (1,—2,2). (@) 7y - 71y = 2(1) + 1(—2) + (=2)(2) = 2—2—4 = —4, 50

4 4
cosﬂ_ﬁ_§~0.4444:>6’~63.6.

(b) Direction: d = 71, x 71, = ((—2)(=2)— (2)(1), (2)(2) = (1)(=2), (1)(1)—(=2)(2)) = (2,6,5).
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. . . . 11
Setting z = 0: 2z + y = 3 and = — 2y = 5; solving simultaneously gives x = Y= —g.
1 7
Line:7=—,——,0 t(2,6,5).
ine: 7= (5 —.0) +4(2.6,5)
11 7 22 —17 11 7 11+ 14 -
Check: 2 — — ) = — = = —2—=) = — cand d -7, =
ecki 2() + (-5) = S5 msvi g o2(og) = S —svimd
44+6—-10=0v,d-ny=2—-124+10=0 V.

3.23 Extra practice: Mixed mastery Il
63 i oyen o

(AHL) Evaluate arccos (?) exactly.

Loi giai chi tiet

Need an angle in [0, 7] with cosine \/73: this is % (30°).

Bai tap luyén tap

(AHL) Find the exact value of sin (arctan 2)

(A) (C)

(B) (D)

Ol > Ot W
Wk B~lw

Loi giai chi tiét

-

OJI

Let & = arctan 7 sof ¢ (0, g) (since tan® > 0) and tanf = % Using the 3-4-5 triangle

(opposite 3, adjacent 4, hypotenuse 5): sin§ = g (A).

Bai tap luyén tap

(AHL) Express tan(arcsin z) in terms of z, for —1 < z < 1.

Loi giai chi tiét

Let § = arcsinz, so sinf = z and (since § € (—%,%)) cosf = V1 —a2 > 0.

T

V1—22

tan(arcsinx) =
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Bai tap luyén tap

(AHL) Classify the pair of lines 7, = (1,0,2) + s(2,—1,3) and 7, = (5,—2,8) + ¢(2,—1,3):
coincident, parallel (distinct), intersecting, or skew?

Loi giai chi tiét
Direction vectors are identical, (2, —1, 3), so the lines are parallel or coincident. Test (1,0, 2)
(on line 1) against line 2: x-component 5 + 2t =1 = t = —2. Check y: —2 4 (—1)(—2) =0V
(matches). Check z: 8 + 3(—2) = 2 v (matches). All three components agree, so the point lies
on both lines. The lines are coincident.

Bai tap luyén tap

Find the area of the triangle with vertices O, and sides represented by ¢ = (1,2,2) and b=
(3,0,4), using the cross product.

Loi giai chi tiét
@ x b= (2(4) —2(0), 2(3) — 1(4), 1(0) —2(3)) = (8,2,—6). |@ x b] = /64 + 4 + 36 = /104 =
= 1

. 1. -
24/26. Area of triangle = 5\@ x b] = /26 ~ 5.10.

Bai tap luyén tap

(AHL) Express 8sin 6 + 15 cos 6 in the form R sin(f + «), with R > 0 and 0° < o < 90°, correct
to 2 d.p. for a.

Loi giai chi tiét

-

1
R = /824152 = /64 + 225 = /289 = 17. tana = §5 = a = 61.93°.

8sinf + 15cosf = 17sin(6 + 61.93°).

Bai tap luyén tap

Triangle ABC hasa = 7, b = 10, A = 40°. Find all possible value(s) of B, correct to 1 d.p.

Loi giai chi tiét

sin B B sin 40°
0 7

10 sin 40°

= sinB ~ 0.9183.

B~ 66.77 or B~~180°—66.7 =113.3".

Both are valid, since A + B < 180° in each case (40 + 66.7 = 106.7° and 40 + 113.3 = 153.3°,
both < 180°) — the ambiguous case.

Bai tap luyén tap

A cuboid has dimensions 6 cm x 8 cm x 10 cm. Find the length of the space diagonal, and the
angle it makes with the base (the 6 x 8 face), correct to the nearest degree.
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Loi giai chi tiét
Base diagonal: v/62 + 82 = /100 = 10 cm. Space diagonal: v/102 + 102 = /200 = 10v2 ~

14.1 cm. Angle with the base: tan§ = & = 10 =1=0=45.
base diagonal 10

Bai tap luyén tap

(AHL) Find the angle between the line with direction d = (1,1,1) and the plane with normal
n=(2,—1,2), correct to 1 d.p.

(C) 70.5°

(D) 19.5°

(A) 35.3°
(B) 54.7°

Loi giai chi tiét
dan=2-14+2=3.|d=v3|#=vE+1+4=3.

~ 0.5774 = 0 ~ 35.3°.

E

sinfg =
3

=
|
Sl-

(A).
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IB DIPLOMA PROGRAMME . Unit 4

Statistics and Probability

Muc tiéu Unit: Théng ké mé ta (trung binh, phuong sai, dé 1éch chuan), twong quan va héi quy tuyén
tinh, xac suat va xac suat cé didu kién, bién ngau nhién r&i rac, phan phéi nhi thirc va chuan, va (AHL)
dinh ly Bayes cuing bién ngiu nhién lién tuc.

4.1 Populations, samples, and sampling techniques

A population is the entire group under study; a sample is a subset of the population actually ob-
served, used to draw conclusions (inference) about the population as a whole. Since surveying an
entire population is rarely practical, the method used to select a sample matters enormously — a
poorly chosen sample can be systematically unrepresentative (biased), no matter how large it is.

Simple random sampling: every member of the population has an equal chance of selection
(e.g. using random numbers).

Systematic sampling: members are chosen at regular intervals from a list (e.g. every 10th per-
son).

Stratified sampling: the population is divided into non-overlapping strata (groups sharing a
characteristic, e.g. age band), and a random sample is taken from each stratum in proportion
to its size.

Convenience sampling: members are chosen simply because they are easy to reach (e.g. people
passing by) — this is quick, but typically biased, and is not a method of choice for a statistically
sound sample.

- GIAI THICH TIENG VIET

Chon dung phuong phap 1ay mau (sampling) quyét dinh mau cé dai dién cho téng thé (popula-
tion) hay khéng. Mau ngau nhién don gian (simple random) va 1ay mau hé théng (systematic)
cho mbi phan tir co héi dugc chon cong bang. LAy miu phan tang (stratified) dic biét hiru ich
khi t6ng thé c6 cac nhém nho (tang) khac biét ré rét — dam bao méi tang déu dugc dai dién
duing theo ti Ié clia né trong tong thé. Lay mau thuan tién (convenience) tuy nhanh nhung RAT
dé gay ra sai léch hé théng (bias) vi mau khoéng dai dién cho toan bo téng thé — can tranh khi
can két luan dang tin cay.

Vi du mau - Worked example

A school of 900 students consists of 360 in Grade 10, 300 in Grade 11, and 240 in Grade 12.
Find the number of students that should be sampled from each grade in a stratified sample of
size 60.

. . 60 1 1 1
Sampling fraction: 900 — 15 Grade 10: 360 x 5= 24. Grade 11: 300 x 5= 20. Grade 12:

1
240 x = 16. (Check: 24 + 20 + 16 = 60 v'.)
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AHL note on estimation. When a sample is used to estimate an unknown population variance,
the unbiased estimate divides by n — 1 rather than n:

> (z; —3)°

n—1

n

2
'Sn ,

n—1
_ =)2
where 52 = M is the “ordinary” (divide-by-n) sample variance computed later in this

n
unit. GDC statistics modes typically report both o, (divide by n) and o,, , (divide by n — 1) —
use o,,_; whenever the sample is being used to estimate an unknown population variance.

GIAI THICH TIENG VIET

Phuong sai mau "thudng” (chia cho n) c6 xu huéng hoi THAP hon phuong sai that cta téng
thé moét cach hé théng — vi vay khi dung mau dé UOC LUQONG phuong sai téng thé, ta dung
cong thirc khéng chéch (unbiased) chia cho (n — 1) thay vi n. May tinh cam tay thudng hién
thi ca hai: ¢,, va o,,_; (hay s,,_;) — can chon duing loai theo yéu cau dé bai.

Vi du miu - Worked example

A sample of 8 values has Z(xi — )2 = 98. Find the unbiased estimate of the population
variance.

98 98
2 =" =_14
1T T
4.2 Descriptive statistics
For data values z, with frequencies f, (n = > f,): mean z = Zfimi. Variance o2 =
mn
(., — )2 2
2 filzi —3) = 2. fizi — 22 (the second, “computational,” form is usually faster). Standard
n n

deviation ¢ = vo2.

GIAI THICH TIENG VIET
Cong thirc phuong sai “tinh nhanh” 62 = 22 — 72 (trung binh ctia binh phuong trir binh phuong
cutia trung binh) thuong nhanh hon céng thirc goc dung (x; — z)? truc ti€p. Ludn kiém tra tong

tan s6 3 f, khdp vai c& mau n dé cho trudce khi tinh.

Vi du m3u - Worked example

A data set has values =, = 2, 4, 6, 8 with frequencies f, = 3,5,4,2 (n = 14). Find the mean and
standard deviation.
66 33

iy = 2(3) +4(5) + 6(4) +8(2) = 6+20+24+16 = 66 = T = ;. = — ~ 4714,
ST fiw? = 4(3) + 16(5) + 36(4) + 64(2) = 12 + 80 + 144 + 128 = 364.

o =——

14

364 /332 1080 1274 —1089 185
_ 22) _o6— _ _ =% 3776 ~ 1.943.
( 7 ) 19 19 19 -7
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4.3 Measures of position: quartiles, percentiles, and box-and-whisker plots

Besides the mean and standard deviation, it is often useful to describe where a value sits within an
ordered data set. These measures of position are found by first sorting the data from smallest to
largest.

For an ordered data set of n values, the median @, is the middle value (the mean of the two
middle values if n is even). The lower quartile @, is the median of the values below @, (the
lower half of the data), and the upper quartile Q is the median of the values above @, (the
upper half).

Interquartile range: IQR = @); — @, — the spread of the middle 50% of the data.
Five-number summary: minimum, @, @5, @5, maximum — the basis of a box-and-whisker plot.

More generally, the kth percentile is the value below which (approximately) k% of the data lies,
so @, 5, Q4 are respectively the 25th, 50th and 75th percentiles.

Outlier rule: a value z is an outlier if
r<@;—15xIQR or x> Q5+ 1.5 x IQR.

The two boundary values are called the lower fence and upper fence.

- GIAI THICH TIENG VIET
T phan vi (quartile) chia dir liéu da s3p x€p thanh 4 phan bang nhau: @, (t& phan vi dudi) 13
trung vi cta nlra dudi, Q, chinh Ia trung vi cta ca tap dir liéu, Q, (t& phan vj trén) 13 trung vi
cla ntra trén. Khoang t& phan vi IQR = Q5 — @, do dd phan tan cta "50% dir liéu & gitra”, it
bi anh hudng bai gia tri bat thuong hon so véi khoang bién thién (range = max — min). Quy
tac 1.5 x IQR 13 tiéu chuan théng ké dé phat hién gia tri bat thudng (outlier): bat ky gia tri nao
nam ngoai "hang rao” [@; — 1.51QR, Q5 + 1.51QR] déu dugc xem la outlier.

Vi du miu - Worked example

The following 12 values are already ordered: 4,7,8,10,12,13,15,16,18,19,21,25. Find the
five-number summary and the interquartile range.

. . 1 1
With n = 12 (even), the median is the mean of the 6th and 7th values: @, = 3 —; g = 14.
1
Lower half (first 6 values): 4,7,8,10,12,13,s0 Q, = 8+10 9 (mean of its 3rd and 4th values).
1 1
Upper half (last 6 values): 15,16, 18,19, 21,25, 50 Q3 = 8; ) = 18.5.

Five-number summary: min =4,Q, =9, Q, = 14, Q; = 185, max = 25. IQR=185—-9 =
9.5.

Q Q> Qs
min max
| | | | | | >
0 5 10 15 20 5 > value

Box-and-whisker plot for the five-number summary 4, 9, 14, 18.5, 25 (Example above): whiskers run from the
minimum to @, and from @ to the maximum; the box spans Q, to Q5 with a line at the median.
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Vi du miu - Worked example

An 11-value data set, already ordered, is: 12,14, 15,18, 19, 21, 22, 23, 25, 27,52. Use the 1.5 x
IQR rule to test whether the value 52 is an outlier.

With n = 11 (odd), the median (6th value) is @, = 21, excluded from both halves.
Lower half: 12,14, 15,18,19 (5 values) = @, = 15 (the middle value).

Upper half: 22,23, 25,27, 52 (5 values) = @, = 25 (the middle value).

IQR = 25 — 15 = 10. Lower fence = 15 — 1.5(10) = 0. Upper fence = 25 + 1.5(10) = 40.
Since 52 > 40, the value 52 is an outlier (every other value lies within [0, 40]).

(') L6i thuerng gip: When n is odd, the median itself is excluded from both the lower and upper
halves before finding @, and Q5. Forgetting to exclude it — or including it in both halves — is

a common source of error, so always recount how many values fall in each half before taking
its median.

Quartiles and the median can also be read directly from a cumulative frequency graph (ogive) —

a plot of cumulative frequency against the upper class boundary, particularly useful when the data
is grouped into class intervals.

To find a value at cumulative frequency position m from grouped data, locate the class interval
in which the cumulative frequency reaches m, then interpolate linearly:

m — CF
value = [ + — - before oy

f class ’

where L is the lower boundary of that class, C'Fj . is the cumulative frequency up to (but

not including) that class, f,s is the frequency of the class, and w is the class width. For the

. n n 3n
median use m = 5 for Q, use m = 7 for Q5 use m = R

Vi du miu - Worked example

The heights (cm) of 60 plants are grouped as follows.

Height [0,10) [10,20) [20,30) [30,40) [40,50) [50,60)
Frequency 5 10 16 14 10 5

Construct the cumulative frequency table, and estimate the median, @, and Q5.
Cumulative frequencies (up to each upper boundary): 5, 15, 31, 45, 55, 60. Here n = 60.
Median (m = 30): the cumulative frequency reaches 30 inside [20, 30), where C'Fj o = 15,

f=16,w = 10:

—1
median = 20 + 30 >

x 10 =20 + 9.375 = 29.375.

@, (m = 15): the cumulative frequency reaches exactly 15 at the top of [10, 20), so Q; = 20.
Q5 (m = 45): the cumulative frequency reaches exactly 45 at the top of [30, 40), so Q5 = 40.
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50 | |
o

30 -
20 |

10 |-

Cumulative frequency

0 10 20 30 40 50 60
Height (cm)

Cumulative frequency graph (ogive) for the plant-height data. Dashed guide lines show the median (~ 29.4) read off at
cumulative frequency 30, and the quartiles Q, = 20, Q5 = 40 read off at cumulative frequencies 15 and 45.

. GIAI THICH TIENG VIET

D6 thi tan s6 tich lGy (ogive) vé tan so tich Iy theo can trén cla tirng khoang 16p, réi néi cac
diém bang doan thang. Dé udc luwong trung vi hodc t&r phan vi tir do thi (hodc bing cong thirc
noi suy tuyén tinh), ta xac dinh vi tri tich Gy can tim (n/2 cho trung vi, n/4 cho @, 3n/4 cho
Q5), tim khoang I6p chra vi tri do, r6i ndi suy theo ty Ié trong khoang dé. Day la phuong phép
thay thé cho cach "chia déi ntra trén/dudi” da hoc & trén, dp dung duoc cho dir liéu da dugc
nhém thanh khoang 16p (grouped data) khi ta khong cé tirng gia tri riéng lé.

4.4 Grouped (frequency table) data with class intervals

When data is presented in class intervals (a grouped frequency table) rather than as individual values,
the exact values inside each interval are unknown. The standard approach is to use the midpoint
of each interval as a representative value x,, then apply the same frequency formulas for mean and
standard deviation used earlier in this chapter.

For grouped data with class intervals and frequencies f;, let =, be the midpoint of the ith

. 10 + 20
interval (e.g. for [10,20), z, = —; = 15). Then, exactly as before,

2

_ T 0 _

JJ:ZfZ 17 0_2:Zfzz_l,2’ n:Zfz
n n

Because the true values inside each interval are unknown, these are estimates of the mean

and standard deviation, not exact values.

GIAI THICH TIENG VIET

VN R ’
V&i dir liéu da dugc nhém thanh cac khoang I16p (class interval), ta KHONG biét gia tri chinh xac

cua tirng phan tir bén trong méi khodng, nén phai dung gia tri gitra (midpoint) ctia khoang lam
. pea - . R . . ; T 10 420
dai dién z, khi tinh trung binh va phuong sai — vi du khoang [10, 20) c6 midpoint = 20 _

15. Vi day chi 13 gia tri dai dién chir khéng phai gia tri that, két qua trung binh va dé Iéch chuan
tinh dugrc chi la cac gia tri wéc lwgng (estimate).
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Vi du miu - Worked example

The test scores of 40 students are grouped as follows.

Score [0,10) [10,20) [20,30) [30,40) [40,50)
Frequency f; 4 9 12 10 5

Find the estimated mean and estimated standard deviation.
Midpoints: 5,15,25,35,45. n=4+94+12+ 10+ 5 = 40.

S~ fiw; = 4(5) +9(15) + 12(25) + 10(35) + 5(45) = 20 + 135 + 300 + 350 + 225 = 1030.

1030
7 — 25.75.
YT 0

3" fie? = 4(25)+9(225)+12(625)+10(1225)+5(2025) = 100+2025+7500+12250+10125 = 3200(.

32000
02 = ""—— —25.75% = 800 — 663.0625 = 136.9375 = o~ 11.7 (3 s.f.).

40
[0,10)

(10, 20) [20, 30) (30, 40) [40, 50)

—_
[e)
T

Frequency
ot

Score

Frequency histogram for the grouped test-score data above; each bar is centred at its class midpoint.

Vi du miu - Worked example

The masses (kg) of 50 parcels are grouped as follows.

Mass 0,2) [2.4) [46) [6,8) [8,10)
Frequency 6 14 18 8 4

Find the estimated mean and estimated standard deviation, correct to 3 s.f.
Midpoints: 1,3,5,7,9. n =6+ 14+ 18 + 8 + 4 = 50.

> fiwg = 6(1) + 14(3) + 18(5) + 8(7) +4(9) = 6 + 42 + 90 + 56 + 36 = 230.

230
i= 22 4.
=50

> fia? =6(1) + 14(9) + 18(25) + 8(49) + 4(81) = 6 + 126 + 450 + 392 + 324 = 1298

1298
02_436——462—2596—2116—48 = 0=148~219 (3sf).
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4.5 Bivariate statistics: correlation and regression
For paired data (z,, y,), the regression line of y on z is y = a + bx, where

b= ”sz?/z - (Z%) (Z?Jz)
nYa? — (Y x,)’

The correlation coefficient r (Pearson’s) measures the strength and direction of the linear as-
sociation, —1 < r < 1: |r| close to 1 indicates strong linear correlation; r close to 0 indicates

a=19y—bx.

Y

little or no linear correlation.

I
10 e data points
—y=13+1.5z

T

Scatter diagram with the least-squares regression line of y on .

Vi du mau - Worked example

Bivariate data: (1,3),(2,5),(3,4), (4,8),(5,9). Find the equation of the regression line of y on

x, and use it to estimate y when = = 6.
n=>5>r=155y=29,Y ry=102 > 22 =55, =3,y = 5.8.
5(102) — 15(29) 510 —435 75
b= = =—=1.5 =5.8—1.5(3) = 1.3.
5(55) — 152 275225 50 @ 3)

Regression line: y = 1.3 + 1.5z. Atz = 6: y = 1.3 + 1.5(6) = 10.3. (Note: « = 6 lies outside
the given data range 1 < z < 5, so this is an extrapolation and less reliable than an estimate

within the data range.)

GIAI THICH TIENG VIET
Dudng héi quy y = a + bz chi nén dung dé udc lugng (ndi suy) cac gia tri 2 nam trong khoang

dir liéu da cho. Udc lugng ngoai khoang dir liéu (ngoai suy — extrapolation) kém tin cdy hon
vi khéng cé bang chirng cho thay xu hudng tuyén tinh van ding ngoai pham vi quan séat.

4.6 Probability

Addition rule: P(AU B) = P(A) + P(B) — P(AN B).

Conditional probability: P(A | B) = P(;l(;;?) (P(B) +# 0).

Independence: A, B are independent <= P(ANB) = P(A)P(B) < P(A|B) = P(A).
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F S
Venn diagram: of 30 students, 10 study French only, 7 study Spanish only, 8 study both, and 5 study neither.

Vi du m3u - Worked example

In a class of 30 students, 18 study French, 15 study Spanish, and 8 study both. Find the number
studying neither, and P(French only).

|[FUS| = 18 + 15 — 8 = 25. Neither = 30 — 25 = 5. French only = 18 — 8 = 10, so

1 1
P(French only) = % =3
5/8 3/8
4/7 3/7 5/7 2/7

(R [(Re

Tree diagram: drawing two marbles without replacement from a bag of 5 red, 3 blue. Multiply along branches; add across

separate branches for combined events.

Vi du mau - Worked example

A bag has 5 red and 3 blue marbles. Two are drawn without replacement. Find
P(exactly one red).

Two ways to get exactly one red: R then B, or B then R.

5 3 15 3 5 15
PRB)=--=-=— P(BR)= - . — = —
(RB) 8 7 56 (BR) 8 7 56

15 15 30 15
P tl d=—+—=—=—=~0.536
(exactly one red) 56+56 LT

Vi du miu - Worked example

Events A, B satisfy P(A) = 0.5, P(B) = 0.3, P(AN B) = 0.2. Find P(AU B) and P(A | B),
and determine whether A, B are independent.

0.2 2 .
P(AUB)=05403—-02=0.6. P(A| B) = 03=3"% 0.667. Since P(A | B) ~ 0.667 #+
P(A) = 0.5, the events are not independent. ‘
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() L6i thuong gap: The addition rule P(A U B) = P(A) + P(B) — P(A N B) always applies;
only for mutually exclusive events does it simplify to P(A) + P(B) (because P(A N B) = 0).
Do not assume events are mutually exclusive or independent unless stated or proven.

4.7 Counting principles: permutations and combinations

Before working further with discrete distributions such as the binomial, it is useful to formalize how
the binomial coefficient (Z) (already used implicitly) is defined and computed.

For a positive integer n, n! = n x (n — 1) x (n —2) x -+ x 2 x 1 (read “n factorial”), with the
convention 0! = 1.

Fundamental counting principle: if one task can be done in m ways and a second (independent)
task can then be done in n ways, the two tasks together can be done in m x n ways.

Permutations (order matters): the number of ways to arrange r objects chosen from n distinct
objects is
n!
T (n—m)l

Combinations (order does not matter): the number of ways to choose r objects from n distinct
objects is
n n!
p— TLC p— —_—,
(r) "orl(n—r)!
GIAI THICH TIENG VIET

VN
Hoan vi (permutation) dung khi thir tu quan trong (vi du: x€p hang nhat-nhi-ba), con té hop
(combination) dung khi thir tw KHONG quan trong (vi du: chon mot nhém hodc uy ban). Vi

moi t8 hop gdm r phan tir cé thé sap xé&p lai theo r! cach khac nhau, ta cé cong thirc lién hé
"pP ! ¢ L, . A R (LA A N
(") = — = '(L)' Hé s6 nhi thire (7)) dung trong phan phdi nhi thirc chinh 13 s6 cach
T. r.n—r):
chon k vi tri "thanh cong” trong n phép thir — khéng quan tdm cac [an thanh céng dé xay ra

theo th(r tu nao.

Vi du m3u - Worked example

In how many ways can 4 of 9 runners be arranged in 1st, 2nd, 3rd, and 4th place (no ties)?
Order matters, so this is a permutation:

n —

!
9P4:%:9><8><7><6:3024.

5!
Vi du miu - Worked example

A committee of 3 people is chosen from a group of 8. How many different committees are
possible?
Order does not matter (a committee is a set), so this is a combination:

8\ 8! _8><7><6_56
3/ 35l 3x2x1
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Vi du miu - Worked example

A hand of 5 cards is dealt from a standard 52-card deck, which contains 4 aces. Find the prob-
ability that the hand contains exactly 2 aces, correct to 3 s.f.

Choose 2 of the 4 aces, and the remaining 3 cards from the other 48 (non-ace) cards:

4\ (48
2)\3)  6x17296 103776

P ly 2 = = = ~ 0. .
(exactly 2 aces) (52) 5598960 2598960 ~ V03

5

(1) L6i thueng gdp: A common error is using permutations when a problem actually describes
an unordered selection (e.g. a committee, a hand of cards, a subset) — or using combinations
when order matters (e.g. a race with distinct placings, a PIN code, an arrangement in a row).
Always ask: does swapping two chosen objects create a different outcome? If yes, use permuta-
tions; if no, use combinations.

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
Pascal’s triangle: row n lists the binomial coefficients (7)), (7), ..., (1), used directly in the binomial probability formula

P(X =k)=(p)p*(1—p)"".

4.8 Discrete random variables

A discrete random variable X takes a countable set of values, each with an associated probability,
with > P(X =z;) = 1.

Expected value: E(X) = Y x,P(X = x;). Variance: Var(X) = E(X?) — (E(X))2, where
E(X?) =Y 2?P(X = z,).

Linear transformation: for constants a, b: E(aX +b) = aE(X) + b, Var(aX + b) = a*Var(X).

Vi du miu - Worked example

Adiscrete random variable X has distribution P(X =0) = 0.1, P(X =1) =k, P(X =2) = 0.3,
P(X =3)=0.25, P(X =4) =0.15. Find k, E(X), and Var(X).
Probabilities sumto 1: 0.1 + £+ 0.3+ 0.25+0.15=1 =k =0.2.

E(X) =0(0.1) + 1(0.2) 4 2(0.3) + 3(0.25) + 4(0.15) = 0.2 + 0.6 4 0.75 + 0.6 = 2.15.

E(X?2) =0+ 1(0.2) 4+ 4(0.3) + 9(0.25) + 16(0.15) = 0.2 + 1.2 4 2.25 + 2.4 = 6.05.
Var(X) = 6.05 — 2.152 = 6.05 — 4.6225 = 1.4275.
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Vi du miu - Worked example

Given E(X) =5and Var(X) =4, find £(3X —2) and Var(3X — 2).
E(3X —2)=3(5) —2=13. Var(3X —2) = 32(4) = 36.

- GIAI THICH TIENG VIET
E(X) (ky vong) 1a gid tri "trung binh dai han” ctia bién ngau nhién, con Var(X) do dé phan tan
quanh ky vong dé. Khi bién déi tuyén tinh aX + b: ky vong bién déi giong hét phép bién doi
(E(aX + b) = aE(X) + b), nhung phuong sai chi bj anh hugng béi hé s6 nhan a (binh phuong
lén), KHONG bi anh huéng bai hing sé cong b — vi cong thém hang s6 khong lam thay déi do
phan tan cta dir liéu.

4.8.1 Linear transformations of a random variable

Many real quantities are simple linear functions of a random variable already studied — a fee added
to a count, a unit conversion, a scaled score. The rule connecting E(X) and Var(X) to E(aX + b)
and Var(aX + b) is worth stating on its own and checking directly against a full distribution table at
least once.

For a discrete random variable X and constants a, b:
E(aX +b) =aE(X) + b, Var(aX + b) = a*Var(X), SD(aX +b) = |a| - SD(X).

- GIAI THICH TIENG VIET
Hay hinh dung aX + b nhu viéc |3y toan bd phan phdi cta X réi dich chuyén theo b va kéo
dan theo hé s6 a. Phép dich chuyén (cong thém hang s6 b vao moi gia tri) diy toan bo ky vong
lén/xubng ding b don vi, nhung khodng cach twong déi gitra cac gia tri so vai ky vong khong
hé thay déi — vi vy phuong sai va do 1éch chuan gilr nguyén, khéng phu thudc vao b. Nguoc
lai, phép nhan vai a kéo dan (hodc co lai, hodc phan chiéu néu a < 0) toan bd truc sé quanh
goc, nén do léch chuan bj nhan vai |a|; vi phuong sai la binh phuong cta dé léch chuan nén
né bi nhan vai a? (ludn duong, du a Am). DPay chinh 13 quy luat tvong tu khi d6i don vi ciia mot
tap dir liéu théong thudng trong théng ké mé ta, chi khac 1a & day ap dung cho bién ngiu nhién.

Vi du mau - Worked example

A discrete random variable X has probability distribution
P(X=0)=02 PX=1 =04, P(X=2)=03 PX=3) =01

Find E(X) and Var(X), and hence find E(2X + 5) and Var(2X + 5). Verify the variance by
constructing the distribution of Y = 2X + 5 directly and recomputing.

E(X) =0(0.2) +1(0.4) +2(0.3) + 3(0.1) = 0.4 + 0.6 + 0.3 = 1.3.
E(X?) =0(0.2) +1(0.4) + 4(0.3) + 9(0.1) = 0.4 + 1.2+ 0.9 = 2.5.
Var(X) =2.5—1.32 =25 —1.69 = 0.81.
Using the linear transformation formulas with a = 2, b = 5:
EQ2X +5)=2(13)+5=26+5=7.6,  Var(2X +5) = 22(0.81) = 4(0.81) = 3.24.
Independent check. Let Y = 2X + 5. Substituting each value of X gives the distribution of Y:
P(Y=5)=02 PY =7 =04, P(Y =9)=03, P(Y=11)=0.1.
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E(Y)=5(0.2)+7(0.4) +9(0.3) + 11(0.1) = 1.0+ 2.8 + 2.7+ 1.1 = 7.6.
E(Y?) =25(0.2) 4+ 49(0.4) + 81(0.3) + 121(0.1) = 5.0 + 19.6 + 24.3 + 12.1 = 61.0.
Var(Y) = 61.0 — 7.6 = 61.0 — 57.76 = 3.24.
Both methods give E(Y) = 7.6 and Var(Y) = 3.24, confirming the transformation formulas.

Vi du miu - Worked example

At a highway toll booth, the fee charged to a vehicle is C = 3X + 2 (dollars), where X is the
number of axles on a randomly chosen vehicle, with E(X) = 2.4 and Var(X) = 0.64. Find
E(C),Var(C),and SD(C).

E(C)=3E(X)+2=3(24)+2="72+2=9.2dollars.
Var(C) = 3?Var(X) = 9(0.64) = 5.76.

Since SD(X) = v/0.64 = 0.8, the standard deviation of the fee is SD(C') = |3|(0.8) = 2.4, which
agrees with v/5.76 = 2.4.

4.9 The geometric distribution (AHL)

The geometric distribution models the number of independent trials needed to obtain the first suc-
cess, where every trial has the same probability of success.

AHL only. If independent trials each have probability of success p, and X is the number of trials
up to and including the first success, then X ~ Geo(p) with

P(X =k) = (1—p)k1p, k=1,2,3, ..

E(X) = ]19, Var(X) = 1p_2p.

AHL only. Because X > k exactly when the first k trials are all failures,
P(X > k) = (1—p)*, so PX<k=1-(1-ph*

This is often faster than summing individual probabilities when a problem asks for “at least” or
“at most” a certain number of trials.

GIAI THICH TIENG VIET
m?,'L\HL) Phan phoi hinh hoc Geo(p) mo ta s6 phép thir cho dén va bao gom lan thanh céng dau
tién, vai cac phép thir doc 1ap va xac suat thanh cong p khéng déi méi [an. Khac véi phan phdi
nhi thirc (dém s6 [an thanh céng trong n phép thir c6 dinh), phan phéi hinh hoc dém s6 phép
thir can thiét dé cé thanh cong dau tién — s6 phép thtr & day KHONG 6 dinh, c6 thé la bat
ky s6 nguyén duong ndo. Céng thirc P(X = k) = (1 — p)*~!p phan anh: phai that bai lién
ti€p (k — 1) [an (xac suat (1 — p)*~1), réi thanh céng & lan th k (xac suat p). Cong thic dubi
P(X > k) = (1—p)* rat hiru ich khi bai toan héi "it nhat” hodc "nhiéu nhit” bao nhiéu [an thr.
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Vi du miu - Worked example

(AHL) X ~ Geo(0.2). Find P(X = 4), F(X), and Var(X).

P(X =4) = (0.8)3(0.2) = 0.512 x 0.2 = 0.1024.
1 08 0.8

B(X)=— = Var(X) = —— = —— = 20.

X)=52="% ar(X) =922 = 901 = 20

Vi du mau - Worked example

(AHL) A fair six-sided die is rolled repeatedly until a six appears. Find the probability that the
first six occurs on the third roll, and the expected number of rolls needed.

1 1
Herep = ¢,50 X ~ Geo(6>.
5\2 /1 25 1 25
( ) (6) (6) 36 6 216
E(X)—ifﬁrolls
v .
0.3 i
>
£ 02| 1
o)
[g+]
o)
o
a 0.1} I |
: I R
1 2 3 4 5 6 7 8

k

Probability distribution of X ~ Geo(0.3): probabilities decay geometrically as k increases.

AHL only. The probabilities P(X = 1) > P(X = 2) > P(X = 3) > - are strictly decreasing
(since 0 < 1—p < 1), so the mode of a geometric distribution is always k = 1 — the single most

likely outcome is always success on the very first trial.

Vi du mau - Worked example

(AHL) A basketball player has a 65% chance of scoring on each free throw, independently of
previous attempts. Find the probability that the player’s first miss occurs on the 4th attempt,

correct to 3 s.f.
Here “success” means missing the shot, since we want the first miss: p = 1 — 0.65 = 0.35, so

X ~ Geo(0.35).

P(X =4) = (0.65)3(0.35) = 0.274625 x 0.35 ~ 0.0961.
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4.10 The binomial distribution

X ~ B(n,p) models the number of "successes” in n independent trials, each with success
probability p. P(X = k) = (Z)pk(l —p)" % fork =0,1,...,n. Mean E(X) = np; variance

Var(X) = np(1 —p).

0.3

Probability
e
[\

e
—_

Probability distribution of X ~ B(12,0.25): probability peaks near the mean E(X) = np = 3.

Vi du mau - Worked example

If X ~ B(12,0.25), find P(X = 3), E(X), and Var(X).

12
P(X =3)= ( 5 ) (0.25)3(0.75)? = 220(0.015625)(0.075085) ~ 0.258.

E(X)=np=12(0.25) =3. Var(X) = np(1 —p) = 12(0.25)(0.75) = 2.25.

- GIAI THICH TIENG VIET
Phan phdi nhi thirc B(n, p) mé ta sé 1an "thanh céng” trong n phép thir doc 1ap, mdi phép thir
chi c6 2 két qua (thanh céng/that bai) véi xac suat thanh céng p khéng déi. Ba diéu kién bat
budc: (1) s6 phép thir n c6 dinh; (2) cadc phép thir doc lap; (3) xac suat thanh cong p khong
d6i gitra cac [an thir — thi€u mot trong ba diéu kién nay thi KHONG duoc dung phan phdi nhi

thirc.

4.11 The Poisson distribution (AHL)
The Poisson distribution models the number of times a rare, independent event occurs in a fixed
interval of time or space, given a known constant average rate.

AHL only. If X ~ Po()\), where A > 0 is the mean number of occurrences in the given interval,
e ANk

K
E(X) =), Var(X) = A

(mean and variance are equal — a distinctive feature of the Poisson distribution). If X and Y
are independent with X ~ Po()\,) and Y ~ Po(\,), then X +Y ~ Po(\; + A,).

P(X =k)= k=0,1,2,...
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GIAI THICH TIENG VIET

m?,'L\HL) Phan phdi Poisson Po(\) md ta sé lan xay ra cia mot bién cd hiém, ddc 1ap trong mot
khoang thoi gian hoac khong gian ¢é dinh, khi biét toc do trung binh \ khong déi (vi du: s6 cudc
goi dén téng dai trong 1 gi®, s6 16i in trén mot trang). Diém dic biét: trung binh va phuong
sai clia Poisson LUON bang nhau (E(X) = Var(X) = \) — day 1a dau hiéu nhan biét khi dé bai
ngam goi y dung phan phdi nay. Khi cdng hai bién Poisson DOC LAP, tong ctia chiing ciing |3
Poisson v&i tham s6 bang téng hai tham s6 (A, + \,) — két qua nay rat hiru ich khi két hgp dir
liu tlr nhiéu khoang thai gian hodc nhiéu nguén doc 1ap.

0.2

<
—

Probability

Probability distribution of X ~ Po(3): peak near the mean A = 3, with a long right tail.

Vi du miu - Worked example

(AHL) A call centre receives an average of 4 calls per minute, following a Poisson distribution.
Find the probability that exactly 6 calls arrive in a given minute, correct to 3 s.f.

X ~ Po(4).

e 145 ¢ 74(4096)  0.018316(4096) _ 75.02

= ~ ~ ~ 0.104.
6! 720 720 720

P(X =6)=

Vi du mau - Worked example

(AHL) Faults occur along a length of cable at an average rate of 0.5 per 100 m. Find the proba-
bility of at most 1 fault in a 200 m length of cable, correct to 3 s.f.

Over 200 m, the mean number of faultsis A = 0.5 x 2 =1,s0 X ~ Po(1).

PX<1)=PX=0)+P(X=1)=el+e (1) =2 ~2(0.367879) ~ 0.736.

Vi du mau - Worked example

(AHL) Small errors on a printed page occur as X ~ Po(0.8) per page, independently from page
to page. Find the probability that a 3-page document has no errors at all, correct to 3 s.f.

The total number of errors T over 3 independent pages is T' ~ Po(3 x 0.8) = Po(2.4) (summing
independent Poisson variables).

P(T = 0) = e 24 ~ 0.0907.
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(1) L6i thueng gip: (AHL) The Poisson mean A must be re-scaled to match the same interval
as the question (e.g. if the rate is given “per hour” but the question asks about a 20-minute
period, use \ x %, not the original hourly \). Also, unlike the binomial distribution, the Poisson
distribution has no upper limit on & — probabilities P(X = k) are defined for every non-

negative integer k.

4.12 The normal distribution

X ~ N(u,0?): acontinuous, symmetric, bell-shaped distribution about the mean y, with stan-

dard deviation ¢. Standardizing: Z = =— . N(0,1). Empirically, about 68% of data lies
o
within 1o of i, 95% within 20, and 99.7% within 3o.

-3 -2 -1 1 2 3

Standard normal curve; the dashed line marks z = 1.3, used in the worked example below.

Vi du miu - Worked example

Test scores are X ~ N(65,10%). Find P(X > 78), and the score exceeded by only 10% of
students (the 90th percentile).
78 — 65
7 =
10
For the 90th percentile, the standard normal critical value is z, o, ~ 1.2816:

= 1.3. From standard normal tables, P(Z > 1.3) = 1 —0.9032 = 0.0968.

x = pu+zo =65+ 1.2816(10) ~ 77.8.

GIAI THICH TIENG VIET

Chu3n hoa (standardize) Z = X—p

o
N(0,1) dé tra bang hodc dung may tinh. Luon chia cho o (khéng phai o2). Khi bai toan cho
"phan tram & dudi”, dung ham nguoc (inverse normal) dé tim nguoc lai gia tri z tuong rng, roi
suyraz = u+ zo.

chuyén bat ky bién chuan nao vé phan phéi chuan tic

4.13 Bayes' theorem (AHL)

AHL only. Law of total probability: if A,, ..., A, partition the sample space, P(B) = Z P(B|
i=1
A;)P(4;).
P(B|A)P(A) P(B|A)P(A)
Bayes' theorem: P(A | B) = = .
WIB=="pB) =, PBIAPA)
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Vi du miu - Worked example

(AHL) Supplier A provides 70% of a factory’s stock with a 3% defect rate; Supplier B provides
30% with a 6% defect rate. Find the overall probability an item is defective, and given an item
is defective, the probability it came from B.

Total probability: P(D) = 0.7(0.03) + 0.3(0.06) = 0.021 + 0.018 = 0.039.
0.018 18 6

= — = — ~0.462.
0.039 39 13 046

Vi du mau - Worked example

(AHL) A disease affects 2% of a population. A test has sensitivity 90% (i.e. P(+ | disease) =
0.90) and specificity 95% (i.e. P(— | no disease) = 0.95, so P(+ | no disease) = 0.05). Given a
positive test, find P(disease | +).

Bayes: P(B | D) =

P(+) = P(+ | D)P(D) + P(+ | D')P(D’) = 0.90(0.02) + 0.05(0.98) = 0.018 + 0.049 = 0.067.
0.018
P(D|+) = —— ~ 0.269.
(D1+) = G067 ~ 0269

Even with a fairly accurate test, most positive results are false positives when the disease is
rare — this is why base rates matter.

GIAI THICH TIENG VIET
E?I'L\HL) Dinh ly Bayes dung dé "dao ngugc” xac suat co diéu kién: biét P(két qua | nguyén nhan),
ta tim P(nguyén nhan | két qua). M3u s& luén 13 xac suit toan phan (total probability) — téng
cac trudng hop dan dén két qua dé qua moi nguyén nhan cé thé xay ra (dinh ly xac suat toan
phan).

4.14 Expected value in decision-making (AHL)

Expected value gives a principled way to compare choices under uncertainty — for example, choosing
between two games, deciding whether an insurance policy is priced sensibly, or setting a fair price
for a raffle.

AHL only. To compare options using expected value: list the possible net outcomes (gains and
losses, some possibly negative) for each option as a random variable X, assign the probability
of each outcome, and compute E(X) = > z,P(X = xz,). Between two options, the one with
the larger E(X) is preferred in the long run — though any single trial can still turn out either
way.

GIAI THICH TIENG VIET

AHL) Trong cac bai toan ra quyét dinh, ta |ap bang phan phaoi xac suat cta lgi nhuan rong (net
gain — c6 thé am néu 12 16) cho méi phuong an, réi tinh E(X). Phuong an cé E(X) 16n hon thi
¢6 loi hon vé 1au dai (néu I3p lai nhiéu [an) — nhung véi MOT [an cu thé, két qua thuc té van
c6 thé khac véi ky vong, vi E(X) chi la gia tri trung binh dai han chir khéng phai két qua chac
chan cta tirng [an choi.
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Vi du miu - Worked example

(AHL) A game costs $5 to play. A player rolls a fair six-sided die: if a 6 appears, they receive
$20 (a net gain of $15); otherwise they receive nothing (a net loss of $5). Let X be the player’s
net gain. Find E(X) and interpret the result.

1 )
P(X =15 = - P(X =-5)=-.
(X=15)=%, P(X=-5="
1 ) 15 25 10 5
EX)=15(-)+(=5) (o)== -2 =—"=_2 ~ —16T.
X) (6>+( )<6> 6 6 6 3

Since E(X) < 0, the game is unfavourable to the player: on average, a player loses about
$1.67 per game in the long run.

Vi du m3u - Worked example

(AHL) An insurance company sells a policy for a premium of $150 per year. Past data shows
that 2% of policyholders make a claim in a given year, each claim costing the company $6000;
the other 98% make no claim. Find the company’s expected profit per policy, and comment on
whether the premium is set to make the policy profitable on average.

Let Y be the payout made by the company: P(Y = 6000) = 0.02, P(Y = 0) = 0.98.

E(Y) = 6000(0.02) 4 0(0.98) = 120.

Expected profit per policy = premium — E(Y) = 150 — 120 = $30.
Check: the insurer’s profit is Z = 150 — Y, and by the linear transformation rule, E(Z) =
150 — E(Y) = 150 — 120 = 30 — confirming the result.

Since the expected profit is positive, the premium is set high enough for the company to profit
on average across many policies, even though any individual policy may result in a loss if a
claim is made.

Vi du miu - Worked example

(AHL) A phone shop offers an optional extended warranty for $40. Historical data shows that
12% of phones need a repair covered by the warranty, with an average repair cost of $250
to the shop; the shop pays this cost only if the customer bought the warranty and a repair is
needed. Find the shop’s expected profit per warranty sold, and comment on whether selling
the warranty is profitable on average.

Let W be the shop’s payout per warranty sold: P(W = 250) = 0.12, P(W = 0) = 0.88.

E(W) = 250(0.12) + 0(0.88) = 30.

Expected profit per warranty = 40 — 30 = $10. Since this is positive, selling the warranty
is profitable for the shop on average, across many customers — even though any individual
warranty that is used costs the shop more than the $40 charged for it.
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4.15 Continuous random variables (AHL)

AHL only. A continuous random variable X has a probability density function (pdf) f(x) sat-
o) b
isfying f(x) > 0 and / f(z)dx =1. Then P(a < X <b) = / f(z) dx (the area under the

curve), and E(X) = / xf(z)dz. Unlike a discrete variable, P(X = ¢) = 0 for any single

value c.

Vi du miu - Worked example

(AHL) A continuous random variable has f(x) = kz for 0 < z < 4 (and 0 elsewhere). Find &,
then find P(1 < X < 3)and E(X).

4 2
Total probability is 1: / kxdr =k [g} =8k=1=k=-.
0 0

- GIAI THICH TIENG VIET
(AHL) V6i bién ngiu nhién lién tuc, xac suat duoc tinh bang dién tich duéi do thi ham mat do
(thay vi cdng don cac gia tri rdi rac nhu trude). Vivay P(X = ¢) = 0 véi MOI gia tri cu thé ¢
— chi c6 xac suat trén mét khodng méi cé y nghia khac 0. Day 1a diém khac biét cét 16i so vai
bi€n ngiu nhién rai rac.

() L6i thuerng gap: Do not confuse P(A | B) with P(B | A) — they are generally different (this
is exactly why Bayes' theorem is needed). Also, when finding the constant & in a pdf, always
integrate over the full stated domain and set the result equal to 1 — a partial integral will give
the wrong k.

4.16 Practice: Paper 1 style (no calculator)

Bai tap luyén tap

A data set has values z; = 2,4,6,8 with frequencies 3,5,4,2. Find the mean as an exact
fraction.

Loi giai chi tiet

_ 66 33
r=—=—

14 7

Bai tap luyén tap

In a class of 30, 18 study French, 15 study Spanish, 8 study both. Find P(neither).
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-

-

) ¢ © 5
- ® > o
|
Neither =30 — 25 =5; P = % = é (A) (note (B) is numerically the same but not simplified).

Bai tap luyén tap

A bag has 5 red, 3 blue marbles. Two drawn without replacement. Find P(both same colour)
as an exact fraction.

Loi giai chi tiét

2 1 1

P —
L 28 28 28 28

oo | Ot
IS

—
S

Bai tap luyén tap
P(A) =05, P(B) =0.3, P(AN B) = 0.2. Find P(A U B) and determine independence.

Loi giai chi tiét

P(AUB) =0.6. P(A| B) = 2 # 0.5 = P(A): not independent.

Bai tap luyén tap

Xhas P(X =0)=0.1,P(X =1) =k, P(X =2) = 0.3, P(X = 3) = 0.25, P(X = 4) = 0.15.
Find k.

(A) 0.2 (C) 0.3
(B) 0.1 (D) 0.25

Loi giai chi tiét
k=1-0.8=0.2.(A).

Bai tap luyén tap

For the distribution above, find E(X).

Loi gidi chi tiét
E(X)=0.240.6+0.75 + 0.6 = 2.15.

Bai tap luyén tap
If E(X) =75, Var(X) =4, find E(3X —2) and Var(3X — 2).
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Loi giai chi tiét
E(3X —2) = 13. Var(3X — 2) = 9(4) = 36.

Bai tap luyén tap

X ~ B(6,0.5). Find P(X = 4) as an exact fraction.

15 20
m o ©
6 1
®) - 0 -

Loi giai chi tiet

(8)(0.5)¢ =15 <6i4> = é—i. (A).

-

Bai tap luyén tap

Using y = 1.3 + 1.5z, estimate y when z = 6.

Loi giai chi tiet

-

y=13+9=10.3.

Bai tap luyén tap

For a standard normal variable Z, state P(Z < 0) and estimate P(—1 < Z < 1) using the
empirical rule.

Loi giai chi tiét
P(Z<0)=05.P(-1<Z<1)~0.68.

Bai tap luyén tap

A fair six-sided die is rolled twice. Find P(sum = 8) as an exact fraction.

5 4
A © 5
6 7
(B) o D) -

Lai giai chi tiét

-

Pairs: (2,6), (3,5), (4,4), (5,3),(6,2) — 5 outcomes. P = % (A).

Bai tap luyén tap
P(A)=104, P(B| A) =0.5. Find P(AN B).
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Loi giai chi tiét
P(ANB) = P(A)P(B| A) = 0.4(0.5) = 0.2.

Bai tap luyén tap

-

(AHL) Machine A: 70% of stock, 3% defective. Machine B: 30% of stock, 6% defective. Find
P(item defective).

Loi giai chi tiet

-

P(D) = 0.7(0.03) + 0.3(0.06) = 0.039.

Bai tap luyén tap

(AHL) Using the previous scenario, find P(B | D) as an exact fraction.

6 1
(A © 5

7 3
B) 0 =

L&i giai chi tit
0.018 18 6

P(B|D)=-—— === (A).
0.039 39 13

Bai tap luyén tap

(AHL) A continuous random variable has f(x) = kx for 0 < z < 4. Find k exactly.

Loi giai chi tiet

'—‘I

Sh=1=k—-.
R

4.17 Practice: Paper 2/3 style (calculator allowed)
Bai tap luyén tap

For the data set z; = 2,4, 6, 8 with frequencies 3, 5, 4, 2, find the standard deviation, correct to
3s.f.

Loi giai chi tiét

o= 4/185/49 ~ 1.943.

]

Bai tap luyén tap

For the bivariate data (1, 3), (2,5), (3,4), (4,8), (5,9), find the correlation coefficient r, correct
to 3 s.f.
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Loi giai chi tiét
15

r = —— ~ (0.916.
V10 x 26.8

Bai tap luyén tap

Comment on the reliability of using y = 1.3 + 1.5z to estimate y at x = 6.

Loi giai chi tiét

x = 6 is outside the data range 1 < z < 5: this is extrapolation, so the estimate (y = 10.3) is
less reliable.

Bai tap luyén tap

A bag has 5 red, 3 blue marbles. Two drawn without replacement. Find P(exactly one red),
correct to 3 s.f.

(A) 0.536 (C) 0.464
(B) 0.500 (D) 0.357

Lai giai chi tiét

1
P =19 <0536 (A).

Bai tap luyén tap

[\
I |

X ~ B(12,0.25). Find P(X = 3), correct to 3 s.f.

Loi giai chi tiet

-

P(X =3) ~ 0.258.

Bai tap luyén tap
X ~ B(12,0.25). Find P(X < 2), correct to 3 s.f.

Loi giai chi tiét

-

P(0) + P(1) + P(2) ~ 0.0317 + 0.1267 + 0.2322 ~ 0.391.

Bai tap luyén tap

Test scores X ~ N(65,10?%). Find P(X > 78), correct to 3 s.f.

Loi giai chi tiét

-

Z =13,P(Z>13)=1-0.9032 = 0.0968.
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Bai tap luyén tap

=
©

Loi giai chi tiét
xr =65+ 1.2816(10) ~ 77.8.

Bai tap luyén tap

positive test, find P(disease), correct to 3 s.f.

(A) 0.269 (C) 0.020
(B) 0.900 (D) 0.180

Lai giai chi tiét

-

P(+) = 0.067; P(D | +) = 0.018/0.067 ~ 0.269. (A).

Bai tap luyén tap

(AHL) A continuous RV has f(z) = % for0 <z < 4. Find P(1 < X < 3)and E(X).

Lai giai chi tiét

-

P(1 <X <3)=0.5(exact). E(X) = - ~ 2.67.

w| oo

Bai tap luyén tap

Loi giai chi tiét

X ~ B(10,1): P(X =2) = (%) (1) (2)° ~ 0.2007.

Bai tap luyén tap

-

P(tea) = 0.65, P(coffee) = 0.55, P(both) = 0.4. Find P(neither).

Lai giai chi tiét

-

P(TUC) = 0.8 = P(neither) = 0.2.

Bai tap luyén tap
(AHL) E(X) = 12, Var(X) = 9. Find the standard deviation of 5 — 2.X.
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(A) 6 (C) 3
(B) 4.5 (D) 36

Loi giai chi tiét
Var(5 —2X) = 4(9) = 36 = SD = 6. (A).

Bai tap luyén tap

Light bulb lifetime X ~ N (1200, 150%) hours. Find the proportion lasting between 1000 and
1400 hours, correct to 3 s.f.

Loi giai chi tiet

7 = +1.333. P(—1.333 < Z < 1.333) = 26(1.333) — 1 ~ 2(0.9087) — 1 ~ 0.817.

Bai tap luyén tap

(AHL) As before, P(item defective) = 0.039. If two items are inspected independently, find
P(at least one defective), correct to 3 s.f.

Loi giai chi tiét

-

P(neither defective) = (0.961)? ~ 0.9235. P(at least one) ~ 1 — 0.9235 = 0.0765.

4.18 Practice: Paper 1 style (no calculator) I

Bai tap luyén tap

The ordered data set 2,5,6,9,11, 14,16, 18,20,24 (n = 10) is given. Find Q;, @5, and the
interquartile range.

(A) IQR =12 (C) IQR=9
(B) IQR =14 (D) IQR =18

Loi giai chi tiét

Lower half 2,5,6,9,11 = @, = 6. Upper half 14,16, 18,20,24 = Q; = 18. IQR =18 — 6 = 12.
(A).

Bai tap luyén tap

The ordered data set 10,12,13,15,16,17,19, 20,40 (n = 9) is given. Using the 1.5 x IQR rule,
determine whether 40 is an outlier.

Loi giai chi tiet

12+1
Median (5th value) = 16. Lower half 10,12,13,15 = Q, = —; S _ 12.5. Upper half

19 + 20

17,19, 20,40 = Q4 = =19.5. IQR = 19.5 — 12.5 = 7. Upper fence = 19.5 + 1.5(7) =
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30. Since 40 > 30, 40 is an outlier.

Bai tap luyén tap

A grouped frequency table has class intervals [0, 4), [4, 8), [8, 12) with frequencies 2, 5, 3. Using
midpoints, find the mean as an exact fraction.

Lai giai chi tiét
. . 64 32
Midpoints 2,6,10. > f,z; = 2(2) +5(6) +3(10) = 4+ 30+ 30 = 64. n = 10. Mean = AR

Bai tap luyén tap

(AHL) X ~ Geo(%). Find P(X = 3) as an exact fraction, and state F(X).
9 1
(A) = € 75
3 27
(B) e (D) ol
[ s i
3\? /1 9 1 9 1
Px=9=(3) (1) =15 1= a2 W B0 =15 =1

Bai tap luyén tap

(AHL) A raffle ticket costs $2. With probability % the ticket wins a prize worth $10 (a net gain

of $8); otherwise it wins nothing (a net loss of $2). Find E(net gain) exactly, and state whether
the game favours the player, the organiser, or neither.

Loi giai chi tiét

-

B(X) =8 (
side.

4
) +(—2) (—) = g—g = 0. Since E(X) = 0, the game is fair — it favours neither

| =

Bai tap luyén tap

X ~ B<5, %) Find P(X = 2) as an exact fraction.
5 1
() - © -
10 1
B) — D) —
(B) = (D) =
[ g o
5\ /1\° 1 10 5 . .
P(X=2)= <2> <§> =10- =3 16 (A) (note (B) is the same value unsimplified).
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Bai tap luyén tap
P(A) =0.6 and P(AN B) = 0.24. Find P(B | A) as an exact fraction.

Loi gidi chi tiét
P(ANB) 024 24 2

P(A) ~ 06 60 5

P(B|A)=

Bai tap luyén tap

X ~ N(50,82). Using the symmetry of the normal distribution (no calculator), state P(X >
50), and use the empirical rule to estimate P(42 < X < 58).

Loi giai chi tiet

By symmetry about the mean, P(X > 50) = 0.5. Since 42 = y— o and 58 = p + o0, P(42 <
X < 58) ~ 0.68 (the empirical 68% rule).

4.19 Practice: Paper 2/3 style (calculator allowed) Il
Bai tap luyén tap

The ordered data set 5.2,6.1,6.8,7.0,7.5,8.1,8.4,8.9,9.2,9.6,10.1,10.8, 15.9 (n = 13) is given.
Find the interquartile range correct to 3 s.f., and determine whether 15.9 is an outlier.

Lai giai chi tiét

Median (7th value) = 8.4. Lower half: @, = 68;—70 = 6.9. Upper half: Q5 = 2+ A0 =

9.85. IQR = 9.85 — 6.9 = 2.95. Upper fence = 9.85 + 1.5(2.95) = 14.275. Since 15.9 > 14.275,
15.9 is an outlier.

Bai tap luyén tap

A grouped frequency table has class intervals [10, 20), [20, 30), [30, 40), [40, 50) with frequencies
6,11, 8, 5. Find the estimated mean and estimated standard deviation, correct to 3 s.f. where
necessary.

Lai giai chi tiét

Midpoints 15,25, 35, 45; n = 30. 3 f; = 6(15)+11(25)+8(35)+5(45) = 90+275+280+225 =
870
870 = & = 2~ = 29. 3 fia? = 6(225) + 11(625) +8(1225) + 5(2025) = 1350+ 6875 + 9800 +

28150
10125 = 28150. 02 = — = 29?2 ~ 938.33 — 841 = 97.33 = o ~ 9.87.

Bai tap luyén tap

(AHL) A fair die is rolled repeatedly until a six appears. Find the probability that a six appears
within the first 3 rolls, correct to 3 s.f.
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Loi giai chi tiét

5\3 125 91
PX<3)=1—(1— 3:1—<7> 1— — = == ~0.421.
(X <3) (1-p) 6 216~ 216 "

Bai tap luyén tap

(AHL) In Game A, a player pays $3 to play; with probability 0.3 they win $8 (net gain $5),
otherwise they win nothing (net loss $3). In Game B, a player pays $4; with probability 0.2
they win $15 (net gain $11), otherwise nothing (net loss $4). Find E(net gain) for each game,
correct to 2 d.p., and state which game is the better choice for the player.

Loi giai chi tiet

Game A: E(X ) = 5(0.3) + (—=3)(0.7) = 1.5 — 2.1 = —0.60. Game B: E(Xp) = 11(0.2) +
(—4)(0.8) = 2.2—3.2 = —1.00. Since —0.60 > —1.00, Game A has the higher (less unfavourable)
expected value and is the better choice.

Bai tap luyén tap

X ~ B(9,0.3). (a) Find P(X = 4), correct to 3 s.f. (b) Find P(X > 1), correct to 3 s.f.

Loi giai chi tiet

(a) P(X =4) =

7N
Ne)

4> (0.3)4(0.7)% = 126(0.0081)(0.16807) ~ 0.172.

b)P(X>1)=1—-P(X=0)=1—(0.7)° ~ 1 —0.0404 = 0.960.

Bai tap luyén tap

X ~ N(500,60?). Find P(440 < X < 560), correct to 3 s.f., and the value exceeded by the top
5%, correct to the nearest whole number.

Lai giai chi tiét
440 — =
7 _ 0 500:71,22560 500:

60 60
0.683.
Top 5%: 2y 95 ~ 1.6449. 2 = 500 + 1.6449(60) ~ 598.7 ~ 599.

1. P(-1< Z<1)=20(1)—1~2(0.8413) — 1 =

Bai tap luyén tap

In a school, 55% of students play sports and 30% both play sports and sing in the choir. A stu-
dent is selected at random from those who play sports. Find the probability that this student
also sings in the choir, correct to 3 s.f.

Loi gidi chi tiét
P(sports N choir)  0.30
P(sports)  0.55

P(choir | sports) = ~ 0.545.
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Bai tap luyén tap
(AHL) X ~ Geo(0.35). Find Var(X), correct to 3 s.f.

(A) 5.31 (C) 0.65
(B) 2.86 (D) 1.86

Lai giai chi tiét
1— 0.65
Var(X) = L _
P2 0.1225

~ 5.31. (A).

Bai tap luyén tap

A grouped frequency table has intervals [0, 5), [5, 10), [10, 15) with frequencies 4, 8,4 (n = 16).
Using linear interpolation on the cumulative frequencies, find the median exactly.

Loi giai chi tiét
Cumulative frequencies: 4,12,16. Median position = n/2 = 8, which lies in [5,10) (since
CFyetore = 4, f = 8). Median = 5 + xb5=5+25=7.5.

Bai tap luyén tap

(AHL) For any geometric distribution X ~ Geo(p) with 0 < p < 1, which value of & gives the
largest probability P(X = k)?

(A) k=1 (C) k=n

1
(B) k= » (D) It depends on p

Loi giai chi tiét

Since P(X = k) = (1—p)* !pis strictly decreasing in k (as0 < 1—p < 1), the largest probability
always occurs at £ = 1. (A).

Bai tap luyén tap

(AHL) A game costs $4 to play. With probability 1% a player wins $10 (net gain $6); otherwise
they win nothing (net loss $4). Find E(net gain) exactly.

Loi giai chi tiet

3 7 18 28 10
B0=6(g5) + 9 (55) =515 =15 ="

Bai tap luyén tap

X ~ B(20,0.15). Find E(X) and Var(X) exactly.
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Loi giai chi tiét
E(X) = np = 20(0.15) = 3. Var(X) = np(1 — p) = 20(0.15)(0.85) = 2.55.

Bai tap luyén tap

Ages (years) of 45 people are grouped into intervals [20, 30), [30, 40), [40, 50), [50, 60), [60, 70)
with frequencies 5, 10, 15,10, 5. Find the estimated mean and estimated standard deviation,
correct to 3 s.f.

Lai giai chi tiét

Midpoints 25,35,45,55,65; n = 45. 3 f,z; = 5(25) + 10(35) + 15(45) + 10(55) + 5(65) =
)

2025
125 + 350 + 675 + 550 + 325 = 2025 = @ = —— = 45. 3 fz? = 5(625) + 10(1225) +

15(2025) + 10(3025) + 5(4225) = 3125 + 12250 + 30375 + 30250 + 21125 = 97125. o2 =

97125
5 452 ~ 2158.33 — 2025 = 133.33 = o ~ 11.5.

Bai tap luyén tap

A grouped frequency table has intervals [0,10), [10,20), [20,30), [30,40) with frequencies
8,14, 20, 8 (n = 50). Estimate the median using linear interpolation, correct to 3 s.f.

Loi giai chi tiét

Cumulative frequencies: 8,22,42,50. Median position = 25, which lies in [20,30) (since
. 25 — 22
C Fhefore = 22, f = 20). Median = 20 + x 10 = 20 + 1.5 = 21.5.

Bai tap luyén tap

At a company, 70% of applicants pass a written test, and of those who pass, 60% go on to pass
the interview. Find the probability that a randomly selected applicant passes both stages,
correct to 3 s.f.

Loi giai chi tiét
P(test ninterview) = P(test) x P(interview | test) = 0.70 x 0.60 = 0.420.

Bai tap luyén tap

X ~ N(80,0?) and it is known that P(X < 70) = 0.1. Find o, correct to 3 s.f.

Loi giai chi tiet

-

The standard normal critical value satisfying P(Z < z) = 0.1 is z ~ —1.2816. Standardizing:

10
= —10 = —1.281 = —— ~ 7.80.
70 =80 + z0 = 0 8160 = o 12316 7.80
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4.20 Practice: Paper 1 style (no calculator) Il
Bai tap luyén tap

In how many ways can 3 of 6 books be arranged in a row on a shelf?

Loi giai chi tiét

-

Order matters: 5P, = 6 x 5 x 4 = 120.

Bai tap luyén tap

(A) 210 (C) 40
(B) 5040 (D) 720

Loi gidi chi tiét

10 10!
Order d t matter: = —— = 210. (A).
rder does not matter (4) oL | 0. (A)

Bai tap luyén tap

P(both cards are even) as an exact fraction.

Loi giai chi tiet

-

(
(

N DN
~—
—

Only 2 and 4 are even. P =

N Ot
S~—
—_
o

Bai tap luyén tap

6

Evaluate
(5

6 .
) and (4) , and state the symmetry property they illustrate.

Loi giai chi tiet

15 and <6> = 15: they are equal, illustrating (n) = ( " )

-

T n—r

N

[\

N~
I

Bai tap luyén tap

(AHL) X ~ Geo(%). Find P(X = 2) as an exact fraction.
2 1
1 4

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 IB Diploma Mathematics: Analysis and Approaches -

Two cards are drawn without replacement from cards labelled 1,2,3,4,5.

How many ways are there to choose 4 students from a class of 10 to form a study group?
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Loi giai chi tiét

h
=
I
[N}
SN—

i
/N
N———
!
NoN il )
—
2

[SCI )
Wl

N—
/N

Bai tap luyén tap

E(X)="7,Var(X)=5. Find E(2X + 1) and Var(2X + 1).

Loi giai chi tiet

-

E@2X +1)=2(7)+1=15. Var(2X + 1) = 22(5) = 20.

Bai tap luyén tap

In a survey of 30 people, 12 like tea, 9 like coffee, and 4 like both. Find P(tea | coffee) as an
exact fraction.

Loi giai chi tiét
P(teancoffee) 4/30 4

P t ﬁ = — = —.
(tea | coffee) P(coffee) 9/30 9

Bai tap luyén tap

X ~ N(100,152). Using the empirical rule, state the range of values containing approximately
95% of the data.

Loi giai chi tiét
95% of data lies within 20 of the mean: [100 — 2(15), 100 + 2(15)] = [70, 130].

Bai tap luyén tap

-

X ~ B(n,p) has E(X) = 8 and Var(X) = 4.8. Find p and n.

Loi giai chi tiét
8

= 20.
0.4

np=8andnp(l—p)=48=81—p)=48=1—p=0.6=p=04. Thenn =

Bai tap luyén tap

\]I

Evaluate E exactly.

Loi giai chi tiét
7!

Z:7X6X5:210'
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Bai tap luyén tap
A PIN code consists of 4 digits, each from 0-9, and digits may repeat. How many different PIN

codes are possible?

Loi giai chi tiét

-

By the fundamental counting principle, each of the 4 positions has 10 independent choices:
10* = 10 000.

Bai tap luyén tap

X ~ B(8,0.5). Find P(X = 4) as an exact fraction.

70 28
(A) 55 19 s
56 8
B) o5 D) 55

Lai giai chi tiét

-

1 1 70
(‘) =70 555 = a56° A

4.21 Practice: Paper 2/3 style (calculator allowed) Il

Bai tap luyén tap

In how many ways can 5 of 12 sprinters finish in the top five positions (1st through 5th)?

Loi giai chi tiet

Order matters: 12P; = 12 x 11 x 10 x 9 x 8 = 95 040.

Bai tap luyén tap

A lottery requires choosing 6 numbers from 49 (order does not matter). Find the number of
possible combinations.

Loi giai chi tiét

4 49!
( 9) ) = 13983 816.

-

6 ) 643!

Bai tap luyén tap

A hand of 5 cards is dealt from a standard 52-card deck. Find the probability that the hand
contains exactly 2 aces, correct to 3 s.f.
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Loi giai chi tiét

b (5)(5) 6 x 17296
() 2598960

~ 0.0399.

Bai tap luyén tap

(AHL) X ~ Geo(0.4). Find P(X < 5), correct to 3 s.f.

Loi giai chi tiet

-

P(X <5)=1—(0.6)° =1 — 0.07776 ~ 0.922.

Bai tap luyén tap

X ~ B(25,0.08). Find P(X = 2), correct to 3 s.f.

I

Loi giai chi tiet

-

ot

P(X =

[N}
—
Il

(22 ) (0.08)2(0.92)%3 ~ 0.282.

Bai tap luyén tap

X ~ N(70,12%). Find P(X < 55), correct to 3 s.f.

Loi giai chi tiét

_ 55—10
12

Z

= —1.25. P(Z < —1.25) = 1 — P(Z < 1.25) ~ 1 — 0.8944 = 0.106.

Bai tap luyén tap

A committee of 4 is chosen at random from 7 men and 5 women. Find the probability that the
committee contains exactly 2 women, correct to 3 s.f.

Loi giai chi tiét

-

)& 10x21 210
p=22 _ =2 ~0.424.
('2) 495 495

Bai tap luyén tap

(AHL) A spinner lands on red with probability 0.15 on each independent spin. Find the expected
number of spins until red appears, and P(more than 5 spins are needed), correct to 3 s.f.

Loi giai chi tiet

1
E(X) = 5= ~ 6.67. P(X > 5) = (0.85)° ~ 0.444.
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Bai tap luyén tap

A factory has two production lines. Line 1 produces 60% of output with a 2% defect rate; Line
2 produces 40% with a 5% defect rate. Find the overall probability an item is defective, correct
to 3 s.f.

Loi giai chi tiét

P(D) = 0.6(0.02) + 0.4(0.05) = 0.012 + 0.020 = 0.032.

Bai tap luyén tap
X ~ B(14,0.45). Find E(X) and Var(X), correct to 3 s.f.

Loi giai chi tiét

-

E(X) = 14(0.45) = 6.30. Var(X) = 14(0.45)(0.55) = 3.465 ~ 3.47.

Bai tap luyén tap

A password consists of 3 distinct letters chosen from the 26-letter alphabet, arranged in order
(no repeats). Find the number of possible passwords.

Loi giai chi tiét

Order matters and letters cannot repeat: 26 P; = 26 x 25 x 24 = 15 600.

Bai tap luyén tap

(AHL) An investor is deciding between two funds. Fund A returns a profit of $2000 with prob-
ability 0.4 and a loss of $500 otherwise. Fund B returns a profit of $1200 with probability 0.6
and a loss of $300 otherwise. Find E(profit) for each fund, correct to the nearest dollar, and
state which fund has the higher expected return.

Loi giai chi tiet

Fund A: E(X ;) = 2000(0.4) + (—500)(0.6) = 800 — 300 = $500. Fund B: E(X ) = 1200(0.6) +
(—300)(0.4) = 720 — 120 = $600. Since $600 > $500, Fund B has the higher expected return.

4.22 Practice: Paper 1 style (no calculator) IV

Bai tap luyén tap

(AHL) A continuous random variable has f(z) = kz? for 0 < x < 3 (and 0 elsewhere). Find &k
exactly.

Lai giai chi tiét

-

3

3 x3 1
/kadx:k[—] =% =1=k=—-.
o 3 0 9
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Bai tap luyén tap

A box plot has five-number summary min = 3, Q; = 7, median= 10, ; = 15, max = 22. Find
the IQR and the upper fence exactly.

Loi giai chi tiét

-

IQR = 15 — 7 = 8. Upper fence = 15 + 1.5(8) = 15 + 12 = 27.

Bai tap luyén tap

(AHL) P(4) = 2, P(B | A) =

1 .
E ,P(B|A") = 5 Find P(B) as an exact fraction.

N |

Loi giai chi tiet

-

By the law of total probability: P(B) = P(A)P(B | A) + P(A)P(B | A') =
1 3 5 3 8

572525 95" 25

| =

ol o
N =

Bai tap luyén tap

(AHL) X ~ Geo(0.5). Find E(X) and Var(X) exactly.

(A) E=2, Var =2 (C) E=05, Var=2
(B) E=2,Var=0.5 (D) E =4, Var =2

Loi giai chi tiét

-

[an)

1 5 0.5

[an}

4.23 Practice: Paper 2/3 style (calculator allowed) IV
Bai tap luyén tap

2
(AHL) A continuous random variable has f(x) = ‘% for 0 <z < 3. Find P(1 < X < 2), correct
to 3 s.f.

Loi giai chi tiét

-

N
gy
VAN
>~
AN
&
I
—
[\V]
©o|§,
.
8
I

#1148 1\ 17 71
[3]1 9(3 3> 9 3 27

Bai tap luyén tap

(AHL) A medical condition affects 3% of a population. A test has sensitivity 92% and specificity
90%. Given a positive test result, find the probability the person has the condition, correct to
3 s.f.
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Loi giai chi tiét

0.0276

P(+) = 0.92(0.03) + 0.10(0.97) = 0.0276 +0.097 = 0.1246. P(D | +) = 7o

~ 0.222.

Bai tap luyén tap

A fair die is rolled once. Rolling a 1 or 2 wins $5; rolling a 3 or 4 wins $2; rolling a 5 or 6 loses
$3. Find E(winnings), correct to 3 s.f.

Loi gidi chi tiét
Each pair of outcomes has probability %: E(X)=5 (—) +2 (—) + (—3) (—)

4
— ~ 1.33.
3

Bai tap luyén tap

(AHL) X ~ Geo(0.6). Find P(2 < X < 4), correct to 3 s.f.

Loi giai chi tiét

P2<X<4)=P(X >2)—P(X >5)=(0.4)! — (0.4)* = 0.4 — 0.0256 = 0.3744 ~ 0.374.

4.24 Additional practice: Mixed review (Set 5)

Bai tap luyén tap

A data set has values z; = 5,10, 15,20 with frequencies f; = 2,6,7,5. Find the mean and
variance exactly, as fractions.

Lai giai chi tiét

275 55
n=20. % fig; = 10+60+105+100 = 275 = & = = = 22. " fia? = 50+ 600+ 1575 +
4225  /55\2 845 3025 3380 —3025 355
2000 = 4225. 2:——(—) =— — = =—.
000 0" =5 1 1 16 16 16

Bai tap luyén tap

Adatasethas @, = 12, Q4 = 25, and maximum value 40. Find the IQR, and determine whether
the maximum value is an outlier using the standard 1.5 x IQR rule.

Loi giai chi tiet

IQR = 25 — 12 = 13. Upper fence = 25 + 1.5(13) = 25 + 19.5 = 44.5. Since 40 < 44.5, the
maximum value is not an outlier.
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Bai tap luyén tap

Bivariate data: (2,3), (4,7), (6,8), (8,14), (10, 18). Find the equation of the regression line of y
on z, and use it to estimate y when z = 7.

Loi giai chi tiét
n=>5>>x=30,>1y=50> zy=374,5 2% =220,% = 6,y = 10.

4) — 1870 — 1
5(3874) —30(50) _ 1870 —1500 _ 370 _, o0 _ 0 1.85(6) = 10— 11.1 = —1.1.

b= = =
5(220) — 302 1100 — 900 200

Regression line: y = —1.1 4+ 1.85z. Atz =T7: y = —1.1 + 1.85(7) = —1.1 + 12.95 = 11.85.

Bai tap luyén tap

In a survey of 50 people, 28 like coffee, 20 like tea, and 12 like both. Find P(likes coffee |
likes tea) as an exact fraction.

3
(A) - (C)

Ul DN 3| Ot

® (D)

Loi giai chi tiet

P(both) _ 12/50 12 _3 .

P(coffee | tea) = _ _ 12
(coffee | tea) = sy = 20/50 ~ 20 ~ 5

Bai tap luyén tap

A committee of 4 people is chosen from 7 men and 5 women. Find the number of committees
that contain exactly 2 men and 2 women.

Loi giai chi tiét

7\ (o
(7)(2) =21 100

Bai tap luyén tap

X has P(X =1) = 0.5, P(X =2) = 0.3, P(X = 3) = 0.2. Find E(4X — 3).
(A) 3.8 (C) 4.7

(B) 6.8 (D) —1.7

Loi giai chi tiét

E(X) =1(0.5)+2(0.3)+3(0.2) = 0.5+0.6+0.6 = 1.7. E(4X —3) = 4(1.7)—3 = 6.8—3 = 3.8.
(A).

-
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Bai tap luyén tap

The temperature X (in Celsius) at a weather station on a randomly chosen day has F(X) = 18
and Var(X) = 6.25. Using the conversion to Fahrenheit ' = 1.8X + 32, find E(F) and SD(F).

Loi giai chi tiet

E(F) = 1.8(18) 4+ 32 = 32.4 + 32 = 64.4. Since SD(X) = v6.25 = 2.5, we get SD(F) =
1.8(2.5) = 4.5 (equivalently Var(F) = 1.8%(6.25) = 20.25 and 1/20.25 = 4.5).

Bai tap luyén tap
X ~ B(10,0.4). Find P(X = 3), correct to 3 s.f.

(A) 0.215 (C) 0.251
(B) 0.201 (D) 0.120

Loi giai chi tiét

I

~
»
I

8
[

(1()) (0.4)3(0.6)" = 120(0.064)(0.0279936) ~ 0.215. (A).

Bai tap luyén tap

X ~ N(45,62). Find P(X > 57), correct to 3 s.f.

Loi giai chi tiét

5745

A
6

=2.0. P(X >57) = P(Z > 2.0) = 1 —0.9772 = 0.0228.

Bai tap luyén tap

(AHL) Machine A produces 60% of a factory’s output with a 2% defect rate; Machine B pro-
duces the remaining 40% with a 5% defect rate. Given that an item is defective, find the
probability it came from Machine B, as an exact fraction.

Loi giai chi tiét

-

002 20 5
P(D) = 0.6(0.02) + 0.4(0.05) = 0.01240.02 = 0.032. P(B| D) = ;e = 5 = ¢

4.25 Extra practice: Mixed mastery (Set 6)
Bai tap luyén tap

A data set has values z; = 4,8,12,16 with frequencies f, = 5,9,4,2. Find the mean and
standard deviation, correct to 3 s.f.
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Loi giai chi tiét

172

n=20.Y fx;=20+72+48+32=172= 7 = T 8.6. > f;22 = 80+576+ 576 +512 =
1744

1744. o2 = — = 8.62 =87.2—73.96 = 13.24 = 0 = v/13.24 ~ 3.64.

Bai tap luyén tap

The following 13 values are already ordered: 3,5,6,9,11,12,14,16,17,19, 22, 24, 46. Find the
five-number summary and the IQR, and use the 1.5 x IQR rule to determine whether the
maximum value is an outlier.

Lai giai chi tiét

With n = 13 (odd), the median (7th value) is Q, = 14, excluded from both halves. Lower half:

6+9 19 + 22
3,5,6,9,11,12 = Q, = % — 7.5. Upper half: 16,17, 19,22, 24,46 = Q, — ——== — 20.5.

Five-number summary: min = 3, Q; = 7.5, Q5 = 14, Q5 = 20.5, max = 46. IQR = 20.5—-7.5 =
13. Upper fence = 20.5 + 1.5(13) = 40. Since 46 > 40, the maximum value is an outlier.

Bai tap luyén tap

The delivery times (minutes) of 45 orders are grouped as follows.

Time [0,10) [10,20) [20,30) [30,40) [40,50)
Frequency 6 12 14 9 4

Find the estimated mean and estimated standard deviation, correct to 3 s.f.

Lai giai chi tiét

Midpoints: 5,15,25,35,45. n = 45. Y fiz; = 30 + 180 + 350 + 315 4+ 180 = 1055 = = =
1055 30725
5 ~ 23.4. " f;z2 = 150 + 2700 + 8750 + 11025 + 8100 = 30725. 02 = 5 23.4442 ~

g =

682.78 — 549.64 = 133.14 = o ~ 11.5.

Bai tap luyén tap

Bivariate data: (3,8), (5,12),(7,15),(9,20), (11,22). Find the equation of the regression line
of y on z, the correlation coefficient r (correct to 3 s.f.), and use the regression line to estimate
y when z = 8.

Loi giai chi tiét
n=>5>x=35>y=77,>2y=0611,> 22 =285 4> = 1317, 2 =7,y = 15.4.
, _ 5(611) —35(77) _ 3055 2695 _ 360 _
5(285) — 352 1425 — 1225 200
Regression line: y = 2.8 + 1.8z.
5(611) — 35(77) 360 360 360
\/[5(285> 352 [5(1317) — 772] V200 x 656  I31200  362.2

1.8, a=154—-18(7)=15.4—12.6 = 2.8.

~ 0.994.

T =

Atz =8 y=28+18(8) =28+ 144 =172
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Bai tap luyén tap

A box contains 9 red balls and 6 blue balls. Two balls are drawn at random without replace-
ment. Find the number of ways to choose 2 balls from the 15, and hence find P(both red |
at least one red) as an exact fraction.

Loi giai chi tiét

—
(@)

Total ways: (2) = 105. Both red: (g) = 36. Both blue: (g) = 15, so at least one red has

105 — 15 = 90 ways, i.e. P(at least one red) = % = g Then
P(both red) _36/105 36 2

P(both red | at least d) = = ~90 5
(both red | at least one red) P(atleastonered) 90/105 90 5

Bai tap luyén tap
X has P(X = —2) = 0.25, P(X = 1) = 0.45, P(X = 3) = 0.3. Find E(2X —5) and Var(2X —5).

(A) E = —3.3, Var = 13.71 (C) E=1.7, Var = 13.71
(B) £ = —3.3, Var = 6.855 (D) £ = —3.3, Var = 3.4275

Loi giai chi tiét

E(X) = —2(0.25) + 1(0.45) 4+ 3(0.3) = —0.5+ 0.45+ 0.9 = 0.85. E(X2) = 4(0.25) + 1(0.45) +
9(0.3) = 1+ 0.45 4+ 2.7 = 4.15. Var(X) = 4.15 — 0.85% = 4.15 — 0.7225 = 3.4275. Then
E(2X —5) = 2(0.85) — 5 = —3.3 and Var(2X — 5) = 22(3.4275) = 13.71. (A).

Bai tap luyén tap

(AHL) X ~ Geo(0.45). Find P(X = 3), correct to 3 s.f.

(A) 0.136 (C) 0.0911
(B) 0.203 (D) 0.302

Loi giai chi tiét

P(X = 3) = (0.55)2(0.45) = 0.3025 x 0.45 = 0.136125 ~ 0.136. (A).

Bai tap luyén tap
X ~ B(16,0.35). Find P(X = 6), correct to 3 s.f.

(A) 0.198 (C) 0.221
(B) 0.176 (D) 0.152
Loi giai chi tiet

v
>
I

&
I

(16) (0.35)%(0.65)'% = 8008(0.0018383)(0.0134634) ~ 0.198. (A).
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Bai tap luyén tap

The heights of a species of tree are normally distributed. It is known that 15% of trees are
shorter than 4.2 m, and 10% of trees are taller than 9.8 m. Find the mean ;. and standard
deviation ¢ of the distribution, correct to 3 s.f.

Loi gidi chi tiét
Using inverse normal values z ~ —1.036 (so P(Z < —1.036) = 0.15) and z ~ 1.282 (so P(Z >
1.282) =0.10):

42— 8—
P 1036 = p—42+10360, “SH

(o g

=1.282 = pu=9.8—-1.2820.

. 5.6
Setting these equal: 4.2 + 1.0360 = 9.8 — 1.2820 = 2.3180 = 5.6 = 0 = 2318 ~ 2.416. Then
=42+ 1.036(2.416) ~ 4.2 + 2.503 = 6.703. Rounded to 3 s.f.. o ~ 2.42 m, ;1 ~ 6.70 m.

~ ~
v g

Bai tap luyén tap

(AHL) An email spam filter receives emails of which 30% are spam. The filter correctly flags
spam as “spam” 95% of the time, and incorrectly flags a legitimate email as “spam” 4% of the
time. Given that an email is flagged as spam, find the probability that it actually is spam, correct
to 3 s.f.

Loi giai chi tiét
Let S be “is spam” and F be “flagged as spam.” P(S) = 0.3, P(F | S) = 0.95, P(F' | S”) = 0.04.
P(F) = P(F | S)P(S)+ P(F | S")P(5") = 0.95(0.3) + 0.04(0.7) = 0.285 + 0.028 = 0.313.

0.285

L

Bai tap luyén tap

(AHL) A charity raffle sells tickets for $8 each; 1000 tickets are sold. There is one grand prize
of $500 and 5 second prizes of $50 each. Find the expected net gain E(X) for a person who
buys one ticket, and state whether the raffle is favourable to the player.

(A) —$7.25; unfavourable (C) —$0.70; unfavourable

(B) +$7.25; favourable (D) +$0.70; favourable

Lai giai chi tiét

Net gains: grand prize 500 — 8 = 492 (probability ﬁ); second prize 50 — 8 = 42 (probability
994

To55); no prize —8 (probability 5.

5 994

1
E(X)=492 —— 42 [ —— —8) | ——= | = 0.492 + 0.210 — 7.952 = —7.25.
&) (1000) * (1000) (=8 (1000) *

Since E(X) < 0, the raffle is unfavourable to the player. (A).
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Bai tap luyén tap

(AHL) A continuous random variable has f(z) = k(4 —z) for 0 < z < 4 (and 0 elsewhere). Find
k exactly, then find P(X > 3) and E(X) as exact fractions.

Lai giai chi tiét

[

-

4 x> ! 1
k(4—x)dx:k[4x—7} :k‘(16—8):8k:1:>k:§.
0

4
1 T 1 1/1 1
P(X = —(4— =~ |4 —=—| ==(8— ==(2) ==,
(X >3) /3 (4—z)dx 8|:$ 2]3 8(8 7.5) 8(2) T
4 3 4
E(X)Z/x —(4—x)dx:1[2m2—x—] :1<32_6_4>:1 32 _4
0 8 3], 8 3) 8 3 3

4.26 Extra practice: Mixed mastery (Set 7)

Bai tap luyén tap

A company of 500 employees has 200 in Dept. A, 150 in Dept. B, and 150 in Dept. C. Find the
number sampled from each department in a stratified sample of size 40.

Loi giai chi tiet

. . 4
Sampling fraction = % = 0.08. Dept. A: 200(0.08) = 16. Dept. B: 150(0.08) = 12. Dept. C:
150(0.08) = 12. (Check: 16 + 12+ 12 = 40 v'.)

Bai tap luyén tap

A sample of 10 values has Z(:z:i — 7)? = 180. Find the unbiased estimate of the population
variance.

(A) 20 (C) 16
(B) 18 (D) 22

Loi giai chi tiét
180 180

1:10_1:?:20.(A)-

2
Sh—

Bai tap luyén tap

(AHL) X ~ Po(2.5). Find P(X = 3), correct to 3 s.f.

Loi giai chi tiét

-

“UI

—25(2.5)3 .082 15.62 1.282
=gy = ECI _ 000500 | 12826 1
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Bai tap luyén tap
(AHL) X ~ Po(6). State F(X) and Var(X).

Loi giai chi tiét
For a Poisson distribution, E(X) = Var(X) = A = 6.

Bai tap luyén tap

(AHL) X ~ Po(3) and Y ~ Po(5) are independent. Find P(X +Y = 2), correct to 3 s.f.

Loi giai chi tiet

-

Since X, Y are independent Poisson variables, X + Y ~ Po(3 + 5) = Po(8).

e ®(8)%  0.00033546(64) . 0.021469

~ 0.0107.
o1 5 0.0107

P(X+Y =2)=

Bai tap luyén tap

X ~ B(10,0.4). Find P(X = 4), correct to 3 s.f.

Loi giai chi tiet

-

ph
>

—4) = (14()) (0.4)4(0.6)6 = 210(0.0256)(0.046656) ~ 0.251.

Bai tap luyén tap

(AHL) X ~ Geo(0.25). Find P(X < 3), correct to 3 s.f.

Lai giai chi tiét

-

P(X<k)=1—(1—p)*= P(X <3)=1—(0.75)3 = 1 — 0.421875 = 0.578125 ~ 0.578.

Bai tap luyén tap

In a class, 60% of students are girls. Among girls, 30% play chess; among boys, 20% play chess.
A student is chosen at random and plays chess. Find the probability that the student is a girl,
as an exact fraction.

Loi giai chi tiét
P(chess) = 0.6(0.3) + 0.4(0.2) = 0.18 + 0.08 = 0.26.

P(girland chess)  0.18 18 9

P(girl | chess) = _ e B _ B
(girl | chess) P(chess) 026 26 13
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IB DIPLOMA PROGRAMME . Unit 5

Calculus

Muc tiéu Unit: Gi&i han va dao ham tir dinh nghia, cac quy tic dao ham, &rng dung dao ham (tiép tuyén,
cuc tri, t6i wu hod), déng hoc, tich phan va (rng dung, va (AHL) dao ham an, téc dé lién quan, khai trién
Maclaurin, va phuong trinh vi phan.

5.1 Limits and differentiation from first principles

f(z+h) = f(z)
h

y = f(x) at that point (provided the limit exists).

The derivative of fat z is f'(z) = }Ilinz) — the gradient of the tangent line to
—

GIAI THICH TIENG VIET
Dao ham tai mot diém 13 gidi han cia d6 déc day cung khi hai diém trén do thi tién lai gan
nhau (khoang cach h — 0), cho ra do déc cua ti€p tuyén tai diém dé. Day 13 dinh nghia géc —
cac quy tic dao ham (Iiy thira, tich, thuong, day chuyén) déu dugc suy ra tir dinh nghia nay.

Vi du mau - Worked example

Differentiate g(z) = 2% — 5 from first principles.

g(x+h)—g(x) = [(x+h)*>=5(x+ h)| — [z* — 5z] = 2zh + h® — 5h = h(2z + h —5).

o (x) = lim h(2x + h —5)

= lim (22 + h —5) = 22 — 5.
h—0 h—0

Vi du m3u - Worked example

2 _
Evaluate lim m 9.
=3 r— 3
-3 3 ..
Factor: w = x + 3 for z # 3. So the limit equals 3 + 3 = 6 (the removable

r—3
discontinuity at x = 3 does not affect the limit).
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5.2 Differentiation rules

.. d d d 1 . d
Standard derivatives: — " = nx"1; —e® = ¢*; — Inx = —; — sinz = cosx;, — COSx =
dx dx dx z dx dx
. d . 1
—sing; —tanz = sec*x = —
dx Cos“
) w\’ v —u . dy
Product rule: (uv)” = w'v +wv’.  Quotient rule: (—) = ————. Chain rule: T =
v v X
dy  du
du dx’

Vi du mau - Worked example

Differentiate f(z) = #* cosz, y = (bx — 2)?, and y = 37",
Product rule: f'(x) = 42 cosx — z* sin x.

Chain rule: y' = 3(5z — 2)% - 5 = 15(5z — 2)%.

Chain rule: y/ = 3% . 62 = 6ze3””.

Vi du mau - Worked example

. . In .
Find the gradient of y = otz = 1, and the equation of the tangent there.
xr

1
Quotient rule: 3y’ = &

z—Inz-1  1—Inz , 1-0
= =0 .Atlezy(l):Tzl,andy(l):O.
Tangent: y—0=1(z—1)=>y=z—1.

GIAI THICH TIENG VIET

Quy tac day chuyén (chain rule) 13 cdng cu quan trong nhat khi dao ham ham hop: "dao ham
ham ngoai (gir nguyén ham trong) NHAN dao ham ham trong”. Vé&i cac ham phrc tap két hop
tich/thuwong va ham hop, hdy xac dinh ciu trdc téng quat trude (day 13 tich cha hai ham hay
thuong cda hai ham?) réi méi ap dung quy tic twong (rng, dung chain rule cho tirng phan khi
can.

() L6i thudng gap: di [f(z)g(z)] # f'(x)g’(x) — always use the product rule, never just mul-
i

tiply the two derivatives. Similarly, di[f(g(x))] # f’(g(x)) alone — the chain rule requires
T
multiplying by ¢’ (z) as well.
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5.3 Derivatives of further functions (AHL)

. . . d d
AHL only. Reciprocal trig derivatives: e secrx = secxtanu; d—cswc = —cscxcotx;
i X
d
— cotx = —csc? x.
dx
. . d d 1
Exponential/log derivatives (general base): —a® = a*Ina; —log x = .
dx doe ¢ zlna
Inverse trig derivatives d arcsin B arccos L . d arctan
§ = r = ;oo r = — oo T =
8 dx V1—g2 dx V1—gx2 dz
1
1+ 22

GIAI THICH TIENG VIET

AHL) Cac dao ham cua sec, csc, cot déu ¢ thé suy ra tir dao ham cua sin, cos, tan bang quy
tac thuong — khong can hoc thuéc may moc, chi can nhd secz = —— v.v. ri ap dung quy tac
thuong. Pao ham cta ham nguoc luwong gidc (arcsin, arccos, arctan) déu KHONG chira ham
lwong gidc nao ca — chi la cac biéu thire dai sé don gian theo z, rat hiru ich khi tich phan nguoc
lai (xem thém phan tich phan ctia chuong nay).

Vi du mau - Worked example

(AHL) Differentiate y = sec(3z) and y = cot(z?).

. oy d
Chain rule with 7 SeCu= secutanu - u’: y' = sec(3z)tan(3x) - 3 = 3sec(3x) tan(3x).
T

. L, d
Chain rule with - cotu = —csc?u-u': y = —csc?(x?) - 2z = —2w csc?(x?).
X

Vi du miu - Worked example

(AHL) Differentiate y = arcsin(2z) and y = arctan(z?).

Chain rule with d arcsin 71/ ! 72
— U= ty = .
dz N A A g

u’ 2x

d
Chain rule with — arctanu = Yy = .
dx YT Y T A

Vi du miu - Worked example

(AHL) Find the gradient of y = arctanz at x = 1, and the equation of the tangent there.
, 1 1

1 T
=— _soatxz=1:9(1)= —— = —. Alsoy(1) = arctan1 = —.
1+ 22 r=ly)=177"3 y(1) 1

1
Tangent: y — % = 5(ac —1).

(1) L6i thuong gdp: (AHL) The derivatives of arcsinz and arccosz differ only by a sign

1 1 d T x 1
(iﬁ) — easy to mix up. Also, for %a = a%Ina, remember the extra factor Ina is
required whenever the base is not e; forgetting it is the single most common error when dif-
ferentiating general exponentials.
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5.4 Applications of differentiation
f is increasing where f’(x) > 0 and decreasing where f’(z) < 0. Stationary points occur where

f'(x)=0.

Second derivative test: at a stationary point, f”(x) > 0 = local minimum; f”(xz) < 0 = local
maximum; f”(z) = 0 is inconclusive (check the sign of f” either side instead).

local max Y
0
! It It It x\l
—4 -3 -2 -1
—10 |
—920 ¢+

local min

f(z) = 23 — 322 — 9z + 5: local max at (—1, 10), local min at (3, —22).

Vi du miu - Worked example

Find and classify the stationary points of f(z) = 23 — 32% — 92 + 5.

fl(x) =322 —62—9=3x—3)(z+1)=0=z=30rz=—1. f’(z) =6z —6. Atz = 3:
f7(3) =12 >0=local min, f(3) =27 —27—-27T+5=-22. Atz =—1: f"(-1)=—-12< 0=
local max, f(—1) =—-1—-3+945=10.

Vi du miu - Worked example

I r

Find the tangent and normal linestoy = 23 — 2z + 1 atx = 2.
y(2) =8—4+1=5.y =322 —-2=y/(2) =12—2=10. Tangent: y — 5 = 10(x — 2) = y =

. 1
10z — 15. Normal (gradient —E): y—5= —1—0(35 —2)=y=—-0.1x+5.2.

I '

Vi du miu - Worked example

An open box is formed from a 24 cm by 15 cm sheet of card by cutting squares of side x from
each corner and folding up the sides. Find x that maximizes the volume, and the maximum
volume.

V(x) = 2(24 — 22)(15 — 22) = 360z — 7822 + 423, for 0 < x < 7.5.
V’(x) = 360 — 1562 + 1222 = 12(2? — 13z + 30) = 12(z — 3)(z — 10).

Inthe domain 0 < = < 7.5, only x = 3 is valid (reject = = 10). Testing signs either side confirms
V'>0forz<3andV’' <0for3 <z < 7.5, 50z =3isamaximum.

V(3) = 3(24 — 6)(15 — 6) = 3(18)(9) = 486 cm®.

. GIAI THICH TIENG VIET
Trong bai toan t6i wu hoa (optimization), luén thuc hién da 4 budc: (1) 1ap ham can téi wu
theo MOT bién; (2) xac dinh mién xac dinh hop ly (vidu 0 < = < 7.5 & trén); (3) dao ham, giai
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f/(x) = 0, loai cac nghiém ngoai mién; (4) xac nhan do la cuc dai/cuc ti€u (bang dao ham cap
2 hodc xét dau f’) trude khi két luan.

Vi du mau - Worked example

A closed cylindrical can (with a lid) must hold a fixed volume of 500 cm3. Find the radius r and
height h that minimize the total surface area of metal used, and verify this is indeed a minimum.

500 .

Volume: V = 7r?h = 500 = h = — Total surface area (two circular ends plus the curved
mr

side):

500 1000
S(r) = 2mr?® + 2nrh = 2w + 270 - — = 27r® + , r > 0.
o r
, 1000
S'(r) = 4nr — Ea
) 250 250
Setting S’ (r) = 0: 47r® = 1000 = 73 = — = r = ¢/ — ~ 4.30 cm.
T T
2000
S”(r) =4m + e

Every term of S”(r) is positive for » > 0, so S”(r) > 0 throughout the domain — confirming
r ~ 4.30 cm gives a minimum.

500 . 1000
= W ~ 8.60 cm (so h = 2r at the optimum), Sin = 2m(4.30)2+——— ~ 349 cm?.

4.30
Vi du miu - Worked example

A farmer has 240 m of fencing to enclose a rectangular field, using an existing wall as one side
(so fencing is needed only for the other three sides). Find the dimensions that maximize the
enclosed area, and state the maximum area.

h

Let = (m) be the length of each of the two sides perpendicular to the wall, and y (m) the length
of the side parallel to the wall (opposite it). The fencing covers the two perpendicular sides
and the far side:

20 +y = 240 = y = 240 — 2z, 0 <z < 120.

Area: A(z) = xy = x(240 — 27) = 240z — 222
A'(z) = 240 — 4.
Setting A’(z) = 0: 240 — 4z = 0 = x = 60.
A”(x) = —4 < 0 forall x = z = 60 gives a maximum.
At z = 60: y = 240 — 2(60) = 120, s0

Apay = 60 x 120 = 7200 m2.

5.5 Curve sketching

Sketching y = f(x) systematically combines every tool met so far in this chapter — domain, in-
tercepts, symmetry, asymptotes, and the derivative tests for turning points and concavity — into a
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single procedure.

Systematic procedure for sketching y = f(z):

1. Domain: exclude any value that makes a denominator zero, or that lies outside the domain
of a root or logarithm.

2. Intercepts: the y-interceptis f(0) (if x = 0 is in the domain); the xz-intercepts solve f(z) = 0.

3. Symmetry: test f(—xz). If f(—z) = f(z), f is even (symmetric in the y-axis); if f(—x) =
—f(x), f is odd (symmetric about the origin).

4. Asymptotes: a vertical asymptote occurs where the denominator vanishes while the nu-
merator does not — examine the one-sided limits there. Horizontal or oblique asymptotes
come from the end behaviour as v+ — +co.

5. Stationary points: solve f’(z) = 0 and classify each with the second derivative test (or a
sign chart for f’).

6. Concavity and inflection: solve f”(x) = 0 and check whether f” genuinely changes sign
there.

7. Assemble the sketch: plot the intercepts and stationary points, draw the asymptotes as
dashed guide lines, then join the branches consistently with the increasing/decreasing and
concave up/concave down information found above.

- GIAI THICH TIENG VIET
Vé phac db thi (curve sketching) 1a budc téng hop toan bd ki€n thirc dao ham ctia chuong nay:
mién xac dinh, giao di€ém va&i hai truc, tinh chan/I&, tiém can, diém dirng va tinh 16i/16m. Luén
thuc hién da 7 buéc theo ding thi tu — bod s6t mét bude (ddc biét 1a tiém can hodc tinh doi
xtrng) rat dé dan dén hinh vé sai dang.

Vi du mau - Worked example

2 _
Sketch f(z) = Ll showing all key features.
T

2 —1 1

=z — —.
T

1. Domain: = # 0 (the denominator vanishes at x = 0).

2. Intercepts: x-intercepts solve 22 — 1 = 0 = = = +1. There is no y-intercept, since x = 0 is

excluded from the domain.

—z)2 -1 2_1 21
3. Symmetry: f(—z) = ( xix = x_x =7 = —f(x). So fis odd: the graph is
symmetric about the origin.

4. Asymptotes:

Rewrite by dividing termwise: f(z) =

e Vertical: at z = 0 the numerator equals —1 #+ 0, so z = 0 is a genuine vertical asymptote.

1 1
Asx — 07, —— — —o0,50 f(x) = —oc;asz — 07, —— — +00, S0 f(x) — +o0.
X xr
. 1 . .
e Oblique: as x — +o00, — — 0, so f(x) — x. Hence y = x is an oblique asymptote.
xr

. . 1, . d 1
5. Stationary points: f’(x) = 1+ — (since d—(—xfl) = 27 ?). Because — > 0 for every z # 0,
€T T Xz
we have f’(z) > 1 > 0 throughout the domain — f is strictly increasing on (—cc,0) and on
(0, 00), with no stationary points.
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. 2
6. Concavity: f”(z) = ——. Forz > 0: f”(z) < 0 (concave down). For z < 0: 2 < 0, so
i

2
f(@)=——=>0 (concave up). Concavity switches sign across = = 0, but since x = 0 is not in
the domain, this is not a point of inflection — it is simply where the vertical asymptote sits.

7. Sketch: two increasing branches, crossing the z-axis at x = —1 and = = 1, hugging the
vertical asymptote = = 0, and approaching the oblique asymptote y = z as |z| — oo (below).

-1 . . .
: odd function, vertical asymptote = = 0 and oblique asymptote y = x (both dashed),
X

x-intercepts at x = 41, increasing on each branch with no stationary points.

(1) Léi thuong gdp: An oblique (slant) asymptote can only exist when the degree of the numer-
ator is exactly one more than the degree of the denominator (after cancelling any common
factors). Do not confuse it with a horizontal asymptote — a rational function has either a hor-
izontal or an oblique asymptote, never both.

5.6 Points of inflection and concavity

f is concave up on an interval where f”(x) > 0 (the graph curves upward, like a cup); concave
down where f”(z) < 0 (the graph curves downward, like a cap). A point of inflection is a point
where the concavity changes — that is, where f”(z) = 0 and f” changes sign either side of
that point. Solving f”(z) = 0 alone is not sufficient: the sign change must always be verified,
since f” = 0 can also occur where the concavity does not actually change.

GIAI THICH TIENG VIET

L0|/Iom (concavity) moé ta erdng cong cua do thi: f” > 0 nghia la d6 thi "I6m lén” (nhu day
chén), f” < 0nghiala’ 16i xuéng” (nhu mai vom). Diém udn (pomt of inflection) I3 noi do cong
POI CHIEU. Luu y quan trong: f”(x) = 0 chi la diéu kién CAN, khong phai diéu kién BU —
luén phai kiém tra ddu f” & hai bén diém dé dé xac nhan co thuc su déi dau hay khong, tuong
tu cach phan loai diém dirng bang dau f’.

Vi du mau - Worked example

Find the point of inflection of f(z) = x® — 62 + 9z + 2, and state the intervals of concavity.
f/(z) =32 —122 +9. f"(z) = 62 — 12.

Solve f"(z) =0: 62 — 12 =0 = x = 2.

Check the sign of f” either side: for z < 2 (e.g. x = 0), f”(0) = —12 < 0 (concave down); for
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x> 2(e.g x=23), f”(3) =6 > 0(concave up). The sign genuinely changes, so x = 2 is a point
of inflection.

f(2) =23 —6(2)2+9(2) + 2 = 8 — 24 + 18 + 2 = 4. So the point of inflection is (2, 4), with f
concave down on (—oo, 2) and concave up on (2, co).

inflection (2,4)

1 2 3 4 5

f(x) = 23 — 622 + 9z + 2: concave down on (—oo, 2), concave up on (2, o), point of inflection at (2, 4).

Vi du miu - Worked example

Find all points of inflection of f(z) = 2% — 622

f(z) =42% — 12z, f"(x) = 1222 — 12 = 12(xz — 1)(z + 1).

Solve f"(z) =0: z =1orxz = —1.

Check signs at three test points: for z < —1 (e.g. x = —2), f"(—2) = 12(=3)(—1) =36 > 0
(concave up); for —1 < z < 1 (e.g. z = 0), f”(0) = 12(—1)(1) = —12 < 0 (concave down); for
z>1(eg z=2),f"(2) =12(1)(3) = 36 > 0 (concave up). The sign changes at both x = —1
and z = 1, so both are genuine points of inflection.

f(=1) =1—6 = =5and f(1) = 1 — 6 = —5 (the graph is even, so these values match, as
expected from the symmetry). Points of inflection: (—1,—5) and (1, —5).

(1) L6i thueng gédp: A zero value of f” does not by itself guarantee a point of inflection. For
f(z) =24, f’(z) = 1202 = 0 at x = 0, but f”(z) > 0 for every x — there is no sign change, so
(0,0) is not a point of inflection even though f”(0) = 0.

5.7 Kinematics

ds dv

For motion in a straight line, if s(¢) is displacement: v(t) = o a(t) = o

The particle is momentarily at rest when v(t) = 0. Displacement over [a,b] is s(b) — s(a);

total distance travelled must account for any reversals in direction (sum the absolute value of
displacement over each interval where v keeps one sign).
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0.5 1 1.5 2 2.5 3 3.5 4
s(t) = t3 — 6t2 + 9¢: the particle reverses directionatt = 1 (s = 4)and t = 3 (s = 0).

Vi du m3u - Worked example

A particle moves with s(t) = > — 6t2 + 9¢ (m), t > 0. Find v(¢), the times the particle is at rest,
and the total distance travelled in the first 4 seconds.
v(t) = 3t> — 12t + 9 = 3(t — 1)(t — 3); at rest when ¢ = 1 or t = 3. Evaluate s at the key times:
s(0)=0,s(1) =4,s(3)=0,s(4) =64 —96 + 36 = 4.

Distance = [s(1) — s(0)| + |s(3) — s(1)| + |s(4) —s(3)| =4+ 4+ 4 =12 m.

(Note the displacement over [0, 4] is only s(4) — s(0) = 4 m — much less than the total distance,
because the particle reverses direction twice.)

(1) L6i thuong gip: Displacement and total distance travelled are not the same whenever
the velocity changes sign within the interval. Always check for sign changes in v(t) before
assuming distance = [s(b) — s(a)|.

Vi du miu - Worked example

A particle moves in a straight line with velocity v(t) = t* — 4t + 3 (m/s) for 0 < ¢t < 4. Find
(a) the displacement over this interval, and (b) the total distance travelled, and explain why the
two differ.

Factor: v(t) = t? —4t+3 = (t—1)(t—3) = 0att = 1 and t = 3. Testing a value in each
sub-interval: v > 0on (0,1), v < 0on (1,3),v > 0on (3,4) — the particle reverses direction
twice.

(a) Displacement is the plain definite integral of v over [0, 4]:
t 64 64 4
/ (12 — 4t + 3) dt = [—2t2—|—3t] = (——32+12> —0=——-20=-m~ 1.33m.
b 3 . \3 3 3

(b) Total distance requires splitting the integral at ¢ = 1 and ¢ = 3 and taking the absolute value
of each piece:

1

1 3 3 3
t 1 4 t 4 4
/vdt: — =224+ 3t| =-—2+3=, /vdt: — =22 +3t] =0—2 =—-, /
: 3 o 3 3 | 3 3 3 A
4

The displacement (% m) is much smaller than the total distance (4 m), because the negative
middle piece cancels part of the positive pieces when the signed integrals are added directly —
exactly the danger flagged in the pitfall above.
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5.8 Integration and areas

n+1 1
/m”dx: i +C (n # —1); /e“d:ﬁ:e”—kC; /dm:|n|az|—|—C; /Sinazdm:
n+1 @

—cosx + C, /cos:z:dx:sin:r~|—0.

b
Fundamental theorem of calculus: / f(z)dx = F(b) — F(a), where F” = f. The definite

integral fab f(z) dx gives the signed area between the curve and the z-axis.

Vi du mau - Worked example

2
Evaluate /(3302 — 4z + 2)dz and / (22 4+ 1) du.
0

/(33;2—4x+2)dm—x3—2w2+2x+C.

The region enclosed between y = 6 — 22 (navy) and y = x2 — 2 (pink), shaded, between their intersection points = = 4-2.

Vi du mau - Worked example

Find the area enclosed between y = 6 — 22 and y = 22 — 2.
Intersections: 6 — 22 = 22 —2 = 8 = 222 = x = 4+2. On (—2,2), y = 6 — 22 is the upper curve
(e.g.atz =0: 6 > —2).

2

A:/_z[(6—x2)—(x2—2)]da;:[2(8—2x2)da;: [835—3 =

- GIAI THICH TIENG VIET
Dién tich gitra hai dudng cong ludn tinh bing "ham TREN trtr ham DUGI” trén doan giao nhau
— phai xac dinh dung dudng ndo nam trén trude khi lap tich phan (thuong kiém tra bang cach
thay mét gia tri z cu thé trong doan). Néu ham dudi truc hoanh, tich phan sé cho két qua am;
khi d6 13y tri tuyét déi dé cé dién tich thuc.
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Vi du miu - Worked example

(AHL) Find the volume generated when y = \/z, 0 < x < 4, is rotated 360° about the x-axis.

4 4 994
V= 7T/ (\/5)2dm = 7r/ rdr =1 [2] = 7(8) = 87 ~ 25.1 (cubic units).
0 0 0

5.9 Volumes of revolution (AHL)

AHL only. Rotation about the z-axis: the solid formed by rotating y = f(z), a < x <b, through
360° about the z-axis has volume

V:ﬁ/abdex:w/ab [f ()] da.

Rotation about the y-axis: the solid formed by rotating x = ¢(y), ¢ < y < d, through 360°
about the y-axis has volume

V= ﬂ/cd:rrzdy - w/cd lg()] dy.

Volume between two curves rotated about the z-axis (with f(z) > g(z) > 0 on [a, b]):
b 2 2
V= 7T/ ([f(:v)] — [g(2)] )dl‘.

GIAI THICH TIENG VIET

AHL) Cong thirc thé tich khai tron xoay quanh truc z 1a V = & [ y? dz — luén binh phuong y
TRUGC khi tich phan (khéng phai tich phan y roi méi binh phuong). Khi quay quanh truc v,
phai viét lai ham theo dang = = ¢(y) trudc, réi tich phan 7 [ 22 dy theo bién y. Khi tinh thé tich
gitra hai dudng cong quay quanh truc z, 13y binh phuong ctia ham NGOAI trir binh phuong
ctia ham TRONG (khdéng phai 1y hiéu réi mai binh phuong) — day 1a 16i rat phé bién.

Vi du m3u - Worked example

(AHL) The curve z = 42, 0 < y < 3, is rotated 360° about the y-axis. Find the volume of the
solid formed, in terms of .

3 3 3 513
243 243
V:TF/ m2dy:7r/ (y2)2dy:7r/ y4dy:7r[y] :7r<7>:77r.
0 0 0 ) 0 5 5

Vi du mau - Worked example

(AHL) The region enclosed between y = 22 and y = 2z (for > 0) is rotated 360° about the
z-axis. Find the volume of the solid formed, in terms of 7.

Intersections: 22 = 2z = x(x —2) = 0=z = 0,2. On (0,2), y = 2z lies above y = 22 (e.g. at
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= 1:2> 1), s0 f(x) = 2x is the outer curve and g(z) = x? the inner curve.

160 — 96\ 647
V‘”( 15 >_T5'

(1) L6i thueng gip: (AHL) For rotation about the y-axis, the boundary curve must first be re-
arranged into the form = = g(y) — substituting the original y = f(z) directly into 7 [ 22 dy is
a common and serious error. For the volume between two curves, squaring the difference of
the functions (instead of taking the difference of the squares) is another frequent mistake.

Vi du miu - Worked example

(AHL) Evaluate /23:(:]52 + 1)° dx using substitution.

Let w = 22 + 1, so du = 2z dx:

6 2 16
/2$($2+1)5dm:/u5du:%+0:($2)+C.

5.10 Integration by parts (AHL)

AHL only. Integration by parts: for a product of two functions,

/udv:uv—/vdu.

. d d du . .
This follows from the product rule d—(uv) = ud—v vl integrated on both sides. Choose u
T

44
to be the factor that simplifies when differentiated (e.g. a polynomial), and dv to be the factor
that is easy to integrate (e.g. %, sin z, cos z).

. GIAI THICH TIENG VIET

\
(AHL) Tich phan tirng phan (integration by parts) duing khi can tich phan TICH ctia hai ham ma
phép thé bién (substitution) khéng ap dung duoc truc tiép. Céng thirc duoc suy ra tir quy tac
dao ham tich: 138y dao ham hai vé clia (uv) réi tich phan lai hai v€. Meo chon u: wu tién da
thirc (dao ham sé gidm bac, "don gidn hoa” dan), con dv 1a phan dé tich phan nhat (thudng 13
e*, sinx, cos z).

Vi du mau - Worked example

(AHL) Evaluate /:pe’” dzx.

Let u = z (so du = dx) and dv = e* dx (so v = e%):

/:Ue’:dx::vew—/ewdx:$e$—ew+0.
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Check: % [ze® — e” + O] = (e 4+ ze®) — e” = ze” V.

Vi du mau - Worked example

(AHL) Evaluate /:psinxdm.

Let u = z (so du = dz) and dv = sinz dz (so v = — cos z):

/a:sinxdx:—xcos:c—/(—cosw)da::—xcosw+/coswd:n:—:vcosx+sinx+C.

d . . .
Check: d—[—xcosaﬁJrsmerC] = (—cosz +zsinz)+cosa =zsinz v.
T

Vi du mau - Worked example

1
(AHL) Evaluate / xre® dx exactly.
0

From the antiderivative found above, /aze”” dr = ze®* —e* + C, so

/1$€xd$: [.’L‘ex—ex];:(1~61—61>—(O‘€0—60):<€—6)—(0—1):0—<—1>:1.
0

The two e! terms at the upper limit cancel exactly (e — e = 0), leaving the clean result

1
/ zetdxr = 1.
0

(1) L6i thuong gap: Integration by parts can require applying the formula more than once (e.g.

for | z2e® dx), or applying it and then solving an algebraic equation for the original integral

(for products like e* sin z). Always simplify /v du as far as possible before deciding whether
a second application is needed.

5.11 Integration using partial fractions (AHL)

A rational function whose denominator factors can be integrated by first splitting it into partial frac-
tions (Unit 1, Number and Algebra), then integrating each simple term.

1 1 1 1
AHLonIy./ dr =In|z+a|+C. /de:— +C. /de:
== @ (x+a) w4 @ i =F
1
—arctan(g> +C.
a a

. GIAI THICH TIENG VIET

\ ~ o
(AHL) D€ tich phan mét phan thirc hiru ti c6 mau sé phan tich dugc thanh nhan td, ludn phan
tich thanh phan thirc don gian (partial fractions, Unit 1) TRU'OC, r6i méi tich phan tirng s6
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hang — méi s6 hang dang

k k
h I ¢ —<ch ——— (khé
$+ac orakn\x+a!,condang<x+a)2cora x+a( ong

phai logarit, vi s6 mi & mau khac —1). V&i mau s6 1a téng hai binh phuong (khéng phan tich
duoc), két qua lién quan dén arctan.

Vi du m3u - Worked example

(AHL) Evaluate / L dx.
(x 4+ 1)(x + 3)
5r + 7 1 4

From Unit 1, = o

.S
(x4 1)(x +3) £B+1+£L‘+3

or + 7 1 4
————dr = der =1 1| + 41 3|+ C.
/(:U—I—l)(x+3) . /<x+1+x+3> z=lInfe+1[+4inje + 3] +

Vi du m3u - Worked example

2
1
(AHL) Evaluate / 327 1 5 +
(x —1)(z + 2)?
) 3x2 4+ 52 +1 1 2 1
F 1 - _
rom Unit Y, T2~ =1 T z42 @r22°

/ 322+ 5z +1

1
dr =In|lz —1|+2In 2| 4+ —— +C.
D@27 x |z — 1| +2In|z + |+x+2+

(The last term integrates using / _(95—1—12)2 dr = . i 5 +C\)
Vi du m3u - Worked example
> S5t +7
(AHL) Evaluate / ——— —dx, correct to 3 s.f.
b (x4 1)(z+3)

Using the antiderivative found above,
R T 5

—dm:[ln z+1|+4lIn x—|—3] =(In6+4In8) — (In3 4+ 4Inb5).

/2@“)(“3) o+ 1]+ 4Infa + 3] = ( )= ( )

= (1.79176 4 4(2.07944)) — (1.09861 +4(1.60944)) = (1.79176 +8.31777) — (1.09861 + 6.43775)
= 10.10953 — 7.53636 ~ 2.57.

- B . . S
(") Loi thuwong gap: (AHL) A term —— from a partial-fraction decomposition integrates to

(z+a)

(not Bln|x + a]) — the natural logarithm only arises from a term with exponent ex-

x
actly —1 in the denominator. Always check the exponent on each partial-fraction term before
choosing the antiderivative rule.
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5.12 Implicit differentiation and related rates (AHL)

AHL only. Implicit differentiation: differentiate both sides of an equation relating 2 and y with

. . d
respect to x, applying the chain rule to every y-term (each produces a factor of —y); then collect
dy

X

Related rates: if two quantities are linked by an equation, differentiate that equation with
respect to time ¢ (using the chain rule) to relate their rates of change.

and solve for

Vi du mau - Worked example

N
I
.

. d .
(AHL) Find ﬁ for 22 + y? = 25 at the point (3,4).

. T dy dy dy 3
Differentiate implicitly: 2z + 2yd— 0= i At (3,4): pPimiE

N
I
.

Vi du mau - Worked example

(AHL) Given 22y + y3 = 10, ﬁnd at the point (1, 2).

. . d d d -2
Differentiate term by term (product rule on x%y): 2zy + 2% 3y2—y —0= % _ i

dx dz dr 22+ 3y2’
dy  —201)(2) 4
At(1,2): W - =) 2
L2 =T33 ~ 13

N
I
.

Vi du mau - Worked example

(AHL) A 10 m ladder leans against a vertical wall; the base slides away from the wall at 0.5 m/s.
Find the rate at which the top slides down the wall when the base is 6 m from the wall.

Let 2 = distance of base from wall, y = height of top on wall: 22 4+ y? = 100. Differentiate w.r.t.

dx dy dy x dx
) el 2y— = —=——— Atz = =+/100 — 36 = 8.
dt+ 7t 0:>dt y i tx =6y 00—36=28
dy 6
— =—-(0.5) = —-0.375m/s
dt 8( ) /

(the negative sign shows y is decreasing — the top slides down at 0.375 m/s).

Vi du m3u - Worked example

(AHL) A spherical balloon is inflated so that its volume increases at a constant rate of 100 cm?/s.
Find the rate of increase of the radius when r = 5 cm.

4 v dr
d dr dr 1
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GIAI THICH TIENG VIET
(AHL) Dao ham an dung khi y khéng duoc viét tudng minh theo 2 — méi lan dao ham mét biéu
’ ’ A ~ ~ d < ~ A ~ iy by ~ >
thirc chira iy, PHAI nhan thém d—y (theo quy tac day chuyén), vi y dugc xem la ham an cua x.
Hh

Bai todn toc do lién quan (related rates) luén cé 4 budce: (1) 1ap phuong trinh lién hé cac dai
lwong; (2) dao ham hai vé theo thai gian t; (3) thay cac gia tri da biét TAI thoi diém can xét; (4)
giai tim téc d6 can tim.

5.13 Maclaurin series (AHL)

AHL only. The Maclaurin series of f is

f@) = 50 + £ O+ L2 O s SO,

2! 3! = n
. 2 o8 ) 23 P 22
Standard series: ¢* = 1+x+§+§+---, snnx:x—§+a—---, In(1+ z) :x—?—I—
33‘3 1
—— = ooo <1).
=~ (el < 1)

8,,

— y=e*

.2 23
cy=lta+ o

4 s

2 1
—/ I ' x
) -1 1 2

The cubic Maclaurin polynomial approximates e® closely near z = 0, and diverges further away.

Vi du mau - Worked example

(AHL) Find the Maclaurin series for f(z) = cos z up to the term in z%.
f(0)=1, f/(0) = —sin0 =0, f”(0) = —cos0 = —1, f”(0) =sin0 =0, f¥(0) = cos0 = 1.

—1 1 x2 xt

?2+0- 24 —at=1—"

cosr~1+0- .
S T A1 5 T

Vi du miu - Worked example

(AHL) Find the Maclaurin series for f(x) = In(1 + 2z) up to the term in z3.

’LL2 U3
Substitute u = 2z into In(1 + u) = u — 1 + 3
2r)2  (22)3 83
|n(1+2x):2x—<‘;) +(§) —---:2$—2x2+%—---
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Vi du miu - Worked example

(AHL) Use the Maclaurin series for e* to evaluate lim
x—0 €T

er —1—=x

2
2 3

er—1—=x 1 1
ex—l—x:?—{—g—}—---,soi—7+7+---—>§an—>0.

x2 2 6

. GIAI THICH TIENG VIET

(AHL) Khai trién Maclaurin xap xi mét ham s6 bang da thirc xoay quanh z = 0, dung dao ham
cac cap tai 0. Ba khai trién e%, sinz, In(1 + z) nén dugc hoc thudc vi xuit hién thudng xuyén
trong dé AHL — dic biét hiru ich dé tinh gi¢i han dang % ma khéng can quy tic LU'Hépital.

5.14 L'Hopital's rule (AHL)

AHL only. If IiLn f(z) = lim g(z) = 0 (an indeterminate form 3), or both f(z) and g(z) tend to
T—a r—a
400 (an indeterminate form ), then

provided the limit on the right exists. The rule may be applied repeatedly if the new limit is
still indeterminate, and it applies equally as z — +occ.

GIAI THICH TIENG VIET
(AHL) Quy tic L’Hopltal cho phép tinh gi¢i han dang vo dinh 0 hoac 2 bang cach lay dao ham

TU va dao ham MAU mot cach DOC LAP (khong phai dao ham cliaca phan thirc bang quy tic
thuong) réi tinh lai gigi han méi. Néu két qua van & dang vé dinh, co6 thé ap dung lai quy tic
thém [an nira. DAy la cong cu thay thé cho khai trién Maclaurin & phan truéce khi tinh gidgi han
% — hai phuong phap phai luén cho ciing moét dap sé.

Vi du miu - Worked example

(AHL) Evaluate Iirrg) sine using L'Hopital’s rule.
xr— X

As £ — 0: numerator sinz — 0 and denominator z — 0 — the indeterminate form %. Let

f(z) =sinz, g(x) =zt f'(z) =cosz, ¢'(x) = 1.

. sinx . cosx cos0
lim —— = lim = —— =1.
x—0 X x—0 1 1

Vi du mau - Worked example

. —-1- . T . .
(AHL) Evaluate Imz) # using L'Hopital’s rule, applied twice.
xr— Xz

As z — 0: numeratore* — 1 — 2 — 1 —1 — 0 = 0 and denominator z2 — 0 — the form %. First
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e . . d d, 5
application: differentiate top and bottom: —(e* —1 —z) = e* — 1, d—(x ) = 2x.
T xT
. ef—1—x . et —1
im —— = lim
0 x? -0 2z

Asz — 0: ¢* —1 — 0and 2z — 0 — still %, so apply L'Hopital again. Second application:

d d
r—1) =¢€", 2x) = 2.

d:v(e )=e daz( 2)
fim &L i ]
-0 2o  z=02 2 92

. o ef—=1—z 1 . . . .
This confirms Img) Qs T3 matching exactly the Maclaurin-series result found earlier
T— Xz

in this chapter for the same limit.

Vi du miu - Worked example

I
(AHL) Evaluate lim n using L'Hopital’s rule.
r—o00 X

As ©z — oco: numerator Inz — oo and denominator x — oo — the indeterminate form —. Let
o0

f(e) =M, gla) = a2 f'(x) = 1,/ (1) = 1.

. In .1 .1
|Im—x:|lm£:|lm—:0.

r—00 I T—00 T—00 I

(1) L6i thuong gap: LHopital’s rule only applies to indeterminate forms % or 2 — always check
this condition first by substituting the limit value directly. Applying the rule to a form that is

already determinate (e.g. % or %) gives a wrong answer, since ordinary limit laws already apply
there.

5.15 Differential equations (AHL)

. . d . .
AHL only. A separable differential equation d—y = f(z)g(y) can be solved by separating vari-
xr

ables: / @ dy = /f(;c) dz, then solving for y (using any given initial condition to find the
constant of integration).

Vi du mau - Worked example

d .
(AHL) Solve ﬁ = xy? given y(0) = 1.

1 2
Separate:/dey:/xdxj—:362+C. Atz=0,y=1:-1=0+C=C=-1.50
Yy
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ENGLISH

80 1

60 |

40 |

20 1

9 4 6 8§ 10 12 14 16 18 20

Newton’s law of cooling: T'(t) = 20 + 70e~°-1119t decays toward the room temperature asymptote T = 20 (dashed).

Vi du mau - Worked example

dr . .
(AHL) Newton'’s law of cooling: i —k(T — 20), where T is temperature (°C) and 20°C is
room temperature. Given 7'(0) = 90 and T'(5) = 60, find k£ and T'(10).

aT
Separate: /T—ZO = /—kdt = In|T —20| = —kt+C = T —20 = Ae ™. Att = 0:
4

90 —-20=A=A=70,50T(t) =20+ 70e . Att=5:60—-20 =70 = e =_ = k=

7
1 In<4> ~ 0.1119
5 \7) :

T(10) = 20 + 70e0-111900) — 20 4 70e~ 1119 & 20 + 22.85 & 42.9°C.

GIAI THICH TIENG VIET
m?,'L\HL) Phuong trinh vi phan tach bién (separable) la dang phé bién nhat trong dé AHL: dua tat
ca biéu thirc chira y (k€ ca dy) sang mot vé, biéu thirc chira x (ké ca dx) sang vé con lai, roi tich
phan hai v& doc lap. Dinh luat [Am ngudi Newton 1a (rng dung kinh dién: nhiét d6 luén tién
dan vé nhiét do moi truong theo ham mi suy gidm — khoéng bao gio "vot qua” nhiét dé moi
trudng.

(1) L6i thuong gap: When finding the constant of integration in a separable DE, substitute the
initial condition immediately after integrating both sides — do not simplify the general solution
first, or the constant can become tangled inside a logarithm or fraction and harder to isolate
correctly.

5.15.1 Euler’s Method (AHL)

Not every differential equation can be solved exactly by separating variables. Euler's method instead
builds up a numerical approximation to the solution curve, one small step at a time, using only the
gradient function f(z,y) itself.
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AHL only. For d—y = f(z,y) with initial condition y(z,) = y, and a chosen step size h, Euler’s
X
method generates successive approximations by

Lpt1 :$n+h7 Yn+1 :yn+hf($n7yn>

Each step follows the tangent line to the solution curve at (z,,y,) — whose gradient is
f(z,,,y,) — forward by a horizontal distance h, treating that tangent line as a short-range ap-
proximation to the true curve.

GIAI THICH TIENG VIET

(AHL) Phuong phap Euler xap xi nghiém clia phuong trinh vi phan % = f(z,y) khi khéng
X

(hodc chua can) gidi chinh xac bang tach bién. Y tudng: tai méi diém (z,,y,) da biét, dung
TIEP TUYEN tai diém d6 (d6 déc f(z,,,y,,)) dé "budc” mot khoang h theo truc hoanh, wdc
lwong gid tri y ti€ép theo la y,, ., = v,, + h f(z,,, y,). Lap lai nhiéu [an cho ra mét day diém xap
xi bAm theo d6 thi nghiém that.

Vi du miu - Worked example

. . . d .
(AHL) Use Euler’'s method with step size h = 0.1 to approximate y(0.3) for d—y =z + y, given
X

y(0) = 1.
Here f(z,y) = z+vy, 20 =0,y =1, h = 0.1. Applyz,,,; = z,+01landy,, , =y, +
0.1 f(z,,,vy,) three times:

noox, Y, f@Y) =2, Y,
0 0 1 1

1 01 1.1 1.2

2 0.2 1.22 1.42

3 03 1.362 -

Each row’s y,, comes from the previous row: y; =1+ 0.1(1) = 1.1, y, = 1.1 +0.1(1.2) = 1.22,
Yz = 1.22 +0.1(1.42) = 1.362. So %(0.3) ~ 1.362.

(1) Loi thueng gap: (AHL) Euler's method only ever produces an approximation to the true
solution (unless that solution happens to be linear) — it is never exact. A smaller step size h
tracks the true curve more closely (more accurate) but requires more steps and hence more
arithmetic; a larger h is quicker but accumulates more error at each step.

Vi du m3u - Worked example
dy

(AHL) Use Euler’'s method with step size h = 0.5 to approximate y(1) for Y giveny(0) =1,
X

and compare with the exact solution.

Here f(z,y) =y, 20 =0,y, =1, h = 0.5. Step 1: f(zy,y)) =ygp=1=y, =1+0.5(1) =15
atx, =0.5. Step 2: f(z,,y,) =y, = 1.5 =y, = 1.5+ 0.5(1.5) = 2.25 at x, = 1. So the Euler
approximation gives y(1) ~ 2.25.

.. 1 .
This equation is also separable: /dy = /d:z: = Inly| =2+ C,and y(0) = 1 gives C = 0,
Yy
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so the exact solution is y = €7, giving y(1) = e ~ 2.71828. Check: the Euler estimate 2.25 is
noticeably below the exact value e ~ 2.71828 (an error of about 0.468, roughly 17%) — with only
two large steps, the straight tangent-line steps cut across the upward curve of ¢?, illustrating
exactly the accuracy limitation described in the pitfall above.

5.16 Practice: Paper 1 style (no calculator)

Bai tap luyén tap

Differentiate g(x) = x? — 5 from first principles.

Loi giai chi tiet

-

g(x+h) —g(x) = h(2x + h—5),50 ¢'(z) = lim,_,(2x + h —5) = 2z — 5.

Bai tap luyén tap

2 _
Evaluate lim x 9
rx—3 T — 3
(A) 6 (C) 0
(B) 3 (D) 9

Loi giai chi tiét

(x —3)(x +3)

5 =x+3—=6asxz — 3. (A).

8
|

Bai tap luyén tap

Differentiate f(z) = 2* cos z.

Loi giai chi tiét

f/(z) = 423 cosx — z* sinx (product rule).

Bai tap luyén tap

Differentiate y = (5x — 2)3.

(A) 15(5x — 2)? (C) 5(5x — 2)?
(B) 3(5x —2)? (D) 15(5x — 2)3

Loi giai chi tiét

-

y' = 3(5z — 2)%(5) = 15(5z — 2)2. (A).

Bai tap luyén tap

Differentiate y = e37°.
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Loi giai chi tiét

-

2
y = 6xe3” .

Bai tap luyén tap

Find the equation of the tangenttoy = 2% — 22 + 1 at z = 2.

Loi giai chi tiet

-

y(2) = 5,9’ (2) = 10. Tangent: y = 10z — 15.

Bai tap luyén tap

Find and classify the stationary points of f(z) = 23 — 322 — 92 + 5.

Loi giai chi tiet

-

x = 3: local min, f(3) = —22. x = —1: local max, f(—1) = 10.

Bai tap luyén tap

Evaluate /(3902 — 4z + 2) dz.

Lai giai chi tiét

-

23— 222 + 2z + C.

Bai tap luyén tap

2
Evaluate / (22 + 1) dz exactly.
0

e €6
8 10

Lai giai chi tiét

-

loI

[2 1] =5 42=1 (A

Bai tap luyén tap

A particle has s(t) = t> — 6t? + 9¢. Find v(¢) and the times when the particle is at rest.

Loi giai chi tiét

-

v(t) =3(t—1)(t—3); atrestwhent =1or¢ = 3.
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ENGLISH

Bai tap luyén tap

&I

(AHL) Solve % = zy? given y(0) = 1.

Loi giai chi tiet

-

HI

_:c2 1oy — 2
y 2 Y=o

Bai tap luyén tap

(AHL) Find Z—i implicitly for 22 + y? = 25 at (3,4).
3 4
(A) 1 (C) —3
3 4
(B) 1 (D) 3

Loi giai chi tiet

dy T 3
= =——=——_(A).
dx Y 4()

Bai tap luyén tap

(AHL) Find the Maclaurin series of f(x) = cos z up to the term in z*.

Loi giai chi tiét

-

z2 gt

cosr~1— — =,
o 5 T4

Bai tap luyén tap

(AHL) Use the Maclaurin series for e” to evaluate lim " i —*
zT— T
;3 (© 0
2
(B) 1 (D) oo

Loi giai chi tiet

-

'_lI

CE_]-_
#%—asw—m.(A).
X

I i

Bai tap luyén tap

(AHL) Evaluate [ 2z(z% +1)° dx.

—
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ENGLISH

Loi giai chi tiét

(xQ + 1)6

u==z2+1: +C.

(@)

Bai tap luyén tap

x2—9

x

State the domain and the equations of all asymptotes of f(x) =

Lai giai chi tiét

-

o . 9 . .
Dividing termwise, f(z) = x — —. Domain: z # 0 (the numeratorat z = 0is —9 # 0,s0z = 0
X
is a genuine vertical asymptote). Vertical asymptote: = = 0. Oblique asymptote: as z — +o0,

9 — 0,50 f(x) — z, giving y = x.
X

Bai tap luyén tap

2 _
What type of symmetry does f(x) = =1 have?
(A) Odd (C) Neither
(B) Even (D) Cannot be determined

Loi giai chi tiét

—f(x), so f is odd. (A).

~

T

&
I
I
I

Bai tap luyén tap

Find the point of inflection of f(x) = 2® — 622 + 9z + 2.

Lai giai chi tiét

f’(x) = 62 —12 = 0 = x = 2. Sign changes (f” < 0 forx < 2, f” > 0 for z > 2), and
f(2) =8 —24+ 18 4+ 2 = 4, so the point of inflection is (2,4).

Bai tap luyén tap

How many points of inflection does the graph of f(x) = z* — 62% have?

(A) 2 (C) o
(B) 1 (D) 4

Loi giai chi tiet

f/(x) = 1222 — 12 = 12(z — 1)(x + 1) = 0 at z = +1; the sign of f” changes at both values
(positive, then negative, then positive), so both are genuine points of inflection. (A).
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ENGLISH

Bai tap luyén tap

(AHL) Evaluate [ ze® dzx.

I\

Loi giai chi tiet

-

By parts with u = z, dv = e* dx: ze® — e* + C.

Bai tap luyén tap

1

(AHL) Evaluate / xe® dx.

0
(A) 1 (C) e—1
(B) e (D) 0

Loi giai chi tiét

-

[xew—ew]o —(e—e)—(0—1) =1 (A).

Bai tap luyén tap

(AHL) Evaluate | zsinzdz.

—

Loi giai chi tiét

By parts with v = z, dv = sinz dz: —x cosz + sinz + C.

Bai tap luyén tap

(AHL) Evaluate Iim0 % using L'Hopital’s rule.
T—

(A) 1 (C) Undefined
(B) 0 (D) oo

Lai giai chi tiét

-

f'(xz) =cosz, ¢'(x) = 1, so the limit is @ = 1. (A).

5.17 Practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

[ Find the tangent and normal lines to y = 23 — 4z + 2 atz = —1.
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ENGLISH

Loi giai chi tiét

y(—1) =5,y'(—1) = —1. Tangent: y = —x + 4. Normal (gradient 1): y = = + 6.

Bai tap luyén tap

A 24 cm by 15 cm sheet forms an open box by cutting squares of side x from the corners. Find
x that maximizes the volume, and the maximum volume.

Loi giai chi tiet

x = 3 cm (rejecting = = 10, outside the domain). Maximum volume = 486 cm?.

Bai tap luyén tap

Find and classify the stationary points of f(z) = 223 — 922 + 12z — 3.

Loi giai chi tiét
f/=6(zx—1)(x —2). z = 1: local max, f(1) = 2. = 2: local min, f(2) = 1.

Bai tap luyén tap

An open-top cylindrical can must hold 500 cm?®. Find the radius that minimizes the surface
area used, and the minimum surface area, correct to 3 s.f.

Lai giai chi tiét

-

—_
S
S
o

S(r) = mr? + ——; minimizing gives r ~ 5.42 cm, S ~ 277 cm?,

Bai tap luyén tap

I ﬁ

A particle moves with s(t) = t3 — 6t2 + 9t (m). Find the total distance travelled in the first 4
seconds.

(A) 12m (C) 8m
(B) 4 m (D) 16 m

Loi giai chi tiét

-

Distance = |4 — 0| + |0 — 4| + |4 — 0| = 12 m. (A).

Bai tap luyén tap

3
Evaluate/ (2z — 1) dz.
1

Loi giai chi tiet

. 3 3
Expand and integrate: [4% — 222 4+ a:] L= 21 —
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ENGLISH

Bai tap luyén tap

Find the area enclosed between y = 6 — 22 and y = 22 — 2.

(A) % (C) 16
32 128

Loi giai chi tiét

. 64
Intersections x = +2; area = f_22(8 —222)dx = o B 21.3. (A).

Bai tap luyén tap

-

Find the volume generated when y = /z, 0 < x < 4, is rotated 360° about the z-axis.

Lai giai chi tiét

-

Vzwj;)‘*xda::&m%.l.

Bai tap luyén tap

-

(AHL) A 10 m ladder’s base slides away from a wall at 0.5 m/s. Find the rate the top slides down
when the base is 6 m out.

Loi giai chi tiét

-

dy/dt = —0.375 m/s (top descends at 0.375 m/s).

Bai tap luyén tap

(AHL) A spherical balloon’s volume increases at 100 cm?3/s. Find % when r = 5 cm, correct to
3 s.f.

(A) 0.318 cm/s (C) 1.27 cm/s
(B) 0.159 cm/s (D) 3.18 cm/s

Loi gidi chi tiét
dr

1
— = —~~0.318 . (A).
i cm/s. (A)

Bai tap luyén tap

(AHL) Find Z—y implicitly for 2%y +4® = 10 at (1, 2).
A
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ENGLISH

Loi giai chi tiét
dy  —2xy 4

de — 22+32 13

Bai tap luyén tap

(AHL) Find the Maclaurin series of f(x) = In(1 + 2z) up to the term in 23,

Loi giai chi tiét
3
In(1+4 2z) ~ 2z — 222 + 8%

Bai tap luyén tap

-

QU
HI

(AHL) Solve i —k(T —20) given T'(0) = 90, T'(5) = 60. Find k£ and T'(10), correct to 3 s.f.

Loi giai chi tiét

-

k ~ 0.112; T(10) ~ 42.9°C.

Bai tap luyén tap

1

(AHL) Evaluate | ze*’ dz, correct to 3 s.f.

S~

Loi giai chi tiet

[e“](l) = —(e—1) ~ 0.859.

S
I
8
AR

Il\.')l—\

N | =

Bai tap luyén tap

(AHL) A tank’s depth satisfies % = 3 — 0.2h, h(0) = 2. Find the time to reach h = 10, correct
to 3s.f.

Loi giai chi tiét

-

t

Il
o
5
7N\
DO
o

—> ath = 10: £ = 5In(2.6) ~ 4.78.

@
|
o
B
=

Bai tap luyén tap

Find the point of inflection of f(z) = 23 — 922 4 24z — 10.

Loi giai chi tiét
f/(z) = 32% — 18x + 24, s0 f”(z) = 6z — 18 = 0 = z = 3. Checking signs: f”(2) = —6 < 0,
f”(4) = 6 > 0, so the concavity genuinely changes. f(3) = 27 — 81 + 72 — 10 = 8. Point of
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inflection: (3, 8).

Bai tap luyén tap

2 _
The curve f(z) = 207 —8 has an oblique asymptote. What is its equation?
(A) vy =22 (C) y=22—-8
(B) y== (D) y =8z

Loi giai chi tiet

-

Dividing termwise, f(x) = 2z — § As x — 400, 8 — 0, so f(z) — 2x: the oblique asymptote
T T
is y = 2z. (A).

Bai tap luyén tap

/2

(AHL) Evaluate z sin x dx exactly.

S~

Loi giai chi tiet

From the antiderivative —z cosz + sinz: at z = 7,

—gcosg-l-sinz =0+1=1;atx =0,
—0-cos0+sin0 = 0. So the integral equals 1 — 0 = 1.

2

Bai tap luyén tap

xr __ 1 _
(AHL) Use L'Hopital’s rule, applied twice, to evaluate Iirrg) ex—Qx.
T—
(A) 1 (€ o
2
(B) 1 (D) e
Loi giai chi tiét
T __ T 0

1 .
= —. This agrees

(& e
First application: —
pp 2 5

— 8 again at z = 0. Second application: % —
with the Maclaurin-series value found earlier in this chapter. (A).

Bai tap luyén tap

A particle’s velocity is v(t) = t2 — 5t + 6 (m/s) for 0 < t < 5. Find the total distance travelled,
correct to 3 s.f.

j Lo giai chi tiét
v(t) = (t—2)(t —3),atrestat ¢t = 2 and ¢t = 3. Antiderivative: s(t) = g — g + 6t (taking
5(0) = 0). 5(2) = % ~ 4.667, 5(3) = g — 45, 5(5) = %5 ~ 9.167.

Distance = |s(2) — s(0)] + |s(3) — s(2)| + |s(5) — s(3)| = 4.667 4 0.167 4 4.667 = 9.5 m.
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Bai tap luyén tap
2z

The curve y = € hasa stationary point for > 0. Find its coordinates, correct to 3 s.f.
x

Lai giai chi tiét
2e%% . —e2®.1 22z —1)

Quotient rule: ¢y = 5 = 5 . Since €2* > 0 and 22 > 0, setting yy’ = 0
KA xr
1

requires 2z — 1 =0 = z = 0.5. y(0.5) = — = 2e ~ 5.44. Stationary point: (0.5, 5.44).

e
0.5
Bai tap luyén tap

2
(AHL) Evaluate / zInz dzx, correct to 3 s.f.
1

Loi giai chi tiét
1

By parts with u = Inx, dv = x dz (so du = + dx, v = %2)3

T

L

2

x2 z x2 x
/xlnxdm—Elnz—/id:c_gln:c—z—ka

2
Evaluating: at x = 2,2In2 -1 ~ 0.386; atz = 1, 0 — 0.25 = —0.25. So/ zlnzdr ~
1
0.386 — (—0.25) = 0.636.

On tap nhanh: (1) kiém tra |r| < 1 truéc khi dung S__ cua cap s6 nhan; (2) bién d6i do thi bén
trong ngoac (theo z) ludn "nguoc truc giac” so véi bén ngoai; (3) chon ding cong cu tam giac
theo dir kién — sin (AAS/SSA), cosin (SAS/SSS); (4) P(A | B) #+ P(B | A) néi chung — dung
dinh ly Bayes dé d3o nguoc; (5) dung chain rule cho moi ham hop, luén thém hang sé +C' khi
tich phan bat dinh, va luén kiém tra dau khi tinh dién tich hoac téng quing duong.

5.18 Additional practice: Paper 1 style (no calculator)

Bai tap luyén tap

Differentiate f(x) = 2 + 3z from first principles.

Lai giai chi tiét

-

flx+h)— f(z) =h(2x+h+3),s0 f'(z) =lim,_,(2x + h+ 3) = 2z + 3.

Bai tap luyén tap

2 _
Evaluate lim x 4
=2 ¢ — 2
(A) 4 (C) o
(B) 2 (D) —4
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ENGLISH

Loi giai chi tiét

w=x+2—>4a5x—>2.(A).

8
|
S

Bai tap luyén tap

Differentiate y = 22 sin z.

Loi giai chi tiet

-

Product rule: 3/ = 2z sinz + 22 cos z.

Bai tap luyén tap

Differentiate y = (4z + 1)5.

(A) 20(4z + 1)*
(B) 5(4z + 1)

Loi giai chi tiet

-

y' = 5(dz +1)4(4) = 20(4z + 1)L, (A).

Bai tap luyén tap

Loi giai chi tiet
f'(z) =

2

|
©o
8
+
=3
8

|

local min, f(1) =14+3—-9+2=-3.

Bai tap luyén tap

Evaluate /(4333 — 6z +5) dx.

Loi giai chi tiét

z* — 322 + 5z + C.

Bai tap luyén tap

1
Evaluate / (322 + 2z) dx exactly.
0

(A) 2 (C) 3
(B) 1 (D) 5
Thay Twoing 0332747169 -
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(©) 4(4z + 1)
(D) 20(4x + 1)°

Find and classify the stationary points of f(z) = 23 + 322 — 92 + 2.

9=3z+3)(z—1)=0=2=-3orz=1. f"(z) =6x+6. Atz = —3:
f7(—=3) =—12 < 0= local max, f(—3) = —27+27+27+2=29. Atz =1: f"(1)=12> 0=
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ENGLISH

Loi giai chi tiét

0% + 22, =1+1=2. (A).

Bai tap luyén tap

Find the point of inflection of f(z) = 2% — 322 + 2.

Loi giai chi tiét

f"(x) =6x—6 =0= z = 1. Signs: f”(0) = —6 < 0, f”(2) = 6 > 0, so the concavity
genuinely changes. f(1) =1 — 3 + 2 = 0. Point of inflection: (1,0).

Bai tap luyén tap

2
. . 4
State the domain and the equations of all asymptotes of f(x) = i .
X

Loi giai chi tiét

- . 4 . . .
Dividing termwise, f(z) = 2 + —. Domain: = # 0 (the numeratoratz =0is4 £ 0,sox =0 is
X
a genuine vertical asymptote). Vertical asymptote: © = 0. Oblique asymptote: as + — +oo,

4 .
i 0,s0 f(x) — x, giving y = x.

Bai tap luyén tap

(AHL) Find the Maclaurin series of f(x) = sin(3z) up to the term in 3.

9 , 23
(A) 3x—2x (C)x_E

(B) 3z — ga:‘?’ (D) 3z — %aﬁ

IM

Loi giai chi tiet

: L 3 : 3z)3 2773 9
Substltuteu:3:c|ntosmu:u—%+---: sm(3:n):3:n—< 2) o= 30— =3 Sgd,

6 2
(A).

Bai tap luyén tap

(AHL) Given 23 + 33 = 35, find Z—y at the point (2, 3).
xT

Loi giai chi tiet

-

. e d
Differentiate implicitly: 322 + 3,22 = 0= ¥ = - At (2,3): == = ——.
dx dx 32
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ENGLISH

5.19 Additional practice: Paper 2/3 style (calculator allowed)

Bai tap luyén tap

A farmer has 240 m of fencing to enclose a rectangular field against an existing wall (no fencing
needed on that side). Find the dimensions that maximize the area, and state the maximum area.

Lai giai chi tiét

With y = 240 — 2x: A(z) = 240z — 222, A’(z) = 240 —42 = 0 = 2 = 60, A”(x) = -4 < 0
(maximum). y = 120, so A, = 60 x 120 = 7200 m?.

Bai tap luyén tap

A closed cylindrical can (with a lid) must hold 250 cm?. Find the radius that minimizes the total
surface area, correct to 3 s.f.

(A) 3.41 cm (C) 4.30 cm
(B) 5.42 cm (D) 6.83 cm

Loi giai chi tiét

O“I
S

12
S(r) = 2nr? + —0, so S'(r) = 4nr — ﬂ;) =0=47mr® =500 = 3 = 125 = r ~ 3.41 cm. (A).
r r

™
(Note: 5.42 cm is the radius for an open-top can of volume 500 cm?, and 4.30 cm is the radius
for a closed can of volume 500 cm? — both are distractors testing whether the correct volume
and can-type were used.)

Bai tap luyén tap

A particle moves with velocity v(t) = t2 — 2t — 3 (m/s) for 0 < t < 4. Find the displacement
and the total distance travelled, each correct to 3 s.f.

Loi giai chi tiet

v(t) = (t — 3)(t + 1), so within [0,4], v(t) = O only at ¢ = 3 (with v < 0 on [0,3) and v > 0
3
on (3,4]). Antiderivative: s(t) = % — t2 — 3t (taking s(0) = 0). 5(3) = 9—9—9 = —9,

64 20 . 20
s(4) = 3 16 — 12 = = & —6.667. Displacement = s(4) — s(0) = = & —6.67 m.

. 20 7
Distance — |(3) — s(0)] + s(4) — s(3)| = 9 + ‘—3 4 9’ =9+ ~113m

Bai tap luyén tap

. . d .
(AHL) Use Euler’s method with h = 0.25 to approximate y(0.5) for d—z = 2z —y, given y(0) = 1.
(A) 0.688 (C) 0.625
(B) 0.750 (D) 0.500

Thay Twdng 0332747169 - Cd Nancy 0983422 692 1B Diploma Mathematics: Analysis and Approaches - Trang 201



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Loi giai chi tiét

f(z,y) = 2x —y. Step 1: f(0,1) = —1 = y; = 1+ 0.25(—1) = 0.75 at z; = 0.25. Step 2:
£(0.25,0.75) = 0.5 — 0.75 = —0.25 = y, = 0.75 + 0.25(—0.25) = 0.6875 at z, = 0.5. So
y(0.5) ~ 0.688. (A).

Bai tap luyén tap

(AHL) A 13 m ladder leans against a vertical wall; the base slides away from the wall at 2 m/s.
Find the rate at which the top slides down when the base is 5 m from the wall.

Lai giai chi tiét

-

. . d d
22 +y% = 169. Atz = 5: y = /169 — 25 = 12. Differentiating: d—i’ = —fd—";f - —%(2) -
y

| ot

~ —0.833 m/s (the top descends at 0.833 m/s).

Bai tap luyén tap

1

(AHL) Evaluate [ z2e” dz exactly.

S—

Loi giai chi tiét

By parts twice: /xzew dz = :U2e””—/2xe"r dr = 2?e”—2(ze” —e”)+C = e*(2? —22+2)+C.

1
Evaluating: atz =1,e(1—2+42) =e;atz =0,1(0—0+2) = 2. So/ r?e®dr = e—2 ~ 0.718.
0

Bai tap luyén tap

. . dP . .
(AHL) A population satisfies e 0.05P, with P(0) = 200. Find P(10), correct to 3 s.f.

Loi giai chi tiét

&I
~

Separate: /? = /0.05 dt = InP = 0.05t + C = P = A%t Att = 0: A = 200, so
P(t) = 200¢%95¢, P(10) = 200¢%® ~ 200(1.6487) ~ 330.

Bai tap luyén tap

Find the area enclosed between y = z? and y = 3z.

(A) 4.5 (C) 135
(B) 9 (D) 2.25
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Loi giai chi tiét

Intersections: 22 = 3z = z(z —3) = 0= 2 = 0,3. On (0, 3), y = 3z lies above y = 22 (e.g. at

z=1:3>1).
3 9 313
2
A:/(Bx—xQ)daz:[?)i—x—] :(-7—9>—oz4.5.
0 2 3, \2

(A).

Bai tap luyén tap

(AHL) Use L'Hopital’s rule, applied twice, to evaluate Iin}J Fﬂ.
T— €T
(A) 1 (€)1
2
(B) 0 (D) o0

Loi giai chi tiet

As z — 0: numerator 1 — cosz — 0, denominator z> — 0 — the form %. First application:

d . d ... S . L .

%(1 —cosx) = sinx, a(aﬁ) = 2z, giving glc'_% % — still 3. Second application: ﬁ(sm 7)) =
d .. . _Ccosx cosO 1

cos z, %(295) = 2, giving glﬁlm) = = (A).

5.20 Extra practice: Mixed mastery

Bai tap luyén tap

Differentiate f(x) = 222 —3x + 1 from first principles, and hence find the gradient of the curve
atz = —1.

[l
f(x+h)—f(z) = [2(x+h)2—3(z+h)+1] — 222 =3z + 1] = 4dxh+2h? —3h = h(4z+2h—3).
() = limy,_o(4z + 2h — 3) = 4z — 3. Atw = —1: f'(—1) = 4(—1) —3 = —7.

~ ~

Bai tap luyén tap

2_ .
Evaluate lim x—M
r——2 T + 2
(A) —5 (C) —1
(B) 5 (D) 1

Loi giai chi tiét
Factor: 22 — 2 — 6 = (z — 3)(x + 2), so
x—3 — —5. (A).

(x —3)(x +2)

PO =xz—3forx # —2. Asx — —2
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Bai tap luyén tap

Differentiate each function below, and evaluate the gradient at the given point.
@y=2%c"atx=1.

(b)y = ———atxz =0.
z

Loi giai chi tiét

(a) Product rule (with the chain rule applied to e ?): ¢/ = 2ze™* + 2%(—e %) = e (22 — 22).
Atz =1:9y'(1)=e1(2—1)=e! ~0.368.

. , 22?2 +3)—(2z+1)(2 —22% -2 +6 ,
(b) Quotient rule: 3" = & (lQJ(r?T)Q )(2z) = ?;a:2+?ic)2 . Atz = 0: ¥ (0) =
23)—1(0) 6 2
9 9 3

~ ~

Bai tap luyén tap

An open-top box with a square base is to have volume 32 cm?. Find the base side length and
height that minimize the total surface area of card used, and state the minimum area.

Loi giai chi tiét
. . 32
Let = be the base side and h the height: V = 22h =32 = h = ot Surface area (base plus four
32, 128

sides, no lid): S(z) = 2* 4+ 4ah = 2 + 4z - — = 2> + —, forz > 0.
T €T

, 128
Setting S'(z) = 0: 223 = 128 = 23 = 64 = x = 4.

, 256

o - ” - 32
which is positive for every z > 0,50 S”(4) = 2+ 4 = 6 > 0 confirms a minimum. h = T 2
12
cm, and S(4) = 16 + TS =16 + 32 = 48 cm?.
Bai tap luyén tap
How many vertical asymptotes does f(z) = — 1 have?
::C J—

(A) 2,atz = +2 (C) o
(B) 1,atx = 2 only (D) 4
Loi giai chi tiét
The denominator 22 — 4 = (z — 2)(z + 2) vanishes at x = 2 and = = —2, while the numerator

equals 1 # 0 at both values — so both are genuine vertical asymptotes. (A).
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Bai tap luyén tap

Find all points of inflection of f(z) = z* — 423.

Lai giai chi tiét
f/(z) = 423 — 1222, so f"(z) = 1202 — 24z = 12z(z — 2) = 0 = z = 0 or x = 2. Checking
signs: f”(—1) = 12(—1)(—3) = 36 > 0 (concave up), f”(1) = 12(1)(—1) = —12 < 0 (concave

down), f”(3) = 12(3)(1) = 36 > 0 (concave up). The sign genuinely changes at both values.
f(0) =0and f(2) = 16 — 32 = —16. Points of inflection: (0,0) and (2, —16).

Bai tap luyén tap

A particle moves in a straight line with velocity v(t) = 3t — 18t + 24 (m/s) for 0 < ¢ < 5. Find
the displacement and the total distance travelled, each correct to 3 s.f.

Lai giai chi tiét

Factor: v(t) = 3(t —2)(t —4),atrestatt = 2and ¢t = 4 (withv > 00on [0,2), v < 0 on (2,4),
v > 0 on (4, 5]). Antiderivative: s(t) = t3 — 9t + 24t (taking s(0) = 0). s(2) = 8 — 36 + 48 = 20,
s(4) = 64 — 1444 96 = 16, s(5) = 125 — 225 + 120 = 20. Displacement = s(5) — s(0) = 20 m.
Distance = [s(2) — s(0)| + [s(4) — s(2)| + |s(5) —s(4)| =20+ 4 +4 =28 m.

Bai tap luyén tap

Find the area enclosed between the curve y = 4 — 22 and the z-axis.

w > @ s
16 64
(B) = (D) 3

Loi giai chi tiet

The curve meets the z-axis where 4 — 22 = 0 = z = +2,and y > 0 on (-2, 2).

2 372
8 8 16 16 32
A= | 4—2?)de=|da -2 =<8——>—<—8 —>=— ===
[2( x?) dx [a: 3]_2 3 +3 3-1'3 3

(A).

Bai tap luyén tap

(AHL) Find the volume generated when y = 22, 0 < = < 2, is rotated 360° about the z-axis,
correct to 3 s.f.

Loi giai chi tiét

V=7T/O (x2)2dx=7r/0

-

N

5 2
2 2 . .
r } = e = 3T7r ~ 20.1 (cubic units).
0
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-

-

-

Bai tap luyén tap

2
(AHL) Evaluate / 322/ 23 + 1 dx exactly, using substitution.
0

Lai giai chi tiét

Letu =22+ 1,50du = 3z*dz. Whenz =0,u = 1; whenz =2,u = 9.

2 ? 2 9 9 2 52
(o} 1 1

Bai tap luyén tap

(AHL) Evaluate / In z dx exactly, using integration by parts.
1

Loi giai chi tiét

1
Letuzlnx,dvzd:v(soduz;dw,vzm)z

1
/Inxdx:xlnx—/:c-—dx:xlnx—/lda::xlnx—:c+0.
T

Evaluating: atz = ¢, elne—e=e—e=0;atz=1,1In1—-1=0—-1= —1. So/ Inzdx =
1
0—(—1)=1.

Bai tap luyén tap

(AHL) (a) Given y? — zy = 4, find Z—y at the point (0, 2).

X
(b) Water is poured into an inverted right circular cone (vertex down) of height 12 cm and top
radius 6 cm, at a rate of 8 cm?/s. Find the rate at which the water level is rising when the depth
is 4 cm, correct to 3 s.f.

Loi giai chi tiét

(a) Differentiate implicitly: Qy;i—i — (y + x%) =0= %(Qy —x) =y = Z—Z = 2yy_ — At
d 2 1

(0’2):£:4T0:§.r 6 1 h 1 1 (h\° h3

(b) By sim2ilar triangles, F=13=3 = P = B SoV = §7rr2h = o7 <§> = 13 giving

‘;—‘t/ - %‘fl—?. Ath=4: 8= ”(i(j)% :4%—? = ‘fl—}; = % ~ 0.637 cm/s.

Bai tap luyén tap

(AHL) Find the Maclaurin series of f(x) = =2 up to the term in z3.
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Loi giai chi tiét
2 u3
Substitute u = —2z intoe* =1+ u + o + 37 + e

—2z)2 —21)3 4

e =1+ (—2z)+

Bai tap luyén tap

(AHL) Use L'Hopital’s rule, applied three times, to evaluate lim w
z— T
L 1
W5 © 5
®) ;
3 (D) 0

Loi giai chi tiét

As x — 0: numerator x — sinz — 0, denominator 2> — 0 — the form g. First application:

1— . .. . . ..
S—cosr still % at x = 0. Second application: snr _ still % at z = 0. Third application:
322 3 6x
coszx cos
- —— = . (A).
6 6 6 (A)

Bai tap luyén tap

d 1 . . .
(AHL) Solve ﬁ = a:;r given y(0) = 2 (with y > 0). Find y(2), correct to 3 s.f.

Loi giai chi tiét

-

2 2
4
Separate:/ydy:/(a:-l—l)dx:y?:%-l—x-l—C.At:U:O,y:Z522:0+0+C:>

C=25y =2?420+4. Atz =21 y? =44+4+4=12 = y =12 = 2/3 ~ 3.46 (taking
the positive root, since y(0) = 2 > 0).

Bai tap luyén tap

(AHL) Use Euler's method with h = 0.2 to approximate y(0.4) for Z—y =z —vy,given y(0) = 1.
XL

(A) 0.680 (C) 0.600
(B) 0.800 (D) 0.720

Loi giai chi tiét

flz,y) =x—y. Step1: f(0,1)=0—1=—-1=y, =1+0.2(—1) =0.8atxz; =0.2. Step 2:
£(0.2,0.8) = 0.2 — 0.8 = —0.6 = y, = 0.8 + 0.2(—0.6) = 0.68 at =, = 0.4. S0 y(0.4) ~ 0.680.
(A).
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5.21 Extra practice: Mixed mastery Il

Bai tap luyén tap
(AHL) Differentiate y = csc(2xz).

Lai giai chi tiét

-

&I

7p CSCU=— cscucotu - u” with u = 2z: y' = —2 csc(2x) cot(2x).
X

Bai tap luyén tap

(AHL) Differentiate y = arccos(3z).

Loi giai chi tiet

-

Q‘I

u 3

—arccosy = ———— wWithu =321 ¢y = ————.
dx V1—u? Y V1 —9x2

Bai tap luyén tap

(AHL) Differentiate y = 5*.

(A) 5%Inb (C) z5*1
(B) 5* (D) 5% log, x

Lai giai chi tiét
d

—a® = a®Ina with a = 5: ¢ = 5% In5. (A).
dz

-

Bai tap luyén tap

(AHL) The curve y = 22,0 < = < 2, is rotated 360° about the z-axis. Find the volume of the
solid formed, in terms of .

Loi giai chi tiét

2 2 5
2 2
V=7r/ (Z'Q)zdiﬁzﬂ'/ x4dx:7r|:x—] :71-(3_>:3_7T_
0 0 ) 0 5 5

Bai tap luyén tap

-

(AHL) The curve z = 32, 0 < y < 2, is rotated 360° about the y-axis. Find the volume of the
solid formed, in terms of .

Loi giai chi tiet

-

2

g 712 12 12
V:7T/ (y3>2dy:7r/ yﬁdy:7r|:y_:| :7r<_8>:ﬁ
0 0 7 0 7 7
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Bai tap luyén tap

Tx+1

(AHL) Evaluate / ————dux.

(x —2)(x +1)

Loi giai chi tiét

From the partial-fraction decomposition (Unit 1), = +

Tx+1 5 2
o)

.S
(x—2)(z+1) z—2 =x+1

Tr+1
——dz =5 — 2|+ 21 1|+ C.
=g nles bl

Bai tap luyén tap

(AHL) Evaluate/ﬂdx.

(z —1)?

Loi giai chi tiét

From the partial-fraction decomposition (Unit 1), = +

S5r — 2 5 3

(x—12 z—1

5 — 2 3
———dr=5nz—1— —— :
/(9':_1)2 x=5In|z —1]| :L‘—1+C

Bai tap luyén tap

(AHL) Find the equation of the tangent to y = arctanz at z = 0.

Loi giai chi tiét

)

/

T 1422

'_‘I

so y’(0) = 1. Also y(0) = arctan0 = 0. Tangent: y — 0 = 1(z — 0) = y = =.

Thay Twdng 0332747 169 - Cd Nancy 0983422 692 1B Diploma Mathematics: Analysis and Approaches -

Trang 209



Poéng hanh cung 8020 English

Cam on ban d3 hoc cuing bé gido trinh qudc t€ 8020. Diém that - Thay that - Két qua that — nhiéu
hoc vién chi can 1-2 khoa dé dat két qua mong muén.

Chuong trinh dao tao tai 8020 English

IELTS Academic/General - SAT - PTE - Duolingo - TOEFL | AP (College Board) - IB Diploma - Cambridge
IGCSE / A-Level | san hoc béng du hoc.

Vi sao chon 8020 English?

e 100% giado vién dat toi thi€u 8.0 IELTS hoac 1500 SAT — ddi ngli Gido su - Tién si - Thac si tot
nghiép trudng top dau thé gidi (Carnegie Mellon — #1 Hoa Ky vé Khoa hoc May tinh).

e Kém 1-1 moi dé tubi; I&p si s6 nho 2-5 ban (da s6 dudi 10 ban/I6p).

e L6 trinh ca nhan ho4, theo sat tién do tirng hoc vién; I&p OFFLINE tai TP.HCM & ONLINE toan
quoc.

Bang vang hoc vién
AP 5/5 — Calculus AB/BC AP 4-5 — Biology, Chemistry IB 90/100 — Economics
SAT 1590/ 1570 / 1550 IELTS 8.0-9.0 Duolingo 110 - PTE 90



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Cam nhan hoc vién & phu huynh

“Ban da cdi thién duoc tu duy Writing — ky ndng tirng la néi so’ I6n nhdt — va cuéi cting da ddu vdo trudng
top nhu mong muén. Thdi dé hoc tdp cuc ky nghiém tuc; ngay cd khi ndm vién van cé gdng hoc déu ddn.”
— Phan Thi Thanh Hang - IELTS Overall 8.5

“Cdn tdt cd ky ndng trén 7.5 dé xét vao trudng top 1 Anh Qudc vé Y hoc (chuong trinh UKFPO ctia NHS) —
va da dat muc tiéu sau khi hoc Writing 1-1.”
— Tran Hoang Bao Ngoc - IELTS Overall 8.0 (Writing 6.0 — 7.5)

“Gia dinh va bé xin cdm on thdy cé da gitp con c6 hanh trang chin chu khi qua My. Dat diém 5 mén Gidi tich
trong thdi gian ngdn la qud mdn nguyén.”
— Phu huynh - AP Calculus BC 5/5

“Em cdm on thdy dd luén déng hanh. Nh¢ thdy, em hoc vitng hon rdt nhiéu du thoi gian 6n khéng dai.”
— Hoc vién - AP Calculus AB 4

KET QUA HOC VIEN A 8020
FEEDBACK PHU HUYNH & HOC VIEN AP ENGLISH

lg?:- l;:if:f:[apc:uumuc soao0

-, Tinrhde,
Nascy TP A0eR pooge Com s Pe s L)

- ) Phy r_‘“y’_"‘ AP Calculu S_BC: 5 _ Phy huynh - AP Caleulus BC Hoe vién - AP Calculus AB: 4 - Statistics: 3
G’z ::C E;j;:;,:?:y:: :’;‘ e ’1:;" e f‘;‘r’:’r:”‘:‘;"‘ “Me con xin gt 137 cdm on chén thank t6i thiy vA ¢4 nhém. Thai  "Em c&m on thiy Steven d& ludn dBng hanh. Nh thiy, em hoc
@ g g Dl graik g M o8 gian én rét ngdin nhemg con nhdn duoc it nhidu sy b g vimg hom et nhidu ol thid gian khéng dai.”

mén Aguyin,”

Feedback phu huynh & hoc vién AP — nhiéu mén dat diém 4 & 5

Thay Twdng 0332747169 - Cd Nancy 0983422 692 1B Diploma Mathematics: Analysis and Approaches - Trang 211



8020 Chuyén luyén thi IELTS/SAT — AP /1B / A-levels

Diém thi that cta hoc vién

KET QUA HOC VIEN

By 8020
BIEM SO AP

EN&LISH

09398 7 -
< . m

€ ca diim AP i nhé <
-

Da em gii diém a da diy nhe o
- S
o BEENY
I@‘ 5 @
N s
Bai dd khé ko § Linh, ¢ nhd e dat myc - =
tiéu 54, somy e nhidu o gl thly

o clim on iy v i e kil
C IR o

O DB em nghl chi yiku I do chua & thisi

gian &n tal hai gSp th1 & chi chil bai = A‘:'.E
zling khd nhung van lim dugc 3 oa@E ~
v W a P —
AP Biology: 4 - AP Chemistry: 4 AP Calculus AB: 5 AP Calculus BC: 5 AP Chemistry: 5

Bang diém AP thét clia hoc vién - nhigu mén dat diém 4 &5

Bang diém AP that — Calculus AB/BC 5/5 - Biology & Chemistry 4-5 (College Board)

KET QUA HOC VIEN

g 8020
PIEM SO PTE

EN&LISH

o417 . = 4 100%
= e e

ar00%8
0 % myptepearsonptecommy, &  §
‘ SRR m O=  mypte.pearsonpte.com (1)
@I’rnh:nnprs " Eo
P—
Blololo @ rearsonjere w (=@ e s
e iy e & MYPTE MyActivity SmartPrep Help Communicative Skills 0]

Scores Qverview @

53 G\ wE
” ik
Bang diém PTE thét cua hoc vién
C\ G\
N . Registration
) Embéodiémnhac S TaiE mq' o j )

Test Centre Test Date

Country Skill Breakdown

2
chue mung e nhaaaa « + e

Hoc vién 8020 — PTE Academic 90

Thay Twdng 0332 747 169 C6 Nancy 0983422 692 IB Diploma Mathematics: Analysis and Approaches - Trang 212



8020

ENGLISH

KET QUA HOC VIEN

PIEM SO DUOLINGO

=
m Ho, Nguyan Thuy Trang
o

Overall Score

Upper Intermadiate: CEFR B2

-]
110 o
-]
Individual Subscores
105 15 100
Integrated Subscores
110 110

KET QUA HOC VIEN

Mo, Nguyen Thuy Ducng
Overall Score
L]
100 -
e
Individual Subscares
1o W
Integrated Subscores.
o, oo 10

Upper Intermadiate: CEFR B

.?5.

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels

8020

EN&LISH

™
OaC
-

Duoclingo English Test - 110 & 100

95

Hoc vién 8020 — Duolingo English Test 110 & 100

THANH TiCH HOC VIEN

8020

EN&LISH

Bang diém thi that — chit lwgng dugc giam sat nghiém ngat. Mt s6 hoe vién chi cén 1-2 khoa dé dat két qua mong mudn

ceg MNowenngan. % 3

mw--l:va wwwwww ‘]
s a0

e e
a0 2

Da xin chao thily, bé vira nhan duge
digm, gia dinh vui qus, vay la chang
duing tr Iop 6 1én B cla bé d3 trf
haa, xin cdm an thity v 481 ngd,
eac ban gido vién d& kem bé timg
théng, D bé thi thodng hay bénh va
eling lugi 1 chit, ma bén minh luén
déng vién va cing linh hoat cho bé,
Nhin dugc digm vui qua nén xin
gui 161 edm on 161 thily va ede ban
ra rat nhigu

Thay Tuong 0332747 169

IELTS Academic

Hoang Bao Ngoc Tran, Friday 3
March 2023

British Council Poland

This test has been completed,

Resulls

& Listening
W Reading
# Writing
-

Speaking

Overall

@ iltsregistration britishcounci.org

s

85

70

15

80

“

Y ST w—, Damedend
Ovoral
score [ [
7 5 Lsiening  Reading
3 75 85
Reke ——"

Wiking  Speaking
75 6.0

L2000 RNEPR s BO+BBE ¢

Hoc vién 8020 — IELTS 8.0 / 7.5 / 8.5 (bao diém that)

C6 Nancy 0983422 692 IB Diploma Mathematics: Analysis and Approaches - Trang 213



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

8020

ENGLISH

8020 ENGLISH — CHU'ONG TRINH QUOC TE

Test dau vao & tu van 16 trinh MIEN PHI

Hotline Thay Tudng (Head of 8020): 0332 747 169
Co Nancy: 0983 422 692 - 0772 631496
Offline  Tran Phu, P4, Q.5, TP.HCM
Online  L&p truc tuyén toan quéc
Web luyenthi8020.com

© 8020 English (8020 Education). Tai liéu ndi bé phuc vu hoc vién 8020. Khong sao chép khi chua dugc phép.

Thay Twdng 0332747169 - Cd Nancy 0983422 692 IB Diploma Mathematics: Analysis and Approaches - Trang 214



	Number and Algebra
	Number Sets, Standard Form, and Approximation
	Sequences
	Series: sums of sequences
	Sigma notation
	Counting principles and the binomial theorem
	The Binomial Theorem for Negative and Fractional Indices (AHL)
	Exponents and logarithms
	Financial applications of sequences and series
	Roots of unity (AHL)
	Mathematical proof
	Complex numbers (AHL)
	Loci in the Complex Plane (AHL)
	Systems of linear equations (AHL)
	Partial fractions (AHL)
	Practice: Paper 1 style (no calculator)
	Practice: Paper 2/3 style (calculator allowed)
	Additional practice: Paper 1 style (no calculator)
	Additional practice: Paper 2/3 style (calculator allowed)
	Extra practice: Mixed mastery

	Functions
	Functions, domain, and range
	Transformations of graphs
	The graphs of y=|f(x)| and y=f(|x|)
	Odd and even functions
	Linear functions and the equation of a line
	Quadratic functions
	Quadratic inequalities
	Locating Roots by Sign Change
	Rational functions
	Rational functions with a quadratic denominator (AHL)
	The reciprocal function y=1/f(x) (AHL)
	Exponential and logarithmic functions
	Modelling with functions
	Composite and inverse functions
	Solving |f(x)|=|g(x)| and other equations involving modulus (AHL)
	Polynomial functions (AHL)
	Practice: Paper 1 style (no calculator)
	Practice: Paper 2/3 style (calculator allowed)
	Further practice: Paper 1 style (no calculator)
	Further practice: Paper 2/3 style (calculator allowed)
	Additional practice: Mixed review
	Extra practice: Mixed mastery

	Geometry and Trigonometry
	Right-angle trigonometry and radian measure
	The unit circle and circular functions
	Trigonometric identities
	Trigonometric equations and graphs
	The Harmonic Form R sin(theta+alpha) (AHL)
	Non-right-angled triangle trigonometry
	Applications: angles of elevation and depression, and bearings
	Three-dimensional trigonometry and geometry of solids
	Vectors (AHL)
	Vector geometry (AHL)
	Classifying pairs of lines in space (AHL)
	Angles and Intersections Involving Planes (AHL)
	Reciprocal trigonometric function graphs (AHL)
	Inverse trigonometric functions (AHL)
	Scalar and vector projections (AHL)
	Practice: Paper 1 style (no calculator)
	Practice: Paper 2/3 style (calculator allowed)
	Additional practice: Paper 1 style (no calculator)
	Additional practice: Paper 2/3 style (calculator allowed)
	Further practice: Paper 1 style (no calculator)
	Further practice: Paper 2/3 style (calculator allowed)
	Extra practice: Mixed mastery
	Extra practice: Mixed mastery II

	Statistics and Probability
	Populations, samples, and sampling techniques
	Descriptive statistics
	Measures of position: quartiles, percentiles, and box-and-whisker plots
	Grouped (frequency table) data with class intervals
	Bivariate statistics: correlation and regression
	Probability
	Counting principles: permutations and combinations
	Discrete random variables
	The geometric distribution (AHL)
	The binomial distribution
	The Poisson distribution (AHL)
	The normal distribution
	Bayes' theorem (AHL)
	Expected value in decision-making (AHL)
	Continuous random variables (AHL)
	Practice: Paper 1 style (no calculator)
	Practice: Paper 2/3 style (calculator allowed)
	Practice: Paper 1 style (no calculator) II
	Practice: Paper 2/3 style (calculator allowed) II
	Practice: Paper 1 style (no calculator) III
	Practice: Paper 2/3 style (calculator allowed) III
	Practice: Paper 1 style (no calculator) IV
	Practice: Paper 2/3 style (calculator allowed) IV
	Additional practice: Mixed review (Set 5)
	Extra practice: Mixed mastery (Set 6)
	Extra practice: Mixed mastery (Set 7)

	Calculus
	Limits and differentiation from first principles
	Differentiation rules
	Derivatives of further functions (AHL)
	Applications of differentiation
	Curve sketching
	Points of inflection and concavity
	Kinematics
	Integration and areas
	Volumes of revolution (AHL)
	Integration by parts (AHL)
	Integration using partial fractions (AHL)
	Implicit differentiation and related rates (AHL)
	Maclaurin series (AHL)
	L'Hopital's rule (AHL)
	Differential equations (AHL)
	Practice: Paper 1 style (no calculator)
	Practice: Paper 2/3 style (calculator allowed)
	Additional practice: Paper 1 style (no calculator)
	Additional practice: Paper 2/3 style (calculator allowed)
	Extra practice: Mixed mastery
	Extra practice: Mixed mastery II


