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Loi m& dau - Foreword

Cuén sach nay thudc bo gido trinh luyén thi chuong trinh quéc té€ ciia 8020 English (8020 Education)
— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
bé ndi dung duoc bién soan bai doi ngli Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co |&i gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.

Thanh tich 8020 English

9.0 IELTS cao nhat 1570 SAT cao nhat
5/5 AP — diém tuyét déi 90/100 1B Diploma
100% Gv > 8.0 IELTS / 1500 SAT CMU Tién si DH #1 Hoa Ky vé CS

Poi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky s Amazon) - TS Nguyén Phuéc Trudng (Toan, DH
Klagenfurt) - cting doi ngl giang vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
Microeconomics) - IB 90/100 (Economics) - Duolingo 110 - PTE 90 - TOEFL 120. Bang vang SAT:
Khanh Bang 1510 - Thado Nguyén 1520 - Tam Anh 1530.

“Cubi cung dd ddu vao trudng top nhu’ mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: moi Unit gém (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 16 giai; (3) Hé thong bai tap kém 16 giai chi tiét. Hay tu 1am bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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IB DIPLOMA PROGRAMME . Unit 1

Number and Algebra

Muc tiéu Unit: Lam tron s6, sai s6 phan tram va cach sai s6 lan truyén qua tinh todn; s6 dang chuan
(standard form) va udc luong bac dé 16n; day s6 cong va day sé nhan cung ng dung thuc t€; toan tai
chinh: 13i kép, khau hao, vay tra gop va tiét kiém dinh ky (dung may tinh GDC); va cac cha dé HL: dinh
luat logarit va phuong trinh mi, hé phuong trinh tuyén tinh — ma tran, va sé phirc irng dung vao phasor
trong mach dién xoay chiéu.

1.1 Approximation, Estimation, and Percentage Error

In Applications and Interpretation, almost every numerical answer is produced by a GDC, so under-
standing how much a rounded or estimated value can differ from the exact value is a core skill, not
just an afterthought. A number rounded to n significant figures (s.f.) or d decimal places (d.p.) lies
within an interval of possible exact values, called its bounds.

If v is a value given correct to a rounding unit « (e.g. © = 1 for the nearest whole number,
w = 0.1 for 1 d.p., v = 10 for the nearest 10), the exact value z satisfies

U u
V=5 <z < ’U+§-

Percentage error: %error = w x 100%, where v 4 is the approximate (measured/esti-

E
mated) value and v is the exact (accepted) value.

IAI THICH TIENG VIET
G C G VIE

Gia tri 1am tron luén nam trong mot khoang chan trén-chin duéi: néu [am tron dén don vi w,
gia tri that « thod v — % < x < v+ % (chan dudi duoc 1ay, chdn trén khong duoc 1y — quy wéc
nay tranh dém trung ranh gigi). Sai s6 phan tram so sanh gia tri gan dung v, vai gia tri chinh
xac (dugc chap nhan) vg: luén lay tri tuyét déi cda hiéu, chia cho vy (khéng phai v 4), réi nhan
100%.

Vi du mau 1 - Percentage error

A map states the length of a hiking trail as 240 m, rounded to 2 s.f. A GPS device measures
the true length as 236.4 m. Find the percentage error of the map’s value.

240 — 236.4
[240 = 23641 09

serror = — 936.4

x 100% ~ 1.52%.

() Léi thuerng gap: Khi tinh toan nhiéu buéc trén GDC, ludn giir nguyén dé chinh xac day da
trong may tinh (dung bi€én nh& ANS) va chi lam tron & budc cudi cing. Lam tron sém & cac
buéc trung gian réi dung lai két qua da [am tron sé gay ra ”16i [dm tron tich luy” (rounding error
propagation) — mot 16i bj trir di€ém nidng trong bai thi IB Al.
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1.1.1 Error propagation in compound calculations

When a quantity is calculated from several measured values (e.g. an area from a length and a width),
the bounds of each measurement combine to produce bounds on the calculated quantity. For a
product of two positive quantities, the lower bound of the product uses the lower bounds of both
factors, and the upper bound uses the upper bounds of both factors.

Vi du mau 2 - Propagated bounds

A rectangular plot is measured as length 12.4 m and width 8.6 m, each correct to 1 d.p. Find
the lower and upper bounds for the area.

Length bounds: 12.35 < L < 12.45. Width bounds: 8.55 < W < 8.65.

Lower bound of area = 12.35 x 8.55 = 105.5925 mZ2.

Upper bound of area = 12.45 x 8.65 = 107.6925 m?2.

So the exact area A satisfies 105.59 m? < A < 107.69 m? (to 4 s.f.), even though the "obvious”
calculation 12.4 x 8.6 = 106.64 m? looks perfectly precise.

- GIAI THICH TIENG VIET
Khi mét dai lvgng duoc tinh tir nhiéu s6 do (vi du dién tich tir chiéu dai va chiéu rong), sai s6
lan truyén: chan dudi cua tich dung chan duéi cta ca hai nhan tl, chan trén dung chan trén
cla c3 hai. Day la ly do mét con s6 "chinh xac” hién thi trén may tinh c6 thé van an chira mot
khoang sai s6 dang ké néu sé liéu dau vao chi la s6 da 1am tron.

1.2 Scientific (Standard) Notation and Estimation

A number is in standard form (scientific notation) when written as a x 10, where 1 < |a| <
10 and £ € Z. To multiply/divide numbers in standard form, combine the coefficients and
add/subtract the exponents, then renormalise if the coefficient falls outside [1, 10). Order-of-
magnitude estimation rounds each quantity to one significant figure (or the nearest power of
10) before combining, to sanity-check a more precise GDC answer.

Vi du mAu 3 - Standard form arithmetic

Simplify (3.2 x 10%) x (5 x 10~3), giving the answer in standard form.

(3.2 x 5) x 10973 =16 x 10% = 1.6 x 10*.

Vi du miu 4 - Population density

A country has population 1.44 x 10? and land area 9.6 x 10° km®. Find its population density
in people per km®.

1.44 x 10°

density — m

=0.15 x 10% = 1.5 x 102 = 150 people/km”.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 10
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Vi du miu 5 - Order-of-magnitude estimation

Estimate the number of seconds in one year, and express the answer in standard form correct
to 3 s.f.
60 x 60 x 24 x 365 = 31536 000 = 3.15 x 107 seconds (3 s.f.).

This is a useful benchmark figure: "about 3 x 107 seconds per year” is worth memorising for
quick estimation checks.

. GIAI THICH TIENG VIET

S6 dang chudn a x 10* véi 1 < |a| < 10 giGp so sadnh va tinh toan vai cac s6 rat 16n hoac rat
nhé dé dang hon. Khi nhan/chia, nhan/chia phan hé sé a va cong/trtr s6 mi k; néu hé s6 két
qua roi ra ngoai khoang [1, 10), phai chuan hoa lai. Udc lugng bac doé 16n (Iam tron moi s6 vé
1 chir s6 c6 nghia) la céng cu nhanh dé kiém tra xem két qua bam may cé "hop ly” hay cé kha
nang da bam sai.

1.3 Sets of Numbers and Sl Units

Numbers are classified into nested sets: the natural numbers N = {0,1,2,3,...}; the integers
Z={..,—2,—1,0,1,2,...}; the rational numbers Q (numbers expressible as a fraction g with
p,q € Z, q # 0, including all terminating and repeating decimals); and the real numbers R,
which also include the irrational numbers (non-repeating, non-terminating decimals such as
V2, , €). These sets are nested: N C Z ¢ Q C R.

(R(real numbers) \
/® (rationals) N

Z (integers)

NG Y,

Nested number sets: every natural number is an integer, every integer is rational, and every rational number is real; the
irrationals (v/2, m, €) fill the remaining space inside R but outside Q.

Vi du mau 4b - Classifying numbers

Classify each of —3, 0, % v/2, and 7 using the smallest applicable set among N, Z, Q, R.

—3 € Z (not natural, since it is negative); 0 € N; % € Q (not an integer); v/2 € R only (irrational);
7€ N.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 11
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The Sl base units relevant to Al applications are the metre (m) for length, the kilogram (kg)
for mass, and the second (s) for time, with common derived units such as m/s (speed), m/s’

(acceleration), and km/h. Dimensional analysis (multiplying by conversion factors equal to 1,
1000 m 1h

such as or
1 km 3600 s

) converts a quantity from one unit to another without changing its
value.

Vi du mau 4c - Unit conversion

A car travels at 108 km/h. Convert this speed to m/s.

km 1000 m 1h 108 000
— X X =
h 1 km 3600 s 3600

(Shortcut used throughout Al: to convert km/h — m/s, divide by 3.6; to convert m/s — km/h,
multiply by 3.6.)

Vi du mau 4d - Average speed with mixed units

A runner completes a 5 km race in 22 minutes 30 seconds. Find the average speed in m/s and
in km/h.

Time = 22(60) + 30 = 1350 s; distance = 5000 m.

108 =30 m/s.

5000
speed = T 3.70 m/s = 3.70 x 3.6 ~ 13.3 km/h.

GIAI THICH TIENG VIET

actap hgp s6 N C Z C Q C R I6ng nhau: moi s6 tu nhién la s6 nguyén, moi sé nguyén la sd
hitu ti, moi s6 hitu ti 1a s6 thuc. S6 vé ti (nhu v/2, 7, e) 1a s6 thu'c nhung khéng viét dugc dudi
dang phan s6. Khi d6i don vi, nhan véi cac hé s6 chuyén déi bang 1 (vi dy 1992M) dé don vi cil
triét tiéu va chi con don vi mgi — day goi la phan tich th&r nguyén (dimensional analysis), tranh
nham Ian khi d&i qua nhiéu don vi lién tiép.

1.4 Arithmetic Sequences and Series

An arithmetic sequence has a constant common difference d between consecutive terms:
u,, = u; + (n — 1)d. The sum of the first n terms is

S = 5(2uy + (n—1)d) = Z(uy +uy).

Vi du mAu 6 - Arithmetic sequence

A stadium’s front row has 18 seats; each subsequent row has 3 more seats than the row in front
of it. Find the number of seats in row 25, and the total number of seats in the first 25 rows.

Arithmetic with u; = 18, d = 3: uy; = 18 + 24(3) = 90 seats in row 25.

25 25
Sos = ?(18 +90) = ?(108) = 1350 seats total.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 12
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Vi du miu 7 - Salary progression

A graduate’s starting annual salary is $42 000, with a fixed raise of $1800 each year (arithmetic
growth). Find the salary in year 10, and the total amount earned over the first 10 years (years
1 to 10 inclusive).

uy = 42000, d = 1800: uy, = 42000 + 9(1800) = $58 200.

10
S10 = (42000 + 58 200) = 5(100200) = $501 000.

GIAI THICH TIENG VIET
Day sé cong c6 hiéu s6 khéng ddi d gitra hai s6 hang lién ti€p. Trong bai toan thuc té: bat ci
khi ndo mét dai luong ting/giam mét lugng ¢ dinh méi ky (mbi hang gh&, méi nam luwong),
do6 12 dau hiéu cua day s6 cong. S, tinh téng n s6 hang dau bang cong thirc "trung binh cta s6
hang dau va cudi, nhan so lugng sé hang.”

1.4.1 Where does the formula for S,, come from?

The arithmetic series formula is not just a rule to memorise — it follows from a classic pairing trick.
Write S, forwards and backwards, then add the two versions term by term:

Sn = U + <u1+d) + -+ un
S, = u, + (u,—d) + - + u

Adding vertically, every pair of matched terms sums to exactly u, +u,, (the d’s cancel), and there are

n such pairs:

This is exactly the story behind the (possibly apocryphal) tale of the young Gauss summing 1 + 2 +
-« + 100 instantly by pairing 1 with 100, 2 with 99, and so on, to get 50 pairs each summing to 101.

GIAI THICH TIENG VIET

Cong thire S, = g(u1 + u,,) ¢6 thé chirng minh bang cach viét téng S, hai [an (mét lan theo
thr tu thudng, mét 1an theo thi tu nguoc), réi cong theo cdt: mdi cip s6 hang tuong ng
ludn cho téng u, + u,, khong di (vi d triét tiéu), va c6 ding n cap nhu vdy — day chinh la y
tudng giai thoai néi ti€ng vé nha toan hoc Gauss khi con nhé.

1.5 Geometric Sequences and Series

A geometric sequence has a constant common ratio r between consecutive terms: u, =
uyr™ L. The sum of the first n terms is

uy(r" —1)

So==—=— (#D).

Vi du miu 8 - Bouncing ball

A ball is dropped from a height of 2 m. After each bounce it rebounds to 60% of the height it
fell from. Find the height it reaches after the 5" bounce.

Geometric with first bounce height u; = 2(0.6) = 1.2 and » = 0.6: height after bounce n is
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h, = 2(0.6)".
hs = 2(0.6)° = 2(0.07776) ~ 0.156 m.

Vi du miu 9 - Car depreciation as a geometric sequence

A car purchased for $32 000 loses 12% of its value each year (so it retains 88% of its value:
r = 0.88). Find its value after 6 years, and the first full year in which its value drops below
$15000.

V., = 32000(0.88)". V; = 32000(0.88)° ~ $14860.93. Checking successive years on a GDC:
Vi ~ $16 887.42 (still above $15000), Vi ~ $14 860.93 (below $15000). So the value first drops
below $15 000 during year @

Vi du mau 10 - Geometric series

A start-up’s first month of sales is 200 units, and sales grow by 15% each month thereafter
(r = 1.15). Find the total sales over the first 12 months.

~200((1.15)" —1)  200(5.3503 — 1)

Sy = 151 R ~ 5800 units (to 3 s.f.).

1.5.1 Where does the formula for S,, come from?
Multiply S,, by r and subtract from the original sum — nearly every term cancels:
S, =uy +ugr +ugr® + -+ ug et
rS, = g+ ugr? 4w 4 g
Subtracting, all the middle terms cancel, leaving S,, — rS,, = uy —uyr™,i.e. S, (1 —r) = uy (1 —7r"), so
g uyp(1—1r") _ uy (r" — 1)'

" 1—7r r—1

GIAI THICH TIENG VIET
Cong thirc téng day s& nhan chirng minh bang cach nhan S, véi r réi trir: hau hét cac s6 hang
@ gilra triét tiéu nhau, chi con lai s6 hang dau va sé hang cudi (da nhan thém r) — tir do rit ra
S,(1—7r)=u (1 —1r").

—~ 1
E
-+
N
oo
(]
II
. l.-l
T2 3 4 5 6

Bounce number, n
Bounce heights h,, = 1.2(0.6)"! for the ball of Example 8: each bar is 60% of the previous one, and the total area of

all bars (extended forever) converges to S, = 122 =3 m.
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. GIAI THICH TIENG VIET

Day s6 nhan c6 ti s6 khéng ddi r gitra hai s6 hang lién ti€p. Dau hiéu nhan biét trong bai toan
thuc té&: dai lwong thay déi theo mét ti 1é phan tram cé dinh mbi ky — dé nady ctia qua béng,
khau hao xe, dan sé ting theo ti 1€, |3i kép, tang trudng doanh s6 theo %. Ludn phan biét ro
u, la s6 hang dau tién cta day dang xét — khong nhat thiét la gia tri goc ban dau cda bai toan
(vi du d6 cao ndy lan 1 da la u,, khac v&i do cao roi ban dau).

1.5.2 Sum to infinity of a convergent geometric series (HL)

If |r| < 1, the partial sums S, of a geometric series converge to a finite limit as n — oo, called
the sum to infinity:
u
Seo=—1 1).
=77 (<)

If |r| > 1, the series does not converge and S__ does not exist.

Vi du mau 11 - Total distance of a bouncing ball, HL

For the ball in Example 8 (dropped from 2 m, rebounding to 60% of the previous height each
bounce), find the total vertical distance travelled by the ball, assuming it bounces indefinitely.
The ball falls 2 m once, then for every bounce it travels up a height h,, and back down the same
height h,,. The bounce heights form a geometric sequence with first term «, = 1.2 and ratio
r = 0.6, SO

Uy 12 12

S = -7~ 1-08_04_ 3 m (sum of all bounce heights).
Total distance = 2 + 2x3 =24+6=8m.
[{z} [n{za}

initial fall  up + down, all bounces

GIAI THICH TIENG VIET
u
1

Tong dénvé han S = ] chi ton tai khi |r| < 1 (day giam dan vé 0); néu |r| > 1 thi téng
—T

"phinh to” khong gii han va khéng cé S__. Bai toan "téng quang dudng qua bong nay vo han
lan” 12 (rng dung kinh dién: quang dudng roi ban dau chi tinh mét Ian, nhung méi [an nay déng
gop hai [An dd cao (Ién va xuéng) vao téng quang dudng.

Uy

() L&i thueng gap: Sai [am phé bién: ap dung cong thirc S = ] khir > 1 hodcr < —1
—T
— cOng thirc nay vé nghia trong cac trudng hgp do vi day khéng hoi tu. Ludn kiém tra |r| < 1

trudce khi dung cong thirc téng vo han.

1.6 Financial Mathematics: Compound Growth

kt
Compound interest: F'V = PV (1 + ﬁ) , Where PV is the principal, r is the annual
percentage rate, k is the number of compounding periods per year, and ¢ is time in years.
On a GDC'’s Finance/TVM solver this is entered as N = kt, I% = r, PV, PMT = 0,
P/Y = C/Y =k, solving for F'V.
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Vi du miu 12 - GDC Finance solver

$5000 is invested at 4.5% p.a. compounded monthly. Find its value after 6 years.
N =72,1% = 4.5, PV = —5000, PMT =0, P/Y = C/Y = 12.

0.045\ "
FV = 5000 (1 + T) ~ $6546.52.

8,000 %
—— Compound (monthly)
--- Simple interest »
7,000 + -7
5>
g
= 6,000 +
(] I
>
5,000 -

Years, ¢

$5000 at 4.5% p.a.: compound growth (curved) overtakes simple interest (straight line) — the gap widens every year.

Vi du miu 13 - Effect of compounding frequency

$10000 is invested at 6% p.a. for 5 years. Compare the final value under annual, quarterly,
monthly, and daily compounding.

Frequency (k) Annual (1) Monthly (12) Daily (365)
FV $13382.26 $13 488.50 $13498.26

More frequent compounding gives a (slightly) higher final value, but the effect diminishes
rapidly: switching from annual to monthly compounding gains about $106.25, while switch-
ing from monthly to daily gains only about $9.75 more.

Vi du mau 14 - Inflation and purchasing power

A car currently costs $50 000. If prices rise with inflation at a steady 3% p.a., estimate its price
in 8 years' time.
Inflation compounds exactly like interest: Py = 50000(1.03)® ~ $63 338.50.

. GIAI THICH TIENG VIET

Trén may tinh TI/Casio, muc Finance (TVM Solver) can nhap da: N (téng s6 ky), 1% (1ai suat
nam), PV, PMT, FV,va P/Y = C/Y (s6 ky ghép |ai mo6i ndm). Quy uéc diu: tién ra khéi tai
ban (guri tié€t kiém, trd ng) mang dau dm; tién vao tdi ban (nhan 13i, nhan khoan vay) mang dau
duwong. Lam phat dung ding céng thirc 1ai kép — gia cad "tdng trudng” theo thoi gian giong
mot khoan dau tu.
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1.7 Loans, Annuities, and Depreciation

Loan repayment (amortization): for a loan of present value PV, charged interest rate ¢ per
period, repaid in n equal instalments,

pur=— V0
1—(1+¢)™
t
Depreciation (reducing-balance): V, = Vj (1 — Wro) , Where Vj is the initial value and r% is

the annual depreciation rate.

Savings annuity (future value of regular deposits): if PAMT is deposited at the end of each
period at rate ¢ per period for n periods,

_ PMT[(1+i)" 1]

A%

Vi du mau 15 - Loan repayment

A $20000 loan is repaid in equal monthly instalments over 5 years at 6% p.a. compounded
monthly. Find the monthly payment and the total interest paid.

0.06
Monthly rate i = 15 = 0.005, n = 60 payments.

20 000(0.005)

PMT = ———— L
1— (1.005)-60

~ $386.66.
Total repaid ~ 60(386.66) = $23 199.36, so total interest ~ $3199.36.

Vi du miu 16 - Amortization schedule

For the loan in Example 15, construct the amortization table for the first 3 months (interest
paid, principal paid, and remaining balance).

Month Payment ($) Interest($) Principal ($) Balance ($)

0] — - — 20000.00
1 386.66 100.00 286.66 19713.34
2 386.66 98.57 288.09 19425.25
3 386.66 97.13 289.53 19135.72

Each month’s interest is 0.005 x (previous balance); the rest of the fixed payment reduces the
principal. Notice the interest portion shrinks and the principal portion grows every month, even
though the total payment stays fixed.
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Declining loan balance over 60 monthly instalments: the curve is concave up, because early payments are mostly
interest and later payments are mostly principal, so the balance falls slowly at first and rapidly near the end.

Vi du miu 17 - Reducing-balance depreciation

A delivery van bought for $28 000 depreciates at 15% p.a. Find its value after 4 years.

V, = 28000(0.85)* ~ $14616.17.

Vi du mau 18 - Savings annuity

A saver deposits $200 at the end of each month into an account earning 3.6% p.a. compounded
monthly, for 5 years. Find the future value of the savings plan, and compare it to the total
amount deposited.

i 0.036

200 0.003, n = 60.
12 "

v 200[(1.003)%0 — 1]
- 0.003

Total deposited = 200 x 60 = $12 000, so the account earned about $1126.32 in interest.

~ $13126.32.

Present value of an annuity: the lump sum PV that must be invested now (earning rate i per
period) to fund n future equal withdrawals of PMT is

_ PMT[1—(144)™"]

PV -
i

This is the same structure as the loan formula, viewed from the lender’s/investor’s side rather
than the borrower’s.

Vi du mau 18b - Present value of an annuity

A retiree wants to withdraw $500 at the end of each month for 10 years from an account
earning 3% p.a. compounded monthly. Find the lump sum that must be deposited today.

. 0.03

1= ST 0.0025, n = 120.

~500[1 — (1.0025)~12]

PV = ~ $51 .88.
\%4 0.0025 $51780.88
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1.7.1 Where does the loan payment formula come from?

The instalment formula is really a geometric series in disguise. A loan is fair when the amount bor-
rowed, PV, equals the sum of the present values of every future payment, each discounted back by
the appropriate number of periods at rate i:

PMT PMT PMT

PV = .
1+ a+ar T arae

The right-hand side is a geometric series with first term

and common ratio 1 Applyin
+1 1+ PPlyINg

the sum formula from Section 1.4 and simplifying gives
—(144)™ PV i

PV = pMT- —  pPMT=-—1‘V"'
i 1— (144

exactly the formula used above — and the same algebraic structure gives the present-value-of-an-
annuity and future-value-of-an-annuity formulas seen later in this section, just rearranged.

- GIAI THICH TIENG VIET
Cong thirc tra gép thuc chat 13 mét day sé nhan dugc viét lai: khoan vay PV phai bang téng
gia tri hién tai cGa tat ca cac khoan tra trong tuong lai, méi khoan duoc "chiét khau” (discount)
vé thoi diém hién tai theo 13i suat i. Day la ly do cdng thirc tai chinh va cong thirc day sé nhan
€6 cau tric giong hét nhau — chi la &rng dung khac nhau ctia cing mét y tuéng toan hoc.

1.7.2 Currency conversion

Vi du mau 15b - Currency conversion

The exchange rate is 1 USD = 0.92 EUR. Convert $850 to EUR, and convert €500 back to USD.

850 x 0.92 = €782.00. 500 + 0.92 ~ $543.48.

. GIAI THICH TIENG VIET

Dai tién té dung phép nhan theo chiéu ti gia da cho (USD—EUR), va phép chia theo chiéu
nguoc lai (EUR—USD) — vé ban chat day cling la mot dang phan tich thir nguyén (dimensional
analysis) nhu déi don vi do luéng & Section 1.2.

. GIAI THICH TIENG VIET

V6i vay tra gép, moi ky trd mét sé tién c6 dinh PA/T, nhung ti 1€ gilra phan tra 13i va phan tra
goc thay déi dan theo thai gian: 13i gidm, gbc tang, vi l3i ludn tinh trén sé du con lai (dang gidam
dan). Khau hao dung cong thirc luy thira giong lai kép nhung véi hé s6 (1 — r) thay vi (1 + 7).
Tiét kiém dinh ky (annuity) dung céng thic téng day s& nhan cha cac khoan gli, méi khoan
"hudng 13i” trong moét s6 ky khac nhau tuy vao thai diém guri.

(1) L6i thuong gdp: Dirng nham annuity (mot loat khoan tién bang nhau, dinh ky — vay tra gép
hoac tiét kiém dinh ky, PMT + 0) véi lai kép mot [an (mot khoan glri/vay duy nhat, PMT = 0).
Trén GDC, luén kiém tra PMT da nhap dung la 0 hay khac 0 tuy loai bai todn — nhap sai gia
tri nay 12 16i phd bién nhat trong phan tai chinh.
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1.8 Laws of Logarithms and Exponential Equations (HL)

For a,b > 0 and base ¢ > 0, ¢ # 1: log_(ab) = log_a + log_b; Iogc<%> = log,a — log_b;

I
log (a") = nlog, a; and the change of base rule log_a = I(c))?a (any common base). To solve
C
. . logb
c¢® = b for z, take logarithms of both sides: x = log ¢
C

Vi du mau 19 - Solving an exponential equation, HL

Solve 3* = 50 for z, correct to 4 s.f.

In 50
= —— ~ 3.561.
v In3

Vi du mau 20 - Exponential growth model, HL

A bacteria culture grows according to P(t) = 200e%3% (¢ in hours). Find the time for the
population to reach 5000.
In 25

200e%-3% = 5000 = €93% =25 = 0.35t=1n25 = t= o3~ 9.20 hours.

Vi du miu 21 - Logarithmic scale, HL

. . . . 1 . .
The decibel scale for sound intensity level is L = 10log,, (I) If the intensity of a sound
0

increases by a factor of 500 (with I, unchanged), find the increase in decibels.

AL = 10log,,(500) ~ 27.0 dB.

| '

Vi du miu 22 - Doubling time, HL
Find the number of years for an investment to double in value at 6% p.a. compounded annually.

In2
(1.06)" =2 = n= in106 "~ 11.9 years.

(This matches the well-known "Rule of 72” estimate 72/6 = 12 years closely.)
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y = 2" and its inverse y = log,, « are reflections of each other in the line y = x: exponentials and logarithms undo one
another.

- GIAI THICH TIENG VIET
Cac dinh luat logarit cho phép "tach” hoic "gdp” cac biéu thirc mi phirc tap: log cia mét tich
= tong cac log; log ctia mot luy thira = s mi nhan log. DE giai ¢* = b, 13y log (hoac In) hai vé
roi dung dinh luat luy thira cta log dé "kéo” s6 mi = xuéng thanh hé sé nhan — day 13 ky thuat
cot 16i cho moi bai toan "tim ¢” trong ting trudng m, phan ra, va thoi gian gap déi/tang n [an.

1.9 Systems of Linear Equations and Matrices (HL)

Many applied problems (mixing, network flow, curve fitting, production planning) reduce to a system
of linear equations, normally solved directly with a GDC’s simultaneous-equation solver or matrix
routines rather than by hand.

[Ma tran - Matrices] For matrices A = (ZH 212>, addition/subtraction is entrywise (matrices
21 22

must have the same dimensions), while matrix multiplication AB combines rows of A with

columns of B: entry (i, j) of AB is the sum of products of row i of A with column j of B. For

a 2 x 2 matrix, the determinant is det A = a,, a4, — a;5a4;, and (if det A # 0) the inverse is

A1 — 1 U g
A linear system Ax = b with det A # 0 has the unique solution x = A~'b.

Vi du mau 23 - Matrix arithmetic, HL

2 -1 1 4 .
Let A = (0 3 ) and B = (2 _2). Find AB.

2+ (=1)(2) 2(4)+(=1)(=2)) _ (0 10
AB—( 0(1)+3(2)  0(4)+3(—2) )_ (6 —6)’

Vi du miu 24 - Inverse matrix method, HL

Solve 2z + 3y = 16, x — y = —2 using the inverse matrix.
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A= (f _31> det A = 2(—1) — 3(1) = —5.
-5(0 7)) =03 )
() () (EiZiSE 2= (1)

Sox =2,y = 4. Check: 2(2) + =4412=16Vv;2—-4=-2V.

Vi du miu 25 - 3 x 3 system with technology, HL

Solve the system using a GDC's equation/matrix solver:

}_lH

2c+y—2z=1, r—y+3z=28, 3z + 2y + z = 10.

Entering the coefficient matrix and constant vector into a GDC's simultaneous-equation solver
givesz =1,y =2,2=3. Check: 2(1)+2—-3=1v;1-243(3)=8v;3(1)+2(2)+3=10V".

Vi du miu 26 - Production-planning application, HL

A workshop makes chairs (x) and tables (y). Each chair uses 3 units of wood and 2 hours of
labour; each table uses 5 units of wood and 4 hours of labour. This week, exactly 62 units of
wood and 46 hours of labour are available and fully used. Set up and solve a matrix equation
to find how many chairs and tables can be made.

£90)- (@)

det = 3(4) — 5(2) = 2, so the system has a unique solution; solving with technology gives
x = 9 chairs, y = 7 tables. Check: 3(9) +5(7) =27+35 =62 v/;2(9) +4(7) = 184+28 =46 v.

. GIAI THICH TIENG VIET

Ma tran cho phép biéu dién mot hé phuong trinh tuyén tinh duéi dang Ax = b gon gang. Dinh
thirc det A = 0 nghia |a ma tran khéng cé nghich ddo — hé tuwong (rng vé nghiém hodc v6 sé
nghiém, khéng cé nghiém duy nhat. Trong cac bai toan (ng dung (san xuat, pha trén), moi
dong clia ma tran hé sé thudng twong (rng véi mot loai tai nguyén (g, nhan cong, ...) va mbi
cdt tuong ng véi mot loai sdn pham.

(1) L6i thueng gap: V6i hé 3 x 3 trd 1én, khong giai tay bang dinh thirc trong phong thi — ludn
dung chirc nang giai hé phuong trinh hodc ma tran nghich dao trén GDC dé tiét kiém thoi gian
va tranh sai sét s6 hoc. Dé Al ludn cho phép dung may tinh cho phan nay.
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1.10 Complex Numbers and Phasors (HL)

The imaginary unit i satisfies i> = —1. A complex number z = a + bi has real part a and
imaginary part b. Complex numbers add/subtract componentwise and multiply using i = —1:
(a+bi)(c+di) = (ac—bd)+ (ad+bc)i. The modulus |z| = va? + b2 and argument § = arg z (the
angle from the positive real axis, with tané = b/a, adjusted for quadrant) give the modulus-

argument (polar) form z = |z|(cos 6+ sin #), plotted on an Argand diagram (real axis horizontal,
imaginary axis vertical).

Vi du mau 27 - Complex arithmetic, HL

Let z; =2+ 3iand 2z, =4 — 5i. Find z; + 25 and 2 2,.

2+ 2y = (24+4) + (3—5)i =6 — 2i.
2129 = (2)(4) + (2)(=56) + (30)(4) + (3i)(—5i) = 8 — 10i + 12i — 15i2 = 8 + 2i + 15 = 23 + 2i.

Vi du miu 28 - Modulus and argument, HL

Find the modulus and argument of z = —5 + 12i.

2] = /(—5)2 4 122 = /25 + 144 = /169 = 13.
Since z lies in the second quadrant (negative real, positive imaginary part), # = 180° —
_1/(12
tan~! <€> ~ 180° — 67.38° = 112.6°.

z=-—5+12%

|z| =13

0 ~ 1\2.61

> Re

Argand diagram of z = —5 + 124: the modulus |z| = 13 is the distance from the origin, and the argument 6 ~ 112.6° is
measured anticlockwise from the positive real axis.
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Vi du miu 29 - AC circuit impedance (phasors), HL

In alternating-current (AC) circuit analysis, engineers represent voltage and current as complex
numbers called phasors (traditionally using j = v/—1 instead of i, to avoid clashing with the
symbol for current). Resistance contributes a purely real impedance R; inductive reactance
contributes a purely imaginary impedance jX ;. A circuit has resistance R = 8 {2 and inductive
reactance X; = 6 Q in series. Find the impedance Z = R + j X in modulus-argument form,
and the current if the supply voltage is 120 V (rms).

/6
Z=8+6j, |Z=v82+62=1100=101Q, argZ=tan ' (g) ~ 36.9°.

\% . .
By Ohm’s law for phasors, I = -7 so the current magnitude is

V| 120
= = —12A
d 1Z] ~ 10

)

and the current lags the voltage by the impedance’s phase angle, ~ 36.9°.

>V (ashagecphasor)

I (current phasor)

Phasor diagram for the R-L series circuit: the current phasor I lags the voltage phasor V' by the impedance’s phase
angle ~ 36.9°, since the inductor delays current relative to voltage.

Vi du miu 30 - Converting a phasor to rectangular form, HL

A voltage phasor is given in polar form as V' = 100£30° V (magnitude 100, phase 30°). Write
V in rectangular (a + bi) form.

V = 100(cos 30° + i sin 30°) = 100(0.8660) + 100(0.5)i ~ 86.6 + 50.0i V.

GIAI THICH TIENG VIET
S6 phirc 2z = a+ bi c6 phan thyc a va phan do b, v6i i2 = —1. M8-dun |z| = va? + b2 1a khoang
cach tir goc toa do dén diém biéu dién z trén mat phang Argand; argument 6 |3 géc hop véi
truc thuc duong. Trong ky thuat dién, sé phic duoc dung lam phasor dé biéu dién dién ap va
dong dién xoay chiéu: phan thuc/ao (hodc mé-dun/gdc pha) ma hoa bién doé va do léch pha,
gitip "cong” va "nhan” cac dao dong hinh sin bang dai sé phirc thay vi lwvong gidc — day 13 mot
(rng dung dep clia s6 phirc ra ngoai todn hoc thuan tay.

Practice

Bai tap luyén tap

Classify each of —7, 0, %, V/5, and 9 using the smallest applicable set among N, Z, Q, R.
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ENGLISH

Loi giai chi tiét

—7€Z;0€eN; % € Q; V5 € R only (irrational, since 5 is not a perfect square); 9 € N.

Bai tap luyén tap

Convert 20 m/s to km/h, and convert 3400 g to kg.

Lai giai chi tiét

-

20 x 3.6 = 72 km/h. 3400 g <+ 1000 = 3.4 kg.

Bai tap luyén tap

A cyclist travels 45 km in 1 hour 30 minutes. Find the average speed in km/h and in m/s.

(A) 30 km/h, 8.33 m/s (C) 67.5 km/h, 18.75 m/s
(B) 30 km/h, 10.8 m/s (D) 22.5 km/h, 6.25 m/s

Loi giai chi tiét
45 km

Bai tap luyén tap

A length is recorded as 84 cm, correct to 2 significant figures. Write down the lower and upper
bounds of the exact length.

Loi giai chi tiét

-

Rounding to 2 s.f. means the rounding unit is 1 cm, so the exact length x satisfies

84 —05 <z < 84405 =— 83.5cm <z <8&8.5cm|

Bai tap luyén tap

A rectangular plot is measured as length 12.4 m and width 8.6 m, each correct to 1 d.p. Find
the lower and upper bounds of the area.

Loi giai chi tiet

-

Length bounds [12.35,12.45); width bounds [8.55, 8.65).

Lower bound = 12.35 x 8.55 = 105.5925, Upper bound = 12.45 x 8.65 = 107.6925.

S0[105.59 m2 < A < 107.69 m? | (4 5.£.).

Bai tap luyén tap

A quantity’s true value is 45.0 but is measured as 47.3. Find the percentage error.
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ENGLISH

(A) 4.65% (C) 5.38%
(B) 5.11% (D) 2.30%

Loi giai chi tiét

-

473 — 45.0 9.3
473 =45.00 _ o00r — 23 100% ~ 5.11%.

error =
% 45.0 45.0

(B).

Bai tap luyén tap

A quantity is given as 250, correct to the nearest whole number. State the lower and upper
bounds.

Loi giai chi tiet

-

Rounding unit u = 1:|249.5 < z < 250.5 |

Bai tap luyén tap

Write 0.0000456 in standard form.

(A) 4.56 x 107° (C) 4.56 x 1074
(B) 4.56 x 10° (D) 0.456 x 1074

Loi giai chi tiét

-

Move the decimal point 5 places right to get a coefficient in [1,10): 4.56, exponent —5.

4.56 x 1075 | (A).

Bai tap luyén tap

Simplify (6.4 x 10~4) + (1.6 x 10?), giving the answer in standard form.

Loi giai chi tiet

-

% x 10742 =4 x 1076,

Bai tap luyén tap

A stadium holds 4.8 x 10* fans and the average ticket price is $35. Estimate the total ticket
revenue in standard form, correct to 3 s.f.

Lai giai chi tiét

-

4.8 x 10* x 35 =1.68 x 105 = [$1.68 x 10%|.
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Bai tap luyén tap

A city uses 2.4 x 107 litres of water per day. Estimate its total annual usage, in standard form
correct to 3 s.f. (use 365 days).

Loi giai chi tiét

-

2.4 x 107 x 365 = 8.76 x 10? litres.

Bai tap luyén tap

The 1%t term of an arithmetic sequence is 12 and the 15™ term is 96. Find the common differ-
ence d and the sum of the first 15 terms.

(B) d =6, S, = 1440 (D) d =6, S;5 = 756

Loi giai chi tiet

84

6.

15 1 1
Si5 = ?(ul +up) = 55(12 +96) = 75(108) = 810.

(A).

Bai tap luyén tap

An arithmetic sequence has u; = 7 and d = 4. Find uy, and S,.

Lai giai chi tiét

-

20

uzo =7+ 19(4) = 83. S = (7 + 83) = 10(90) = 900.

Bai tap luyén tap
Find the sum of the first 30 positive multiples of 3 (i.e. 3 + 6 + 9 + --- + 90).

(A) 1350 (C) 1425
(B) 1395 (D) 1305

Loi giai chi tiet

-

Arithmetic with u, = 3, d = 3, ug, = 90: Sy, = %(3 + 90) = 15(93) = 1395. (B).

Bai tap luyén tap

A geometric sequence has u, = 5 and r = 3. Find ug and S.
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ENGLISH

Loi giai chi tiét

5(33—1)  5(6560
ug = 5(3)7 = 5(2187) = 10935. Sg = <3 : ) _ 3 5 ) 16400,

Bai tap luyén tap

$8000 is invested at 5% p.a. compounded annually. After how many full years will the invest-
ment first exceed $12 000?

(A) 7 years (C) 9 years
(B) 8 years (D) 10 years

Loi giai chi tiét

In1. .
We need 8000(1.05)" > 12000 = (1.05)" > 1.5 = n > Innl 055 ~ 8.31. Checking on a

GDC: after 8 years, value ~ $11819.64 (not yet exceeded); after 9 years, value ~ $12410.63
(exceeded). So it first exceeds $12 000 after @ years. (C).

Bai luyén nang cao - HL

A geometric series has u; = 8 and r = 0.25. Find S__.

Loi giai chi tiét

8
Si =0.2 1, = = — ~10.7.
ince [r| =0.25 < 1, S 0TE 0.7

Bai luyén nang cao - HL

A ball is dropped from 3 m and rebounds to 50% of the height it fell from each bounce. Find
the total vertical distance travelled (assume the ball bounces indefinitely).

Loi giai chi tiet

: 1. .
Bounce heights: u; = 3(0.5) = 1.5, » = 0.5. S = ] _2 == 3 m (sum of all bounce heights).

Total distance = 3 (initial fall) + 2(3) (up+down for all bounces) =3 + 6 = .

Bai tap luyén tap

$12 000 is invested at 3.8% p.a. compounded quarterly for 10 years. Find its final value.

Loi giai chi tiet

0.0381 °
N =40,1% = 3.8, P/Y = C/Y = 4: FV = 12000 (1 + T) ~[$17515.97 |

-
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Bai tap luyén tap

Using the compounding-frequency comparison for $10000 at 6% p.a. over 5 years (annual
FV ~ $13382.26; monthly FV ~ $13488.50), find how much extra interest monthly com-
pounding earns compared to annual compounding.

(A) $9.75 (C) $115.99

(B) $106.25 (D) $206.25

Loi giai chi tiét

-

13488.50 — 13 382.26 ~ $106.25 extra interest. (B).

Bai tap luyén tap

A textbook currently costs $800. If prices rise with inflation at 4% p.a., estimate its price in 5
years.

Loi gidi chi tiét
800(1.04)5 ~|$973.32].

Bai tap luyén tap

-

An investment of $5000 grows to $7000 in 8 years under annual compounding. Find the annual
interest rate.

Loi giai chi tiét

5000(1 +7)8 = 7000 = (1 +7)8 = 1.4 = r = (1.4)}/8 — 1 ~ 0.0430 = 4.30%.

Bai tap luyén tap

A student borrows $10000 at 8.4% p.a. compounded monthly, to be repaid in equal instal-
ments over 3 years. Find the monthly payment and the total interest paid over the life of the
loan.

Loi giai chi tiet

. 0.084

10000(0.007)
1— (1.007)36

Total repaid ~ 36(315.21) = $11 347.64, so total interest ~ | $1347.64 |.

PMT = ~ $315.21.

Bai tap luyén tap

For the loan in the previous question, find the amount of interest paid in the first month.
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Loi giai chi tiét

First month’s interest = (opening balance)xi = 10000(0.007) = | $70.00 |

Bai tap luyén tap

Equipment bought for $45 000 depreciates at 12% p.a. (reducing balance). Find its value after
5 years.

Loi giai chi tiét
Vi = 45000(0.88)5 ~ | $23 747.94].

Bai tap luyén tap

-

For the equipment above ($45 000, depreciating 12% p.a.), find the first full year in which its
value drops below $20 000.

(A) 6t year (C) 8th year
(B) 7t year (D) 9t year

Loi giai chi tiet

-

Checking on a GDC: Vj; ~ $20 898.18 (still above), V; ~ $18 390.40 (below $20 000). (B).

Bai tap luyén tap

A saver deposits $150 at the end of each month into an account earning 4.2% p.a. compounded
monthly, for 8 years. Find the future value of the savings plan.

Loi giai chi tiét

-

. 0.042
== 0.0035, n = 96.

150[(1.0035)% — 1]

Bai tap luyén tap

A retiree wants to withdraw $300 at the end of each month for 5 years from an account earning
4% p.a. compounded monthly. Find the lump sum needed today.

Loi giai chi tiét
. 0.04
1= E’ n = 60.

300{1 — (1 +¢)~6°
v= =007 [Si6am0.72)

7
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Bai tap luyén tap

Find the lump sum needed now to fund quarterly withdrawals of $1000 for 15 years, at 5% p.a.
compounded quarterly.

(A) $38650 (C) $42035
(B) $40230 (D) $45500

Loi giai chi tiet

1= % = 0.0125, n = 60.

~1000[1 — (1.0125)~%]

P
v 0.0125

~ $42034.59.

(C).

Bai tap luyén tap

Equipment worth $45 000 depreciates at 12% p.a. (reducing balance). Find, correct to 1 d.p.,
the number of years for its value to fall to exactly half its original value.

Loi giai chi tiet

-

Solve (0.88)™ = 0.5 using logarithms:

In0.5
" T hoss [5.4 years]

Bai luyén nang cao - HL

Solve 5% = 200 for z, correct to 4 s.f.

Loi giai chi tiet

-

. In 200

~ 3.292.
In5

Bai luyén nang cao - HL

An amount grows according to A(t) = 300e°:°8¢, Find the time ¢ for A to reach 1000.

Lai giai chi tiét

-

In(10/3)
300208t — 1000 = 008t — 10 4 — "2/ . 150.
€ € 3 0.08

Bai luyén nang cao - HL

Using the decibel formula L = 10log,,(I/1), find the increase in decibels if intensity increases
by a factor of 500.
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(A) 23.0dB (C) 50.0dB
(B) 27.0dB (D) 2.70 dB

Loi giai chi tiét

-

AL =10log,,(500) ~ 27.0 dB. (B).

Bai luyén nang cao - HL

Find the time for an investment to double at 4.5% p.a. compounded annually.

Loi giai chi tiét

(1.045)" =2 = n =

In2
niom 15.7 years.

Bai luyén nang cao - HL

Use the inverse matrix method to solve 2z + 3y = 16, z — y = —2.

Loi giai chi tiét

(2 3 4 (02 06
A_< _1>,detA_ 5, 4 _(0.2 _0.4).

(o) =2 (%)= (D)

Sor=2,y=4.

Bai luyén nang cao - HL

Let A — (g _31>,B= (1 . ) Find AB.

Loi giai chi tiet

Bai luyén nang cao - HL

Use technology to solve the system 2z +y — 2 =1, — y + 32 = 8, 3z + 2y + z = 10.

Loi giai chi tiét

-

Entering into a GDC's equation solver gives z = 1,y = 2, 2 = 3.
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Bai luyén nang cao - HL

A workshop makes chairs (x) and tables (y): each chair needs 3 units wood +2 hours labour,
each table needs 5 units wood +4 hours labour. This week 62 units of wood and 46 hours of
labour are fully used. Find 2 and y.

Loi giai chi tiet

(g Z) (Zj) = (ié) det = 2 £ 0. Solving with technology: = = 9 chairs, y = 7 tables.

Bai luyén nang cao - HL

Let Zl S 2 + 3@, 22 = 4 — 52. Find Zl “I‘ 22 and lez.

Loi giai chi tiet

-

2 4 2y = 6 — 2i. 2,2y = 8 — 10 + 12 — 15i2 = 8 + 2 + 15 = 23 + 2i.

Bai luyén nang cao - HL

Find the modulus and argument of z = 5 — 12i.

Loi giai chi tiet

|z| = /25 + 144 = 13. Since z is in the fourth quadrant, § = —tan '(12/5) ~ —67.4° (equiva-
lently ~ 292.6°).

Bai luyén nang cao - HL

A series R-C circuit has resistance R = 5 Q) and capacitive reactance X, = 12 (), giving
impedance Z =5 — 125 Q. Find |Z| and arg Z.

Loi giai chi tiét

|Z) = /52 + 122 = 13 Q. arg Z = tan ' (—12/5) ~ —67.4° (current leads voltage for a capaci-
tive circuit).

Bai luyén nang cao - HL

A current phasor is given as I = 40/—25° A. Write I in rectangular form, correct to 3 s.f.

Loi giai chi tiet

-

I = 40 cos(—25°) + 40 sin(—25°)i ~ 36.3 — 16.9i A.
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Mixed and Extended Problems

On tap téng hop

$60 000 is invested at 5.5% p.a. compounded annually.

(a) Find its value after 10 years.

(b) Find the number of years for the investment to triple in value.

(c) If, instead, the same $60 000 had been invested at 5.5% simple interest, find the first full year
in which its simple-interest value exceeds the year-10 compound value found in part (a).

Loi giai chi tiet
(a) F'V,, = 60000(1.055)10 ~ $102 488.67.

In3
(b) (1.055)" =3 = n = ==

(c) Simple interest value after ¢ years is 60 000(1 + 0.055¢). We need this > 102 488.67:

~ 20.5 years.

102 488.67,/60 000 — 1
0.055

Checking integers: at t = 12, value = $99 600 (not yet); at t = 13, value = $102 900 (exceeds).
So the simple-interest value first exceeds the compound year-10 value at years.

j On tap tong hop

Company A’s annual profit starts at $50 000 and increases by a fixed $8000 each year (arithmetic
growth). Company B’s annual profit also starts at $50 000 but increases by 12% each year
(geometric growth).

(a) Find each company’s profit in year 8.

(b) Find the first year in which Company B'’s profit exceeds Company A’s profit.

(c) Find Company A's total combined profit over its first 8 years.

[ g

(@) Company A: ug = 50000 + 7(8000) = $106000. Company B: ug = 50000(1.12)7 ~
$110534.07.

(b) Tabulating year by year on a GDC (Company A arithmetic, Company B geometric), Com-
pany A leads through year 6 (45 = $90000 vs. By ~ $88117.08), but at year 7: A, = $98 000
while B, ~ $98691.13 — Company B has just overtaken. So Company B’s profit first exceeds

Company A’s in .

8
(€) S5 = (50000 + 106000) = 4(156 000) = $624.000.

On tap téng hop - HL

A theatre sells adult tickets at $15 and child tickets at $9. On Friday, 320 tickets were sold in
total for combined revenue $3720.

(a) Set up a system of two linear equations in a (adult tickets) and ¢ (child tickets).

(b) Use the inverse matrix method to find ¢ and c.

(c) On Saturday, both prices rise by 10% and exactly the same numbers of adult and child tickets
are sold. Find Saturday’s total revenue.

~ 12.9.
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Loi giai chi tiét
(@) @ + ¢ = 320 and 15a + 9¢ = 3720.

(1 1 o 1s a_ L9 -1
o= (L odetao-15- a1 (0 )

a) _ 4o1(320) _ (140

c 3720 180/ °
So a = 140 adult tickets, ¢ = 180 child tickets. Check: 140 4+ 180 = 320 v'; 15(140) 4+ 9(180) =
2100 + 1620 = 3720 v'.

(c) New prices: $16.50 and $9.90. Revenue = 140(16.50) + 180(9.90) = 2310 + 1782 =| $4092 |.

On tap téng hop - HL

Two AC voltage sources combine in a circuit: V; = 50£0° V and V, = 30£60° V (phasor
notation).

(a) Convert V; and V,, to rectangular form, correct to 2 d.p.

(b) Find the resultant voltage V; + V; in rectangular form.

(c) Convert the resultant back to polar (modulus-argument) form.

Loi giai chi tiét
() V, = 50 + 0i. V, = 30 cos 60° + 30sin 60°i = 15.00 + 25.98i.
(b) V, + V, = (50 + 15.00) + (0 + 25.98)i = 65.00 + 25.98 V.
25.98

() |V, 4+ V,| = v/65.002 4 25.98% = 70.0 V exactly (to 3 s.f.); arg = tan' (W) ~ 21.8°. So
Vy 4V, ~ 70.0£21.8° V. ‘

On tap téng hop

A national government’s annual budget is $4.8 x 10'!. Education spending is 3.5% of the bud-
get.

(a) Find education spending in standard form, correct to 3 s.f.

(b) If education spending then grows by 2% p.a. (compound) for 5 years, find its new value in
standard form, correct to 3 s.f.

(c) Express the part (b) answer as a percentage increase from the original amount in part (a),
correct to 3 s.f.

L&i giai chi tiét
(a) 4.8 x 10! x 0.035 = 1.68 x 10'°.
(b) 1.68 x 1019 x (1.02)° ~ 1.85 x 1010,

1.855 x 1010 — 1.68 x 10°

i 1.68 x 1010
directly, as expected for compound growth).

(c) %increase = x 100% =~ 10.4% (matching (1.02)% — 1 ~ 10.4%
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Functions

Muc tiéu Unit: Mién xac dinh, mién gia tri, ky hiéu ham s&, ham hop va ham nguoc; cac phép bién déi
dd thi ham s6 (tinh ti€n, co gian, doi x(rng) Iam nén tang cho moi mé hinh phia sau; mé hinh tuyén tinh;
mé hinh bac hai va bai toan téi wu hoa qua dinh parabol; mé hinh da thirc bac ba; mé hinh mi (ting
trudng/phan ra, chu ky ban ra/thdi gian gap doi) va mé hinh logarit ciing ky thuat tuyén tinh hoa thang
trudgng (HL); va hoi quy bang may tinh GDC — hé sé tuong quan r, hé s8 xac dinh R?, lwa chon mé hinh
phu hop tir hinh dang biéu d6 phan tan, va rui ro khi ngoai suy (extrapolation).

2.1 Functions: Domain, Range, and Notation

A function is a rule that assigns to every input value exactly one output value. Graphically, this
"exactly one output” condition is captured by the vertical line test: a graph represents a function if
and only if no vertical line crosses it more than once (a circle, for example, fails this test and is not the
graph of a function, since a single z-value can give two y-values). In IB Al, functions are the language
used to describe every real-world model in this unit — from a taxi fare to a population curve — so
precise notation and vocabulary matter as much as the algebra.

2.1.1 Domain and range

For a function f, the domain is the set of all permitted input values (z-values), and the range
is the set of all resulting output values (y-values, i.e. f(z)). Two algebraic restrictions occur
constantly: (1) the expression under an even root (e.g. a square root) must be > 0; (2) a de-
nominator must never equal 0. In applied (modelling) contexts, the domain is often restricted
further to whatever values are physically meaningful — e.g. time ¢ > 0, or a whole number of
items sold. For a complicated function, the range is often easiest to find using a GDC: graph
the function (restricted to its domain) and read the lowest and highest y-values reached, using
the trace or table feature to confirm any turning points or asymptotic behaviour.

GIAI THICH TIENG VIET

ién xac dinh (domain) |1a tap hop moi gia tri x duwoc phép dua vao ham s6; mién gia tri (range)
12 tap hop moi gia triy = f(x) c6 thé xuat hién. Hai l6i thudng gip khi tim mién xac dinh bang
dai s6: biéu thirc dudi cin bac chin phai > 0, va miu s6 khéng dugc bang 0. Trong cac bai
toan moé hinh hoa thuc té€, mién xac dinh thudng bi gigi han thém theo y nghia vat ly cta bai
toan (thai gian khéng am, sé lwgng sdn pham 13 s6 nguyén khéng am, strc chira téi da cia mot
dia diém, v.v.) — day la budc hay bi bd sét khi 1am bai.

Vi du mau 1 - Domain and range

(a) State the domain and range of f(z) = v2x — 8.
(b) A small theatre’s ticket revenue is modelled by R(n) = 12n, where n is the number of tickets
sold, valid for 0 < n < 300 (the venue’s capacity), with n a whole number. State the domain
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and range of R.
(c) Explain why g(z) = V22 — 8 and f(z) = v/22 — 8 from part (a) have the same domain, but

1

(@) We need 2z — 8 > 0 = x > 4, so the domain is x > 4 (i.e. [4,00)). Since a square root is
never negative, the range is y > 0 (i.e. [0, 00)).

(b) Domain: n € {0,1,2,...,300} (whole numbers only, capacity-limited). Range: R(n) = 12n
takes the values {0,12, 24, ...,3600} — multiples of 12 from 0 to 3600.

(c) For h(z), the square root now sits in a denominator, so it must be strictly positive (not just
> 0, since division by 0 is undefined): 2z — 8 > 0 = = > 4. So h excludes z = 4 itself (where
f is defined and equals 0), giving domain = > 4 rather than = > 4 — a small but exam-relevant
difference between "under a root” and "under a root in a denominator.”

2.1.2 Function notation and composite functions

Function notation f(z) reads ”f of x”: the output when the rule f is applied to input z. A
composite function (f o g)(x) = f(g(z)) applies g first, then applies f to that result. In general
f(g(x)) # g(f(x)) — composition is not commutative. The domain of f o g requires = to be in
the domain of g, and g(x) to be in the domain of f.

Vi du mau 2 - Composite functions

Let f(z) = 22 + 3 and g(x) = 22 — 1. Find (f o g)(z), (g ° f)(x), and evaluate (f o g)(3).

(feg)(x) = flg(x)) =2(z* —=1) +3 = 22" + 1.
(gof)x)=g(f(z))=(2r+3)?—1=42?+ 120+ 9 —1 = 42® + 122 + 8.

Note these are different expressions, confirming f o g # g o f in general. Evaluating directly:
g(3) =9 —1 = 8, then f(8) = 2(8) + 3 = 19; equivalently (f o g)(3) = 2(3)? + 1 = 19. Since
both f and g here are defined for all real numbers, so is every composite built from them — the
domain restriction of the earlier keyfact only becomes an active concern once a square root,
logarithm, or fraction is involved, as in the practice problems below.

2.1.3 Inverse functions

The inverse function f~! "undoes” f: f~'(f(z)) = x and f(f~(x)) = z. A function has an in-
verse (is one-to-one) only if no horizontal line crosses its graph more than once (the horizontal
line test); the graphs of y = f(x) and y = f!(z) are always reflections of each other in the
line y = z. To find f~! algebraically for a simple function: write y = f(z), swap = and y, then
solve the new equation for y.

Vi du miu 3 - Finding an inverse function

Find f~1(x) for f(z) = ?, and verify the result using x = 7.

3y —>5

. 3xr—5
ertey:xT,swapry:x: .Solvefory:2x =3y —5=3y=2x+5=y=
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2x + 5
5 2% +5
Check with = = 7: f(7) = 3<7)25 _ ? _ 8 and f1(8) = 2<8)3+5 _ %1 _ 7 — applying

f then f~! returns the original input. Notice also that the gradient of f is % and the gradient
of f~lis % — reciprocals of each other, since reflecting a line in y = x swaps the roles of "rise”
and "run.”

- GIAI THICH TIENG VIET
Ky hiéu f(z) docla” f ctia »” — gia tri dau ra khi ap dung quy tac f cho dau vao z. Ham hgp
(fog)(z) = f(g(x)): ap dung g trudc, roi lay két qua doé dua vao f — thar tu nay rat quan trong
Vi néi chung f o g # go f. Him nguwoc f~! "hoan tac” tac dung cua f; d€ tim f~! bang dai
s0, ta d6i vai tro z va y trong phuong trinh y = f(z) réi giai lai tim y. V& mat hinh hoc, do6 thi
y = f~'(x) ludn |13 anh d6i xirng cua dé thi y = f(x) qua dudng thang y =  — mét ham chi
c6 ham ngugc néu né 13 ham don anh (mbi dudng ngang cat do thi téi da mot [an).

A function that fails the horizontal line test over its whole domain — such as f(z) = x2, where
both = 2 and z = —2 give f(z) = 4 — can still be made invertible by restricting the domain to a
piece on which it is one-to-one. For instance, f(x) = 22 restricted to > 0 has inverse f~!(z) = /z
(also restricted to « > 0); this idea reappears in Section 2.4, where a quadratic model is naturally
one-to-one only on either side of its vertex.

(1) L6i thuong gip: Birng quén tim mién xac dinh trudc khi giai bai toan chira can bac chdn
hoac phan thirc: bi€u thirc dudi cn phai > 0 va mau s6 phai # 0. Mét ham hgp (f o g)(x) chi
xac dinh tai cac gia tri z ma g(z) nam trong mién xac dinh ctia f — bé qua budc ki€m tra nay
(d3c biét khi f chira cdn hodc phan thirc) 13 16i phé bién khi tim mién xac dinh ca ham hop.

2.2 Transformations of Functions

Every model in this unit — linear, quadratic, exponential, trigonometric, logistic — is really the same
handful of transformation ideas applied to a "parent” shape. Mastering transformations here pays
off in every later section, because parameters like amplitude, midline, and phase shift are nothing
more than named transformations.

Starting from y = f(x), for constants a, & > 0:

e y = f(z)+ k: translation up k units. y = f(x) — k: translation down £ units.
e y = f(z + k): translation left k£ units. y = f(z — k): translation right % units.

e y = a f(x) with a > 1: vertical stretch by scale factor a (away from the z-axis). With
0 < a < 1: vertical compression. With a < 0: also a reflection in the z-axis.

e y = f(ax) with a > 1: horizontal compression by scale factor 1. With 0 < a < 1: horizontal
stretch. With a < 0: also a reflection in the y-axis.

Transformations can be combined; the order in which they are applied to the parent graph
matters and should follow the order operations are applied to x inside the function.

Vertical transformations and horizontal transformations never interfere with each other (a ver-
tical stretch can be applied before or after a horizontal translation with no difference), but two
horizontal transformations do interact, and getting the order wrong is a common source of error.
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For example, starting from f(z) = 22 (vertex at z = 0): translating right 3 first, then compressing
horizontally by factor 2, gives f(2x — 3), with vertex where 2z — 3 = 0, i.e. z = 1.5. Compressing
first, then translating right 3, gives f(2(x — 3)) = f(2z — 6), with vertex where 22 — 6 = 0,i.e.2 =3
— a genuinely different graph. The safest approach is always to build the final algebraic expression
first, then read the vertex (or any key point) directly from that expression, rather than trying to track
a sequence of moves purely by intuition.

- GIAI THICH TIENG VIET

Phép bién d6i dirng (doc truc y) va phép bién déi ngang (doc truc ) khéng anh hudng 13n nhau
— thuc hién trudc hay sau déu cho cuing két qua. Nhung hai phép bién ddi ngang (vi du dich
ngang va co gian ngang) ¢6 anh hudng Ian nhau, va th tu thue hién sai 13 ngudn 16i pho bién:
f(2x — 3) (dich truéc, co sau) va f(2(x — 3)) = f(2x — 6) (co trudc, dich sau) la hai ham khac
nhau. Cach an toan nhat: luén viét ra bi€u thirc dai s6 cudi clng trudc, réi méi doc di€m méc
(nhu dinh parabol) truc tiép tir biéu thirc dé, thay vi c6 gang suy luan th(r tu cac budc bién doi
mot cach truc giac.

y=—2(zx+1) 3

The parent graph y = x? (vertex at the origin) transformed into y = —2(x + 1)2 — 3: translate left 1, vertically stretch by
factor 2, reflect in the z-axis, then translate down 3 — the new vertex is (—1, —3).

Vi du miu 4 - Combined transformation

Given the parent function f(x) = 22 with vertex (0,0), describe the sequence of transforma-
tions that produces g(z) = —2f(x + 1) — 3 = —2(z + 1)? — 3, and state the vertex and axis of
symmetry of g.

Reading the transformations in the order they act on z: (1) translate left 1 (x — = + 1); (2) ver-
tical stretch by factor 2; (3) reflect in the x-axis (the negative sign); (4) translate down 3. The
vertex of f at (0,0) maps to (—1,—3), so g has vertex (—1,—3) and axis of symmetry z = —1
(matching the figure above). Since f(x) = 22 opens upward with a minimum at its vertex, and ¢
additionally involves a reflection in the xz-axis, g opens downward with a maximum at (—1, —3)
— a useful cross-check against Section 2.4’s keyfact on the sign of the leading coefficient.

Vi du mau 5 - Transforming a table of values

A function y = f(z) is defined by the table below. Construct the table of values for h(z) =
3f(z) —2.

z -1 0 1 2
f@) 2 -1 3 0

Since h(z) = 3f(x) — 2 is a vertical stretch by factor 3 followed by a translation down 2, apply

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 39



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

this to each f(z)-value (the z-values are unchanged, since this is a purely vertical transforma-
tion):

- GIAI THICH TIENG VIET
B&n phép bién doi co ban ctia d6 thi ham so: f(z) + k dich 1én/xuéng; f(x + k) dich trai/phai
(cha y dau bén trong ngoac "nguoc” vai hudng di chuyén); a f(z) co gian theo phuong dirng
(va déi dau a thi lat qua truc hoanh); f(ax) co gidn theo phuong ngang (ngugc truc giac: a > 1
lam d6 thi "hep lai”). Day chinh |3 "b6 cong cu” dung lai xuyén sudt chuong nay: bién dé, chu
ky, do léch pha, va duong trung binh ctia ham lugng gidc (Section 2.8) hay tham s6 L, k cla
ham logistic (Section 2.9) déu 13 nhirng phép bién déi nay mang tén goi riéng.

(!) Léi thuong gap: Vi f(x + k) (k > 0), d6 thi dich chuyén sang trai k don vi, khéng phai sang
phai — dau bén trong ngoac luén "nguoc” vdi tryc gidc. Tuong ty, f(ax) véia > 1 1am do thi
co lai theo phuong ngang (hé s6 1), chir khong gian ra. Néu khong chac chan, hay kiém tra
bang cach thay mét diém cu thé vao céng thirc méi roi so sanh véi diém géc.

2.3 Linear Models

A linear model y = mx + ¢ is the simplest and most common model in applications: it describes
any quantity that changes by a constant amount per unit of . Because every other model family
in this unit (quadratic, exponential, sinusoidal, logistic) reduces to something close to a straight line
over a sufficiently small interval, linear models are also the natural first check whenever raw data
is examined on a GDC: if a scatter plot already looks close to a straight line, no more complicated
model family is needed.

For alinear model y = mx+c: the gradient m is the rate of change of y per unitincrease in z (its
units are "units of y per unit of "), and the y-intercept c is the value of y when z = 0 — often a
fixed/starting cost, baseline value, or initial amount in context. Given two data points (z;,y;)
and (z4,y,), m = %, and c is found by substituting one point back into y = ma + c.
Equivalently, Withou% solvling for c separately, the point-gradient form y — y;, = m(z — z;)
gives the equation directly from the gradient and any one known point.

Vi du miu 6 - Interpreting a linear model

A taxi fare is modelled by C(d) = 3.50 4+ 1.20d, where d is the distance travelled in km and C
is the cost in dollars. (a) Interpret the gradient and the y-intercept in context. (b) Find the cost
of a 12 km trip. (c) Find the distance travelled if the fare was $20.
(a) Gradient 1.20: the fare increases by $1.20 for every extra km travelled. Intercept 3.50: the
fixed "flag-fall” charge (the cost even for a 0 km trip).
(b) C(12) = 3.50 + 1.20(12) = 3.50 + 14.40 = $17.90.

16.50

(c) 20 = 3.50 + 1.20d = 1.20d = 16.50 = d = T2 = 13.75 km.
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Vi du miu 7 - Break-even analysis

A company manufacturing gadgets has fixed costs of $2400 per week and a variable cost of
$18 per unit; each gadget sells for $42. (a) Find the break-even quantity (where cost equals
revenue). (b) Find the profit if 200 units are made and sold. (c) Find the number of units that
must be sold for a weekly profit of at least $3000.

Cost: Cost(z) = 2400 + 18z. Revenue: Revenue(z) = 42z.

(a) Break-even: 2400 + 18z = 42z = 2400 = 24z = = = 100 units.

(b) Profit(200) = Revenue(200) — Cost(200) = 42(200) — (2400 + 18(200)) = 8400 — 6000 =
$2400.

(c) Profit(z) = 422 — (24004 18z) = 242 —2400. Requiring 24x — 2400 > 3000 = 24z > 5400 =
x > 225 units.

- GIAI THICH TIENG VIET
Trong mé hinh tuyén tinh y = ma + ¢, hé s6 gbéc m cho biét téc dd thay déi khéng déi cla y
khi x tang thém 1 don vi (don vi cta m ludn |a "don vi y trén don vi 2”), con tung d6 goc c la gia
tri chia y khi z = 0 — trong nglr canh thuc té thudng 1a chi phi cé dinh hoac gia tri khai diém.
Bai toan hoa vén (break-even) 1a dang irng dung kinh dién: tim giao diém cta dudng chi phi va
dudng doanh thu — trudc diém doé cong ty 16, sau diém dé cong ty 3.

2.4 Quadratic Models

A quadratic model y = ax? + bx + ¢ (a # 0) produces a parabola, and is the natural model whenever
a quantity has a single maximum or minimum turning point — projectile height, or profit/revenue as
a function of price.

For f(x) = ax® + bx + c: the graph is a parabola opening upward if ¢ > 0 (minimum turning
point) or downward if a < 0 (maximum turning point). The axis of symmetry and z-coordinate

of the vertex (turning point) is
b

—o
and the vertex y-value is found by substituting back into f(x). The roots (zeros, x-intercepts)
—b 4+ Vb2 —4ac or

2a

satisfy ax? + bz + ¢ = 0, found via factoring, the quadratic formula z =

directly by graphing on a GDC.

Vi du mau 8 - Projectile motion

A ball is thrown, and its height above the ground is modelled by h(t) = —5t? + 20t + 2 (metres,
t in seconds). (a) Find the maximum height and the time at which it occurs. (b) Find the time
at which the ball lands (h = 0). (c) State a suitable domain for h(t) in this context.
b 20
V == =—
(a) Vertex: t 50 2—5)
maximum height is 22 m, reached at ¢t = 2 s.

(b) Landing time: solve —5t2 + 20t + 2 = 0, i.e. 5t — 20t — 2 = 0:
L_ 204 V/(—20)2 —4(5)(—=2) 20 + /440

=2s. h(2) = —5(2)2+20(2) +2 = —20+40+2 = 22 m — the

2(5) 10
. .. . . 20 + v440
Taking the positive root (time cannot be negative), t = —:70 ~ 4.10 s (3 s.f.).
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(c) The model only makes physical sense while the ball is in the air, i.e. from launch until landing:
0 <t < 4.10 (s). Outside this domain, h(t) still exists as a mathematical expression, but no
longer represents a real height above the ground.

Vertex (2, 22)
20 ¢
£
<
iy
&
G_) 10 1
I
0

0 0.5 1 1.5 2 2.5 3 3.5 4
Time, t (s)
The projectile of Example 8: the parabola’s vertex at (2, 22) is the maximum height, and the axis of symmetry ¢t = 2

splits the flight time symmetrically around the peak (though the ball starts above ground level, so the rise and fall times
either side of the peak are not equal to the full flight time split evenly).

Vi du miu 9 - Revenue optimization

A shop’s weekly demand for notebooks depends on the price p (dollars) according to ¢ =
500 — 20p (units sold). Revenue is R(p) = pq = p(500 — 20p) = 500p — 20p?. (a) Find the price
that maximizes revenue, and the maximum revenue. (b) State a sensible domain for R(p) in
this context.

(a) This is a downward parabola in p with a = —20, b = 500. Vertex:

500 500
=" =125
2(—20) 40

R(12.5) = 500(12.5) — 20(12.5)% = 6250 — 3125 = $3125.

So a price of $12.50 maximizes weekly revenue at $3125.

(b) Both price and quantity sold must be non-negative: p > 0 and ¢ = 500 —20p > 0 = p < 25.
So the domain is 0 < p < 25 — note this comfortably contains the revenue-maximizing price
p = 12.5 found in (a), a useful check that the optimum is not sitting at the edge of what is
physically possible.

2.4.1 Where does the vertex formula come from?

The vertex formula is not an arbitrary rule — it follows directly from completing the square. Starting
from the general quadratic and factoring a out of the first two terms:

b b\? b b\ b
— 2 g 2 —_ g _ _— g _ _—
f(z) =ax —i—bx-l—c-a(a: +aI>+C a[<$+2a> 4@2]—#6 a<x+2a> +<c 4a>'

Since a square is never negative, a (m + 2—1;)2 is minimized (if a > 0) or maximized (if « < 0) when
the squared term is exactly 0, i.e. when x = ~5a this is precisely the vertex’s xz-coordinate, and
a

e . b2
substituting it back gives the vertex y-value ¢ — e
a
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The very same completed-square form also derives the quadratic formula. Setting f(x) = 0:

2

( N b>2 b2 b2 — 4ac _ ( N b) b2 — 4ac
alr+—| =——Cc=—— T+ —] =—F5—.
2a 4a 4q 2a 42

Taking the square root of both sides (allowing both signs) and rearranging:

b Vb2 —4ac —b+ Vb2 —4dac
x—i—%:i 2a — v 2a ’

exactly the quadratic formula used in Example 8 to find the projectile’s landing time. This also ex-
plains the discriminant b — 4ac: if it is negative, the square root is undefined over the reals, so the
parabola has no real roots (it never crosses the z-axis) — consistent with a > 0 giving an all-positive
parabola sitting entirely above the axis, or a < 0 sitting entirely below it.

GIAI THICH TIENG VIET

Cong thirc dinh z = —23 duoc suy ra bang cach hoan thanh binh phuong (completing the
a

2

e . b\’ b . ,
square): viét lai f(z) = ax?® + bx + c dudi dang a (:c + %) + (c - 4@). Vi binh phuong cla

mot sé thuc luén > 0, bi€u thirc dat gia tri nhd nhat (néu @ > 0) hodc I6n nhat (néu a < 0)
dung khi phan binh phuong bang 0 — tirc 13 khi z = —;. Trong dé thi Al, ta hiém khi can hoan
a

thanh binh phuong bang tay — GDC vé d6 thi va tim diém cuc tri (maximum/minimum) truc
ti€p — nhung hiéu duwoc ngudn gdc cong thire gitip dién giai két qua chinh xac hon.

2.5 Cubic and Other Polynomial Models

A cubic model y = ax® + b2? + cx + d (a # 0) is used whenever a quantity’s rate of change is itself
changing direction — a shape with up to two turning points, useful for volume-from-folding prob-
lems, S-shaped cost curves, and short-run production models. Higher-degree polynomials (quartic
and beyond) follow the same logic with more possible turning points, but appear far less often in Al
applications, since most real quantities are well approximated by a linear, quadratic, cubic, exponen-
tial, or logistic shape.

A cubic y = az® + bz? + cx + d has at most two turning points (a local maximum and a local
minimum) and at most three real roots. Its end behaviour is controlled by the sign of a: if a > 0,
y — —oo as x — —oo and y — +o0o as x — +oo (the curve rises overall, left-to-right); if a < 0,
this is reversed. On a GDC, cubic (and higher-degree polynomial) models are graphed and their
maxima, minima, and roots are read off directly using the graph’s built-in analysis tools, rather
than solved by hand.

Vi du mau 10 - Volume from a folded box (cubic optimization)

A square sheet of cardboard has side length 30 cm. A square of side = cm is cut from each
corner, and the sides are folded up to form an open-topped box. (a) Show that the volume is
V(z) = 900z — 12022 + 423, and state a sensible domain. (b) Use technology to find the value
of z that maximizes the volume, and the maximum volume. (c) State the range of V' over this
domain, and interpret the behaviour of V(z) asz — 0" andas z — 15~

(a) The base of the box has side (30 — 2z:) cm (after removing a strip of width x from each end),
and the height is x cm, so

V(z) = 2(30 — 22)? = 2(900 — 120z + 42?) = 900z — 12022 + 423.
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For the box to physically exist, z > 0 and 30 — 2z > 0, so the domainis 0 < x < 15.
(b) Graphing V(x) on a GDC over 0 < z < 15 and locating the maximum point gives x = 5 cm,
with

V(5) = 5(30 — 10)2 = 5(400) = 2000 cm3.

(c) The range is 0 < V() < 2000 (cm3). As x — 07, the cut is almost non-existent, so the box
has almost no height and V' (z) — 0; as x — 157, the cut nearly consumes the whole sheet, so
the base shrinks to almost nothing and V() — 0 again — both extremes make no usable box,
confirming the maximum must occur somewhere strictly between them.

. GIAI THICH TIENG VIET

M® hinh bac ba c6 t6i da hai di€m curc tri (mot cuc dai, mot cuc tiéu) va téi da ba nghiém thuec.
Bai toan "gap hop tir tam bia” 1a (rng dung kinh dién ctia mé hinh bac ba: thé tich V() 1a tich
cla ba kich thudc (dai, rong, cao), mdi kich thudc phu thudc tuyén tinh vao z, nén tich cua
ching cho ra mét da thirc bac ba. Trong Al, ta khéng dung dao ham dé tim cuc tri bang tay
nhu AA — thay vao dé, luén vé dd thi bang GDC va dung chirc ndng "maximum/minimum” ca
may dé doc truc tiép toa dd diém cuc tri.

A cubic equation az?+bz?+cx+d = 0 can have one, two (a repeated root counted once visually),
or three real roots — unlike a quadratic, there is no simple formula analogous to the quadratic formula
that is practical to use by hand, which is precisely why a GDC'’s root-finder (sometimes labelled "zero”
or "solve”) is the standard tool. When a cubic model has only one real root, the graph crosses the
x-axis exactly once and otherwise stays on one side of it — this is the typical shape for a cubic cost
or revenue model that is only physically meaningful for > 0, where the single positive root often
represents a break-even point.

2.6 Exponential Models

An exponential model describes quantities that change by a constant percentage (rather than a
constant amount) per unit of x — population growth, radioactive decay, compound interest, and the
spread of information in its early, unconstrained phase.

Two equivalent forms of an exponential model are used in Al:
y = ab® and y = yoert,

where in the first form a (or y,) is the initial value (x = 0) and b > 0 is the growth/decay factor
per unit of z (b > 1: growth; 0 < b < 1: decay); in the second form k& is the continuous growth
rate (k > 0: growth; & < 0: decay), related to b by b = e*. The half-life (time for a decaying

quantity to halve) or doubling time (time for a growing quantity to double) T" satisfies b7 = 0.5

In0.5 or T In2

bl =2 tively, solved using | ithms: T' = = —
or respectively, solved using logarithms D D

The relationship b = e* follows directly from matching the two forms: since y,e** = y,(e*)” must
equal ab® with a = y,, the bases must agree, so b = ¢* (equivalently, k = Inb). This is exactly the
substitution used to convert a GDC’s exponential-regression output y = ab” into the continuous-
rate form y = ae”*® preferred in the natural sciences.
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800

—— y=200(1.15)* — growth (b > 1)
—— y =200(0.85)* —decay (0 < b < 1)

600 |
=400 |
200 |
0 1 1 1 1 1 |
9 0 2 4 6 8 10
X

Both curves share the same y-intercept 200: growth (b = 1.15 > 1) rises without bound, while decay (b = 0.85 < 1)
falls and flattens toward the z-axis (a horizontal asymptote at y = 0) but never reaches it.

Vi du mau 11 - Population growth

A town’s population is modelled by P(¢) = 15000(1.024)*, where ¢ is the number of years since
2015. (a) Find the population in 2030. (b) Find the first year in which the population exceeds
25 000. (c) Comment on whether this model is realistic if used to predict the population in the
year 2200.

(a) 2030 corresponds to t = 15: P(15) = 15000(1.024)1® ~ 21408.72, so about 21 400 people

(3 s.f.).
(b) Solving 15.000(1.024)¢ = 25000: (1.024) = 22090 _ 1 g5 = 10 (10662 ~ 21.54. Check-
2

15000 ~In1.02
ing integers on a GDC: P(21) ~ 24682.6 (not yet exceeded), ( 2) ~ 25275.0 (exceeded). So

the population first exceeds 25000 in year t = 22, i.e. in .

(c) 2200 corresponds to t = 185, giving an astronomically large (and physically meaningless) pre-
dicted population: no town can sustain unlimited exponential growth. Over such a long hori-
zon, a logistic model bounded by a realistic carrying capacity (land, infrastructure, resources)
would be far more appropriate than this unbounded exponential — the exponential model is
only reliable over the relatively short horizon on which it was fitted.

Vi du mau 12 - Radioactive decay and half-life

A medical isotope decays with a half-life of 8 days. A sample starts at 120 mg. (a) Find the
amount remaining after 30 days. (b) Find the time for the amount to fall to 5 mg. (c) Express
N(t) in the equivalent form N (t) = 120e*, correct to 4 s.f.

Since the half-life is 8 days, N(t) = 120(0.5)"/%.
(a) N(30) = 120(0.5)3%/8 = 120(0.5)>7 ~ 8.92 mg (3 s.f.).

— t In(0.0416 In(0.0416
(b) 120(0.5)!/% = 5 = (0.5)!/8 = 1—;’0 _0.0415 = L = NOOUE) o In(0.0416) g

8 In0.5 In0.5
days (3 s.f.).

(c) Writing (0.5)%/8 = (0.51/8)t, the equivalent base is b = 0.5Y/8 ~ 0.9170, s0 k = Inb =
In0.5

~ —0.08664, giving N (t) ~ 120e0-08664¢ — this continuous-decay-rate form is the one
typically used in nuclear physics, where k (or —k) is called the decay constant.

GIAI THICH TIENG VIET
Mo hinh md mé ta mét dai lwgng thay déi theo ti 1€ phan tram cé dinh méi don vi thoi gian —
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giong day s6 nhan (Chapter 1) nhung & day z c6 thé nhan gia tri lién tuc, khdng chi sé nguyén.
Hai dang y = ab® va y = y,e** tuong duong nhau qua b = e*; dang e** thuong dung trong
khoa hoc tu nhién (sinh hoc, vat ly hat nhan) vi £ mang y nghia "toc do6 tang trudng tirc thoi”.
Chu ky ban ra (half-life) va thoi gian tang gap d6i (doubling time) déu giai bang cach 13y log
hai vé — ky thuat nay dd hoc & Chapter 1 cho bai toan tai chinh, nay ap dung lai cho phan ra
phong xa va ting trudng dan so.

2.7 Logarithmic Functions (HL)

The logarithm is the inverse of the exponential, and beyond solving exponential equations, loga-
rithms give a second, equally important role in Al: linearizing exponential data so it can be analysed
and fitted using straight-line techniques.

y = log, z is the inverse of y = b": it exists only for x > 0, has a vertical asymptote at
x = 0, and passes through (1,0). The natural logarithm Inz = log_ and common logarithm
logz = log,,x are the two forms built into every GDC. Logarithmic models y = a + bInz
are used whenever a quantity increases (or decreases) rapidly at first, then levels off while still
growing (or shrinking) without bound — unlike the logistic model of Section 2.9, a log model
has no upper limit.

y = log, x is the reflection of y = 2% in the line y = «, since a logarithm is the inverse of the corresponding exponential.

Vi du miu 13 - A logarithmic model: pH scale, HL

Chemists model acidity using pH = — IoglO[H+], where [H+] is the hydrogen-ion concentration
in mol/L. (a) Find the pH of a solution with [H"] = 3.2 x 10~°. (b) Find [H] for a solution with
pH = 8.1. (c) Find the ratio of the hydrogen-ion concentrations of the two solutions in (a) and
(b).

(@) pH = —log, (3.2 x 107°) ~ 4.49 (3 s.f.) — a mildly acidic solution.

(b) Rearranging, [H+] =10PH = 1081 ~ 7.94 x 1072 mol/L (3 s.f.) — a basic (alkaline) solution.
(c) Since pH = — IoglO[H+], a difference in pH of A corresponds to a ratio of [H]-values of
exactly 102 (a direct consequence of the log laws of Chapter 1). Here A = 8.1 — 4.49 ~ 3.61,

SO N
[H ](a)
[H' )

confirming that the solution in (a) is roughly 4000 times more acidic than the one in (b) — the pH
scale compresses a huge range of concentrations into a small, easily-compared range of num-
bers, which is precisely why chemists use a logarithmic scale here rather than concentration

— 10361 ~ 4030,
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itself.

2.7.1 Linearizing exponential data (HL)

A key reason logarithms matter for regression (Section 2.10) is that they turn an exponential relation-
ship into a linear one. Starting from y = ab® and taking In of both sides:

Iny =In(ab®) =Ina+In(b*) =Ina+ zInb.

This says that Iny is a linear function of z: plotting Iny (instead of y) against = produces a straight
line with gradient In b and y-intercept In a — this is exactly why exponential-looking data "straightens
out” on a semi-log (log-y) scale, and it is the principle a GDC uses internally when it performs an
exponential regression.

. GIAI THICH TIENG VIET

L3y In hai vé cta y = ab® choralny = Ina + z Inb — mot phuong trinh tuyén tinh theo z, vai
bién phu thuéc la Iny (khéng phai y). Day la ly do dir liéu tang truagng ma, khi vé trén truc Iny
theo z (thang ban logarit — semi-log scale), sé tao thanh dudng thang: hé s6 goc chinh [a Inb,
tung d6 goéc l1a Ina. Nguyén ly nay chinh |a cdch may GDC "bén trong” thuc hién hoi quy mi
(exponential regression) — bién déi dir liéu vé dang tuyén tinh réi &p dung céng thirc héi quy
tuyén tinh da biét.

Vi du mau 14 - Two-point exponential linearization, HL

A bacteria culture is modelled by y = ab® (z in hours). At x = 0, y = 50; at x = 6, y = 200. Use

the linearization Iny = Ina + x Inb to find a and b, correct to 3 s.f., and predict y at x = 3.

Atz =0:Iny=Ina = Ina =1In50, so a = 50 (as expected — a is simply the value at z = 0).
In200 —In50  In4

Atz =6:1n200=In50+6Inb=1Inb= — %~ 5 ~ 0.2310 = b = 92310 ~ 1.26.

y = 50(1.26)°.

Predicting at = = 3: y(3) = 50(1.26)3 ~ 100 — exactly the geometric mean of 50 and 200, a
useful sanity check for the midpoint of an exponential model.

- GIAI THICH TIENG VIET
Ky thuat tuyén tinh hoa hai diém: tir hai diém dir liéu (z, y;) va (4, y5) ctia mét mo hinh m,
gia tri a tai z = 0 doc truc ti€p (néu mot diém cé = = 0), con Inb tinh bang dd déc ctia doan
thang néi (z,,Iny,) va (z,, Iny,). Ky thudt nay 1a budc dém quan trong trudc khi hoc héi quy
mi bing GDC & Section 2.10 — hiéu dugc "bén trong” may tinh lam gi gitp dién giai két qua
a, b, r? hién thi trén man hinh mét cach chinh xac hon.

2.8 Trigonometric (Sinusoidal) Models

Any phenomenon that repeats in a regular cycle — tides, Ferris wheels, daily/seasonal temperature,
sound waves, AC voltage — is naturally modelled by a sinusoidal function, built from the trans-
formations of Section 2.2 applied to y = sinx. Every parameter below is literally one of the four
transformations already met: amplitude is a vertical stretch, midline is a vertical translation, phase
shift is a horizontal translation, and the period is controlled by a horizontal stretch/compression —
nothing new is being learned algebraically, only a new context and new names for familiar ideas.
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The general sinusoidal model is
y =asin (b(z —c)) +d,

where (assuming a,b > 0): a is the amplitude (half the distance between the maximum and
2 ®
—

minimum values); or in degree mode) is the period (length of one full cycle); c is

the phase shift (horizontal translation, the same idea as f(z — k) from Section 2.2); and d is
the midline (vertical translation, the "average” value about which the curve oscillates). The
maximum value is d + a and the minimum is d — a. The frequency (cycles per unit time) is the

. . b . . . .
reciprocal of the period, [ = 5 used, for instance, to describe a sound wave's pitch (higher
™
frequency = higher pitch) or an AC current’s frequency in hertz (Hz).

2.8.1 Where does the period formula come from?

The base function y = sin z completes exactly one full cycle as = runs through 360° (one full revolu-
tion around the unit circle), since sin(z + 360°) = sinx for every z. Now consider y = sin(bx): this
function repeats whenever the input to the sine function, bz, has increased by 360°, i.e. whenever

360°
b(r+ P)=bx+3600 = bP=360" = P= 5
where P is the period. This is simply the horizontal-compression transformation of Section 2.2 in
action: multiplying the input by b compresses the graph horizontally by a factor of %, so a cycle that
used to take 360° now takes only @.
GIAI THICH TIENG VIET

x N L. . .

Ham y = sin z 13p lai sau moi 360° (mot vong tron luwgng gidc day du). V&i y = sin(bx), chu ky
360°

I3p lai khi phan bén trong b tang thém diang 360° — giai phuong trinh bP = 360° cho P =
Day chinh |3 phép co gian ngang (Section 2.2) dang "hoat dong”: nhan dau vao vai b lam do thi

. i LA .. N . w360
co lai theo phuong ngang v&i hé s6 % nén mot chu ky von can 360° nay chi can b

Vi du miu 15 - Ferris wheel model

A Ferris wheel has diameter 40 m, and its centre is 22 m above the ground. It completes one
full revolution every 6 minutes, and a rider boards at the lowest point of the wheel at ¢t = 0. (a)
Write a model h(t) for the rider’s height. (b) Find the rider’s height at ¢ = 4 minutes. (c) Find
the first time the rider is at a height of 35 m. (d) State the range of h(t), and explain what the
minimum and maximum values represent physically.

360°

(a) Radius (amplitude) a = 20, midline d = 22, period 6 = b = = 60°/min. Since the rider

starts at the lowest point (h = 2 m at ¢ = 0), we need a negative cosine shape:
h(t) = —20cos(60t) + 22 (¢t in minutes, h in metres).

Check: h(0) = —20(1) + 22 = 2 m v (the bottom of the wheel, 22 — 20).

(b) h(4) = —20 cos(240°) 4 22 = —20(—0.5) + 22 = 10 + 22 = 32 m.

(c) Solve —20 cos(60t) + 22 = 35 = cos(60t) = —0.65 = 60t = cos !(—0.65) ~ 130.7° = ¢ ~
2.18 min (3 s.f.).

(d) Range: 2 < h(t) < 42 (m). The minimum, 22 — 20 = 2 m, is the height of the lowest point
of the wheel above the ground (the boarding platform); the maximum, 22 4 20 = 42 m, is the
height of the highest point the rider reaches, directly above the centre of the wheel.
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Height, A (m)

0 1 2 3 4 5 6
Time, t (min)

The Ferris wheel of Example 15 over one full revolution (6 minutes): the rider starts at the minimum height (2 m) and
reaches the maximum (42 m) at the half-way point, ¢t = 3 min.

Vi du miu 16 - Seasonal temperature model

Average monthly temperature is modelled by T'(m) = 8sin (30(m — 4)) + 15, where m is the
month number (m = 1 for January) and T is in °C (using degree mode, since the period is 12
months = b = % = 30°). (a) Find the temperature in March. (b) Identify the coldest month
and its temperature. (c) State the annual temperature range, and explain how it relates to the
amplitude.

(@) Marchiis m = 3: T((3) = 8sin (30(3 — 4)) + 15 = 8sin(—30°) + 15 = 8(—0.5) + 15 = 11°C.
(b) The minimum of sin is —1, occurring when 30(m — 4) = —90° = m —4 = -3 = m =1
(January). T(1) = 8(—1) 4+ 15 = 7°C — the coldest month is January at 7°C (and by symmetry
the warmest month is 6 months later, July, at T'(7) = 8(1) + 15 = 23°C).

(c) The annual range is 23 — 7 = 16°C, which is exactly twice the amplitude (2 x 8 = 16) — this
always holds, since the amplitude is defined as half the distance between the maximum and
minimum values.

- GIAI THICH TIENG VIET

M6 hinh lugng gidc y = asin (b(x — ¢)) + d m6 ta moi hién twong Idp lai theo chu ky déu dan.

. 27

(hoac 5 theo
radian) = thai gian d€ I13p lai mét chu trinh day du; ¢ = dd Iéch pha (dich ngang); d = dudng
trung binh (dich doc, gia tri trung binh ma d6 thi dao déng xung quanh). Viéc chon ham sin
hay cos, va dau +/— phia trudc bién do, phu thudc vao diéu kién ban dau ctia bai toan (vi du:
ngudi choi bat dau & diém thap nhat hay cao nhat clia vong quay).

o

Bién d6 a = mot nlra khoang cach gilra gia tri [&n nhat va nho nhat; chu ky

Example 15 used a negative cosine because the rider starts at the lowest point; if instead a
problem states the object starts at the midline moving upward, a plain sin is the natural choice
(sin(0) = 0 matches starting at the midline), and if it starts at the highest point, a plain (positive)
cos is natural. This is not a coincidence: cosf = sin(6 + 90°) for all # (cosine is simply sine shifted
left by a quarter turn), so any sinusoidal model can equally well be written using sin or cos with an
adjusted phase shift ¢ — the choice made in each example above is simply whichever requires the
least algebra to set up.

(') L6i thuong gip: Trén GDC, ludn kiém tra ché dé géc (Degree hay Radian) truéc khi tinh gia
tri lwong gidc — dung sai ché& do 13 16i cuc ky phé bién trong phan mé hinh lugng giac, va cho
ra két qua sai hoan toan du céng thirc da 1ap ding. Dé IB Al c6 thé cho hé sé b dudi dang do
ho3c radian tuy ngir canh bai toan; hay doc ky don vi trude khi bAm may, va ludn kiém tra lai
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I bang mot gia tri da biét (nhu ¢t = 0) truwdc khi dung mé hinh dé tinh tiép.

2.9 Logistic Models (HL)

Exponential growth cannot continue forever in the real world — populations run out of food or
space, diseases run out of susceptible hosts, new technologies saturate their market. The logistic
model captures exactly this: growth that starts out looking exponential, then slows and levels off as
it approaches a maximum sustainable value.

The logistic model is

_ L

14 Ce ke’

where L > 0 is the carrying capacity (the horizontal asymptote the curve approaches as x — oo
— the maximum sustainable value); £ > 0 is the growth rate constant (larger £ means the curve

Y

. . L .
rises to L more quickly); and C' > 0 shapes the initial value, with y(0) = TcC The curve is
approximately exponential for small = (when Ce=** >> 1), then bends and flattens toward L as

. . . . L
x grows. The curve rises fastest at its inflection point, exactly where y = 5"

carrying capacity L = 2000
2,000 f oo

c 1,500

e

5

]

§. 1,000 + inflection, y = L /2

o

500 +
0 ! ! ! ! ! |
0 5 10 15 20 25 30
Time, ¢ (years)
_— 2000 . . . .
The logistic model P(t) = T4 9c 04t of Examples 17-18: near-exponential growth for small ¢, an inflection point at

t ~ 5.49 (where P = L /2 = 1000), then the curve flattens toward the carrying capacity L = 2000.

Vi du miu 17 - Evaluating a logistic model, HL

- .. 2000 . . o .
A wildlife reserve’s population is modelled by P(t) = T e 0 t in years since monitoring
)

began. (a) Find the initial population P(0). (b) Find the population after 10 years. (c) Find the
population after 20 years, and state the carrying capacity.
2000 2000 2000

@ PO) = 155770~ 10
2000 2000 2000
b) P(10) = = = ~ 1717 (4 s.f.).
(b) P0) = 15 =310 = T390 1+ 9(0.018316) (@ s
200 _ . .
(c) P(20) = 14:)928 ~ 1994 (4 s.f.) — already within 0.3% of the carrying capacity L = 2000

(the horizontal asymptote as ¢t — oo), confirming the reserve can sustain at most about 2000
animals, and that the population has essentially saturated by year 20.
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Vi du mau 18 - Solving for z in a logistic model, HL

2000 . . .
For the same reserve, P(t) = T3 g0t find the time at which the population reaches 1000
0.

(half the carrying capacity).

2000 1
1000 = 149604t =9 — 9p04t — | ot _ 1
1+ Qe 0.4t 000 + e 9e — ¢ 5

Taking In of both sides: —0.4t = In(§) = —In9 = ¢ = l(?j ~ 5.49 years (3 s.f.). This is

the curve’s inflection point — the population is growing fastest at this moment (matching the
figure above), after which growth decelerates as it approaches L = 2000.

. GIAI THICH TIENG VIET

M® hinh logistic y = — mo ta tang trudng bi gi6i han bdi ngudn lyc: dan s6 dong vat

L
1+ Ce* g
(giGi han bai thirc an/méi trudng séng), dich bénh (gidi han bai s6 ngudi con cé thé nhiém),
hay viéc chidp nhan cong nghé méi (gidi han bdi tong thi trudng). Tham sé L = sirc chira téi
da (carrying capacity, tiém can ngang khi z — oo); k = tdc d6 tang truang; C quyét dinh gia tri

. L s a2 n - . C s A,
ban dau y(0) = =0 DE giai tim z khi biét y, ta luén dua phuong trinh vé dang e ** = (s6)

réi 13y In hai vé — ding ky thuat da dung cho phuong trinh mi & Section 2.6, chi khac la phai
"don dep” phan so trudc.

2.9.1 Why does the logistic curve start exponential and then level off? (HL)

The keyfact above claims the logistic model behaves like an exponential for small z and flattens out
L

14 Ce ke’
Early behaviour (small z, so y <« L): when z is small, e ** is still close to 1, so Ce ** is large

compared to 1, and the "+1” in the denominator is nearly negligible:

for large x; both claims follow directly from the algebraic structure of y =

L _ £€km’

1+Ce ™~ Ce?® — N ——
+ Ce e Y Co bz c

which is exactly an exponential model with growth rate k — this is why early logistic growth is almost
indistinguishable from unrestricted exponential growth.
Long-run behaviour (large z): as © — oo, e ** — 0 (since k > 0), so Ce ** — 0 and the denomi-

nator 1 + Ce %* — 1:
L L

T 1t Cet 1
confirming that y = L is a horizontal asymptote. The full logistic curve is therefore a smooth tran-

sition between these two extremes: exponential-like growth while resources are abundant relative
to the population, bending over as the population approaches the ceiling L.

Yy =1L,

GIAI THICH TIENG VIET

VN
Khi z nhé (giai doan dau, y con nhé hon nhiéu so véi L), s6 hang Ce** trong mau sé rat 16n
so v&i 1, nén cé thé bo qua sé 1 — biéu thire rat gon vé ding dang ham miiy ~ %e’“, giai thich
vi sao giai doan dau cla tang trudng logistic trong giong hét ting trudng mia khong gidi han.
Khi z 16n, e ** — 0, mAu s6 tién vé 1, nén y — L — day chinh |3 tiém can ngang. Hai gi6i han
nay giai thich tron ven hinh chir S dac trung ctia dudng cong logistic.
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2.10 Regression with Technology

Real data rarely falls exactly on a curve. Regression uses a GDC to find the equation of the curve
(from a chosen family) that best fits a set of data points, and to measure how good that fit is. Inter-
nally, a GDC finds this "best fit” using the method of least squares: among all curves of the chosen
family, it selects the one that minimizes the sum of the squared vertical distances between each data
point and the curve (the residuals). Squaring the residuals before summing ensures that positive and
negative deviations do not cancel out, and penalizes large deviations more heavily than small ones.

A GDC can perform linear, quadratic, cubic, exponential, power, and other regressions directly

from a list of data points, returning the best-fit equation’s parameters. Two measures of fit

quality:

¢ The correlation coefficient r (for linear regression only), —1 < r < 1: |r| close to 1 indicates
a strong linear relationship; the sign of » matches the sign of the gradient.

¢ The coefficient of determination R? (or 2 for linear models), 0 < R? < 1: the proportion
of the variation in y that is explained by the model. R? = 0.95 means 95% of the variation
in g is accounted for by the regression model.

Higher |r| or R? indicates a better fit for that family of curve — but a high R? does not by itself
prove that family is the correct choice of model.

Chon m6 hinh phu hgp - Choosing a model from a scatter plot

Before running any regression, look at the shape of the scatter plot: a roughly straight-line
trend suggests linear; a single turning point (parabola shape) suggests quadratic; an S-shaped
curve or two turning points suggests cubic; rapid, ever-accelerating one-directional growth
or decay with no bound suggests exponential; a curve passing through (or near) the origin
that rises less steeply than exponential suggests power (y = ax™); and rapid initial change
that keeps growing but ever more slowly, with no upper limit, suggests logarithmic. If growth
appears exponential at first but then levels off toward a maximum, a logistic model (Section
2.9) — not a plain exponential — is the appropriate choice.

Cac budc thuc hién trén GDC - Practical GDC regression steps

Although keystrokes vary slightly by calculator model, the general workflow is the same on
every GDC: (1) enter the z-data into one list (e.g. L1) and the corresponding y-data into a
second list (e.g. L2); (2) open the statistics/regression menu and choose the desired regression
family (LinReg, QuadReg, CubicReg, ExpReg, PwrReg, ...); (3) confirm the lists being used, and
— if the option is available — turn on the diagnostics setting so » and R? are displayed; (4)
read off the parameters of the fitted equation together with »/R2. Many GDCs can also paste
the resulting equation directly into the graphing screen, so the fitted curve can be overlaid
on the original scatter plot as a visual check of the fit. As a further diagnostic beyond R?, a
residual plot (the differences between each actual y-value and the model’s predicted value,
plotted against x) that shows no obvious pattern supports the chosen model family; a residual
plot with a clear curve or trend suggests a different family would fit the underlying relationship
better, even if R? for the current model looks reasonably high.

Vi du miu 19 - Linear regression

Six students’ hours studied (x) and exam scores (y) are recorded:
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Hours,z 2 3 5 6 8 9
Score,y 55 60 68 75 85 90

Using a GDC's linear regression, find the equation of the regression line, the value of r, and
predict the score for a student who studies 7 hours. Interpret the gradient in context.

The GDC returns
y=5.03z +44.5 (3s.f.), r ~ 0.998, R? =172 ~ 0.997.

Since r is very close to 1, there is a strong positive linear relationship between hours studied
and exam score. Predictingat z = 7: y = 5.0267(7) + 44.52 ~ 79.7, so a score of about 80. The
gradient ~ 5.03 means each additional hour of study is associated with an increase of about
5.03 points in exam score, on average, over the range of the data — exactly the same "rate of
change” interpretation of gradient introduced for linear models in Section 2.3, now applied to
a linear regression fitted from data rather than derived from a known formula.

100 %

80 |

Exam score
[ )

60 |

40 . . . . .
0 2 4 6 8 10
Hours studied

Scatter plot and least-squares regression line for Example 19: the data points lie very close to the line, consistent with
r =~ 0.998.

Vi du miu 20 - Choosing a model and the danger of extrapolation

A bacteria colony is counted every hour:

Hour, t 0 1 2 3 4 5
Count, N 40 55 78 110 152 210

(a) Compare a linear and an exponential regression for this data, using R2. (b) Use the better
model to predict the count at ¢ = 20, and comment on the reliability of this prediction.
(@) A GDC’s linear regression gives R? ~ 0.951; the shape of the scatter plot (accelerating
growth) already suggests exponential is more appropriate, and indeed an exponential regres-
sion gives

N =39.9(1.40)* (3s.f.), R? ~ 0.9998,

a far better fit — confirming the exponential model should be preferred here.

(b) Extrapolating the exponential model to ¢t = 20: N (20) = 39.8898(1.396326)%° ~ 31 700. This
number should not be trusted: ¢t = 20 is far outside the range of the collected data (¢t = 0 to 5),
and in reality a bacteria colony’s growth is limited by nutrients and space — its true long-run
behaviour is better described by a logistic model (Section 2.9), not an unbounded exponential.
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This is the danger of extrapolation: a regression model, however well it fits the observed data,
is only trustworthy for interpolating within (or very close to) the range of x-values actually
collected.

For the same bacteria data, it is worth asking: what if a higher-degree polynomial is fitted in-
stead? The table below compares R? across four regression families run on the identical six data
points of Example 20.

Model family Linear Quadratic  Cubic  Exponential
R? 0.951 0.9995 0.99995 0.9998

The cubic fit has the highest R? of all — but this does not make it the best model. With only 6
data points, a cubic (which has 4 free parameters) has enough flexibility to bend almost exactly
through the points regardless of the true underlying process — a phenomenon called overfitting.
The exponential model has only 2 parameters, fits almost as well, and — critically — matches the
actual biological mechanism (each bacterium divides at a roughly constant rate, so the population’s
growth rate is proportional to its current size). When two models fit nearly equally well, the model
with fewer parameters that also matches the real-world mechanism should be preferred over one
that is simply more flexible.

- GIAI THICH TIENG VIET
Hé s6 twong quan r (chi dung cho héi quy tuyén tinh) do d6 manh va chiéu ctia maéi quan hé
tuyén tinh, con R? (dung dugc cho moi loai hdi quy) do ti Ié phan tram bién thién cua y dugc
giai thich b&i mé hinh. R? cao khéng tu dong chirng minh mé hinh dé 12 "ddng” vé ban chat —
luén nhin hinh dang bi€u dé phan tan trudc khi chon loai hdi quy. Ngoai suy (extrapolation) —
dung mé hinh dé du doan gia tri z nam xa bén ngoai khoang dir liéu géc — 1a moét trong nhirng
16i tu duy nghiém trong nhat trong théng ké (rng dung: mét mé hinh khép hoan hao véi dir
liéu quan sat dugc van cé thé sai léch hoan toan khi ngoai suy, vi xu huéng thuc té thuong bi
gidi han bdi cac yéu to khéng xuat hién trong dir liéu (nguén luc, thi trudng, sinh ly hoc, v.v.).

Vi du mau 21 - Power regression and quadratic regression

(a) Power regression. A pendulum’s period T (s) is measured for several string lengths L (m):

L(m) 0.2 0.4 0.6 0.8 1.0
T(s) 0898 1.269 1.555 1.795 2.007

Use technology to find a power regression T' = a L™, and comment on the fit.
A GDC'’s power regression gives

T ~2.01 L95%0  (3sf), R? ~ 1.000.

The exponent n =~ 0.500 matches the theoretical pendulum formula 7' = 27\/L/g =
2 2
) L%® almost exactly (with — ~ 2.007) — the regression has essentially rediscovered
<\/§> V9.8

a known physics law directly from data.

(b) Quadratic regression. A ball's height (m) is recorded every half-second during a throw:

t(s) 0 05 1 1.5 2 25 3
h(m) 09 73 11.2 124 115 7.8 20

Find the quadratic regression equation, the maximum height predicted by the model, and R2.
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A GDC'’s quadratic regression gives

h ~ —4.91t% + 15.1t + 0.950 (3 s.f.), R? ~ 0.9997.

15.07
2(—4.91)
with the projectile-motion model of Section 2.4, since the leading coefficient —4.91 ~ —%g
matches free-fall under gravity.

The vertex (maximum height) occursatt = — ~ 1.53s, giving h ~ 12.5 m — consistent

. GIAI THICH TIENG VIET

Hoi quy luy thira (power regression, y = ax™) phu hop khi dir liéu di qua gan goc toa do va
c6 dang cong "nhe” hon ham mi — nhiéu cdng thirc vat ly (chu ky con I3, dinh luat Kepler, ti
|é dién tich/thé tich trong sinh hoc) c6 ding dang nay. Hoi quy bac hai (quadratic regression)
phu hop khi dir liéu cé mét di€m cue tri rd rang — nhu dit liéu dd cao clia vat ném [én roi roi
xudéng. Trong ca hai trudng hop, mady GDC dung phuong phap binh phuong téi thiéu (least
squares) dé tim bé tham s6 khép dir liéu tét nhat, va R? cho biét mirc dé phu hop — mét R?
rat gan 1 trong vi du con lac cho thay di liéu gan nhu khép hoan hao vai cong thire ly thuyét.

)
81 quadratic
6 | exponential
lin
4 1
2 1
t t t t t L
1 2 3 4 5 6

Schematic comparison of model shapes for x > 0: a straight line grows at a constant rate; a quadratic curve bends
steadily more steeply; an exponential curve eventually overtakes both, growing ever faster with no bound — a useful
visual reference when a scatter plot’s shape must be matched to a model family.

() L6i thueng gip: Khéng bao gio dung phuong trinh hoi quy dé ngoai suy (extrapolate) tai
cac gia tri z nam xa bén ngoai khoang di liéu gdc — mé hinh chi duoc ki€ém chirng 1a phu hop
trong khoang dir liéu da thu thap. Bén ngoai khoang do, khéng cé gi ddm bao xu huéng van
ti€p dién: dan sé vi khuan khéng tang md mai mai (bi gidi han bai tai nguyén — xem md hinh
logistic), doanh s6 khong tang truang vo han, va mot chi sé kinh té khéng gidm vé am vo cling.
Pé thi Al thudng kiém tra chinh xac 16i tu duy nay bang cach hai "mé hinh nay cé dang tin khi
du doan tai x = ... hay khong, va tai sao?”
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Summary: model families at a glance

Model Equation Key features / typical context

Linear y=mx+c constant rate of change; break-
even, cost/revenue

Quadratic y=ax®+br+c one turning point; projectile mo-
tion, price optimization

Cubic y=ax3+br’+cx+d up to two turning points; vol-
ume, S-shaped short-run mod-
els

Exponential y = ab® or y = y,ett constant % change; growth, de-
cay, half-life

Logarithmic y=a+blnz rapid then slowing change, un-
bounded; linearizing exponen-
tial data

Sinusoidal y=asin(b(z—c))+d periodic, repeating cycle; tides,
Ferris wheels, seasons

Logistic (HL) Y= L bounded growth toward capac-

14 Ce ke

ity L; population, disease spread

This table is a quick reference across all ten model families covered in this unit — when approaching a new scatter plot or
word problem, matching its shape/context to a row here is the first diagnostic step before running a regression or setting
up an equation.

Practice

Bai tap luyén tap

State the domain of f(z) = . i 1
(A) z+4 (C) z>14
(B) x >4 (D) z#0

Lai giai chi tiét

-

The denominator cannot be 0: x — 4 # 0 = z # 4. (A).

Bai tap luyén tap

Find the domain and range of f(z) = V9 — z2.

Loi gidi chi tiét
Need9 —22>0=22<9= (domain). Since f(z) = v/9 — 22 ranges from 0 (at
x = +3) up to 3 (at z = 0), the range is .

Bai tap luyén tap

Let f(z) = 3z — 1 and g(z) = 2% + 2. Find (f o g)(2).

(A) 16 (C) 20
(B) 17 (D) 27
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Loi giai chi tiét

9(2) =442=6. (fog)(2) = f(6) =3(6) —1 = 17. (B). (Note: (go f)(2) = g(5) = 27 is a
common wrong-order mistake, distractor D.)

Bai tap luyén tap

Find the inverse of f(x) = z _;: 7.

Loi giai chi tiét

r+7

; swap: x = %7 =3 =y+7=>y=3r—17 So|fl(x)=23x—7| Check:
f(2) = f1B) =9—T =2V

- <

Bai tap luyén tap

A parking garage’s fee function is F'(h) = 4+ 2h dollars, where h is the number of whole hours
parked, valid for h € {0, 1,2, ..., 8} (the garage’s daily maximum). State the domain and range
of F.

Loi giai chi tiét

Domain: | h € {0,1,2,...,8}| Range: F(0) = 4, F(8) = 4+ 16 = 20, increasing in steps of 2, so
F(h) € {4,6,8,...,20} |

Bai tap luyén tap

The graph of y = f(z) is transformed to y = (x — 3)? + 5, where f(z) = z2. State the vertex
of the transformed graph and describe the transformation.

(A) (3,5), right 3up 5 (C) (3,—5), right 3 down 5
(B) (—3,5), left3up 5 (D) (3,5), right 3 down 5

Loi giai chi tiét
f(z — 3) + 5: translate right 3, up 5; vertex (3,5). (A).

Bai tap luyén tap

A function y = f(x) has the table below. Find the values of h(z) = 2f(x) — 4 at the same
z-values.

L&i giai chi tiét
h(=2)

I
[\)
—~
ot
SN—
|
=~
I
2
>
—~
(==}
~
I
[\)
T
w
S~—
|
=~
I
|
—_
&
>
—
—_
S~—
I
[\
—~
=~
SN~—
|
=~
I
L
>
—~
w
~
I
[\)
—~
—_
SN~—
|
=~
I
|
[\
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ENGLISH

-

-

-

Bai tap luyén tap

A function f(x) has a maximum point at (1, 4). Given g(x) = — f(x+2), find the corresponding
turning point of g and state whether it is a maximum or minimum.

Lai giai chi tiét

g(x) = —f(z + 2): horizontal translation left 2, then reflection in the z-axis. The point (1,4)
on fmaps:setx+2=1=2=—1;g(—1) = —f(1) = —4. Since reflection in the z-axis turns
a maximum into a minimum, g has a ‘ minimum at (—1, —4) ‘

Bai tap luyén tap

Which transformation of f(z) represents a vertical stretch by factor 4 combined with a reflec-
tion in the z-axis?

(A) —4f(x) (C) 4f(—x)

(B) f(—4x) (D) f(4x)

Loi giai chi tiét

Vertical stretch by 4 is 4 f(z); combined with reflection in the z-axis (negate the output) gives

—4f(z). (A).

Bai tap luyén tap

A company’s baseline weekly revenue model is R(z) = f(z) (z = price), with a maximum
revenue of $800 at z = 10. After a marketing change, the new model is R, (z) = 1.5f(z —2).
Find the new maximum revenue and the price at which it occurs.

Lai giai chi tiét

Translation right 2: the maximum shifts from x = 10 to z = 12. Vertical stretch by 1.5: the

maximum value scales to 1.5(800) =|$1200 , occurring at[z = 12]

Bai tap luyén tap

A car rental company charges C'(d) = 454-0.25d dollars, d = km driven. What does the gradient
0.25 represent, and what is C'(200)?

(A) $0.25/km; $95 (C) $0.25/km; $50
(B) fixed fee; $95 (D) $0.25/km; $245

Loi giai chi tiét

Gradient = cost per km driven ($0.25/km). C(200) = 45 + 0.25(200) = 45 + 50 = $95. (A).

Bai tap luyén tap

A business has fixed costs of $1500/week and variable cost $12/unit, selling at $27/unit. Find
the break-even quantity, and the profit at 150 units.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 58



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét
Break-even: 1500 + 12z = 27z = 1500 = 15z = units.
Profit(150) = 27(150) — (1500 + 12(150)) = 4050 — 3300 = [$750 |

Bai tap luyén tap

A company’s total cost was $8400 when producing 40 units, and $12 000 when producing 100
units. Find the linear cost model C(z) = mz + b, and use it to find C(75).

Lo giai chi tiét
12000 — 8400 3600
~100—40 60

= 60. Using (40, 8400): 8400 = 60(40) + b = b = 8400 — 2400 =

6000.
C(z) = 60x + 6000.

C(75) = 60(75) + 6000 = 4500 + 6000 = | $10 500 .

Bai tap luyén tap

Using the cost model C(x) = 60z + 6000 from the previous question, find the number of units
x for which the total cost is $15 000.

(A) 100 (C) 150
(B) 125 (D) 175

Loi giai chi tiét

-

15000 = 60z + 6000 = 60z = 9000 = x = 150. (C).

Bai tap luyén tap

Gym A costs C4(n) = 25 + 8n dollars (n = classes/month); Gym B costs Cz(n) = 12n (pay-
per-class only). Find the number of classes at which the two plans cost the same, and state
which plan is cheaper for someone attending 10 classes a month.

Loi giai chi tiét
Equal cost: 25 + 8n = 12n = 25 = 4n = n = 6.25. For n > 6.25, Gym A is cheaper
(lower rate per class). At n = 10: C4(10) = 25 + 80 = $105; C(10) = 12(10) = $120.

‘ Gym A is cheaper ‘ at 10 classes.

Bai tap luyén tap
Find the vertex and axis of symmetry of f(z) = 222 — 8z + 3.

(A) (2,-5),z=2 C) (2,3),z=2
(B) (—2,-5),x =—2 (D) (4,3),z =4
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Loi giai chi tiét
-8

= ~309) =2. f(2) =2(4) —8(2) + 3 =8 — 16 + 3 = —5. Vertex (2, —5), axis x = 2. (A).

Bai tap luyén tap

Aball's height is modelled by h(t) = —4.9t2+30t+1.5 (metres, ¢ in seconds). Find the maximum
height and the time at which it occurs, correct to 3 s.f.

Loi giai chi tiét
t = — 30 _ 30 3.06 s. h(3.06) ~ —4.9(3.0612)% + 30(3.0612) + 1.5 =~

|47.4matt~3.06s|

Bai tap luyén tap

Weekly demand is ¢ = 800 — 25p, giving revenue R(p) = 800p — 25p2. Find the price that
maximizes revenue, and the maximum revenue.

L&i giai chi tiét
800 800
2(—25)

-

p=— —|$16 R(16) = 800(16) — 25(16)2 = 12800 — 6400 = | $6400 |

[}
S

Bai tap luyén tap
Solve 222 — 3z — 9 = 0.

(A) =3, z=-15 (C) =45, z=—-1
(B) z=-3,z=15 (D) x =15 z=3

Loi giai chi tiét

-

Factoring: 222 — 3z —9= 22+ 3)(x —3) =0 =2 = —1.5orx = 3. (A).

Bai tap luyén tap

A farmer has 200 m of fencing to enclose a rectangular field against a straight river (no fence
needed along the river side). If z is the width perpendicular to the river, show the area is
A(z) = 2002 — 222, and find the dimensions that maximize the area.

Loi giai chi tiét

Two widths + one length = 200 = L = 200 — 2z; A(z) = 2L = 2(200 — 2x) = 200z — 222.
200 o1

™= 5 gy 50 m; L = 200 — 100 = 100 m. A(50) = 50(100) = | 5000 m? |, with width 50 m

and length 100 m.
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ENGLISH

Bai tap luyén tap
A cubic cost model is C(z) = 0.523 — 622 4 40x + 100. Find C(4).

(A) 164 (C) 212
(B) 196 (D) 228

Loi giai chi tiét
C(4) = 0.5(64) — 6(16) + 40(4) + 100 = 32 — 96 + 160 + 100 = 196. (B).

Bai tap luyén tap

A square sheet of cardboard has side 24 cm. Squares of side z are cut from each corner and the
sides folded up. (a) Write V(). (b) Use technology to find the value of z (and the maximum
volume) that maximizes V.

Loi giai chi tiét
(@) V(z) = 2(24 — 22)?, domain 0 < = < 12.
(b) Graphing on a GDC and locating the maximum: x = 4 cm, V(4) = 4(24 — 8)% = 4(256) =

1024 cm?]

Bai tap luyén tap

A cubic model has zeros where P(z) = 2% — 622 + 112 — 6 = 0. Find all values of = where
P(x)=0.

Loi giai chi tiét
Factoring (or using a GDC): P(x) = (z — 1)(x — 2)(z — 3), so .

Bai tap luyén tap

A cubic revenue model (in hundreds of units, thousands of dollars) is R(z) = —z3 + 1822, valid
for 0 < z < 15. Find R(6), and use technology to find the value of = that maximizes R.

Loi giai chi tiet

R(6) = —216 + 18(36) = —216 + 648 = (i.e. $432 000 at 2 = 600 units).
Graphing R(x) and locating the maximum on 0 < 2 < 15: the maximum occurs at z = 12, with
R(12) = —1728 + 18(144) = (i.e. $864 000 at 1200 units).

Bai tap luyén tap

A quantity grows according to P(t) = 800(1.06). Find P(5), correct to the nearest whole
number.

(A) 1050 (C) 1085
(B) 1071 (D) 1102
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Loi giai chi tiét
P(5) = 800(1.06) ~ 1070.58 ~ 1071. (B).

Bai tap luyén tap

A drug decays in the body with a half-life of 4 hours; the initial dose is 200 mg. Find the amount
remaining after 10 hours, correct to 3 s.f.

L&i giai chi tiét
N(t) = 200(0.5)%/%. N(10) = 200(0.5)>° ~|35.4 mg|.

Bai tap luyén tap

-

A bacteria population follows N(t) = 500e%%* (¢ in hours). Find the time for the population
to reach 3000, correct to 3 s.f.

Loi giai chi tiet

In6
500e%15* = 3000 = 215t =6 = 0.15t = In6 =t = T 11.9 hours |.

Bai tap luyén tap

A model is given as y = 200(1.08)*. Express this in the form y = 200e*?, and state k correct to
4 s.f.

(A) k=0.0770 (C) k£ =1.0800
(B) k£ = 0.0800 (D) £ =0.7700

Loi giai chi tiét

Since b = e*, k = In(1.08) ~ 0.0770. (A).

Bai tap luyén tap

A forest’s tree count declines according to N(¢) = 4000(0.92)". Find N(8), and the first full
year in which the count drops below 2000.

Lai giai chi tiét

N(8) = 4000(0.92)® ~ 2052.9 (still above 2000).
N(9) = 4000(0.92)° ~ 1888.6 (below 2000). So the count first drops below 2000 in year @

Bai tap luyén tap
Find the pH of a solution with [H"] = 6.3 x 1073, using pH = — IoglO[H+].

(A) 2.20 (C) 3.20
(B) 2.35 (D) 1.80
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ENGLISH

Loi giai chi tiét

pH = —log,,(6.3 x 107?) ~ 2.20. (A).

Bai tap luyén tap

Solve log, (z) = 5.5 for z, correct to 3 s.f.

Loi giai chi tiet

I

-

8

|
R
Q

45.3 |

Bai luyén nang cao - HL

Exponential data y = ab” has y = 80 at x = 0 and y = 250 at x = 5. Find a and b, correct to 3
s.f.

Loi giai chi tiét

-

In250 — |
a = 80(valueatz = 0). Inb = M ~ 02279 = b = %2279 ~ [1.26] Soy ~ 80(1.26)".

Bai tap luyén tap

The Richter magnitude of an earthquake is M = log,(A/A,). If earthquake A has amplitude
4000 times the reference A, find M, correct to 3 s.f.

(A) 3.60 (C) 4.00
(B) 3.20 (D) 2.60

Loi giai chi tiét

-

M = log,,(4000) ~ 3.60. (A).

Bai tap luyén tap

Sound loudness rises from 50 dB to 85 dB. Using AL = 10log, ,(I,/1,), find the factor by which
intensity increased, correct to 3 s.f.

Loi giai chi tiét
AL =35 =10log,,(I,/1,) = log,,(I,/I,) = 3.5 = I, /I, = 10>° ~| 3160 times |

Bai tap luyén tap

-

State the amplitude, period, and midline of y = 6sin (0.5(z — 2)) + 10.

(A) amp 6, period 47, midline 10 (C) amp 6, period 2, midline 10
(B) amp 10, period 0.5, midline 6 (D) amp 0.5, period 47, midline 2
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Loi giai chi tiét

. . 2 -
Amplitude = 6; period = 0—7; = 4m; midline = 10. (A).

Bai tap luyén tap

A Ferris-wheel-type model is h(t) = 15sin (45(t — 2)) + 18 (degrees mode, ¢ in minutes). Find
h(3), correct to 3 s.f.

Loi giai chi tiet

h(3) = 155sin(45°) + 18 = 15(0.70711) + 18 ~|28.6 m |

-

Bai tap luyén tap

Using h(t) = 15sin (45(¢t —2)) + 18 from the previous question, find the first positive time ¢ at
which h(t) = 25, correct to 3 s.f.

Loi giai chi tiét

: . 7 .
15sin (45(t — 2)) + 18 = 25 = sin (45(t — 2)) = T~ 0.4667. 45(t — 2) = sin " (0.4667) ~

27.82° =t — 2 ~ 0.618 = t ~ | 2.62 min|,

Bai tap luyén tap

A tide has maximum depth 8 m at ¢t = 3 h and minimum depth 2 m at ¢+ = 9 h (period 12 h).
Write the depth model d(¢) using a cosine function, and find d(6).

Loi giai chi tiét

-

co
+
[\)

. 2 ©
Midline = —5 5; amplitude = 8T = 3; period 12 = b = 360

SO

= 30°; maximum at ¢ = 3,

d(t) = 3cos (30(t — 3)) + 5.
d(6) = 3c0s(90°) +5 = 3(0) +5=[5m].

Bai tap luyén tap

Household AC voltage completes 60 full cycles every second (frequency 60 Hz), with peak
voltage 170 V and midline 0 V. Find the period of the voltage model, and state its amplitude.

(A) amp 170V, period &5 s (C) amp 170 V, period 115 s
(B) amp 340 V, period 60 s (D) amp 60V, period 170 s

Lai giai chi tiét

-

1 1
Amplitude = k volt =170 V. Period= ———— = — s~ 0.0167 s. (A).
mplitude = peak voltage erio frequency — 60 s s. (A)
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ENGLISH

Bai luyén nang cao - HL

- . 500 .
A logistic model is P(t) = 1T 240 030" Find P(0).
(A) 20 (C) 25
(B) 24 (D) 500
500 500

Bai luyén nang cao - HL

. 500
USlng P(t) = m

capacity), correct to 3 s.f.

from the previous question, find t when P = 250 (half the carrying

Loi giai chi tiét

1
1+24e*0~3t:2;»e*0-3t:ﬂ:tzﬁw.

Bai luyén nang cao - HL
1200

For the logistic model P(t) = —————, state the carrying capacity L and the initial value
1 + 5e—0-25¢
P(0).

Loi giai chi tiét

Bai luyén nang cao - HL

3000

The number of people infected in an outbreak is modelled by I(t) = 1T 490050 (t in days).
0.
Find 1(10), and the time for the number infected to reach 1500, correct to 3 s.f.
Loi giai chi tiét
3000
I1(10) = ——— ~| 22 4 s.f.).
(10) = 12500 ~[2255] 4 ) |
1 n49
: _ . —0.5¢t __ —0.5t _ _ ~
1500 is half of L = 3000: 1 + 49¢ =2=ce =19 =t= 05~ 7.78 days|.
Bai luyén nang cao - HL
. . . .. 100
The fraction of households adopting a new streaming service is Q(t) = T 00068 percent (¢
0.

in years). Find Q(5), correct to 3 s.f., and the time for adoption to reach 90%, correct to 3 s.f.

Chuyén luyén thi IELTS/SAT — AP/ IB / A-levels
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ENGLISH

Loi giai chi tiét
100
90 T & Rl
- e . = — e . = — = — X . b
1 4 9e~0-6¢ 9 81 0.6 Y

Bai tap luyén tap

A scatter plot shows data rising slowly at first, then increasingly rapidly, with no sign of levelling
off across the observed range. Which regression model is most appropriate?

(A) Linear (C) Exponential
(B) Quadratic (D) Logistic

Loi giai chi tiét

Accelerating, unbounded-looking growth with no turning point is the signature of an expo-
nential model. (C).

Bai tap luyén tap

A linear regression gives » = 0.92. What percentage of the variation in y is explained by the
model, correct to 1 d.p.?

(A) 92.0% (C) 95.9%
(B) 84.6% (D) 8.0%

Loi giai chi tiet

R? = 7?2 =(0.92)? = 0.8464 = | 84.6% |. (B).

Bai tap luyén tap

Six students’ study hours (z) and test scores (y) are: x = 1,2,4,5,7,8; y = 40, 45, 58, 64, 75, 82.
Find the linear regression equation and 2, and predict the score for z = 6 hours.

Loi giai chi tiet

Using a GDC's linear regression: y = 6.00x + 33.7 (3 s.f.), » ~ 0.9995, 72 ~ 0.999.
Predicted score at = = 6: y = 6.00(6) + 33.67 ~ | 69.7

Bai tap luyén tap

Growthdatat =0,2,4,6,8; N = 12,18, 27, 40, 60 appears exponential. Use technology to find
the exponential regression equation, correct to 3 s.f.

Loi giai chi tiet

-

Exponential regression gives N = 12.0(1.22)? (3 s.f.), with R? ~ 0.99997 — an excellent fit.
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Bai tap luyén tap

Using the exponential model N = 12.0(1.22)! from the previous question, compare the pre-
dictions at t = 10 and ¢ = 50, and comment on which (if either) should be trusted.

(A) Both equally reliable extrapolation, ¢ = 50 is unreliable extrap-

olation

(B) Neither should be used at all
(D) t = 50 is more reliable since the model

(C) t = 10is areasonable interpolation/near- fits so well

Loi gidi chi tiét
N(10) ~ 89.7 is close to the data range (¢ = 0 to 8) and reasonably trustworthy; N(50) ~

277000 is a huge extrapolation far outside the observed range and should not be trusted,
since real growth is eventually limited by resources. (C).

Mixed and Extended Problems

-

On tap téng hop

A shop’s weekly demand is ¢ = 600 — 15p (p = price in $), and each unit costs $8 to produce.
(a) Show that profit is Profit(p) = —15p? + 720p — 4800.

(b) Find the profit-maximizing price and the maximum weekly profit.

(c) Find the two prices at which profit is exactly $0, and interpret them in context.

Lai giai chi tiét

(a) Revenue = pq = p(600 — 15p) = 600p — 15p?. Cost = 8¢ = 8(600 — 15p) = 4800 — 120p.
Profit = Revenue — Cost = 600p — 15p% — 4800 + 120p = —15p2 + 720p — 4800.
720

b)p = —

bp = —55
[$3840 at p = §24]

48 + /482 — 4(320 48 + 32

() —15p% + 720p — 4800 = 0 = p? — 48p + 320 = 0 = p = = (820) _48£32

2 2
40 or 8. At p = $8, price exactly equals unit cost (no markup, zero profit); at p = $40, demand
g = 600 — 600 = 0 (nothing sells). Profit is positive only for|8 < p < 40]|.

On tap téng hop - HL

An endangered-species population is modelled by P(t) = 340¢%-%4% (¢ in years).

(a) Find the population after 15 years.

(b) Find the doubling time of this population, correct to 3 s.f.

(c) Census data over the first 5 years fits this exponential model with R? = 0.98. A biologist
warns against using the model to predict the population in 200 years. Explain why, referring
to a more appropriate model type.

= 24. Profit(24) = —15(576) + 720(24) — 4800 = —8640 + 17 280 — 4800 =
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Loi giai chi tiét

(@) P(15) = 340e0-945(15) = 340¢%-675 ~ (3 s.f).

In2
(b) e 0.045

(c) A high R? only confirms the model fits well within the 5-year window of collected data;
predicting 200 years ahead is extreme extrapolation. In reality, a population cannot grow ex-
ponentially forever — habitat, food, and space impose a maximum sustainable size (a carrying
capacity). A logistic model, which levels off toward a carrying capacity L, would be far more
realistic for long-run predictions than an unbounded exponential.

On tap téng hop - HL

A flu outbreak in a town of 5000 people is modelled by (t) = HZ%OQOM (¢ in days).

(a) Find 1(0) and interpret this value in context.
(b) Find 1(20), correct to the nearest whole number.
(c) Find the day on which the number infected first reaches 4000, correct to 3 s.f.

Loi giai chi tiét

(@) 1(0) = 15$0§9 = % = — 50 people were infected at the start of monitoring (¢t = 0).

5000
(b) 1(20) = ————— ~ 4839 | — the outbreak has nearly saturated the town by day 20.

~ 1499e8
0.25 1 (0.25)

5000 » "

15.0 days |.
On tap tong hop

A start-up’s annual sales ($1000s) over 6 years are: z = 1,2,3,4,5,6; y = 25, 31, 40, 52, 68, 89.
(a) Find both a linear and an exponential regression for this data (state R? for each), and state
which fits better.

(b) Using the better-fitting model, predict sales in year 7.

(c) Using the same model, predict sales in year 20, and explain why this prediction should not
be trusted.

Loi giai chi tiét
(a) Linear regression: y = 12.7z + 6.53 (3 s.f.), R? ~ 0.957. Exponential regression: y =
18.9(1.29)% (3 s.f.), R? ~ 0.999. The exponential model fits substantially better.

(b) y(7) = 18.854(1.29204)7 ~ (3 s.f).

(c) y(20) = 18.854(1.29204)%° ~ $3 170 000 — this is a huge extrapolation, 14 years beyond the
last data point. Real company growth eventually slows due to market size, competition, and
saturation, so an unconstrained exponential trend cannot continue indefinitely; this prediction
is unreliable.

~
~

99
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On tap tong hop

A Ferris-wheel-type ride is modelled by h(t) = 12sin (36(t — 1)) + 15 (degrees mode, ¢ in min-
utes, h in metres).

(a) State the maximum and minimum heights, and the first time (for ¢t > 0) at which the maxi-
mum occurs.

(b) Find h(4), correct to 3 s.f.

(c) Find the first two times in 0 < ¢ < 10 at which A(t) = 20, correct to 3 s.f.

Loi giai chi tiét
(a) Amplitude 12, midline 15: maximum = 15 + 12 = [27 m}], minimum = 15 — 12 = [3m|
Maximum occurs when 36(t — 1) =90° =t —1=2.5= .

(b) 7(4) = 125in (36(3)) + 15 = 12sin(108°) + 15 ~ 12(0.95106) + 15 ~ | 26.4 m |
(c) 12sin (36(t — 1)) + 15 = 20 = sin(36(t — 1)) = % ~ 0.4167. First solution: 36(t —

1) = sin '(0.4167) ~ 24.62° = t — 1 ~ 0.684 = t ~ . Second solution (using
180° — 24.62° = 155.38°): 36(t — 1) ~ 155.38° = t — 1 ~ 4.316 = ¢ ~ | 5.32 min],

On tap tong hop

A company'’s profit model (in thousands of dollars) is P(x) = —(x — 6)2 + 40, where z is the
amount spent on advertising (in thousands of dollars, z > 0).

(a) Describe the transformations of y = —2? that produce P(x).

(b) State the vertex, and interpret it in context.

(c) Find the advertising spend(s) at which profit is exactly $0 (correct to 3 s.f.), and state the
domain over which profit is positive.

Loi giai chi tiét

(a) y = —2? is translated right 6 units and up 40 units to give P(x) = —(z — 6)? + 40.

(b) Vertex (6, 40): spending $6000 on advertising maximizes profit, at $40 000.

€ —(z—6)2+40 =0 = (r—6)2 =40 = = = 6 + V40 ~ 6 + 6.32, giving z ~ 12.3
orz ~ —0.325. Since 2 > 0, only = ~ (thousand dollars) is meaningful — profit is

positive for |0 < z < 12.3 | (thousand dollars), and turns negative beyond that (over-spending
on advertising erodes profit).
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IB DIPLOMA PROGRAMME . Unit 3

Geometry and Trigonometry

Muc tiéu Unit: Lugng gidc tam giac vuéng, goc nang/gdc ha va phuong vi 3 chir s6 trong dinh vi thuc té;
don vi radian, d6 dai cung va dién tich hinh quat; dinh ly sin, dinh ly cosin, dién tich tam giac %ab sinC'va
trudng hop mo ho (ambiguous case); hinh hoc khong gian: géc giira duwdng thang va mat phing, dudng
chéo khéng gian, khéi ghép (silo, [éu, bao bi); so d6 Voronoi va trng dung chon vi tri; va cac chu dé HL:
vecto va phuong trinh dudng thing, tich vo huéng — tich c6 huéng, cung ly thuyét do thi (ma tran ké,
cay khung nho nhat Kruskal/Prim, dudng di/chu trinh Euler).

3.1 Right-Angled Trigonometry, Elevation, Depression, and Bearings

3.1.1 Reviewing right-angled trigonometry

Every problem in this chapter builds on the three basic trigonometric ratios defined in a right-angled
triangle, together with the sine rule and cosine rule (Section 3.3) for triangles that are not right-
angled.

For a right-angled triangle with a reference angle 6 (not the right angle), relative to 6 the sides
are named the opposite (Opp), adjacent (Adj), and hypotenuse (Hyp, the side opposite the right

angle):
_ Opp  sind

Opp _ Adj
~ Adj cosf’

sinf = ——, cosf = , tand
Hyp Hyp

The Pythagorean theorem Opp2 + Adj2 = Hyp2 holds in every right-angled triangle. On a
GDC, always confirm the angle mode is set to degrees unless a problem explicitly uses radians.

GIAI THICH TIENG VIET

a ti s6 lugng giac co ban (SOH-CAH-TOA) ap dung cho tam giac vuéng: sin = d6i/huyén,
cos = ké/huyén, tan = déi/ké. Dinh ly Pythagoras chi ap dung cho tam giac vudng. V&i tam
giac khong vudng, phai dung dinh ly sin hodc dinh ly cosin (Section 3.3) — day |2 16i nén tang
phd bién: hoc sinh cé ap dung SOH-CAH-TOA cho tam gidc khéng c6 goc vudng.

Hyp
Opp

’ ]
Adj
A right-angled triangle with reference angle 9: the hypotenuse (Hyp) is always opposite the right angle; Opp and Adj are
named relative to 0, so they swap if the reference angle changes.
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3.1.2 Angles of elevation and depression

The angle of elevation is the angle measured upward from the horizontal to a line of sight to an
object above the observer. The angle of depression is the angle measured downward from the
horizontal to a line of sight to an object below the observer. Because the horizontal lines at
the observer and at the object are parallel, the angle of elevation from the lower point equals
the angle of depression from the higher point (alternate angles).

Vi du miu 1 - Angle of elevation

A surveyor’s eye level is 1.6 m above the ground. Standing 60 m from the base of a commu-
nications tower, she measures the angle of elevation to the top of the tower as 52°. Find the
height of the tower, correct to 3 s.f.

The horizontal distance and the vertical rise above eye level form a right-angled triangle:

rise = 60tan 52° ~ 76.80 m.
Adding the surveyor’s eye height, the total height of the tower is

H~76.80+1.6="784m(3s.f).

GIAI THICH TIENG VIET
V6i bai toan géc nang, chiéu cao thuc té cua vat thudng phai cdng thém chiéu cao mat nguoi
quan sat (néu dé cho), vi goc nang dugc do tir mat chir khdng phai tor mit dat. Day la chi tiét
hay bi bd s6t, dan dén dap s6 thiéu 1-2 mét.

Vi du mau 1b - Angle of depression

From the top of a coastguard watchtower 38 m above sea level, the angle of depression to a
small boat is 7°. Find the horizontal distance from the base of the tower to the boat, correct
to 3 s.f.

The angle of depression from the tower equals the angle of elevation from the boat (alternate
angles), so the horizontal distance d and the height 38 m form a right-angled triangle with
reference angle 7°:

38
~ tanTe

38
tan7° =

"l = d ~ 309 m (3 s.f.).

3.1.3 Bearings (3-figure bearings)

A bearing gives a direction as an angle measured clockwise from north, always written with
three figures (e.g. 065°, 008°, 155°, 310°). A back bearing (the bearing of the return journey) is
found by adding 180° if the original bearing is less than 180°, or subtracting 180° if it is 180° or
more. Bearing problems are solved by constructing a triangle and identifying which sides/an-
gles are known, then applying right-angled trigonometry, the sine rule, or the cosine rule as
appropriate.

. GIAI THICH TIENG VIET

Phuong vi (bearing) ludn do theo chiéu kim déng hé tinh tir huéng Bac va viét bang ding 3
chir so (vi du 008° chir khong viét 8°). Phuang vi nguoc lai (back bearing) chi don gian 13 +180°
hodc —180°. Ky nang quan trong nhat [ vé hinh chinh xac: danh dau huéng Bic (mii tén thing
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dirng) tai tirng diém, sau do xac dinh tam gidc va cac yéu té da biét dé chon céng cu giadi phu
hop (lvong giac tam giac vuong, dinh ly sin, hay dinh ly cosin).

Vi du miu 2 - Two-leg bearing journey

A ship leaves port O and sails on a bearing of 065° for 40 km to point A. It then changes course
and sails on a bearing of 155° for 30 km to point B. Find the distance OB, and the bearing of
B from O.

Since the bearing changes from 065° to 155°, the interior angle of triangle OAB at A is 155° —
065° = 90°: the path turns through a right angle at A. So triangle OAB is right-angled at A,
with legs OA = 40 km and AB = 30 km:

OB = /402 + 302 = v/2500 = 50 km.

To find the bearing of B from O, first find angle AOB using the right triangle:

AB 30
LZAOB)=—=—=0. ZAOB ~ 36.87°.
tan(£LAOB) OA = 10 0.7 = O 36.87
The ship turned clockwise at A (bearing increased), so B lies clockwise of the direction OA as
seen from O. The bearing of B from O is

065° + 36.87° ~ 101.9° i.e. a bearing of 102° (nearest degree).

A ship sails bearing 065° for 40 km (O — A), then bearing 155° for 30 km (A — B). Since the two bearings differ by
exactly 90°, triangle O A B is right-angled at A, so OB = /402 + 302 = 50 km.

(1) L6i thuong gap: Khi cong/trir phuong vi, ludn kiém tra két qua ndm trong khoang [0°, 360°)
— néu ra s6 am, cong thém 360°; néu ra sé > 360°, trir di 360°. Ngoai ra, luén vé huéng Bic tai
tirng di€m géc cua hanh trinh (khong chi tai diém xuat phat) — géc phuong vi ctia ching thir
hai dugc do tir huéng Bac mdi tai diém ré, khéng phai tir huéng di ctia ching dau.

3.2 Radian Measure, Arc Length, and Sector Area
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3.2.1 Radian measure
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Oneradianis the angle subtended at the centre of a circle by an arc equal in length to the radius.
Since the full circumference 27 is subtended by a full turn, a full turn equals 27 radians, giving
the conversion

™ 180
Orag = edeg X 180° 9deg = bag X o
Common values: 30° = %, 45° = %, 60° = g, 90° = g, 180° = 7, 360° = 2.

GIAI THICH TIENG VIET

adian la moét don vi do goc khac (thay cho do), duoc dinh nghia duwa trén chinh ban kinh
duéng tron: goc 1 radian 13 géc chan moét cung c6 do dai diing bang ban kinh. Vi ca dudng
tron (chu vi 27r) (rng vé6i 360° = 27 rad, céng thirc déi qua lai 1a nhan/chia véi %0 Radian Ia

don vi bat buéc khi dung céng thirc do dai cung va dién tich hinh quat (muc tiép theo), ciing

nhu trong gidi tich & cac chu dé khac.

3.2.2 Deriving the arc length and sector area formulas

Consider a circle of radius r, and a sector (a "pie slice”) subtending an angle 6 (in radians) at the centre.
Both the arc length s and the sector area A are directly proportional to 6, since doubling the angle

doubles the fraction of the circle swept out.

For the full circle (9 = 27), the arc length is the full circumference 27r and the area is the full

circle area 2. Setting up the proportion for a general angle 6:

2
N e T

S 27r

0 om

=T

=

A

26 |.

N[

Both formulas require 0 to be measured in radians — this is, in fact, precisely why radians are defined
the way they are: the radian is the angle unit that makes s = r8 true without any extra conversion

constant.

Thay Tudong 0332747 169 -

For a circle of radius r and a sector angle # measured in radians:

Arc length: s = 0, Sector area: A = %rzﬁ.

. GIAI THICH TIENG VIET
Cong thirc s = rf va A = $r?6 dugc suy ra bang ti 1é thuan: cung/dién tich hinh quat chiém
A a0 A s \ . N .
mot phan s6 o cua toan bo chu vi/dién tich dudong tron. Nhan phan s6 nay véi chu vi 27r ta
T

duogc s = r6; nhan véi dién tich mr? ta dugc A = 1r?6. Bat budc ¢ phai & don vi radian khi
dung hai cong thirec ndy — néu dé cho gdc bang do, phai déi sang radian trudc.
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—r=12cm
= 60 | —— r=8cm
E —— r=5cam
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< 40 1
[N
c
Q
g 20
<
0 : : : : : :
0 1 2 3 4 5 6

Angle, 6 (radians)

Arc length s = r0 is directly proportional to 6 for fixed r: each line is straight and passes through the origin, with slope
equal to » — a larger radius means the arc length grows faster as the angle increases.

A sector of radius r and angle 0 (radians): the shaded sector areais A = %730, and the boundary arc has length s = r0.

Vi du miu 3 - Clock hands and arc length

The minute hand of a large clock tower is 11 cm long. Find the angle (in radians) it turns through
in 20 minutes, and the arc length traced by its tip.
A full revolution (60 minutes) corresponds to 27 radians, so in 20 minutes the hand turns

through
20

~ 60
s=1r0 =11 x 2.094 ~ 23.0 cm (3 s.f.).

Vi du miu 4 - Windshield wiper sector area

A car’s windshield wiper blade is 55 cm long, pivoted at one end, and sweeps through an angle
of 110° on each pass. Find the area of the windshield cleaned by the wiper on a single pass,
correct to 3 s.f.

Convert to radians first: § = 110 x & ~ 1.920 rad.

2
0 X 9 = g ~ 2.094 rad.

A = 1r?0 = 1(55)%(1.920) ~ 2900 cm? (3 s.f.).

GIAI THICH TIENG VIET

ai vi du trén cho thay irng dung thuc té: kim dong hé quét moét cung tron (d6 dai cung), con
can gat nuéc 6 té6 quét mot hinh quat (dién tich hinh quat). Ludén déi dé sang radian truéc khi
thay vao cong thirc s = 79 hodc A = 7?6 néu dé cho gdc bang d6 — quén budc nay Ia 16i tinh
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I toan phé bién nhat cta phan radian.

3.3 The Sine Rule, Cosine Rule, and Triangle Area
For a general triangle ABC (not necessarily right-angled), with side a opposite vertex A, side b op-
posite B, and side c opposite C, two key results let us find missing sides and angles.

3.3.1 The sine rule

a b ¢
sinA  sinB  sinC’ _ ' : .

gle values (e.g. a and A) plus one more piece of information (another angle, to find a side; or

another side, to find an angle).

Sine rule:

Use the sine rule when you know a pair of opposite side/an-

Vi du miu 5 - Sine rule: triangulating across a lake

Two points A and C lie on the same shore of a lake, 150 m apart. From A, the angle to a
landmark B on the far shore is ZBAC = 68°; from C, the angle to Bis ZBCA = 77°. Find the
distance AB across the lake, correct to 3 s.f.

The third angle is ZABC = 180° —68° — 77° = 35°. Side AC' = 150 mis opposite ZABC = 35°;
side AB is opposite L/BC A = 77°. By the sine rule,

AB AC 150sin77°

= AB = ——— ~ 255 m (3 s.f.).
sin77°  sin35° — sin 35° 55 m )

. GIAI THICH TIENG VIET

Dinh ly sin lién hé méi canh vé&i sin ctia géc déi dién né: canh « déi goc A, v.v. Dau hiéu dung
dinh ly sin: biét mo6t cap géc-canh d6i nhau day du (nhu a va A), cong thém mot géc hoac
canh khac. Ludn xac dinh ding géc nao d&i dién canh nao trudc khi thiét 1ap ti & — nham 1an
cap déi dién 13 16i sai ph6 bién nhat.

3.3.2 The cosine rule

Cosine rule: a®> = b? + ¢? — 2bc cos A (and the symmetric versions for b2, ¢?). Rearranged to
2 2 2

find an angle from three known sides: cos A = b—l—cia Use the cosine rule when you

know two sides and the included angle (SAS, to find the third side) or all three sides (SSS, to

find any angle).

3.3.3 Deriving the cosine rule

The cosine rule follows from the Pythagorean theorem by dropping a perpendicular. In triangle ABC,

drop a perpendicular from C to side AB, meeting it at D. Let AC = b, BC = a, AB = ¢, and £ A be

known. Inright triangle ACD: AD =bcos Aand CD = bsin A. Then BD = AB— AD = c—bcos A.
Applying the Pythagorean theorem in right triangle BCD:

a? = BD? + CD? = (¢ — bcos A)? + (bsin A)2.
Expanding:

a? = c? — 2bccos A + b% cos? A + b2sin® A = ¢2 — 2bc cos A + b?(cos? A + sin” A).
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Since cos? A +sin® A =1 (the Pythagorean identity), this simplifies to

’az :b2—|—02—2bccosA‘.

Notice that when A = 90°, cos A = 0 and the formula collapses to the ordinary Pythagorean theorem
a® = b? + c? — the cosine rule is a generalisation of Pythagoras to non-right triangles.

IAI THICH TIENG VIET
G C G VIE

Dinh ly cosin dugc suy ra bang cach ha dudng cao tir dinh C xudng canh AB, tao ra hai tam
gidc vudng, roi ap dung dinh ly Pythagoras cho tam gidc vudng chlra canh a. Khai trién va
dung dang thirc lugng gidc co ban cos? A + sin® A = 1 dé rat gon. Khi A = 90°, dinh ly cosin
tré vé ding dinh ly Pythagoras — vi vay c6 thé xem dinh ly cosin |13 phién ban mé& réng cla
Pythagoras cho tam giac bat ky.

Vi du miu 6 - Cosine rule: distance between two ships

Two ships leave the same port at the same time. Ship P sails on a bearing of 040° at 18 km/h;
ship @ sails on a bearing of 110° at 24 km/h. Find the distance between the ships after 2.5
hours, correct to 3 s.f.

After 2.5 hours, ship P has travelled 18(2.5) = 45 km and ship @ has travelled 24(2.5) = 60

km. The angle between their two bearings (the angle at the port between the two paths) is
110° — 040° = 70°. This is SAS, so the cosine rule applies:

d? = 45% + 60% — 2(45)(60) cos 70° = d = /452 + 602 — 2(45)(60) cos 70° ~ 61.5 km (3 s.f.).

- GIAI THICH TIENG VIET
D3u hiéu dung dinh ly cosin: biét hai canh va géc xen giira (SAS) d€ tim canh con lai, hodc
biét ca ba canh (SSS) d€ tim m6t goc bat ky. Trong bai toan phuong vi, gbc xen gitra hai quang
dudng thudng chinh 13 hiéu hai phuong vi xuat phat tir ciing moét diém.

3.3.4 Area of a triangle: 1absinC
For any triangle with two sides a, b and the included angle C between them, the area is
Area = fabsinC.

This follows because the height from the vertex between a and b (dropped to the side of length
a, say) is bsin C, and Area = 3 (base)(height) = Ja(bsin C).

Vi du mAu 7 - Area of a triangular sports field

A triangular park has two sides of length 85 m and 64 m, with an included angle of 72° between
them. Find its area, correct to 3 s.f.

Area = 1(85)(64) sin 72° ~ 2590 m? (3 s.f.).

GIAI THICH TIENG VIET

\
Cong thirc Area = Sabsin C chi can hai canh va géc xen giita — khéng can biét chiéu cao cta
tam gidc. Day thudng 1a cdch nhanh nhat dé tinh dién tich mét manh dat/san hinh tam giac
trong thuc té khi do dac chi cho hai canh va mét goc.
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3.3.5 The ambiguous case (SSA)
When the sine rule is applied to data of the form side-side-angle (two sides and a non-included
angle), the triangle is not always uniquely determined — this is called the ambiguous case.

Why does this happen? Given angle A, side a (opposite A), and side b, the sine rule gives

The sine function satisfies sin = sin(180° — ), so for 0° < 6 < 180°, a given value of sin B generally
corresponds to two possible angles: B, (acute) and B, = 180° — B, (obtuse). Both are geometrically
valid unless B, makes the angle sum exceed 180° (i.e. A + B, > 180°), in which case only B; is valid.

Given a, b, and non-included angle A (with a opposite A), compare a to bsin A and b:
e If a < bsin A: no triangle exists (side a is too short to reach the other ray).

o If a = bsin A: exactly one triangle exists, and it is right-angled at B.

o If bsin A < a < b: two triangles exist (the ambiguous case) — B, = sinfl(bSiT"A) and
_82 = 1800 - Bl'

e If a > b: exactly one triangle exists (only B, keeps the angle sum valid).

. GIAI THICH TIENG VIET

Truong hgp mo ho (ambiguous case) xay ra vi ham sin khong don anh trén khoang (0°, 180°):
sin @ = sin(180° — ), nén mot gia tri sin B cd thé (ng vai hai goc B khac nhau (mot nhon, mét
tu), mién 13 géc tu dé van cho téng ba goc hop 1é (< 180°). Day Ia ly do dir kién SSA (canh-
canh-gdc, goc khdng xen gilra) cé thé cho 0, 1, hodc 2 tam gidc — khac han véi SAS, ASA, SSS
luén cho diing mot tam giac.

Vi du miu 8 - The ambiguous case, worked in full

In triangle ABC, A = 35°, a = 8 cm, and b = 10 cm. Show that two triangles satisfy this data,
and solve both completely (correct to 3 s.f. / 1 d.p.).

Check: bsin A = 10sin35° ~ 5.74. Since 5.74 < 8 < 10, i.e. bsin A < a < b, this is genuinely
the ambiguous case — two triangles exist.

bsinA  10sin35°
a - 8

sin B = ~ 0.7170.

Triangle 1: B, = sin " (0.7170) ~ 45.8°, so C, = 180° — 35° — 45.8° ~ 99.2°, and

asinC;  8sin99.2°
= = ~ 13.8 .
@ sin A sin 35° cm

Triangle 2: B, = 180° — 45.8° = 134.2°, so C;, = 180° — 35° — 134.2° ~ 10.8°, and

asinCy,  8sin10.8°
E sin A sin 35° cm

Both triangles are valid: (B, C, ¢) ~ (45.8°,99.2°,13.8 cm) or (134.2°,10.8°,2.61 cm).
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The ambiguous case: with A = 35°, b = 10, a = 8, the circle of radius a = 8 centred at C crosses ray A B at two points
B, and B,, producing two valid triangles AC B, and AC B, that both satisfy the given data.

- GIAI THICH TIENG VIET
Hinh minh hoa: tia tir A tao goéc 35° véi AC; vong tron tam C ban kinh ¢ = 8 c3t tia nay tai
hai diém B, va B, — mdi diém cho mot tam gidc hop 1é khac nhau, cung thod man dir kién
A =35, b =10, a = 8 da cho. Day chinh 13 ly do dé thi IB Al luén yéu ciu hoc sinh kiém tra
xem bai todn SSA c6 phai trudng hop mo ho hay khong trude khi két luan dap so.

3.4 Three-Dimensional Geometry

3.4.1 Angles between a line and a plane; space diagonals

The angle between a line and a plane is the angle between the line and its orthogonal pro-
jection onto the plane — equivalently, it is the smallest angle between the line and any line
lying in the plane. To find it in practice: identify a right-angled triangle formed by the line, its
projection onto the plane, and a perpendicular segment joining the line’s endpoint to the plane,
then use right-angled trigonometry. A space diagonal of a cuboid (rectangular box) with edge
lengths [, w, h has length d = /12 4+ w? + h? (apply the Pythagorean theorem twice: once for
the base diagonal, once for the space diagonal).

GIAI THICH TIENG VIET
Goc gitra mot dudng thang va mot mit phang la géc gitra dudng dé véi hinh chiéu vudng géc
cla né |én mat phang — vé mat thuc hanh, ludn tim ra mot tam gidc vuéng chira doan thang
da cho, hinh chiéu clia né, va doan vudng géc ndi xudng mat phang, roi dung luwong giac tam
gidc vudng binh thuong. Budng chéo khéng gian cta hinh hop chir nhat dung Pythagoras
hai [an lién ti€p: [an dau tim dudng chéo day /12 + w?, [an hai két hop véi chiéu cao h dé ra
1?2 + w? + h2.

Vi du mau 9 - Space diagonal and line-plane angle of a shipping container

A rectangular shipping container has length 12 m, width 5 m, and height 4 m. Find the length
of its space diagonal, and the angle this diagonal makes with the base (floor) of the container,
correctto 3s.f./1d.p.
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The space diagonal has length

d=1+122+52+42 = /144 + 25+ 16 = V185 ~ 13.6 m (3 s.f.).

The base diagonal (the diagonal of the 12 x 5 floor) is v/122 + 52 = /169 = 13 m exactly. The
space diagonal, the base diagonal, and the vertical edge (h = 4 m) form a right-angled triangle,
with the angle ¢ between the space diagonal and the base satisfying

h 4

t = - = —
ang base diagonal 13

= ¢~ 17.1°(1d.p.).

a

,,,,, w :5,,,

pase e —
=12

A cuboid (12 x 5 x 4 m) with space diagonal d = v/185 ~ 13.6 m (pink) and base diagonal 13 m (grey, dashed hidden
edges shown at back-bottom-left). The angle ¢ ~ 17.1° between the diagonal and the base satisfies
tan ¢ = h/(base diagonal).

3.4.2 Composite solids: volume and surface area

A composite solid is built from two or more basic solids (cylinders, cones, spheres/hemispheres,
prisms, pyramids) joined together. Volume of a composite solid is simply the sum of the vol-
umes of its parts. Surface area requires more care: only include the exposed outer surfaces —
internal faces where two solids are joined (e.g. the flat circle where a cone sits on a cylinder)
are not part of the external surface area. Standard formulas: cylinder V' = mr2h, curved sur-
face area (CSA) = 27rh; cone V = %th, CSA = nr/l (with slant height ¢ = /r2 + h?); sphere
V = 2713, SA = 4mr?; hemisphere V = 2713, curved SA = 2772,

- GIAI THICH TIENG VIET
Véi khéi ghép, thé tich ludn 12 téng thé tich cac khai thanh phan — khéng c6 gi dic biét. Nhung
dién tich bé mat thi phai can than: chi tinh cdc mat 16 ra ngoai; mat ti€p giap gitra hai khéi (vi
du day hinh nén gan khit 1&én dinh hinh tru) khéng duorc tinh vi dé 13 mat bén trong, khéng 16
ra ngoai. Day 13 16i rat phé bién: hoc sinh cdng du ca dién tich day hinh nén hodc dinh hinh
tru vao téng dién tich bé mat caa khai ghép.

Vi du miu 10 - Composite solid: a grain silo

A grain silo is built as a cylinder of radius 3.5 m and height 6 m, topped with a cone of height 2.2
m (same radius). Find (a) the total volume the silo can hold, and (b) the total exterior surface
area to be painted, excluding the circular base (which sits on the ground) and excluding the
internal join between the cylinder and cone. Give both answers correct to 3 s.f.

(a) Volume:

Vo = 1(3.5)2(6) ~ 230.9 M, Vigne = +7m(3.5)2(2.2) ~ 28.2m?.

Vigtal ~ 230.9 + 28.2 = 259 m3 (3 s.f.).
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(b) Surface area: the cone’s slant height is ¢ = v/3.52 + 2.22 ~ 4.134 m.
CSA = 27(3.5)(6) ~ 131.9 m?, CSA e = 7(3.5)(4.134) ~ 45.5 m?.

Total SA ~ 131.9 + 45.5 = 177 m? (3 s.f.).

(Neither the base of the cylinder nor the base of the cone is included, since one rests on the
ground and the other is an internal join.)

he) =6

The grain silo of Example 10: a cylinder (radius 3.5 m, height 6 m) topped by a cone (height 2.2 m). Total volume ~ 259
m3; total exterior surface area (excluding base and internal join) ~ 177 m2.

(') L6i thuerng gap: Khi tinh dién tich xung quanh hinh nén, luén dung dudng sinh (slant height)
¢ = /r2 + h2 trong céng thirc CSA = mr¢ — khéng duoc dung nham chiéu cao thang dirng h
cta hinh nén. Pay 13 16i cuc ky phé bién: hoc sinh quen cong thirc thé tich dung & (chiéu cao)
nén ap dung nham ludn A vao cong thirc dién tich xung quanh, von can ¢ (luén dai hon h).

3.4.3 Angle between two planes

The angle between two planes (a dihedral angle) is measured by taking a line in each plane, both
perpendicular to the line where the planes meet (their line of intersection), at the same point
— the angle between these two lines equals the angle between the planes. In symmetric solids
(e.g. a prism with a triangular cross-section), the angle between two slanted faces meeting at
a ridge equals the angle between the corresponding lines in the cross-sectional triangle.

In practice (at Al level), most angle-between-planes problems reduce to one of two situations:
(1) a symmetric prism cross-section, as in Example 11 below, where the 3D dihedral angle is literally
the apex angle of a 2D triangle; or (2) a solid such as a pyramid, where the angle between a sloping
triangular face and the horizontal base is found by first identifying the foot of the perpendicular from
the apex to the base (often the centre of the base, for a right pyramid), then constructing the right-
angled triangle formed by the apex, that foot, and the midpoint of the relevant base edge. In both
cases, the 3D problem is reduced to ordinary right-angled trigonometry or the cosine rule applied
within a carefully chosen 2D cross-section — this is the single most useful problem-solving strategy
in IB Al three-dimensional geometry.

. GIAI THICH TIENG VIET

Goc gitra hai mat phing (géc nhi dién) dugc do bing cach 13y tai cing mot diém trén giao
tuyén, hai dudng thang nam trong méi mat phang va vudng goc véi giao tuyén dé — goc giira
hai dudng nay chinh 13 géc gilra hai mat phang. Véi cac khéi doi xirng (nhu [éu hinh 13ng tru
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tam giac), goc gilra hai mat nghiéng gap nhau tai dinh (séng [éu) chinh bang goc & dinh ctia tam
giac mat cat ngang — nhd dé bai toan 3D quy vé bai toan tam gidc phang quen thudc.

Vi du miu 11 - Angle between two roof planes of a tent

A camping tent has a triangular cross-section: it is 3 m wide at the base and 2 m high at the
central ridge, with two symmetric sloped fabric panels meeting at the ridge. Find the angle
between the two roof planes at the ridge, correct to 1 d.p.

By symmetry, each slanted edge of the cross-section has length v/1.52 + 22 = 2.5 m (using half

the base, 1.5 m, and the height, 2 m). The angle between the two roof planes equals the apex
angle of the isosceles cross-sectional triangle (sides 2.5, 2.5, base 3). By the cosine rule:

2.5 +25% -3 125-9
2(2.5)(2.5) 125

cos(apex) = =0.28 = apex ~ 73.7° (1 d.p.).

So the two roof panels meet at an angle of approximately 73.7°.

GIAI THICH TIENG VIET
Vi [éu c6 mat cat ngang khoéng d6i doc theo chiéu dai (mét hinh 13ng tru), goc nhi dién giira hai
mat mai chinh bang géc & dinh cta tam gidc mit cidt — bai toan 3D nay thuc chat chi 1a mot
bai toan tam giac can 2D quen thudc, giai bang dinh ly cosin (SSS). Day 13 ky thuat chung: khi
khéi 3D c6 mat cat ngang khéng déi (Iang tru), ludn quy bai toan goc/khoang cach vé mit cat
2D tuong ing.

3.5 Voronoi Diagrams

3.5.1 Sites, vertices, edges, and cells

Given a set of points called sites in a plane, a Voronoi diagram partitions the plane into re-
gions called Voronoi cells, one per site, where the cell for a site .S consists of every point that
is closer to S than to any other site. The boundary between the cells of two neighbouring
sites lies exactly on the perpendicular bisector of the segment joining them (since the perpen-
dicular bisector is the set of points equidistant from the two sites). Where three or more cell
boundaries meet is called a Voronoi vertex — a point equidistant from three (or more) sites;
the boundary segments themselves are called Voronoi edges.

GIAI THICH TIENG VIET

So d6 Voronoi chia mat phang thanh cac 6 (cell), mbi 6 (rng v&i mot di€m géc (site): 6 cla site
S 1a tAp hop moi diém gan S hon so véi bat ky site ndo khac. Bién gitra hai 6 lién ké luén 1a
dudng trung truc cia doan néi hai site do (vi dudng trung truc |13 tap hop cac diém cach déu
hai dau mut). Noi ba (hodc nhiéu hon) dudng trung truc gap nhau goi la dinh Voronoi — diém
cach déu it nhat 3 site.

For n sites in general position (no site exactly on the boundary between two others, and no four
sites lying on a common circle), the resulting Voronoi diagram has exactly n cells (one per site), and
the number of Voronoi vertices and edges grows roughly linearly with n rather than quadratically
— a key reason Voronoi diagrams remain computationally efficient even for large numbers of sites,
unlike checking every pair of sites directly. Each Voronoi vertex is, by construction, the circumcentre
of the 3 nearby sites that are equidistant from it (exactly as in Example 12), and each Voronoi edge is
a portion of exactly one perpendicular bisector — the portion that is actually the closest-boundary
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between its two neighbouring cells (the rest of that same infinite bisector line is "shadowed” by other,
closer sites and does not appear in the diagram).

3.5.2 Constructing a Voronoi diagram with perpendicular bisectors

To construct a Voronoi diagram for 3 sites forming a triangle: draw the perpendicular bisector of
each of the 3 pairs of sites. All three bisectors meet at a single point — the triangle’s circumcentre
— which is the unique Voronoi vertex, equidistant from all 3 sites. From this vertex, three Voronoi
edges (rays, one along each bisector) divide the plane into exactly 3 cells, one containing each site.

Vi du miu 12 - Voronoi vertex and the "toxic waste dump” problem

Three towns are located (in km, on a coordinate grid) at A(0,0), B(6,0), and C(3,5). A new
waste-processing facility must be built as far as possible from all three towns. Find the location
that maximises the minimum distance to the three towns, and state that maximum distance.
The point that is simultaneously as far as possible from all three sites (subject to remaining
equidistant from the nearest ones) is the Voronoi vertex of the three towns — the circumcentre
of triangle ABC, found by intersecting two perpendicular bisectors.

Bisector of AB: midpoint (3,0); since AB is horizontal, the bisector is the vertical line z = 3.

. . . . b—0 b . .3
Bisector of AC': midpoint (1.5,2.5); slope of AC'is 30" 3 so the perpendicular slope is —5:

y—25=—3(xz—15).

Substituting z = 3: y — 2.5 = —2(1.5) = —0.9 = y = 1.6.
So the Voronoi vertex (circumcentre) is V (3, 1.6). Checking the distance to each town confirms
it is equidistant:

VA=1/324+162=+1156=34, VB=+32+162=34, VC=+/02+3.42=34.

The optimal site for the facility is (3, 1.6), at a distance of exactly 3.4 km from every town — the
largest possible "minimum distance to the nearest town” for any point in the plane restricted
to being outside the triangle’s immediate cells (in general, if the region available is bounded,
the optimal point is the Voronoi vertex provided it lies inside the permitted region; otherwise the
farthest point is pushed to the region’s boundary or corner).

Voronoi diagram for three towns A, B, C: the three pink rays (perpendicular bisectors) meet at the Voronoi vertex
V (3, 1.6), which is equidistant (3.4 km, dashed) from all three towns and divides the region into three cells.
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3.5.3 Applications: facility siting and nearest-neighbour interpolation

Nearest-neighbour interpolation: to estimate an unknown value at a query point (e.g. rainfall
at a location with no weather station), assign it the value recorded at the nearest known site
— equivalently, find which Voronoi cell the query point falls into. Facility-siting / "toxic waste
dump” problems: to place a new facility as far as possible from existing sites (undesirable fa-
cility) or to determine a service region for an existing facility (desirable facility, e.g. nearest
hospital), Voronoi vertices and edges identify the locally farthest/closest points without need-
ing to check every point in the plane.

- GIAI THICH TIENG VIET
N&i suy lang giéng gan nhat (nearest-neighbour interpolation): dé wéc lwong gia tri tai mot
diém chua biét (vi du lugng mua & noi khéng co6 tram do), gan cho né gia tri cia tram gan nhat
— tuong duong véi viéc xac dinh diém do roi vao 6 Voronoi nao. Bai toan "bai rac doc hai”: vi
diém xa nhat so véi cac site luén nam tai mot dinh Voronoi (hodc trén bién ving cho phép néu
dinh Voronoi nam ngoai vung), ta chi can ki€ém tra hiru han cac dinh Voronoi thay vi do toan
bdé mat phang — day la gia tri thuc tién cét 16i clia so dd6 Voronoi trong quy hoach.

Vi du miu 12b - Nearest-neighbour interpolation

Three weather stations record the following monthly rainfall: S;(0,0) with 42 mm, S,(10,0)
with 55 mm, S5(5,9) with 38 mm (coordinates in km). Estimate the rainfall at a village located
at (6, 3), using nearest-neighbour interpolation.

Compute the distance from the village to each station:

VS, =V62+32=VA5~6.71, VS, =142+32=500, VS;=112+62 =137~ 6.08.

The village is closest to S, (distance 5.00 km), so it lies in S,’s Voronoi cell. The nearest-
neighbour estimate for the village’s rainfall is simply S,’s recorded value:

rainfall =55 mm|.

3.6 Vectors (HL)

3.6.1 Displacement, magnitude, and position vectors

A vector represents a displacement: it has both magnitude (size/length) and direction, unlike a

Uy
scalar which has magnitude only. In component form,v = (vg) (or (21) in 2D) has magnitude
2
U3
V| = \/v2 + vZ + v2. The position vector of a point P is the vector OP from the origin O to P.

For two points A and B with position vectors a and b, the displacement vector from A to B is
AB=b—a.

GIAI THICH TIENG VIET
Vecto biéu dién mét dé dich chuyén: c6 ca dé I6n va hudng, khac véi dai lwgng vo huéng
(scalar) chi c6 d6 I6n. Vecto vi tri ctia diém P 13 vecto tir gbc toa dé O dén P. Vecto ndi tur
diém A dén diém B ludn tinh bing vecto vi tri diém dén trir vecto vj tri diém di: AB =b — a
— thir tu trir rat quan trong, khong duoc dao nguoc.
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A unit vector has magnitude exactly 1. Any nonzero vector v can be converted into a unit

vector in the same direction by dividing by its own magnitude: v = |z| This process is called

normalising the vector, and is useful whenever only the direction of a vector matters (e.g. spec-
ifying a heading), independent of its size.

. GIAI THICH TIENG VIET

Vecto don vi (unit vector) cé dé I6n ding bang 1. Chia bat ky vecto khac khdng nao cho chinh
dd I&n chia n6 sé cho ra vecto don vi cung huwéng — qua trinh nay goi 1a "chuan hod” (normalise),
rat hiru ich khi chi quan tdm dén hudng clia vecto ma khong quan tam do I6n.

3.6.2 Vector addition and scalar multiplication

Uy + v
Uy + Vg
angle rule (place vectors head-to-tail; the sum is the vector from the first tail to the last head)
or, equivalently, the parallelogram rule. Scalar multiplication kv scales the magnitude by ||
and reverses direction if k& < 0, leaving the vector parallel to v in every case.

Addition is componentwise: u +v = < ), and is represented geometrically by the tri-

Vi du miu 13 - Drone displacement: addition and magnitude

A survey drone flies from its launch point along displacement vector (g) km, then continues

along -1 km. Find the drone’s total (resultant) displacement vector from the launch point,

5)
its distance from the launch point, and the bearing back to the launch point from its final

position.
4 -1 3
Resultant = <3) + < 5 ) = (8) km

Distance = /32 + 82 = /73 ~ 8.54 km (3 s.f.).

Treating the vector’s first component as "east” and second as "north,” the bearing of the final

e . _1/3 . .
position from the launch point is tan™* 3 ~ 20.6° (i.e. bearing 021°, nearest degree). The

bearing back to the launch point is the back bearing: 021° + 180° = 201°.

T
o~
N e
\4
8

launch

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 IB Mathematics: Applications and Interpretation - Trang 84



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Head-to-tail (triangle rule) addition of the drone’s two displacement legs: (g) + (_51> = (Z) , the resultant (pink)

drawn directly from launch to final position.

. GIAI THICH TIENG VIET

Cong vecto theo quy tac tam giac (ndi dudi-dau): vé vecto thir nhat, roi vé vecto thi hai bat
dau tlr ddu mat cha vecto thir nhat — vecto téng néi tir goc dau tién dén ngon cudi cung.
Vé dai so chi can cong tirng thanh phan twong rng. Nhan vecto véi mét s6 vo hudng k: néu
k > 0 vecto giltr nguyén hudng (chi déi do dai); néu k < 0 vecto dao nguoc hudng; két qua
ludn song song v&i vecto ban dau.

The zero vector O (all components zero) has magnitude 0 and no defined direction; it acts as the
identity for vector addition (v + 0 = v). Subtraction is simply addition of the negative: u — v =
u+ (—1)v, so on a diagram, u — v is found by reversing v’s direction and then adding head-to-tail as
usual — equivalently, u — v is the vector drawn from the tip of v to the tip of u when both are drawn
from the same starting point (this is exactly the construction used in the dot-product derivation of
Section 3.7, later in this chapter).

3.6.3 The vector equation of a line
The vector equation of a line through a known point with position vector a, in direction d, is
r=a+td, teR,

whererr is the position vector of a general point on the line and ¢ is a scalar parameter. Different
values of ¢ trace out every point on the line. To check whether a given point lies on the line,
substitute its coordinates and solve for ¢ using one component equation, then verify that the
same t satisfies the remaining component equation(s).

GIAI THICH TIENG VIET
Phuong trinh vecto cta dudng thang r = a + td gdm mot di€m neo a (bat ky diém nao da
biét thudc dudng thang) va mét vecto chi phuong d (hudng ciia dudng thang); tham sé ¢ chay
kh3p R dé€ quét hét moi diém trén dudng. DE kiém tra mot diém cé thudc dudng thang khong:
dung mét phuong trinh thanh phan dé tim ¢, sau d6 bat budc ki€m tra lai t d6 véi (cac) phuong
trinh thanh phan con lai — néu khéng khép, diém khéng thudc dudng thang.

Vi du mau 14 - Vector equation of a line: checking a point

2 1
A line has vector equationr = (—1) +1 ( 2 ) . Determine whether the point (5,5, 0) lies on
3 —1
this line.
From the xz-component: 2 +t = 5 = ¢ = 3. Checking this value of ¢ in the other two
components:
y: —1+423)=5v  2:3-1(3)=0V

Both check out, so (5, 5,0) does lie on the line, at parameter value ¢ = 3.
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3.6.4 Intersecting and skew lines

Two lines given in vector form may (in 2D or 3D) intersect at a single point, be parallel (same or
proportional direction vectors, never meeting unless identical), or — only possible in 3D — be
skew: neither parallel nor intersecting. To test for intersection: set the two vector equations
equal, component by component, giving a system of equations in the two parameters (t and s).
Solve any two of the equations for ¢ and s, then substitute into the remaining equation(s) to
check consistency. If all equations are satisfied, the lines intersect (substitute back to find the
point); if not, and the direction vectors are not parallel, the lines are skew.

GIAI THICH TIENG VIET

V6i hai dudng thang trong khong gian, cé 3 kha ndng: cat nhau (giao tai mot diém), song song
(vecto chi phuong ti [é nhau), hodc chéo nhau (skew — chi xay ra trong khéng gian 3 chiéu:
khéng song song nhung cling khéng cit nhau). Cach ki€m tra: gidi hé phuong trinh thanh phan
dé tim t, s tir hai phuong trinh, réi thé vao phuong trinh con lai d€ kiém tra tinh nhat quan —
néu khong khép (va hai vecto chi phuong khong song song), két luan hai dudng thing chéo
nhau.

Vi du miu 15 - Determining whether two 3D lines are skew

Two aircraft follow straight-line flight paths given by

) )

Determine whether the flight paths cross.

1 1
The direction vectors (1) and (—1) are not parallel (not scalar multiples of each other), so
0 1

the lines are not parallel. Set the equations equal component-by-component:
r: 1+t=s y:t=1—s z: 1=2+s.

From the z-equation: s = —1. Substituting into the y-equation: t = 1 — (—1) = 2. Now check
the x-equation with these values:

1+t=142=3, s=-—1.

Since 3 # —1, the system is inconsistent — there is no common value of ¢ and s satisfying all
three equations simultaneously. Since the lines are also not parallel, they are skew: the flight
paths do not cross (at these altitudes/times), even though they might appear to cross when
projected onto a 2D map.

- GIAI THICH TIENG VIET
Vi du trén minh hoa ding quy trinh: dung 2 trong 3 phuong trinh thanh phan dé gidira ¢, s, réi
bat budc thir lai phuong trinh con lai. Vi phuong trinh thi ba khéng thoa (3 # —1), hai dudng
bay chéo nhau — day la diéu chi c6 thé xay ra trong khéng gian 3 chiéu (trong mit phang 2D,
hai dudng thang khéng song song luén cit nhau).

3.7 Scalar and Vector Products (HL)
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3.7.1 The scalar (dot) product

Uy @
The scalar (dot) product of u = (u2) andv = (v2) is the scalar

Ug L5
UV = u;v; + UyVy + ugvg = |U||V|COSH,

where 6 is the angle between the two vectors. Rearranging gives the angle between two
u-
vectors: cosf = Since cos 90° = 0, two nonzero vectors are perpendicular (orthogonal)

Jullv|’
exactly whenu-v = 0.

GIAI THICH TIENG VIET
mIf.lch vo huéng (dot product) cua hai vecto cho ra moét sé (khéng phai vecto): nhan tirng cap
thanh phan tuong &ng réi cong lai. Cong thirc u - v = |u|v|cos @ lién hé dai s6 véi hinh hoc,
cho phép tim géc gilra hai vecto bat ky (ké ca trong khong gian 3D, noi khéng thé "do goc”
truc tiép bang thudc do gbc). Dac biét: u-v =0 < hai vecto vudng géc — day 1a cach kiém
tra vuéng goc nhanh nhat, khéng can tinh goc cu thé.

Vi du miu 16 - Angle between guy-wires, and a perpendicularity check

A radio mast is supported by two straight guy-wires anchored to the ground. Relative to the

6 0
base of the mast, the direction vectors of the two wires are u = ( 0 ) and v = ( 6 )

—8 —8
(metres). Find the angle between the two wires, correct to 1 d.p. Then determine whether

4 3 .
w = (_3> andz = <4) are perpendicular.

u-v=06(0)+0(6)+ (—8)(—8) =64.  |u|=+36+64=10, |v|=+/36+64=10.

cosf =

=0.64 = ~1(0.64) ~ 50.2° (1 d.p.).
10 %10 0.64 = 6 =cos '(0.64) ~ 50.2° (1 d.p.)

Forwandz: w-z =4(3) + (—3)(4) = 12 — 12 = 0, so w and z are perpendicular.

3.7.2 Where does the formula u - v = |u]|v| cos # come from?

This formula connects the algebraic definition of the dot product (sum of products of components)
to the geometric idea of an angle — and it follows directly from the cosine rule of Section 3. Consider
two vectors u and v drawn from the same starting point, with angle 6 between them. The third side
of the triangle they form is u — v (the vector from the tip of v to the tip of u).

Applying the cosine rule to this triangle, with sides |ul, |v|, and |u — v|, and included angle 6:

lu—v[? = |u|? + |v|? — 2|u]|v| cos 6.

On the other hand, expanding |u — v|? algebraically using the definition of the dot product (since
|a|?> = a - a for any vector a):

u—v2=(Uu-Vv)-(u—v)=u-u—2u-v+v-v=|u?—-2u-v+|v|%
Both expressions equal |u — v|?, so they must be equal to each other:

lu> —2u-v+|v|? = |u]? + |v|? — 2|ul|v| cosé.
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The |u|? and |v|? terms cancel from both sides, leaving —2u - v = —2|u||v| cos 6, i.e.

‘u-v: lul|v| cose‘.

- GIAI THICH TIENG VIET
Cong thirc u - v = |ul|v| cos § dugc suy ra bang cach ap dung dinh ly cosin (Section 3) cho tam
giac tao bai u, v, va u — v, roi khai trién dai sé |u — v|? theo dinh nghia tich v6 huéng. So sanh
hai cach tinh cung mét dai lugng |u — v|? (mot bang hinh hoc/cosin, mét bang dai s6) cho ra
ngay cong thirc lién hé. Day la mét vi du dep vé viéc hai cha dé tudng chirng tach biét (dinh
ly cosin va tich vé huéng) thuc chat [ cing mét y tuéng toan hoc, chi duoc dién dat theo hai
ngon nglr khac nhau.

3.7.3 The vector (cross) product

Uy U1
The vector (cross) product of u = (uz) andv = (UQ) (defined only in 3D) is the vector

U3 U3

UgV3 — U3 Vg
U Vg — UgVy

which is perpendicular to both u and v (hence normal to the plane containing them), with mag-
nitude |u x v| = |u||v|sin . Since |u||v]|sin # is exactly the area of the parallelogram with sides
u and v, the area of the triangle with two sides u, v is %|u x v|. Because u x v is perpendicular
to both vectors, it serves directly as a normal vector to any plane containing them.

GIAI THICH TIENG VIET
mﬁ'l'ch c6 huéng (cross product, chi dinh nghia trong khéng gian 3D) cho ra mét vecto vudng goc
vGi €a hai vecto ban dau — vi vay né chinh 1d mét vecto phap tuyén ctia mit phang chira hai
vecto dé. Do 16n cda tich c6 hudng |u x v| bang dién tich hinh binh hanh tao bdi hai vecto;
chia déi ra dién tich tam gidc. Day 13 céng cu manh dé tinh dién tich trong khong gian 3D ma
khéng can tim goc hay chiéu cao trudc.

Vi du miu 17 - Cross product: area of a hillside survey plot, and its normal

A triangular plot of land on a hillside is surveyed at three points with position vectors (in
metres) A(0,0,0), B(6,0,2), and C(2,5,1). Find the area of the plot, and a normal vector to
the plane of the hillside at this point, correct to 3 s.f.

6 2
AB=|ol|, A4Ac=|[5].
2 1

. ((0)(1> - <2)<5)> (—10)
ABx AC = | (2)(2)—(6)(1) | =] -2 |.
(6)(5) — (0)(2) 30

This vector is itself a valid normal vector to the hillside plane. Its magnitude:

AB x AC| = /(—10)2 + (—=2)% + 302 = V1004 ~ 31.69.
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Area of triangle ABC = £(31.69) ~ 15.8 m? (3 s.f.).

GIAI THICH TIENG VIET

Vi ba diém khao sat trong khéng gian 3D, 13y hai vecto canh chung géc (AB va AC), tinh tich
c6 hudng dé dugc mot vecto phap tuyén; dd I6n cla vecto nay chia déi ra ngay dién tich tam
gidc — khong can biét trwdc goc gilra hai vecto nhu khi dung cong thic %ab sin C' & Section
3. Day la ly do tich cé hudng dac biét hiru ich cho cac bai toan khao sat dia hinh trong khong
gian 3D.

3.8 Graph Theory (HL)

3.8.1 Vertices, edges, and adjacency matrices

A graph consists of a set of vertices (nodes) and a set of edges connecting pairs of vertices. In
a weighted graph, each edge carries a numerical weight (e.g. distance, cost, time). The degree
of a vertex is the number of edges meeting it. A graph’s adjacency matrix M is a square matrix
(rows and columns both indexed by the vertices) where entry M;; =1 if there is an edge
between vertex : and vertex j (and Mz-j = ( otherwise); for a weighted graph, Mij can instead
store the edge weight. For an undirected graph, M is always symmetric.

GIAI THICH TIENG VIET
D6 thi gdbm cac dinh (vertices) va canh (edges) néi cac cip dinh; do thi cé trong s6 gan cho mbi
canh mot con sé (khoang cach, chi phi,...). Bac ciia mot dinh 13 sé canh ndi t&i n6. Ma tran ké
bi€u dién d6 thi dudi dang bang s6: hang i, cot j ghi 1 néu c6 canh néi dinh i-j (hodc ghi trong
s néu cd), va 0 néu khong co canh. Vi dé thi vo hudng khong phan biét chiéu, ma tran ké luén
déi xirng qua duong chéo chinh.

Handshake lemma: in any graph, the sum of the degrees of all vertices equals twice the number
of edges,
Z deg(v) = 2 x (number of edges),
all vertices
because each edge contributes exactly 1 to the degree count of each of its two endpoints. A
direct consequence: the number of odd-degree vertices in any graph is always even.

- GIAI THICH TIENG VIET
B& dé bat tay (handshake lemma): téng bac cla tat ca cac dinh luén bang hai [an sé canh, vi
moi canh déng gép dung 1 vao bac ctia méi dau mut clia né (nén déng gép 2 vao téng). Hé
qua truc tiép: s6 dinh cé bac lé trong bat ky do thi ndo ciing ludn 1a mét s6 chdn — khong thé
c6 do thi véi dung 1 hodc 3 dinh bac lé.

(1) L6i thueng gap: Dirng nham 1an gitra "dudng di” (walk) khi dém bang luy thira ma tran ké
(dwoc phép I3p lai dinh va canh) véi "dueng di Euler” (phai di qua méi canh ding mét [an,
khong dugc dp canh). Day 1a hai khai niém hoan toan khac nhau dung chung tir "duong di”
trong tiéng Viét — ludn xac dinh ré nglr cAnh ciu hoi dang hoi vé loai nao trudce khi ap dung
cong cu (ma tran ké — walk; diéu kién bac dinh — dudng di/chu trinh Euler).
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3.8.2 Matrix powers and counting walks

If M is the adjacency matrix of a graph, the entry (M™),, gives the number of distinct walks of
length n (sequences of n edges, possibly repeating vertices/edges) from vertex i to vertex j.
This is computed simply by raising M to the power n using ordinary matrix multiplication (best
done on a GDC for n > 3).

GIAI THICH TIENG VIET
Luy thira ctia ma tran ké cé y nghia dém: (M™),; chinh la sé duong di d6 dai n (dugc phép
l3p lai dinh/canh) tir dinh i dén dinh j. D3y la mét ing dung dep va bat ngd cliia phép nhan
ma tran — bi€n mot bai toan té hgp/dém dudng di thanh mot phép tinh dai sé tuyén tinh don
gian, dung GDC dé tinh nhanh véi n 16n.

Vi du miu 18 - Adjacency matrix and counting walks in a small network

Four routers A, B, C, D in a local network are connected as follows: A-B, A-C, B-C, B-D,
C-D (an unweighted graph). Write down the adjacency matrix, and use matrix powers to find
the number of walks of length 2 from A to D.

Ordering vertices A, B, C, D:

01 10
1 011
M= 1 1 0 1
01 10
Computing M? (via GDC or by hand):
2 1 1 2
1 3 2 1
2
M= = 1 2 31
2 1 1 2

The entry in row A, column D of M? is 2, so there are | 2 |walks of length 2 from A to D: namely
A— B — Dand A — C — D — matching a direct check of the diagram.

3.8.3 Trees and minimum spanning trees: Kruskal’s and Prim’s algorithms

A tree is a connected graph with no cycles; a tree on n vertices always has exactly n — 1 edges.
A spanning tree of a connected weighted graph is a tree that includes every vertex of the
graph, using only edges from the original graph. A minimum spanning tree (MST) is a spanning
tree with the smallest possible total edge weight — e.g. the cheapest way to connect a set of
towns with cable/road/pipeline, using existing possible routes.

Kruskal’s algorithm: sort all edges by weight, ascending. Add each edge to the growing tree
unless it would create a cycle (i.e. unless both its endpoints are already connected via previously
added edges); stop once n — 1 edges have been added.

Prim’s algorithm (an alternative): start from any one vertex. At each step, add the cheapest
edge that connects a vertex already in the tree to a vertex not yet in the tree. Repeat until all
vertices are included. Prim’s algorithm grows a single connected tree outward at every step,
whereas Kruskal’s may temporarily build several disconnected fragments that merge later; both
always produce a minimum spanning tree (possibly not unique if weights tie), and both require
n — 1 edges for n vertices.
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GIAI THICH TIENG VIET

mE‘?ly (tree) 1a do thi lién théng khdng cé chu trinh, ludn cé ding n — 1 canh cho n dinh. Cay
khung nhé nhat (Minimum Spanning Tree - MST) la cay khung c6 téng trong s6 nhé nhat, dung
dé tim cach két néi ré nhat gilra cac diém (thj tran, may chu,...).
Thuat toan Kruskal: s3p xé€p moi canh theo trong s6 tang dan, réi [an lugt thém tirng canh vao
cay — bo qua canh nao tao thanh chu trinh (térc 1a hai dau mat da dugc ndi véi nhau qua cac
canh trudc do r6i). Dung khi da cé da n — 1 canh.
Thuat toan Prim (mot cach ti€p can khac): bat dau tir mét dinh bat ky, méi buéc thém canh ré
nhat ndi tir cay hién tai sang mot dinh chua cé trong cay. Prim luén gilr cay lién théng lién tuc
trong suét qua trinh, con Kruskal co thé tao ra nhiéu manh roi rac roi méi ghép lai — nhung ca
hai déu cho ra cling téng trong s6 nhé nhat.

Vi du miu 19 - Kruskal’s algorithm: minimum-cost cabling network

Five towns A, B, C, D, E are candidates to be connected by fibre-optic cable. The possible
direct routes and their costs (in $10,000s) are: AB = 4, AC = 6, AD =3, BC =5, BE =7,
CD = 2,CE = 8 DE = 9. Use Kruskal's algorithm to find the minimum-cost network
connecting all five towns, and state the total cost.

Sorting edges by weight: CD(2), AD(3), AB(4), BC(5), BE(7), CE(8), DE(9).

Add CD (2): connects {C, D}. No cycle.

Add AD (3): connects A to {C, D}, giving {A, C, D}. No cycle.
Add AB (4): connects Bto {A,C, D}, giving {A, B,C, D}. No cycle.

Add BC (5): rejected — B and C are already connected (via A), so this would create a cycle.

Add BE (7): connects E to {A, B, C, D}, giving all five towns connected. No cycle.

Now 4 edges have been added (n — 1 = 5 — 1 = 4), so the algorithm stops. The minimum
spanning tree is {C'D, AD, AB, BE'} with total cost

243 +4+7= (i.e. $160,000).

Weighted graph for the five-town cabling network: the minimum spanning tree found by Kruskal’s algorithm (pink, thick)
has total weight 2 + 3 + 4 + 7 = 16; the grey thin edges are the routes rejected (either cycle-forming or more expensive
than needed).

- GIAI THICH TIENG VIET
Trong vi du trén, canh BC (trong s6 5) bi loai khéng phai vi né dat, ma vi thém né vao sé tao ra
chu trinh A- B-C- A (ba dinh nay da lién thong véi nhau qua cac canh ré hon ré6i). Day 1a quy
tac cot 16i ctia Kruskal: ludn xét canh ré nhat con lai, nhung chi thém vao néu khéng tao chu
trinh — néu tao chu trinh, bd qua va xét canh tiép theo.
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Vi du mau 19b - Prim’s algorithm, traced step by step

Four water-pumping stations F, G, H, I can be connected by pipes with costs (in $1000s):
FG=6,FH =3,FI =8,GH = 4, GI = 5, HI = 2. Starting from I, apply Prim’s algorithm
to find the minimum-cost pipe network.

Step 1: Tree = {F'}. Cheapest edge leaving F: FH = 3 (vs. FG = 6, FI = 8). Add H. Tree
= {F, H}, running total 3.

Step 2: Cheapest edge leaving { F', H}: compare FG = 6, F'I =8, HG = 4, HI = 2 — cheapest
is HI = 2. Add I. Tree = {F', H, I}, running total 3 + 2 = 5.

Step 3: Cheapest edge leaving { F', H, I } to the remaining vertex G: compare F'G = 6, HG = 4,
IG =5 — cheapestis HG = 4. Add G. Tree = {F,G, H, I}, complete.

Total cost =3+ 2+ 4 =[9] (i.e. $9000).

(As a check, applying Kruskal's algorithm to the same data — sorted edges
HI(2),FH(3),GH(4),GI(5),FG(6), FI(8) — also gives the edges {HI,FH,GH} with
the same total cost 9, confirming both algorithms find a genuine minimum spanning tree.)

3.8.4 Eulerian trails and circuits

An Eulerian trail is a walk that traverses every edge of a graph exactly once (vertices may be
revisited). An Eulerian circuit is an Eulerian trail that starts and ends at the same vertex. A
connected graph has:

¢ an Eulerian circuit if and only if every vertex has even degree;

¢ an Eulerian trail (but not a circuit) if and only if exactly two vertices have odd degree (the
trail must start at one odd vertex and end at the other);

e neither if more than two vertices have odd degree.

- GIAI THICH TIENG VIET
Puong di Euler (Eulerian trail) di qua méi canh diing mét [an (dugc phép quay lai dinh ci). Chu
trinh Euler (Eulerian circuit) 13 dudng di Euler ma diém dau va diém cudi trung nhau. Diéu kién
bac dinh (rat hay dugc hoi trong dé thi): tat ca dinh bac chan = c6 chu trinh Euler; ding 2 dinh
bac lé= c6 dudng di Euler (bat dau & mét dinh 1€, két thac & dinh 1é con lai) nhung khéng c6
chu trinh; nhiéu hon 2 dinh bac Ié = khéng cé ca hai.

Vi du mau 20 - Eulerian trail, and a routing (Chinese-postman-flavour) problem

A postal worker must deliver mail along every street in a small neighbourhood, represented
as a weighted graph on corners A, B, C, D, E with streets (edges, in km) AB = 3, BC = 2,
CD =4,DFE = 3,EA =2, BD = 5. (a) Find the degree of each vertex and determine whether
an Eulerian trail or circuit exists. (b) If the worker must return to the starting point B after
covering every street at least once, find the minimum possible total distance.

(a) Degrees: A: edges AB,EA = 2 (even). B: edges AB,BC,BD = 3 (odd). C: edges
BC,CD = 2 (even). D: edges CD, DE, BD = 3 (odd). E: edges DE, EA = 2 (even). Exactly
two vertices (B and D) have odd degree, so an Eulerian trail exists from B to D (covering every
street exactly once), but no Eulerian circuit exists (since B # D, the trail cannot return to its
start without repeating an edge).

(b) The total length of all streetsis 342 +4+3+2+5 = 19 km. Since exactly two vertices (B,
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D) are odd, the classic Chinese postman strategy is to find the shortest path between the two
odd vertices and traverse it twice (once as part of the Eulerian trail, once more to return to the
start), effectively "duplicating” that path so every vertex becomes even-degree and a circuit
becomes possible. The shortest path from B to D is the direct edge BD = 5 km (compare: via
C, BC +CD = 2+ 4 = 6 km, which is longer). So the minimum-distance route that covers
every street and returns to B has length

19 4+ 5 =24 km.

Street network for Example 20: vertices B and D (pink) have odd degree 3; all others have even degree 2. An Eulerian
trail exists from B to D, covering all 19 km of streets exactly once.

- GIAI THICH TIENG VIET
Bai todn "ngudi dua thu Trung Hoa” (Chinese postman problem) hoi: di qua moi canh it nhat
mot [an va quay lai diém xuat phat, véi téng quang dudng ngan nhat. Néu do thi cé ding 2
dinh bac I, chién luoc t6i vu 1a nhan déi (di lai) ding dudng di ngan nhat néi hai dinh & d6 —
bién tat ca cac dinh thanh bac chin, tir d6 ton tai chu trinh Euler trén do thi da “nhan déi” mot
phan. Néu c6 nhiéu hon 2 dinh bac 1é (vi du 4 dinh), phai ghép cdp cac dinh |é sao cho téng
cac dudng ngan nhat néi tirng cap 1a nhd nhat, réi nhan déi cac dudng do.

Practice

Bai tap luyén tap

A surveyor stands 45 m from the base of a building and measures the angle of elevation to the
top as 38°. Find the height of the building, correct to 3 s.f.

(A) 28.1m (C) 54.7m
(B) 35.2m (D) 36.9 m

Loi gidi chi tiét
h = 45tan 38° ~ 35.2 m. (B).

Bai tap luyén tap

From the top of a 25 m cliff, the angle of depression to a boat is 12°. Find the horizontal distance
from the base of the cliff to the boat, correct to 3 s.f.
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Loi giai chi tiét
25
tan 12°

The angle of depression equals the angle of elevation from the boat, so d = ~ 118 m.

Bai tap luyén tap

A hiker walks 5 km on a bearing of 072°. Find how far east and how far north she has travelled,
each correct to 3 s.f.

Loi giai chi tiet

-

East = 5sin72° ~ 4.76 km. North = 5cos 72° ~ 1.55 km.

Bai tap luyén tap

Point B is on a bearing of 118° from point A. Find the bearing of A from B.

(A) 298° (C) 242°
(B) 062° (D) 118°

Loi giai chi tiét

Back bearing: since 118° < 180°, add 180°: 118° + 180° = 298°. (A).

Bai tap luyén tap

A cyclist rides on a bearing of 030° for 12 km, then turns and rides on a bearing of 120° for 9
km. Find her distance from the starting point.

Loi giai chi tiet

The bearings differ by 120° — 030° = 90°, so the path is right-angled at the turning point:

d=1/122+92 = 225 = [15 km|

Bai tap luyén tap

A flagpole casts a shadow 18 m long when the angle of elevation of the sun is 34°. Find the
height of the flagpole, correct to 3 s.f.

Loi giai chi tiet

-

h =18tan 34° ~ 12.1 m.

Bai tap luyén tap

A light aircraft’s position relative to the airport is 120 km east and 160 km north. Find its
distance from the airport, and its bearing from the airport, correct to 1 d.p.
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Loi giai chi tiét

distance = /1202 + 1602 = v/40 000 = 200 km.

_, /120
bearing = ta 1<—> ~ 036.9°.
earing n 160

Bai tap luyén tap

CJ-‘I

Convert % radians to degrees, and convert 150° to radians (exact value).

Loi giai chi tiét

-

1
om X 180 _ 150°. Conversely, 150° x T_om ~ 2.618 rad.
s 180 6

Bai tap luyén tap

A circle has radius 9 cm. Find the arc length subtended by an angle of 1.4 radians.

(A) 6.43 cm (C) 25.2cm
(B) 12.6 cm (D) 0.156 cm

Loi giai chi tiét

-

s=1r0=9(1.4) = 12.6 cm. (B).

Bai tap luyén tap

A circle has radius 12 cm. Find the area of the sector subtending an angle of 100° at the centre,
correct to 3 s.f.

Loi giai chi tiet

-

Vs
Convert: 8 = 100 x 180 ™~ 1.745 rad.

A = 1(12)%(1.745) ~ 126 cm? (3 s.f.).

Bai tap luyén tap

A pendulum of length 0.9 m swings through an angle of 40°. Find the arc length traced by the
tip of the pendulum, correct to 3 s.f.

Loi giai chi tiét

-

0 = 40 x % ~ 0.6981 rad. s = 0.9(0.6981) ~ 0.628 m.

Bai tap luyén tap

A wheel of radius 20 cm rolls so that a point on its rim traces an arc of length 55 cm. Find the
angle turned through, in radians and in degrees (correct to 1 d.p.).
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Loi giai chi tiét
s 55 180

=—-=—=275rad =2.75 x — ~ 157.6°.
P 20 T

Bai tap luyén tap

A rotating garden sprinkler waters a sector of radius 6 m through an angle of 75°. Find (a) the
area watered, and (b) the total perimeter of the watered sector, both correct to 3 s.f.

Loi giai chi tiét

T
g =175 x 180 ™~ 1.309 rad.

(@) A = 1(6)%(1.309) ~ 23.6 m?.
(b) Arc length = 6(1.309) ~ 7.85 m; perimeter = 2(6) + 7.85 ~ 19.9 m.

Bai tap luyén tap

A sector has radius 15 cm and total perimeter (two radii plus the arc) 42 cm. Find the angle of
the sector, in radians, correct to 2 d.p.

Loi giai chi tiét

-

12
Arc length s =42 — 2(15) =12 cm. 0 = C T 0.80 rad.
T

Bai tap luyén tap

In triangle ABC, A = 50°, B = 65°, and a = 10 cm. Find side b, correct to 3 s.f.

Loi giai chi tiét
asin B ~10sin 65°
sinA  sin50°

By the sine rule: b = ~ 11.8 cm.

Bai tap luyén tap

In triangle ABC,a =9cm, b= 7cm, A= 40°. Find angle B and angle C, correct to 1 d.p.

Loi giai chi tiét

-

bsin A _ 7sin 40°

sinB = ~ 0.4999 = B =~ 30.0°. (Since a > b, only the acute solution is

a
valid — not the ambiguous case.)

C = 180° — 40° — 30.0° ~ 110.0°.

Bai tap luyén tap

In triangle ABC, a = 11 cm, b = 14 cm, and the included angle C' = 48°. Find side ¢, correct to
3s.f.
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(A) 10.5 cm (C) 13.9cm
(B) 8.62 cm (D) 121 cm

Loi giai chi tiét

-

2 =112 + 142 — 2(11)(14) cos 48° = ¢ ~ 10.5 cm. (A).

Bai tap luyén tap

In triangle ABC,a = 6 cm, b = 8 cm, ¢ = 11 cm. Find the largest angle of the triangle (the one
opposite the longest side), correct to 1 d.p.

Loi giai chi tiet

The largest angle is opposite the longest side ¢ = 11:

62 +82—-112 -21
C= — T2~ 021875 = C ~ 102.6°.
€0 2(6)(3) 96 -

Bai tap luyén tap

In triangle ABC, a = 13 cm, b = 9 cm, and the included angle C = 110°. Find the area of the
triangle, correct to 3 s.f.

Loi giai chi tiet

-

Area = £(13)(9) sin 110° ~ 55.0 cm?.

Bai tap luyén tap

In triangle ABC, A = 30°, a = 7 cm, b = 10 cm. Show that this is the ambiguous case, and find
both possible values of angle C, correct to 1 d.p.

Loi giai chi tiét

Check: bsin A = 10sin 30° = 5. Since 5 < 7 < 10, this is the ambiguous case (two triangles).

. 10sin 30°
SinB=———— ~07143 = B ~45.6°, B, =180"—456" = 134.4".

C, = 180° — 30° — 45.6° ~ 104.4°, Cy =180° — 30° — 134.4° ~ 15.6°.
SoC ~ 104.4° or C ~ 15.6°.

Bai tap luyén tap

Two hikers leave the same camp. One walks on a bearing of 020° for 6 km; the other walks on
a bearing of 100° for 8 km. Find the distance between the two hikers, correct to 3 s.f.
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Loi giai chi tiét
Angle between paths at camp: 100° — 020° = 80°.

d = /62 + 82 —2(6)(8) cos 80° ~ 9.13 km.

Bai tap luyén tap

A cuboid has length 9 m, width 6 m, and height 4 m. Find the length of its space diagonal,
correct to 3 s.f.

Loi giai chi tiet

d=+v9%+6%+42=+/133 ~ 11.5m.

Bai tap luyén tap

For the cuboid in the previous question (9 x 6 x 4 m), find the angle between the space diagonal
and the base, correct to 1 d.p.

Loi giai chi tiét
Base diagonal = v/92 + 62 = v/117 ~ 10.82 m.

-

tan¢ = = ¢~ 20.3".

4
10.82

Bai tap luyén tap

A storage tank is a hemisphere of radius 4 m topped by a cone of the same radius and height
9 m. Find the total volume of the tank, correct to 3 s.f.

Loi giai chi tiét
Veone = 3m(4)%(9) ~ 150.8 M. Vi = 2m(4)3 & 134.0 m3.

Viewal ~ 150.8 + 134.0 = 285 m3 (3 s.£.).

Bai tap luyén tap

For the tank in the previous question (hemisphere radius 4 m + cone radius 4 m, height 9 m), find
the total exterior surface area (curved cone surface 4 curved hemisphere surface, excluding
the internal join), correct to 3 s.f.

Loi giai chi tiét
Slant height of cone: ¢ = v/42 + 92 ~ 9.849 m.
CSA one = 7(4)(9.849) ~ 123.8 m?, CSA i = 27(4)% ~ 100.5 m2.

Total ~ 123.8 + 100.5 = 224 m? (3 s.f.).
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Bai tap luyén tap

A greenhouse roof has a symmetric triangular cross-section: base 4 m, ridge height 1.5 m. Find
the angle between the two roof planes at the ridge, correct to 1 d.p.

Loi gidi chi tiét
Slant side = v/22 +1.52 = 2.5 m.

252 +2.52—4% 35
= — = — 2 ~ 1 . o‘
cos(apex) 302.5)(2.5) 19E 0.28 = apex ~ 106.3

-

Bai tap luyén tap

A tent-shaped storage box is a triangular prism: cross-section base 2.4 m, height 1.8 m, and
the box is 5 m long. Find (a) the volume of the box, and (b) the total surface area of the two
triangular ends plus the two sloped rectangular sides (excluding the bottom), correct to 3 s.f.

Loi giai chi tiét
Cross-sectional area = 1(2.4)(1.8) = 2.16 m?.

(@) V =216 x 5 =10.8 m?.

(b) Slant side of triangle = v/1.22 + 1.82 ~ 2.163 m. SA = 2(2.16)+2(2.163)(5) ~ 4.324+21.63 ~
26.0 m2.

Bai tap luyén tap

A cube has side length 6 cm. Find the angle between one edge of the cube and a space diagonal
that shares the same vertex, correct to 1 d.p.

Lai giai chi tiét

The space diagonal has length 61/3. In the right-angled triangle formed by the edge, the face
diagonal, and the space diagonal, the angle ¢ between the edge and the space diagonal satisfies

6 _ 1 _
6vV3 V3

CoSs ¢ = ¢ ~ b4.7°.

Bai tap luyén tap

Find the equation (in the form y = mx + ¢) of the perpendicular bisector of P(2,3) and Q(8, 7).

Loi giai chi tiet

-

. = 2 . .
Midpoint = (5, 5). Slope of PQ = ;f; =3 so the perpendicular slope is —;

y—5=—2(a—5) = |y=—1.50+125],
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Bai tap luyén tap

Three weather stations (sites) are at S, (0,0), S5(10, 0), S5(5,8) (km). Determine which station
is closest to the point (4, 3), i.e. in which station’s Voronoi cell does @ lie?

Loi giai chi tiet

QS, = V42 +32=5.00, QS,=+62+32~6.71, QS;=112+52~ 5.10.

Q is closest to .S; (by a narrow margin over Ss), so @ lies in the Voronoi cell of S;.

-

Bai tap luyén tap

Three sites are located at A(0,0), B(8,0), C(2,6) (km). Find the Voronoi vertex (circumcentre)
of the triangle formed by these sites, and confirm it is equidistant from all three.

Loi giai chi tiét

Bisector of AB: x = 4. Bisector of AC: midpoint (1, 3), slope AC = 3, perpendicular slope
=—1y—3=—3(x—1). Atz =4y =3 — £(3) = 2. Voronoi vertex = (4,2). Check:
V42 4+ 22 = /20 ~ 4.47 from all three sites (verify C: v/22 + 42 = /20 V).

Bai luyén nang cao - HL

Three existing warehouses form a triangle. A new distribution hub must be placed as far
as possible from all three warehouses, but must remain within the delivery region. Without
calculating coordinates, explain which point of the Voronoi diagram of the three warehouse-
sites gives the optimal location, and under what condition this point is actually achievable.

Lai giai chi tiét

The optimal location is the Voronoi vertex of the three sites (the circumcentre of the triangle
they form), since it is the unique point equidistant from all three and it maximises the minimum
distance to the nearest site among all points in the plane. This is achievable only if the Voronoi
vertex lies inside the permitted delivery region; if it falls outside that region, the true optimal
point (maximising minimum distance while staying inside the region) is instead found on the
region’s boundary.

Bai tap luyén tap

The boundary between two neighbouring cells in a Voronoi diagram is always a portion of
which of the following?

(A) The perpendicular bisector of the two (C) The line segment joining the two sites
sites

(B) The angle bisector between the two sites (D) A circle centred at one of the two sites

Loi giai chi tiét

(A). The boundary is the set of points equidistant from the two neighbouring sites, which is
exactly their perpendicular bisector.
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Bai tap luyén tap

how much (correct to 3 s.f.).

Loi giai chi tiét

-

C is closer, by approximately 6.40 — 5.00 = 1.40 km.

Bai luyén nang cao - HL

2
Find the magnitude of (_512) and of (3)
6

Lai giai chi tiét

-

2
‘(_512>’ = /254 144 = /169 = 13. (3) =vV4+9+36=+49=".
6
Bai luyén nang cao - HL
2
Find the unit vector in the direction of v = | —3 |, correct to 3 s.f.
6

Lai giai chi tiét
V| =v4+9+36=v49=T1.

-

V=

=

2 0.286
—3 | ~ | —0.429 |.
6 0.857

.Findu+v,u—v,and |u+v]|.

Bai luyén nang cao - HL

3 -7
Letu = (_4>,v_<2

Loi giai chi tiét

N——

utv= (‘4),u_v= (i%),|u+v\ =16 +4 = V20 ~ 4.47.

=2
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Bai luyén nang cao - HL

Points A(2,5) and B(9, 1) have position vectors as given. Find AB and its magnitude, correct
to 3 s.f.

Loi gidi chi tiét
- _ (92 ™\ 7=
AB= (] ]=|_,) |ABl=v49+16 = V65 ~ 8.06.

Bai luyén nang cao - HL

A line passes through C(1,2, —3) and D(4,—1, 3). Write down its vector equation, and deter-
mine whether the point (7, —4,9) lies on it.

Loi giai chi tiét

3 1 3

Direction vector CD = (—3) ,SO0r = ( 2 ) +t (—3) .Fromz: 1+ 3t =7 =t = 2. Check:
6 -3 6

y=2-3(2) =—4V;z=-3+6(2) =9 v. The point does lie on the line (at ¢t = 2).

Bai luyén nang cao - HL

Find the point of intersectionof L, : r = (1) +1 (f) and L, : r= ( 8 ) +s <_1>.

Loi giai chi tiét

x:142t=8—s=2t+s=7. y:5+t=—-2+3s=t—3s=—T7. Solving simultaneously:
t=35—17,5023s—7)+s=7=Ts=21=s=3, t=2.Point: (1+2(2),5+2)=|(5,7)
(check with L,: (8 —3,—2+9) = (5,7) V).

Bai luyén nang cao - HL

2 1 0 2
Determine whether L; : r = (1) +t (O) and Ly : r = (3) + s ( 1 ) intersect, are
0 1 1 —1

parallel, or are skew.

Loi giai chi tiet

Direction vectors are not parallel. Fromy: 1 =3+ s = s = —2. From z: t = 1 — s = 3. Check
x: LHS =2+t = 5, RHS = 2s = —4. Since 5 # —4, the system is inconsistent: the lines are
skew.

Bai luyén nang cao - HL

3 4
Findu-vforu=|—-2]|,v=1| 1 |.
5 -3
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(A) —5 (C) 21
(B) 5 (D) —21

Loi giai chi tiét

-

u-v=3>4)+(—2)(1)

+
ot

(—3) =12—2—15 = —5. (A).

Bai luyén nang cao - HL

2 1
Find the angle between p = ( 2 ) and q = (—2) , correct to 1 d.p.
1 2

Loi giai chi tiet

-

p-q=2—4—-2=—4.|p|=3,|q| =3.

cosf = %4 ~ —0.4444 = 6~ 116.4".

Bai luyén nang cao - HL

6 1
Show that m = (—3) andn = (4) are perpendicular.

2 3

Loi giai chi tiet

-

m-n=6(1)+ (—3)(4) +2(3) =6 — 12+ 6 = 0, so m and n are perpendicular.

Bai luyén nang cao - HL

2 0
Finda x b fora = (—1),b: (4)
3 —2

Loi giai chi tiét

Bai luyén nang cao - HL

Points A(1,1,1), B(4,2,1), C(2,5,3) (metres) mark a triangular plot. Find its area, correct to 3
s.f.
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Loi giai chi tiét

o ((D( )—(0)(4)) (2)
ABxAC=|0)1)-3)2) | =[-6].
(3)(4) — (1)(1) 11

|AB x AC| = VA +36+ 121 = V161 ~ 12.7. Area ~ 1(12.7) ~ 6.34 mZ.

=N

Bai luyén nang cao - HL
Using the plot from the previous question (A(1,1,1), B(4,2,1), C(2,5, 3)), state a normal vec-
tor to the plane containing the plot.

Loi giai chi tiét

2

AB x AC = (—6) is perpendicular to both AB and AC, so it is a valid normal vector to the
11

plane.

Bai luyén nang cao - HL

A graph has 5 vertices V,, ..., V; with edges V| V,, V,V,, V| V5, V,V,, Vo Vg, ViV, V,Vi. Write
down the degree of each vertex.

Loi giai chi tiét

Vi: edgesto V,,V,,V; = 3. V,: edges to V;, V5,V = 3. V5: edges to V,, V, = 2. V: edges to
Vi, Vs, Vi = 3. Vi edges to V, V,, V, = 3.

Bai luyén nang cao - HL

Using the graph from the previous question, the adjacency matrix M (order V7, ..., V;) satisfies

31212
1 3031
M?>?=1(2 0 2 0 2
1 30 31
21 21 3

Find the number of walks of length 2 from V;, to V,, and list them.

Loi giai chi tiet

(MQ)V%V4 = 3. Since V, and V, are both adjacent to V}, V3, and V;, the three walks are V, —
ViV, Vo= Vo=V, V, =V, =V,
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Bai luyén nang cao - HL

Six towns P, Q, R, S, T, U have candidate cable routes and costs: PQQ =5, PR =9, QR = 4,
QS =7, RS =3 RT =8, ST =6, SU =10, TU = 2. Use Kruskal’s algorithm to find the
minimum spanning tree and its total cost.

Loi giai chi tiét

Sorted edges: TU(2), RS(3), QR(4), PQ(5), ST(6), RT(8), QS(7), PR(9), SU(10). Add
TU(2): {T,U}. Add RS(3): {R,S}. Add QR(4): {Q,R,S}. Add PQ(5): {P,Q,R,S}. Add
ST(6): connects {P,Q, R, S} with {T",U} = all six towns connected. (5 edges = n — 1, stop.)
Totalcost:2+3+4+5+6:.

Bai luyén nang cao - HL

Apply Prim’s algorithm (starting at A) to the graph of Example 19 (towns A, B, C, D, E with
AB =4, AC =6, AD =3, BC =5,BE =7,CD =2, CE = 8, DE = 9), and confirm it
produces the same minimum total cost as Kruskal’s algorithm.

Loi giai chi tiét

Start at A: cheapest edge is AD(3); tree = {A,D}. Cheapest edge out: CD(2); tree
= {A, C, D}. Cheapest edge out: AB(4) (cheaperthan CB =5,CFE = 8);tree= {A, B,C, D}.
Cheapest edge out: BE(7) (cheaper than CE = 8); tree = {A, B,C, D, E}, complete. Total

=34+2+4+4+7= — the same total cost found by Kruskal’s algorithm, confirming both
algorithms find a minimum spanning tree.

Bai luyén nang cao - HL

A graph has 4 vertices W, X, Y, Z with every pair joined by an edge (a complete graph K,):
WX, XY, YZ, ZW, WY, XZ. Determine whether an Eulerian circuit or Eulerian trail exists.

Loi giai chi tiét

Each vertex is joined to the other 3, so every vertex has degree 3 (odd). All 4 vertices are
odd-degree, which is more than 2, so neither an Eulerian trail nor an Eulerian circuit exists.

Bai luyén nang cao - HL

A road network on corners M, N, O, P has streets MN = 4, NO = 3, OP = 5, PM = 2,
MO = 6 (km). Confirm that exactly two vertices have odd degree, then find the minimum
distance for a route that covers every street at least once and returns to the starting point.

Loi giai chi tiet

-

Degrees: M: MN,PM,MO = 3 (odd). N: MN,NO = 2 (even). O: NO,OP,MO = 3
(odd). P: OP,PM = 2 (even). Exactly two odd vertices, M and O. Total street length =
4+3+5+2+6 = 20km. Shortest path M to O: direct edge MO = 6 (vs.via N: 4 + 3 = T;
via P: 2 +5 = 7). Minimum route = 20 + 6 = km.
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Bai luyén nang cao - HL

A network has 9 edges. Use the handshake lemma to find the sum of the degrees of all its
vertices. If the network has 6 vertices, all of equal degree, find that common degree.

Lai giai chi tiét

Sum of degrees = 2 x 9 = 18. With 6 vertices of equal degree d: 6d = 18 = d = .

Mixed and Extended Problems

On tap téng hop

A ship sails from port P on a bearing of 048° for 32 km to point ), then changes course and
sails on a bearing of 130° for 21 km to point R.

(a) Find the interior angle ZPQR of the triangle formed.

(b) Use the cosine rule to find the distance PR, correct to 3 s.f.

(c) Find the area enclosed by triangle PQR, correct to 3 s.f.

Loi giai chi tiét
(@) The bearing from @ back to P is 048° + 180° = 228°. The angle between this and the

outgoing bearing 130° is
ZPQR = 228° — 130° = [ 98°].
(b) By the cosine rule (SAS, with PQ = 32, QR = 21, included angle 98°):

PR = /322 + 212 — 2(32)(21) cos 98° ~ 40.6 km (3 s.f.).

(c) Area = >(32)(21) sin98° ~ 333 km?” (3 s.f.).

1
2

On tap tong hop

A grain silo is a cylinder of radius 4 m and height 10 m, topped with a cone of slant height 5 m
(same radius).

(a) Find the vertical height of the conical roof.

(b) Find the total volume of the silo, correct to 3 s.f.

(c) Find the total exterior surface area (lateral cylinder + lateral cone, excluding the base and
the internal join), correct to 3 s.f.

(d) Find the angle of elevation of the apex of the roof from a point on the ground 15 m from
the centre of the silo’s base, correct to 1 d.p.

Lai giai chi tiét

(@) Pegne = V52 — 42 = /9 =3 m.
(b) Vo, = m(4)2(10) ~ 502.7 m3; Ve = 37(4)%(3) ~ 50.3 m?.

-

Viotal = 502.7 +50.3 = 553 m? (3 s.f.).
(c) CSA, = 2m(4)(10) ~ 251.3 m?; CSA pe = 7(4)(5) ~ 62.8 m*.

Total &~ 251.3 + 62.8 = 314 m? (3 s.f.).
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(d) Total height = 10 + 3 = 13 m.

. 1 .
tan(elevation) = % = elevation ~ 40.9° (1 d.p.).

On tap téng hop

Three towns X (2,2), Y (12,2), Z(7,10) (km) lie inside a rectangular district with corners (0, 0)
and (14, 12). A new waste facility must be placed as far as possible from all three towns, while
remaining inside the district.

(a) Find the Voronoi vertex (circumcentre) of triangle XY Z.

(b) Find the distance from this point to each town, and confirm they are equal.

(c) Explain why this point is (or is not) the optimal location for the facility.

Loi giai chi tiét
(a) Bisector of XY: midpoint (7,2), and since XY is horizontal, the bisector is the vertical line

x = 7. Bisector of XZ: midpoint (4.5,6), slope of XZ = 10 _22 = 1.6, perpendicular slope
= —0.625: y — 6 = —0.625(x — 4.5). Atz = T7: y = 6 — 0.625(2.5) = 4.4375. Voronoi vertex
= (7, 4.4375).

(b) \/(7 —2)2 + (4.4375 — 2)2 = /25 + 5.941 ~ 5.5625 km; by construction this is the same
distance to Y and Z (equidistant, since the point lies on all three perpendicular bisectors).

(c) Since (7,4.4375) satisfies 0 < 7 < 14 and 0 < 4.4375 < 12, it lies inside the district, so it is
achievable and is indeed the optimal location: the maximum possible "distance to the nearest
town,” ~ 5.56 km.

On tap téng hop - HL

Five warehouses have position vectors (km): A(0,0), B(6,0), C(9,5), D(4,8), E(0,5). Engi-
neers have surveyed candidate cable routes AB, AE, BC, BE, CD, CE, DE (no others are
possible due to terrain).

(a) Using vector subtraction and magnitudes, find the length of each candidate route, correct
to 3 d.p. where needed.

(b) Use Kruskal’s algorithm to find the minimum-length cable network connecting all five ware-
houses, and its total length.

| Loi giai chi tiét
(a) Using [PQ| = |a — pl:
AB=6, AE=5 BC =+/32+52=134~5831, BE=1/62+52=61~ 7.810,

CD=+52+32=+34~5831, CE=9, DE=+/42+32=5.

(b) Sorted: AE(5), DE(5), BC'(5.831), CD(5.831), AB(6), BE(7.810), CE(9). Add AE: {A, E}.
Add DE: {A,D,E}. Add BC: {B,C}. Add CD: connects {B,C} with {4, D, E} = all five
connected (4 edges, done).

Total length = 5 + 5 + 5.831 + 5.831 ~ | 21.7 km (3 5.f.) |
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On tap téng hop - HL

A triangular solar panel is mounted with corners at position vectors A(0,0,0), B(5,0,2),
C(1,6,3) (metres).

(a) Find AB x AC.

(b) Find the area of the panel, correct to 3 s.f.

(c) Find the angle between the panel and the horizontal ground, correct to 1 d.p. (the angle
between two planes equals the angle between their normal vectors; the ground’s normal is

0
vertical, | 0 |).
1

Loi giai chi tiet

5 1
(a) AB = (0>,m: (6)
2 3

—12
(b) (—13) = /144 + 169 + 900 = /1213 ~ 34.83. Area ~ 1(34.83) ~ 17.4 m?.
30

—12 0
(c) Using the normal vector n = (—13) and vertical k = (O) :

30 1
n-k 30
cosf=—— = —— ~0.8614 = 0~ 30.5°.
In||k|  34.83

The panel is tilted about 30.5° from horizontal.

On tap tong hop

Bearings, sine/cosine rule, and 3D geometry combined: a lighthouse L is 52 m tall. From the
top of the lighthouse, the angle of depression to a small boat B is 9°, on a bearing of 200°. A
second boat C' is observed from the same point at an angle of depression of 6°, on a bearing
of 260°.

(a) Find the horizontal distance from the base of the lighthouse to each boat, correct to 3 s.f.
(b) Find the angle ZBLC" between the two boats’ bearings, where L’ is the base of the light-
house (i.e. the angle between the two horizontal directions).

(c) Use the cosine rule to find the distance between the two boats, correct to 3 s.f.

Loi giai chi tiet

52 52
a)dp = ~328m. d = —— ~ 495 m.
(@) ds tan9° &

tan 6°
(b) The angle between the two bearings is 260° — 200° = 60°.

(c) By the cosine rule (SAS) in the horizontal plane, with sides 328 m and 495 m and included
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angle 60°:

BC = /3282 + 4952 — 2(328)(495) cos 60° ~ 436 m (3 s.f.).
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IB DIPLOMA PROGRAMME . Unit 4

Statistics and Probability

Muc tiéu Unit: Phan biét téng thé (population) va miu (sample), dir liéu r&i rac va lién tuc, cling cac
phuong phap chon miu: ngiu nhién don gian, hé théng, phan tang, dinh ngach, thuan tién, va sai s6
chon mau; trinh bay dir liéu bing bang tan s6 ghép nhém, biéu d6 tan sé (histogram), biéu d6 tan s&
tich luy (dudng cong ogive) d€ doc trung vi/tl phan vi, biéu dd hdp va quy tic 1,5xIQR dé phat hién
gia tri ngoai lai; tinh sd trung binh, trung vi, mode, khoang bién thién, khoang tr phan vi, phuong sai va
dé léch chuan (k€ ca tir dir liéu ghép nhdm), va anh hudng cia phép bién déi tuyén tinh y = ax + b; xac
suat co ban qua biéu dé Venn, quy tic cong, bang khéng gian mau két hop; so d6 cay cho bién cé doc
1ap va phu thudc, xac suat cé diéu kién va kiém tra tinh déc 13p, suy luan ki€u Bayes qua so dd cay; bién
ngau nhién rdi rac, ky vong E(X) va phuong sai Var(X); phan phéi nhi thirc va phan phéi chuan (chuan
hoa Z, dung GDC thay vi bang = in san, quy tic 68-95-99.7); hé s6 tuong quan hang Spearman; cling
cac chu dé HL: phan phéi Poisson, kiém dinh gia thuyét (gia thuyét khéng/déi, mirc y nghia, p-value, sai
[am loai | va loai Il), kiém dinh Chi-binh phuong (86 phu hop va tinh doc 1ap), kiém dinh ¢ (mot mau, ghép
cap), va khoang tin cay cho trung binh tng thé.

4.1 Sampling Techniques and Data Types
4.1.1 Population, sample, and data types

The population is the entire group about which information is wanted; a sample is a subset
of the population actually observed, chosen because studying the whole population is usually
too costly, slow, or (for destructive testing) impossible. A parameter is a numerical summary of
the population (e.g. the population mean p); a statistic is a numerical summary of a sample (e.g.
the sample mean z), used to estimate the corresponding parameter. Data is discrete if it can
only take a countable set of separate values (e.g. number of siblings, shoe size in half-sizes), and
continuous if it can take any value in an interval, limited only by the precision of measurement
(e.g. height, time, mass).

. GIAI THICH TIENG VIET

Téng thé (population) 1 toan bé nhém déi tugng can nghién ciru; mau (sample) 1d mot tap con
cla tong thé dugc chon ra d€ quan sat thuc té, vi khao sat toan bd téng thé thudng qua tén
kém, cham, ho3c bat kha thi (vi du kiém tra pha huy sdn phdm). Tham sé (parameter, nhu ) mé
ta téng thé; théng ké mau (statistic, nhu’ z) mé tad mau va dung dé uéc lwong tham s6 tuong
tng. D liéu r&i rac chi nhan cac gia tri dém duoc, tach biét nhau (sé con trong gia dinh); dir
liéu lién tuc c6 thé nhan bat ky gia tri ndo trong mot khoang (chiéu cao, thoi gian).

4.1.2 Simple random and systematic sampling

Simple random sampling (SRS): every member of the population has an equal chance of being
selected, typically using a random number generator or table applied to a numbered list of
the whole population. Systematic sampling: order the population (size N) in a list, choose a
sampling interval k¥ = N /n (rounded to a whole number) for a desired sample size n, pick a
random starting point between 1 and k, then select every k-th member thereafter.
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GIAI THICH TIENG VIET

Chon mAu ngau nhién don gian (SRS): moi thanh vién ctia téng thé cé co hdi dugc chon bing
nhau, thudng dung may tao s6 ngiu nhién ap dung I1én danh sach da danh sé toan bo téng thé.
Chon mau hé théng: danh s6 t6ng thé (c& N), chon khoang cach 18y miu k = N /n, chon ngiu
nhién mot diém khai dau trong khoang 1 dén k, réi lay déu dan cr cach & phan tir lai chon mot
phan t(r.

Vi du miu 1 - Systematic sampling interval

A company has 840 employees on its payroll system, numbered 1 to 840. A systematic sample
of 40 employees is needed for a workplace satisfaction survey. Find the sampling interval,
and list the first three employee numbers selected if the random starting point is 13.

N 840
= =21.

n 40
Starting at 13, the first three selected employee numbers are 13, 13421 = 34, and 34+21 = 55
(and so on, up to 13 + 21(39) = 832, giving exactly 40 employees).

4.1.3 Stratified, quota, and convenience sampling

Stratified sampling: divide the population into non-overlapping strata (subgroups sharing a
characteristic, e.g. year group, gender), then take a simple random sample from each stratum,
with the sample size from stratum 7 proportional to that stratum’s share of the population:

N; . . . .
n, = F’ x n. Quota sampling: the interviewer is given quotas to fill for each subgroup (e.g. 20

men, 20 women) but selects individuals non-randomly within each quota (e.g. by approaching
passers-by) — quicker than stratified sampling but not free of selection bias. Convenience
sampling: choosing whichever subjects are easiest to reach (e.g. the first 30 people passing
by); this is the least reliable method, since it has no random element at all and typically over-
represents whichever group happens to be most accessible.

GIAI THICH TIENG VIET
Chon mau phan tang (stratified): chia téng thé thanh cac tang (hhém con) khéng choéng 1an,
roi 1ay mau ngau nhién don gian tir méi tang, v&i c& mau cla tang i ti 1é thuan véi ti trong clia

@

8 N % s . . o nom e
tang do: n, = ~ x n. Chon mau dinh ngach (quota): nguoi khao sat duoc giao chi tiéu s6

lugng cho tirng nhém con nhung tw chon ngudi trong mdi nhém (khéng ngiu nhién) — nhanh
hon phan tang nhung van cé thé thién [éch. Chon mau thuan tién (convenience): chon bat ky
ai dé ti€p can nhat — day 1a phuong phap kém tin ciy nhat vi hoan toan khéng cé yéu t6 ngau
nhién.

Vi du miu 2 - Stratified sampling allocation

A school has 900 students: 400 in Year 12 and 500 in Year 13. A stratified sample of 90
students is required for a survey on university applications, with representation proportional
to year-group size. Find the number of students to be sampled from each year group.

400 500
n12:%X90:40, n13:%><90:50.

Check: 40 + 50 = 90 v/, matching the required total sample size.
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4.1.4 Sampling bias and reliability

Comparing the Sampling Methods

Simple random and systematic sampling give every population member a known (usually equal)
chance of selection, making them the most statistically reliable, but they require a complete
numbered list of the population (a sampling frame), which is not always available. Stratified
sampling improves on plain random sampling when subgroups differ meaningfully, ensuring
every subgroup is fairly represented. Quota and convenience sampling are faster and cheaper
but introduce sampling bias: a systematic tendency for the sample to misrepresent the popula-
tion, because selection is not random (e.g. interviewing only shoppers at a mall misses people
who do not shop there). A non-response bias can also arise even in a properly randomised
sample, if the people who decline to respond differ systematically from those who do.

. GIAI THICH TIENG VIET

So sanh cac phuong phap: chon mau ngau nhién don gian va hé théng dang tin cay nhat vé
mat théng ké (moi phan tlr cé xac suat duoc chon da biét) nhung can mot danh sach day dua
cla téng thé (sampling frame), diéu khéng phai lic ndo ciling cé san. Chon miu phan tang tot
hon khi cadc nhém con khac biét dang k&. Chon mau dinh ngach va thuan tién nhanh va ré hon
nhung gay ra sai s6 chon mau (sampling bias) — xu huéng hé théng khién mau khéng dai dién
ding cho téng thé, vi viéc chon khéng ngau nhién. Sai s6 khéng phan héi (non-response bias)
c6 thé xay ra ngay ca véi mau chon ngau nhién ding cach, néu nhirng ngudi tir chéi tra 16
khac biét hé théng so vé&i ngudi tra |oi.

Every remaining technique in this chapter — from a simple mean to a confidence interval or a
hypothesis test — is only as trustworthy as the sample it is calculated from. A perfectly executed
calculation on a biased sample still produces a misleading conclusion about the population; this is
why every later section, in describing a scenario, is implicitly assuming the underlying sample was
collected in a reasonably unbiased way (typically simple random, systematic, or stratified sampling).

4.2 Presenting Data: Frequency Tables, Histograms, and Cumulative Frequency
4.2.1 Grouped frequency tables and histograms

For continuous (or wide-ranging discrete) data, values are grouped into classes of equal width,
each with a frequency (count of data values in that class). The mid-interval value of a class is
used to represent every value in that class when estimating summary statistics (e.g. the class
20 < t < 30 has mid-interval value 25). A histogram displays a grouped frequency distribution
with no gaps between bars (unlike a bar chart for categorical data), since the horizontal axis
represents a continuous variable; for classes of equal width, bar height is simply the frequency.

GIAI THICH TIENG VIET

6i dir liéu lién tuc (hodc rai rac trai rong), gia tri dwgc nhom vao cac 16p (class) c6 do rong
b3ng nhau, méi I&p cé mot tan sb. Gia tri trung di€m (mid-interval value) ctia méi |6p dai dién
cho moi gia tri trong |&p do khi uwdc luvong cac dai lwvong thong ké. Histogram khong cé khoang
tréng gilra cac cot (khac vai biu do cot cho dir liéu dinh danh), vi truc hoanh biéu dién mét
bién lién tuc; khi cac I6p c6 dd rong bang nhau, chiéu cao cot chinh 13 tan sé.
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Time (minutes)

Histogram of the completion times (minutes) of 80 runners in a road race, grouped into six equal-width classes:
frequencies 5,12, 25, 22, 12, 4 (total 80). The modal class is 20 < t < 30.

4.2.2 Cumulative frequency graphs (ogives)

The cumulative frequency up to the upper boundary of a class is the running total of fre-
guencies for that class and all classes below it. Plotting cumulative frequency (vertical axis)
against the upper class boundary (horizontal axis) and joining consecutive points produces a
cumulative frequency graph (ogive). For a data set of size n, the median is read at cumulative
frequency 3, the lower quartile Q, at 7, and the upper quartile Q; at %”; within a class, values
are estimated by linear interpolation between the two cumulative-frequency points bounding
that class.

GIAI THICH TIENG VIET

an so tich luy (cumulative frequency) dén can trén ctia mot |6p 1a téng dén tan s6 cua l6p dé
va moi |&p phia duéi. Vé tan sé tich luy theo can trén cha I6p va néi cac diém lai cho ra duéng
cong tan sé tich luy (ogive). V&i c& dir liéu n: trung vi doc tai tan sé tich luy %, t& phan vi duéi
Q, tai 7, tr phan vi trén Q; tai %" — dung ndi suy tuyén tinh trong 1&6p chira vi tri do.

Vi du miu 3 - Reading median and quartiles from cumulative frequency

Using the runners’ completion-time data above (frequencies 5,12,25,22,12,4 in classes of
width 10 starting at 0, total n = 80), estimate the median, @, and @5, correct to 1 d.p.
Cumulative frequencies at the upper boundary of each class: 5, 17, 42, 64, 76, 80 (at
t = 10, 20, 30, 40, 50, 60).

Median (position % = 40): this falls in the class 20 < ¢ < 30 (cumulative frequency rises from
17 to 42 across this class):

40 — 17
42 — 17

@, (position % = 20): also in the class 20 < t < 30:

median ~ 20 +

2 .
><10:20+£><10:20+9.2:29.2m|n.

20_17><10—20+i><10—20+12—212min
42 — 17 - 25 N oo ’

@, ~ 20+

Q5 (position @ = 60): in the class 30 < t < 40 (cumulative frequency rises from 42 to 64):

60 — 42
64 — 42

SoIQR = Q5 — @, ~ 38.2 —21.2 = 17.0 minutes.

18 .
Q5 ~ 30 + ><10:304—5><10~30+8.2:38.2m|n.
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Cum. freq.

n/2 =40

o > Time (min)
0 10 20 30 40 50 60

Cumulative frequency graph (ogive) for the runners’ completion times. Reading across from % = 20, & = 40, and
37" = 60 gives Q; ~ 21.2, median ~ 29.2, and Q5 ~ 38.2 minutes.

(1) L6i thuong gap: Khi uwéc lwgng trung binh tir bang tan s6 ghép nhém, ludn dung gia tri trung
diém (mid-interval value) ctia méi |&p — khéng dung can dudi hay can trén cta I6p. Ngoai ra,
khi doc trung vi/t(r phan vi tir do thi tan s6 tich luy, vi tri can tim 1a 2, 2, 3 theo tan s6 tich
luy (truc doc), réi méi doc sang gia tri dir liéu tuong (ng (truc ngang) — nham Ian hai truc 13 16i
rat phé bién.

4.2.3 Box-and-whisker plots and outliers

The five-number summary of a data set is (minimum, @, median, @5, maximum), displayed
graphically as a box-and-whisker plot: a box from @, to Q5 (with a line at the median), and
whiskers extending to the minimum and maximum non-outlier values. The interquartile range
is IQR = Q5 — Q4. A data value is classified as an outlier if it lies

below @, — 1.5 x IQR or above Q5 + 1.5 x IQR;

outliers are plotted as separate points, and the whisker is drawn only as far as the most extreme
non-outlier value.

. GIAI THICH TIENG VIET

Bang tém tat ndm sé (min, Q,, trung vi, Q5, max) dugc vé thanh biéu d6 hdp (box-and-whisker
plot): hop tir @, dén Q4 (c6 vach trung vi bén trong), va hai rau (whisker) kéo dén gia tri nhd
nhat/I&6n nhat khéng phai ngoai lai. Mot gia tri dugc coi 1a ngoai lai (outlier) néu né nam ngoai
khoang [Q; — 1.5 x IQR, @5 + 1.5 x IQR] — khi d0, gia tri ngoai lai dugc vé thanh mot diém
riéng biét, va rau chi kéo dai dén gia tri hop Ié gan nhat.

Vi du miu 4 - Five-number summary and the 1.5 IQR outlier rule

Thirteen students’ project scores (out of 60) are, in order:
12,15,18,19,21,22,24,25,27,29,31,33,52. Find the five-number summary, and deter-
mine whether 52 is an outlier.

With n = 13 (odd), the median is the 7th value: median = 24. The lower half (first 6 values,
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18419
12,15, 18,19, 21, 22) has @, = average of the 3rd and 4th values = 9 18.5. The upper
2 1
half (last 6 values, 25, 27,29, 31, 33,52) has Q5 = ) ; 3 = 30.

IQR =30 — 18.5 = 11.5.

Upper fence = 30 + 1.5(11.5) = 30 + 17.25 = 47.25.

Since 52 > 47.25, the value 52 is an outlier. The five-number summary (excluding the outlier
from the whisker) is Min = 12, Q, = 18.5, Median = 24, Q; = 30, and the whisker extends
only to the largest non-outlier value, 33; the point 52 is plotted separately.

min = 12 Max—33
[ ]
> Score outlier 52
0 8 16 24 32 40 48 56

Box-and-whisker plot for Example 4: box from Q; = 18.5 to Q5 = 30 (median 24 marked in pink), whiskers to the
extreme non-outlier values 12 and 33, and the outlier 52 plotted as a separate point beyond the upper fence 47.25.

A box-and-whisker plot also reveals skewness at a glance: if the whisker (and half-box) above
the median is noticeably longer than the one below, the data is right-skewed (a "tail” of higher, more
spread-out values, exactly as in Example 4); if the lower whisker/half-box is longer, the data is left-
skewed; and if both sides are roughly equal in length, the data is approximately symmetric. This
visual check is a quick companion to comparing the mean and median directly (a mean noticeably
above the median usually signals right skew, and vice versa).

4.3 Measures of Central Tendency and Dispersion

4.3.1 Mean, median, and mode

_ x o . .
For raw data z,,...,z,: mean x = Z:—; median is the middle value when data is ordered

b n*
n
(average of the two middle values if n is even); mode is the most frequently occurring value. For

Lz

of each class, and the class with the highest frequency is called the modal class. In practice,
these statistics are usually obtained directly from a GDC's one-variable statistics menu once
the data (or frequency table) has been entered.

data in a frequency table, z = ; for grouped data, z is replaced by the mid-interval value

GIAI THICH TIENG VIET

Vi dir liéu tho: trung binh 7 = an; trung vi 13 gia tri & gitra khi s3p xép thd tu; mode 13 gia
tri xuat hién nhiéu nhat. Vi bang tan s6: 7 = %f;:; vai dir liéu ghép nhém, thay = bang gia

tri trung diém ctia moi I6p, va 1&p cé tan sb cao nhat goi |a 16p mode (modal class). Trén thuc
t€, cac dai lwvong nay thuong duoc ay truc tiép tir menu thong ké mot bién ciia may tinh GDC.

Vi du miu 5 - Estimating the mean from grouped data

The ages of 50 members of a community club are grouped as follows: 10 < a < 20: 6; 20 <
a < 30: 14; 30 < a < 40: 18; 40 < a < 50: 8; 50 < a < 60: 4. Estimate the mean age, and state
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the modal class.
Mid-interval values are 15, 25, 35, 45, 55.

> fx = 6(15) + 14(25) + 18(35) + 8(45) + 4(55) = 90 + 350 + 630 + 360 + 220 = 1650.

1650
r ~ —— = 33.0 years.
Y750 y

The modal class (highest frequency, 18) is 30 < a < 40.

Mean vs Median: Which to Report?

The mean uses every data value and is the natural choice for further calculation (e.g. combining
with other statistics), but it is strongly affected by extreme values or a skewed distribution —
a handful of very high incomes can pull a mean well above the "typical” value. The median
depends only on the position of values, not their exact size, so it is resistant to outliers and
skew, and is generally the better single summary for strongly skewed data (e.g. household
income, house prices). When a distribution is roughly symmetric, mean and median are close
together and either is a reasonable summary; when they differ noticeably, this itself is a signal
that the distribution is skewed.

. GIAI THICH TIENG VIET

Trung binh dung moi gia tri dir liéu va thuan tién cho cac tinh toan tiép theo, nhung rat nhay
véi gia tri cuc doan hodc phan phéi léch — mét vai thu nhap cuc cao c6 thé kéo trung binh 1én
cao hon han muc "dién hinh”. Trung vi chi phu thudc vi tri cla gia tri, khdng phu thudc do 16n
cu thé, nén it bi anh huéng bai ngoai lai va dé 1éch — thuong la dai dién t6t hon cho dir liéu
léch manh (thu nhap hé gia dinh, gia nha). Khi trung binh va trung vi khac nhau dang ké, do
chinh 13 diu hiéu cho thay phan phai bi léch.

4.3.2 Range, interquartile range, variance, and standard deviation

Range = maximum — minimum; IQR = Q; — @, (less sensitive to outliers than the range). The
population variance is the mean squared deviation from the mean,
2 > (& — 5:)2 > 7 —9

G = = —x°,
n n

and the standard deviation is 0 = vo2. Both formulas above are algebraically equivalent;
the second (using " 22) is usually faster by hand, while a GDC's one-variable statistics menu
computes o directly from raw or grouped data.

- GIAI THICH TIENG VIET
Khoang bién thién = gia tri I&n nhat — nho nhat; IQR = Q5 — @, (it bi anh hudng béi ngoai lai
hon khoang bién thién). Phuong sai tdng thé |3 trung binh binh phuong dé Iéch so véi trung
binh: o2 = 222 =8 _ Yo"
n n
thudng nhanh hon khi tinh tay); dé l1éch chun o = Vo2

— 22 (hai cong thirc tuong duong vé dai s6, cong thirc thir hai
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Vi du mAu 6 - Variance and standard deviation by hand

Find the population variance and standard deviation of the data set 4, 7,9, 10, 15.
_ 44+74+9410+15 45
Mean: z = 3 =5 = 9.
Method 1 (deviations): deviations from the mean are —5,—2,0, 1, 6; squared, 25,4,0, 1, 36,

summing to 66.

66
o2 = == 13.2, oc=+v13.2 ~ 3.63.

Method 2 (check, using >~ 22): 3" 22 = 16 + 49 + 81 + 100 + 225 = 471.

471
02:%—92:94.2—81:13.2\/

Both methods agree: 02 = 13.2, 0 ~ 3.63.

4.3.3 Linear transformations of data

If every value in a data set is transformed by y = ax + b (a linear rescaling), the new mean and
standard deviation are

y=az+b, o, = lalo, (so o = a’a3).
The additive constant b shifts the mean but has no effect at all on spread (every value shifts by
the same amount, so distances between values are unchanged); the multiplicative constant a

scales both the mean and the standard deviation (but the variance scales by a2, since it involves
squared deviations).

. GIAI THICH TIENG VIET

Néu moi gia tri duoc bién déi theo y = az + b: trung binh mé&i § = az + b, d6 léch chudn mai
o, = lalo,. Hang s6 cong b chi dich chuyén trung binh, khéng anh huéng dén do léch chuan
(moi gia tri dich cing mot lwong nén khoang cach gilra ching khéng d6i); hang s6 nhan a lam
thay déi ca hai, nhung luu y phuong sai nhan véi a? (vi phuong sai lién quan dén binh phuong
do léch), con do léch chuan nhan véi |al.

Vi du miu 7 - Effect of a linear rescaling

A set of test scores (out of 100) has mean 60 and standard deviation 8. The teacher rescales
every score using y = 1.5z — 10 to fit a different marking scale. Find the new mean and new
standard deviation.

§=15(60)—10=90—10=80. o, =]|15/(8) =12,

(1) L6i thuong gap: Vé&i phép bién déi y = ax + b: hing s6 b tuyét ddi khong anh hudng dén
do léch chuan hay phuong sai — chi dich chuyén trung binh. Ldi phé bién nhat 1a cong ludn b
vao do léch chuan méi, hodc nhan phuong sai vai a thay vi a? (d6 léch chuidn méi nhan vdi |al,
nhung phuong sai phai nhan véi a? vi phuong sai chira binh phuong dé éch).

4.4 Probability Fundamentals
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4.4.1 Sample space, events, and theoretical versus relative-frequency probability

The sample space S is the set of all possible outcomes of an experiment; an event A is

any subset of S. The theoretical probability of A (when all outcomes are equally likely)
is P(A) = niss The relative frequency (experimental) probability from repeated trials is
n
number of times A occurs L .
u - u ; as the number of trials increases, the relative frequency tends to
number of trials

settle close to the theoretical probability (the law of large numbers). The complement A’ of
event A consists of all outcomes not in A, and satisfies P(A") =1 — P(A).

. GIAI THICH TIENG VIET
Khéng gian mau S 13 tap hop tat cd két qua cé thé xay ra; mot bién c¢6 A 13 mot tap con cua

. e e a a . X A
S. Xac suat ly thuyét (khi moi két qua dong kha nang) la P(A) = nES;
n
(tAn suat tuong doi) tir cac [an thir 13p lai tién gan dén xac suat ly thuyét khi so [an thir tang
|én (luat s6 Ian). Bién c6 doi A’ gdbm moi két qua khéng thuéc A: P(A’) =1 — P(A).

Xac suat thuc nghiém

4.4.2 Mutually exclusive events, Venn diagrams, and the addition rule

Two events are mutually exclusive if they cannot both occur, i.e. P(A N B) = 0. For any two
events, the addition rule is

P(AUB) = P(A) + P(B)— P(AN B),

which corrects for double-counting outcomes in the overlap A N B; for mutually exclusive
events this reduces to P(A U B) = P(A) + P(B). A Venn diagram represents events as over-
lapping regions inside a rectangle (the sample space), making it straightforward to read off
probabilities for unions, intersections, and complements directly from the diagram.

. GIAI THICH TIENG VIET

Hai bién c6 xung khac (mutually exclusive) khéng thé cling xay ra: P(A N B) = 0. Quy tac
cong P(AU B) = P(A) + P(B) — P(AN B) tru di phan giao dé tranh dém trung; vdi bién c6
xung kh3c, céng thirc rat gon thanh P(A U B) = P(A) + P(B). Biéu d6 Venn biéu dién cac
bién c6 bang cac viing chéng 1an trong mét hinh chir nhat (khéng gian mau), gitip doc truc tiép
xac suat hop/giao/bién cd doi.

Vi du mAu 8 - Venn diagram and the addition rule

In a class of 40 students, 22 study French, 18 study Spanish, and 7 study both. Find the
probability that a randomly chosen student studies French or Spanish, and the probability that
a student studies neither.

22 18 7 33
P(FUS) = P(F)+P(S) = P(FN8) = {5+ 10— 55 = 10 = 0825.

P(neither) =1 - P(FUS)=1-—0.825=0.175.

Check by Venn regions: French only = 22 — 7 = 15; Spanish only = 18 — 7 = 11; both = 7;

neither = 40 — (15 + 11 + 7) = 7, giving P(neither) = = = 0.175 v
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7

Venn diagram for Example 8: French only = 15, Spanish only = 11, both = 7, neither = 7 (bottom-left corner, outside
both circles) — total 154+ 11 +7+7 =40 v.

For three events, the same idea extends to a three-circle Venn diagram with up to 8 regions.
Suppose in a survey of 50 students, the number playing only football is 10, only basketball is 7, only
tennis is 5, football and basketball only (not tennis) is 6, football and tennis only is 4, basketball and

tennis only is 3, all three sports is 2, and none of the threeis 13 (check: 10+74+5+6+44+3+2+13 = 50
50 — 13 37
V). Then P(plays at least one sport) = = — = 0.74, and P(plays exactly one sport) =

50 50
104745 22 . . . .. .
O s _2e 0.44 — reading each answer directly from the appropriate combination of regions,

50 ~ 50
. . .. 6+4+3 13
exactly as with a two-set Venn diagram. Similarly, P(plays exactly two sports) = % ==
2
0.26 (the three "double-overlap-only” regions), and P(plays all three) = 50 0.04 (the central region)

— every one of the 8 regions corresponds to a distinct, mutually exclusive combination of sports,
so the probabilities of any such combinations can always be read directly off the diagram without
further calculation.

Tennis

A three-set Venn diagram: 8 regions in total (seven inside the circles plus "none” outside), with region counts summing to
the total of 50 students surveyed.

4.4.3 Two-way tables and combined sample spaces

A two-way table (or combined sample space table) lists outcomes of two combined trials (e.g.
two dice, or a categorical survey cross-tabulated by two variables), making it straightforward
to count favourable outcomes directly for probabilities, unions, and (as seen in Section 5) con-
ditional probabilities.

- GIAI THICH TIENG VIET
Bang hai chiéu (two-way table) liét ké két qua cha hai phép thir két hop (nhu tung hai xtc x3c,
hodc khao sat chéo hai bién dinh danh), gitip dém truc ti€p sé két qua thuan loi dé tinh xac
suat, hop, va (& Section 5) xac suat co diéu kién.
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Vi du miu 9 - Combined sample space: two dice

Two fair six-sided dice are rolled, and their scores are added. Using the 36-outcome combined
sample space table, find P(sum = 7) and P(sum > 9).
Sum = 7 occurs for (1,6),(2,5),(3,4), (4,3), (5,2), (6,1) — exactly 6 outcomes out of 36:
6 1
P(sum=7) = — = = ~ 0.167.

(Sum=7)=35=%
Sum > 9 means sum = 10,11, 12: sum 10 has 3 outcomes {(4,6), (5,5), (6,4)}, sum 11 has 2
outcomes, sum 12 has 1 outcome, totalling 6 outcomes:

1
P(sum >9) = % =5~ 0.167.

4.5 Tree Diagrams, Conditional and Independent Events
4.5.1 Independent events and the multiplication rule

Two events A and B are independent if the occurrence of one does not affect the probability
of the other. For independent events, the multiplication rule gives

P(ANB) = P(A) x P(B).

This extends to any number of mutually independent events: multiply all their individual prob-
abilities together.

GIAI THICH TIENG VIET

Hai bién c6 déc lap khi viéc xay ra bién c6é nay khéng anh hudng dén xac suat bién cé kia. Vai
bién c6 doc 1ap, quy tic nhan: P(AN B) = P(A) x P(B) — m& réng cho nhiéu bién c6 déc
lap bang cach nhan tat ca xac suat riéng 1€ lai véi nhau.

Vi du mau 10 - The multiplication rule for independent events

Two independent quality-control machines inspect items on a production line. Machine
1 detects a genuine fault with probability 0.9; Machine 2 detects it with probability 0.85
(independently of Machine 1). Find the probability that both machines detect a given fault,
and the probability that at least one does.

P(both detect) = 0.9 x 0.85 = 0.765.
P(neither detects) = 0.1 x 0.15 =0.015 = P(at least one detects) =1 —0.015 = 0.985.
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4.5.2 Tree diagrams for sequential trials (with and without replacement)

A tree diagram displays the possible outcomes of a sequence of trials as branches, with the
probability of each branch written on it; multiplying probabilities along a branch path gives
the probability of that particular sequence of outcomes, and adding the probabilities of all
paths leading to a given final outcome gives its overall probability. When trials are performed
without replacement, the probabilities on later branches change to reflect the reduced (and
altered) pool of remaining outcomes; with replacement, the branch probabilities stay identical
at every stage (this is the independent case above).

. GIAI THICH TIENG VIET

So d6 cay (tree diagram) biéu dién cac két qua cé thé ctia mot chudi phép thir bang cac nhanh,
moi nhanh ghi xac suat twong (rng; nhan xac suat doc theo mot dudng di cho ra xac suat cla
chudi két qua dé, roi cdng xac suat ciia moi dudng dan dén cung mot két qua cudi. Khi lay
khéng hoan lai (without replacement), xac suit & cac nhanh sau thay ddi vi téng sé phan tur
con lai da khac; khi cé hoan lai, xac suit nhanh gitr nguyén & moi giai doan (chinh 1a trudng
hgp déc 1ap).

Vi du mau 11 - Tree diagram: drawing without replacement

A bag contains 5 red and 3 blue balls. Two balls are drawn at random without replacement.
Find P(both red), P(exactly one red), and P(at least one blue).

5 4 20 5
P(bothred) = - x = = — = — ~ 0.357.
(both red) 8§ 7 56 14 0-35
5 3 3 5 15 15 30 15
(exactly one red) 8><7+8><7 56+56 T 0.536

m{zm}  |m{zm}

Rthen B Bthen R

P(at least one blue) =1 — P(bothred) =1 — % = % ~ 0.643.

Check: P(bothblue) =2 x 2=S,and £ + 23 + 2 =0 =1v.

Start

Y
R B
4/7/ %/7 5/7/ \2/7
R B R B
Tree diagram for drawing two balls without replacement from 5 red + 3 blue: probabilities on second-draw branches
change depending on the first draw, since one ball has already been removed from the bag.
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4.5.3 Conditional probability and testing for independence

The conditional probability of A given that B has occurred is

P(A|B):P(If<;>m

(P(B) # 0).

Events A and B are independent if and only if P(A | B) = P(A) (equivalently, P(AN B) =
P(A)P(B)) — that is, knowing B has occurred does not change the probability of A. This gives
a formal test: compute P(A | B) and compare it to P(A); if they differ, the events are not
independent.

. GIAI THICH TIENG VIET

P(ANB)
P(B)

ddc lap khi va chikhi P(A | B) = P(A) — tirc 1a biét B da xay ra khéng lam thay déi xac suat

cta A. Day la cach kiém tra tinh ddc lap chinh thirc: tinh P(A | B) roi so v&i P(A); néu khac

nhau, hai bién c6 khong déc lap.

Xac suat c6 diéu kién clia A vdi diéu kién B da xay ra: P(A | B) = . Hai bién co

Vi du mau 12 - Conditional probability from a two-way table

A health survey of 200 people cross-tabulates smoking status with the presence of a respiratory
condition:

Condition present Condition absent Total

Smoker 38 62 100
Non-smoker 12 88 100
Total 50 150 200

Find P(condition | smoker), and determine whether smoking status and the condition are
independent.

o P(condition nsmoker)  38/200 38
P diti ker) = = =— =0.38.
(condition | smoker) P(smoker) 100/200 _ 100

- - .. . 50
Compare to the overall (unconditional) probability of the condition, P(condition) = 200 =
0.25. Since 0.38 # 0.25, smoking status and the respiratory condition are not independent:
smokers in this sample are considerably more likely to have the condition than the population

as a whole.

4.5.4 Reversing a conditional probability with a tree diagram

A tree diagram can also be used to reverse a known conditional probability — finding P(A | B) when
only P(B | A)and P(B | A”) are directly known — a reasoning pattern in the spirit of Bayes’ theorem.

Vi du miu 13 - Reversing a conditional probability: a diagnostic test

A disease affects 2% of a population. A screening test correctly gives a positive result for
95% of people who have the disease (true positive rate), but also gives a positive result for 3%
of people who do not have the disease (false positive rate). Given that a randomly selected
person tests positive, find the probability that they actually have the disease.
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Let D = has the disease, + = tests positive. From the tree diagram: P(D) = 0.02, P(D’) = 0.98,
P(+|D)=0.95 P(+ | D) =0.03.

P(+) = P(D)P(+ | D)+P(D')P(+ | D’) = (0.02)(0.95)+(0.98)(0.03) = 0.019+0.0294 = 0.0484.

P(DNn+) 0.019
P(D = = ~ 0.393.
D0 ==p5 = o.oasd
So even with a positive result from a fairly accurate test, there is only about a 39.3% chance the
person actually has the disease — because the disease is rare, the (comparatively small) false-

positive rate still generates many more false alarms than true detections among the whole
population.

() L6i thuong gap: Dling nham 1an P(A | B) v6i P(B | A) — day la "nguy bién céng t&”
(prosecutor’s fallacy) ndi ti€ng, va chinh 13 bai hoc ctia Vi du m3u 13: P(+ | D) = 0.95 (xac
suat test duwong biét cé bénh) hoan toan khac véi P(D | 4+) ~ 0.393 (xac suat cé bénh biét test
duong). Luén xac dinh ro bién c6 nao la diéu kién da biét trudce khi viét cong thire P(- | -).

4.6 Discrete Random Variables and Expected Value
4.6.1 Probability distributions

A discrete random variable X takes a countable set of values, each with an associated prob-
ability, displayed in a probability distribution table. Every valid probability distribution must
satisfy

ZP(X — g5)) — 1, with every P(X =) > 0.

GIAI THICH TIENG VIET

Bi€n ngau nhién r&i rac X nhan mot tap gia tri dém duoc, mbi gia tri gdn véi mot xac sut, trinh
bay trong bang phan phdi xac suat. Moi phan phéi xac suat hop lé phdithod > P(X =) =1
vamoi P(X =x) > 0.

4.6.2 Expected value and variance
The expected value (mean) of a discrete random variable is

E(X)=) zP(X =u),

and its variance is
Var(X) = BE(X?) — [E(X)]?, where E(X?) = ZmQP(X = ).

GIAI THICH TIENG VIET
Ky vong (gia tri trung binh) cia bi€n ngau nhién roirac: E(X) = Y. 2P(X = z). Phuong sai:
Var(X) = E(X?) — [E(X)]?, véi E(X?) = Y 22P(X = x) — cong thirc nay song song hoan
toan vai cdng thirc phuong sai clia Section 3, chi thay tan s6 tuong d6i bang xac suat.
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Vi du mau 14 - Probability distribution: finding F(X) and Var(X)

A discrete random variable X has distribution P(X = 1) =k, P(X = 2) = 2k, P(X = 3) = 3k,
P(X = 4) = 4k. Find k, then find E(X) and Var(X).

Since probabilities sumto 1: k+2k+3k+4k =10k =1 = k= 0.1, giving P(X = 1,2,3,4) =
0.1,0.2,0.3, 0.4.

E(X) =1(0.1) +2(0.2) + 3(0.3) + 4(0.4) = 0.1 + 0.4+ 0.9 + 1.6 = 3.0.

E(X?%) =1(0.1) + 4(0.2) + 9(0.3) + 16(0.4) = 0.1 + 0.8 + 2.7 + 6.4 = 10.0.
Var(X) = 10.0 — 3.0 = 10.0 — 9.0 = 1.0.

Exactly as for data in Section 3, a linear transformation of a random variable, Y = aX + b,
satisfies
E(aX +b)=aE(X) + 0, Var(aX + b) = a?Var(X).

3.0, Var(X) = 1.0), if Y = 2X + 3 then

For example, using X from Example 14 (E(X) =
0) = 4.0.

E(Y) =2(3.0) + 3 =9.0and Var(Y) = 22(1.

- GIAI THICH TIENG VIET
Cling nhu dir liéu & Section 3, phép bién d&i tuyén tinh cia mot bién ngau nhién Y = aX + b
thod E(aX +b) = aE(X)+bvaVar(aX +b) = a?Var(X) — quy tic binh phuong a cho phuong
sai lai xuat hién, ding nhu vai dé 1éch chuan cta dir liéu théng ké.

4.6.3 Applications: games and expected profit

Vi du mau 15 - Expected profit in a game

A game costs $5 to play: a fair six-sided die is rolled. Rolling a 6 wins $20; rolling a 4 or 5 wins
$8; any other roll wins nothing. Find the expected profit per game (winnings minus the $5
cost), and state whether the game favours the player or the organiser.

P(6):%; P(40l‘5)=%, P(1,2,or3):%,
Net profit in each case: 20— 5=15;8 —5=3;0—5 = —5.

E(profit) = 15 () + 3 () + (=5) () = 2.5+ 1.0 — 2.5 = [$1.00

Since E(profit) > 0, the game favours the player on average (a genuine, if unusual, feature of
this constructed game, in contrast with most commercial games where the organiser holds the
edge).

4.7 The Binomial Distribution

4.7.1 Conditions for a binomial setting
A random variable X follows a binomial distribution, written X ~ B(n,p), when all four con-
ditions hold: (1) a fixed number n of trials; (2) each trial has exactly two outcomes (success/-

failure); (3) the probability of success p is constant across trials; (4) trials are independent of
one another.
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GIAI THICH TIENG VIET

Bi€n ngau nhién X tuan theo phan phéi nhi thitc X ~ B(n,p) khi thoa ca 4 diéu kién: (1) sé
phép thir cd dinh »; (2) méi phép thir chi c6 hai két qua (thanh céng/that bai); (3) xac suat
thanh cong p khéng déi; (4) cac phép thir ddc 13p va&i nhau.

4.7.2 The binomial probability formula

For X ~ B(n,p), the probability of exactly £ successes is

P(X=k) = (Z)pk(l —p)"k, k=0,1,..,n,
!
where (}) = ﬁ On a GDC, P(X = k) is found using the binomial pdf function, and
(n— 4
cumulative probabilities such as P(X < k) using the binomial cdf function.

. GIAI THICH TIENG VIET

V6i X ~ B(n,p): P(X = k) = (Z)pk(l — p)"~*. Trén GDC, dung ham binomial pdf dé tinh

P(X = k), vaham binomial cdf dé tinh xac suat tich luy P(X < k) — ludn doc ky dé bai dé phan
biét "ding £”, "nhiéu nhat k" (at most, dung cdf), hay "it nhat k" (at least, dung 1—cdf(k — 1)).

Vi du miu 16 - Binomial probabilities by hand

A multiple-choice quiz has 10 independent questions; by pure guessing, each has probability
0.3 of being answered correctly. Find P(exactly 3 correct) and P(at most 2 correct).
Here n = 10, p = 0.3.

P(X =3)= (130) (0.3)3(0.7)" = 120(0.027)(0.0823543) ~ 0.267.

P(X <2)=P(0)+ P(1) + P(2).
P(0) = (0.7)19 ~ 0.02825, P(1)=10(0.3)(0.7)° ~ 0.12106, P(2) = (120) (0.3)2(0.7)8 ~ 0.23347.

P(X <2)~0.02825 + 0.12106 + 0.23347 ~ 0.383.

0.3 %

7

0 1 2 3 4 5 6 8 9 10
Number correct, k

Probability distribution of X ~ B(10, 0.3) (Example 16): the distribution peaks at k£ = 3 and is right-skewed, consistent
with p < 0.5.
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4.7.3 Mean and variance of a binomial distribution

For X ~ B(n,p): E(X)=np, Var(X) = np(1 — p).

GIAI THICH TIENG VIET

6i X ~ B(n,p): E(X) = np va Var(X) = np(1 — p) — hai cong thirc nay nén hoc thudc, vi
chuiing cho phép tra |61 nhanh cac cau hoi vé gia tri trung binh/dé 1éch chuan ma khéng can liét
ké toan b6 bang phan phai.

Vi du mau 17 - Binomial mean and variance in context

A factory finds that 4% of bolts it produces are defective. In a batch of 200 bolts (modelled as
X ~ B(200,0.04)), find the expected number of defective bolts and the standard deviation.

E(X) = np = 200(0.04) = 8.
Var(X) = np(1 — p) = 200(0.04)(0.96) = 7.68,  SD(X) = v/7.68 ~ 2.77.

(1) Loi thueng gap: Khi gdp cum tir "nhiéu nhat” (at most, <) hay it nhat” (at least, >), luén
ki€ém tra ky c6 bao gom gia tri bién hay khéng: P(X > k) = 1 — P(X < k — 1), khéng phai
1—P(X < k). Nhdm |an "< k" v&i "< k” (hodc "> k” v&i "> k”) khi nhap vao ham cdf cia GDC
|3 16i sai léch 1 don vi (off-by-one) rat phé bién.

4.8 The Normal Distribution

4.8.1 The normal curve and standardization

The normal distribution, X ~ N(u,0?), is a continuous, symmetric, bell-shaped distribution
centred at the mean . with spread controlled by the standard deviation o. Any normal variable
can be standardized to the standard normal variable Z ~ N (0, 1) using

X—p

Z = .
o

Standardizing converts a probability question about any normal distribution into an equiva-
lent question about the standard normal distribution, whose cumulative probabilities ®(z) =
P(Z < z) are found using a GDC’s normal cumulative distribution function (rather than a
printed table).

GIAI THICH TIENG VIET

VN
Phan phdi chuan X ~ N(u,0?) la phan phai lién tuc, d6i x(rng, hinh chudng, tam tai trung binh
u, d6 rong do dé léch chuin o quyét dinh. Chuan hoa (standardize) bat ky bién chudn nao vé

g o e X — Y N S R (s 5 s A L2
bién chuan tac 7 = 7#, bién doi cau hoi xac suat vé phan phoi chuan bat ky thanh cau hoi
g

tuong duong trén phan phdi chudn tic — tinh bang ham normal cdf trén GDC (khéng can tra
bang z in san nhu trudc day).
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4.8.2 Using the standard normal distribution

Vi du mau 18 - Standardizing and reading a normal probability

Scores on a standardized test are normally distributed with mean = 500 and standard
deviation o = 100. Find P(X < 628), correct to 3 d.p., using ®(1.28) = 0.8997.

7= 0800 _ 18 o
100 100

P(X < 628) = P(Z < 1.28) = ®(1.28) = 0.8997 ~ 0.900.
By symmetry, P(X < 372) = P(Z < —1.28) = 1 — ®(1.28) = 1 — 0.8997 = 0.1003, 50

P(372 < X < 628) = 0.8997 — 0.1003 = 0.7994 =~ 0.799.

Sanity check with the empirical rule: since 372 and 628 are each 1.28¢ from the mean, and the
empirical rule states that about 95% of values lie within 2o (300 to 700) of the mean, a middle
interval narrower than 20 containing about 80% of the data (as found exactly above) is entirely
consistent — a useful cross-check that the calculated answer is of a reasonable size.

z=1.28
The shaded region is P(Z < 1.28) = ®(1.28) = 0.8997, the standardized version of P(X < 628) for
X ~ N(500,1002) in Example 18.

4.8.3 Inverse normal

The inverse normal function reverses the standardizing process: given a cumulative probability
p, it returns the boundary value = such that P(X < z) = p. On a GDC this is the invNorm
(or equivalent) function; by hand, find the corresponding = from ®(z) = p, then convert back
using r = p + zo.

. GIAI THICH TIENG VIET
Inverse normal lam nguoc lai qua trinh chuan hod: cho trudc xac suat tich luy p, tim ra gia tri
bién x sao cho P(X < ) = p. Trén GDC dung ham invNorm; tinh tay thi tim 2 tir ®(z) = p roi
d6i nguoc z = u + zo.

Vi du miu 19 - Inverse normal: finding a boundary value

A bottling machine fills bottles with a volume that is normally distributed with mean . = 500
ml and standard deviation & = 5 ml. Find the volume V' such that only 5% of bottles contain
less than V' ml, using ®(1.645) = 0.9500.

Since ®(1.645) = 0.9500, by symmetry P(Z < —1.645) = 1 — 0.9500 = 0.0500, so the required
z-value is z = —1.645.

V = pu+ 20 = 500 + (—1.645)(5) = 500 — 8.225 = 491.775 ~ 491.8 ml (1 d.p.).

So only about 5% of bottles are expected to contain less than approximately 491.8 ml.
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L - Z

z=—1.645

The shaded lower-tail region has area 0.0500, so z = —1.645 is the boundary for the lowest 5% of a standard normal
distribution (Example 19).

(') Loi thueng gdp: Luén xac dinh rd GDC/normal cdf dang tinh P(Z < z) (dubi trai) hay
P(Z > z) (dudi phai) trude khi két luan, va kiém tra dau ciia z — néu < p thi z phai am. Quén
chuén hoa (diing thing = thay vi z = £ trudc khi tra/tinh) 13 16i nén tang phé bién nhat cta
toan bd phan phan phdi chuan.

4.9 Spearman's Rank Correlation Coefficient
4.9.1 Ranking data and handling ties

To compute Spearman’s rank correlation, each variable’s raw data is first converted to ranks
(rank 1 for the largest or smallest value, consistently for both variables). When two or more
values are tied, each receives the average of the ranks they would otherwise occupy (e.g. two
values tied for ranks 1 and 2 both receive rank 1.5).

. GIAI THICH TIENG VIET

Dé& tinh hé s6 tuong quan hang Spearman, dit liéu thd mdi bién trudc tién dugc déi thanh
hang (rank). Khi cé gia tri trung nhau (tied), méi gia tri nhan hang trung binh cta cac hang ma
chidng € ra chiém gilr (vi du hai gia tri cing tranh hang 1 va 2 déu nhan hang 1.5).

4.9.2 The Spearman’s rank formula

With d denoting the difference between the two ranks of each data pair, and n the number of
pairs, Spearman’s rank correlation coefficient is

2
. _6%d

e = n(n?—1)

Like Pearson’s r (Topic 2), r, ranges from —1 to 1; r, = 1 indicates a perfect increasing mono-
tonic relationship (as one rank increases, so does the other, every time), r, = —1 a perfect
decreasing monotonic relationship, and r, = 0 no monotonic association.

GIAI THICH TIENG VIET

f s Lea . N T 6> d? . ,
V&i d 1a hiéu hai hang cia moi cap dit liéu van la sé cap: r, =1 — ( 22: Ty Clng nhu r cla
n\nc —
Pearson, r, nam trong [—1, 1]: r, = 1 nghia |a quan hé don diéu ting hoan hao, r, = —1 1a don

diéu giam hoan hao, r, = 0 la khéng c¢ lién hé don diéu.
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Vi du miu 20 - Spearman’s rank correlation with tied ranks

Six students’ scores in two subjects, X and Y, are: X: 88,95,95,72,65,80; Y:
90, 85,92, 60, 55, 75 (for students A, B,C, D, E, F respectively; note the tie between B and
C'in X). Find r..

Ranking X (largest = rank 1): B and C tie for ranks 1 and 2, so both receive rank 1.5; then
A=3,F=4,D=5,F =6. RankingY (largest =rank 1,no ties): C =1, A=2,B =3, F = 4,
D=5 FE=6.

Student A B C D FE F
Rank X 3 15 15 5 6 4
RankY 2 3 1 5 6 4
d 1 —-15 0.5 0O 0 O
d? 1 225 025 0 0 O

D d*=1+225+0.25=35, n = 6.

,_ _6(35) 21 21
T fry —_—_— = _— = _——
s 6(62—1) 6(35) 210
An r, of 0.9 indicates a strong positive (increasing) monotonic association between the two
subjects’ scores.

=1-0.1=0.9.

4.9.3 Spearman’s versus Pearson’s r

When Is Spearman’s Preferable to Pearson'’s r

Pearson’s product-moment correlation coefficient » (Topic 2) measures the strength of a linear
relationship, and can be distorted by outliers or by a genuinely curved (but still monotonic)
trend. Spearman’s r, working with ranks rather than raw values, measures the strength of any
monotonic relationship (increasing or decreasing, whether the underlying trend is a straight
line or a curve), and is far less sensitive to outliers, since an extreme value can only ever occupy
an extreme rank, not an extreme raw magnitude. Spearman’s is also the natural choice when
the raw data is ordinal to begin with (e.g. rankings or ratings), rather than a numerical scale.

. GIAI THICH TIENG VIET

Hé s6 r clia Pearson do mirc do lién hé tuyén tinh, dé bi Iéch bdi gia tri ngoai lai hoac b&i mot
xu hudng cong (nhung van don diéu). Hé s6 r, ctia Spearman, l1am viéc trén hang thay vi gia tri
thé, do mirc do lién hé don diéu bat ky (t3ng hodc giam, du 1a dudng thang hay dudng cong),
va it nhay v&i ngoai lai hon nhiéu, vi gia tri cuc doan chi c6 thé chiém mét hang cuc doan chir
khong "kéo Iéch” toan bo phép tinh nhu gia tri tho. Spearman cling l1a lua chon tuw nhién khi
dir liéu goc von da 1a thir bac (ordinal).

Vi du mau 21 - A perfect monotonic but non-linear relationship

Forz =1,2,3,4,5andy = 23 (soy = 1, 8,27, 64, 125), find Spearman’s r,, and compare briefly
with Pearson’s r ~ 0.943 (computed by technology as in Topic 2).

Since y = 23 is strictly increasing in z, the rank of each y-value exactly matches the rank of the
corresponding z-value: ranks of x are 1,2, 3,4,5 and ranks of y are also 1,2, 3,4, 5, so every
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d =0 and 6(0)
=1—-—2L =1.
"s 5(24)
Although the relationship is perfectly monotonic (r, = 1), it is not linear (it is cubic), so Pear-
son’s r =~ 0.943 is high but noticeably below 1 — a clear illustration that r, captures monotonic

trend regardless of shape, while r specifically measures straight-line fit.

A
[
II
100 | /
(22 ,'/
I .
=50
//.,
0 o---"" }
0 1 2 3 4 5 6

xr

Scatter plot of y = 23 for Example 21: the points lie on a strictly increasing curve, so every rank of y matches the
corresponding rank of = exactly (r, = 1), even though the curve itself is visibly not a straight line (Pearson’s r ~ 0.943).

4.10 The Poisson Distribution (HL)
4.10.1 Conditions for a Poisson setting

A random variable X follows a Poisson distribution with parameter )\ (the mean number of
occurrences per fixed interval), written X ~ Po()), when events occur independently of one
another, at a constant average rate \ over the interval, and (in principle) any number of events
could occur in that interval. Typical contexts: number of calls to a call centre per hour, number
of flaws per metre of cable, number of accidents at a junction per month.

GIAI THICH TIENG VIET
Bién ngiu nhién X tuan theo phan phdi Poisson vé&i tham sé \ (s6 an xay ra trung binh trong
mot khodng cd dinh) khi cac su kién xay ra déc 13p véi nhau, vai tdc dé trung binh khéng déi )
trong khodng d6. B6i canh thudng gap: s6 cudc goi dén téng dai moi gi®, s6 16i trén moi mét
cap, so tai nan tai mot giao 16 méi thang.

4.10.2 The Poisson probability formula

—AAk
For X ~Po(\): P(X=k) = c 0 k=0,1,2,...,and remarkably E(X) = Var(X) = A
(mean and variance are equal). '
GIAI THICH TIENG VIET
o

V6i X ~Po(\): P(X =k) = € o , va dac biét E(X) = Var(X) = X\ — trung binh va phuong

sai bang nhau, mét dic diém nhan dang riéng ctia phan phéi Poisson.
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Vi du miu 22 - Poisson probability by hand

A call centre receives, on average, 5 calls every 10-minute period, modelled as X ~ Po(5). Find
P(X =3)and P(X <2), correct to 3 d.p.

Using e® ~ 0.006738:

e ?(5%)  0.006738(125)

~ 0.140.
3! 6

—5 52
P(X <2) = P(0)+P(1)+P(2) = e O+e5(5)+- 2( )~ 0.00674--0.03369-+0.08422 ~ 0.125.

0.2 %
0.15 | o -
e
[l
0.1 +
=
Q
5.1072 | H
L] Hi=P
0 1 2 3 4 5 6 7 8 9 10 11 12

Number of calls, &

Probability distribution of X ~ Po(5) (Example 22): the distribution peaks around k£ = 4 and k = 5 (both equal to the
mean A\ = 5) and is mildly right-skewed.

4.10.3 Sums of independent Poisson variables

If X ~ Po();)andY ~ Po()\,) are independent, then X + Y ~ Po(\; + \,).

. GIAI THICH TIENG VIET

\
Néu X ~ Po()\;) vaY ~ Po()\,) doclap, thi X +Y ~ Po()\; + \,) — tong cua hai bién Poisson
doc 1ap van 1a mot bién Poisson, v&i tham s6 bang téng hai tham sé ban dau.

Vi du mau 23 - Sum of independent Poisson variables

Two independent shops receive customer complaints at average rates of A , = 3 per day and
Ap = 4 per day. Find the probability that the total number of complaints across both shops on
a given day is exactly 5.

Since the shops are independent, the total X = X, + Xz ~ Po(3 4+ 4) = Po(7).

e 7(7°) _ 0.000912(16807)

~ 0.128.
5! 120

The Poisson distribution is closely related to the binomial distribution: if X ~ B(n,p) with n
large and p small (so that events are individually rare but there are many opportunities for them),
then X is well approximated by a Poisson distribution with A = np. Recalling Example 17 (defective
bolts, X ~ B(200,0.04), E(X) = 8): treating this instead as X ~ Po(8) would give essentially the
same probabilities, since n = 200 is large and p = 0.04 is small — a useful cross-check between
the two distributions, and the historical reason the Poisson distribution was first developed as a
simplification of the binomial.

Thay Twdng 0332747169 - Cb Nancy 0983422692  IB Mathematics: Applications and Interpretation - Trang 131



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

4.11 Hypothesis Testing Fundamentals (HL)
4.11.1 Null and alternative hypotheses

A hypothesis test assesses whether sample evidence is strong enough to reject a claim about a
population parameter. The null hypothesis H is the default/no-effect claim (e.g. i = ,); the
alternative hypothesis H, is what the test seeks evidence for. A two-tailed test has H, : u #
o (evidence of a difference in either direction); a one-tailed test has H, : n < pgor Hy = > py
(evidence of a difference in a specific direction only).

GIAI THICH TIENG VIET
Kiém dinh gia thuyét danh gia xem bing ching ttr mau c6 di manh dé bac bé mot khang dinh
vé tham s6 téng thé hay khéng. Gia thuyét khéng H, |a khang dinh m3c dinh (khéng cé hiéu
(rng); gia thuyét déi H, 13 diéu ki€ém dinh muén tim bang chirng ng hd. Kiém dinh hai phia c6
H, : p # pg; ki€ém dinh mét phia cé H, : p < p, hodc Hy : > p (chi quan tdm mot hudng
léch cu thé).

Choosing a One-Tailed or Two-Tailed Alternative

The choice between a one-tailed and a two-tailed alternative hypothesis must be made before
looking at the sample data, based only on what the question is actually asking. If the context
specifically asks whether a mean has decreased (or increased) — for instance, whether a com-
pany is under-filling boxes, or whether a new process has reduced defect rates — a one-tailed
test with H, : u < p, (or u > u,) is appropriate. If the context only asks whether a mean
has changed, without specifying a direction — for instance, whether a machine’s output has
drifted away from its target setting in either direction — a two-tailed test with H, : p # p,
is appropriate. For the same significance level a, a one-tailed test places the entire rejection
region in a single tail, so it is easier to reject H, in that specific direction than a two-tailed test
(which splits o« between both tails) would be.

GIAI THICH TIENG VIET
Viéc chon kiém dinh mét phia hay hai phia phai duoc quyét dinh truwdc khi xem dir liéu mau,
chi dua vao néi dung cau hoi. Néu nglr canh hoi cu thé liéu trung binh cé giam (hoic tang) hay
khéng, dung kiém dinh mot phia. Néu ngir canh chi héi liéu trung binh c6 thay déi hay khéng
(khéng ré hudng), dung kiém dinh hai phia. V&i cing mirc y nghia o, kiém dinh mét phia dén
toan bd a vao mét dudi, nén dé bac bo H,, theo hudng d6 hon so vai kiém dinh hai phia (chia
o cho ca hai dubi).

4.11.2 Significance level, test statistic, and p-value

The significance level o (commonly 5%) is the threshold probability used to judge whether
sample evidence is unusual enough, assuming H,, is true, to reject H,. The test statistic (e.g.
a z- or t-value) measures how far the sample result is from what H,, predicts, in standardized
units. The p-value is the probability, assuming H,, is true, of obtaining a test statistic at least as
extreme as the one observed. Decision rule: reject H,, if the p-value is less than « (equivalently,
if the test statistic is more extreme than the critical value for that significance level).

. GIAI THICH TIENG VIET
Mirc y nghia o (thudng 5%) la ngudng xac suat dung dé danh gia liéu két qua mau cé du bat
thuong (gid sir H, ding) d€ bac bo H,. Théng ké ki€m dinh (nhu gia tri 2 hay t) do mirc do
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léch ctia két qua mau so voi dy doan cla H,,. Gia tri p (p-value) 1a xac suét, gid sir H, dang,
dé c6 dugc mot théng ké kiém dinh cwc doan bang hodc hon gia tri quan sat dugc. Quy tac
quyét dinh: bac bd H,, néu p-value nho hon a.

Vi du miu 24 - A one-tailed z-test, and Type I/l errors in context

A cereal company claims the mean mass of its cereal boxes is at least 500 g; from long produc-
tion history, the population standard deviation is known to be ¢ = 8 g. A consumer group,
suspecting under-filling, samples n = 64 boxes and finds a sample mean of 497.6 g. Test at the
5% significance level whether there is evidence the mean mass is less than 500 g.

Hy:p =500, H,:p<500(one-tailed).

T—p 4976 —500 —2.4
z = = = =
o/v/n 8/v/64 1

The critical value for a one-tailed test at 5% is z.j; = —1.645 (since ®(1.645) = 0.9500). Since
—2.4 < —1.645 (i.e. z is more extreme than the critical value), we reject H,,: there is significant
evidence at the 5% level that the mean mass is less than 500 g. (Since z = —2.4 is even more
extreme than —2.33, for which P(Z < —2.33) = 1 — 0.9901 = 0.0099, the exact p-value is
certainly below 0.01, reinforcing the decision.)

In this context, a Type | error would be concluding the boxes are under-filled when in fact the
true mean is really 500 g (rejecting a true H,) — e.g. due to an unusually light random sample.
A Type Il error would be failing to detect genuine under-filling that is actually occurring (not
rejecting a false H,) — e.g. if the sample happened to include more full boxes than typical,
masking a true problem.

—2.4.

Type | and Type Il Errors

A Type | error occurs when H, is rejected but H, was actually true — a "false alarm,” with
probability equal to the chosen significance level o. A Type Il error occurs when H,, is not
rejected but H, was actually false — a "missed detection.” Lowering « (making the test stricter)
reduces the chance of a Type | error but, all else equal, increases the chance of a Type Il error,
since real effects now need to be even more extreme to be detected — a fundamental trade-off
in test design.

GIAI THICH TIENG VIET
mg'ai [am loai I: bac bé H,, trong khi H, thuc ra ding ("bao dong gia"), xac suat chinh la mic y
nghia o da chon. Sai [am loai Il: khong bac bé H,, trong khi H,, thuc ra sai ("bo sét”). Giam «
(ki€m dinh chat hon) 1am gidm xac suat sai [am loai | nhung lai ting xac suat sai [am loai Il —
day 13 su danh d6i co ban trong thiét ké kiém dinh gia thuyét.

The Five Steps of Any Hypothesis Test

Every hypothesis test in this chapter (the z-test above, and the chi-squared and ¢-tests of
the next two sections) follows the same five-step structure: (1) state H, and H, clearly, in
terms of the relevant population parameter; (2) state the significance level «; (3) calculate the
test statistic from the sample data (a z-, ¢-, or x2-value, using the formula appropriate to the
situation); (4) compare the test statistic to the critical value (or compare the p-value to «); (5)
state the conclusion in the context of the original question — not merely "reject H,,,” but what
that means for the claim being tested. Recognising which of the three test statistics applies is
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mostly a matter of identifying the type of data: a single categorical breakdown or contingency
table calls for x?; a numerical mean with a known population standard deviation calls for z; a
numerical mean with only a sample standard deviation available calls for .

- GIAI THICH TIENG VIET

Moi ki€ém dinh gia thuyét trong chuong nay déu theo cung 5 buéc: (1) phat biéu ré H, va H,
theo tham sé tong thé lién quan; (2) néu mirc y nghia «; (3) tinh théng ké kiém dinh (z, t, hay
x?) tir dir liéu mau; (4) so sanh véi gia tri t&i han (hodc so p-value véi a); (5) két luan theo ding
ngir cdnh cau hai ban dau — khong chi dirng & "bac bé H,” ma phai ndi ré diéu do cé y nghia
gi. Viéc chon dung loai thong ké phan 1én dua vao loai dir liéu: dir liéu dinh danh/bang lién
hop — dung x?; trung binh sé vai o téng thé da biét — dung z; trung binh sé chi c6 do léch
chuan mau — dung .

4.12 The Chi-Squared Test (HL)
4.12.1 Goodness-of-fit test

A chi-squared goodness-of-fit test checks whether observed categorical frequencies are con-
sistent with a claimed (expected) distribution. With observed frequencies O and expected
frequencies E in each of several categories, the test statistic is

2
X2 = Z (OEE>, df = (number of categories) — 1,

compared against a critical value from the chi-squared distribution at the chosen significance
level; if x? exceeds the critical value, H,, (the claimed distribution fits) is rejected.

- GIAI THICH TIENG VIET
Kiém dinh Chi-binh phuong vé dé phu hop kiém tra xem tan s6 quan sat c6 pht hop véi mot

(O0—E)?
E

—1. So sanh x? tinh dugc véi gia tri téi han tra bAng & mirc y nghia da chon; néu x? vuot gia
tri t&i han, bac bdé H,,.

phan phéi ky vong (da khang dinh) hay khéng: x? = 3 , VOi bac tu do = (s6 nhém)

Vi du mau 25 - Chi-squared goodness-of-fit test

A die is rolled 120 times to test whether it is fair. Observed frequencies for faces 1-6 are

22,17,23,16,21, 21. Test at the 5% significance level whether the die is fair.

120 _

H,: the die is fair (each face has probability %). Expected frequency per face: £ = 20.

2:

(22 — 20)2 N (17 — 20)? N (23 — 20)2 N (16 — 20)? N (21 — 20)2 N (21 — 20)?

X 20 20 20 20 20 20
_AH9H9+164141 40
- 20 20 T

Degrees of freedom = 6 — 1 = 5; the critical value at o = 0.05 is 11.070. Since 2.0 < 11.070,
we do not reject H,,: there is no evidence at the 5% level that the die is unfair.
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4.12.2 Test for independence

A chi-squared test for independence checks whether two categorical variables, cross-

tabulated in an r x ¢ contingency table, are associated. The expected frequency for each

cell is

row total) x (column total
E= ( gr>and( total )’ df = (r—1)(c 1),

(O0—E)*

and the test statistic x> = is compared to the critical value exactly as in the

goodness-of-fit test; a large x? indicates the variables are not independent (i.e. they are asso-
ciated).

. GIAI THICH TIENG VIET

\

Kiém dinh Chi-binh phuong vé tinh déc 13p kiém tra xem hai bién dinh danh, trinh bay
trong bang lién hop r x ¢, c6 lién hé véi nhau hay khéng. Tan s6 ky vong méi 6: E =
(téng hang) x (téng cot)

téng chung
(khong doc lap).

Vi du miu 26 - Chi-squared test for independence

A survey of 200 people cross-tabulates preferred transport mode against area of residence:

, bac ty do = (r — 1)(c — 1). x? I&n cho thay hai bién c6 lién hé

Car Bus Bike Total

Urban 40 50 30 120
Rural 40 20 20 80

Total 80 70 50 200

Test at the 5% significance level whether area of residence and transport preference are inde-
pendent.

row total x column total

Expected frequencies, E =
200

EUrban,Car = 48, EUrban,Bus =42, EUrban,Bike = 30, ERuraI,Car = 32, ERuraI,Bus = 28, ERuraI,Bike = 20.

,  (40—48)  (50—42)* (30—30)* & (40—32)% (20—28)% (20—20)2
=T Tt T Y T T
= 1.333 + 1.524 + 0 + 2.000 + 2.286 + 0 ~ 7.14.

Degrees of freedom = (2 — 1)(3 — 1) = 2; the critical value at « = 0.05 is 5.991. Since 7.14 >
5.991, we reject H,: there is evidence at the 5% level that area of residence and transport
preference are associated.

I
1 ~2

= X
"2 = 5.991

A right-skewed chi-squared distribution (illustrative, df = 2): the shaded critical region beyond x2,, = 5.991 is where H,,
is rejected; the calculated x? ~ 7.14 of Example 26 lies inside this region.

4.13 The t-Test (HL)
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4.13.1 One-sample t-test

When the population standard deviation ¢ is unknown (estimated instead by the sample stan-
dard deviation s) and the sample is small, the appropriate test statistic follows a ¢-distribution
rather than the normal distribution, with df = n — 1:

_ T —jig

~s/yn’

The t-distribution is symmetric and bell-shaped like the normal distribution, but with heavier
tails (more spread out) for small n, converging to the normal distribution as n grows large. As
with the normal/z case, the test statistic is compared to a critical value from the ¢-distribution
at the appropriate degrees of freedom.

t

GIAI THICH TIENG VIET

VN - ~
Khi d6 Iéch chuan téng thé o chua biét (phai wéc luong bang do 1éch chuan mau s) va c& mau
nho, théng ké ki€m dinh phti hgp tuan theo phan phdi ¢ thay vi phan phéi chuan, véi bac tu

dodf =n—1:¢t = x/_\/@ Phan phéi ¢t d6i xirng, hinh chuéng nhu phan phéi chuan, nhung
S n

dudi day hon khi n nho, va ti€n gan phan phéi chuan khi n 16n.

Vi du miu 27 - One-sample t-test

A nutrition label claims a granola bar contains, on average, 180 mg of sodium. A dietitian tests
n = 10 bars, finding a sample mean z = 185.4 mg and sample standard deviation s = 6.5 mg.
Test at the 5% two-tailed significance level whether the true mean sodium content differs from
180 mg.

H,:p=180, H,:pu # 180.

1854180 54

= ~ 2.627.
6.5/V/10  2.0555

Degrees of freedom = 10 — 1 = 9; the two-tailed critical value at o = 0.05 is 2.262. Since
12.627] > 2.262, we reject H: there is significant evidence at the 5% level that the true mean
sodium content differs from (specifically, exceeds) the claimed 180 mg.

4.13.2 Paired t-test

A paired t-test is used when two measurements are taken on the same subjects (e.g. before
and after a treatment). Work with the differences d = (before — after) for each subject, then
apply the one-sample ¢-test to the differences, testing H, : p; = 0:

_d
 sa/Vn

where d and s, are the mean and sample standard deviation of the differences. (A related but
distinct situation, the two-sample independent ¢-test, compares the means of two separate,
unrelated groups rather than paired measurements on the same subjects; it is set up and inter-
preted the same way, but uses a pooled estimate of variance from both independent samples.)

t df =n—1,
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Kiém dinh ¢ ghép cap (paired t-test) dung khi hai phép do duoc thuc hién trén cing mét déi
tuwong (nhu trwdce va sau mot liéu trinh). Lam viéc vai cac hiéu sé d = (trudc — sau) cua ting
déi tugng, rdi ap dung ki€ém dinh t mét mau cho céc hiéu s do, kiém dinh H, : p, = 0. Khac
v&i kiém dinh ¢ hai mau ddc 1ap (so sanh trung binh ctia hai nhém tach biét, khong ghép cip).

Vi du miu 28 - Paired t-test

A weight-loss program is tested on 6 participants, with weights (kg) recorded before and after
a 6-week program:

Participant 1 2 3 4 5 6

Before 82 76 90 85 79 88
After 78 75 84 82 77 83
Differenced 4 1 6 3 2 5

Test at the 5% two-tailed significance level whether the program produces a genuine mean
change in weight.

4414+6+3+2+5 21
6 6

Deviations from d: 0.5, —2.5, 2.5, —0.5, —1.5, 1.5; squared: 0.25, 6.25, 6.25,0.25, 2.25, 2.25, sum-
ming to 17.5.

d= 3.5.

s =-—— =3.5, sq = V3.5~ 1871

B 3.5 35
©1.871/v6  0.7638
Degrees of freedom = 6 — 1 = 5; the two-tailed critical value at « = 0.05 is 2.571. Since

4.583 > 2.571, we reject H, : u, = 0: there is significant evidence at the 5% level that the
program is associated with a genuine mean weight change (a mean loss of 3.5 kg in the sample).

~ 4.583.

4.13.3 Two-sample independent t-test (pooled)

The two-sample independent ¢-test compares the means of two separate, unrelated groups
(sizes nq, ny, With sample means z,,z, and sample standard deviations s, s,), testing H,, :
= po. Assuming the two populations share a common variance, the two sample variances
are first combined into a pooled variance

2 (ng — 1)5% + (ng — 1)5%

S =
P )
ny +ny —2

and the test statistic is

t=——21%2 df=n, +n,—2.

52 i_f_i
PAny  ny

As always, t is compared against the critical value from the ¢-distribution at the appropriate
degrees of freedom.
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Kiém dinh ¢t hai mau doc 1ap (two-sample independent t-test) so sanh trung binh ctia hai nhém
tach biét, khéng lién quan nhau, kiém dinh H, : ; = p,. Gia st hai téng thé c6 phuong sai
chung, ta gop hai phuong sai mau thanh phuong sai gop 312,, roi tinh théng ké ¢ vai bac tu do
df = n, +n, — 2 — khac véi kiém dinh ¢ ghép cap, & day khdng cé su tuong (ng tirng cap gilra
hai nhom di liéu.

Vi du mau 28b - Two-sample independent t-test

Two independent groups of students are taught using different methods. Group A (n, = 6)
has mean test score z; = 81 with s; = 6; Group B (n, = 6) has mean test score z, = 72 with
s, = 4. Assuming equal population variances, test at the 5% two-tailed level whether the two
teaching methods produce different mean scores.

o (6—1)(6%) + (6—1)(4%) _ 5(36)+5(16) _ 180480 _

B 26.
% 6+6—2 10 10
o os1-T2 9 I T
\/26 (1 N 1) /26(0.33333)  V/R.6667 2944 T
6 6

Degrees of freedom = 6 + 6 — 2 = 10; the two-tailed critical value at o = 0.05 is 2.228. Since
3.057 > 2.228, we reject H, : u; = uy: there is significant evidence at the 5% level that the
two teaching methods produce different mean scores.

The pooled two-sample ¢-test assumes the two populations share a common (but unknown)
variance — a reasonable assumption when the two sample standard deviations are of a similar order
of magnitude (as in Example 28b, where s; = 6 and s, = 4), but questionable if one sample’s spread
is dramatically larger than the other’s. In such cases, a GDC typically also offers a two-sample ¢-
test that does not assume equal variances, using a more conservative (and non-integer) degrees-of-
freedom formula; at IB Al level, it is enough to recognise that this distinction exists and to state the
equal-variance assumption explicitly when using the pooled version above.

(') L6i thuwong gip: Trudc khi chon cong cu kiém dinh, ludn héi: do léch chuan téng thé o da
biét hay chua? Néu da biét o (hoic n rat I6n), dung phan phdi chuan (z); néu chua biét o va
phai udc lwgng bang s tir mau (dic biét khi n nho), dung phan phéi t véi bac tw do n— 1. Dung
nham z khi 1& ra phai dung ¢ (hodc nguoc lai) 13 16i khai niém nghiém trong, du cac budc tinh
toan co thé gidng nhau vé hinh thirc.

4.14 Confidence Intervals for the Mean (HL)

4.14.1 Point estimates and margin of error

A point estimate of a population mean is simply the sample mean z. A confidence interval (Cl)
gives a range of plausible values for the population mean, of the form

x 4 (critical value) x (standard error),

where the term added and subtracted is called the margin of error. A "95% confidence interval”
means that, if the sampling procedure were repeated many times, about 95% of the resulting
intervals would contain the true population mean — it is not a statement that there is a 95%
probability the (fixed, unknown) population mean lies in this one particular interval.
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Uéc lugng diém cla trung binh téng thé don gian 13 trung binh mau z. Khoang tin ciy (con-
fidence interval) cho mot khoang gia tri hop ly cla trung binh téng thé: z + (gia tri t&i han) x
(sai s6 chuan), phan cong/trlr goi la sai s6 bién (margin of error). Khoadng tin cy 95% nghia la
néu I3p lai viéc 1ay mau nhiéu lan, khoang 95% cac khoang tinh dugc sé chira trung binh téng
thé that — khéng phai |a xac suat 95% cho riéng khodng cu thé nay.

4.14.2 Confidence intervals using the normal and t-distributions

When ¢ is known (or n is large), the Cl for the mean uses the normal distribution:
g
V'

with z* = 1.96 for 95% confidence (since ®(1.96) = 0.9750, leaving 2.5% in each tail). When ¢
is unknown (estimated by s) and n is small, the Cl uses the ¢-distribution with df = n — 1:

T+ 2"

S
T+t ——.
T 4+ \/ﬁ
GIAI THICH TIENG VIET
o
Khi o da biét (hodc n 16n), khodng tin cdy dung phan phdi chuan: z + z*T, véi 2* = 1.96 cho
n

doé tin cay 95%. Khi o chua biét (wéc luong bang s) va n nhé, dung phan phdi ¢ vai bac tu do
n—1: 2+ DL cung nguyén tic lua chon z so véi t nhu & kiém dinh gia thuyét.

n

Vi du miu 29 - Confidence interval using the normal distribution

Using the cereal-box data of Example 24 (¢ = 8 g known, n = 64, £ = 497.6 g), construct a
95% confidence interval for the true mean mass.

margin of error = 1.96 x 8 =1.96 x 1 = 1.96.

V64
Cl =497.6 + 1.96 = (495.64, 499.56) g.
We are 95% confident the true mean mass lies between 495.64 g and 499.56 g. Notice this

interval does not contain 500 g, consistent with Example 24’s conclusion that there is significant
evidence the mean mass is below the claimed value.

Vi du mAau 30 - Confidence interval using the t-distribution

Using the granola-bar data of Example 27 (n = 10, z = 185.4 mg, s = 6.5 mg, ¢ unknown),
construct a 95% confidence interval for the true mean sodium content.

Degrees of freedom = 10 — 1 = 9; the 95% two-tailed critical value is t* = 2.262.

. 6.5
margin of error = 2.262 x —— = 2.262 x 2.0555 ~ 4.65.

V10
Cl = 185.4 4+ 4.65 = (180.75, 190.05) mg.

This interval does not contain the claimed 180 mg (it lies just below the lower bound 180.75),
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consistent with Example 27’s conclusion that the true mean sodium content differs signifi-
cantly from 180 mg at the 5% level.

In general, for a two-tailed test at significance level «, checking whether the claimed value 1, falls
inside or outside the corresponding (1 — «) confidence interval gives exactly the same reject/do-
not-reject conclusion as running the hypothesis test directly: 1, outside the interval corresponds
to rejecting H, : 1 = pg, and p, inside the interval corresponds to not rejecting it — confidence
intervals and two-tailed hypothesis tests are, in this precise sense, two different views of the same

underlying calculation.

Practice

Bai tap luyén tap

A company with 500 employees wants a systematic sample of 25 employees. Find the sampling
interval.

(A) 10 (C) 25
(B) 20 (D) 40

Loi giai chi tiét

500
k= - 20. (B).

Bai tap luyén tap

Which sampling method involves dividing the population into subgroups and sampling pro-
portionally, at random, from each?

(A) Stratified sampling (C) Convenience sampling
(B) Quota sampling (D) Systematic sampling

Lai giai chi tiét

-

(A). Stratified sampling divides the population into strata and takes a random sample from
each, proportional to stratum size.

Bai tap luyén tap

A school of 900 students has 400 in Year 12 and 500 in Year 13. Find the stratified sample sizes
from each year group for a total sample of 90.

Lai giai chi tiét
400 500
HIZZ%XQOZZ]:O; n13:%X9025O.Check:40+50:90/.
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Bai tap luyén tap

A researcher stands outside a gym and surveys the first 30 people who leave. ldentify the
sampling method used, and state one source of bias it introduces.

Lai giai chi tiét

This is convenience sampling. Bias: only people who attend that particular gym are surveyed,
so the sample is unlikely to represent the fitness habits of the general population.

Bai tap luyén tap

A grouped frequency table for the weights (kg) of 60 parcels has classes 0-5: 8; 5-10: 18;
10-15: 20; 15-20: 10; 20-25: 4. State the modal class.

Loi giai chi tiét

The modal class (highest frequency, 20) is 10 < w < 15 kg.

Bai tap luyén tap

Using the parcel-weight data of the previous question (classes 0-5: 8; 5-10: 18; 10-15: 20;
15-20: 10; 20-25: 4; n = 60), estimate the median weight, correct to 1 d.p.

Loi giai chi tiet

Cumulative frequencies: 8, 26, 46, 56, 60. Median position = % = 30, which falls in the class
10 < w < 15 (cf rises from 26 to 46):

=2 4
30 6><5:10—i——><5:10+1:11.Okg.

medlanz10+46_26 20

Bai tap luyén tap

A data set has five-number summary Min = 5, Q; = 12, Median = 18, @; = 25, Max = 40.
Determine whether the maximum value 40 is an outlier.

Loi giai chi tiét

IQR = 25 — 12 = 13. Upper fence = 25 + 1.5(13) = 25 + 19.5 = 44.5. Since 40 < 44.5, the
value 40 is not an outlier.

Bai tap luyén tap

In a box-and-whisker plot, the box itself (from one edge to the other) represents which portion
of the data?

(A) The middle 50% (the IQR) (C) The upper 25% only
(B) The full range (D) The lower 25% only
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Loi giai chi tiét

(A). The box spans from @, to @5, which by definition contains the middle 50% of the data (the
interquartile range).

Bai tap luyén tap

A box-and-whisker plot has a much longer whisker and half-box above the median than below
it. Describe the skewness of the data, and state whether the mean is more likely to be above
or below the median.

Loi giai chi tiét

A longer upper whisker/half-box indicates the data is right-skewed (a tail of higher, more
spread-out values). In a right-skewed distribution, the mean is pulled toward the tail, so the
mean is more likely to be above the median.

Bai tap luyén tap

Find the mean, median, and mode of the data set 3,6, 6,9, 12, 15, 21.

Loi giai chi tiét

-

12+1 21 2 .
Mean = ShahdChi g;r ks = 77 ~ 10.3. Median (4th of 7 ordered values) = 9.

Mode = 6 (appears twice).

Bai tap luyén tap

A grouped data set has classes 0-10: frequency 4; 10-20: frequency 10; 20-30: frequency 6.
Estimate the mean.

Loi giai chi tiet

-

Mid-interval values 5,15, 25. " fo = 4(5) +10(15) + 6(25) = 20+ 150 + 150 = 320. ) f = 20.

320
r ~ — = 16.0.
T 90

Bai tap luyén tap

Find the population variance and standard deviation of the data set 2, 5, 5, 8, 10.

Loi giai chi tiét

2 1 -
Mean = +5+55+8+ 0 = ? = 6. Deviations: —4,—1,—1,2,4; squares: 16,1, 1,4, 16,

summing to 38.
o?==—="17.6, o=V7.6=2.76.
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Bai tap luyén tap

A data set has mean 40 and standard deviation 6. Every value is transformed using y = 2x + 5.
Find the new mean and new standard deviation.

(A) Mean 85, SD 12 (C) Mean 80, SD 12
(B) Mean 85,SD 17 (D) Mean 85, SD 6

Loi giai chi tiét
New mean = 2(40) + 5 = 85. New SD = |2|(6) = 12. (A).

Bai tap luyén tap

If a constant 10 is added to every value in a data set (no scaling), which statement correctly
describes the effect on the mean and standard deviation?

(A) Mean increases by 10; SD unchanged (C) Both increase by 10
(B) Mean unchanged; SD increases by 10 (D) Both remain unchanged

Loi giai chi tiét

(A). Adding a constant shifts every value equally, so the mean shifts by that constant but the
spread (SD) is unaffected.

Bai tap luyén tap

In a survey of 60 people, 35 like coffee, 28 like tea, and 15 like both. Find the probability that a
randomly chosen person likes coffee or tea, and the probability that they like neither.

Lai giai chi tiét

-

35+28—15 48 .
P(coffee U tea) = +T =5 =08  P(neither) =1-0.8=0.2.

Bai tap luyén tap

Events A and B are mutually exclusive, with P(A) = 0.3 and P(B) = 0.45. Find P(AU B) and
P(A").

Loi giai chi tiét
Since mutually exclusive, P(AU B) = P(A)+ P(B) =0.3+0.45=0.75. P(A")=1-03=

S
a

Bai tap luyén tap
Given P(A) = 0.4, P(B) = 0.5,and P(A N B) = 0.2, are A and B mutually exclusive?

(A) Yes, since P(A) + P(B) > 1 (C) Cannot be determined
(B) No, since P(ANB) #0 (D) Yes, by definition
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Loi giai chi tiét

(B). Mutually exclusive events must have P(AN B) = 0; here P(AN B) = 0.2 # 0, so they are
not mutually exclusive.

Bai tap luyén tap

A two-way table cross-tabulates eye colour and gender for 70 people: Male — Brown 18, Blue
12 (total 30); Female — Brown 22, Blue 18 (total 40). Find P(Blue | Female) and P(Female |
Blue).

Loi giai chi tiet

1 .
P(Blue | Female) = £ = 0.45. Total with Blue eyes = 12 + 18 = 30, so P(Female | Blue) =

18
— = 0.6.
30

Bai tap luyén tap

A card is drawn from a standard 52-card deck. Find P(King or Heart).

Loi giai chi tiét

-

There are 4 Kings, 13 Hearts, and 1 King of Hearts (the overlap).

A+13—-1 16 4
a+B8-1_ 16 4 5ans

P(King U Heart) = 52 =5 "13

Bai tap luyén tap

Two independent machines have daily failure probabilities 0.05 and 0.08. Find P(both fail) and
P(neither fails).

Loi giai chi tiet

P(both fail) = 0.05 x 0.08 = 0.004.  P(neither fails) = 0.95 x 0.92 = 0.874.

Bai tap luyén tap

A bag contains 4 red and 6 green balls. Two balls are drawn without replacement. Find
P(both green).

(A)
(B)

W=
(S
Sles

[SA{[Y)
—
O
— ~

Lai giai chi tiét

-

P(both green) = 1% X g = % = % (A).
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Bai tap luyén tap

Using the bag from the previous question (4 red, 6 green, 10 total), find P(exactly one red)
when two balls are drawn without replacement.

Loi giai chi tit
24 24 48 8

6 4

Nej Ry

4
P(exactly one red) = 10

Bai tap luyén tap

Given P(A) = 04, P(B) = 0.3, and P(A N B) = 0.12, determine whether A and B are
independent.

Loi giai chi tiét
P(A) x P(B) =0.4x0.3=0.12= P(AN B),so A and B are independent.

Bai tap luyén tap

A disease affects 1% of a population. A test correctly gives a positive result for 98% of people
who have the disease, but also for 5% of people who do not. Given a positive result, find
P(disease | positive), correct to 3 d.p.

Loi giai chi tiét
P(+) = (0.01)(0.98) + (0.99)(0.05) = 0.0098 -+ 0.0495 = 0.0593.

0.0098

——— =~ 0.165.
0.0593 0-165

P(disease | +) =

Bai tap luyén tap
A discrete random variable X has distribution P(X =1) = 0.2, P(X =2) = 0.5, P(X =3) =
0.3. Find E(X).

Loi giai chi tiet

-

E(X) =1(0.2) + 2(0.5) + 3(0.3) = 0.2+ 1.0+ 0.9 = 2.1.

Bai tap luyén tap

Using the distribution of the previous question, find E(X?) and Var(X).

Loi giai chi tiet

-

E(X2) = 1(0.2) + 4(0.5) + 9(0.3) = 0.2 + 2.0 + 2.7 = 4.9.

Var(X) =4.9—2.12 = 4.9 — 4.41 = 0.49.
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Bai tap luyén tap

A raffle sells 200 tickets at $2 each; one prize of $150 is awarded to a randomly selected ticket.
Find the expected profit for a person who buys one ticket.

Loi giai chi tiet

HI

P(win) = 200" Net if win: 150 — 2 = 148; net if lose: —2.

1 199
E(profit) = 148 (%) +(—2) (%) —0.74—1.99 = —$1.25.

Bai tap luyén tap

A game has E(profit) = 0. What is such a game called?

(A) A fair game (C) An independent game
(B) A biased game (D) A conditional game

Lai giai chi tiét

-

(A). A game where the expected profit is exactly zero is called a fair game.

Bai tap luyén tap
For X ~ B(8,0.4), find P(X = 3), correct to 3 d.p.

Loi giai chi tiét

(s

Bai tap luyén tap

I

-

P(X =

@
S~—
Il

(0.4)3(0.6)° = 56(0.064)(0.07776) ~ 0.279.

N———

For X ~ B(8,0.4), find the mean and variance of X.

Lai giai chi tiét

-

E(X)=np=28(0.4) =3.2. Var(X)=np(l—p)=2_8(0.4)(0.6) = 1.92.

Bai tap luyén tap

A biased coin has P(heads) = 0.6. It is tossed 12 times. Find P(exactly 7 heads), correct to 3

e
©

Loi giai chi tiét

0.6)7(0.4)% = 792(0.0279936)(0.01024) ~ 0.227.

i
=
Il
\]
S~—
Il
Y
[a—
[N}
~
—
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Bai tap luyén tap

Which of the following is not a required condition for a binomial distribution?

(A) A fixed number of trials (C) The trials must be dependent

(B) A constant probability of success (D) Only two possible outcomes per trial

Loi giai chi tiet

-

(C). A binomial setting requires the trials to be independent, not dependent.

Bai tap luyén tap

A factory finds 5% of items are defective. In a sample of 20 items, modelled as binomial, find
the expected number of defective items and the standard deviation.

Lai giai chi tiét

-

E(X)=20(0.05) =1. Var(X) = 20(0.05)(0.95) = 0.95, 50 SD = 1/0.95 ~ 0.975.

Bai tap luyén tap

X ~ N(60,102). Using ®(1.28) = 0.8997, find P(X < 72.8).

Lo giai chi tiét
_ 72.8—60
- 10

z =1.28. P(X <72.8) = ®(1.28) = 0.8997.

Bai tap luyén tap
Using the distribution of the previous question (X ~ N(60,10?)), find P(X > 72.8).

(A) 0.1003 (C) 0.5000
(B) 0.8997 (D) 0.0500

Lai giai chi tiét

-

P(X > 72.8) = 1 —0.8997 = 0.1003. (A).

Bai tap luyén tap

X ~ N(100,152). Using ®(1.96) = 0.9750, find the value k such that P(X < k) = 0.9750.

Loi giai chi tiet

-

k =100+ 1.96(15) = 100 + 29.4 = 129.4.
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Bai tap luyén tap

Approximately what percentage of values in a normal distribution lie within 2 standard devia-
tions of the mean (the empirical rule)?

(A) 68% (C) 99.7%
(B) 95% (D) 50%

Loi giai chi tiét

-

(B). The empirical (68-95-99.7) rule states approximately 95% of values lie within 2 standard
deviations of the mean.

Bai tap luyén tap

X ~ N (40, 5%). Using ®(1.645) = 0.9500, find the value & such that P(X > k) = 0.05.

Loi giai chi tiet

-

Since P(X > k) = 0.05, the upper 5% boundary has z = 1.645.

k = 40 + 1.645(5) = 40 + 8.225 ~ 48.2.

Bai tap luyén tap

Two judges rank 5 contestants with no ties: Judge 1’s ranks are 1,2, 3, 4, 5; Judge 2’s ranks (for
the same contestants, in the same order) are 2, 1,3, 5, 4. Find r..

Loi giai chi tiét

-

d: —1,1,0,—1,1;d?: 1,1,0,1,1, summing to 4. n = 5.

o=l 22 _1_02=038.

6(4) 24
s 5(24) 120

Bai tap luyén tap

Spearman'’s rank correlation coefficient is most appropriate for detecting which type of rela-
tionship between two variables?

(A) Linear relationships only (C) Purely random relationships

(B) Monotonic relationships, not necessarily
linear (D) Relationships that are always negative

Loi giai chi tiét

-

(B). Spearman’s r, measures the strength of any monotonic association, whether or not it is
linear.

Bai tap luyén tap

Two rankings of 6 items give 3" d? = 14. Find r,.
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Loi giai chi tiét

6(14) 84
1 % 1 04=06.
) 6(35) 210

Bai tap luyén tap

If >=d? = 0 for a set of rankings, what does this imply about r,, and what does that mean
about the relationship between the two rankings?

Loi giai chi tiét

r, = 1 — 0 = 1, meaning the two rankings agree perfectly (a perfect increasing monotonic
relationship: as one rank increases, so does the other, every time).

Bai luyén nang cao - HL

X ~ Po(4). Find P(X = 2), correct to 4 d.p.

Loi giai chi tiét
e 4(4?) _ 0.018316(16)

~ 0.1465.
2 0.1465

L)

Bai luyén nang cao - HL

Using the same distribution (X ~ Po(4)), find P(X = 0), correct to 4 d.p.

Loi giai chi tiet

-

P(X =0) = e~ 0.0183.

Bai luyén nang cao - HL

X ~ Po(6) and Y ~ Po(3) are independent. State the distribution of X + Y, and its mean and
variance.

Loi giai chi tiet

X+Y ~Po9),s0 E(X+Y)=Var(X+Y)=09.

Bai luyén nang cao - HL

For a Poisson distribution with parameter A, which of the following is true?

(A) E(X)=Var(X) =\ (C) BE(X) =\, Var(X) = \2
(B) E(X) = A2, Var(X) = A (D) Mean and variance are unrelated

Lai giai chi tiét

(A). A defining feature of the Poisson distribution is that its mean and variance are both equal
to A\
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Bai luyén nang cao - HL

A battery manufacturer claims a mean life of 40 hours (¢ = 3 hours, known). A sample of
n = 36 batteries gives a mean life of 38.8 hours. Test H, : 1 = 40 against H, : p < 40 at the
5% level, using z . = —1.645.

Loi giai chi tiét
_ 388—40 —12
3/V/36 0.5

Since —2.4 < —1.645, reject H,: there is evidence the mean battery life is less than 40 hours.

=—24.

Bai luyén nang cao - HL

A Type | error in hypothesis testing occurs when:

(A) H, is rejected when it is actually true (C) The test statistic is calculated incorrectly

(B) H, is notrejected when it is actually false (D) The sample size is too small

Loi giai chi tiét

-

(A). A Type | error is rejecting a true null hypothesis (a "false alarm”).

Bai luyén nang cao - HL

In a two-tailed test at the 5% significance level, the calculated p-value is 0.032. State the
decision and briefly justify it.

Loi giai chi tiet

-

Since 0.032 < 0.05, reject H,: there is significant evidence against H, at the 5% level.

Bai luyén nang cao - HL

Observed frequencies for 4 categories (total 100) are 30, 25, 20, 25, with equal expected fre-
quencies of 25 each. Find x?, and state the conclusion at the 5% level using df = 3, critical
value 7.815.

Loi giai chi tiet

25 0 25 0
2=y 44— =1 1 = 2.0.
X 25+25+25+25 +0+14+0 0

Since 2.0 < 7.815, do not reject H,: the observed frequencies are consistent with the claimed
equal distribution.

Bai luyén nang cao - HL

A 2 x 2 contingency table (total 100) has observed values: row 1: 30, 20 (total 50); row 2: 20, 30
(total 50); columns total 50, 50. Find the expected frequencies, x?, and state the conclusion at
the 5% level using df = 1, critical value 3.841.
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Loi giai chi tiét
0 x 50

= 25.
100

. )
All four expected frequencies are

30 — 25)2 20 — 25)2 20 — 25)2 30 — 25)?
o (0257 (0-257  (0-257  (30—25)

=14+14+1+1=4.0.
25 25 25 25 L 0

Since 4.0 > 3.841, reject H,: there is evidence of association between the row and column
variables.

Bai luyén nang cao - HL

For a chi-squared test of independence on an r x ¢ contingency table, the degrees of freedom

IS:
(A) rxc C)r+c—2
(B) (r—1)(c—1) (D) re—1

Loi giai chi tiét
(B).

-

Bai luyén nang cao - HL

A goodness-of-fit test with 6 categories gives x? = 10.2. Using df = 5, critical value 11.070,
state the conclusion at the 5% level.

Lai giai chi tiét

-

Since 10.2 < 11.070, do not reject H,: the data is consistent with the claimed distribution.

Bai luyén nang cao - HL

A sample of n = 15 (df = 14) gives a test statistic t = 2.30. Using the two-tailed critical value
2.145 (v = 0.05), state the conclusion.

Loi giai chi tiét

-

Since 2.30 > 2.145, reject H,,.

Bai luyén nang cao - HL

A manufacturer claims a mean fill volume of 50 ml. A sample of n = 10 givesz = 53.5ml, s =5
ml. Test H;, : = 50 against H, : p # 50 at the 5% level, using df = 9, critical value 2.262.

Loi giai chi tiét

_ 535—50 35
~ 5/V/10  1.5811

Since |2.214] < 2.262, do not reject H,;: the evidence is not quite strong enough at the 5% level
(a close call).

~ 2.214.
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Bai luyén nang cao - HL

Paired differences (before — after) for n = 6 subjects are 4, 2,6, 3,5, 4. Test at the 5% two-
tailed level whether the mean difference is significantly different from 0, using df = 5, critical
value 2.571.

Loi giai chi tiét

[\)
H;I

Mean d = i 4. Deviations: 0,—2,2, —1,1,0; squares: 0,4, 4,1, 1,0, summing to 10.

s2=—=2, sy = V2~ 1.41421.

4 4
t = =
1.41421//6  0.57735

Since 6.928 > 2.571, reject H,,: there is a significant mean difference.

~ 6.928.

Bai luyén nang cao - HL
The paired t-test is most appropriate when:

(A) Comparing two entirely independent (C) Testing goodness-of-fit against a claimed
samples distribution

(B) Comparing measurements taken on the
same subjects before and after a treat- (D) Testing independence in a contingency
ment table

Loi giai chi tiét

(B).

-

Bai luyén nang cao - HL

A large sample (n = 49, 0 = 14 known) gives z = 205. Construct a 95% confidence interval for
the population mean, using z* = 1.96.

Loi giai chi tiét

-

. 14
margin = 1.96 x —— = 1.96 x 2 = 3.92.
2 V49

Cl = 205 + 3.92 = (201.08, 208.92).

Bai luyén nang cao - HL

A small sample (n = 15, o unknown, s = 8) gives & = 72. Construct a 95% confidence interval
for the population mean, using df = 14, t* = 2.145.

Loi giai chi tiet

-

margin = 2.145 x 8 = 2.145 x 2.0656 ~ 4.43.

V15
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Cl =72 4 4.43 = (67.57, 76.43).
' Bai luyén nang cao - HL

For the same sample data, a wider confidence interval results from:

(A) A higher confidence level (C) A smaller margin of error

(B) A larger sample size (D) A lower confidence level

Loi giai chi tiét
(A). A higher confidence level requires a larger critical value, widening the interval (all else
equal).
Bai luyén nang cao - HL

A 95% confidence interval for a population mean is (48.2, 55.8). State the point estimate and
the margin of error.

Lai giai chi tiét
48.2 +55.8 55.8 —48.2

Point estimate (midpoint) = — 52.0. Margin of error = 5

3.8.

Mixed and Extended Problems

= >

On tap tong hop

A retail chain uses stratified sampling across three branches with 200, 150, and 150 customers
respectively (total 500), to select a total sample of 50 customers for a satisfaction survey.

(a) Find the number of customers to sample from each branch.

(b) The resulting sample of 50 has a mean satisfaction score of 7.2 (out of 10) with standard

deviation 1.5. Construct a 95% confidence interval for the true mean satisfaction score, using
z* = 1.96.

Lai giai chi tiét

200 150 150
N50) =20, 222(50) = 15, =2(50) = 15. Check: 20 + 15 + 15 = 50 v.
(@) 550 (0) 500 %) 500 °0) eck: 20+ 1o+ v
15
b) margin = 1.96 X —— = 1.96 x 0.2121 ~ 0.416.
(b) marg i

Cl=7.2+0.416 = (6.78, 7.62).

On tap tong hop

A bag contains 5 red, 3 blue, and 2 green counters (10 total). Two counters are drawn without
replacement. To play, a customer pays a $5 entry fee; if both counters drawn are the same
colour, they win $15 (a net profit of $10); otherwise they win nothing (a net loss of $5).

(a) Find P(both same colour).

(b) Find the expected profit per game.
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Loi giai chi tiét

5 4 20 3 2 6 2 1 2

P h :—-7:—'P hI :—-7:—'P h = — = = —,

(@) P(both red) TR (both blue) TR (both green) TR

2046 + 28 14
(same colour) 90 90 - 15 0.3

14 31
P(diff [ =1——==—.
(b) P(different colours) T

14 31 140 — 155 —15
(profit) = 10 <45> + (—5) (45> T T $0.33

On tap téng hop - HL

A simple random sample of 150 voters, drawn from the full electoral roll, is cross-tabulated by
region and party preference:

Party X PartyY PartyZ Total

North 25 20 15 60
South 20 30 40 90
Total 45 50 55 150

(a) State the sampling method used, and one advantage it has.
(b) Test at the 5% level whether region and party preference are independent, using df = 2,
critical value 5.991.

Loi giai chi tiét

(a) Simple random sampling: every voter on the electoral roll has an equal chance of selection,
minimising selection bias.

(b) Expected frequencies: Ey x = 18, Exy = 20, Ey ; = 22, Egx = 27, Egy = 30,
ES VA == 33.

2:

(25 —18)2 (20—20)2 (15—22)2 (20—27)2 (30 —30)% = (40— 33)2
8 20 22 o T3 T3

~ 2722 +0+2.227 4 1.815 4+ 0 4 1.485 ~ 8.25.

Since 8.25 > 5.991, reject H,: region and party preference are associated at the 5% level.

On tap téng hop - HL

An insurance company sells policies to 15 independent policyholders; the probability a given
policyholder files a claim in a year is 0.08 (binomial model). Each claim costs the company
$3000; premium income is $600 per policyholder per year.

(a) Find the expected number of claims and the standard deviation.

(b) Find P(exactly 2 claims), correct to 3 d.p.

(c) Find the company’s expected annual profit across all 15 policyholders.
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(a) E(X) = 15(0.08) = 1.2. Var(X) = 15(0.08)(0.92) = 1.104, so SD(X) = /1.104 ~ 1.051.
(b) P(X = 2) = (125
(c) Premium income = 15(600) = 9000. Expected claims cost = 1.2(3000) = 3600.

Expected profit = 9000 — 3600 = | $5400 |.

)(0.08)2(0.92)13 = 105(0.0064)(0.33826) ~ 0.227.
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IB DIPLOMA PROGRAMME . Unit 5

Calculus

Muc tiéu Unit: Dao ham dinh nghia bang gi¢i han cda ti s6 sai phan (from first principles) va y nghia hinh
hoc 13 d6 d6c tiép tuyén; cac quy tac dao ham (luy thira, téng/hiéu, dao ham ham mi-log-luong giac,
quy tac day chuyén, quy tic tich, quy tac thwong); phuong trinh ti€p tuyén va phap tuyén, khoang dong
bién/nghich bién va phan loai diém dirng; dao ham cap hai, dé 16m va diém udn (k&ém phan vi du khi
f” = 0 nhung khéng phai di€ém uén); bai toan tdi uu hoa thurc té (vat liéu, dién tich, lgi nhuan); déng hoc
mot chiéu bang dao ham (van téc, gia tc, phan biét do dich chuyén va quang dudng di dugc); nguyén
ham (tich phan bat dinh) va hang sé +C; tich phan xac dinh, dinh ly co ban cua giai tich, dién tich dudi
dudng cong (k& ca phan dudi truc hoanh) va dién tich gitra hai dudng cong, quy tic hinh thang; dong
hoc bing tich phan; va cac chi dé HL: dao ham an va bai toan t&c do lién quan (related rates), thé tich
khai tron xoay va phép dai bién khi tich phan, phuong trinh vi phan (trudng hudng, phuong phap Euler,
phuong trinh tach bién), va déng hoc hai chiéu bang vecto.

5.1 Limits and the Derivative from First Principles

5.1.1 The gradient of a curve and the idea of a limit

Unlike a straight line, a curve y = f(z) does not have a single constant gradient - its steepness
changes from point to point. To make sense of "the gradient of a curve at a point P,” consider a
second point ) on the curve, close to P. The straight line joining P and @ is called a chord (or
secant), and its gradient is easy to compute using the usual formula %ﬁ As () is chosen closer and
closer to P along the curve, the chord P( rotates and approaches a fixed limiting line - the tangent
to the curve at P. The gradient of this tangent line is called the gradient of the curve at P.

This idea of a value "getting closer and closer to” a fixed number, without necessarily ever reach-
ing it, is called a limit. Writing P = (z, f(z)) and Q = (z + h, f(x + h)) for a small (honzero) number

h, the gradient of chord PQ is
fla+h) — f(@) _ flath) — f(x)
(x+h)—=x h '
As h — 0 (read: "as h tends to 0”), @ slides along the curve towards P, and this chord gradient tends
to the gradient of the tangent at P.

To see this numerically before proving it algebraically, consider f(z) = 2% at = 2: the chord
f@24+h)—f(2)  4h+h?

gradient = 4 + h equals 5 when h = 1, 4.1 when h = 0.1, 4.01 when

h = 0.01, and 4.001 when h = 0.001 - visibly approaching the value 4 as h shrinks, matching f’(2) =
2zx|,_, = 4 found algebraically in Example 1 below. No single value of  ever gives the exact gradient
at P - only the limit does.

. GIAI THICH TIENG VIET

Mét dudng cong y = f(x) khéng c6 mét dé déc cb dinh nhu dudng thang - dé déc thay déi
theo tirng diém. D& dinh nghia "d6 déc tai mot diém P, ta xét mot diém Q khac trén dudng
cong, gan P; dudng thing néi P va Q goi la day cung (chord/secant), c6 dd déc tinh dugc binh
thuong. Khi Q tién cang luc cang gan P doc theo duong cong, day cung P(Q xoay dan va tién
t&i mot dudng thang gidi han cé dinh - tiép tuyén tai P. Y twang "tién gan t&i mot gia tri ma
khoéng nhat thiét phai cham t&i nd” chinh la khai niém gidi han (limit), nén tang cla toan bo giai
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tich.

5.1.2 The derivative from first principles
The derivative of f at z, written f’(x), is defined as the limit of the gradient of the chord as

h — 0:
i L@ +H) = f()
h—0 h

fx) =

provided this limit exists. Finding f’(z) using this formula directly is called differentiating from
first principles. Crucially, i is never actually set equal to 0 (that would make the fraction 2,
which is undefined) - instead, the expression must first be simplified algebraically (usually by
expanding the numerator and cancelling a factor of 1) so that the limit as » — 0 can be evalu-
ated directly on the simplified form.

- GIAI THICH TIENG VIET
Dao ham f’(z) dugc dinh nghia |a giéi han clia dé d6c day cung khi A — 0. Diém mau chét:
khong bao gio dugc thay truc ti€p 4 = 0 vao phan thc ban dau (vi sé ra dang % vO nghia) -
luén phai khai tri€n va rat gon dai s6 trudc (thudng bang cach khai trién tir sd roi triét tiéu
nhan tlr k & mau), réi méi 3y giGi han khi h — 0 trén biéu thirc da rat gon.

> T

As Q slides along the curve towards P (from @, to @, and beyond), the gradient of chord PQ approaches the gradient
of the tangent line (grey, dashed) at P - this limiting gradient is the derivative f’(z).

5.1.3 Differentiating polynomials from first principles

Use the definition of the derivative to show that if f(x) = 22, then f’(x) = 2x.

(x+h)??—a® lim x? +2zh+ h* —a® lim 2zh + h?
h—0 h B h—0 h N h—0 h ’

Since h # 0 throughout this process, we may cancel a factor of h from numerator and denom-
inator:

f'(x)

Now, and only now, does it make sense to let & — 0: the remaining expression 2x + h is a

= lim(2z + h).
h—0
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perfectly ordinary algebraic expression, so

f/(:v):2:v—|—0:.

Vi du mau 2 - First principles: f(z) = 2°

Use the definition of the derivative to show that if f(x) = z3, then f'(z) = 322.
Expanding (z + h)? = 2 + 322h + 3xh? + h%:

. h)? — 3 . Zh h? + h3
f/<.'13) = lim w = lim 3z + 3 +

N H 2 2
h—0 h h—0 h a }Izm) <3x +3zh +h )

As h — 0, the terms 3zh and h? both tend to 0, leaving

f/(x) =[322]

(1) Léi thueng gap: Hoc sinh thudng viét tat sai bing cach "thay h = 0” ngay tir dong dau tién
(trude khi rat gon), dan dén biéu thirc § khong xac dinh. Trinh tu bat budc luon la: (1) khai
trién (x + h)™; (2) trir ™ va rat gon; (3) chia hét cho A (triét tiéu nhan tir h chung); (4) chi sau
dé méi cho h — 0 trén bi€u thirc da khéng con h & mau.

The same technique generalises to any positive integer power. Using the binomial expansion,

(x4 k)" = 2™ +na"h + (Z) a"2hE 4 4,
so that RV
W R (Z) 2 g Y,

Every term after the first contains at least one factor of h, so as h — 0 every one of those terms
vanishes, leaving exactly nz"1. This proves, directly from first principles, the general power rule:

For f(xz) = 2™ (any positive integer n, and in fact any real number n # 0):

f'(z) = nz™ 1.

. GIAI THICH TIENG VIET
Khai trién nhj thirc (z + h)™ cho thdy moi s6 hang ngoai trir sd hang dau tién nz"1h déu
chtra it nhat mot thira s6 i bac > 2; sau khi chia cho h va cho h — 0, tat ca cac s6 hang nay

triét tiéu, chi con lai dung nz™!. Day chinh 13 cach chirng minh quy tic luy thira (power rule)
d ae e Lx s e e Lo .
d—(:p”) = na" ! mot cach chat ché tir dinh nghia gidi han, thay vi chi ghi nhé cong thirc.
T

5.2 Rules of Differentiation
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5.2.1 The power rule, and sum and difference rules

d . . . .
Power rule: — (z) = nz™! for any real n #+ 0 (derived in Section 1). Constant multiple:
T

%[kf(x)] = kf’(z). Sum/difference rule: %[f(x) + g(z)] = f'(z) + ¢’(x). The derivative of
a constant is 0.

GIAI THICH TIENG VIET

N

Quy tac luy thira 4p dung dugc cho moi s6 mia thuc (nguyén duong, nguyén am, hodc phan
s8) - luén viét lai can thirc va phan thire duéi dang luy thira (/2 = /2, 2 = 27?) trudce khi
4p dung cong thirc. Dao ham cta mét téng/hiéu chi don gian 1a téng/hiéu cua tirng dao ham

thanh phan - dao ham "phan phéi” qua dau cong/trur.

Vi du mau 3 - Power and sum rules with negative/fractional exponents

Differentiate y = 423 — 522 + 7o — 3 + 6272 — 42'/2.

Applying the power rule term by term:
d 12 2
Y 1922 1004+ T+0 1203 — 2012 = 1222 — 102+ 7 — = — ——.

dz x

5.2.2 Derivatives of exponential, logarithmic, and trigonometric functions

d d 1 d . d . d
%(em) = e”, %(In x) = - (x >0), @(sm x) = Ccos, @(cos x) = —sinz, %(tan x) = sec
(All angles in radians.) Notice e® is the unique function that is its own derivative - this is

precisely why e plays such a central role in calculus.

GIAI THICH TIENG VIET
mT?lém cong thirc dao ham co ban nay (ham mda, log tu nhién, va ba ham lugng giac) phai duoc
ghi nhé chinh xac, vi hau nhu moi bai todn dao ham phtrc tap hon (quy tac day chuyén, tich,
thuong) déu xay dung trén nén cac cong thirc nay. Luu y: cac cong thirc dao ham luong giac
chi dang khi géc tinh bang radian - mét ly do quan trong khac khién radian 1a don vi bat budc
trong giai tich.

Vi du mau 4 - Standard derivatives, evaluated numerically

. . . d
Differentiate y = 3e” + 2Inz — 5sinx + cos x, and evaluate d—y atz = 1, correct to 3 s.f.
xT

d 2 .
it =3¢+ — —5cosx —sinz.
dx T

At z = 1 (radians): 3e ~ 8.1548, % =2,5c0s1 ~ 2.7015, sin1 ~ 0.8415.

d
aTy ~ 8.1548 +2 — 2.7015 — 0.8415 ~ 6.61 (3 s.f.).
x

r=1

Thay Twdong 0332747169 - Co Nancy 0983422692  IB Mathematics: Applications and Interpretation - Trang 159



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

5.2.3 The chain rule

If y = f(g(z)) is a composite function, the chain rule states

Y~ flg@) o (2,

. o . . d dy d . . B » . .
i.e. (in Leibniz notation, with u = g(x)) & _ d—y . d—u: differentiate the "outer” function, leaving
U X

the "inner” function unchanged, then multiply by the derivative of the inner function.

GIAI THICH TIENG VIET
Quy tac day chuyén dung khi c6 mét ham hop (ham bén trong moét ham khac): dao ham ham
ngoai trudc (gilr nguyén phan bén trong), réi nhan thém dao ham ctia ham trong. Day |a quy
tac bi 4p dung sai nhiéu nhat trong toan bé chuong trinh gidi tich - 16i phé bién nhat 13 quén
nhan dao ham ham trong.

Vi du miu 5 - The chain rule

Differentiate: (a) y = (322 — 4z + 1)%; (b) y = sin(422 + 1); (c) y = e 2,
(a) Outer function «°, inner u = 322 — 4z + 1 (so v’ = 6x — 4):

d
ﬁ = 5(32% — 4z + 1)4(62 — 4).

(b) Outer sinu, inner u = 422 + 1 (so v’ = 8z):

dy

S =8z cos(4z? + 1).
(c) Outer €%, inner u = —223 (so u’ = —622):
d
% = —6x2e 2",

(1) L6i thuong gap: Li phé bién nhat khi 4p dung quy tic day chuyén 13 quén nhan dao ham
ctia ham bén trong: vi du tinh di sin(3z) va chi viét ra cos(3x) - duing phai la 3 cos(3z) (nhan
i

thém dao ham ctia 3z 1a 3). Ludn tu hoi: "ham bén trong (argument) la gi, va dao ham cta né
la gi?” truwde khi két luan.

5.2.4 The product rule

If y = f(x)g(z), the product rule states

&~ F@g(a) + f(@)g 7).

In words: (derivative of first)x(second) + (first)x(derivative of second).

. GIAI THICH TIENG VIET

Quy tac tich dung khi hai ham duoc nhan véi nhau (khéng phai ham hop). Coéng thirc: dao
ham ham thr nhat nhan ham th hai, cdng ham th( nhat nhan dao ham ham tha hai. L6i phé
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bién: nham tudng (fg)’ = f’¢’ (nhan hai dao ham) - diéu nay sai, phai luén dung ding cong
thirc téng hai s6 hang & trén.

Vi du mau 6 - The product rule

Differentiate: (a) y = z2e*; (b) y = 23 sinz.

(
(@) f=a*(f =22),g=¢"(¢' =€)

d
d—y = 2ze” + 22%e” = e%(2z + 22) = we®(z + 2).
x

(b) f =23 (f = 322), g = sinz (¢ = cosx):

d .
Y 342sing + 23 cos .
dx
5.2.5 The quotient rule
If y = M the quotient rule states
9(z)

dy _ [(x)g(x) — f(x)g’(x)

dx [9(x)]?
Note the order in the numerator matters (it is not symmetric): "derivative of top times bottom,
minus top times derivative of bottom, all over bottom squared.”

- GIAI THICH TIENG VIET
Quy tac thuong dung khi mét ham dugc chia cho ham khac. Vi phép trir & tir s6 khéng déi
xirng, thi tu rat quan trong: ludn 13 (dao ham tir) x(mau) — (ti)x (dao ham mau), tat ca chia
cho (mau)?. Pao nguoc thir tu trir 13 16i rat phé bién khi méi hoc quy tic nay.

Vi du mau 7 - The quotient rule

2z +1
2243
f=22+1(f =2),9g=2?+3(g = 22):

Differentiate y =

dy  2(2°4+3)—(2c+1)(2x) 22> +6—42”—2r 20" -22+6 2 +z-3)
dr (22 + 3)? B (22 + 3)? (22432 (22+43)2

Vi du mau 8 - Combining the chain and quotient rules

(22 +1)3

Inz
Let f = (22 + 1)3; by the chainrule f' = 3(2z + 1)?-2=6(2z + 1)% Letg=Inz; ¢’ =
the quotient rule:

Differentiate y =

&M—'

2z +1
dy 6Q2z+1)>%Inz—(2c+1)° 5 T
dr (Inz)? N (Inz)? ’

(22 + 1) [6Inx—
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where in the last step the common factor (22 + 1)? was taken out of the numerator to present
the answer more compactly.

Choosing which differentiation rule to use

Given an unfamiliar expression, ask, in order: Is it a sum or difference of simpler terms? Apply
the sum/difference rule term by term. Is it a single function "wrapped around” another (e.g.
sin(...), (...)™, e))? Use the chain rule. Is it a product of two clearly different factors? Use
the product rule. Is it one expression divided by another? Use the quotient rule. Many ex-
pressions (as in Example 8) require more than one rule applied together - always identify the
outermost structure of the expression first, then work inward.

. GIAI THICH TIENG VIET

Khi gdp mét bi€u thirc chua quen, hay tu héi theo thir tu: day cé phai téng/hiéu cua cac s6
hang don gian khéng (dung quy tac téng/hiéu cho tirng s6 hang)? Day c6 phai mét ham "boc
quanh” mét ham khac khéng (dung quy tac day chuyén)? Day co phai tich ca hai biéu thic
rd rang khac nhau khéng (dung quy tic tich)? Day c6 phai mét biéu thirc chia cho biéu thirc
khac khong (dung quy tic thuong)? Nhiéu biéu thirc can két hgp nhiéu quy tac cung ltc (nhw
Example 8) - ludn xac dinh cau tric ngoai cuing cua biéu thirc trudc, roi di dan vao bén trong.

5.3 Tangents, Normals, and Increasing/Decreasing Functions

5.3.1 Equations of tangent and normal lines
At a point (a, f(a)) on a curve, the tangent line has gradient f’(a) and equation
y— fla)=f'(a) (z —a).

The normal line is perpendicular to the tangent at the same point, so (provided f’(a) # 0) it

has gradient — and equation

1
f'(a)

(If f'(a) = 0, the tangent is horizontal, y = f(a), and the normal is vertical, x = a.)

- GIAI THICH TIENG VIET
Phuong trinh ti€p tuyén dung chinh dé déc f/(a) tai diém cham; phuong trinh phap tuyén
(dudng vudng goc vai tiép tuyén tai cuing diém do) dung nghich dao am cta dé déc tiép tuyén,
vi hai dudng vudng goc c6 tich hai do déc bang —1. Luén tinh f(a) (toa dé y cha di€ém cham)
va f’(a) (d6 déc) trudc khi viét phuong trinh dudng thang dang diém-do déc.

Vi du mA3u 9 - Tangent and normal to a cubic

Find the equations of the tangent and normal to y = 2% — 322 + 2 at the point where = = 1.
f(1) =1—3+2 =0, so the point of contact is (1,0). f'(x) = 322 — 6x,s0 /(1) =3 —6 = —3.

Tangent: y—0=-3(z—1) = y=—-3z+3.
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The normal gradient is the negative reciprocal of —3, namely %:

Normal: y—0=3(z—1) = y=30—

W~

1
3

Vi du mau 9b - A tangent parallel to a given line

Find the point on the curve y = 22 — 6z + 5 where the tangent is parallel to the line y = 22 — 3.
Two lines are parallel exactly when they share the same gradient, so we need f'(z) = 2:

fllz)=22—-6=2 = z=4.

f(4) =16 — 24 + 5 = —3, so the point is (4, —3), and the tangent thereisy + 3 = 2(z — 4) =
y = 2x — 11 - indeed parallel to y = 22 — 3 (same gradient, different intercept).

5.3.2 Increasing and decreasing functions; stationary points

A function f is increasing on an interval where f’(z) > 0, and decreasing where f’(z) < 0. A
stationary point occurs where f’(x) = 0 (the tangent is horizontal there). First derivative test:
at a stationary point z = q, if f’ changes sign from + to —, f has a local maximum at a; if [’
changes from — to +, f has a local minimum at a; if f/ does not change sign, a is neither (a
"horizontal inflection”).

- GIAI THICH TIENG VIET
D3u cua f’(x) cho biét ham s6 dang tang (f’ > 0) hay giam (f’ < 0). Tai diém dirng (' = 0),
kiém tra dau déi ctia f’ ngay trudc va ngay sau diém do: doi tlr dwong sang am = cuc dai dia
phuong; déi tlr Aam sang duong = cuc tiéu dia phuong; khéng ddi ddu = khong phai cuc tri
(di€ém uén nam ngang).

Vi du miu 10 - Stationary points via the first derivative test

For f(z) = 23 — 32% — 92 + 5, find the stationary points, classify each using the sign of f’, and
state the intervals of increase and decrease.

f(x) =322 —6x—9=3(22—2x—3) =3(x—3)(x+1).

Stationary pointsatz = —landz = 3: f(—1) = —1—-3+9+45 = 10and f(3) = 27—27—27+45 =
—22.

Testing the sign of f'(z) = 3(z —3)(z + 1): atz = =2, f' = 3(=5)(—1) = 15 > 0; atx = 0,
ff=3(=-3)(1) =-9<0;atx =4, f =3(1)(5) = 15 > 0. So f is increasing on (—oo, —1),
decreasing on (—1, 3), increasing on (3, c0): f’ changes + — — at z = —1 (local max (—1, 10))
and — — + at = 3 (local min (3, —22)).
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local max
10 +

—10 +

—20 +

local min

The graph of f(x) = 3 — 322 — 9z + 5 (Example 10): increasing on (—oco, —1), decreasing on (—1, 3), increasing again
on (3, co), giving a local maximum at (—1, 10) and a local minimum at (3, —22).

5.4 Second Derivatives, Concavity, and Points of Inflection

5.4.1 The second derivative test

The second derivative f”(x) is the derivative of f’(x). Second derivative test: at a stationary
point z = a (where f’(a) = 0): if f”(a) > 0, f has a local minimum at ¢; if f”(a) < 0, f has a
local maximum at ¢; if f”(a) = 0, the test is inconclusive and the first derivative (sign-change)
test must be used instead.

- GIAI THICH TIENG VIET
Kiém tra dao ham cap hai 1 cadch nhanh dé phan loai di€m dirng, thay thé cho viéc xét dau f/
& hai phia: f”(a) > 0 (duwdng cong 16m [én tai d6) = cuc ti€u; f”(a) < 0 (I6m xudng) = cuc
dai. Néu f”(a) = 0, phép thir nay khéng két ludn dugc gi - bt budc quay lai dung phép thur
dau f’ (Section 3).

Vi du mau 11 - The second derivative test

For f(x) = 2® — 322 — 9z + 5 (as in Example 10), use the second derivative test to classify the
stationary points at z = —1 and z = 3.

f/(z) =32% — 62 —9,s0 f’(x) = 62 — 6.
f7(—=1)=6(—1)—6=—-12< 0 = local maxat z = —1,

f7(3)=6(3) —6=12>0 = localminatz = 3,

exactly matching the conclusions of the first derivative test in Example 10.

5.4.2 Concavity and points of inflection

A curve is concave up on an interval where f”(x) > 0 (it curves upward, like a "smile”; tangent
lines lie below the curve); concave down where f”(z) < 0 (like a "frown”; tangent lines lie
above the curve). A point of inflection is a point where the concavity genuinely changes - this
requires f”(z) = 0 and a real sign change in f” on either side of that point. f”(x) = 0 alone is
not sufficient: the sign change must be verified.

GIAI THICH TIENG VIET

VN
DO 16m (concavity) do dao ham cap hai quyét dinh: f” > 013 16m |én (concave up), f” < 0 la
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|6m xudng (concave down). Diém uén (point of inflection) 12 noi d6 16m thuc sw ddi tir I6m |én
sang 16m xuéng (hodc ngugc lai) - diéu kién f”(x) = 0 chi la can, chua da: bat budc phai ki€m
tra dau f” & hai bén diém dé dé xac nhan c6 déi dau that hay khong.

Vi du miu 12 - Finding a point of inflection

Find the point of inflection of f(x) = x® — 322 — 9z + 5, and verify that the concavity genuinely
changes there.

[’ (x) =6z —6 =0 = x = 1. Check the sign of f” on either side: f”(0) = —6 < 0 (concave
down), f”(2) = 6 > 0 (concave up). Since f” does change sign at = = 1, this is a genuine point
of inflection. f(1) =1—3 —9+ 5 = —6, so the point of inflection is (1, —6).

The same curve f(z) = 3 — 322 — 9z + 5 is concave down for z < 1 and concave up for = > 1 (Example 12): a genuine
point of inflection at (1, —6), exactly where the concavity switches.

Vi du mau 12b - A counterexample: f” = 0 without an inflection point

Show that f(z) = x* has f”(0) = 0, but that z = 0 is not a point of inflection.

f/(z) = 423, f”(x) = 122°. Indeed f”(0) = 0. However, f”(z) = 1222 > 0 for every real = -
it is never negative, so the concavity never actually changes; the curve is concave up on both
sides of z = 0 (and only touches zero curvature momentarily at z = 0 itself). Hence x = 0 is
not a point of inflection, despite satisfying f”(0) = 0. (In fact, since f’(x) = 423 < 0 forz < 0
and f’(x) > 0 for x > 0, the first derivative test shows = = 0 is actually a local - and global -
minimum.)

(1) Léi thueng gap: f”(a) = 0 khéng tw déng suy ra z = a 13 diém uén - day 13 mét trong
nhirng 16i khai niém phd bién nhat cla chuong giai tich. Vidu f(z) = 2* ¢6 f7(0) = 0 nhung
f”(z) = 1222 > 0 v&i moi z, tirc 1a khéng hé déi ddu quanh x = 0. Luén thuc hién bude kiém
tra dau f” & ca hai phia ctia nghiém f”(x) = 0 trudgc khi két luan do la diém udn.

5.4.3 An application: the point of diminishing returns

Diém bat dau giam tdc do ting trudng

In many applied contexts (revenue, production output, the spread of information), an inflection
point marks the point of diminishing returns: the quantity itself is still increasing, but its rate
of increase has started to decline. Concretely, if R(¢) models a growing quantity, the point of
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diminishing returns occurs where R”(t) = 0 with a genuine sign change - this is not the same
as where R(t) itself stops increasing (that would instead be a stationary point of R, found from
R'(t) = 0).

- GIAI THICH TIENG VIET
Trong nhiéu béi canh thuc té€ (doanh thu, san lugng, mdc do lan truyén théng tin), di€ém uén
danh dau "diém bat dau gidm toc do tang trudng” (point of diminishing returns): dai lugng van
dang ting, nhung téc d6 ting da bat dau cham lai. Day 13 diém ma R”(t) = 0 va déi dau that
- khac hoan toan vai di€ém ma R(t) nglrng tang (d6 lai la diém dirng cta R, tim tir R (t) = 0).
Phan biét r6 hai khai niém nay rat quan trong trong cac bai toan (rng dung thuc té.

Vi du mau 12c - Point of diminishing returns

Revenue from an advertising campaign after t weeks is modelled by R(t) = —t2 + 18t% + 10 (in
thousands of dollars), 0 < ¢ < 15. Find the point of diminishing returns, and interpret it.

R’(t) = —3t% + 36t (the rate of revenue growth). R”(t) = —6t + 36 = 0 = t = 6. Checking the
sign change: R”(5) = 6 > 0 (rate of growth still accelerating), R”(7) = —6 < 0 (rate of growth
now decelerating) - a genuine inflection.

R(6) = —216 + 18(36) + 10 = —216 + 648 + 10 = 442.

So at t = 6 weeks, revenue is $442,000: this is the point of diminishing returns. Crucially,
revenue is still increasing at ¢ = 6 (since R’(6) = —3(36) 4+ 36(6) = 108 > 0) - it is only the rate
of that increase that has begun to slow.

5.5 Optimization Problems
5.5.1 A general strategy for optimization

Chién lugc giai bai toan t6i vu hoa

1. Identify the quantity to be maximised or minimised, and write it as an objective function
of two (or more) variables.

2. Use the given constraint to express all but one variable in terms of a single variable, and
substitute, reducing the objective function to a function of one variable.

3. Differentiate the resulting one-variable function, set the derivative equal to 0, and solve
for the critical value(s).

4. Justify whether each critical value gives a maximum or a minimum (first derivative sign-
change test, second derivative test, or by checking the domain endpoints/behaviour).

5. Answer the original question, including units, and (if required) back-substitute to find any
other requested quantities.

GIAI THICH TIENG VIET
thé’n lwoc gidi bai toan toéi wu hoa ludn theo ding 5 budc: (1) viét ham muc tiéu theo > 2
bién; (2) dung rang budc da cho dé rat mét bién theo bién con lai, dua vé ham mét bién; (3)
dao ham, cho bang 0, giai tim diém t&i han; (4) bat budc bién luan dé 13 gia tri I&n nhat hay nho
nhat (bang dau f’, dau f”, hoac so sanh véi bién mién xac dinh); (5) trd 161 dang cau hoi ban
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dau kém don vi. Bé qua budc bién luan (budc 4) 13 16i bi trir diém n3ng nhat trong dang bai
nay.

Vi du miu 13 - Minimizing material for a fixed volume

An open-top cylindrical can must hold a volume of 500 cm?. Find the radius and height that
minimize the surface area of material used, and find this minimum surface area, correct to 3

s.f.
. . . 500
Let r be the radius and h the height. Constraint: V = 7r?h = 500 = h = —

mre’
Objective (open top: base circle plus curved side only):

500 1000
SA(r) = nr? + 2nrh = 7?4+ 277 - — =7 4 ——.
ivs
1000 500
SA(r)=2mr——— =0 = 2m® =1000 = r* = — ~ 159.15 = 7~ 5.419 cm.
r T

2000

Justification: SA”(r) = 27 + —
r

minimum.

> 0 for every r > 0, so this critical value is genuinely a

500 . . .
h=———— ~b5419cm (infact h = r exactly at the optimum, since V = 7r? there).
m(5.419)2

1
SA = m(5.419)% 4 % ~ 02.3 1+ 184.5 ~ 277 cm? (3 5.f).

Sor a 5.42 cm, h ~ 5.42 cm, and the minimum surface area is ~ 277 cm?.

&
£ 600 |
L
<
73]
I
()
—
T 400 |
Q
()
©
hw
=}
(7p] ..
minimum
200 : : ; ; | |
2 4 6 8 10 12

Radius, r (cm)

Surface area SA(r) = wr? + 1000/r of the open-top can (Example 13) as a function of radius: the minimum occurs at
r ~ 5.42 cm, giving SA ~ 277 cm?,

Vi du miu 14 - Maximizing area with fixed fencing

A farmer has 80 m of fencing to enclose a rectangular pen against an existing straight wall, so
fencing is needed only on the side parallel to the wall and the two perpendicular sides. Find
the dimensions that maximize the enclosed area, and state the maximum area.

Let = be the side parallel to the wall and y each perpendicular side. Constraint: x +2y = 80 =
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x = 80 — 2y.
Ay) = zy = (80 — 2y)y = 80y — 2y°.
A(y) =80—4y =0 = y = 20, A’ (y) = —4 < 0 (confirms a maximum).

xr =80—2(20) = 40. Maximum area: A =40 x 20 = , achieved with z = 40 m (parallel
to the wall) and y = 20 m (each perpendicular side).

Vi du mau 15 - Maximizing profit from a demand function

A company’s demand function is p = 120 — 2z (selling price in dollars when z units are sold),

and its total cost is C'(x) = 500 + 20z + 0.522 dollars. Find the number of units that maximizes
profit, and the maximum profit.

Revenue R(z) = pr = 120z — 222, Profit:
P(x) = R(x) — C(z) = (1202 — 22%) — (500 + 20z + 0.52%) = —2.522 + 100z — 500.

P'(z) =—-5x+100=0 = x = 20, P’ (z) = —5 < 0 (confirms a maximum).
P(20) = —2.5(400) + 100(20) — 500 = —1000 + 2000 — 500 = | 500 |

Maximum profit is $500, achieved by selling = = 20 units at price p = 120 — 2(20) = $80 each.
(Check: R(20) = 1600, C/(20) = 500 -+ 400 + 200 = 1100, profit = 1600 — 1100 = 500 v".)

Vi du mau 15b - A closed cylinder, contrasted with the open-top can

A closed cylindrical can (with both a top and a bottom) must hold a volume of 400 cm?. Find
the radius minimizing the total surface area, correct to 3 s.f.

4 . .
V =mr2h =400 = h = ﬂ Now both circular ends contribute:

772
SA(r) = 2nr? + 2wrh = 2712 + @
T
2
SA(r) = dmr — —8020 —0 — =20 6366 — r~3.99cm (3sf).
T ™

00 400
SA”(r) =4 > 0 confirms a minimum. h = ———— ~ 7.99 cm - notice h ~ 2r here,
(r) =4m+ =5 7(3.99)2 "
in contrast to Example 13's open-top can, where the optimum instead gave h = r. Closed
cylinders are most efficient when the height equals the diameter, not the radius.

(1) L6i thueng gap: Trong bai toan t6i wu hod, ludn bién luan ré rang diém t&i han tim duoc la
gia tri I6n nhat hay nho nhat (dung dau f” hodc diu déi ctia f’) - chitim ra f/(z) = 0 roi dirng
lai khéng dd. Ngoai ra, ludn kiém tra diém t&i han c6 nam trong mién kha thi ctia bai toan thuc
té hay khong (vi du ban kinh, chiéu dai khéng thé am) - mot nghiém dai s6 hop 1&é nhung vo
nghia vé mat vat ly phai bi loai.

5.6 Kinematics: Displacement, Velocity, and Acceleration
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5.6.1 Velocity and acceleration as derivatives

For a particle moving along a line with displacement s(t) at time ¢: velocity is v(t) = s’(¢), and
acceleration is a(t) = v’(t) = s”(t). Interpreting the signs: v > 0 means moving in the positive
direction, v < 0 means moving in the negative direction, and v = 0 means momentarily (or
permanently) at rest. The particle changes direction exactly when v(¢) = 0 and v changes sign
there (the same sign-change idea as the first derivative test, one level up).

- GIAI THICH TIENG VIET
Van toc v(t) la dao ham bac nhat ctia do dich chuyén s(t); gia toc a(t) la dao ham bac hai cta
s(t) (hay dao ham bac nhit cda v(t)). Dau clia v cho biét hwéng chuyén dong (duong/am (rng
v@i chiéu duong/am da chon); vat déi hudng chinh xac khi v(t) = 0 va v thue sy déi diu tai
dé - hoan toan tuong tu viéc xét diém dirng cta f bang dau f7, chi khac 1a 4p dung |én mot
bac dao ham cao hon.

Vi du mau 16 - Velocity, direction, and distance versus displacement

A particle moves along a line so that its displacement (m) from a fixed origin at time ¢ seconds
(t > 0)is s(t) = t3 — 6t2 + 9¢t. (a) Find v(t) and a(t). (b) Find when the particle is at rest. (c)
Determine when it changes direction. (d) Find the total distance travelled during the first 4
seconds, and compare it with the displacement over the same interval.

@uv(t) =3t2—12t+9 =3(t —1)(t — 3); a(t) = 6t — 12.

(b)v(t)=0att=1andt=3.

(c) Sign of v: v(0) = 9 > 0, v(2) = 3(1)(—1) = =3 < 0, v(4) = 3(3)(1) = 9 > 0. So the
particle moves in the positive direction on [0, 1), negative on (1, 3), positive again on (3, c0) -
it changes direction at botht =1 and ¢ = 3.
(d)s(0)=0,5(1)=1—64+9=4,5(3)=27T—54+27=0,s(4) =64 —96 + 36 = 4.

Distance = |4 — 0| + |0 — 4|+ |4 — 0| =4+ 4+ 4 =[12m],
w{zm}  |w{zm} |m{zm}

[0,1] [1,3] (3,4]

whereas the net displacement over [0, 4] is simply s(4) — s(0) =4 —0 = 4 m - a very different
number from the total distance travelled.

10 | Velocity, v(t) (m/s)
5
Time, ¢ (s)
05 1NU5 2 2573 35 4 45
75 L

Velocity v(t) = 3(¢t — 1)(¢t — 3) for the particle of Example 16: v > 0 (moving positively) on (0, 1) and (3, c0), v < 0
(moving negatively) on (1, 3); the particle changes directionat ¢ = 1 and ¢t = 3.

5.7 Introduction to Integration
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5.7.1 The indefinite integral as an antiderivative

The indefinite integral /f(x) dr = F(z) + C, where F'(z) = f(x) and C is an arbitrary

constant of integration (since the derivative of any constant is 0, infinitely many antiderivatives
all differ only by a constant). Standard results:

n+1
/x"dx: $+1+C(n7é—1), /exd:c:ex—i—C, /Sinmdx:—COSx—i—C', /COS:cd:U:sin:I:—i—C
n

GIAI THICH TIENG VIET

VN
Tich phan bat dinh (nguyén ham) la phép ngwoc clia dao ham: tim F'(z) sao cho F'(z) = f(x).
Vi dao ham cla bat ky hang s6 nao cling bang 0, ludn phai cong thém hang sé C vao két qua
- thiéu C 13 16i bj trir diém & moi bai toan tich phan bat dinh trong dé thi IB.

Vi du miu 17 - A general antiderivative

Find /(6;02 —4x 4+ 5) dx.

/(61’2—4:1:—1—5)dx:21‘3—23:2—1-5:64-0.

5.7.2 Finding a particular antiderivative

Vi du mau 17b - Using an initial condition

. . d . .
A curve has gradient function d—y = 322 — 4x + 1, and passes through the point (2, 5). Find y

X
in terms of z.

y:/(3x2—4$+1)da:::c3—2x2—i—m—i—C.
Substituting (2,5): 8 =842+ C=5 = 2+C=5 = C=3.

y=2a%—22%+x+3.

. 10 4
- C=2 Yy
— C=0
—C=-2

Three antiderivatives of f(x) = 2x: the curves y = 2 + C for C = 2,0, —2 are simply vertical shifts of one another, all
sharing the same gradient 2z at every value of x - exactly why an arbitrary constant C must always be included in an
indefinite integral.
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(1) L6i thueng gdp: Quén cong hang s6 +C' 1a 16i phé bién nhat khi tim tich phan bat dinh -
ngay ca khi dé bai khong cho diéu kién ban dau dé tim C cu thé, cau tra 1&i van phai chira +C
& dang téng quat. Chi khi dé cho mét diém cu thé trén dudng cong (diéu kién ban dau) mai cod
thé thay s6 dé giai ra gia tri C chinh xac.

5.8 Definite Integrals and Areas

5.8.1 The fundamental theorem of calculus

Fundamental Theorem of Calculus: if F’(z) = f(z), then
b b
/ f(z)dz = [F(x)]a — F(b) — F(a).

GIAI THICH TIENG VIET
Dinh ly co ban cuta giai tich cho phép tinh tich phan xac dinh chi bang cach tim mot nguyén
ham F(z) bat ky (khong can +C vi n6 sé tu triét tiéu khi lay F(b) — F(a)), r6i thay hai can
vao va trir. Day la cidu ndi quan trong nhat gilra dao ham (Sections 1-6) va tich phan (Sections
7-9).

Vi du miu 18 - Evaluating a definite integral

5.8.2 Area under a curve, and the sign of the integral

If f(z) > 0on |a,b], the area between the curve and the xz-axisis A = / f(z)dz. If f(z) <Oon

(part of) [a, b], the definite integral there is negative (a "signed area”) - to find the true geometric
area, either take the absolute value of the integral over that piece, or split the interval at the
roots of f and sum the absolute value of each piece.

. GIAI THICH TIENG VIET

Tich phan xac dinh j;b f(z)dz chicho ra dung dién tich hinh hoc khi f(z) > 0 trén toan b [a, b].
Néu dudng cong cat xudng dudi truc hoanh & dau dé trong khoang, tich phan tai phan dé sé
am - muédn c6 dién tich hinh hoc that (luén duong), bat budc phai tach khoang tai nghiém
f(x) = 0 va lay tri tuyét déi cta tich phan tirng phan réi cong lai.
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Vi du miu 19 - Area under a curve above the z-axis

Find the area enclosed between the curve y = 42 — 22 and the z-axis.
Roots: z(4 —z) =0 = x = 0,4; since the parabola opens downward, y > 0 on [0, 4].

4 4
A= / (4z — 2?) dz = [2x2 — %3] =32—% =32~10.7(3sf)
0 0

Yy

7 -

The shaded area under y = 4z — z2 between x = 0 and = = 4 (Example 19) equals f04(4ac —x?)dx = 22 ~ 10.7 square
units.

Vi du m3u 20 - A region that dips below the z-axis

Find the (true, geometric) area enclosed by the curve y = 23 — 4z, the z-axis, between z = 0
and z = 3.

y = 2% —4r = z(z — 2)(z + 2) hasroots at x = 0,2,—2; on [0,2], y < 0 (e.g. atz = 1,
y=1-4=-3 <0),whileon[2,3],y > 0(e.g.atz = 2.5,y = 15.625—10 = 5.625 > 0). We must
split at = = 2. With F(z) = &' — 222 F(0) =0, F(2) = 4—8 = —4, F(3) = 20.25 — 18 = 2.25.

2 3
/ (x3—4z) dxr = —4—0 = —4 (negative, since y < 0 there), / (x3—4z) dx = 2.25—(—4) = §.
0 2

Truearea = | —4|+6.25 =4+ 6.25 =|10.25 |.

(By contrast, naively computing f03(3:3 —4z)dr = F(3) — F(0) = 2.25 — 0 = 2.25 without
splitting gives only the net signed value, not the true area - exactly the pitfall to avoid.)
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5.8.3 Area between two curves

If f(x) > g(x) throughout [a,b] (i.e. y = f(x) is the "top” curve and y = g(z) the "bottom”
curve), the area of the region enclosed between them is

b
A= [ 17@) - g(a) do

The limits a, b are usually the z-coordinates of the curves’ points of intersection, found by
solving f(x) = g(x).

GIAI THICH TIENG VIET

ién tich gitra hai duong cong ludn |y (duong trén trir dwdng dudi), tich phan trén khoang
gilra hai giao diém. Budc dau tién ludn 13 gidi phuong trinh f(z) = g(z) dé tim can tich phan,
sau d6 ki€m tra bang mot diém bat ky trong khoang dé xac dinh dudng nao thuc sw nam trén.

Vi du miu 21 - Area between two curves
2

Find the area of the region enclosed between y = 22 and y = 2z — 2.
Intersections: 22 =2r —2? = 222 —2r =0 = 2z(r—1)=0 = x =0,1. Testing z = 0.5:
y=1x%=0.25andy = 22 — 22 = 0.75, so y = 2z — x2 is on top.

The shaded region between y = 2z — x2 (top, pink) and y = =2 (bottom, navy) from = = 0 to = = 1 (Example 21) has
area fol[(Qa: —z?) —z?|dx = 1.

5.8.4 The trapezoidal rule

Rather than approximating each thin vertical strip under a curve with a rectangle, the trapezoidal rule
approximates each strip with a trapezoid whose parallel sides are the function values at the two ends
of that strip. This typically gives a noticeably more accurate estimate than a simple rectangle-based
approximation using the same number of strips, especially when the curve is smoothly increasing or
decreasing throughout each strip.

b—a
n

)

For a function known only at n + 1 equally spaced points z, z, ..., z,, (strip width h =
with values y,, vy, ... , y,,, the trapezoidal rule approximates

b
h
/ f(z)dx ~ 5 Yo+ 2y1 +2ys + -+ 2y, 1 T Yn|-
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. GIAI THICH TIENG VIET

Quy tic hinh thang dung dé wéc lwong tich phan xac dinh khi chi cé bang sé liéu rdi rac (khéng
c6 cong thirc f(z) twong minh): chia khoang thanh n dai déu nhau, cong gia tri dau va cudi,
nhan déi tat ca cac gia tri & gilra, réi nhan vai % Pay la cong thirc duoc cho trong sach dir
kién IB - khoéng can nhé, nhung can biét ap dung dung (dac biét 13 nhan doéi cac gia tri gilra,
khong nhan déi hai dau).

Vi du miu 22 - The trapezoidal rule
4

Use the trapezoidal rule to estimate / f(z) dx from the table:
0

Here h = 1 (n = 4 strips).

4
/ f(x)d ~ 1[2+2(5)+2(6)+2(4)+3] :%[2+10+12+8+3]:%(35):.
0

O |

(1) L6i thueng gap: Khi tinh dién tich cé phan dudng cong ndm dwéi truc hoanh, 16i phd bién
nhat I3 tinh thang fab f(z)dz trén toan khodng ma khong tach tai nghiém - két qua chi la dién
tich c6 dau (signed area, cac phan duong/am triét tiéu 1an nhau), khéng phai dién tich hinh
hoc that. Luén tim nghiém cda f(x) = 0 trong khoang, tach tich phan tai dé, lay tri tuyét doi
tirng phan roi cong lai (xem Example 20).

5.9 Kinematics via Integration

5.9.1 Displacement and total distance from velocity

t2
Given velocity v(t), the displacement over [t,,t,] is s(t5) — s(t;) = / v(t) dt; the antideriva-
21
tive s(t) = [wv(t)dt + C is found in full using an initial condition (e.g. a given value of s at

ty
some time). The total distance travelled over [t,,,] is / |v(t)| dt, computed by splitting the
t

1
interval at every point where v(¢) = 0 changes sign and summing the absolute value of the dis-
placement on each sub-interval - exactly the same idea as area-under-the-curve calculations,
since |v(t)| > 0 everywhere by definition.

. GIAI THICH TIENG VIET

D6 dich chuyén (displacement) tir ¢, dén t, 1a tich phan xac dinh j:g v(t)dt - c6 thé am néu
vat két thuc Ui so véi diém xuat phat. Quang dudng di duoc (total distance) ludn duwong, tinh
bang fttQ |v(t)|dt: phai tach khodng tai cac thai diém v(t) = 0 doi diu (vat déi hudng), tinh tri

tuyét déi tirng doan rdi cong lai - giéng hét ky thuat tinh dién tich khi dudng cong cat truc
hoanh (Section 8).
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Vi du miu 23 - Displacement and total distance from a velocity function

A particle’s velocity (m/s) at time ¢ seconds (0 < t < 5)isv(t) =2 —4t+3 = (t—1)(t—3),and
s(0) = 2m. (a) Find s(¢). (b) Find the displacement at ¢t = 5. (c) Find the total distance travelled

betweent =0and t = 5.
3

(a)s(t):/(t2—4t+3)dt:t3—2t2—|—3t—|—C. Since 5(0) =2,C = 2:

t3
s(t) = §—2t2+3t+2.

Q

(b) s(5) = 122 —504+ 1542 = 122 —33 = 2 ~ 8.67 m. So displacement over [0, 5] is
s(5) —5(0) =% —2 =2 ~6.67m.

(€ v(t) = 0att = 1,3; sign: v(0) =3 > 0,v(2) = -1 < 0,v(4) = 3 > 0. Need s(1) =
:—2+3+2=4ands(3)=9—-18+9+2=2.

Distance = |12 — 2|+ [2— 2|+ |2 -2/ =3+ 3+ 2 =2 ~9.33m,
{7} |em{zem} |o{zem}
0,1] 1,3] 3,5]

which differs from the net displacement of % ~ 6.67 m found in part (b), because the particle
reverses direction twice.

Velocity v(t) = t2 — 4t + 3 for the particle of Example 23: the navy regions (v > 0) and pink region (v < 0) must be
treated separately, using absolute values, to get the true total distance travelled (% m) - simply integrating v(t) over
[0, 5] directly gives only the net displacement, % m.
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(!) L&i thueng gap: Nham 1an gitra dé dich chuyén (displacement, [ v dt, c6 thé am) va quang
duong di dugc (total distance, [ |v| dt, ludn duong) la 16i rat phé bién. Néu van téc déi dau
trong khoang thoi gian dang xét, hai dai lvong ndy chac chan khac nhau - chi tinh mét tich
phan duy nhat trén toan khoang (khéng tach tai di€ém dai diu) sé cho ra dé dich chuyén rong,
khéng phai téng quang dudng da di.

5.10 Implicit Differentiation and Related Rates (HL)
5.10.1 Implicit differentiation

When an equation relating = and y is not solved explicitly for y, we may still find d—y by implicit
X

differentiation: differentiate both sides of the equation with respect to x, term by term, treat-
ing y as an (unspecified) function of = and applying the chain rule every time a term involving

- . . d d d .
y is differentiated (since %[g(y)] =9 (y) - d—z). Then collect every % term on one side and
solve algebraically.

GIAI THICH TIENG VIET

Dao ham an (implicit differentiation) dung khi phu’omg trinh khéng dugc glal san theo y (vi du
phuong trinh dudng tron). Dao ham ca hai vé theo z, coi y 1a mét ham an cda 2: méi khi dao

S A . I ./ I g 1a N T A
ham mot s6 hang chira y, phai nhan thém d—y (ding quy tac day chuyén, vi y chinh Ia "ham bén
T

(o o QY e e e e R
trong”). Cubi cung, gom cac s6 hang chira d—y vé mot vé va giai dai s6 binh thudng.
X

Vi du miu 24 - Implicit differentiation of a circle

. . d . . .
Find d—y for the circle 2% + y? = 25, and find the gradient of the tangent at the point (3, 4).
X

. L . . dy d d
Differentiating both sides with respect to x: 2:c+2yd =0= Yo T at (3,4): dy _ 3
Y

dx dx 4’

Vi du mau 24b - Implicit differentiation of a general curve

Find yforthecurve:c y +y> = 10 at the point (1, 2) (check: 1(2) +23 =2 +8 =10 V).

. . d d
Differentiate term by term. For 22y, use the product rule: d—(:ﬁy) = 2xy + x2d—y. For y3, use
X X

dy
the chain rule: —(y3) = 3y2—-=.
e chain ru (v°) I
dy dy Y dy 2xy
2 2224322 =0 = Z(22+312) = 22y = =
Tyt dx+ Y e dx(m +3y°) vy dx x? + 3y
d 2(1)(2 4
Aty _20Q) 4 e

der — 1+3(4) 13
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5.10.2 Related rates

Chién lugc giai bai toan téc do lién quan

1. Identify every variable that changes with time ¢; write down the given rate(s) and the rate
to be found.

2. Find an equation (often geometric) relating the variables.

3. Differentiate both sides with respect to ¢ (implicit differentiation in t): every variable’s

d(variable)

derivative becomes , via the chain rule.

4. Substitute the known values at the specific instant in question, and solve for the required
rate.

. GIAI THICH TIENG VIET

Bai toan téc do lién quan (related rates) ludn theo 4 budc: xac dinh cac bién thay déi theo thoi
gian va téc do da biét/can tim; tim mot phuwong trinh lién hé cac bién (thuong |a hinh hoc, vi
du thé tl'c;(r;ay dinh ly Pythagoras); dao ham ca hai vé& theo thoi gian ¢ (m6i bién sinh ra mot
L. dt
ra toc do can tim.

Vi du miu 25 - Related rates: an expanding balloon

A spherical balloon is inflated so its volume increases at a constant rate of 100 cm?3/s. Find the
rate at which the radius is increasing when the radius is 15 cm, correct to 3 s.f.

dao ham theo quy tic day chuyén); cudi cung thay sé tai ding thoi diém duoc héi roi giai

V = 2. Differentiating with respect to ¢: av _ 47T7“2£. Given av _ 100 and r = 15:
dt dt dt
dr dr dr 100 1
= 2- — — — = —— = —=0. f.).
100 = dm(15)2 2 = 000w = — = o0 = o~ 0.0354 cm/s (3 s.f)

Vi du miu 26 - Related rates: a sliding ladder

A 5 m ladder leans against a vertical wall, foot on horizontal ground. The foot is pulled away
from the wall at a constant 0.6 m/s. Find the rate at which the top slides down the wall when
the foot is 3 m from the wall, correct to 3 s.f.

Let = = distance of the foot from the wall, yy = height of the top on the wall. Constraint (Pythago-
. . . d d
ras, ladder length fixed): 22 + y? = 25. Differentiating with respect to ¢: 2227 4 2y—y =0 =

dt dt
dx dy L - . dr
ma—i—ya = 0. When z = 3: y = v/25 — 9 = 4. Given 7 = 0.6:
dy dy dy
3(0.6) + 7 0 = 1.8+ 7 0 = 7 0.45 m/s

The negative sign confirms y is decreasing: the top slides down at 0.45 m/s.
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dy/dt

Y

dr7dt
T

A 5 m ladder leaning against a wall (Example 26): as the foot slides away from the wall (dz/dt¢ > 0), the top slides down
(dy/dt < 0); the constraint x2 + y2 = 25 links the two rates at every instant.

5.11 Volumes of Revolution and Integration by Substitution (HL)
5.11.1 Volume of revolution about the x-axis

When the region under y = f(x) between z = a and x = b is rotated 360° about the z-axis,
the volume of the resulting solid is

V= w/ab ] .

(Each thin vertical slice becomes, after rotation, a circular disc of radius f(x) and area [ f(z)]?;
integrating these disc areas along the axis gives the total volume.)

GIAI THICH TIENG VIET
Khi viing duéi duding cong y = f(x) (tr 2 = a dén = = b) quay quanh truc hoanh, méi Iat cat
mong vuodng goc vai truc z trg thanh moét hinh tron ban kinh f(x), dién tich 7[f(x)]?; tich phan
cac dién tich hinh tron ndy doc theo truc = cho ra cong thirc thétich V =« j;b[f(ac)]de. Luuy

ludn binh phuong f(z) trudc khi tich phan - quén binh phuong 13 16i phé bién clia cong thirc
nay.

Vi du mau 27 - Volume of revolution

Find the volume generated when the region under y = /x between x = 1 and x = 4 is
rotated 360° about the z-axis.

4 4 4
V= 77/ (\/5)2 dr = 77/ xdr = W[%xz] =7 (8—3) =17.5m ~ 23.6 (3 s.f., cubic units).
1 1 1
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Y
3]

The solid formed by rotating y = \/z (1 < z < 4) about the z-axis (Example 27): each cross-section is a circle of radius
Vz, giving volume V = 77_[14 x dx = 7.57 ~ 23.6 cubic units.

5.11.2 Integration by substitution

To evaluate / f(g(2)) ¢’ (x) dx, let u = g(z), so du = ¢’(z) dz; the integral becomes / f(u)du

(hopefully simpler). For a definite integral, either substitute back to = before applying the
original limits, or (often faster) change the limits to the corresponding u-values and evaluate
entirely in terms of w.

GIAI THICH TIENG VIET
Phép d6i bién (substitution) tim mét biéu thirc u = g(x) sao cho du = ¢’(z)dx xuat hién sn
trong tich phan ban dau, bién tich phan phirc tap theo = thanh mét tich phan don gian theo w.
Vi tich phan xac dinh, cach nhanh nhat 13 d6i ludn ca hai can sang gia tri v tuong (ng, tranh
phai déi nguoc vé = & budc cudi.

Vi du miu 28 - Substitution: indefinite integral

Find / 22(2? + 1)* dx.
Let u = 22 + 1, so du = 2z dz - exactly the factor already present.
5 2 1 5
[ 2t vtde = [utau= Yo e

Vi du miu 28b - Substitution: definite integral, changing the limits

2
Evaluate / v/ x2 + 5 dx using substitution.
0

Letu =22+ 5,50 du = 2z dzr = xdx:%du.Whenxzo,u:S;Whenx:Zu:Q.

2 9 9
1 172 1 1
/ xVa? +5de = / Vg du =3 [§u3/2] =3 (932 —53/2) = 3(27-11.180) ~ 5.27(3 s.f.).
0 5 5

5.12 Differential Equations (HL)

5.12.1 Setting up a differential equation, and slope fields

A differential equation relates an unknown function to its own derivative(s). In an applied context,
a rate-of-change statement translates directly into a differential equation: e.g. "the rate of increase

. . . . dP
of a population is proportional to its current size” becomes o= kP.
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A slope field (direction field) for Z—y = f(z,y) is a grid of short line segments: at each grid
xXr

point (z,y), the segment’s gradient equals f(z,y). Without solving the differential equation,
the slope field shows the general shape of every solution curve, since any solution curve must
be tangent to the field’s segments at every point it passes through.

- GIAI THICH TIENG VIET
Phuong trinh vi phan lién hé mot ham sé chua biét vai chinh dao ham cua né - cac phat biéu
"t6c d6 thay déi ti 1€ vai..” trong dé bai ludn dich truc ti€p thanh mot phuong trinh vi phan

d dP . 2 p
dang d—i = ... (hoac o = ...). Trwrong hudng (slope field) 1a moét ludi cac doan thang ngan,

moi doan c6 do déc bang f(x,y) tai diém do - cho phép hinh dung hinh dang nghiém ma
khéng can giai phuong trinh vi phan, vi moi dudng cong nghiém ludn ti€p xuc véi cadc doan
cla trudng hudng tai moi diém no di qua.

d . . .
Slope field for Y _ L y: each short grey segment shows the gradient a solution curve must have at that point. The

X
pink polyline is the Euler’s-method approximation of Example 29 (step size h = 0.5, starting at (0, 1)), which follows the
direction of the surrounding field.

5.12.2 Euler’'s method

. d

Given & —
. dx L : .

cessive approximations to the solution curve using

f(z,y) with y(z,) = y, and a chosen step size h, Euler's method generates suc-

M| :xn+h’ Ynt+1 — yn+hf<$nvyn)

Smaller step sizes give a more accurate approximation to the true solution curve, at the cost
of more steps.

- GIAI THICH TIENG VIET
Phuong phap Euler uéc luong nghiém cta phuong trinh vi phan bang cach di tirng buéc nhé:
tai moi diém, dung do déc hién tai f(x,,,,,) (tir chinh phuong trinh vi phan) dé dy doan tuyén
tinh gia tri y tai budc tiép theo. Budc nhay h cang nho, xap xi cang chinh xac (nhung can nhiéu
budc tinh hon) - day la phuong phap sé (numerical), khong cho ra cong thirc nghiém tudng
minh.
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Vi du miu 29 - Euler’s method, step by step

. d . . . .
Given d—y = x — y with y(0) = 1, use Euler’s method with step size h = 0.5 to estimate y(1.5)

X
(3 steps).

n T, Yn f(‘rn’ yn) =Tn —Yn
0 O 1 —1

1 05 1405(-1)=05 05—-05=0

2 1.0 0.540.5(0) = 0.5 1.0—-0.5=0.5

3 15 0.5+0.5(0.5)=0.75 -

So Euler’s method gives y(1.5) ~ .

Vi du mau 29b - Refining Euler’s method with a smaller step size

. d . .
Repeat the previous example (—y =z —y, y(0) = 1) using the smaller step size h = 0.25 to

estimate y(1.5), and compare the accuracy with the » = 0.5 result.

n Ly Yn f(xn? yn) =Tp —Yn Yn+1 = YUn + 025f($n7 yn)
0 0 1 —1 0.75
1 025 0.75 —0.5 0.625
2 0.5 0.625 —0.125 0.594
3 0.75 0.594 0.156 0.633
4 1.0 0.633 0.367 0.725
5 1.25 0.725 0.525 0.856

So with h = 0.25, y(1.5) ~ 0.856, compared with 0.75 using h = 0.5. This equation is in fact
linear and solvable exactly: the exact solutionis y = z — 1 + 2¢~? (check: ' = 1 — 2¢7%, and
r—y=x—(z—1+2e7%) = 1-2¢"% =y V), giving the true value y(1.5) = 0.5+2¢ 15 ~ 0.946.
The i = 0.5 estimate has error ~ 0.196; the h = 0.25 estimate has error ~ 0.090 - roughly half
the error from half the step size, exactly as expected for Euler’'s method.

2t —— exact solution
—e— Euler,h=0.5
—e— Euler, h = 0.25
1.5
>
1 «v
0.5 | /
0

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
T

. d . .
Euler's method estimates for 2y _ z — 1y, y(0) = 1 (Example 29b), compared with the exact solution y =  — 1 + 2e™%:
X
halving the step size from A = 0.5 to h = 0.25 roughly halves the error at z = 1.5.
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5.12.3 Separable differential equations

A first-order differential equation is separable if it can be written % = g(x)h(y). Rearranging

1
to —— dy = g(z) dz and integrating both sides independently,

h(y)
/h(ly)dy:/g(x)dw—i-c,

gives the general solution; an initial condition fixes C, giving the particular solution.

. GIAI THICH TIENG VIET

Phuong trinh vi phan tach bién (separable) |a loai c6 thé viét thanh dang "moi thir chira y va
dy & mot vé, moi thir chlra = va dx & vé con lai.” Sau khi tach, tich phan déc 1ap hai vé cho ra
nghiém téng quat (chira hang s6 C); mét diéu kién ban dau (mot cap gia tri z, y da biét) sé xac
dinh C cu thé, cho ra nghiém riéng.

Vi du mau 30 - Solving a separable differential equation

d 2r . . .
Solve d—y = —x, given y = 3 when z = 0. Find y in terms of z, and evaluate y at z = 2, correct
x Yy
to 3 s.f.

2
Separating variables: y dy = 2z dx. Integrating both sides: % =22+C, = y*=222+C. At

r=0y=39=0+C = C=9. S0y?>=222+9 = y=+/222+ 9 (positive root, since
y = 3 > 0 initially).

Atz =2: y=+/24)+9=V17~4.12(3sf).

Check: differentiating 4> = 222 + 9 implicitly gives 2yy’ = 42 = ¢ = it v/, matching the
Y

original equation.

Vi du mau 30b - A separable growth model

. . . . dP .
A population P grows at a rate proportional to its current size: i 0.03P, with P(0) = 5000.
Find P(t), and estimate the population after 10 years, correct to 3 s.f.

) 1
Separating: FdP = 0.03dt = InP = 0.03t+C, = P = A’ (where A = ).
P(0) = A = 5000, so P(t) = 5000e%-93,

P(10) = 5000e%3 ~ 5000(1.34986) ~ 6750 (3 s.f.).

5.13 Kinematics in Two Dimensions with Vectors (HL)
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5.13.1 Position, velocity, and acceleration vectors

The position vector r(¢) describes a moving particle’s location at time ¢. The velocity vector
v(t) = r'(t) is found by differentiating each component of r(¢) separately with respect to ¢;
the acceleration vector a(t) = v’ (¢) similarly, componentwise. Speed is the magnitude of the

velocity vector, |v(t)| = /v, (t)? + v5(t)2. The displacement over [t,, ¢,] is found by integrating
2
the velocity vector componentwise: r(t,) —r(t;) = / v(t)dt.
t

- GIAI THICH TIENG VIET
V&i chuyén déng trong mat phang, vecto vi tri r(t), vecto van téc v(t) = r’(t), va vecto gia t6c
a(t) = v/(t) déu dugc tinh bang cach dao ham (hoic tich phan) tirng thanh phian mét cach déc
13p - hoan toan khéng c6 gi khac thudng so vai dao ham/tich phan mét bién, chi can 13p lai
cho mbi toa do. Téc do (speed, mét dai lugng vé huéng, ludn > 0) 13 dd I6n cua vecto van téc,
khac véi chinh vecto van téc (c6 hudng).

Vi du miu 31 - Two-dimensional projectile-style motion

16t — 4.9t
Find v(¢) and a(t). (b) Find the speed at ¢t = 1, correct to 3 s.f. (c) Find the displacement vector
betweent=1andt = 2.

@v()=r(t) = <16 i29 8t> ,a(t)y =v'(t) = (_8 8) (constant, gravity).

A projectile’s position vector (¢t seconds after launch, in metres) is r(t) = ( 12t ) (a)

(b) v(1) = (éé) Speed = |v(1)| = V122 + 6.22 = \/182.44 ~ 13.5 m/s (3 s.f.).
(1) = (11121> (2) = (1221.14)

1.3

Displacement = r(2)—r(1) = (1221 _ ﬁ 1) - (12> m,  [displacement| = /122 +1.3% ~ 11

.1 m (3 s.f.).
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y (m)
A

The trajectory traced by r(t) = (12t, 16t — 4.9t2) (Example 31): positions at ¢ = 1 and t = 2 (pink) are used to find the

displacement vector between them, (1123) m.

Practice

Bai tap luyén tap

Using differentiation from first principles, find f’(x) for f(z) = 22 + 3.

Loi giai chi tiet

-

2 2 2
f(z) = lim EEA+3@Hh) = (@ +32) o Bh AR SR G o) — 20,
h—0 h h—0 h h—0

Bai tap luyén tap

Which expression correctly represents the raw (pre-simplification) definition of f’(x) for
f(z) = 22, using the limit definition directly?

(A) fim EFR°—2? © lim &=
h—0 h—0
2
(®) 2 o)
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Loi giai chi tiét

(x + h)?2 — 22

By definition, f"(x) = lim,,_, . (A).

= Ilmheo

f(x+h) = f(x)
h

Bai tap luyén tap

Differentiate f(z) = 522 — 2z from first principles, showing all steps.

Loi giai chi tiet

2 _ 2 _ 2 _
fla) = lim 2EHR —2@+h) = (627 =22) o 102h+5R=2h _ po om0y~ 1002,
h—0 h h—0 h h—0

Bai tap luyén tap

Given that f(z) = 23 has derivative f’(z) = 32?2 (found from first principles in Example 2),

3 _
evaluate lim M

without re-expanding from scratch.
h—0

Loi giai chi tiét

This limit is exactly the definition of f’(2) for f(z) = . Since f’(z) = 32, f/(2) = 3(4) =| 12|

Bai tap luyén tap

-

Differentiate y = 72* — 32 + 22 — 9.

Lai giai chi tiét

-

y = 28x3 — 922 + 2.

Bai tap luyén tap

»JAI

Differentiate y = — — 3/x.
x

Loi giai chi tiét

-

12 3
Rewrite y = 4073 —32Y/2:1 ¢/ = —1207 4 — 312 = -2 _—_|
ewrite y g 7 Y 7 o PN
Bai tap luyén tap
i(sin:v+3cosac—2e”¢) =
dx
(A) cosz — 3sinz — 2e® (C) cosz + 3sinx — 2e”
(B) —cosx + 3sinz — 2¢e* (D) cosx — 3sinz + 2¢e%
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Loi giai chi tiét

cosz + 3(—sinx) — 2e* = cosx — 3sinx — 2e”. (A).

Bai tap luyén tap

Differentiate y = (52 — 2) using the chain rule.

Lai giai chi tiét

-

y = 6(5bz —2)° -5 = 30(bz — 2)°.

Bai tap luyén tap

Differentiate y = x* In z using the product rule.

Loi giai chi tiet

-

1
y =4z3Inz+2*- - =423Inz + 23 = 23(4Inz + 1).
75

Bai tap luyén tap

U".I

. . n . .
Differentiate y = —233 using the quotient rule.
T

Loi giai chi tiet

-

/

Y

x2cosxr —sinx-2x xcosx—2sinz
x4 x3 ’

Bai tap luyén tap

Differentiate y = €3 cos(2z).

Loi giai chi tiét
Product rule with f = €37 (f = 3e3%), g = cos(2z) (¢/ = —2sin(2z)):

y' = 3e3% cos(2z) — 237 sin(2z) = e3®[3 cos(2x) — 2sin(2x)].

Bai tap luyén tap

2z
Differentiate y =

241

Loi giai chi tiet

-

Quotient rule with f = €2* (f' = 2¢%?), g = 2% + 1 (¢’ = 2z):

2e2% (2% +1) —e?*(2x)  2e**(z® —x +1)
(22 41)2 (a2 +1)2

/

y:
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Bai tap luyén tap

Find the equation of the tangenttoy = 22 — 42 + 1 at z = 3.

Loi giai chi tiet

-

f8)=9—-12+1=-2. f'(x) =2z —4, f/(3) =2. Tangent: y + 2 =2(x — 3) = y = 2z — 8.

Bai tap luyén tap

Find the equation of the normal to y = /z at x = 4.

Loi giai chi tiét

-

f(4) =2, f'(z) = ==, f’(4) = 1. Normal gradient = —4. y —2 = —4(z —4) = y = —4z +18.

Bai tap luyén tap

-

The curve y = 22 — 622 + 92 + 2 has stationary points at:

(A) z=1,3 (C) z=-1,-3
(B) x =0,2 (D) = =2 only

Loi giai chi tiét

Y =322 - 122+ 9=3(x—1)(z—3)=0=2=1,3. (A).

Bai tap luyén tap

For f(x) = 2% — 622 + 9z + 2, classify the stationary points at z = 1 and 2 = 3 using the first
derivative test, and state the intervals of increase/decrease.

Loi giai chi tiét
f'(z) = 3(x —1)(z —3). Sign: f/(0) =9 >0, f'(2) = -3 <0, f'(4) =9 > 0. Increasing
on (—oo,1) U (3,), decreasing on (1,3). Local max at z = 1 (f(1) = 6); local min at x = 3

(f(3) =2).

Bai tap luyén tap

Find the values of x for which f(z) = 223 — 322 — 12z + 5 is decreasing.

Loi giai chi tiét
f/(z) = 622 — 62 —12 = 6(x —2)(z + 1). f/ < 0Owhen —1 < z < 2, so f is decreasing on
(—1,2).

Bai tap luyén tap

Find f”(z) for f(z) = 2* — 42° + 622.
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Loi giai chi tiét

f(x) =423 — 1222 + 12z, f"(x) = 1222 — 242 + 12 = 12(x — 1)%

Bai tap luyén tap
For f(z) = 23 — 3z + 2, use the second derivative test to classify the stationary point at z = 1.

(A) Local maximum (C) Point of inflection

(B) Local minimum (D) Cannot be determined

Loi giai chi tiét

f(r)=322—-3=0=a=+1. f/(x) = 62, f/(1) = 6 > 0 = local minimum. (B).

Bai tap luyén tap

Find the point of inflection of f(x) = 2® — 622 + 9z + 1, and confirm the concavity genuinely
changes sign.

Loi giai chi tiét

ff(z) =6x—12=0= 2 =2 f'(1) = —6 <0, f(3) = 6 > 0: genuine sign change.
f(2) =8—24+418 + 1 = 3. Inflection point (2, 3).

Bai tap luyén tap

Determine the intervals of concavity of f(z) = 2% — 622

Loi giai chi tiét

f/(x) = 1202 — 12 = 12(z — 1)(z + 1). Concave up for z < —1 or = > 1; concave down for
—1 < z < 1. Inflection points at z = +1 (sign changes at both).

Bai tap luyén tap

Show that f(z) = (z — 1)* has f”(1) = 0, but explain why z = 1 is not a point of inflection.

Loi giai chi tiet

f(z) =4(z—1)3, f’(x) = 12(z—1)? > 0 for all z: it never becomes negative, so the concavity
never changes sign. Hence z = 1is not an inflection point - itis in fact a local (global) minimum,
since f’ changes sign from — to + there.

Bai tap luyén tap

Find the point(s) of inflection of g(z) = 2* — 423, and confirm each is genuine.
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Loi giai chi tiét

g (z) = 423 — 1222, ¢" (z) = 1222 — 24z = 12x(z — 2), zero at z = 0, 2. Sign: g”(—1) = 36 > 0,
9" (1) = =12 < 0, g"(3) = 36 > 0: both sign changes are genuine. ¢(0) =0, g(2) = 16 — 32 =
—16. Inflection points: (0,0) and (2, —16).

Bai tap luyén tap

A rectangular box with a square base and no top is to have volume 108 cm3. Find the dimen-
sions minimizing the surface area, and the minimum surface area.

Loi giai chi tiét

Base side z, height h: V = 2?h = 108 = h = 108/z% SA(z) = 2? + 4zh = 2? + 432/x.
SA(z) = 20 —432/2> = 0 = 23 = 216 = = = 6cm. h = 108/36 = 3 cm. SA"(z) =

2 + 864/z3 > 0: confirms minimum. SA,;, = 36 + 432/6 = 36 + 72 = .

Bai tap luyén tap

A rectangular field of area 200 m? is to be enclosed on all four sides. If x is one side length,
which function of = should be minimized to find the least amount of fencing?

(A) P(x) =2z +400/x (C) P(x) =2z +200/z
(B) P(z) =2 +200/x (D) P(x) =4z + 200

Loi giai chi tiét

xy =200 = y = 200/z. P = 2z + 2y = 2x + 400/z. (A).

Bai tap luyén tap

Solve the optimization of the previous question fully: find the dimensions minimizing the
perimeter, and state the minimum perimeter, correct to 3 s.f.

Lai giai chi tiét

-

P(z) = 2z +400/z. P'(z) = 2 —400/2% = 0 = 2% = 200 = z = 10v2 ~ 14.1 m. Then
y = 200/x = 10+/2 as well (a square). P”(z) = 800/2> > 0 confirms a minimum.

Poin = 4(10V/2) = 40v2 ~ 56.6 m (3 s.f.).

Bai tap luyén tap

A 30 cm by 20 cm sheet of cardboard has equal squares of side = cut from each corner, and
the flaps folded up to form an open-top box. Find the value of z that maximizes the volume,
and the maximum volume, correct to 3 s.f.

Lai giai chi tiét

V(z) = 2(30—22)(20—2x) = 423 —10022 + 600z, for 0 < = < 10. V'(z) = 1222 —2002+600 =

50 4+ /700 50 — +/700
— Only

0=322—-50z+150=0=z = T= e 3.92 cm lies in (0, 10) (the
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other root, ~ 12.7, is rejected). Since V' changes from + to — at z ~ 3.92 (a downward-then-
upward-opening check confirms this is the only valid critical point in range), this is a maximum.

V(3.92) ~ 3.92(30 — 7.85)(20 — 7.85) ~ 3.92(22.15)(12.15) ~ 1060 cm? (3 s.f.).

Bai tap luyén tap

A particle’s displacement is s(t) = #3 — 9t + 24t m, t > 0. Find v(¢) and a(t), and the times
when the particle is at rest.

Loi giai chi tiét

v(t) = 3t? — 18t + 24 = 3(t — 2)(t — 4); a(t) = 6t — 18. Atrest when v = 0: t = 2, 4.

Bai tap luyén tap
For the particle of the previous question, is it speeding up or slowing down at¢ = 1?

(A) Speeding up (C) Atrest
(B) Slowing down (D) Cannot tell

Loi giai chi tiét

v(1) =3(—1)(=3) =9 > 0; a(l) = 6 — 18 = —12 < 0. Velocity and acceleration have opposite
signs, so the particle is slowing down. (B).

Bai tap luyén tap

For the particle s(t) = t3 — 9t2 + 24t, find the total distance travelled in the first 5 seconds.

Loi giai chi tiet

Critical times in [0,5]: ¢t = 2,4. 5(0) =0, s(2) = 8 — 36 + 48 = 20, s(4) = 64 — 144 + 96 = 16,
s(5) = 125 — 225 4 120 = 20. Distance = |20 — 0| + |16 — 20| + |20 — 16] = 20+ 4 + 4 =
(net displacement is only 20 m).

Bai tap luyén tap

A ball's height (m) above ground after ¢ seconds is h(t) = 30t — 5t (0 < t < 6). Find the
maximum height and when it occurs.

Lai giai chi tiét

h'(t) =30—10t =0 =t = 3; h”(t) = —10 < 0 confirms a maximum. h(3) = 90 — 45 = 45 m
att =3s.

Bai tap luyén tap

Find /(6372 — 4z +7)dx.
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Loi giai chi tiét

-

223 — 222 + Tz + C.

Bai tap luyén tap

-

/(3cos:r—2sinx)dx:?

(B) 3sinz —2cosz + C (D) 3sinz —2cosz

Loi giai chi tiét

-

3sinz —2(—cosz) + C = 3sinx +2cosz + C. (A).

Bai tap luyén tap

Find / (5 +4er
xT

Lai giai chi tiét

dx.

N——

-

. 3
Rewrite 372 | (3272 + 4e®) dz = —— + 4¢® + C.
i

I\

Bai tap luyén tap

X

Loi giai chi tiet

-

Bai tap luyén tap

2
Evaluate / (32% — 2z + 1) du.
0

Loi giai chi tiet

-

Fz)=23—22+2. F2)—F(0)=(8—4+2)—0=6.

Bai tap luyén tap

4
/1 % de =7

(A) 4 (C) 8
(B) 2 (D) 6
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A curve’s gradient function is ;i_y = 622 — 2, and it passes through (1, —3). Find .

y=213—2r+C. At (1,-3):2—-2+C=-3=C=-3.y=22%—22—3.
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Loi giai chi tiét
Antiderivative 4,/z. F(4) — F(1) =8 — 4 = 4. (A).

Bai tap luyén tap

Find the area enclosed between y = 6z — 22 and the z-axis.

Lai giai chi tiét

-

3

Roots at z = 0, 6; y > 0 throughout. A = j("f(ﬁx — 2?)dz = [3z? — £ |8 = 108 — 72 = 36.

Bai tap luyén tap

Find the true (geometric) area enclosed by y = 2% — z, the z-axis, and the linesz = —1, 2z = 1,
taking care with the sign of the curve.

Loi giai chi tiet

y=a(z—1)(z+1):y > 00n (1,0, y < 0on (0,1). Flz) = & — 2. [° (2P —z)dz =
0— (-1 =1 fol(m3 —z)dz =—3—0=—1 Truearea= 1+ = (note the signed integral
over [—1, 1] is 0, which is not the true area).

Bai tap luyén tap

Find the area of the region enclosed between y = 22 + 1 and y = 5 — z2.

Loi giai chi tiét

-

Intersections: 22 +1=5—122 = 22 =2 = z = +1/2. Top curveis y = 5 — 22 (check at z = 0).

V2 v
= 2 — 2 _ 16vV2
A= [\/5(4 —22%)dw = [dv — 32°]_ 5 =257 ~ 7.54 (3 sf).

Bai tap luyén tap

8
Using the trapezoidal rule with 2 = 0,2,4,6,8 and f(xz) = 3,7,9, 6, 4, estimate / f(z)dx.
0

Lai giai chi tiét

-

h = 2. Estimate = 2[3 + 2(7) + 2(9) + 2(6) + 4] = 1[3 + 14 + 18 + 12 + 4] = [51].

Bai tap luyén tap

A car's speed (m/s) is recorded every 2s: t = 0,2, 4,6,8,10 with v = 0,8, 14, 18, 20, 21. Use the
trapezoidal rule to estimate the distance travelled in the first 10 s.
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Loi giai chi tiét

h = 2. Estimate = 2[0+2(8)+2(14)+2(18)+2(20)+21] = 1[0+16-+28+36+40-+21] =141 m|.

Bai tap luyén tap

Find the area enclosed between y = sin z and the z-axis for 0 < z < .

Loi giai chi tiet

-

Since sinz > 0 throughout [0, 7], no splitting is needed:

A:/ sinzdr = [—cosz|j = (—cosm) — (—cos0) =1+1 :.
0

Bai tap luyén tap

A particle’s velocity is v(t) = 4t — t2 m/s, 0 < t < 5, with s(0) = 0. Find s(¢) and s(5).

Loi giai chi tiét

S(t):2t2—§+0;s(0):0:020. s(5) =50 — 125 = 2 ~ 8.33 m.

Bai tap luyén tap
For the particle in the previous question, at what time(s) in (0,5) does it change direction?

(A) t=0only (C)t=0andt =14
(B) t =4 only (D) Never

Loi giai chi tiét

v(t) =t(4—t) =0att =0,4,v > 0o0n (0,4), v < 0on (4,5). Since ¢ = 0 is the starting
boundary (not an interior sign change), the only direction change is at ¢t = 4. (B).

Bai tap luyén tap

Find the total distance travelled by the particle v(t) = 4t — t?> betweent = 0 and t = 5.

Loi giai chi tiét
s(0) =0, s(4) =32 — & = 32 4(5) = 22 (from before). Distance = 32 + |
13 m | (net displacement was only 2> ~ 8.33 m).

w8}
|
wli3
I
w|®
+
i~
Il

Bai tap luyén tap

A stone is dropped with velocity v(t) = 9.8t m/s (downward positive). Find its displacement
after 4 s, and confirm it matches %th.
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Loi giai chi tiét

s(4) = [ 9.8t dt = [4.9¢°]4 = 4.9(16) = 78.4 m. Check: 1(9.8)(4)> = 4.9(16) = 78.4m V.

Bai tap luyén tap

A particle’s velocity is v(t) = 2sint m/s for 0 < t < 2, with s(0) = 0. Find the displacement
after t = 7, and the total distance travelled from¢ = 0to ¢t = .

Loi giai chi tiet

Since sint > 0 throughout [0, 7], velocity never changes sign there, so displacement and dis-
tance are equal on this interval. s(t) = —2cost + C; s(0) = —24+C =0 = C = 2, s0
s(t) =2 —2cost.

s(m)=2—-2(—1) = = total distance travelled (since v did not change sign).

Bai tap luyén tap

Find d—y by implicit differentiation for 22 + 4y? = 20 at (2, 2).
xr

Loi giai chi tiet

-

Q‘I

YT (22—

Y 1
2 8y— =0 z.
T yda: - dx 4y 8 4

Bai tap luyén tap

e . . d
Implicit differentiation of zy = 12 gives Y g

dx
(A) —y/x (C) —=z/y
(B) y/x (D) 12/z
Product rule: y + m@ =0= dy __9 (A).
dx dx x

Bai tap luyén tap

. od .
Find ﬁ for 22 + 2y + y? = 7 at the point (1, 2).

Loi giai chi tiét

Q‘I

Yy dy dy 2z +y
x+y+xdx+ ydx dx T+ 2y

. At (1,2): —g = —038.
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Bai tap luyén tap

A spherical snowball melts so its volume decreases at a constant rate of 2 cm3/min. Find the
rate its radius is decreasing when » = 5 cm, correct to 3 s.f.

Loi giai chi tiét

v = 47?7“2% —2= 471'(25)@ = 10071'ﬁ = ar_ 1

Bai tap luyén tap

A rectangular tank with fixed base 3 m by 2 m is filled so the depth A rises at 0.2 m/min. Find
the rate the volume is increasing.

Loi giai chi tiet
v dh

= — =6—- = 6(0.2) = 1.2 m3/min.
14 Gh:dt 6dt 6(0.2) 2 m®/min

-

Bai tap luyén tap

A street lamp is 6 m high. A person 1.8 m tall walks directly away from the lamp at 1.2 m/s.
Find the rate at which the length of the person’s shadow is increasing, correct to 3 s.f.

Loi giai chi tiet

Let z = distance of the person from the lamp base, s = shadow length. By similar triangles,

6 1.8
= —=65=18r+18s=42s=18z=s=3x
T+ s S

ds 3dx 3
i ?(1.2) ~ 0.514 m/s.

Bai tap luyén tap

Find the volume generated when the region under y = = + 1, 0 < x < 3, is rotated about the
T-axis.

Loi giai chi tiét

3
V=7rj£)3(a;+1)2dx=7r [%34—3;2—1—3:]0:%(9—1-94-3) = 217 ~ 66.0 (3 s.f.).

Bai tap luyén tap

The volume formed by rotating y = /2z about the z-axis between z = 0and z = 5 is:

(A) 257 (C) 57
(B) 107 (D) 507
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Loi giai chi tiét

-

V=m jj 2z dx = w[z?]3 = 25m. (A).

Bai tap luyén tap

Use substitution to find /3m2(x3 + 4)5 dz.

Lai giai chi tiét
6 (2% + 4)8

u::c3+4,du:3x2dx./u5du:%—FC: 5 +C.

Bai tap luyén tap

1
Evaluate / 22/ 23 + 1 dx using substitution, changing the limits.
0

Loi giai chi tiét

-

u:$3+1,du:3a:2da::>x2dx:%du. Limitss z=0—-u=1,2=1—>u=2.

2
/ Vi ldu=2 [uz/z]f = 2(2v2 — 1) ~ 0.406 (3 s.f.).
1

Bai tap luyén tap

Use substitution to evaluate /cos(Sx +1)dz.

Loi giai chi tiét

-

du=1isinu+C=1isin(Bz+1)+C.

u=3$+1,du=3d1‘./cosu-%

Bai tap luyén tap

Solve Z—y _4 (z,y > 0), given y = 2 when z = 1.
X

Lai giai chi tiét

I H

%dy:%dm:lny=|nx+C’1:yzA:E.At(l,Z):A:Q. So y = 2x.

Bai tap luyén tap

For Z—y = —0.4y, which best describes the behaviour of solutions?
a5
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(A) Exponential growth (C) Linear growth
(B) Exponential decay (D) Oscillation

Loi giai chi tiét

-

y = Ae 94 decays exponentially since the rate constant is negative. (B).

Bai tap luyén tap

&I

Given d—y =z + vy, y(0) = 1, use Euler’s method with 4 = 0.25 to estimate y(0.75) (3 steps).
Hh

Loi giai chi tiét
flzy) =x+y.n=0f=19, =14+0251)=125.n=1: f =025+1.25 = 1.5,y, =
1.25 4+ 0.25(1.5) = 1.625. n = 2: f = 0.5 + 1.625 = 2.125, y; = 1.625 + 0.25(2.125) = 2.15625.
So y(0.75) ~ 2.16.

Bai tap luyén tap

&‘I
<

Solve T 2292, given y(0) = 1. Find y(0.5), correct to 3 s.f.
x

Loi giai chi tiet

-

1

1
1 = 1_ .2 O = — = — — 4
FW=2zdz=— ="+ C.At(0,1): C=—-1,50y = Tz y(0.5) = T 1.33
Bai tap luyén tap
dy . . .
Solve —= = ycos z, given y = 2 when x = 0. Find y in terms of z.

dx

Loi giai chi tiet

-

sdy=coszdr = Iny=sinz+C; = y = Aes" At (0,2): A=2. S0y = 257,

Bai tap luyén tap

2

A particle has position vector r(t) = (t

3t) m, t > 0. Find its velocity vector and speed at ¢ = 2.

Loi giai chi tiét

<

—~

o~

SN—

Il
7\
w R

). v(2) = (g) Speed = /16 + 9 = 5 m/s.
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Bai tap luyén tap
A particle’s velocity vector is v(t) = (—62t
(A) (0,-2) (C) (6t,—12)

). Its acceleration vector is:

Loi giai chi tiét
a(t) = v'(t) = (0,—2). (A).

-

Bai tap luyén tap

A particle’s velocity vector is v(t) = ( A _3 ; t) m/s, with r(0) = (é) Find r(2) by integrating

componentwise.

Lai giai chi tiét

-

rit) = (ffj;) (constants fixed using r(0) = (1,0)). r(2) = (Z)

Bai tap luyén tap

A particle has constant acceleration vector a(t) = (_24) with v(0) = (g) and r(0) = (O)
Find v(¢) and r(t).

Loi giai chi tiét
: : ' 3+ 2t
Integrating a(t) componentwise: v(t) = v(0) + [ adt = E_ A
0
3t 4t
5t —2t% )"

). Integrating v(¢) compo-

nentwise: r(t) = r(0) + /tth = (
0

Mixed and Extended Problems

On tap tong hop

A manufacturer’s total cost ($) to produce z units is C(x) = 0.012% + 40z + 2000; each unit
sells for a fixed $100.

(a) Find the profit function P(x).

(b) Find the number of units maximizing profit, and the maximum profit.

(c) Find the marginal cost C’(z) at z = 500, and interpret it.

Loi giai chi tiét

(@) R(z) = 100z; P(z) = 100z — 0.012? — 40z — 2000 = —0.012% + 602 — 2000.
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(b) P’'(z) = —0.02z + 60 = 0 = x = 3000; P”(z) = —0.02 < 0 confirms a maximum.

P(3000) = —0.01(9000000) + 60(3000) — 2000 = —90 000 + 180 000 — 2000 = | $88 000 |.

(c) C"(xz) = 0.02x 4+ 40. C"(500) = 10 + 40 = $50: producing one more unit beyond 500 costs
approximately $50.

On tap téng hop

A particle moves with velocity v(t) =t — 6t + 8 m/s, 0 < t < 6, and s(0) = 3.

(a) Find s(t).

(b) Find all times the particle is at rest, and state whether each is a direction change.

(c) Find the total distance travelled over [0, 6], and compare it with the net displacement.

Lai giai chi tiét

-

c'OI

(@) s(t) = % — 3t% + 8t + 3 (using s(0) = 3).

(b) v(t) = (t—2)(t —4) = 0att =2,4. Sign: v(0) =8 >0, v(3) = —1 < 0, v(5) = 3 > 0: both
t = 2 and t = 4 are genuine direction changes.

(c) s(0) =3, 5(2) = 2, s(4) = 2, 5(6) = 15.

R 29 25 29 25 20 4 20 44
Distance = |2 — 3|+ |2 — 2|+ [15 - 2| =2+ 5+ 2 =% ~ 14.7m,
while the net displacement is s(6) — s(0) = 15 — 3 = 12 m - again, a different number from
the total distance.

j On tap tong hop - HL

A cylindrical tank of fixed radius 3 m is filled at a constant rate of 5 m3/min.

(a) Find the rate the water depth # rises (show that it is independent of A).

(b) If instead the tank were a cone (apex down) with » = h at every level, find the rate the
depth rises when i = 2 m, for the same fill rate.

Loi giai chi tiét

(@) V = m(3)%h = 97h (constant 7). av = 97‘('% =5= dh = 5 ~ 0.177 m/min (independent
) ) dt dt dt 97
of h, since the cross-section never changes).
dV dh dh dh 5
= l 2 = l 3 i = _— = 277 = = 2. _— = _— = — &
(b) V' = smr?h = 3wh? (using r = h). g7 wh g 5 Ath = 2: 47rd 5= =

0.398 m/min.

On tap téng hop

Consider y = 23 — 322 — 9z + 10.

(a) Find and classify both stationary points.

(b) Find the point of inflection.

(c) Find the tangent to the curve at the point of inflection, and verify its gradient is the most
negative gradient anywhere on the decreasing portion of the curve.
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Loi giai chi tiét

@y =322—62x—9=3(z—3)(z+1)=0=2z=—1,3. y(—1) = 15,y(3) = —17. Sign of y:
positive, negative, positive across z = —2, 0,4 = local max (—1,15), local min (3, —17).

b))y =6z—6=0=2=1;3"(0) = —6 <0,y”(2) =6 > 0: genuine inflection. y(1) = —1,
so (1,—1).

(©y(1) =3—-6—9 =—12. Tangent: y +1 = —12(x — 1) = y = —12z + 11. Since
y'(z) = 322 — 62 — 9 is itself an upward parabola in z with vertex at z = 1 (where y” = 0),
y’ (1) = —12 is indeed the minimum (most negative) value of 3’ on the interval (—1, 3) - the

curve is falling fastest exactly at its inflection point.

On tap téng hop - HL

Consider the region under y = ¢* between z = 0 and = = 1, rotated about the z-axis.

(a) Find the exact volume of the solid formed, then evaluate it correct to 3 s.f.

(b) Without recomputing the integral, explain why this volume must lie strictly between the
volumes of two cylinders: one of radius 1 (the curve’s minimum height on [0, 1]) and one of
radius e (its maximum height), both of length 1. Verify this bound numerically.

Loi giai chi tiet

1
@V = 7r/ eXdr=m [ée%]; = Z(e* — 1) ~ 5(6.3891) ~ 10.0 (3 s.f., cubic units).
0

(b) Since 1 < e < e forall z € [0,1], every circular cross-section has radius between 1 and
e, o its volume must lie strictly between 7(1)?(1) = 7 ~ 3.14 and 7(e)?(1) = me? ~ 23.2.
Indeed 3.14 < 10.0 < 23.2 v - this kind of bounding check is a useful way to sanity-check a
volume-of-revolution answer.
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On tap nhanh

e S6 va Dai s6: gia tri lam tron luon nam trong khoang v — % < z < v + %; gitr nguyén do
chinh xac day du trén GDC (dung ANS), chi lam tron & budc cudi; day cong dung cong sai
d (u,, = u; + (n — 1)d), ddy nhan dung cong bdi r (u,, = u;r"1); 1ai kép FV = PV(1 + )"
khac lai don; logarit chi xac dinh véi co s6 duong khac 1 va déi s6 duong; ma tran chi kha
nghich khi dinh thirec khac 0.

e Ham sé: tap xac dinh phai loai trir mau bang 0, biéu thirc duéi can am, va daéi s6 log khéng
duong; ham nguoc 13 phan chiéu qua y =  (tAp xac dinh va tap gia tri hoan déi cho nhau);
ham hop f o g va g o f ndi chung khac nhau, luén ap dung ham trong trudc; khi hoi quy
(regression), chi néi suy trong pham vi dit liéu da cho, twong quan khéng chirng minh nhan
qua, va phai chon ding dang mé hinh (tuyén tinh/bac hai/ham m) dua trén hinh dang biéu
do phan tan.

e Hinh hoc va Lugng giac: SOH-CAH-TOA chi dung cho tam giac vuong; tam giac thuong
dung dinh ly sin hodc dinh ly cosin; ludn kiém tra truéng hop mo hé (SSA) trude khi két luan
s6 nghiém; phuong vi ludn viét dang 3 chir s6, do theo chiéu kim déng ho tir hwéng Bac;
radian 13 don vi bat budc trong cong thirc dd dai cung, dién tich hinh quat, va toan bo giai
tich; (HL) vecto chi phuong ti 1é = song song, tich vé huéng bang 0 = vuéng goc.

e Théng ké va Xac suat: chon ding thudc do xu huéng trung tam (trung vi thay vi trung binh
khi c6 ngoai 1é); dir liéu nhom dung gia tri giira khoang (midpoint); hé s6 tuong quan r chi
do mirc do va chiéu ctia quan hé tuyén tinh, khéng chirng minh nhan qua; phan biét phan
phdi nhj thire (s6 phép thir cé dinh, doc 1ap, r&i rac), phan phéi chuan (lién tuc, dung z-score
hodc ham nghich dao trén GDC), va phan phai Poisson (bién c6 hiém theo ty 1€); xac suat co
dieu kién P(A | B) = JD(]‘f(;)B); hai bién c6 déc 1ap khi va chi khi P(A N B) = P(A)P(B);

kiém dinh x? yéu cau tan sé ky vong du 16n (thudng > 5) & moi 6.

e Giai tich: f’(z) > 0 = dong bién, f’(z) < 0 = nghich bién; diém ding f'(z) = 0 dugc
phan loai bang dau d6i cta f’ hodc diu cta f”; f”(z) = 0 khéng tu dong cho diém udn -
bat budc kiém tra do 16m thuc su d6i dau; luén cdng hang s6 +C khi tim nguyén ham; dién
tich dudi truc hoanh cho tich phan xac dinh mang dau am - phai tach khoang tai nghiém va
ldy tri tuyét d6i tirng phan dé ra dién tich hinh hoc that; dé dich chuyén ([ v dt) khac quang
dudng di duoc ([ |v| dt) - chi bang nhau khi van téc khong déi dau; chon ding cong cu dao
ham (day chuyén cho ham hagp, tich cho tich hai ham, thuvong cho ti s6 hai ham) va luén
kiém tra lai bang cach dao ham nguoc nguyén ham vira tim duoc.
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