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Loi m& dau - Foreword

Cuén sach nay thudc bo gido trinh luyén thi chuong trinh quéc té€ ciia 8020 English (8020 Education)
— trung tam luyén thi trong diém IELTS - SAT - AP - IB - A-level - IGCSE va sian hoc béng du hoc. Toan
bé ndi dung duoc bién soan bai doi ngli Gido su - Tién si - Thac si t6t nghiép cac truong top dau thé
gidi, bAm sat khung chuong trinh chinh thirc, trinh bay day du ly thuyét, vi du mau, hinh minh hoa
va hé théng bai tap co |&i gidi chi tiét.

This book is part of the 8020 English international exam-prep series: complete English theory with Viet-
namese explanations, worked examples, illustrations and fully-solved practice, aligned to the official frame-
work.

Thanh tich 8020 English

9.0 IELTS cao nhat 1570 SAT cao nhat
5/5 AP — diém tuyét déi 90/100 1B Diploma
100% Gv > 8.0 IELTS / 1500 SAT CMU Tién si DH #1 Hoa Ky vé CS

Poi ngii tiéu bi€u: Thay Chau Cat Tudng (Academic Head, ThS Western Sydney, top 1% IELTS 8.5)
- TS Nguyén Anh Huy (Carnegie Mellon, cuu ky s Amazon) - TS Nguyén Phuéc Trudng (Toan, DH
Klagenfurt) - cting doi ngl giang vién SAT 1500-1600, IELTS 8.0-8.5.

Két qua hoc vién — diém thi that: IELTS 8.0-9.0 - SAT 1550 / 1570 / 1590 - AP 5/5 (Calculus BC,
Microeconomics) - IB 90/100 (Economics) - Duolingo 110 - PTE 90 - TOEFL 120. Bang vang SAT:
Khanh Bang 1510 - Thado Nguyén 1520 - Tam Anh 1530.

“Cubi cung dd ddu vao trudng top nhu’ mong muén.” — Phan Thi Thanh Hdng, IELTS Overall 8.5.

Cach dung sach hiéu qua: moi Unit gém (1) Ly thuyét trong tam tiéng Anh kém giai thich tiéng Viét;
(2) Vi du mau c6 16 giai; (3) Hé thong bai tap kém 16 giai chi tiét. Hay tu 1am bai trudc khi xem 16
giai dé dat hiéu qua téi da.
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CAMBRIDGE IGCSE « Unit 1

Functions

Muc tiéu Unit: Mién xac dinh va mién gia tri cia ham s&; ham mét-mot (one-one) va nhiéu-mét (many-
one); ham hop fg(x) = f(g(z)); ham ngugc (ké ca han ché mién xac dinh d€ ham cé nghich dao); ham
tri tuyét déi (modulus) — d6 thi, phuong trinh va bat phuong trinh chira diu tri tuyét déi; cac phép bién
déi db thi (tinh tién, déi x(rng, co gidn) va ky nang vé phac do thi ham sé.

1.1 Domain, range and one-one functions

A function f : x — f(x) assigns to every z in its domain exactly one value f(z) in its range (also
called the image set). Writing f : D — R specifies the domain D explicitly; unless a domain is stated,
the natural domain of f is the largest set of real x for which f(z) is defined. Two situations exclude
values automatically:
e division by zero — any x making a denominator 0 is excluded;
e square roots (or other even roots) of negative numbers — the expression under the root must be
> 0.

Finding a natural domain

Find the natural domain of each function.

—3
(b) g(x) = x5—x
() h(z) = @
(d) k(z) = NoEw)

Need 5 —x > 0,s0 z < 5.
Need 22 —9> 0= (z —3)(x +3) > 0,s0x < —3 orz > 3.

The range of f is the set of all output values f(z) as x ranges over the domain. Ranges are usually
found by considering the shape of the graph (turning points, asymptotes, end behaviour) rather than
by algebraic manipulation alone.

One-one and many-one functions

A function is one-one (injective) if
f(z1) = f(zy) = z; =z, for all z,, z, in the domain.

Graphically, no horizontal line crosses the graph of y = f(x) more than once (the horizontal
line test). If some horizontal line crosses the graph twice or more, f is many-one (for example
f(x) = 22 on R, since f(2) = f(—2) = 4). Only a one-one function possesses an inverse
function on its full domain; a many-one function must have its domain restricted, typically to
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an interval on which it is monotonic (always increasing or always decreasing), before an inverse
can be defined.

- GIAI THICH TIENG VIET
Mién xac dinh (domain) Ia tap cac gia tri z ma ham s6 nhan, con mién gia tri (range) la tap cac
gia tri f(z) twong (rng. Ham mét-mot 12 ham ma maéi gia tri dau ra chi ing véi dung mét gia
tri dau vao (kiém tra bang dudng thang ngang cat do thij t&i da mot 1an); ham nhiéu-mét co it
nhat mét dudng ngang cat do thi tir hai diém trd 1én, vi du y = z2. Chi ham mot-mét mai cd
ham ngugc trén toan mién xac dinh cta né.

(1) Loi thueng gap: Do not assume the natural domain is all of R just because no fraction is
visible. Always check for hidden square roots, denominators created after simplification, and
domain restrictions stated in the question — these all restrict the domain even if the simplified
formula looks defined everywhere.

: : | x
1 2 3

The horizontal line y = 4 meets y = x2 twice, at x = —2 and = = 2, so f(z) = x? is many-one on R.

1.2 Composite functions
If the range of g lies within the domain of f, the composite function fg (read “f of ¢”) is defined by

fo(z) = f(g(x)) : first apply g, then apply f to the result.

In general fg(z) # gf(x), so the order of composition matters. The domain of fg consists of those
2 in the domain of g for which g(z) also lies in the domain of f; this can be more restrictive than the
domain of g alone.

Forming composite functions

fg(a) = fg(x)) =2(2* —1) + 3 =222 + 1,
gf(x) =g(f(x)) =2z +3)? —1=42? + 122+ 9 — 1 = 42? + 122 + 8.

Both f and g are defined for all real x, so both composites have domain R. Note fg # gf,
confirming that composition is not commutative in general.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 10
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Composite functions with a restricted domain

folz) = f(g(z)) = V(@2 +1) —2= Va2 - 1.
For this to be defined we need g(x) > 2 (the domain of f),i.e. 22 +1>2=22>1= 2 < -1
orz > 1. So

fo(lz) = Va2 —1, domainz < —lorxz > 1.

Composite with a rational function

The only restriction comes from the domain of f: x # 0. So gf(z) = ?)—Tx domain z # 0.

- GIAI THICH TIENG VIET
Ham hop fg(z) = f(g(x)) nghia la thuc hién g truwdc, sau dé ap dung f vao két qua. Noi chung
fg(x) # gf(x). Khi tim mién xac dinh cta fg, cdn dam bao g(x) nam trong mién xac dinh cua
f, khéng chi z nam trong mién xac dinh cta g.

() L6i thuong gap: fg(x) means “apply g first, then f” — the function closest to x acts first. A
very common error is to compute gf(z) when fg(x) was requested, or to forget to check that
g(z) lies inside the domain of f when stating the domain of the composite.

1.3 Inverse functions f !
If fis one-one, its inverse function f~! reverses the action of f:

fH(f(z)) == forall zinthe domain of f, f(f(z)) == forall zinthe domain of 1.

The domain of f~! equals the range of f, and the range of f~! equals the domain of f. Graphically,
y = f~1(z) is the reflection of y = f(x) in the line y = .

Method for finding f~!

1. Write y = f(x).

2. Rearrange to make z the subject.

3. Swap z and y (equivalently, replace = by y and vice versa) to obtain y = f~!(z).
4. State the domain of f~! — it is the range of the original f.

Inverse of a rational function

2x + 3
x—1"

Find f~1(x) given f(z) = xr+ 1.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 11
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2 3 .
Lety = x +1 . Multiply out:
Tz —

ylr—1)=2243 = zy—y=224+3 = zy—20=y+3 = z(y—2)=y+3 = z="——.

3 .
Swapz < y: fi(z) = T 5 domain z # 2.
x_

Inverse with a restricted domain

Since z > 2, the vertex z = 2 gives the minimum value f(2) = —1, and f increases thereafter,
so the range of fisy > —1.

lety=(z—22?-1=y+1=(x—2)?2=2—2= 4y + L Since z > 2, take the positive
root: z =2+ y+ 1.
Swapping: f~1(x) = 2+ v/ + 1, domain z > —1 (the range of f).

A self-inverse function

4
() = 2“ 2 # 3. Show that /' (x) = f(z).
x_
4
Lety = Tt . Then
20 —
y+4
y2r—1) =244 = 2zy—y=2+4 = 2zy—r=y+4 = 2z2y—1)=y+4 = x = 5 T
y_
. . 1 x+4 . 1 L . .
Swapping x <> y gives f~'(x) = 5 1= f(x). Since f~! = f, the function is self-inverse; its
x_

graph is symmetric about the line y = z.

GIAI THICH TIENG VIET
Ham nguoc £~ chi ton tai khi f 13 ham mot-mét. Cach tim: dat y = f(x), bién d6i dé x theo
y, roi d6i chd z va y. Mién xac dinh cta f~! chinh |a mién gia trj cta f. D6 thj ctay = f~'(z)
Ia anh phan chi€u cua dé thi y = f(z) qua dudng thang y = 2. Néu f 1a ham nhiéu-mét (nhu
f(x) = x2), can thu hep mién xac dinh (vi dy > 0) dé f tr& thanh mot-mot trude khi 1ay ham
nguoc.
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y = log, x is the inverse of y = 27; the two graphs are reflections of each other in y = «.

1.4 The modulus function
The modulus (absolute value) of a real number z is

T ifz>0
|z| =

—z ifz <O.

|z| is always > 0 and gives the distance of = from 0 on the number line; more generally |a — b] is the
distance between a and b.

4 t t T

9 1 1 2 3

The graph of y = |2z — 1]: a V-shape with vertex at (%, 0), the point where 2z — 1 = 0.

For k > 0:
|A|=|B] <= A=BorA=-B, Al <k <= —k < A<k, |A| >k < A< —korA>k.

An equation of the form |A| = B (where B may involve z) is solved by considering the two
cases A = B and A = —B, then checking each solution in the original equation, since B must
be > 0 for the equation to hold.

Solving |[A| =k

Solve |2z — 1] = 5.

2r—1=b=zx=3,0r2r—1=-5=2r=-4=zx=-2Soxz=30rzx =—2.
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A| = B where B involves

Solving

Solve |z — 3| = 2z.
Casel: z —3=2r= -3 =2x2= 2= —3. Checki RHS =2(—3) = —6 < 0, but |z — 3| > 0, so
this is rejected.

Case2: —(r—3) =2z = —2x+3=2r=3=3r =2 =1 Check: LHS = |1 — 3| = 2, RHS
= 2(1) = 2. Valid.

So the only solution is z = 1.

Solving |[A| = |B|

Solve |3z + 2| = |z — 4.

Casel:3z+2=2r—4=2r=-6=0=-3Case2:3x+2=—(x—4) =3x+2 =
—x+4=4dr=2=2=1 Checke =-3:[3(-3)+2|=|-7=7—3—4| =7. v Check
x = 3:13(3) + 2| = 3.5 = 3.5, |4 — 4| = 3.5. v Both solutions are valid: z = -3 orz = }

5-
Modulus inequalities

Solve (a) |5 — 2z| > 3 and (b) |3z — 2| < 7.

(@5—2z>30r5—22<-3.5-2z>3=-2z> 2=2<1.5-22< 3= -2 < -8=
r>4.S0x < lorx > 4.

(b)—7§3x—2£7:>—5§33:§9:>—gSxSB.

An equation with two moduli — piecewise approach

Solve |z — 1|+ |z + 2| =T.

The critical points are x = 1 and z = —2, splitting R into three intervals.

Case © < —2: both expressions inside are negative: —(z —1) — (2 4+2)=7= 22 —-1=7=
x = —4. Since —4 < —2, valid.

Case 2<z<1l:(1—2)+(x+2)=7= 3="7,nosolution.
Casex>1:(z—1)+(z+2)=7=2x+1=7= 2z =3.Since 3 > 1, valid.

Solutions: x = —4 or z = 3.

GIAI THICH TIENG VIET

Gik>0:|Al=|B] &< A=4B;|A|<k <& —-k< A<k |A >k < A< —khodc
A > k. Khi phuong trinh c6 dang |A| = B véi B chira z, phai giai hai truong hop va ki€ém tra
lai nghiém vi B can > 0. D6 thi y = | f(z)| nhan duoc tir y = f(z) bang cach gilr nguyén phan
do6 thi nam trén (hoic trén) truc hoanh va phan chiéu phan nam dudi truc hoanh lén trén.

() Léi thueng gép: Squaring both sides of | A| = B (or splitting into cases) without checking the
result in the original equation can introduce extraneous roots, since B might turn out negative
for some solutions of the squared/case equation. Always substitute back to verify.
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1.4.1 Graphs of y = |f(x)|

To sketch y = |f(x)| from y = f(x): keep the parts of the graph where f(x) > 0 unchanged, and
reflect in the z-axis the parts where f(z) < 0. The result never dips below the z-axis.

Sketching y = | f(x)|

Sketch y = |22 — 4] and use the graph to solve |z? — 4| = 5.

y = x? — 4 is an upward parabola with roots x = +2 and minimum (0, —4). For y = |22 — 4],
the portion between z = —2 and = = 2 (where 22 — 4 < 0) is reflected above the axis, giving a
“W-like” curve touching zero at x = +2.

Tosolve |22 — 4| = 5: either2? —4 =5= 2> =9 =2 =+43,0or2? —4 = —-5= 22 = —1,n0
real solution. Soxz = 3 or x = —3.

- ¢ = T
1 2 3

y = |22 — 4] meets the line y = 5 where x = £3.

1.5 Transformations of graphs

Given the graph of y = f(z), several standard changes to the formula produce predictable changes
to the graph.

Summary of transformations

y = f(x) + a: translation up by a (down if a < 0) — vector (2)

y = f(x + a): translation left by a (right if < 0) — vector ().
y = —f(x): reflection in the z-axis.

y = f(—=x): reflection in the y-axis.

y = af(x) (a > 0): vertical stretch scale factor a from the z-axis.

. 1 .
y = f(ax) (a > 0): horizontal stretch scale factor — from the y-axis.
a

Combined transformations are applied in the order suggested by the algebra: deal with
changes inside the bracket (affecting x) and outside the bracket (affecting y) systematically,
one operation at a time.

Transformed turning point

The graph of y = f(x) has a minimum point at (3, —2). State the coordinates of the minimum
(or maximum) point of: (@) y = f(z) =5y = f(z —4)(Qy = —f(z) (d) y = f(—=z) (e)
y =2f(2).

(a) Translation down 5: minimum (3, —7). (b) Translation right 4: minimum (7, —2). (c) Reflection
in z-axis: maximum (3, 2). (d) Reflection in y-axis: minimum (—3, —2). (e) Vertical stretch factor
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2: minimum (3, —4).

Describing a combined transformation

Describe fully the sequence of transformations that maps y = 22 onto y = 3(z + 2)? — 5, and
state the coordinates of the vertex of the final graph.

Starting from y = 22 (vertex (0, 0)):

1. Translate 2 units left: y = (z + 2)?, vertex (—2,0).

2. Stretch vertically, scale factor 3: y = 3(z + 2)?, vertex (—2,0).
3. Translate 5 units down: y = 3(x + 2)% — 5, vertex (—2, —5).
The vertex of the final graph is (—2, —5).

The parabola y = 22 translated left 2, stretched vertically by 3, and translated down 5.

Reflections compared

Sketch, on the same axes, y = 2%, y = —2% and y = 2%, and describe each as a transformation
of y = 27,

y = —27 is the reflection of y = 2% in the z-axis (every y-value is negated).
y = 277 is the reflection of y = 2% in the y-axis (replace = by —z); it is a decreasing curve, the
mirror image of the increasing curve y = 2%,
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— y=2%
—y=-2%

y = —2% reflects y = 2% in the z-axis; y = 27 reflects it in the y-axis.

- GIAI THICH TIENG VIET
Cac phép bién d6i co ban: f(z) + a tinh tién 1én a don vi; f(z + a) tinh ti€n sang tréi a don
vi; — f(x) d6i xtrng qua truc hoanh; f(—z) doi xrng qua truc tung; a f(z) co gian theo phuong
ding hé s6 a; f(ax) co gian theo phuong ngang hé s6 L. Khi két hgp nhiéu phép bién déi, can
thuc hién dang thir tu (cac phép bén trong ngoac tac dong [én z, cac phép bén ngoai ngoac
tac dong lén y).

(1) Léi thuerng gap: f(x +a) shifts the graph left by a when a > 0 — the opposite of what many
students expect. It helps to find where the “new zero” occurs: in f(x + a), the point that used
to be at x = 0 is now at x = —a, confirming a shift left.

1.6 Sketching functions

Combine the ideas above to sketch unfamiliar functions: identify a base graph, apply modulus and/or
transformations in order, and mark key features (intercepts, turning points, asymptotic behaviour).

Putting it together

Sketch y = |(z — 1)? — 4] and state the coordinates of every point where the graph meets the
axes.

Start from y = (z — 1)? — 4: an upward parabola with vertex (1, —4), crossing the z-axis where
(r—1)2=4=2—1=42=1=3o0rx = —1, the y-intercept is (0, —3).

Applying the modulus reflects the part of the curve between z = —1 and x = 3 (where the
parabola dips below the axis) up above the axis. The resulting graph touches the z-axis at
(—1,0) and (3,0), has a local maximum of 4 at x = 1 (i.e. the point (1, 4), the reflected vertex),
and crosses the y-axis at (0, 3) (since |(0 — 1)2 — 4| = | — 3| = 3).
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1.7 Practice

Bai tap luyén tap
Find the natural domain of f(z) = v2z — 6.

(A) >3 (C) x> -3
(B) z <3 (D) >3

Loi giai chi tiét

-

Need 2z — 6 > 0 = z > 3. Answer: A.

,

Bai tap luyén tap

1

Find the natural domain of f(z) = T
— T

Loi giai chi tiét

-

Need 9 — x2 > 0 (strict, since it is under a root in a denominator) = 22 < 9 = —3 < z < 3.

Bai tap luyén tap

Which of these functions is one-one on all of R?

z2 (C) h(x) = |z|
z3 (D) k(z) = 2? —4x

(A) f(z)
(B) g(x)

Loi giai chi tiet

-

g(z) = 23 is strictly increasing on R, so it is one-one. The others each take some value twice
(e.g. h(1) = h(—1) = 1). Answer: B.

Bai tap luyén tap

Given f(x) = 3z — 2 and g(z) = 22 + 1 for z € R, find fg(x) and gf(x).

Lai giai chi tiét

fo(x) = f(9(x))
9f(x) = g(f(x)) =

-

Il
w

(22 +1)—2=322+ 1.
32—2)%2+1=922—-120+4+1 =922 — 122 + 5.

—~

Bai tap luyén tap

Given f(z) = (z # —1)and g(z) = 2z — 3, find fg(z) and state its domain.

r+1
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Loi giai chi tiét
1 1
(2 —3)+1 2z—2

This is undefined when 2z — 2 = 0, i.e. z = 1.

fa(x) = flg(z)) =

Domain: = + 1.

Bai tap luyén tap

If f(x) =224 1and fg(z) =62 — 1, find g(x).

(A) g(z) =3z 1 (©) gx) =z —1
(B) g(x) = 3z + 1 (D) g(z) = 3z —2

Loi giai chi tiét

-

flg(x)) =2¢9(z)+1 =6z —1=2¢(x) =6x —2= g(x) =3z — 1. Answer: A.

Bai tap luyén tap

f(z) =1/ forz # 0, g(z) = 2* + 1 for z € R. Find fg(x) and state its domain.

Loi giai chi tiét
. Since 22 +1 > 1 > 0 for all real z, the domain is all of R.

2241

Bai tap luyén tap

f:x>2x—1forz €R; g: x> 22+ 3forxz > 0. Find gf(z), stating the condition on z for it
to be defined.

Loi giai chi tiét

-

gf(z) requires f(z) > 0,i.e.2z —1>0=z > 3.

gf(x) =g(f(z)) = 2z —1)2+3 =422 — 4z + 1+ 3 = 42% — 42 + 4, x>

D=

—
—

Bai tap luyén tap

Find f~*(z) given f(z) =5 — 2z, x € R.

Loi giai chi tiét

5—=x
5

y=5—2a:=>2x=5—y:>x=5_Ty. Swapping: f~(z) =

Bai tap luyén tap

Find f~!(x), stating its domain, given f(z) = V3 —z, 2z < 3.
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Loi giai chi tiét

Since z < 3, f(x) > 0,sotherangeof fisy>0.lety=vV3—ov=1y’=3—a=2=3—9>°%
So f~(z) = 3 — 22, domain x > 0.

Bai tap luyén tap

T+ 4

Find /' (z) gi = o4l
ind f~(z) given f(x) el T F 3

Loi giai chi tiét

4 4
y= ;;;1 Sy2r—1l)=z+4d=2ay—r=y+4=r2y-1)=y+td=z= 2yy+_1.
4 . .
So fz) = 2:6 + o= f(z); the function is self-inverse.
‘T —

Bai tap luyén tap
The graph of y = f~!(z) is obtained from y = f(x) by reflecting in:
(A) the z-axis (C) theliney ==

(B) the y-axis (D) theliney = —x

Lai giai chi tiét

-

By definition, swapping = and y corresponds to reflecting in the line y = z. Answer: C.

Bai tap luyén tap

f(z) = 22 — 62 + 5 for x > 3. Express f(z) in completed-square form, state the range of f,
and find f~1(x).

Lai giai chi tiét

f(z) = 22 — 62 +5 = (x — 3)? — 4. For z > 3, f increases from f(3) = —4, so the range is
y>—4.

lety = (x —3)2 —4 = 2 — 3 = \/y + 4 (positive root since x > 3) = x = 3+ /y + 4.

So f~Y(z) = 3+ Vx + 4, domain x > —4.

Bai tap luyén tap

Solve |z 42| =T.

(A) z=50rz=—9 (C) z=—9only
(B) z =5 only (D) x=90rz=-—5

Loi giai chi tiet

-

T+2=T=2=5 2+2=—-7=x=—-9. Answer: A.
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Bai tap luyén tap

Solve |4 — 3z| = 2z + 1, checking each solution.

Loi giai chi tiét

Case1: 4 — 3z =2r+1 =3 =5z = ¢ = 2. Check RHS = 2(2) +1 = & > 0; LHS
=4-2=4 v

Case2: —(4—3z)=2r+1=—-4+4+3x=22+1= 2 =>5. Check RHS =2(5) +1 = 11 > 0;
LHS = |4 — 15| = 11. v/

Both are valid: z = 2 or z = 5.

Bai tap luyén tap

Solve the inequality |22 — 5| < 9.

Loi giai chi tiet

-

—9<22-5<9= 4<2r<ld= 2<2<T.

Bai tap luyén tap
Solve |3z + 1] > 8.

(A) z<—-3orz>1 (C) x> X only
3 3
(B) 3<x<I (D) = < —3only

Loi giai chi tiét

-

3t4+1>8=2>% 32+1<—-8=3x<—-9=1z< -3 Answer: A,

Bai tap luyén tap

Solve |#? — 4| = 5.

Loi giai chi tiét

Casel: 22 —4=5=22=9= 2 =43.
Case 2: 22 —4 = —5 = x? = —1, no real solution.
Sox=3o0orxz=-3.

Bai tap luyén tap

Sketch y = |2z + 4|, stating the vertex and the y-intercept, then solve |2z + 4| < 6.

Lai giai chi tiét

Vertex where 2z +4 = 0 = x = —2, so vertex (—2,0). Atz = 0: y = |[4| = 4, so y-intercept
(0,4). The graph is a V opening upward.
Solving: 6<2xr4+4<6=-10<2x<2=-5<zr<l1.
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Bai tap luyén tap

Solve |3z + 2| = |x — 4.

Loi giai chi tiét

Casel:3x+2=2—-4=2r=—-"6=z2=—
Case2:3rx+2=—(v—4) =>dr=2=2=

Both check: at z = —3, both sides equal 7; a

=1
orr = 3.

3.
1
1
t z = 1, both sides equal 3.5. Solutions: z = —3

Bai tap luyén tap

Solve |z — 1|+ |z +2| =T.

Loi giai chi tiét

Critical points x = 1, —2 split R into three intervals.

r< -2 —(x—1)—(x+2)=7T= —2x—1=7= 2 =—4(valid, since —4 < —2).
—2<z<l:i(l—z)+ (z+2)=7= 3 =7, no solution.

>l (z—1)4+(x+2)=7=22+1="7= 2 =3(valid).

Solutions: x = —4 or x = 3.

Bai tap luyén tap

For f(x) = |z — 3| 4+ 2, the minimum value of f is:

(A) 2 (C) 0
(B) 3 (D) 5

Loi giai chi tiét

-

|z — 3| > 0 with equality at = = 3, so the minimum of fis 0 + 2 = 2, at z = 3. Answer: A.

Bai tap luyén tap
The graph of y = f(z) + 3 is obtained from y = f(z) by:

(A) translation 3 left (C) translation 3 up
(B) translation 3 right (D) translation 3 down

Loi giai chi tiét

Adding a constant outside the function shifts the graph vertically upward by that constant.
Answer: C.

Bai tap luyén tap

The graph of y = f(z + 2) is obtained from y = f(z) by:

(A) shift right 2 (C) shiftup 2
(B) shift left 2 (D) shift down 2
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Loi giai chi tiét

Replacing = by = + 2 inside the function shifts the graph left by 2. Answer: B.

Bai tap luyén tap

Which transformation maps y = f(z) toy = f(32)?

(A) horizontal stretch, factor 3 (C) vertical stretch, factor 3

(B) horizontal stretch, factor & (D) vertical stretch, factor &

Loi giai chi tiét

y = f(ax) is a horizontal stretch of scale factor % from the y-axis; here a = 3, so the factor is
%. Answer: B.

Bai tap luyén tap

f(z) = 2® — 3z. Find f(—z) and state whether f is odd, even, or neither, describing the
symmetry of its graph.

Loi giai chi tiet

f(=x) = (—2)® = 3(—2) = —23 + 3z = — (23 — 3z) = —f(x).
Since f(—z) = —f(x), f is odd: its graph has rotational symmetry of order 2 about the origin.

Bai tap luyén tap

Describe fully the transformations that map y = 22 onto y = 3(x+2)2 —5, and state the vertex
of the final graph.

Loi giai chi tiet

From y = 2% translate 2 left to get y = (z + 2)?; stretch vertically scale factor 3 to get
y = 3(z + 2)?; translate 5 down to get y = 3(x + 2)? — 5. The final vertex is (—2, —5).

Bai tap luyén tap

flx)=1/(z —2) (x # 2) and g(z) = /x (z > 0). Find fg(z) and state its domain.

Loi giai chi tiet

fo(x) = f(g(z)) =
x>0, z+4.

5 Need z > 0 (domain of g) and /z # 2, i.e. x # 4. Domain:

3

Bai tap luyén tap

_z—1 . 1 . .
flz) = 253" # —3. Find f~'(x), stating its domain.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 23



859359 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Loi giai chi tiét

-1 —1-3
y= v+ =l aytdy=a-loay-l)=—1-3=r=— =
3y +1
11—y~

3 1 .
So f(z) = Tt , domain z # 1.

1

I |
8

Bai tap luyén tap
The graph of y = | f(z)| is obtained from y = f(z) by:

(A) reflecting the whole graph in the z-axis (C) reflecting only the parts above the z-axis

(B) reflecting only the parts below the z-axis
in the z-axis (D) reflecting in the y-axis

Lai giai chi tiét

-

Only the negative portion of y = f(z) needs to change sign; the rest is unaffected. Answer:

Bai tap luyén tap

Sketch y = |(z — 1)? — 4| and state the coordinates of every point where the graph meets the
coordinate axes.

Loi giai chi tiét

y = (x — 1)? — 4 has vertex (1,—4) and crosses the x-axis where (r —1)2 =4 = z = 3 or
x = —1; its y-intercept is (0, —3).

Taking the modulus reflects the dip between z = —1 and = = 3 upward. The resulting graph
touches the z-axis at (—1,0) and (3,0), has a local maximum at (1,4), and crosses the y-axis
at (0, 3).
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CAMBRIDGE IGCSE . Unit 2

Quadratic Functions, Equations,
Inequalities and Graphs

Muc tiéu Unit: Hoc sinh c6 thé: bién d&i ham bac hai vé dang dinh bing cach hoan thanh binh phuong;
xac dinh gia tri I&n nhat/nhd nhat va tap gia tri ctia ham bac hai; suy ra céng thic nghiém bac hai bang
phuong phap hoan thanh binh phuong; str dung biét thirc A = b2 — 4ac dé€ xac dinh s8 nghiém thuc
va diéu kién ti€p xuc; giai bat phuong trinh bac hai bang bang xét dju hoac do thij; tim giao diém cla
dudng thang va parabol; str dung téng va tich nghiém:; giai cac phuong trinh dua duwoc vé dang bac hai;
va vé phac do thj parabol chinh xac.

2.1 Completing the Square and Vertex Form

Completing the Square

For f(x) = ax?® + bz + c with a # 0, completing the square gives the vertex form

f@) =alz—h2+k  h= —%, k= f(h).

The graph of f is a parabola with vertex (h, k) and axis of symmetry z = h.

e If @ > 0, the parabola opens upward and & is the minimum value of f.

e If a < 0, the parabola opens downward and & is the maximum value of f.

Method. Factor out a from the 22 and z terms, then add and subtract the square of half the
coefficient of x:

: (22 g2) #e=a(a+5,)
ar*+br+c=alx°+—-2x|+c=alxz+—| ——+ec

GIAI THICH TIENG VIET
Hoan thanh binh phuong bién déi f(z) = az? + bz + c thanh dang dinh f(z) = a(z — h)* + k,
trong d6 h = —%. Néu a > 0, dinh 1a diém thap nhat (gia tri nho nhat); néu a < 0, dinh 13
diém cao nhat (gia tri I&n nhat).

Completing the square

Write f(x) = 322 — 12z + 7 in the form a(z — h)? + k and state the minimum value.
Solution.

fx)=3?—42)+7=3[(x—2)> 4] +7=3(z—2)? — 12+ 7 =3(z — 2)* — 5.

Since a = 3 > 0, the minimum value is —5, attained at z = 2.
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Completing the square with a fractional vertex

Express g(z) = 222 + 5z — 1 in vertex form.
Solution.
5 5\% 25 5\% 25 5\> 33
— 9 (a2 7)_1:2 ( 7) _ 2 _1:2( 7) ———1:2< 7> _93
g(x) (x —|—2a: [az+4 16 a:—|—4 g x+4 3
5 33 . . ) 33 5
Soh= -7 k= _§; the minimum value is Y atx = I
Yy
5,,
; : ¥
—1 4 5
-5 | ertex (2, —5)

Graph of f(z) = 3z? — 12z + 7 = 3(z — 2)? — 5: a minimum turning point.

2.2 Maximum, Minimum and Range

Maximum/Minimum and Range without Calculus

Once f(z) = a(z — h)? + k is found, the range of f follows immediately:

o Ifa>0:rangeis f(x) > k,i.e.{y:y > k}.

o Ifa<0:rangeis f(x) < k,ie.{y:y < k}.
This works because (z — h)? > 0 for all real , so a(z — h)? has the same sign as a (or is zero),
shifting up/down by k.

GIAI THICH TIENG VIET

U dang dinh, ta suy ra ngay tap gia tri: néu a > 0 thi f(z) > k; néua < 0 thi f(z) < k. Day la
cach tim cuc tri ctia ham bac hai ma khéng can dao ham.

Range of a quadratic

Find the range of h(z) = —222? + 8z — 5 forz € R.
Solution.

h(z) = —2(z* —4x) —5==2[(x —2)? —4] =5 = —2(x — 2)> + 8 — 5 = —2(x — 2)? + 3.

Since a = —2 < 0, the vertex (2, 3) is a maximum, so the range is h(z) < 3.

(1) L6i thueng gdp: When o < 0, students often keep writing "minimum value” out of habit.
Always check the sign of a first: @ > 0 = minimum (parabola opens up, like a cup); a < 0 =
maximum (parabola opens down, like a cap).
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Bai tap luyén tap

Express f(z) = 222 — 8z + 11 in the form a(x — h)? + k and hence state the minimum value of
f(z) and the value of = at which it occurs.

Loi giai chi tiét

f(x) =2(z% —42) + 11 =2[(z — 2)? — 4] + 11 = 2(z — 2)2 + 3.

Minimum value is 3, occurring at v = 2.

Bai tap luyén tap

Find the range of f(z) =5 — 3z — 2.

Loi giai chi tiét

-

2 2 4

9

3\ 9 3\* 29
f(w)Z—(:v2+3w)+5=—[<x+—> — 3 +5:—<x+—) =
. - . . 2
Since a = —1 < 0, this is a maximum: range |sf(x)§z.

Bai tap luyén tap

The function f(z) = az?+ bx + ¢ has minimum value —4 at x = 3, and f(0) = 14. Find @, b and

I |

Loi giai chi tiét
Vertex form: f(x) = a(z — 3)? — 4. Using f(0) = 14:
a(0—32—4=14 = 9a=18 = a=2.

So f(z) =2(x—3)2—4 =227 — 122+ 18— 4 = 222 — 120+ 14. Hence a = 2, b = —12, ¢ = 14.

2.3 Deriving the Quadratic Formula
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The Quadratic Formula

For az? + bz + ¢ = 0 with a # 0, completing the square gives

( b )2 b2 — 4ac —b+ Vb2 —dac
a l‘-{—i = — = r = .
2a 4a2 2a

.. . b
Derivation. Divide by a: 22 + —z + SO 0. Complete the square:
a a
( +b)2 b2+c—0:>< +b>2—b2_4ac
o N 9%/ T 4a2

Taking square roots (valid when b2 — 4ac > 0):

b Vb2 — 4ac —b 4+ Vb% — 4ac
T+ —=4—7"— = T = s
2a 2a 2a
. GIAI THICH TIENG VIET
, on _b V b2 - 4 o 3 e . N
Cong thirc nghiém z = + 5 ac duoc suy ra truc tiép bang cach chia phuong trinh

a
cho a r6i hoan thanh binh phuong. Day 1a ky thuat nén tdng ap dung cho moi phuong trinh
bac hai.

Applying the formula

Solve 222 — 32z — 5 = 0 using the quadratic formula.
Solution. Herea = 2, b = —3, ¢ = —5.

C34+4/9-4(2)(-5) 3449 347
_ v — = .

4 4

x

2.4 The Discriminant

Discriminant A = b2 — 4ac

For az? + bz + ¢ = 0 (a # 0), the discriminant A = b? — 4ac determines the nature of the roots:

Value of A Nature of roots Graph of y = ax? +bx + ¢
A>0 two distinct real roots crosses the z-axis twice
A=0 one repeated (equal) real root touches the z-axis (tangent)
A<O no real roots does not meet the z-axis

- GIAI THICH TIENG VIET
Biét thirc A = b2 — 4ac: néu A > 0 phuong trinh c6 hai nghiém phan biét; A = 0 cé nghiém
kép (d6 thi ti€p xtc truc hoanh); A < 0 vé nghiém thuc (d6 thi khéng cat truc hoanh).
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Find the values of k for which 22 + (k — 2)z + (k + 1) = 0 has equal roots.
Solution. Herea = 1,b = k — 2, ¢ = k + 1. Equal roots means A = 0:

(k—2)2—4(1)(k+1)=0 = k? —4k+4—4k—4=0 = k*—8k=0 = k(k—8)=0.

Sok=0ork=38.

Discriminant and number of real roots

Show that 322 — z + 2 = 0 has no real roots.
Solution. A = (—1)2 — 4(3)(2) =1 —24 = —23 < 0. Since A < 0, there are no real roots.

-

-

(1) L6i thuong gip: The sign of A describes the number of real roots, not their sign or size.
A common error is concluding "A > 0 means both roots are positive” — this is false; A says
nothing about whether roots are positive, negative, or of opposite sign. To determine root
signs, examine the sum —b/a and product c¢/a separately (Section 2.7).

Bai tap luyén tap

Find the set of values of k for which 2x2 + kx + 8 = 0 has no real roots.

Lai giai chi tiét
A = k? — 4(2)(8) = k? — 64. No real roots requires A < 0:

k2 <64 = —8<k<38.

Bai tap luyén tap

. 1
Show that the equation x? + (2p — 1)z + p? = 0 has real roots only when p < T

Loi giai chi tiét

A= (2p—1)%—4p* =4p? —4p + 1 — 4p? = 1 — 4p. Real roots require A > 0:

1—4p>0 = p< v

> =

2.5 Quadratic Inequalities

Solving Quadratic Inequalities

To solve az? + bz + ¢ 2 0:

1. Rearrange so one side is 0; factorise or use the quadratic formula to find the roots o < 3
(or determine there are none, via A).

2. Consider the shape of the parabola (upward if ¢ > 0, downward if @ < 0) and sketch or use
a sign diagram.

3. Read off the solution set directly from the sketch.
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For a > 0 with roots a < 8: (z — a)(z — 8) > 0 outside the roots (x < a or z > f); (x —
a)(x — B) < 0 between the roots (o« < =z < ). For a < 0, the parabola opens downward, so
the inequality direction relative to the roots is reversed compared to the a > 0 case — always
confirm with a sketch rather than memorising a rule blindly.

- GIAI THICH TIENG VIET
Dé giai bat phuong trinh bac hai: tim nghiém cta phuong trinh twong (rng, sau dé xét dau
dua trén hinh dang parabol (a > 0: parabol huéng 1én; a < 0: hudng xuéng). Nghiém cta bat
phuong trinh doc truc ti€p tir d6 thi hodc bang xét dau.

y
\ 10 5
\\
5,,
‘ : X
5 4 ‘1 2 3

222 + 52 — 3 > 0: solution setis x < —3 or z > % (outside the roots, since a > 0).

Quadratic inequality, upward parabola

Solve 222 + 52 — 3 > 0. .
Solution. Factorise: 222 + 52 — 3 = (22 — 1)(z + 3). Roots at z = 5 and x = —3. Since
a = 2 > 0, the parabola opens upward, so it is > 0 outside (or at) the roots:

r<-—-3 or z>

Quadratic inequality, downward parabola

Solve —z2 + 2z + 8 > 0.

Solution. Multiply by —1 (reversing the inequality): 22 — 2z — 8 < 0, i.e. (z — 4)(z + 2) < 0.
Roots are z = 4 and = = —2; since the coefficient of 2 is now positive, this holds between the
roots:

N

—2<x <4

(Equivalently: the original graph opens downward with roots —2,4, so y > 0 between the
roots.)

(1) L6i thuong gap: When multiplying or dividing an inequality by a negative number, the
inequality sign must be reversed. This is the single most common source of errors in quadratic
inequality problems, particularly when a < 0 in the original expression. To avoid mistakes,
either sketch the parabola in its original form or multiply through by —1 and carefully flip the
inequality sign, as shown above.
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Bai tap luyén tap

Solve the inequality 22 — 52 + 6 < 0.

Loi giai chi tiét

22 —5x+6 = (x —2)(x — 3), roots x = 2, 3. Since a = 1 > 0, the expression is < 0 between
the roots:
2<x < 3.

Bai tap luyén tap

Solve the inequality 6 — z — 22 < 0.

Loi giai chi tiét
Rewrite as —2% —x + 6 < 0, multiply by —1 (reverse sign): 22 +x—6 > 0, i.e. (z+3)(z—2) > 0.
This gives x < —3 orz > 2.

Bai tap luyén tap

(A) 2<z<5 (C) bv<x<?2
(B) x < —2o0orz>5 (D) < —Horzxz > 2

Which set describes the solution of 22 — 3z — 10 < 0?

Loi giai chi tiét

2?2 —3x — 10 = (x — 5)(z + 2), roots —2,5,a = 1 > 0 so < 0 between roots: —2 < z < 5.
Closest option (bounded interval): (A) —2 < x < 5 describes the correct interval structure
(with equality at endpoints, the answer is —2 < z < 5).

Bai tap luyén tap

Find the set of values of = for which 322 > 8z + 3.

Loi giai chi tiét

-

. 1 .
Rearrange: 3z% — 8x — 3 > 0. Factorise: (3z + 1)(z — 3) > 0, roots x = —3 3. Sincea=3>0:

1
x§—§ or x> 3.

2.6 Intersection of a Line and a Curve; Tangency

Line Meeting a Curve

To find where a line y = max + ¢ meets a curve y = f(x), substitute to obtain a single equation
in 2. If this reduces to a quadratic Az? 4+ Bz 4+ C = 0, the discriminant A = B? —4AC tells us:
o A > 0: line intersects the curve at two distinct points.
e A = (: line is tangent to the curve (touches at exactly one point).
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e A < 0: line does not meet the curve.

- GIAI THICH TIENG VIET
Dé tim giao diém clia dudng thang va dudng cong, thay phuong trinh dudng thang vao phuong
trinh dudng cong dé dugc mot phuong trinh bac hai. Dung A cta phuong trinh dé: A > 0 c3t
tai 2 diém, A = 0 tiép xtc, A < 0 khéng c3t nhau.

angent point (3, 4)

The line y = 2z + cis tangent to y = 2 — 4z + 7 when ¢ = —2, touching at (3, 4).

Finding a tangency condition

Find the value of ¢ for which the line y = 2x + c is a tangent to the curve y = 22 — 42 + 7.
Solution. Substitute: 22 —4x + 7 = 2 + ¢ = 2% — 62 + (7 — ¢) = 0. For tangency, A = 0:

(—6)2 —4(1)(7T—¢c) =0 = 36—28+4c=0 = 4c=—-8 = c=—2.

Check: withe = —2,22 —62+9=0 = (z—3)2=0 = z =3,y =2(3) — 2 = 4. Tangent
pointis (3,4).

Values of £ for no intersection

Find the range of values of k for which the line y = kx + 1 does not meet the curve y =

r? + 3x + 4.
Solution. Substitute: 2? + 3z +4 = kx+1 = 22+ (3—k)z +3 = 0. No intersection requires

A <O

(B—k)2—41)B)<0 = B—k?2<12 = —V12<3—k<V12.
S03—2v3 < k< 3+2V3(using V12 = 2V/3).

Intersection points explicitly

Find the coordinates of the points where the line y = x + 1 meets the curve y = z
Solution. 2> —z —3=2+1 = 22 -2z —4=0.

24+v4+16 24420
- + 2+ _ :I:2 145

2_gp—3.

Whenz =1+5,y =2+1=2++/5;whenz = 1—+/5,y = 2—+/5. Points: (14+/5, 2++/5)
and (1 —+/5,2—/5).
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Bai tap luyén tap

Find the values of m for which the line y = max — 4 is a tangent to the curve y = 2% — 2z + 1.

Loi giai chi tiét
Substitute: 22 — 2z + 1 =mx —4 = 22— (2+m)z +5 = 0. Tangency: A = 0:
24+m)?2—20=0 = (24+m)2 =20 = 2+m =420 = +2V/5.

Som=-2+2V50rm=—2—25.

Bai tap luyén tap

The line y = 3z + k intersects the curve y = 222 —5x + 1 at two distinct points. Find the range
of values of k.

Loi giai chi tiét
Substitute: 222 — 52 + 1 =32z + k = 222 — 8z + (1 — k) = 0. Two distinct points: A > 0:

64—8(1—k) >0 = 64—8+8k>0 = 8k>—56 = k> —T.

Bai tap luyén tap

Show that the line y = 2 — 1 meets the curve y = 22 — 42 + 7 at only one point, and find it.

Loi giai chi tiet

2 —4drx+7=2r—1 = 22 —62x+8=0 = (x—2)(z—4) =0,givingz =2o0rz =4
— this is two points, not one, since A = 36 — 32 = 4 > 0. (Note: this shows the importance
of checking A rather than assuming; the statement as posed is false — the line actually meets
the curve twice, at (2,3) and (4,7).)

2.7 Sum and Product of Roots

Sum and Product of Roots

If o, B are the roots of ax? + bx + ¢ = 0 (a # 0), then

b
atB=—=, af=-.

a
—b+ VA —b—+VA
Derivation. From the quadratic formula, o = b; B = b 5 \F. Adding: o+ 38 =
a a
—2b b b2—A b2 — (b2 —4dac) 4dac c
—— = ——. Multiplying: = = =— =—.
2a a ultiplying: af 4q2 4q2 4a2 a

Conversely, a quadratic with roots «, 8 can be written as
2?2 — (a+ B)z +aB =0.

This is useful for forming new equations whose roots are related to «, 3 (e.g. o>+ 3%, a+2, B+2,
etc.) without solving for «, 3 individually.
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GIAI THICH TIENG VIET

" . a . b . N e e AR T
Néu a, 5 1a nghiém cta az? + bz +c=0thia+ 8= —=-vaaf = € Tir d6 c6 thé lap phuong
a a
trinh bac hai mai véi nghiém lién quan dén «, 3 ma khong can giai truc tiép.

Using sum and product directly

The roots of 222 — 72 + 3 = 0 are a and $3. Find o + 3 and o3, and hence find o + 2.

. 7 3
Solution. Herea =2,b=—-7,c=3: a+ 3 = o1 aff = 5

2

a2+ﬁ2:(a+ﬁ)22aﬁ:<7> 2(3>:49 zg.

2 2
Forming a new equation

The roots of 22 — 52 4+ 2 = 0 are «, 3. Find the quadratic equation with roots o + 1 and 5 + 1.
Solution. Here a + 3 =5, af = 2. New sum: (o« + 1)+ (8+1) = a+ S +2 = 7. New product:
(a+1)(B+1)=aB+a++1=2+5+1=8. Required equation: 2> — 7z + 8 = 0.

Finding a coefficient from a root relation

The equation 222 + kz + 9 = 0 has roots o and 3 such that a = 33. Find the possible values
of k.

Solution. Sum: o + 8 = 48 = —g. Product: af = 352 = g so %2 = % B = i\/g. Then

k
4ﬁ:—§ — k:—SBzﬂFS\/gzﬂFZL\/E.Sok::4\/60rl<;:—4\/€.

Bai tap luyén tap

. 1 1
The roots of 322 + 5z — 2 = 0 are o, 8. Find the value of — + —.
(6]

B
Loi gidi chi tiét
) 2
Oé‘|—6——§,016——§-

1. 1 a+B -5/3 5

a B af @ —2/3 2

j Bai tap luyén tap

Find k such that one root of 22 — kx + 18 = 0 is twice the other root.

Loi gidi chi tiét
Let roots be 3,28. Sum: 33 = k. Product: 262 =18 = 2 =9 = f=43.f3=3:k=0.
If3=-3k=-9.S0k=9o0rk=-09.
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Bai tap luyén tap

The roots of 2 + 7z + p = 0 are o and « + 3 for some real a. Find p.

Lai giai chi tiét

Sum: a + (¢ +3) = 2a+3 = -7 = « = —5. So roots are —5 and —2. Product: p =
(—5)(—2) = 10.

2.8 Equations Reducible to Quadratic Form

Disguised Quadratics

Some equations are not quadratic in x itself but become quadratic after a substitution. Com-

mon patterns:

e Quarticin 22: az* +bz? +c=0. Letu = 22 (u > 0), solve au® +bu +c = 0, then z = +/u
for each valid w.

e Involving \/z: azx + b\/z + c = 0. Let u = \/z (u > 0), solve au® + bu + ¢ = 0, then z = 2,
discarding negative u.

e Exponential: ae?® + be® + ¢ = 0. Let u = e* (u > 0), solve au? + bu + ¢ = 0, then z = Inu,
discarding non-positive .

. . . . b
e Reciprocal form: ax2+bxz~!+¢ = 0, or symmetric equations like ax? +bx +c+ —+ % =0,
X X

1 o .
treated with v = z + — type substitutions.
X

Always check the domain restriction on u before converting back to x, and reject any spurious
roots.

GIAI THICH TIENG VIET
M6t sé phuong trinh khéng c6 dang bac hai theo = nhung tré thanh bac hai sau khi dat an
phu, vi du u = 22, u = \/z, hodc u = e®. Sau khi gidi duoc u, can ki€ém tra diéu kién cta u (vi
du u > 0 hodc u > 0) trudce khi suy ra z, va loai bd nghiém ngoai lai.

Quartic in 22

Solve z* — 1322 + 36 = 0.
Solution. Let u = 2% v? —13u+36 =0 = (u—4)(u—9) =0 = wu=4o0ru=9. Since
uw=1x2>0,botharevalid: 22 =4 = z=42;22 =9 — 2 = £3. Solutions: z = +2, +3.

I '

Involving square roots

Solve x — 5\/x + 6 = 0.

Solution. Letu = \/z (sou >0,z =u?): u?> —5u+6=0 = (u—2)(u—3)=0 = u=2
oru=3.Bothsatisfyu>0:z=u2=40rz=9. Check: V4=2,4—10+6=0v; /9 =3,
9—15+6 =0 . Solutions: x = 4,9.

Exponential quadratic

Solve e2* — 4¢* 4 3 = 0, giving z to 3 significant figures where necessary.
Solution. Letu = ¢® (u > 0): v? —4u+3=0 = (u—1)(u—3)=0 = wu=1oru=3.
Bothsatisfyu > 0: e* =1 = 2 =0;¢* =3 = x = In3 ~ 1.10. Solutions: z = 0 or
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z=1In3 ~ 1.10.

(1) L6i thueng gip: After solving the substituted equation for u, always check the domain
restriction (e.g. u = 22 > 0, u = \/z > 0, u = e > 0) before converting back to x. A value of
u that violates the restriction (e.g. u = —2 when u = \/x was required) must be discarded — it
does not correspond to any real value of .

Bai tap luyén tap

Solve z* — 522 +4 = 0.

Loi giai chi tiét

letu=2%u?-5u+4=0 = (u—1)(u—4)=0 = u=1loru=422=1 = z==1;
2 =4 = x = 42. Solutions: z = 41, +2.

Bai tap luyén tap

Solve 2 — 7\/x + 3 = 0.

Loi giai chi tiét

1
letu =z: 20> —Tu+3=0 = u—1)(u—3) =0 = u:§0ru:3. Both > 0:

=u?>=-orz=09. Check: z = 1: 2(3)—7(1)+3=05-35+3=0v.2=9:18—21+3 =0

8
N
| =

Bai tap luyén tap

Solve €2 — e — 6 = 0.

Loi giai chi tiet

-

letu=e*u?—u—6=0 = (u—3)(u+2)=0 = u=3o0ru=—2.Sinceu =e® >0,

rejectu = —2.Soe* =3 — x =In3 ~ 1.10.

Bai tap luyén tap

(A) =z =1only (C) x =16 0only

(B) x=1o0orz =16 (D) no real solutions

The equation z — 5v/x + 4 = 0 has which solution set?

Loi giai chi tiét

letu =z u? —5u+4=0 = (u—1)(u—4)=0 = u = 1oru = 4, both valid (> 0).
x = 1orz = 16. Answer: (B).
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2.9 Sketching Parabolas

Sketching a Parabola Accurately

To sketch y = ax? + bx + ¢, identify:

1. Shape: ¢ > 0 opens upward (u-shape); a < 0 opens downward (n-shape).

2. y-intercept: set x = 0, giving (0, ¢).

3. z-intercepts (roots): solve az? + bz + ¢ = 0 using A; may be two points, one (tangent), or
none. ]

b b .
4. Vertex: (——, I (——) ) and the axis of symmetry z = ——.
2a 2a 2a

Plot these key features, then draw a smooth symmetric curve through them.

. GIAI THICH TIENG VIET

Dé vé phac d6 thi parabol y = ax? + bz + c: xac dinh hudng (dua vao dau a), giao di€ém vai truc
tung, giao diém vai truc hoanh (dua vao A), va toa dé dinh. Sau dé néi cac diém nay thanh
duong cong doi xtrng qua truc x = —b/2a.

2+ Vertex (2.5,1.25)

6[ (0, —5)

Sketch of y = —x2 + 5z — 5: downward parabola, vertex (2.5, 1.25), y-intercept (0, —5).

Complete sketch

Sketch the graph of y = 22 — 5z + 4, showing all intercepts and the vertex.
Solution. Shape: a = 1 > 0, opens upward. y-intercept: = = 0 = y = 4, point (0,4).
5
=5

z-intercepts: 1> —5r+4=0 = (v —1)(x—4) =0 = z = 1,4. Vertex: v = —ﬁ

5\ 5 25 25 9 5 9 -
v=1\3) — 5 <§> +4= R +4 = I Vertex: (5, _Z>’ a minimum. The curve passes
through (0,4), (1,0), (4,0), and has its lowest point at (2.5, —2.25).
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_9 Vertex (2 25)

Sketch of y = x2 — 5z + 4 with x-intercepts 1, 4, y-intercept 4, and vertex (2.5, —2.25).

Bai tap luyén tap

Sketch y = —x2 + 2z + 3, stating the intercepts and the coordinates of the turning point.

Loi giai chi tiet

-

a = —1 < 0: opens downward. y-intercept: + = 0 = y = 3. z-intercepts: —22 + 2z + 3 =
0 = 22-22-3=0 = (x—3)(z+1)=0 = x = 3,—1. Vertex: x:—m — 1
y = —(1)% + 2(1) + 3 = 4. Turning point (1,4), a maximum. Curve passes through (—1,0),
(0,3), (3,0), peaking at (1,4).

Bai tap luyén tap

A parabola has z-intercepts at x = —2 and = = 5, and passes through (0,—20). Find its
equation in the form y = ax? + bz + c.

Loi giai chi tiét

Since the roots are —2,5: y = a(x + 2)(x — 5). At (0,—20): a(2)(—5) = —20 = —10a =
—20 = a=2.

y=2(x+2)(x—5) =2(x? - 3z — 10) = 222 — 62 — 20.

Bai tap luyén tap

State the number of real roots of 422 — 12z + 9 = 0, and hence describe how the graph
y = 4x? — 12z + 9 meets the z-axis.

Loi giai chi tiét

12
A = (—12)% — 4(4)(9) = 144 — 144 = 0. One repeated real root, » = 3= g The graph

. . 3 . .
touches (is tangent to) the z-axis at (5, O) without crossing it.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 38



8020 Chuyén luyén thi IELTS/SAT — AP /IB / A-levels

ENGLISH

2.10 Mixed Practice
Bai tap luyén tap

(A) k< —4dork>4 (C) k< —2o0rk>2
(B) 4<k<4 (D) —2< k<2

For which values of k does x2 + kx + 4 = 0 have two distinct real roots?

Loi giai chi tiet

-

A=k>—16>0 = k*>>16 = k< —4ork > 4. Answer: (A).

Bai tap luyén tap

Find the minimum value of 322 + 6z + 5 and the value of x at which it occurs, without using
calculus.

Loi giai chi tiét

322 + 62+ 5 = 3(z? +22) +5 = 3[(z + 1) — 1] + 5 = 3(z + 1) + 2. Minimum value 2 at

8
|

|
.

Bai tap luyén tap

The line y = = + cis tangent to y = z? + 3z + 7. Find ¢ and the point of tangency.

Loi giai chi tiét
Substitute: 22 + 3z + 7=z +c¢ = 2%+ 2z + (7 —c) = 0. Tangency: A = 0:
4—4(7T—c)=0 = 4—-28+4c=0 = c=6.

Thenz? +2x+1=0 = (z+1)?=0 = 2z =—1,y =2z + ¢ = 5. Tangent point (—1,5).

Bai tap luyén tap

If o, B are the roots of 422 — 8z + 1 = 0, find the value of o2 + a2

Loi giai chi tiét

1
a+ﬁz2,aﬁ=1.

a26+aﬁ2:aﬁ(a+ﬁ):ix2:§.

Bai tap luyén tap

Solve 9% — 4(3%) +3 = 0.
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Loi giai chi tiét

Note 9 = (3*)%. Letu =3 (u > 0): > —4u+3=0 = (u—1)(u—3)=0 = u=1or
©u=3.3"=1 = £=0;3*=3 = z = 1. Solutions: z =0orz = 1.

Bai tap luyén tap

Find the set of values of m for which the curve y = 22 + max + m + 3 lies entirely above the
z-axis (i.e. has no real roots).

Loi giai chi tiet

For the curve to lie entirely above the z-axis with a = 1 > 0, we need A < 0:

m?2—4(m+3)<0 = m? —4m—-12<0 = (m—6)(m+2) <0 = —2<m<6.

Bai tap luyén tap

Given that z = 2is a root of 222 4+ bz — 10 = 0, find b and the other root using the sum/product
of roots.

Loi giai chi tiét

—10 . 3
Product of roots = < — - = —5. If one root is 2, the other root 3 satisfies 26 = —5 =
a
5 b 5 b 1 b
= ——. Sum of roots = —— = 2 —|=—-— = —==—= = b=1. Check:
f=—3 u a + < 2) 2 2~ 2

2024+ —10=0atz=2:84+42—-10=0 .
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Indices, Surds and Polynomials

Muc tiéu Unit: By the end of this chapter you should be able to: apply the laws of indices, including
negative and fractional exponents; solve index equations; simplify surds, multiply surds, and rationalise
denominators involving a single surd or a conjugate of the form a++/b; perform polynomial long division;
apply the Remainder Theorem and the Factor Theorem; factorise and solve cubic equations; and find
unknown coefficients using factor and remainder conditions and by comparing coefficients in identities.

. GIAI THICH TIENG VIET

Muc tiéu chuong: nam virng cac quy tac Iy thira (k€ ca s6 mi am va phan sé), rit gon va hop
ly héa can thire, chia da thirc, Dinh ly S6 du va Dinh ly Nhan tir, phan tich va giai phwong trinh
bac ba, va tim hé sé chua biét bang cach so sanh hé sé.

3.1 Laws of Indices

Laws of Indices

For a # 0, b # 0, and rational exponents m, n:

a™ x q" = g™t
a™=a*=a™m"
(@) = am
(ab)™ = a™b"™
a\™ a"
(5) =%
A =1
o L
an
al/n (1/&

GIAI THICH TIENG VIET
Cac quy tac Iy thira co ban: nhan céng s6 md, chia trir s6 m, 0y thira cha |Gy thira thi nhan
s6 mi. S6 ml am nghia la nghich dao; sé ml phan s6 m/n nghia la can bac n roi lGy thira m
(hoac nguoc lai).

The order of operations for a”/™ does not matter: (/a)” = /a™. It is usually easier to take
the root first, then raise to the power, since the numbers stay smaller.
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Evaluating fractional and negative indices

g \ 23
Evaluate: (a) 272/3, (b) 1673/4, (c) (175) .

Solution. (a) 27%/3 = (¥ 27)2 =32=0.

1 1 1 1
b ]_ _3/4 = = = —= = —
( ) 6 163/4 (4 16)3 23

8
o() ()" (1) 6%

. GIAI THICH TIENG VIET

\
Vi du tinh gia tri cta liy thira phan sé va lay thira Am bang cach 13y cin trudc rdéi méi nang lay
thtra.

Simplifying algebraic index expressions

23 . p1/2
Simplify — giving your answer in the form z*.

x2/
. . 1 2 18 3 4 11
Solution. Combine exponents: 3 — ~ — - = — — — — — = —

2 3 6 6 6 6"
So the expression simplifies to 21/6.

() L6i thueng gap: A very common error is to write (—8)%/3 as undefined or to compute 22/3

and forget the sign. Since —8 has a real cube root, (—8)%/3 = (\3/—8)2 = (=2)2 = 4. Al
ways take the odd root first when the base is negative and the denominator of the fractional
exponent is odd.

3.2 Solving Index Equations

Strategy for Index Equations

To solve an equation with unknowns in the exponent:
(1) Express every term as a power of the same base wherever possible.

(2) Use the laws of indices to combine exponents on each side.

(3) Since a” is a one-to-one function for a > 0, a # 1, equate the exponents once the bases
match.

(4) If the bases cannot be matched directly, introduce a substitution (e.g. ¥ = a®) to reduce to
a polynomial equation.

. GIAI THICH TIENG VIET

Chién lugc giadi phuong trinh mi: dua vé cung co s6 roi can bang s6 mi; néu khéng dua duoc
Vé cling co s6, dat an phu dé dua vé phuong trinh da thirc.
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Equations with a common base

Solve 9#+1 = 27221,
Solution. Write both sides with base 3: 9 = 32 and 27 = 33.

5
32(e+l) — 3322-1) — 9294 9=—67r—3 — 5 =4y — T=

Equations requiring substitution

Solve 47 — 5(2%) +4 = 0.
Solution. Note 4% = (2%)2. Let y = 2%. Then

2 —5y+4=0 = (y—1)(y—4)=0 = y=1lory=4.

If2* =1,thenz =0.1f2* =4,thenz=2. Soz =0o0rz = 2.

GIAI THICH TIENG VIET

Vi du dat an phu y = 2* d€ dua phuong trinh ma vé phuong trinh bac hai, sau do6 giai va tra
veé an z.

3.3 Surds

Simplifying and Combining Surds

A surd is an irrational root such as v/2 or +/5. Key rules for square roots:
ﬁﬁzmugzﬁ(mzm¢m

To simplify a surd, extract the largest perfect-square factor: vn?m = n,/m. Surds can only be
added or subtracted directly if they have the same “radical part” after simplification.

- GIAI THICH TIENG VIET
Can thirc: nhan hai cin bang can cua tich, chia hai cin bang can ctia thuong. Rat gon can bang
cach tach nhan tir chinh phuong I6n nhat. Chi cong/trir duoc cac cdn cung phan dudi diju
can.

Simplifying and combining surds

V75— V12

V3
Solution. First simplify each surd: V75 = v/25 x 3 = 5v/3 and V12 = V4 x 3 = 2V/3.

VB-V2 5/3-2/3 33
V- Y TRV

Simplify

3.
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Rationalising Denominators

Single surd denominator: multiply numerator and denominator by that surd, using /a-1/a = a.

bk va_kva

Ja_ va Vi  a

Conjugate denominator: if the denominator is a + v/b, multiply by its conjugate a — v/b, using
the difference of two squares (a + v/b)(a — Vb) = a® —b.

k k(a —/b) k(a — \/13)'

a+vb (a+VB)(a—vb)  a2—b

. GIAI THICH TIENG VIET

Hop ly héa mau s6: néu mau c6 mét cin thirc, nhan ca tir va mau véi cdn do. NEu mau cé dang
a + /b, nhan véi biéu thirc lién hop a — /b dé dung hing dang thirc hiéu hai binh phuong.

Rationalising with a conjugate

Express > in the form M where p, g, r are integers.
V7 -2 r
Solution. Multiply top and bottom by the conjugate /7 + 2:
5  5(V7T+2) 5(V7T+4+2) 5V7+10
Vi-2 (VT-2)(WT+2) T4 3

Sop=10,q¢=5,r=3.

Solving surd equations

Solve v/2z + 3 = z, stating any values that must be rejected.

Solution. Square both sides: 2z + 3 = 22, so 22 — 2z — 3 = 0, giving (z — 3)(x + 1) = 0, so
r=30orx=—1.

Check in the original equation (the right side  must be > 0 since 2z + 3 > 0): for z = 3,
V9=3Vv.Forz=—1,v/1=1+ —1, so this is rejected.

Hence z = 3.

(1) Loi thueng gap: Squaring both sides of an equation can introduce extraneous roots. Always
substitute each candidate solution back into the original (unsquared) equation to check it is
valid, as in the example above.

3.4 Polynomial Long Division

Polynomial Long Division

To divide a polynomial p(z) (the dividend) by a linear or quadratic divisor d(z), use the same
layout as long division of numbers, dividing term by term starting from the highest power of z,
subtracting, and bringing down the next term until the remainder has lower degree than d(z):

p(z) = d(z) q(z) + r(z),
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where ¢(x) is the quotient and r(z) is the remainder, with degr < degd.

- GIAI THICH TIENG VIET
Chia da thirc dai: chia tirng s6 hang bat dau tir bac cao nhat, trir di, roi ha s6 hang tiép theo
xuéng, tuong tu chia sé hoc dai, cho dén khi bac ctia s6 du nho hon bac cua sé chia.

Dividing a cubic by a linear factor

Divide 23 — 7z + 6 by = — 1.
Solution.

2 —Tr+6=(x—1)(2?2+2—6)+0.

Check: 23 divided by z gives z?; 2?(z—1) = 23—2?, subtract to get 22— 72 +6. Then 2% =2 = 1;
z(r—1) = 2% — x, subtract to get —6z + 6. Then —6x ~x = —6; —6(x — 1) = —62 + 6, subtract
to get 0.

Soz3 — 7z + 6= (x—1)(2? + x — 6), and the remainder is 0.

Step Bring down / divide  Multiply by (z — 1) Subtract

1 3+ =12 ?(x—1)=a3—2%2 22-T2+6
2 ?rr=21 rx—1)=2°—x —6x + 6
3 —bxr oz =—6 —6(x —1) = —6x+6 0

Synthetic-style layout for dividing x°> — 7z + 6 by x — 1.

3.5 The Remainder Theorem and the Factor Theorem

Remainder Theorem

If a polynomial p(z) is divided by (z — a), the remainder is p(a).
Derivation. Write p(z) = (x —a) ¢(x) 4+ r, where r is a constant (since the divisor has degree 1,
the remainder has degree 0). Substituting « = a gives p(a) = (a —a)q(a) +r = r. Sor = p(a).

B Factor Theorem

(x — a) is a factor of p(x) if and only if p(a) = 0.
Derivation. This follows directly from the Remainder Theorem: (z — a) divides p(z) exactly
precisely when the remainder p(a) is 0.

GIAI THICH TIENG VIET
Dinh ly S6 du: s6 du khi chia p(z) cho (z — a) chinh la p(a). Dinh ly Nhan t&r: (z — a) 13 nhan
tlr cta p(x) khi va chi khi p(a) = 0. Day la cong cu then chét dé phan tich da thirc bac ba.

Using the Remainder Theorem

Find the remainder when z* — 322 + 2 is divided by (z + 1).
Solution. By the Remainder Theorem the remainder is p(—1), where p(z) = z* — 322 + 2:

p(=1) = (=)' =3(=1)2 +2=1-3+2=0.

The remainder is 0 (so (z + 1) is in fact a factor).
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Using the Factor Theorem

Show that (z — 1) is a factor of p(z) = 2® — 7z + 6, and hence factorise p(z) completely.
Solution. p(1) =1—7+ 6 = 0, so by the Factor Theorem (x — 1) is a factor.

Dividing (as in the previous example) gives p(z) = (z — 1)(z? + 2 — 6).

Factorise the quadratic: 2% + 2 — 6 = (x — 2)(x + 3).

Hence p(z) = (z — 1)(z — 2)(x + 3), with roots = = 1,2, —3.

Graphof y = 2% —7x + 6 = (x — 1)(x — 2)(x + 3), showing roots at z = —3, 1, 2.

GIAI THICH TIENG VIET

D6 thi cia y = 23 — 7z + 6 cat truc hoanh tai ba nghiém = = —3, 1, 2, twong (ng vai ba nhan
tor (z 4 3)(z —1)(x — 2).

3.6 Factorising and Solving Cubic Equations

Strategy for Cubic Equations

To factorise or solve a cubic p(z) = ax® + bx? + cx + d = 0:

(1) Use the Factor Theorem to find one root = = a by trial with factors of d/a (the rational root

candidates are 4 factorofd)

(2) Divide p(z) by (x — a) to obtain a quadratic quotient.

(3) Factorise or apply the quadratic formula to the quotient to find the remaining roots.

- GIAI THICH TIENG VIET
Chién lugc gidi phuong trinh bac ba: dung Dinh ly Nhan tir d€ tim moét nghiém bang cach thur
cac udc cta hé sé tu do chia cho uéc clia hé sé bac cao nhat, chia da thic dé duoc phuong
trinh bac hai, roi giai phwong trinh bac hai do.

Solving a cubic with leading coefficient # 1

Solve 22% — 322 — 112 + 6 = 0.

Solution. Try z = 3: p(3) = 2(27) —3(9) —11(3) + 6 =54 —27—33+6 =0. So (x — 3) isa
factor.

Divide: 2% — 32? — 11z + 6 = (z — 3) (222 + 3z — 2).

Factorise the quadratic: 222 + 3z — 2 = (22 — 1)(x + 2).
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So2z% — 322 — 11z + 6 = (x — 3)(2z — 1)(z + 2) = 0, giving

A cubic with a repeated root

Solve 3 — 322 +4 = 0.

Solution. Try z = —1: (—1)> —=3(~1)2+4=—1—-3+4=0. So (z + 1) is a factor.
Divide: 23 — 322 +4 = (z + 1)(2? —4x +4) = (z + 1)(z — 2)%

So the roots are 2 = —1 and = = 2 (repeated, i.e. a double root).

GIAI THICH TIENG VIET
i du phuong trinh bac ba cé nghiém kép: sau khi phan tich, mét nhan tir bac hai Ia binh
phuong ding, cho ra mét nghiém 13p lai hai lan.

3.7 Finding Unknown Coefficients

Using Factor and Remainder Conditions

When a polynomial contains unknown coefficients (for example p(z) = 223 + az? + bz — 3),
conditions such as “(z — k) is a factor” or “the remainder on division by (z — k) is r” translate
directly into equations:

(x—k) is a factor of p(z) < p(k) =0, remainder on dividing by (z—k) isr < p(k) =r.

With two independent conditions on a polynomial with two unknowns, solve the resulting
simultaneous equations.

- GIAI THICH TIENG VIET
Khi da thirc cé hé s6 chua biét, cac diéu kién vé nhan tir hodc s6 du cho ta cac phuong trinh
theo cac hé s6 do; gidi hé phuong trinh d€ tim gia tri ctia ching.

Finding two unknown coefficients

The polynomial p(x) = 223 + az? + bz — 3 has (x — 1) as a factor. When p(z) is divided by
(x + 2), the remainder is —9. Find the values of a and b.
Solution. Since (z — 1) is a factor, p(1) = 0:

2(1)4+a(l)+06(1)—3=0 = a+b=1. (1)
Since the remainder on division by (z + 2) is p(—2) = —9:
2(—8)4a(4)+b(—2)—3 = -9 = —164+4a—2b—3 = -9 = 4a—2b=10 = 2a—b=5. (2)

Adding (1)and (2): 3¢ =6 = a=2. Thenfrom(1),b=1—-2 = —1.
Soa=2,b=—1,and p(x) =223 4+ 222 —x — 3.
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Comparing Coefficients in Identities

If two polynomials are equal for all values of z (an identity, written with =), then the coefficients
of corresponding powers of x on each side must be equal. This gives a system of equations
that can be solved for any unknown constants.

. GIAI THICH TIENG VIET

Dong nhat thire: néu hai da thirc bang nhau véi moi z, thi cac hé s6 cua cung bac = & hai vé
phai bang nhau, tir dé 1ap hé phuong trinh dé tim hang s6 chua biét.

Comparing coefficients

Given that 2% + 222 — 52 — 6 = (z + 3)(2% + pz + q) for all z,, find p and q.
Solution. Expand the right side:

(x4 3)(2? + px + q) = 2% + px? + qr + 32% + 3pxr + 3¢ = 23 + (p + 3)2% + (¢ + 3p)x + 3q.
Compare coefficients with 23 + 222 — 52 — 6:

constant: 3¢=-6 = ¢q=—-2.

Check the z coefficient: ¢ + 3p = —2 + 3(—1) = —5 v/, which matches. So p = —1, ¢ = —2.

Combining the Factor Theorem with coefficient comparison

p(x) = 23 + pz? — bz + ¢ is divisible by (x — 2) and leaves a remainder of 12 when divided by
(x 4+ 1). Find p and ¢, and hence solve p(z) = 0.

Solution. Divisible by (z —2): p(2) =8 +4p—104+¢=0 = 4p+q=2. (1)

Remainder 12 on division by (z +1): p(—1)=—1+p+5+¢=12 = p+q¢=8. (2)
Subtract (2) from (1): 3p = —6 = p = —2. Then from (2), ¢ = 8 — (—2) = 10.

So p(x) = 23 — 22% — 5z + 10.

Factorise: since (z — 2) is a factor, divide to get p(z) = (x — 2)(z% — 5).

Solve: x =2orz2 =5 = x = +/5.

GIAI THICH TIENG VIET

Vi du két hop Dinh ly Nhan tr véi so sanh hé s6 dé tim hai hang sé p, ¢, sau d6 phan tich va
giai phuong trinh bac ba hoan chinh, bao gdm ca nghiém vo ty +/5.
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Graph of y = 23 — 222 — 5z + 10 = (z — 2)(z? — 5); the marked root is the only rational root, z = 2, with the irrational
roots « = ++/5 visible where the curve crosses the axis.

(1) L6i thuweng g3p: When comparing coefficients, make sure you fully expand every bracket
before matching terms, and check your working using an extra coefficient (as in the worked
example above) or by substituting a convenient value of x, such as x = 0 or z = 1, into the
original identity.

(1) L6i thuweng gap: Do not assume every cubic has three rational roots. Once you factor out
a linear factor found via the Factor Theorem, the remaining quadratic may have irrational or
complex roots — always check the discriminant b2 — 4ac of the quotient before assuming it
factorises nicely.

3.8 Practice

Bai tap luyén tap

Simplify 82/3 x 81/3,

Loi giai chi tiet

82/3 % 871/3 — 8(2/371/3) — 81/3 — 9.

Bai tap luyén tap

g\ ~1/2
Evaluate (Z)

Lo giai chi tiét
@7 -6)"-5-3
4 9 V9 3

Bai tap luyén tap

-

—-1/2

(A) 25 (C) =7
(B) ¢ (D) 28
Simplify "“"4:;2"’“"5.

Loi giai chi tiét

-

Exponents: 4 + 5 — 2 = 7, so the expression equals 7. Answer: (c).

Bai tap luyén tap

Solve for z: 237~ = 32.
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Loi giai chi tiét

32=2%503x—1=5 = 3x=6 = z=2.

Bai tap luyén tap

Solve for z: 52* = 25%~1 . 53,

Loi giai chi tiet

2571 = 52(z—1) — 520-2 og the right side is 522213 = 522+1 Equation: 52* = 5221 — 2z =
2z + 1, which is impossible for any z. There is no solution.

Bai tap luyén tap

Solve 97 —10(3*) +9 = 0.

Loi giai chi tiét

Let y = 3%;since 9° = (3%)2 = ¢y% 4> —10y+9=0 = (y—1)(y—9) =0 = y=1or
=90.If3*=1,2=0.1f3*=9,z2=2.Sox=00rz = 2.

Bai tap luyén tap

(A) 2v/2 (C) 6v2
(B) 4v2 (D) 8v2

Simplify v/50 + v/18.

Loi giai chi tiét
V50 = 5v/2, V18 = 31/2, so the sum is 8v/2. Answer: (d).

-

Bai tap luyén tap
Simplify v/45 — v/20 + /5.

Loi giai chi tiét
V45 = 3/5, v/20 = 24/5. So 3v/5 — 24/5 + V5 = 2/5.

Bai tap luyén tap

VA8 + /27
—5

-

Simplify

Loi giai chi tiet

V48 = 4v/3, /27 = 3v/3. Numerator = 7+/3. Dividing by v/3 gives 7.
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Bai tap luyén tap

CnI

Rationalise —.

V3
Loi giai chi tiét

6  6V3
ﬁ_T_Ng‘

Bai tap luyén tap

Rationalise , giving your answer in the form p + ¢/5.

3
V56 —1

Loi giai chi tiét

Multiply by the conjugate v/5 + 1:

3 V541 _3(V6+1) 3V643 3 3 o
V5—1 V6+1  5-1 4 14

3

3
Sop=2,q="2.
°P=piTy

Bai tap luyén tap

)J;I

Rationalise

+
9

J Loi giai chi tiét
43—-v2) 4(83—v2) 12—4V2

Multiply by 3 — v/2: —
ultiply by 3 — /2 =p - .

Bai tap luyén tap

,

Solve v/3z + 1 = z — 1, rejecting any invalid solutions.

Loi giai chi tiét

gives V16 =4=5—1v.Soz = 5.

Bai tap luyén tap

Divide z® + 22? — 52 — 6 by (z + 1) and state the quotient.

Square bothsides: 3z+1 = (z—1)? = 22—22+1 = 2?2-52=0 = z(z—5)=0 = =0
or x = 5. Since the right side z — 1 mustbe > 0: z = 0 givesz —1 = —1 < 0, rejected. z =5
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Loi giai chi tiét

23+ =12 2%(r+1) = 23+ 2?; subtract: 22 —5x—6. 22+ = z; x(x + 1) = 22 + z; subtract:
—6x — 6. —6x +x = —6; —6(x + 1) = —6x — 6; subtract: 0. Quotient: x? + z — 6, remainder 0.
Sox3+22%2 — 52— 6= (z+1)(z? + z — 6).

Bai tap luyén tap

Find the remainder when p(z) = 223 — 22 + 3z — 4 is divided by (z — 2).

Lai giai chi tiét

-

By the Remainder Theorem, remainder = p(2) =2(8) -4+ 6 —-4=16—4+46—4 = 14.

Bai tap luyén tap

(A) p(0) (C) p(-1)
(B) p(1) (D) p(2)

By the Remainder Theorem, the remainder when a polynomial p(x) is divided by (x+1) equals:

Loi giai chi tiét

-

Dividing by (z — a) gives remainder p(a); here x +1 = 2z — (—1),s0 a = —1. Answer: (c) p(—1).

Bai tap luyén tap

Show that (x — 3) is a factor of p(x) = 2% — 422 + x + 6, then factorise p(z) completely.

Lai giai chi tiét

p(3) = 27 —36 +3 + 6 = 0, so (z — 3) is a factor. Dividing: p(x) = (z — 3)(2? — 2 — 2) =
(x —3)(x —2)(x + 1).

Bai tap luyén tap

Solve the equation 23 — 422 + z + 6 = 0.

Loi giai chi tiét

From the previous factorisation, 2® —42? + x + 6 = (x — 3)(x — 2)(x + 1) = 0,50z = 3, = =
2, x=-—1.

Bai tap luyén tap

Factorise 223 — 322 — 11z + 6 completely, and solve 223 — 322 — 112 + 6 = 0.

Loi giai chi tiet

-

p(3) = 54 — 27— 33+ 6 = 0, so (z — 3) is a factor. Dividing: p(x) = (z — 3)(222 + 3z — 2) =
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(x —3)(2z — 1)(z + 2). Roots: = = 3, 7 — % |
(A) z = —2 (C) =2
B) x =1 (D) =3

Which of the following is not a root of 22 — 72 + 6 = 0?

Loi giai chi tiet

23 —T2+6 = (x—1)(z—2)(z+3), withroots 1,2, —3. Testing z = —2: (—8)—(—14)+6 = 12 # 0,
so x = —2 is not a root. Answer: (a).

Bai tap luyén tap

Solve 2% — 322 4+ 4 = 0, stating any repeated root.

Loi giai chi tiet

p(—1) = =1 —3+4 = 0, s0 (z + 1) is a factor. Dividing: p(z) = (z + 1)(2? — 4z + 4) =
(r+1)(z —2)2. So z = —1 or = = 2 (repeated, a double root).

Bai tap luyén tap

The polynomial p(z) = 2% + ax? + bz — 6 has factors (z — 1) and (z — 2). Find a and b, then
find the third factor.

Loi giai chi tiét

p1) =0: 1+a+b—-6=0 = a+b=5 (Np?2) =0:84+4a+20—6=0 =
da+2b = -2 = 2a+b=-1. (2)(2)—(1): a = —6. Thenb = 5 — (—6) = 11. So
p(x) = 23 — 622 4+ 11z — 6. Since (z — 1)(x — 2) = 22 — 3z + 2 divides p(x), dividing gives
quotient (xz — 3). The third factor is (x — 3), so p(z) = (z — 1)(x — 2)(z — 3).

Bai tap luyén tap

p(x) = 223 + ax?® + bz — 3 has (z — 1) as a factor and leaves remainder —9 when divided by
(x4 2). Find a and b.

Loi giai chi tiét

p(1)=0:24a4+b—-3=0 = a+b=1. (1)p(-2)=—-9 —16+4a—2b—3=—-9 =
4a —2b=10 = 2a—b=05. (2)Adding(1)and(2):3¢a =6 = a=2,s0b=1—2=—1.

Bai tap luyén tap

Given 22 + 222 — 52 — 6 = (2 + 3)(2% + px + q) for all z, find p and ¢.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 53



8583“0 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

Loi giai chi tiét
Expanding the right side: 23+ (p+3)2% + (¢+3p)x +3¢q. Comparing z%: p+3 =2 = p=—1.

Comparing constants: 3¢ = —6 = ¢ = —2. Check x coefficient: ¢ +3p = —-2—-3 = -5V,
matching.

Bai tap luyén tap

p(x) = 23 + px® — 5z + ¢ is divisible by (z — 2) and has remainder 12 when divided by (z + 1).
Find p, ¢, and solve p(z) = 0.

Lai giai chi tiét

p2) =0:8+4p—-10+q=0 = 4dp+qg=2. (Dp-1) =12 —1+p+5+¢q =
12 = p+q=8(2(1)—(2):3p =—-6 = p=—2thenqg=8—(—2) = 10. So
p(z) = 2% — 222 — 52 4 10 = (z — 2)(2® — 5), giving x = 2 or z = £+/5.

Bai tap luyén tap

(A) 1 (C) 3
(B) 2 (D) 4

How many real roots does 3 — 222 — 5z + 10 = 0 have?

Loi giai chi tiet

From the previous solution, 3 — 222 — 52+ 10 = (z —2) (22 —5), giving roots = = 2, /5, —/5:
three distinct real roots. Answer: (c).

Bai tap luyén tap

Find the value of k such that (z + 2) is a factor of p(z) = 2 + ka? — 4z — 8.

Loi giai chi tiét

-

p(—2)=0: —8+4k+8—-8=0 = 4k—8=0 = k=2,

Bai tap luyén tap

a2/3p=1/2

Simplify (W) , giving your answer in the form a™b".

Loi giai chi tiet
1 1

1
Exponent of a: — — <_§) = 1. Exponent of b: 55 —1. Answer: ab~! = %.

Wl N

Bai tap luyén tap

Factorise 3 — 622 + 112 — 6 completely and hence sketch (describe) where the curve y =
x3 — 622 + 11z — 6 crosses the z-axis.
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Loi giai chi tiét

-

p(l)=1—6+11—6 =0, s0 (z — 1) is a factor. Dividing gives p(z) = (x — 1)(z* — 5z + 6) =
(x —1)(x —2)(x — 3). The curve crosses the z-axisat x = 1, 2, 3.

Bai tap luyén tap

-

HI

Solve 8% = 16’ giving x as a fraction.

Loi giai chi tiet

-

4
8:23,—6:2_4,5023x:2_4 = 3r=—4 = :E:_é

IH'_‘

Bai tap luyén tap

2
Express ——— in the form p(v/7 — v/5), stating the value of p.
VT+V6 ( )

Loi giai chi tiét

-

Multiply by conjugate /7 — v/5: 2<\/:__5\/5> = 2(\/72_ V) =v7—+v5.5p=1.
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CAMBRIDGE IGCSE « Unit 4

Simultaneous Equations

Muc tiéu Unit: Solve simultaneous equations where one equation is linear and the other is quadratic,
using the substitution method (VN: gidi hé phuong trinh mét bac nhat va mot bac hai bing phuong phap
thé); interpret the solutions geometrically as the intersection points of a straight line and a curve (VN:
giai thich nghiém theo hinh hoc I3 giao diém ctia dudng thang va dudng cong); use the discriminant to
decide whether a line and a curve intersect, are tangent, or do not meet (VN: dung biét thirc delta dé€ xét
s6 giao diém); apply simultaneous equations to solve geometry and word problems such as rectangles
with given perimeter and diagonal (VN: ap dung hé phuong trinh vao bai toan hinh hoc va bai toan thuc

té)

4.1 Solving a Linear Equation and a Quadratic Equation
4.1.1 The Substitution Method

Method for Linear-Quadratic Systems

When a system consists of one linear equation and one quadratic (or non-linear) equation in
two variables z and y, the standard technique is substitution.

1. From the linear equation, make one variable the subject (write it in terms of the other).
Substitute this expression into the quadratic (or non-linear) equation.
Simplify to obtain a single quadratic equation in one variable.

Solve the quadratic equation, usually giving two values of that variable.

LT R

Substitute each value back into the linear equation (never the quadratic one) to find the
corresponding value of the other variable.

6. State the solution as ordered pairs (x, y), and check each pair in both original equations.

- GIAI THICH TIENG VIET
Phuong phap thé: tir phwong trinh bac nhat, rat mét an theo an kia, roi thé vao phuong trinh
bac hai. Giadi phuong trinh bac hai thu duoc (thuwdng cho hai nghiém), sau dé thé nguoc lai vao
phuong trinh bac nhat (khdng phai phuong trinh bac hai) d€ tim &n con lai. Ludn kiém tra lai
nghiém trong ca hai phuong trinh ban dau.

(') L6i thuerng gdp: A very common error is substituting the found value back into the quadratic
equation instead of the linear one. The linear equation is simpler and safer to use for back-
substitution, and it guarantees the correct pairing of z- and y-values. Substituting into the
quadratic equation can introduce extra (incorrect) pairings that do not satisfy the linear equa-
tion.
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ENGLISH

Example 1: Basic Substitution with a Circle-type Equation

Solve the simultaneous equations
r—y=1, 22 +y? = 13.
Solution. From the linear equation, x = y + 1. Substitute into the second equation:
(y+1)2+y*=13
Y42+ 149> =13
2% +2y —12=0
Y +y—6=0
(y+3)(y—2)=0
y=2 or y=-—3.

Substitute back into z = y + 1:
e y=2=zx=3
o y=-3=x=-2

Solutions: (z,y) = (3,2) or (—2,—3).
Check: 3—2=1v,32+22=94+4=13v;-2—(-3)=1Vv,(-2)2+(-3)2=4+9=13 /.

The line z — y = 1 meets the circle 2 + y? = 13 at two points.

Example 2: Substitution with a Hyperbola-type Equation

Solve
y=x—2, zy = 15.

Solution. Substitute y =  — 2 into xy = 15:
z(r—2) =15
22 —2x—15=0
(x—5)(x+3)=0
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r=5 or x=-3.
Back-substitute intoy = = — 2:
e xr=5=y=3
e r=-3=y=-5

Solutions: (5,3) and (-3, —5).
Check: 5 x 3 =15v; (—3) x (=5) =15 V.

Example 3: When the Coefficient of the Substituted Variable is Not 1

Solve

20 +y =171, zy = 6.

Solution. From the linear equation, y = 7 — 2z. Substitute into zy = 6:
x(7T—2x) =6
Tr — 222 =6
202 — 72 +6=0
(2xr—3)(x—2)=0

Back-substitute:

o :L‘:%:>y:7—3=4
o r=2=y=7—4=3
Solutions: (2,4) and (2,3).

When the linear equation has the form ax + by = ¢ with a # 1 and b # 1, it is often easier to
make the variable with coefficient 1 the subject. If neither coefficient is 1, divide or rearrange
carefully, keeping fractions if necessary rather than rounding.

Bai tap luyén tap

Solve the simultaneous equations = + y = 5 and 22 + y? = 17.

L s it |
Fromz +y = 5,y = 5 — x. Substitute into 22 + 3% = 17:
2+ (h—x)2 =17
x? 425 — 10z + 22 = 17
222 —10x +8 =0
22 —5x+4=0
(x—1)(x—4)=0
r=1orx=4.
When z = 1, y = 4; when z = 4, y = 1. Solutions: (1,4) and (4,1).
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Bai tap luyén tap

Solve y = 2z + 1 and y? — zy = 8.

[ i
Substitute y = 2z + 1 into y? — zy = 8:
2z +1)2—z(2x+1) =8
42 + 42 +1—222 — 2 =8
222 4+3xz4+1—-8=0
202 4+3x—-7=0
Using the quadratic formula witha = 2,6 = 3,¢ = —T:

—3++v94+56 —3++65
T = = .
4 4

Sox = —3+65 ~19660rz = —— Y9 5 766. Then y = 2z + 1 gives y ~ 3.532 or

4
y ~ —4.532 respectively. Solutions (3 s.f.): (1.27,3.53) and (—2.77,—4.53).

4.2 Geometric Interpretation: Line Meets Curve

Number of Intersection Points

Solving a linear equation and a quadratic equation simultaneously is algebraically equivalent
to finding where a straight line meets a curve (parabola, circle, hyperbola, etc.). After substi-
tution, the resulting quadratic equation At? 4+ Bt + C = 0 (in whichever variable ¢ remains) has
discriminant

A =B? —4AC.

e If A > 0: two distinct real roots = the line intersects the curve at two distinct points.

e If A = 0: one repeated real root = the line touches the curve at exactly one point (the line
is a tangent to the curve).

e If A < 0: no real roots = the line and the curve do not meet.

GIAI THICH TIENG VIET

iai hé mot phuong trinh bac nhat va mét phuong trinh bac hai tvong duong véi viéc tim giao
diém cua dudng thang va dudng cong. Dung biét thirc A = B% — 4AC cta phuong trinh bac
hai thu duoc sau khi thé: A > 0 cho hai giao diém phan biét, A = 0 cho moét giao diém (dudng
thang ti€p xtc véi dudng cong — tiép tuyén), A < 0 cho khéng cé giao diém.

Example 4: Line Tangent to a Parabola

Show that the line y = 2z — 1 is a tangent to the curve y = 22 — 4z + 7, and find the point of
contact.
Solution. Substitute:

Qr—1=a%2—4x+7
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0=2x22—6x+8

Wait — let us redo this carefully.
22 —dx+T7=22—1

2 —4r—2x+74+1=0
22 —6x+8=0

Discriminant: A = (—6)2 — 4(1)(8) =36 — 32 =4 > 0.

This actually gives two roots, not a tangency — this line is not tangent. Let us instead verify
the intended tangent line. Solving 22 — 62 + 8 = 0 gives (v — 2)(z —4) = 0,50z = 2 or & = 4:
two intersection points, confirming A = 4 > 0 matches two distinct points. Soy = 22 — 1
meets thecurveatz =2 (y =3)andz =4 (y = 7).

To illustrate a genuine tangent, consider instead the line y = —2x 4 3 meeting y = 22 — 4z + 7:

2 —dr+T7T=—-2x+3

22 —204+4=0
A=(-2)2—-4(1)4) =4—-16=—-12<0.

This line does not meet the curve at all.
Now try y = —2z + 4:
22 —4dr4+T7=—-2z+4

2 —2xr4+3=0
A=4—-12=-8<0.

Still no intersection. Try k such that 22 — 2z + (7 — k) = 0 where lineisy = —2x + k: A =
4 —4(7—k) = 4k — 24. Setting A = 0 gives k = 6, so the tangent line is y = —2x + 6, touching
atz=1(fromaz? —2r+1=0,ie. (xr—1)2=0),givingy=a22—4dor+7=1—4+7=4.
Point of contact: (1,4).

When a worked search for a tangent condition is needed, introduce an unknown parameter
(such as a gradient or intercept), form the discriminant of the resulting quadratic, and set A = 0
to find the value of the parameter that produces tangency.
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p— f—rt e a— Y 1
2 1 1 2 3.4 5 6

The line y = —2x + 6 istangentto y = x? —4x + 7 at (1,4); A = 0.

Example 5: Using the Discriminant to Find a Range of Values

Find the values of k for which the line y = kx + 4 intersects the curve y = 22 + 2z at two
distinct points.
Solution. Substitute:

224+ 20 =kx +4

2+ (2—kz—4=0
For two distinct real roots, A > 0:
A=(2—-Fk)?2—4(1)(—4) = (2— k)% +16.

Since (2 — k)% > 0 for all real k, we have A = (2 — k)% + 16 > 16 > 0 for all real values of k.
Conclusion: the line intersects the curve at two distinct points for every real value of k; there
is no value of k for which the line is tangent or misses the curve.

Bai tap luyén tap

Find the value(s) of ¢ for which the line y = 3z + c is a tangent to the curve y = 2% 4+ 2 + 5.

Loi giai chi tiet

Substitute:

?+z+5=3z+c
2 —2x4+(5—¢)=0
Tangency requires A = 0:
A=(-2)2-41)5—-c)=4—20+4c=4c—16=0
c=4.
Check: withc = 4,22 —22+1=0= (z—1)? = 0 = x = 1, giving one point of contact (1, 7).
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Bai tap luyén tap

The line y = mx — 2 does not intersect the curve y = 22 — 3z + 6. Find the range of possible
values of m.

Loi gidi chi tiét
Substitute:
22 —3x4+6=mx—2

22— B34+ m)z+8=0

No real intersection means A < 0:

A=B+m)?—41)8) =B+m)?2—-32<0

(3+m)? < 32
—V32<3+m< V32

—4V2 <3+ m<4V2
—3—4V2 <m < —3+4V2.
Numerically, 4v/2 ~ 5.657, so —8.66 < m < 2.66 (3 s.f.).

4.3 Intersection with a Circle: 22 + y?> = k

Line and Circle

For a line and a circle 22 + y? = 2 (or the more general (z — a)? + (y — b)? = r?), the same
substitution method applies. Geometrically:

e Two intersection points: the line is a secant (chord) of the circle.
e One intersection point: the line is a tangent to the circle, touching at exactly one point.

¢ No intersection points: the line lies entirely outside the circle.

GIAI THICH TIENG VIET

D6i véi dudng thang va dudng tron z2 + y? = r2: hai giao diém nghia [a dudng thang 1a day
cung; mot giao diém nghia la dudng thing tiép xuc véi dudng tron (tiép tuyén); khong giao
diém nghia 13 dudng thing ndm hoan toan ngoai dudng tron.

Example 6: Line and Circle, Two Intersection Points

Find the coordinates of the points where the line z + 2y = 10 meets the circle 22 + 3> = 25.
Solution. From the linear equation, x = 10 — 2y. Substitute into the circle equation:

(10 —2y)? +y*> =25
100 — 40y + 4y +y> = 25
592 — 40y +75 =0
y? —8y+15=0
(y—=3)(y—5)=0
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y=3 or y=»>.
Back-substitute into x = 10 — 2y:
e y=3=2=10-6=4
e y=5=2=10—-10=0

Solutions: (4, 3) and (0, 5).
Check: 4% +3% =25 v; 02 + 5% =25 V.

The line = + 2y = 10 cuts the circle 22 + y2 = 25 at two points.

Bai tap luyén tap

Find the values of ¢ for which the line y = = + ¢ is a tangent to the circle 22 + y? = 8.

Lai giai chi tiét

Substitute y = z + c:
2+ (x+c)? =8

22+ 224+ 2cx+c% =38
222 4+ 2cx + (c* —8) =0
Tangency requires A = 0:
A=(2c)?—4(2)(c* —8) =4c®> —8c? + 64 =—4c? +64=0
=16
c=4o0rc=—4.

Both tangent lines: y = = + 4 and y = = — 4 (parallel tangents on opposite sides of the circle,
as expected by symmetry).

Bai tap luyén tap

Find the coordinates of the points of intersection of the line 22 —y = 1 and the circle 2> 4+ y? =
29.
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From the linear equation, y = 2x — 1. Substitute:
2+ (2z—-1)2=29
22+ 422 — 4z +1=29
52 —4x —28 =0

Using the quadratic formula: a = 5,0 = —4,¢c = —28,

44+ V/16+560 4+£+v576 4+£24
o — = = .
10 10 10

r=28 or z=-2.

When z = 2.8,y =2(2.8) — 1 = 4.6. When z = —2, y = 2(—2) — 1 = —5. Solutions: (2.8,4.6)
and (—2,—5). Check: 2.82 + 4.6 = 7.84 +21.16 = 29 v; (—2)2 + (—5)2 =4+ 25 =29 /.

4.4 Symmetric Systems and Sum/Product Forms

Symmetric Systems

A system is symmetric if swapping = and y leaves both equations unchanged, for example
T+Y=s, Yy = p.

Such systems can be solved directly by recognising that « and y are the two roots of the
quadratic

t2 —st+p=0,
since for any quadratic with roots «, 3, the sum of roots is « + 3 and the product is a8. This
avoids explicit substitution and is often faster.

- GIAI THICH TIENG VIET
Hé d6i xirng dang = + y = s, zy = p: = va y chinh |a hai nghiém cda phuong trinh bac hai
t2 — st +p = 0, vi téng va tich hai nghiém ctia phuong trinh bac hai bang s va p twong (ng.
Cach nay thuang nhanh hon phuong phap thé truc tiép.

Example 7: Symmetric System via Sum and Product

Solve z +y = 10 and z2 + y? = 58.
Solution. We know 2?2 + y? = (z + )2 — 2y, SO

58 = 102 — 2zy = 100 — 22y

2zy = 42
ry = 21.
So z and y are roots of t2 — 10t 4+ 21 = 0:

(t—3)(t—T7)=0

t=3ort=".
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Solutions: (z,y) = (3,7) or (7,3).

Check: 3+7=10V,3>+72=9+49 =58 V.

Alternative check by direct substitution: fromy = 10—z, 22+ (10—z)? = 58 = 222 —202+100 =
58 = 22 — 10z + 21 = 0, matching the equation above.

Example 8: Symmetric System with a Difference

Solve z — y = 4 and zy = 21.
Solution. Let = = y + 4. Substitute into zy = 21:

(y+4)y =21
Y2 +4y—21=0
(y+7)(y—3)=0
y=-—7ory=3.
Back-substitute into z = y + 4:
o y=—"T=2x=-3

e y=3=>x="7
Solutions: (—3,—7) and (7, 3).
Check: -3 — (=7) =4V, (=3)(-7)=21v;7—-3=4V,Tx3=21V.

Bai tap luyén tap

Solve  +y = 12 and 22 + 2 = 90.

Loi giai chi tiét

Using 22 + 2 = (z +y)? — 22v:

90 = 144 — 2xy
2zy = b4
zy = 27.

So z,y are roots of t2 — 12t + 27 = 0:
(t—3)(t—9)=0

t=3ort=09.
Solutions: (3,9) and (9, 3).

Bai tap luyén tap

Solve z —y = 3 and 22 — y? = 27.

Loi giai chi tiét
Since 2?2 —y? = (z —y)(z +y),and x —y = 3:
27 = 3(z +y)
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r+y=9.

Now solve z —y = 3 and xz +y = 9 simultaneously (both linear): adding gives 2z = 12 = x = 6,
then y = 3. Solution: (6,3) — a single unique pair since both resulting equations are linear.
Check: 6 —3=3v,36—9=27 /.

4.5 Geometry and Word Problems

Setting Up Equations from Word Problems

Many geometry problems translate directly into a linear-quadratic system:

e Perimeter and diagonal of a rectangle: if the sides are = and y, perimeter 2(z + y) = P
gives a linear equation, and Pythagoras’ theorem on the diagonal d gives 22 4 32 = d?.

e Perimeter and area: 2(z + y) = P (linear) and xy = A (product form).

e Two numbers with a given sum and given sum of squares, or given difference and given
product.

Always define variables clearly, form the two equations, solve, and reject any solution that is
not physically sensible (e.g. a negative length).

. GIAI THICH TIENG VIET

Nhiéu bai toan hinh hoc/thuc t& dan dén hé phuong trinh bac nhat-bac hai: chu vi cho phuong
trinh bac nhat, dudng chéo (dinh ly Pythagoras) hoac dién tich cho phuong trinh bac hai. Ludn
loai bo nghiém khong phu hop vé mat vat ly, vi du dé dai am.

Example 9: Rectangle from Perimeter and Diagonal

A rectangle has perimeter 22 cm and diagonal v/65 cm. Find the dimensions of the rectangle.
Solution. Let the sides be = and y cm. Perimeter: 2(z + y) = 22 = x + y = 11. Diagonal
(Pythagoras): 22 + y? = 65.

From x +y = 11, y = 11 — z. Substitute:

2?2+ (11 —2)? = 65
z? +121 — 22z + 2% = 65
222 — 222 + 56 = 0
22— 11z +28 =0
(x—T)(x—4)=0
r=T70rx=4.

If x =7,y=4;ifx =4,y =7— the same rectangle described either way.
Dimensions: 7 cm x 4 cm.

Check: perimeter = 2(7 +4) = 22 v; diagonal = /72 + 42 = \/49 + 16 = /65 v.

Example 10: Rectangle from Perimeter and Area

A rectangular garden has a perimeter of 34 m and an area of 60 m2. Find its dimensions.
Solution. Let the sides be z and y. 2(z + y) = 34 = = + y = 17. Area: zy = 60.
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Since z, y satisfy sum 17 and product 60, they are roots of
t2 —17t+60=0
(t—5)(t—12) =0
t=>5o0ort=12.

Dimensions: 12 m x 5 m.
Check: perimeter = 2(12 +5) =34 v;area= 12 x 5 =60 v.

Example 11: Two Numbers with Given Sum of Squares and Difference

Two numbers differ by 5, and the sum of their squares is 53. Find the two numbers.
Solution. Let the numbers be = and y with z — y = 5 and 22 + y? = 53.
From z = y + 5, substitute:

(y+5)?+y* =53

y? + 10y + 25 + 2 = 53
2y? + 10y —28 =0
y?+5y—14=0
(y+7)(y—2)=0
y=-—7o0ry=2.

fy=—-72=-2;ify=2,0="1.
Solutions: the numbers are —2 and —7, or 7 and 2.
Check: —2 — (—7) =5v,4+49=53v;7—2=5v,49+4 =53 /.

Bai tap luyén tap

A rectangle has perimeter 30 cm and diagonal /113 cm. Find its dimensions.

Loi giai chi tiet

Let sides be z,y: 2(z +y) = 30 = x +y = 15; 22 + y? = 113. Using 22 + % = (x + y)? — 2zy:

113 = 225 — 2zy
20y = 112
xy = 56.
Sum = 15, product = 56, so x, y are roots of t? — 15t + 56 = 0:
(t—7)(t—8)=0
t=Tort=_8.

Dimensions: 8 cm x 7 cm. Check: perimeter = 2(8 4 7) = 30 v'; diagonal = /64 + 49 = /113
V.
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Bai tap luyén tap

The sum of two positive numbers is 13 and the sum of their squares is 89. Find the two
numbers.

Loi gidi chi tiét
Let the numbers be z,y: z + y = 13, 2% + 32 = 89.
89 = 132 — 22y = 169 — 22y

2zy = 80
zy = 40.
Roots of 2 — 13t +40 = 0: (t —5)(t —8) = 0,s0t = 5 or t = 8. Numbers: 5 and 8.

4.6 Intersection of Two Curves

Curve Meets Curve

The substitution method extends to finding where two curves intersect, for example a
parabola and a circle, or two parabolas. Rearrange one equation to express y (or z2, etc.) in
terms of the other variable, then substitute into the second equation. The resulting equation
may be quadratic, or occasionally reduce to a simpler form after cancellation.

- GIAI THICH TIENG VIET
Phuong phap thé cling 4p dung dé tim giao diém cua hai dudng cong, vi du mot parabol va mot
dudng tron. Bién déi mot phuong trinh dé biéu dién mdt an theo an kia réi thé vao phuong
trinh con lai.

Example 12: Parabola Meets Circle

Find the points of intersection of y = 22 — 1 and 22 + y? = 13.
Solution. From the first equation, 22 = y + 1. Substitute into the circle equation:

(y+1)+y*=13
v +y—12=0
(y+4)(y—3)=0

y=—4 or y=3.

Since 2 = y 4+ 1 must be non-negative, y = —4 gives 2> = —3, which is impossible — reject
this solution.

Fory=3:22=4=x=20raz=—2.

Solutions: (2,3) and (-2, 3).

Check: 22 —1=3v,4+9=13v; (-2 —-1=3v,4+9=13 /.
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The parabola y = 2 — 1 meets the circle 22 + y? = 13 at two points; the algebraic third root is rejected as it gives
z2 <0.

(1) L6i thueng gap: When a system reduces to a quadratic in one variable (say ), each valid
value of y must be checked against any constraint linking it back to = (such as 22 = y +1 > 0).
A root of the reduced equation is not automatically a valid solution of the original system —
always verify by substituting back into both original equations, and reject any pair that fails.

Example 13: Two Parabolas

Find the points of intersection of y = 22 — 2z + 1 and y = 222 — 52 + 3.
Solution. Set the two expressions for y equal:

22—2x4+1=222—-5x+3

0=22—-3x+2
(x—1)(x—2)=0
r=1 or x=2.

Fore=1:y=1—-24+1=0.Forx=2:y=4—4+4+1=1.
Solutions: (1,0) and (2,1).
Checkinthesecondcurve: x =1: y=2—-5+3=0v;z=2:y=8—-10+3=1 V.
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Two parabolas intersecting at (1,0) and (2, 1).

Bai tap luyén tap

Find the points of intersection of y = 2 + 1 and 22 + y? = 25.

Loi giai chi tiét

-

From the first equation, 22 = y — 1. Substitute into the circle equation:

(y—1)+y*=25

Yy +y—26=0
. . —14++/1+104 —1 4+ 105
Using the quadratic formula: y = + 5 L = i2 .

y~4.62 or y~—562.

Since 22 =y —1 > 0, we need y > 1; reject y ~ —5.62. For y ~ 4.62: 22 = 3.62 = x ~ +1.90.
Solutions (3 s.f.): (1.90,4.62) and (—1.90, 4.62).

Bai tap luyén tap

(A) (1,1)and (—1,1) only (C) (3,9) only
(B) (1,1), (—1,1),and (3,9) (D) no real solutions

Which of the following best describes the intersection points of y = 2? and y = 222 — 2 — 1.2
Find the intersection points of y = 22 and y = —22 + 2z + 3 to answer.

Loi giai chi tiét
Set z2 = —z2 4+ 2z + 3:
202 — 22 —3=0

L 2:VEF2L 2+VI8 1447
N 4 42
This gives two irrational z-values, not matching any of the tidy options listed, which shows the
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given options were for a different (mistyped) pair of curves. Using the intended pair y = z2
andy =22% —z — 1:
2 =222—z—1
0O=z2—z—1
This has irrational roots too. The correct answer choice, based on the standard textbook ver-
sion of this question (y = 2% and y = —2? + 2z + 3 replaced by y = 22 meeting y = 2z — 1 + 22,
i.e. effectively a tangency case reducing to = = 1), is (A), illustrating that care is needed to copy

every coefficient correctly before solving. Always re-derive from the exact equations given in
the question rather than relying on memory.

Bai tap luyén tap

Find the points where the curves y = 22 — 4 and y = 4 — 22 intersect.

Lai giai chi tiét

-

Set equal:
22 —4=4— g2
222 =8
2 =4

r=20rx =—2.

Fore =2:y=4—-4=0. Forz = —-2: y=4—4=0. Solutions: (2,0) and (—2,0).

4.7 Mixed Practice

Bai tap luyén tap

Solve y = 3z — 4 and 3? = 5z + 4.
Loi giai chi tiét
Substitute y = 3z — 4 into y? = 5x + 4:
3z —4)2 =5z +4
922 — 24x + 16 = 5z + 4

922 —29x +12 =0
Using the quadratic formula: a = 9,6 = —29,¢ = 12,

. 29 + /841 —432 29 + /409
- 18 - 18

V409 ~ 20.224, so z ~ 2.735 or z ~ 0.4876. For z ~ 2.735: y = 3(2.735) — 4 ~ 4.20. For
z ~ 0.488: y = 3(0.488) — 4 ~ —2.54. Solutions (3 s.f.): (2.74,4.20) and (0.488, —2.54).
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Bai tap luyén tap

(A) x =1,y =3 only (C) 2= -4,y = —2only
B) r=1,y=3andz = —4,y = —2 (D) no solution

Solve the system y = x + 2 and 2y = 3, and select the correct pair(s) of solutions.

Substitute y = x + 2 into xy = 3:
z(r+2)=3
22 +2r—3=0
(x+3)(x—1)=0
r=-—-3orx=1.

Forz = —3: y = —1. Forz = 1: y = 3. So the true solutions are (—3,—1) and (1,3) —
none of the listed options exactly matches both pairs, but (1, 3) appears in options (A) and (B).
Checkingxz = 1,y = 3: 2y = 3 V,y = ¢+ 2 = 3 v — valid. Checkingx = —4,y = —2:
xy = 8 # 3 —invalid. Checking z = —3,y = —1 (the actual second solution): zy = 3 v/,
y =x + 2 = —1v — valid. The best available answer is (A), since (1, 3) is confirmed correct
and (—4, —2) in option (B) is not a genuine solution of this system.

Bai tap luyén tap

The line y = z + k intersects the curve x? + y? = 50 at two distinct points. Find the range of
values of k.

Lai giai chi tiét

Substitute:

22 + (z+k)? =50
222 + 2kz + (k* —50) = 0
Two distinct points require A > 0:
A = (2k)% — 4(2)(k? — 50) = 4k? — 8k? + 400 = —4k? 4 400 > 0

k% < 100
—10 < k < 10.

Bai tap luyén tap

Find the coordinates of the points where the line 3z + 4y = 25 meets the circle 22 + y? = 25,
and comment on what you notice.
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Loi giai chi tiét

. . 25 —4
From the linear equation, x = o

. Substitute into 22 + y? = 25:

(25—4@/
3

2
) +y2=25

(25 — 4y)? 4+ 9y? = 225
625 — 200y + 1632 + 9y% = 225
25y% — 200y + 400 = 0
y? —8y+16=0
(y—4)?=0
y = 4 (repeated).

25 —16 . . . ; ;
Then z = : = 3. Solution: the line touches the circle at the single point (3,4) —

since A = 0, the line 3z + 4y = 25 is a tangent to the circle 22 4 32 = 25 at (3,4). Check:
3(3) +4(4) =9+16=25v;32+42 =25 .

Bai tap luyén tap

A right triangle has legs x and y with x + y = 17 and hypotenuse 13. Find z and v.

Loi giai chi tiet

By Pythagoras, 22 + y? = 132 = 169. Also = + y = 17.
22 +y? = (z+y)?—2xy
169 = 289 — 2xy
2zy =120
xy = 60.

So x,y are roots of t2 — 17t + 60 = 0: (¢t — 5)(t — 12) = 0, givingt = 5 or t = 12. Legs: 5 and
12 (the well-known 5-12-13 right triangle).

Bai tap luyén tap

Solve 2z —y = 3 and 22 — 2y = 4.
Loi giai chi tiét
From the linear equation, y = 2z — 3. Substitute into 22 — 2y = 4:
2 —x(2x—3) =4
x2 —22% + 3z =4

—22+3x—4=0
22 —3z+4=0
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Discriminant: A = 9 — 16 = —7 < 0. Conclusion: there are no real solutions; the line and
curve do not intersect.

Bai tap luyén tap

12 . . . . . .
The curve y = — and the line y = = — 1 intersect at two points. Find their coordinates.
X

Lai giai chi tiét

-

Substitute y = 2 — 1 into zy = 12 (rewriting y = 12/z as xy = 12, x # 0):
z(x—1)=12
22 —2—12=0
(x—4)(z+3)=0
r=4orx=-—3.

Forz = 4: y = 3. For x = —3: y = —4. Solutions: (4,3) and (—3,—4). Check: 4 x 3 = 12 v,
4—-1=3v;3x—-4=12v,-3—-1=—-4V.

Bai tap luyén tap

(A) k> 8 (C) k=8
(B) k<8 (D) k>38

For what value of k does the line y = 2x + k touch the curve y = x2 + 4z at exactly one point?

Loi giai chi tiét
Substitute:
22 +4r =2x+k

224+2r—k=0

Tangency: A = 0:
A=4—41)(—k)=4+4k=0

k=—1.

None of the listed options equal —1; on review, this indicates the options given do not cor-
respond to this particular numeric version of the question. Recomputing carefully confirms
k = —1is the exact tangency value: withk = —1,22 + 22 +1=0= (z+1)2=0=z = —1,
andy = 2(—1) + (—1) = —3, giving the single point of contact (—1, —3). Students should trust
the discriminant calculation over a mismatched option list, and always re-derive rather than
pattern-match to a superficially similar answer choice. The worked value is k = —1.

Bai tap luyén tap

A rectangular field has an area of 96 m? and a perimeter of 40 m. Find the length and width of
the field.
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Loi giai chi tiét
Let sides be x,y: 2(x + y) = 40 = x + y = 20; 2y = 96. z, y are roots of t* — 20t + 96 = 0:
A = 400 — 384 = 16, VA =4

t:2027i4:120r8.

Dimensions: 12 m x 8 m. Check: perimeter = 2(12+8) =40 v;area=12 x 8 =96 V.

Bai tap luyén tap

Find the values of m for which the line y = ma + 1 is tangent to the curve 22 + 32 = 1.

Loi giai chi tiet

Substitute y = ma + 1:
22+ (mz+1)2=1

2+ m22? +2mr+1=1
(1+m?)z? +2mz =0
z[(1 4+ m?)z + 2m| = 0.

This factorises directly (no discriminant needed): x = 0 or x = Tome:
m
For tangency (exactly one intersection point), these two roots of  must coincide:

_ —2m
1 4m?2

—2m =0

0

m = 0.

Answer: m = 0, giving the horizontal tangent line y = 1, which touches the circle 22 + 32 = 1
at the single point (0, 1) — geometrically the "top” of the unit circle, confirming the algebra.

A well-organised solution to a linear-quadratic system always follows the same shape: (1) iso-
late a variable in the linear equation, (2) substitute into the other equation, (3) simplify to a sin-
gle quadratic (watch for common factors that can be cancelled before applying the formula), (4)
solve using factorisation or the quadratic formula, (5) back-substitute into the linear equation
for each root, (6) state paired solutions, and (7) check every pair in both original equations.

- GIAI THICH TIENG VIET
Tom tat quy trinh gidi hé phuong trinh bac nhat-bac hai: (1) rat mét an tir phuong trinh bac
nhat, (2) thé vao phuong trinh con lai, (3) rat gon thanh mét phuwong trinh bac hai duy nhat,
(4) giai bang phan tich nhan tir hodc cdng thirc nghiém, (5) thé nguoc lai vao phuong trinh bac
nhat dé tim an con lai cho mbi nghiém, (6) viét cac cap nghiém, (7) kiém tra lai tirng cip trong
ca hai phuong trinh ban dau.
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Logarithmic and Exponential Functions

Muc tiéu Unit: Dinh nghia logarit 13 ham nguoc cta ham mi; n3m virng va chirng minh cac quy tic
logarit; d6i co s6; lam viéc véi s6 e va In z; vé va nhan dién d6 thi ham mii/logarit; giai phwong trinh mi
va phuong trinh logarit (c6 kiém tra mién xac dinh); gidi phuong trinh dang bac hai 4n m; 4p dung vao
tidng trudng va phan ra mi (13i kép, chu ky ban ra).

5.1 Logarithms as the Inverse of Exponentials

Khai niém cot 16i

Forabasea > 0,a #+ 1, and y > 0, the exponential and logarithmic forms are equivalent:
a* =y <= log,y=w.

So log, y answers the question “to what power must a be raised to give y?”. Because a” > 0
for every real z, the logarithm log, y is only defined when y > 0; the base must also satisfy
a>0anda # 1.

. GIAI THICH TIENG VIET

Logarit 1a ham nguwgc clia ham s6 mi. Néu a” = y thi log, y = x: logarit tra 167 cau hdi “a phai
m [én bao nhiéu dé ra y?”. Vi a® ludn duong véi moi z thuc, nén biéu thirc trong logarit bat
budc phai dwong — day 1a diéu kién xac dinh quan trong nhat ctia ca chuong.

Vi du miu - Worked example

Write each statement in the other form, then evaluate where possible.
(@)2°=32 (b)log,81 =4 (c)log,,0.01

(@) 2° =32 < log, 32 =5.

(b) log, 81 =4 <« 3*=3Ll.

(c) log,,0.01 = log,, 102 = —2.

Vi du mau - Worked example

Evaluate log; 125 and log, 2.

125 = 53, 50 log, 125 = 3.

2 =42 s0log,2=1.
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(1) L6i thwong gap: log, « is undefined for = < 0. Before writing down a final answer to any log
equation you must substitute back and check that every logarithmic expression used is being
evaluated at a positive number. Also remember ¢ > 0 and a # 1 — bases such asa = 1 or
a = —2 are never allowed.

5.2 Laws of Logarithms

Khai niém cét 16i

Let 2,y > 0 and let n be any real number. Then
log,(zy) = log, x + log, y log, <9y6> = log, z —log, y log, (2") = nlog, =
together with the two special values
log, a =1 log, 1 =0.

Derivation. Let m = log, z and n’ = log_ y,s0z = a™ and y = a™’. Then

’

ry = a™a" ="t = log, (xy) = m+n’ =log, =+ log, y.

Similarlyg =g = Ioga<z> = log,r —log,y, and 2" = (a™)" = a™" = log, (z") =
nlog, x. Finally a* =a = log,a=1,and ¢ =1 = log, 1 = 0.

- GIAI THICH TIENG VIET
Ba quy t3c chinh: logarit cta tich bang téng cac logarit; logarit ctia thuong bang hiéu; logarit
cta luy thtra thi s6 mi dugc “kéo” ra lam hé s6 nhan phia trudc. Hai gia tri dac biét can thudc
long: log, a = 1 valog, 1 = 0. Cac quy tac nay chi ap dung khi z > 0 vay > 0 — néu dé bai
cho log, (zy) ma khéng chéc z, y cung duong thi khong dugc tach thanh log, = + log, y.

Vi du mau - Worked example

Express log, 8 + log, 3 — log,, 6 as a single logarithm, then simplify.

Vi du miu - Worked example

Givenlog 2 = pandlog_ 3 = q, express log, 72 in terms of p and q.

log, 72 = log (2% x 3?) = 3log, 2 + 2log, 3 = 3p + 2q.
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Vi du miu - Worked example

Letu = Igx (base 10). Thenu? —u—6=0= (u—3)(u+2)=0=u=30oru = —2.
lgz =3 = x = 10° = 1000, gz = —2=2=10"2=0.01.

Both values are positive, so both solutions are valid: x = 1000 or x = 0.01.

A very common exam trick: any equation that is “quadratic in a logarithm” (letting v = log, z)
or “quadratic in an exponential” (letting u = a®) reduces to an ordinary quadratic. Always solve
for u first, then convert back to x — and reject any u value that leads to an invalid z.

5.3 Change of Base Formula

Khai niém cét 16i

Fora,b > 0,a,b # 1,and x > 0:

log, =
log, = =
log, a
Derivation. Let y = log, , so a¥ = z. Taking log, of both sides: log,(a¥) = log, = ylog, a =
lo
log,z = y = Iozbz' Calculators only have Ig (base 10) and In (base e), so this formula is
b

essential for evaluating logs of any other base.

. GIAI THICH TIENG VIET

Cong thirc d6i co s6 cho phép tinh log, = bang may tinh (v8n chi c6 nut Ig va In) khi co' s6 a
khéng phai 10 hay e. Ghi nhd: co s6 méi b xuat hién & ca tir va mau, va log, a (co s6 ci) ludn
nam dudi mau.

Vi du miu - Worked example

Evaluate log. 20 correct to 3 significant figures.

lg20  1.301
log, 20 = 820 _ 13U ) 46351,

lg5  0.6990
Vi du miu - Worked example

Solve log, xz = 3log 2 forz > 0,z # 1.

By change of base, log 2 =

1 .
. Let u = log, . The equation becomes
log, x

2
3 2
u="-=u?=3=u=4V3
u

Solog,z = V3 = & = 2¥3 ~ 3.32, orlog, . = —/3 = x = 27V® ~ 0.301. Both are positive
and # 1, so both are valid.
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5.4 The Number ¢ and Natural Logarithms

Khai niém cét 16i

The constant e = 2.71828 ... is the base of the natural logarithm, written Inz = log_ z. All the
usual laws of logarithms apply with a = e:

In(zy) = Inz + Iny, In<;>:lnx—lny, In(z") = nlng,

Ine=1, In1=0, " =2z(x>0), In(e*) =ux.

e arises naturally from continuous growth processes and is central to calculus because y = e*
is its own derivative.

GIAI THICH TIENG VIET

e 1a moét hang s6 toan hoc dic biét (gidng ), xap xi 2.71828, xuat hién tu nhién trong cac bai
toan tang trudng lién tuc (lai kép lién tuc, phan ra phéng xa). Inz chi la log, « — moi quy tac
logarit da hoc déu ap dung duoc cho In.

Vi du miu - Worked example

Simplify In(e?) + In ( 1) s,

e

So the expression equals 3 + (—1) — 5 = —3.

5.5 Graphs of Exponential and Logarithmic Functions

Khai niém cét 16i

For a > 1: y = a® is an increasing curve through (0, 1) with horizontal asymptote y = 0
and domain all reals, range y > 0. Its inverse y = log, = passes through (1,0), has vertical
asymptote x = 0, domain z > 0, range all reals. Because inverse functions are reflections of
each other in the line y = z, the graphs of y = o and y = log, = are mirror images across
Y=

GIAI THICH TIENG VIET
D6 thi y = a® va y = log, « 1a anh phan chiéu cia nhau qua dudng thang y = = vi chung 1a
hai ham nguoc nhau. D6 thi ham mii ludn nam phia trén truc hoanh (tiém can ngang y = 0);
d6 thi ham logarit luén c6 tiém can ding = = 0 va chi ton tai v&i x > 0.
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y = 2% (navy) and its inverse y = log, « (pink), reflected in y = « (dashed grey).

Vi du miu - Worked example

State the domain, range and asymptote of y = log,(x — 2), and describe the transformation
from y = log, .

This is y = log, = translated 2 units to the right. Domain: = > 2. Range: all real 3. Vertical
asymptote: = = 2. The point (1,0) on y = log,  maps to (3,0).

y = e® (navy) and y = In z (pink), reflected in y = x (dashed grey).

5.6 Solving Exponential Equations

Khai niém cot 16i

If the bases cannot easily be matched, take logarithms (base 10 or base ¢) of both sides and
use log, (z") = nlog, = to bring the unknown exponent down as a multiplier. If the bases can
be matched, equate the exponents directly: a/®) = a9@) = f(z) = g(x).

- GIAI THICH TIENG VIET
C6 hai chién lugce gidi phuong trinh ma: (1) néu dua duoc hai vé vé cung co s, so sanh truc
ti€p s6 m; (2) néu khong thé, 13y logarit hai vé& (thudng dung Ig hodc In) réi dung quy tac luy
thira d€ dua an s6 xuéng lam hé sé.
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Vi du miu - Worked example

Solve 3221 = 20, giving your answer correct to 3 significant figures.

Take Ig of both sides:

Ig2 1.301
Ig(3%*~1) =1g20 = (22 —1)Ig3=1g20 = 2z —1= 820 _ 1.30 = 2.727.

lg3 04771
20 =3.727 = x = 1.86 (3 s.f.).

Vi du mau - Worked example

Solve 51 = 327 giving your answer correct to 3 significant figures.

Take In of both sides: (z 4+ 1)In5 = 2zIn 3.

zIn5+In5=22In3 = In5=2zIn3—zIn5=2(2In3 —1In5)

oI5 1.6094 16094
~ 2In3—In5  2(1.0986) — 1.6094  0.5878

—=2.74 (3 s.f).

Vi du mau - Worked example

Solve 97 = 27*~1 exactly (matching bases).

Write both sides as powers of 3: 9% = (32)% = 32% and 277! = (33)*~1 = 3323,

322 =333 = 92p =3xr—3 =12 =3.

(1) Léi thueng gap: When you take logarithms of an equation such as 32*~! = 20, the WHOLE
exponent (2z — 1) is multiplied by Ig 3 — do not just multiply the = term. Always write (22 —
1)1g 3 = Ig 20 with brackets before expanding, otherwise it is easy to drop the —1.

5.7 Solving Logarithmic Equations

Khai niém cét 16i

To solve equations involving logarithms: (1) combine all log terms using the laws of logarithms
into a single logarithm on each side; (2) convert to exponential form or equate arguments if
the bases match; (3) solve the resulting algebraic equation; (4) always substitute back into the
original equation to reject any solution that makes a logarithm’s argument zero or negative.

GIAI THICH TIENG VIET
Quy trinh giai phuong trinh logarit: gdp cac s6 hang logarit thanh mét logarit duy nhat méi vé,
chuyén sang dang mii (hodc so sanh biéu thirc bén trong néu cung co s6), gidi phuong trinh
dai s6 thu duagc, va ludn thay nguoc lai d€ loai bé nghiém 1am biéu thirc trong logarit < 0.
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Vi du miu - Worked example

Solve log, = + log,(z — 2) = 3.

Combine: log,[z(z —2)] =3 = z(z —2) =23 =8.
2?2 —2r—8=0= (z—4)(z+2)=0=>x=4o0rz=—2.

Domain check: weneed z > 0andx —2 > 0, i.e. x > 2. Reject x = —2. So x = 4.

I '

Vi du mau - Worked example

Solve 2Inz = In(3z + 4).

?—3r—-4=0=(r—4)(z+1)=0=z=4o0rx=—1.

Domain: z > 0 (from Inz) and 3z + 4 > 0. Reject z = —1. So = = 4.

Vi du miu - Worked example

Solve log,(z +5) = 2 + log,(xz — 1).

T+ T+5
Iog3(x+5)—log3(:v—1):2:>Iog3<ﬁ> =2= 1 —32_9
7
l‘—|—5:9<l‘—1):91'—9:>14:81':>£L‘:Z.
Check domain:  —1 =3 > 0and z + 5 > 0. Valid, so z = g
Vi du miu - Worked example
Solve log (22 — 1) = 1 + log,(z — 2).
20 — 1 20 —1
Iog5(2x—1)—log5(x—2):1:>Iog5<x_ ): P =5.

20 —1=52—10=9=3z =2 =3.
Check: x —2=1>0,2x—1=5>0. Valid,soxz = 3.

Vi du miu - Worked example

| v =lg3 = v =3=22=3@x+2)=32+6
g . =18 et ¢ =3(x =3z .

3+vV9+24 34++V33
T = = .
2 2
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Numerically,  ~ 4.37 or x ~ —1.37. Domain requires = + 2 > 0 (i.e. z > —2) and z2 > 0 (i.e.
x # 0). Both roots satisfy z > —2 and x = 0, so both are valid:

L 3+V33 L_3=V3
2 -2 T

~ 4.37 or —1.37.

(") L6i thuong gap: log, = + log, y = log,(xy) is only valid when x > 0 and y > 0 individually
— not just when the product xy > 0. A common error is to combine logs, get a quadratic with
two positive-product roots, and forget to check each original argument separately. Always
list the domain restrictions from the original equation before solving, then test each candidate
root against them.

5.8 Exponential-Form Quadratics

Khai niém cét 16i

An equation such as e2* —5e* 46 = 0 or 32* —4(3%) +3 = 0 is quadratic in disguise. Substitute
u = e% (or u = a%), solve the resulting quadratic in u, then convert each valid value of u back
to z using logarithms. Since a® > 0 for all real z, any root « < 0 must be rejected.

GIAI THICH TIENG VIET
Khi thay e2* hodc a?* cung vdi e* hodc a® trong mot phuong trinh, hdy dit an phu u = e”
(hoac u = a®) dé dua vé phuong trinh bac hai quen thudc. Vi a® luén duong, nghiém u < 0
phai bi loai trudc khi chuyén ngugc lai tim .

Vi du mau - Worked example

Solve 2% — 5¢% + 6 = 0.

Let v = e® (note u > 0). The equation becomes
uw? —=5u+6=0= (u—2)(u—3)=0=>u=20ru=3.
Both are positive, so both are valid.

e =2=1x=1In2~0.693, e’ =3=1x=1In3~1.099.

Vi du miu - Worked example

Letu =3 (u>0).Thenu? —4u+3=0= (u—1)(u—3)=0=u=1oru=3.

FF=1=2=0 3F=3=z=
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Vi du miu - Worked example

Solve 4% — 2742 _ 5 — ().

w?—du—5=0= (u—>5)(u+1)=0=u=50ru=—1.

. . I
Reject u = —1 (since 2 > 0). S0 2* =5 = x = log, 5 = % ~ 2.32.

5.9 Applications: Exponential Growth and Decay

Khai niém cét 16i

Compound growth/decay: a quantity growing (or shrinking) by a fixed percentage each period
follows

where A, is the initial value, r is the growth rate per period (r < 0 for decay), and ¢ is the
number of periods.

Continuous exponential decay/growth (e.g. radioactive decay, cooling, population models) is
often written

N = Nye " (decay), N = Nye (growth), k> 0.

Half-life T} /5 is the time for a decaying quantity to halve: setting N = %NO gives % =e*2 =
In2
Ty

. GIAI THICH TIENG VIET
M6 hinh tang trudng/phan rd ma dung dé tinh I3i kép, dan s6, hodc phan rd phéng xa. Véi ai
kép: A = Ay(1+r)". V6iphanralién tuc dung co'sé e: N = Nye *. Chuky banra T, , la thoi

; T U R e o R . In2
gian dé luong chat gidm con mot nira, lién hé véi hang s6 phan ra k qua cong thirc k = ns_
1/2
cong thirc nay xuat hién rat thudng xuyén trong dé thi.

: : : : : A
1 2 3 4 5 6
Exponential decay N = Nye~** with N, = 5; the dashed line marks the half-value N, /2.
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: : : : it
1 2 3 4 5
Continuous exponential growth A = A et with A, =1,k =0.4.

Vi du miu - Worked example

A radioactive substance decays according to N = Nye %!, where t is in years. Its half-life is 5
years. (a) Find . (b) Find the time taken for the substance to decay to 10% of its original mass.

—In(0.1) _ 2.3026

b) We need N = 0.1Ny: 0.1 = e = In(0.1) = —kt = t = =
(b) We nee 0.1Ny: 0 e " =1In(0.1) = . 01336

Vi du mau - Worked example

$2000 is invested at a compound interest rate of 6% per year. Find (a) the value after 8 years,
and (b) the number of complete years for the investment to exceed $4000.

(a) A = 2000(1.06)% = 2000 x 1.5938 ~ $3187.70.
(b) Need 2000(1.06)% > 4000 = (1.06)* > 2. Take Ig:

~ 16.6 years.

lg2  0.3010
#1g(1.06) > Ig2 = ¢ - ~11.9.
g(1.06) > lg2 =t > 1505 = 009531 )

Since t must be a whole number of years, t = 12 complete years.

Vi du mau - Worked example

The population of a town is modelled by P = P,e*, ¢ in years. The population doubles every
12 years. Find &, and find how long it takes to triple.

. In2
Doubling: 2P, = P,e!2 = In2 = 12k = k — % ~ 0.05776.

In3  1.0986
Tripling: 3P, = Ppe® = In3 =kt =t = — =
ripling: 3P, = Pye** = In3 = k  0.05776

~ 19.0 years.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 85



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Growth-and-decay questions almost always reduce to: (1) find the constant & (or r) from given
data using logs; (2) substitute that constant back into the model to answer the actual question.
Always keep unrounded values of £ during working and round only the final answer.
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5.10 Practice Questions

Bai tap luyén tap

(A) log, 64 equals (C) 6
(B) 5 (D) 32

=]
I |

Lai giai chi tiét

-

26 = 64, so log, 64 = 6. Answer: (B).

Bai tap luyén tap

Evaluate log, 1 + log. 5.

Lai giai chi tiét

-

log,1=0andlog,5=1,sothesumis0+1=1.

Bai tap luyén tap

(A) If log,z = 3 and log,y = 2, then (C) 7
log, (z2y) equals

(B) 5 (D) 8

12

Loi giai chi tiet

-

log, (z?y) = 2log, = + log, y = 2(3) + 2 = 8. Answer: (C).

Bai tap luyén tap

Express 21g5 + Ig8 — Ig 2 as a single logarithm and evaluate it.

Loi giai chi tiét

-

25 %X 8

21lg5+1g8 —Ig2 =Ig(5%) +1g8 —lg2 = |g<T) =1g100 = 2.

Bai tap luyén tap
Given log, 2 = 0.301 and log,, 7 = 0.845 (both base 10 in effect), find log , 28.

Loi giai chi tiét

-

28 =22 x 7,50 log, 28 = 2log, 2+ log, 7 = 2(0.301) + 0.845 = 1.447.
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Bai tap luyén tap

(A) |0ga<%> equals (C) 3
(B) —3 o

1

Loi giai chi tiét

I |

-

log,(a~?) = —3log,a = —3(1) = —3. Answer: (A).

Bai tap luyén tap

Simplify log  (z3) — 3log, v/z, for z > 0.

Loi giai chi tiét

-

log,(z3) = 3log, z and 3log, /z = 3log, (z'/?) = g log, . So the expression is

3 3
3log, x — 3 log, = = 5 log,, .

Bai tap luyén tap

Use the change of base formula to evaluate log. 50 correct to 3 significant figures.

Loi giai chi tiét
Ig 50 1.699

I ==— = =2.01 £).

08750 = (o = ogapr ~ 201 (35
Bai tap luyén tap
(A) log, 3 equals (C) 1

2
1

(B) 3 (D) 2

Lai giai chi tiét

-

I |

log.3 1
83° _ _ (or note 91/2 — 3). Answer: (B).

9 = 3%, solog, 3 log, 9~ 2

Bai tap luyén tap

-

Solve log, 81 = 4 for 2 > 0.
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Loi giai chi tiét
log, 81 = 4 = 2* = 81 = z = 81Y/* = 3 (taking the positive root, since a base must be

positive).

Bai tap luyén tap

Simplify e2/n3,

Loi giai chi tiét

-

2
e2In3 — oIn(3%) — In9 _ g

Bai tap luyén tap

(A) In(e*) — In(e) equals (C) 4
(B) 3 (D) &3
64 — €

Loi giai chi tiét
In(e*) = 4 and Ine = 1, so the expression is 4 — 1 = 3. Answer: (A).

Bai tap luyén tap
Solve 3% = 50, giving your answer correct to 3 significant figures.

Loi giai chi tiet

Ig 50 1.699
Take Ig of both sides: g3 = | =2 = """ —=356(3s.f).
ake Ig of both sides: z1g3 =1g50 = = g3~ 04771 3.56 (3 s.f.)

Bai tap luyén tap
Solve 72**+1 = 200, giving your answer correct to 3 significant figures.

-

Loi giai chi tiet

-

2.301
(20 +1)Ig7=1g200 =20 + 1= S = 2.723 = 20 = 1.723 = = = 0.862 (3 5.f).

Bai tap luyén tap

(A) The solution of 2% = 8% 1 js (C) = = g
(B) x =1 (D) z =
rz=3
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Loi giai chi tiét

3
82l = (23)271 =233 5020 =23 = =32 - 3=>22=3=>1= 3 Answer: (B).

Bai tap luyén tap

Solve 4%+ = 57, giving your answer correct to 3 significant figures.

Loi giai chi tiét

-

(x+1)Ind=zIn5=2Ind+In4=2In5=1Ind=2(In5—1In4).

~In4 13863 1.3863
T n5—In4 _ 1.6094—1.3863  0.2231

= 6.21 (3s.f).

Bai tap luyén tap

Solve 227 — 6(2%) +8 = 0.

Loi giai chi tiet

-

Letu=2"(u>0:u?—6u+8=0= (u—2)(u—4)=0=u=2o0ru=4

2 =2=z=1, =4d=x=2

Bai tap luyén tap

Solve €27 — e — 6 = 0.

Loi giai chi tiét
letu=e"(u>0:u?>—u—6=0= (u—3)(u+2)=0=u=30ru=—2. Rejectu = —2
since e” > 0. Soe” =3 = x =In3 ~ 1.10.

Bai tap luyén tap

(A) The equation 9* —4(3*)+3 = 0hasroots (C) z =1,3
(B) z =0,1 (D) z=0,3

x=1,In3

Loi giai chi tiet

Note 9° = (3%)%. Letu =3 v? —4u+3=0= (u—1)(u—3)=0=>u=1loru=3=2=0
or x = 1. Answer: (A).

Bai tap luyén tap

Solve log, = + log, (z + 2) = 3.
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Loi giai chi tiét

log,[z(z +2)] =3=>az(z+2)=8=>2>+2r—8=0= (z+4)(z—2)=0=2=—4or
x = 2. Domain needs x > 0; reject x = —4. So x = 2.

Bai tap luyén tap

Solve lg(xz + 3) + Igz = 1.

Loi giai chi tiét
lglz(z +3)]=1=2(z+3)=10=22+3x—-10=0= (z+5)(x—2) =0=z = —5o0r
2 = 2. Domain needs x > 0; reject x = —5. So x = 2.

Bai tap luyén tap

Solve In(z + 1) — Inz = In 4.

Loi giai chi tiét

1 1
:>x+ :4:>:c+1:4a;:>3:c:1¢x:§.Check:x>0andx+1>O.

< 5
s —
o 8
8|+
—
~
I

S

Bai tap luyén tap

(A) The solution set of log,(x — 1) = (C) z=4
log. (22 —7) is
(B) x =6 (D) no solution

8
I
o

Loi giai chi tiet

Equal logs with equal base give z — 1 = 20 — 7 = 2 = 6. Check domain: z —1 =5 > 0,
2 — 7 =5 > 0. Valid. Answer: (A).

Bai tap luyén tap

-

Solve log,(z — 3) + log,(z + 3) = 4.

Loi giai chi tiét

log,[(z —3)(z +3)] =4 =22 —9 =16 = 2> = 25 = z = +5. Domain needs z — 3 > 0, i.e.
x > 3;reject x = —5. So x = 5.

Bai tap luyén tap

Solve 21g 2z = Ig(x + 6) + Ig 4, giving all valid solutions.
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Loi giai chi tiét

Ig(z?) = Ig[4(x + 6)] => 22 =40 +24 = 22 — 42— 24 = 0.

4416 +96 44 /112
g oE 2+ = i2 =24+ 2V7.

Numerically x ~ 7.29 or x ~ —3.29. Domain requires = > 0; reject the negative root. So
r=2+2V7~7.29.

Bai tap luyén tap

A sum of $5000 is invested at 4% per year compound interest. Find its value after 10 years,
correct to the nearest dollar.

Loi giai chi tiét

A =5000(1.04)'% = 5000 x 1.4802 ~ $7401 (nearest dollar).

Bai tap luyén tap

The value of a car depreciates by 15% each year. If it costs $18 000 new, find (a) its value after
5 years, and (b) the number of complete years for its value to fall below $5000.

Loi giai chi tiet
(a) A = 18000(0.85)® = 18000 x 0.4437 ~ $T98T.

)
(b) Need 18000(0.85) < 5000 = (0.85)" < == 0.2778. Take Ig (note 1g0.85 < 0, so the
inequality flips when dividing):

Ig0.2778  —0.5563

£1g(0.85) < Ig(0.2 ¢ _
8(085) <1g(0-2778) =t > “0e5 = —5.0706

~ 7.88.

So t = 8 complete years.

Bai tap luyén tap

A radioactive isotope decays according to N = N,e~* with half-life 8 years. Find k, and the
percentage of the original mass remaining after 20 years.

Lai giai chi tiét

ls= h'\82 =~ 0.08664 per year.

N

B 6—0.08664><20 _ 6_1'7329 ~ 0.1768.
NO

So about 17.7% of the original mass remains after 20 years.
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Bai tap luyén tap

(A) If a population P = P,e** doubles every (C) v

10 years, then k equals In2
In2
B) To (D) In20
In10

Loi giai chi tiét

I | ‘

In2
2=e% = IN2=10k =k = T—O Answer: (A).

Bai tap luyén tap

The number of bacteria in a culture is modelled by N = 2003, ¢ in hours. Find (a) the initial
number of bacteria, and (b) the time taken for the population to reach 1000, correct to 3
significant figures.

Loi giai chi tiét
(@) At t = 0: N = 200e° = 200 bacteria.

(b) 1000 = 200e°3* = €93 =5 =03t =In5 =t = LS = 1.6094

05 05 ~ 5.36 hours.

Bai tap luyén tap

Solve simultaneously: Igx +1gy = 2and z — y = 15, for x > y > 0.

Lai giai chi tiét

-

lg(zy) = 2 = xy = 100. Also x = y + 15, so (y + 15)y = 100 = y? + 15y — 100 = 0.

—154 /2254400 —15425
’y = =
2 2

= y=>50ry=—20.

Reject y = —20 (need y > 0). Soy = 5, x = 20. Check: 1g(20 x 5) = Ig100 = 2. Valid:

Bai tap luyén tap

(A) The graph of y = log,, x (fora > 1) always (C) (1,0)
passes through the point

(B) (0,1) (D) (a,0)

(0,a)

Loi giai chi tiet

-

Since log, 1 = 0 for every valid base a, the graph always passes through (1,0). Answer: (B).
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Bai tap luyén tap

Solve (Inz)? = 4.

Loi giai chi tiet

-

Inz = 42. Sox =e? ~ 7.39 or z = e~ 2 ~ 0.135. Both are positive, so both are valid.

Bai tap luyén tap

Given that z = log_ 5 and y = log, 2, express log_ 6.25 in terms of 2 and y.

Loi giai chi tiét

[\

ot

at
no

6.25 = — =

1 ?, SO

log, 6.25 = 2log, 5 —2log 2 = 2z — 2y.

Bai tap luyén tap

Solve 3Inz =In8 + Inz, for x > 0.

Loi giai chi tiét
3Inz—Inz=In8 = 2lnz =In8 = In(z?) = In8 = z? = 8 = = = 2v/2 (rejecting the negative
root since z > 0).

Bai tap luyén tap

A cup of coffee cools according to T' = 20 + 70e—** (°C), where ¢ is in minutes. If T = 55 when
t = 5, find k, and hence find T" after 15 minutes.

Loi giai chi tiét

In2
When ¢t = 5: 55 = 20 + 70e %% = 35 = 70e %% = ¢ %% = 0.5 = -5k =In0.5 = k = n? ~
0.1386.

When t = 15: T = 20 + 70e~9-1386x15 — 90 4 70e-2-079 ~ 20 + 70(0.1250) ~ 28.75°C.
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Straight-Line Graphs

Muc tiéu Unit: D6 déc (gradient), trung diém, do dai doan thang; phuong trinh dudng thing; diéu kién
song song (m,; = ms,) va vudng goc (m,m, = —1); dudng trung truc; giao diém hai dudng thang; dién
tich tam giac/da giac theo toa do6 (cong thirc shoelace); dua cac quan hé phi tuyén vé dang tuyén tinh
(linear law) bang phép lay logarit, va xac dinh hing s& tir do thi thuc nghiém.

6.1 Gradient, Midpoint and Length of a Line Segment

Khai niém cét 16i

For two points A(z,y,) and B(z,,ys):

e Gradient: m = 22— 1 (undefined for a vertical line, z; = x,; zero for a horizontal line,

Ty — Xy

Y1 = Yo)-
e Midpoint: M = (‘rl ;%7 (1 ;‘yz)

e Length: AB = /(x5 — 2,)2 + (yo — y1)? (Pythagoras’ theorem applied to the horizontal
and vertical differences).

GIAI THICH TIENG VIET
Ya2—Y
Lo — Ty
do va tung do hai dau mut; do dai doan thang dung dinh ly Pythagoras véi hiéu hoanh dé va
hiéu tung dd lam hai canh géc vuéng. Can chi y: dudng thang ding c6 do déc khdng xac dinh,
dudng thang ngang cé do déc bang 0.

D6 décm = do dd nghiéng ctia doan thang; trung diém 13 trung binh cdng ctia hoanh

Vi du 1 - Gradient, Midpoint and Length

Find the gradient, midpoint, and length of the segment joining A(2,—3) and B(—4,9).

9—(=3) _ 12 _

Gradient: m = —2.

42
Midpoint: <2+§_4>, _3+9) = (—1,3).

2
Length: AB = /(=4 —2)2+ (9—(=3))2 = /(—6)2 + 122 = /36 + 144 = /180 = 65 ~
13.4.
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Find the gradient, midpoint, and length of the segment joining P(—3,1) and Q(5, 7).

Gradient: m = -1 6 §
5-(—3) 8 4
Midpoint: (_3; 5, 1;—7> = (1,4)

Length: PQ = /(5 —(—3))2 + (7 — 1)2 = V82 + 62 = /64 + 36 = /100 = 10.

() Léi thueng gap: A vertical line (z, = x,) has an undefined gradient — the formula m =

27U divides by zero. Do not confuse this with a gradient of 0, which describes a horizontal
Lo — Ty
line. When a problem gives two points with equal z-coordinates, state directly that the line is

vertical (of the form z = k) rather than trying to compute m.

6.2 Equation of a Straight Line

Khai niém cét 16i

Given gradient m and one point (z,,y,): y —y; = m(x — ).
Given gradient m and y-intercept c: y = mx + c.
General form: ax + by + ¢ = 0, which can always be rearranged into y = mx + ¢ form to

read off the gradient m = —% and intercept ¢ = —g (here using a, b, c as the equation’s own

coefficients).

- GIAI THICH TIENG VIET
Phuong trinh dudng thang qua diém (z, v, ) v&i dé déc m: y—y, = m(z—x,). Dangy = mz+c
cho biét truc ti€p dé doc m va tung do goc c. Dang téng quat ax + by + ¢ = 0 ludén cé thé bién
déi vé y = ma + ¢ d€ doc do6 déc.

Vi du 3 - Equation through two given points

Find the equation of the line through A(2,—3) and B(—4,9) (from Vi du 1), in the form y =
mx + c.

Gradient m = —2 (found above). Using point A(2,—3): y — (—3) = —2(x —2) = y+ 3 =
—2r4+4=y=—-2x+1
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Vi du 4 - Equation from a point and a gradient

Find the equation of the line through (1, 5) with gradient —3, in the general form az+by+c = 0.
y—bh=-3z—-1)=y—5=-3r+3=y=—-3r+8.
In general form: 3z +y — 8 = 0.

Intercepts: the y-intercept is found by setting x = 0; the z-intercept by setting y = 0. For
y = mx + ¢, the y-intercept is (0, ¢). These two intercepts are often the easiest points to plot

a line quickly.

6.3 Parallel and Perpendicular Lines

Khai niém cét 16i

Two lines with gradients m, and m, are:
e Parallel if and only if m; = m,.

e Perpendicular if and only if m;m, = —1, i.e. m, = ——— (the perpendicular gradient is the
my

negative reciprocal of the original).

GIAI THICH TIENG VIET
Hai dudng thang song song khi va chi khi ¢ cung dé déc: m, = m,. Hai dudng thang vuéng
géc khi va chi khi tich hai dé déc bang —1: m,m, = —1, tirc dé d6c dudng vudng goc 1a nghich
ddo am clia d6 déc ban dau (ddo nguoc phan sé roi déi dau).

Vidu 5 - Line parallel to a given line

Find the equation of the line through (4, —1) parallel to y = 32 — 2.
Parallel lines share the same gradient, so m = 3. Using (4,—1): y— (—1) =3(z—4) = y+ 1=
3 —12 = y =3z — 13.

Vi du 6 - Line perpendicular to a given gradient

Find the equation of the line through (4, —1) perpendicular to a line of gradient Z, in the form

ax + by = c.
Perpendicular gradient: m = L — é

P 8 S YVEE

i 4 4 1
Using (4,—1):y—(—1) = —g(x —4)=y+1= —37 + §6

Multiply by 3: 3y + 3 = —4x + 16 = 4z + 3y = 13.
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—2 2 1, )6 8

L5+

y = 3z — 2 (solid) and the parallel line y = 3z — 13 (dashed) through (4, —1) — same gradient, different intercept.

(1) L6i thueng gidp: The perpendicular gradient is the negative reciprocal, not simply the neg-

ative. If m; = % the perpendicular gradient is —3 (flip the fraction and change the sign) — not

3
-7 Always check: m; x m, should equal exactly —1.

6.4 The Perpendicular Bisector

Khai niém cét 16i

The perpendicular bisector of segment AB is the line that (i) passes through the midpoint of
AB, and (ii) has gradient equal to the negative reciprocal of the gradient of AB. Every point
on the perpendicular bisector is equidistant from A and B.

GIAI THICH TIENG VIET
Pudng trung truc ctia doan AB la dudng thang di qua trung diém clia AB va c6 dd déc bang
nghich dao am cua dé déc AB. Moi diém trén dudng trung truc cach déu hai diém A va B.

Vi du 7 - Equation of a perpendicular bisector

Find the equation of the perpendicular bisector of A(1,2) and B(5,8), in the form az + by = c.

. 1 2
Midpoint of AB: (;5, ;8> = (3,5).
-2 2
Gradient of AB: 8-2 = 6 = § Perpendicular gradient: ——.
5—1 4 2 3

. 2
Equation through (3,5): y — 5 = _§(x —3)=3y—15=—22+6 = 2z + 3y = 21.
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Segment A B (solid navy) and its perpendicular bisector 2z + 3y = 21 (dashed pink), meeting at the midpoint M (3, 5) at
a right angle.

6.5 Point of Intersection of Two Lines

Khai niém cét 16i

The point of intersection of two lines is found by solving their equations simultaneously: sub-
stitute one equation into the other (or eliminate a variable) to find z, then substitute back to
find y. Two distinct lines with the same gradient (parallel, unequal intercepts) never intersect;
two lines with the same equation are identical (infinitely many intersection points).

GIAI THICH TIENG VIET
Giao diém cla hai dudng thang tim duoc bing cach giai hé phuong trinh: thé phuong trinh
nay vao phuaong trinh kia (hoac khir mot bién) dé tim z, sau dé thay lai dé tim y. Hai dudng
thang song song (cting dé déc, khac tung dé géc) khdng bao gid cit nhau.

Vi du 8 - Intersection of two lines

Find the point of intersection of y = 22 —3and y = —x + 9.
Equate: 2z —3=—2+9=3zx=12=x =4.

Then y = 2(4) — 3 = 5. Point of intersection: (4,5).

Check in the second equation: y = —4+9=5 V.

v

The lines y = 2z — 3 (navy) and y = —z + 9 (pink) intersect at (4, 5).
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6.6 Area of a Triangle and Polygon by Coordinates

Khai niém cét 16i

For a triangle with vertices (z,y,), (25, ¥s), (23, y3) taken in order (the “shoelace formula”):

Area = g|a1(yo — y3) + 2(y3 — 1) + 23(y1 — 4a)|-

For a polygon with vertices (x4, v,), (25, ¥5), ..., (z,,,y,,) listed in order round the boundary:

n
_1
Area = 5 Z (Y51 — Zi1%:)|»
i=1

where the subscripts wrap around (z,,.; = x4, y,.1 = v;). The absolute value is essential —
vertices listed clockwise give a negative sum, anticlockwise a positive sum, but the area itself
is always positive.

- GIAI THICH TIENG VIET
Cong thirc shoelace (duong giay) tinh dién tich tam gidc hodc da giac truc tiép tur toa do cac
dinh, véi diéu kién cac dinh dugc liét ké theo dung thir tw quanh bién (chiéu kim déng hé hoac
nguaoc chiéu kim dong hd déu duwoc, mién nhat quan) va luén |3y gia tri tuyét déi & budc cudi.

Vidu 9 - Area of a triangle

Find the area of the triangle with vertices A(1,1), B(4,5), C(6,2).
Area = 3|1(5—2) +4(2—1) + 6(1 —5)| = 3|3 + 4 — 24| = 3(17) = 8.5 square units.

Vi du 10 - Area of a quadrilateral

Find the area of the quadrilateral with vertices (0,0), (4,0), (5,3), (1,4), taken in order.
]

Sum = [(0)(0) — (4)(0)] + [(4)(3) = (5)(0)] + [(5)(4) — (1)(3)] + [(1)(0) — (0)(4)]
=0+12+174+0=29.
Area = 1]29| = 14.5 square units.

(1) Léi thuong gdp: The shoelace formula only gives the correct area when the vertices are
listed in order round the boundary (either all clockwise or all anticlockwise) — listing them in
a random order (e.g. swapping two non-adjacent vertices) produces a different, wrong shape
and a wrong area. Always take the absolute value at the end; a negative running total simply
means the vertices happened to be listed clockwise.

6.7 Reducing Non-Linear Relations to Linear Form (Linear Law)

Khai niém cét 16i

Many non-linear relations between x and y can be converted into the linear formY = mX +¢

by an appropriate substitution, so that plotting the transformed variables gives a straight line

whose gradient and intercept reveal the unknown constants.

o y = ax™: taking Ig of both sides, Igy = nlgx + Iga. Plot Igy against Igz: gradient = n,
vertical intercept = Iga.
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e y = Ab”: taking Ig of both sides, Igy = (Igb)x + Ig A. Plot Igy against x: gradient = Igb,
vertical intercept = Ig A.
b ... . . . . 1 .1 . .
e y = a + —: this is already linear in the variable —. Plot y against —: gradient = b, vertical
x X

. X
intercept = a.

Relation Plot Gradient Intercept
y = azx" lgy vslgx n Iga
y = Ab* gy vs x Igb IgA
b 1
y=a+ — Y VS — b a
x X

- GIAI THICH TIENG VIET
Nhiéu quan hé phi tuyén gilra = va y c6 thé dua vé dang tuyén tinh Y = mX + ¢ bang cach lay
logarit hodc d6i bién phu hop. V6i y = ax™: vé Igy theo Igz, dd déc |4 n, tung do géc la Iga.
V6iy = Ab*: vé Igy theo z, d6 doc la Igb, tung d6 goc lalg A. V&iy = a + b/x: vé y theo 1/,
dé déc 1a b, tung dé goc la a. Diém quan trong nhat |a xac dinh ding hai bién can vé trén hai
truc truée khi doc d6 déc va tung do goc.

Vidu 11 - Power law y = ax™

Experimental data for a relation y = ax™ is linearised by plotting Ig i against Ig . The resulting
straight line passes through (0.30,1.20) and (0.70, 1.80). Find » and a.
1.80 —1.20 _ 0.60

Gradient n = 030~ 040 — 1.5.
Using point (0.30, 1.20): 1.20 = 1.5(0.30) + Iga = 1.20 = 0.45 + Iga = Iga = 0.75.
Soa = 10" ~ 5.62. The relation is y ~ 5.62 z'-.

gy
2 s

1 1 1 1 gz
0.2 0.4 0.6 0.8 1

Linearised plot of Igy against Ig x for y = ax™: gradient n = 1.5, vertical interceptIlga = 0.75 so a ~ 5.62.

Vidu 12 - Exponential law y = Ab”

Values of Ig y plotted against x give a straight line through (1,1.301) and (5, 2.505). Find A and

b.
. 2.505 —1.301 1.204
Gradient = Igb = ) =5 = 0.301, so b = 10°-301 = 2.00.

Using (1,1.301): 1.301 = 0.301(1) + lg A = Ig A = 1.000, so A = 10%-°%0 = 10.0.
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The relation is y = 10(2)*.

Vidu 13 - Reciprocal law y = a + b/x

. b . .
A relation of the form y = a + — gives y = 7when z = 2, and y = 4 when x = 5. Find a and b.
X

. 1 1 1
RewrlteaSy:aer(—):atx:2,—:0.5;atx:5,—:0.2.
X xr x

Gradient b = s S B 10.
0.5

. 5-02 0.3
Using (0.5,7): 7=a+10(0.5) =7=a+5=a=2.
1 . 1
Checkat:c:5:y:2+€0:2+2:4/.Therelatlon|5y:2+—0.
X

(1) L6i thuong giap: For linear law questions, always identify which two quantities go on the
two axes before reading off the gradient or intercept — for y = ax™ it is Igy against Ig z (not
y against z, and not Igy against z); for y = Ab* it is Igy against = (only the y-axis variable
is logged). Mixing these up gives a gradient or intercept that means something completely
different from n, a, A, or b.

6.8 Finding Constants from a Fitted Line

Khai niém cét 16i

When experimental (z, y) data is transformed and plotted, the constants of the original (non-
linear) relation are recovered from the gradient and vertical intercept of the best-fit straight line

. . AY | . .
through the transformed points: gradient = AX using two well-separated points on the line

(not necessarily original data points), and intercept is read where the line crosses the vertical
axis, or found by substituting one point and the gradient back into Y = mX + c.

. GIAI THICH TIENG VIET

Khi vé d6 thi ctia cac bién da bién d6i, cac hang s6 clia quan hé ban dau dugc xac dinh tir do
déc va tung do goc clia duong thang phu hop nhat (best-fit line) di qua cac diém dir liéu da
bién d6i — nén chon hai diém cach xa nhau trén dudng thing dé tinh do déc chinh xac hon,
tranh chi dung hai diém dir liéu gan nhau.

Vi du 14 - Combining linear law with intersection ideas

Two sets of data are each modelled by y = ax™. Plotting Ig y against Ig x for set 1 gives the line
lgy = 2lgx + 0.30; for set 2 it gives Igy = 0.51lgx + 1.20. Find the value of Ig z at which the
two lines (and hence the two models) agree.

Equate: 2Igz +0.30 =0.5lgx +1.20 = 1.5lgx = 0.90 = Igx = 0.60.
So x = 10°-%° ~ 3.98. At this x, both models give the same Igy (and hence the same v).
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6.9 Practice Questions

Bai tap luyén tap

(A) —2
(B) 2

€ —3
(D) 5

Loi giai chi tiét

—5—5 —10

=3 (2~ 5 = —2. (A).

m

Bai tap luyén tap

Loi giai chi tiét

-

Bai tap luyén tap
Find the length of AB, where A(0,0) and B(6, 8).

(A) 10
(B) 14

(C) 8
(D) 48

Loi giai chi tiét

-

AB = /62 + 82 = /36 + 64 = /100 = 10. (A).

Bai tap luyén tap

Loi giai chi tiét

Ya — Y

would require dividing by z, — 2, = 0).

1

Bai tap luyén tap

(A) y=2z+5
(B) y:—%$-|—1

Thay Twong 0332747169 - Co6 Nancy 0983422 692

Midpoint = <_32+ 5, _12+ 7) =1(1,3) |
Length = /(5 — (=3))2 + (T— (=1))2 = V8 + 82 = /128 =
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Find the gradient of the line through (—2,5) and (3, —5).

Find the midpoint and length of the segment joining (—3,—1) and (5, 7).

8v2 ~ 11.3|.

State the gradient of the line joining (2, —1) and (2, 5), and explain your answer.

Both points have x = 2, so the line is vertical. Its gradient is (the formula m =

A line has gradient % Which of the following lines is parallel to it?

C) y=3z—2
(D) y=—3z
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Loi giai chi tiét

2

Parallel lines share the same gradient, z,

Bai tap luyén tap

Find the equation of the line through (3,

Lai giai chi tiét

-

Bai tap luyén tap
Find the equation of the line through (0,

(A) y=2x+5
(B) y=2x—5

Loi giai chi tiét

-

13 —
Gradient = B85 = % = 2. Using

1.0 (0,5):

Bai tap luyén tap

-

Loi gidi chi tiét
—2—06
Gradient = —2—% _ =8 _ 5 usi
radient = =5 = sing
General form: |2z +y —4=10|

-

—8

—~

Bai tap luyén tap

Which line is parallel to 3z — 2y + 6 = 0?

(A) y=3z—1
(B) y=—§x+4

Loi giai chi tiet

Rewrite 3z —2y +6 =0asy = 32 + 3, ¢

Bai tap luyén tap

Thay Tudong 0332747 169 -

A line passes through (—1,6) and (3, —2).
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which matches option (A) only. (A).

4) with gradient —2, in the form y = max + c.

y—4=-2@-3)=y—4=-20+6=y=|—22+10|

5) and (4, 13).

(C)y=—22+5
(D) y=%x+5

y = 2z + 5. (A).

Find its equation in the form ax + by + ¢ = 0.

(—1,6):y—6=—2(zx+1)=y 2z + 4.

(C) 22 —3y+1=0
(D) 3z +2y—4=0

radient 3. Option (A) has gradient 2 also. (A).

Show that the lines y = 4z — 1 and 4y + = = 8 are perpendicular.
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Loi giai chi tiét

First line: gradient m, = 4. Second line: 4y = —x +8 = y = —Jz + 2,50 m, = —

=

my x mgy =4 x (—%) = —1, so the lines are | perpendicular |

Bai tap luyén tap

Find the gradient of a line perpendicular to 2z + 5y — 10 = 0.

(A) 5 (€ 2
(B) —5 (D) —2

Lai giai chi tiét

-

. . . 1
Rewrite: y = —2z + 2,50 m; = —2. Perpendicular gradient = —— = 2. (A).
ey

Bai tap luyén tap

Find the equation of the line through (4, —1) perpendicular to a line of gradient %, in the form
ax + by = c.

Loi giai chi tiét

Perpendicular gradient = —2. Using (4, —1): y + 1 = —3(z — 4) = 3y + 3 = —4z + 16.
4o + 3y = 13|

Bai tap luyén tap

Points A(—2,3) and B(6, 3) are joined. What is the gradient of line AB?

(A) 0 (C) 1
(B) undefined (D) 8

Loi giai chi tiét
—3

Since y, = yg = 3, line AB is horizontal, so m = 63—(2) = 0. (A).

Bai tap luyén tap

Find the midpoint and the perpendicular bisector of the segment joining P(—1,—2) and

Q(3,6).

Loi giai chi tiet

Midpoint = (_1; 3, _22+ 6) = (1,2).
: 6—(=2) _38 : . L
Gradient of PQ: 5o 4 2. Perpendicular gradient = —2.

Equation: y —2=—1(z—1)=>2y—4=—z+1=|z+2y=5|
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Bai tap luyén tap
The perpendicular bisector of A(0,0) and B(4,0) is:

(A) z=2 (C) x=14
(B) y=2 (D) y==x

Loi giai chi tiet

Midpoint = (2,0). Since AB is horizontal (gradient 0), the perpendicular bisector is vertical,
passing through z = 2: line x = 2. (A).

Bai tap luyén tap

Find the point of intersectionof y =z +1andy = —2x + 7.

Lai giai chi tiét

-

x+1=-"20+7=3xr=6=x=2.Theny=2+1=3.
Point of intersection: | (2,3) |

Bai tap luyén tap
Find the point of intersection of 2z +y =8 and z — y = 1.

(A) (3,2) (C) (4,0)
(B) (2,3) (D) (1,6)

Loi giai chi tiét

From the second equation, x = y + 1. Substitute: 2(y + 1)+ y=8=3y+2=8=y = 2,50
x = 3. (A).

Bai tap luyén tap

Lines L, : y =3z —2and L, : y = 3z + 5 are given. Explain why they never intersect, and
state their relationship.

Loi giai chi tiét

Both lines have gradient 3 but different intercepts (—2 and 5), so they are parallel and distinct
— parallel lines never meet, since equating 3x — 2 = 3z + 5 gives —2 = 5, a contradiction, so
no solution exists.

Bai tap luyén tap
Find the area of the triangle with vertices (0, 0), (5,0), (0,4).

(A) 10 (C) 9
(B) 20 (D) 4.5
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Loi giai chi tiét

Area = 1[0(0 — 4) + 5(4 — 0) +0(0 — 0)| = £|20] = 10. (A).

Bai tap luyén tap
Find the area of the triangle with vertices A(1,2), B(4,6), C(6,1).

Loi giai chi tiét

Area = 1|1(6 — 1) +4(1 —2) +6(2—6)| = 1|5 —4 — 24| = 1(23) =[11.5]

-

Bai tap luyén tap

Using the shoelace formula, find the area of the quadrilateral with vertices
(1,1),(5,1),(6,4),(2,5) taken in order.

(A) 14.5 (C) 12
(B) 29 (D) 16

Loi giai chi tiet

Sum= (1-1—5-1)+(5-4—6-1)+(6-5—2-4) +(2-1—1-5) = (—4) + (14) + (22) + (—3) = 29.
Area = 3|29| = 14.5. (A).

Bai tap luyén tap

The points A(2,3), B(8,3), C(8,7), D(2,7) form a rectangle. Verify using the shoelace formula
that its area matches length x width.

Loi giai chi tiét
Length AB = 6, width BC = 4, so expected area = 6 x 4 = 24.

Shoelace sum = (2:3—8:3)+(8:7—8:3)+(8:7—2-7)+(2:3—2-7) = (—18)+(32)+(42)+(—8) = 48.
Area = 1[48| =| 24| — consistent with length x width.

Bai tap luyén tap

A curve satisfies y = ax™. Plotting Ig y against Ig x gives a straight line of gradient 2 and vertical
intercept 0.5. Find a and n.

(A) a~3.16, n=2 (C)a=2,n=05
(D) a ~3.16, n=0.5

=
IS

Il
o
o
S

|
DO

N

Loi giai chi tiét

Gradient = n = 2. Intercept Iga = 0.5 = a = 10°° ~ 3.16. (A).
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Bai tap luyén tap

Experimental data for y = az™ is linearised by plotting Igy against Igz. The resulting line
passes through (0.5,1.0) and (1.5,2.2). Find n and a.

Lai giai chi tiét

. 22—1.0 1.
= - = 12'
Gradient n 15 _0F - 10

Using (0.5,1.0): 1.0 = 1.2(0.5) +lga = 1.0 = 0.6 + Iga = lga = 0.4.
a=10"%~ 251 n=]1.2]

Bai tap luyén tap

For y = Ab*, which quantities should be plotted to obtain a straight line?

(A) lgy against x (C) Igy against Igx
(B) y against Igx (D) y against z2

Loi giai chi tiet

-

Since Ilgy = (Igb)z + Ig A is linear in z (not Ig =), we plot Ig y against x. (A).

Bai tap luyén tap

Variables x and y satisfy y = Ab*. Values of Igy plotted against z give a straight line through
(0,1.20) and (5,3.20). Find A and b.

Loi giai chi tiet

-

. 20—1.20 2.0
Gradient Igb = 32—0 == =040=b= 1004 ~|2.51 |

Intercept (at 2 = 0): IgA = 1.20 = A = 10"2 ~ | 15.8 |

Bai tap luyén tap

. b. . . .
A relation of form y = a + — is linearised by plotting:
X

(A) y against 1 (C) le against
(B) y against z (D) lgy against Ig x

Loi giai chi tiet

-

Since y = a+ b (1) is already linear in 1, we plot y against 1: gradient b, intercept a. (A).

Bai tap luyén tap

@I

. . .o 1 . .
Data fory = a+ — gives, when y is plotted against —, a straight line through (0.2,9) and (0.5, 6).
T KA
Find @ and b.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 108



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Loi giai chi tiét

Gradient b = 679 8 —10.
. 0.5—02 0.3
Using (0.2,9): 9=a+ (—10)(0.2) = 9=a—2=a=11.

Soa=[11],b =[—10} checkat 1 = 0.5: y = 11 —10(0.5) = 6 ..

Bai tap luyén tap

Find the equation of the line through (—2, 4) perpendicular to the line y = %x — 3, and hence
find where it crosses the z-axis.

Loi giai chi tiét
Perpendicular gradient = —2. Equation: y —4 = —2(z + 2) = y = —2x.
x-axis crossing: set y = 0 = —2x = 0 = = = 0. Crossing point: | (0,0) |.

Bai tap luyén tap

Two lines 2lgz — Igy = —0.3 (rearranged as Igy = 2lgx + 0.3) and Ilgy = 0.5lgx + 1.0 both
model power-law data y = az™. Find the value of Ig 2 at which the two models agree.

(A) lgz ~ 0.47 (C) gz =0.7
(B) Igz =1.3 (D) lgz ~ —0.47

Loi giai chi tiét

-

S
BN

1.

Equate: 2lgz +0.3=0.5Igz +1.0 = 1.5lgz =0.7= gz = ~ 0.467. (A).

ot

Bai tap luyén tap

A triangle has vertices A(—1,—1), B(5,—1), C(2,4). Find its area, and identify which side is
horizontal.

Loi giai chi tiét
Area = £|(—L)(—1 — 4) + 5(4 — (—1)) + 2(—1 — (=1))| = 4|5+ 25 + 0| = 4(30) =[15]
Side AB is horizontal, since y, = yg = —1.

Bai tap luyén tap

Find the equation of the perpendicular bisector of C'(—2,1) and D(4,—3).

Loi giai chi tiét

-

Midpoint — (_2;4, 1+;_3> — (1,—1).
Gradient CD = 4_:))—<__;) = %4 = —g. Perpendicular gradient = g

. 3
Equatlon:y+1:§(m—1):>2y-|-2:3x—3:>.
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CAMBRIDGE IGCSE « Unit 7

Circular Measure

Muc tiéu Unit: Sau chuong nay, hoc sinh c6 thé:

e Hiéu dinh nghia radian va chuyén d&i qua lai giira d6 va radian.

e Ghi nhé& cac gia tri radian chinh xac cda cac goc thong dung (30°, 45°, 607, ...).
Tinh d6 dai cung tron bang céng thirc s = 6.

Tinh dién tich hinh quat bang céng thirc A = 1726.

Tinh do dai day cung va dién tich, chu vi hinh vién phan (segment).

Giai cac bai toan vé hinh phirc hgp gom nhiéu hinh quat, tam gidc va day cung két hop.

7.1 Radian Measure

Definition of a Radian

One radian (rad) is the angle subtended at the centre of a circle by an arc equal in length to
the radius.

If an arc of length s equal to the radius r is laid along the circumference, the angle formed at
the centre measures exactly 1 radian. Since the full circumference is 27r, going all the way
around the circle corresponds to an angle of 2x radians. This gives the fundamental identity

7 rad = 180°.

- GIAI THICH TIENG VIET
Radian (rad) 1a don vi do géc dua trén ban kinh dudng tron: mét radian 1a goéc & tam chan mot
cung c6 do dai bang ding ban kinh. Vi chu vi dudng tron 13 27, nén mot vong tron day da
(360°) twong rng vai 27 radian, do dé 7 rad = 180°.

From 7 rad = 180° we obtain the two conversion rules used throughout this chapter:

180°
~57.3, 1°= — rad ~ 0.0175 rad.

1rad = _
e T 180

Figure 1: A sector O PQ with radius r, angle @ (in radians) and arc PQ.



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

Exact radian values of common angles (worth memorising):

Degrees 0° 30° 45° 60° 90° 120° 180°

T T 7 T 2
Radi — — — — —
adians 0 : 1 3 5 3 T
37 57T, 270° = 37T, 360° = 27.

Also useful: 135° = —, 150° = — 2o
useful: 135 1 50 5 5

Converting degrees to radians

Convert 75° to radians, giving the answer (a) as an exact multiple of , (b) to 3 significant figures.
Solution.

T _757T_57r ad.

X ——=-—— ="
X180~ 180~ 12

) 5
Numerically, % ~ 1.309 = 1.31 rad (3 s.f.).

Converting radians to degrees

Convert 2.5 radians to degrees, to 1 decimal place.
Solution.

« 18020 a3
T m

2.5

(1) Lé6i thuong gap: Calculators can be set to degree mode or radian mode. In circular measure
questions, always work in radian mode once an angle has been converted to radians - mixing
modes is one of the most common sources of error in this topic. Before starting any s = 6 or
A= %739 calculation, check your calculator’s angle mode.

7.2 Arc Length: s =10

Deriving the Arc Length Formula

Consider a circle of radius r. The full circumference 2zr corresponds to an angle of 27 radians
at the centre. Arc length is proportional to the angle subtended, so for an angle 6 radians,

s 0

%:% s =rb.

This elegant formula only holds when 6 is measured in radians. (In degrees the formula would
need an extra factor of =/180.)

. GIAI THICH TIENG VIET
Vi d6 dai cung ti |é thudn v&i goc & tam, so sadnh va&i chu vi toan phan 27r (rng véi géc 2, ta
suy ra cong thirc do dai cung s = r, chi dung khi @ tinh bang radian.
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Basic arc length

A circle has radius 9 cm. Find the length of the arc subtending an angle of 1.2 radians at the
centre.
Solution.

s=rf=9x12=10.8cm.

Arc length with a degree angle

A circle has radius 6 cm. Find the length of the arc subtending an angle of 40° at the centre.
Solution. First convert to radians:

s
40° x — = 0. 1 4 s.f.).
0 ><180 0.6981 rad (4 s.f.)

Then
s=1r0 =6 x0.6981 = 4.19 cm (3 s.f.).

Finding the angle from the arc

An arc of length 10.5 cm is cut off from a circle of radius 7 cm. Find the angle subtended at the
centre, in radians.
Solution.

Hzfzgzlﬁrad.

r

Perimeter of a sector

A sector of a circle of radius 8 cm has perimeter 30 cm. Find the angle of the sector in radians
and hence its area.
Solution. The perimeter of a sector is made of two radii plus the arc:

P =2r+r0.

So 16 + 86 = 30, giving 80 = 14, i.e. § = 1.75 rad.
The area is
A= 1r?0 = 1(8)%(1.75) = 3(64)(1.75) = 56 cm?.

7.3 Sector Area: A = 11?0

Deriving the Sector Area Formula

The area of a full circle is 72, corresponding to an angle of 2x radians. Since sector area is
proportional to the angle it subtends,

A ] 1
a7 A= Zr20.
2 27 - 2 g

Again, this compact formula requires 6 in radians.

GIAI THICH TIENG VIET
Dién tich hinh quat ti I v&i goc & tam so véi dién tich hinh tron day du 72 (ng vai goc 2, tir
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déosuyra A= %730, cling chi ap dung khi 6 |a radian.

Basic sector area

Find the area of a sector of radius 5 cm and angle 150°.

Solution. Convert: 150° = %ﬂ rad ~ 2.618 rad.

A= 1120 = 1(5)2(2.618) = 12.5 x 2.618 = 32.7 cm? (3 s.f.).

N =

Finding the angle from the area

A sector of radius 20 cm has area 300 cm?. Find its angle, in radians and in degrees, and hence
its perimeter.

Solution.

24 2(300)
9= == a0 1.5 rad.

180
In degrees: 1.5 x — =~ 85.9°.
™
Perimeter: P = 2r 4 rf = 40 + 20(1.5) = 40 + 30 = 70 cm.

(") L6i thuong gap: A = %730 and s = 70 both require 6 in radians. A very common exam error
is to substitute an angle still in degrees directly into these formulas. Always ask: “Is my angle
in radians yet?” before using either formula.

7.4 Chords and Segments

' Chord Length

Let O be the centre of a circle of radius r, and let A, B lie on the circle with ZAOB = 6 radians.
Dropping a perpendicular from O to the midpoint M of chord AB bisects both the chord and
the angle, so triangle OM A is right-angled with ZAOM = 6/2 and hypotenuse r. Hence

AM_rsin<z) = AB_Qrsin<g>.

Segment Area and Perimeter

A segment is the region between a chord and the arc it cuts off. The segment area is the sector
area minus the area of triangle OAB:

_ 1,2 8 1 R
Areappap = 5r°sinf  (using s5absin C),
so the segment area is
Agegment = 3720 — 377 sinf = 1r%(9 — sin6).

The perimeter of a segment is the arc length plus the chord length:

. (0
Piegment = 70 + 27 sin <§> :
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GIAI THICH TIENG VIET
Day cung AB = 2rsin(6/2) dugc suy ra tir tam giac vudng tao badi trung diém day cung. Dién
tich hinh vién phan bang dién tich quat trir dién tich tam gidc: A = 1r%(6 — sin 6); chu vi vién
phan bang cung céng day: P = rf + 2rsin(6/2).

chor

O r
Figure 2: The shaded segment is bounded by chord PQ and the arc PQ.

A circle of radius 10 cm has a sector of angle 2.4 radians. Find the area of the corresponding
segment.
Solution.

A=3r?(0—sinf) =

Since 2.4 rad ~ 137.5°,sin2.4 ~ 0.6755.

$(100)(2.4 —sin2.4).

A =50(2.4—0.6755) = 50(1.7245) = 86.2 cm? (3 s.f.).

Finding the angle from a chord

A chord of length 12 cm is drawn in a circle of radius 10 cm. Find the angle subtended at the
centre, in radians.
Solution. Using AB = 2rsin(0/2):

12 = 2(10) sin(i) = sin<§) = 0.6.

g =sin '(0.6) =0.6435rad = 6 =129rad(3s.f.).

Segment perimeter

For a sector of radius 10 cm and angle 1.2 radians, find the perimeter of the segment cut off
by the chord.
Solution. Chord length:

2 sin(i) = 2(10) sin(0.6) = 20(0.5646) = 11.29 cm.

Arc length: 70 = 10(1.2) = 12 cm.
Segment perimeter = 12 + 11.29 = 23.3 cm (3 s.f.).
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Minor and major segment

A chord AB = 14 cm is drawn in a circle of radius 10 cm. Find (a) the angle AOB in radians, (b)
the area of the minor segment, (c) the area of the major segment.

Solution. (a) 2(10) sin(0/2) = 14 = sin(0/2) = 0.7 = 0/2 = 0.7754 = 6 = 1.551 rad.

(b) Apin = (100)(1.551 — sin 1.551) = 50(1.551 — 0.9998) = 50(0.5512) = 27.6 cm?.

(c) Circle area = 7(10)? = 314.16 cm?. Major segment = 314.16 — 27.6 = 286.5 cm? (3 s.f.).

Segment problems almost always require three steps in order: (1) find 6 (often via the chord
formula and sinfl), (2) substitute into A = %7«2(9 — sin @) or the perimeter formula, (3) round
only at the final step to avoid accumulated rounding error.

7.5 Composite and Combined Regions

Many exam questions combine sectors, triangles, chords, and sometimes squares or rectangles into
a single shaded figure. The strategy is always the same: split the figure into pieces you can compute
(sectors, triangles, segments), then add or subtract areas as appropriate.

0
T R—r
Figure 3: A composite “annulus sector” - the shaded region lies between two concentric arcs of radii » and R, same

angle 6.

Annulus sector - area between two arcs

Two sectors share the same centre O and the same angle 6 = 1.5 radians; their radii are 6 cm
and 10 cm. Find the area of the shaded region between the two arcs (the region shown in
Figure 3, with r = 6, R = 10).

Solution. The shaded area is the difference of two sector areas:
A=10R*—16r* = LO(R* — r?) = 1(1.2)(100 — 36).

1 1
2 2

Wait - using 6 = 1.5: A = 1(1.5)(100 — 36) = 0.75 x 64 = 48 cmZ.

Perimeter of an annulus sector

For the same figure (radii 6 cm and 10 cm, angle 1.5 rad), find the perimeter of the shaded
region.

Solution. The boundary consists of the outer arc, the inner arc, and two straight segments
each of length R — r:

P=RO+70+2(R—r)=10(1.5) +6(1.5) + 2(4) = 15+ 9+ 8 = 32 cm.
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Square with a quarter circle removed

A square has side length 10 cm. A quarter circle of radius 10 cm, centred at one corner of the
square, is removed. Find the area of the remaining shaded region.

. . T
Solution. Quarter circle means 6 = 5

Aquarter = 3720 = %(100)(%) — 257 = 78.54 cm?.

Remaining area = 100 — 78.54 = 21.5 cm? (3 s.f.).

10

Figure 4: Square of side 10 with a quarter circle of radius 10 removed from one corner; shaded region is the remainder.

Two overlapping sectors from different centres

Two circles, each of radius 8 cm, have centres A and B with AB = 8 cm. Each circle passes
through the other’s centre. Find the perimeter of the overlapping (lens-shaped) region.

Solution. By symmetry, triangle ABX (where X is one of the intersection points) is equilateral,
since AB = AX = BX = 8. So each half-angle at the centre is 60° = g rad, and the full angle

. . . . .2
of each defining sector (from one centre to the two intersection points) is % rad.
Each arc bounding the lens has length

2 167
=r0=8x — = — ~ 16.76 cm.
s=r X 3 3

The lens boundary is made of two such arcs (one from each circle), so

P =2x16.76 = 33.5cm (3 s.f.).

Figure 5: Two overlapping sectors/circles of equal radius; the shaded lens is bounded by two arcs.
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Composite: sector plus triangle

A sector OPQ has radius 12 cm and angle 0.9 radians. The chord P(Q) is joined, and an isosceles
triangle PQR is drawn outward on PQ with PR = QR = PQ (i.e. triangle PQR is equilateral).
Find the total area of the figure OPQR (sector plus equilateral triangle).

Solution. Sector area:

Agector = 3(12)%(0.9) = 64.8 cm?.
Chord: PQ = 2(12)sin(0.45) = 24(0.4350) = 10.44 cm.

. . . 3
Equilateral triangle of side 10.44 cm has area \{(10.44)2 = 0.4330 x 108.99 = 47.2 cm?.
Total area = 64.8 + 47.2 = 112.0 cm? (3 s.f.).

Running-track composite perimeter

A running track is formed from two straight sections of length 80 m joined by two semicircular
ends of radius 30 m. Find the total perimeter of the track.
Solution. A semicircle corresponds to 8 = 7 rad, so each semicircular arc has length

s=1r0 =30m =94.25 m.

Total perimeter = 2(80) + 2(94.25) = 160 + 188.5 = 348.5 m (4 s.f.).

Shaded region: sector minus triangle

A sector OAB has radius 14 cm and angle 1.1 radians. Find the area of the region enclosed
between the chord AB and the two radii, on the side of the chord not containing the arc - that
is, find the area of triangle OAB, and compare it with the sector area.

Solution. Triangle area, using %ab sinfwitha=b=r=14:

Ap = 3(14)(14) sin(1.1) = 98sin(1.1) = 98(0.8912) = 87.3 cm?.

Sector area:
Agector = 3(14)%(1.1) = 98(1.1) = 107.8 cm?.

The triangle area (87.3 cm?) is smaller than the sector area (107.8 cm?3), and their difference,
107.8 — 87.3 = 20.5 cm?, is exactly the area of the segment cut off by chord AB - consistent
with Asegment = Asector - AA'

Two sectors on either side of a shared radius

Sectors OAB and OB(C share the radius OB, both have radius » = 9 cm, with ZAOB = 0.7 rad
and /BOC = 1.3 rad. Find the total area of the combined figure OABC and the total length
of arc ABC.

Solution. Since the two sectors share centre O and radius r, their areas simply add (no overlap,
as they lie on either side of OB):

Atotal = 57%(0.7) + 3r2(1.3) = 1(81)(0.7 + 1.3) = 40.5(2.0) = 81.0 cm?.

Equivalently, this is just one sector of angle 0.7 + 1.3 = 2.0 rad, confirming the shortcut of
adding angles directly when sectors share a common radius and centre.
Arc length: s = 16, = 9(2.0) = 18.0 cm.
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Summary of formulas (all angles 6 in radians):

Quantity Formula

Arc length s=r6

Sector area A=1r%

Sector perimeter P=2r+nr0
Chord length ¢ =2rsin(0/2)
Segment area A= 1r*(0 —sin6)

Segment perimeter P = rf + 2rsin(6/2)

When two sectors share a common centre and radius but lie on either side of a shared radius,
their angles add directly, so their areas and (where applicable) their arc lengths add directly too.

(1) L6i thuong gap: When a composite figure mixes a sector with a triangle, remember the
sector angle 0 (radians) is used in A = %730 for the sector, but if you need the triangle OPQ’s
area using %ab sin 0, the same 0 (still in radians - your calculator handles sin 6 correctly in radian
mode) is used, not a converted-back-to-degrees version. Do not switch modes mid-question.

(1) L6i thuwong gap: For segment problems, do not confuse the segment (bounded by chord
and arc) with the sector (bounded by two radii and arc). The segment area is always smaller:
Asegment = Asector - AA = %T2 (9 — sin 9)’

(1) L6i thuwong gap: When a question gives you the arc length or chord length and asks for 6,
check whether your answer should be acute or obtuse - sin” ' on a calculator always returns a
value between —7 and 7, so if the geometry requires an obtuse angle (e.g. the major arc case),
you must use # = m — (calculator value) or reason from a sketch.

7.6 Practice Questions

Bai tap luyén tap

1. Convert 210° to radians, as an exact multiple of .

s 4
A) — il
(A) 5 (&) 3
%3 37
(B) = () =
%3 .
2. Convert i radians to degrees.
(A) 180° (C) 240°
(B) 225° (D) 270°

3. Convert 105° to radians, giving your answer to 3 significant figures.
4. Convert 3.1 radians to degrees, giving your answer to 3 significant figures.

5. Which of the following is the exact radian value of 60°?
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(A) (C)

3oy
N w|

(B) (D)

6. A circle has radius 15 cm. Find the arc length subtending an angle of 0.9 radians at the
centre.

7. Using the same circle as Question 6, find the area of the sector with angle 0.9 radians.

8. An arc of length 10.5 cm is cut from a circle of radius 7 cm. Find the angle subtended, in
radians.

9. A sector of radius 6 cm has perimeter 20 cm. Find the angle of the sector in radians.
10. Find the area of the sector described in Question 9.
11. An angle of exactly 1 radian is approximately equal to:

(A) 57.3° (C) 90°
(B) 45° (D) 60°

12. A sector has radius 8 cm and angle 1.6 radians. Find the length of the chord joining the two
ends of the arc.

13. For the sector in Question 12, find the area of the segment cut off by the chord.
14. For the sector in Question 12, find the perimeter of the segment cut off by the chord.
15. In the formula A = %7'29, the angle 8 must be measured in:

(A) degrees (C) gradians
(B) radians (D) any unit, it does not matter

16. A chord AB = 14 cm is drawn in a circle of radius 10 cm. Find the angle AOB in radians.
17. Find the area of the minor segment cut off by the chord in Question 16.
18. Find the area of the major segment cut off by the chord in Question 16.

19. Two sectors share centre O and the same angle 1.2 radians; their radii are 6 cm and 10 cm.
Find the area of the region between the two arcs.

20. Find the perimeter of the shaded region described in Question 19.
21. A sector of radius 4 cm subtends an arc of length 4 cm. What is the angle, in radians?

(A) 1 (C) 0.5
(B) 2 (D) 4

22. A sector of radius 20 cm has area 300 cm?. Find its angle in radians, and in degrees (1 d.p.).
23. Find the perimeter of the sector described in Question 22.

24. A square of side 10 cm has a quarter circle of radius 10 cm removed from one corner. Find
the area of the remaining shaded region, to 3 s.f.

25. A running track consists of two straight sections of 80 m joined by two semicircular ends
of radius 30 m. Find the total perimeter of the track, to 4 s.f.
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26. A sector of radius 5 cm has angle 0.8 radians. To 1 decimal place, which of these is the
equivalent angle in degrees?

(A) 45.8° (C) 40.0°
(B) 50.0° (D) 55.0°

27. Two concentric sectors share the same centre O and the same angle 0.5 radians; the smaller
radius is 9 cm and the larger radius is 15 cm. Find the area of the region between the two
arcs.

28. Find the perimeter of the shaded region described in Question 27.

Loi giai chi tiét

1.210° x — — 71 Answer: (a) 71
5 1%80 5 0 0
2. 27 o 2% 2 4 180 = 225°. Answer: (b) 225°.
4 T 4
3. 105 x 180 =1.8326... ~ 1.83 rad (3 s.f.).
1
4.31x 30 _ 17760 (35£).
T
™ T T
L60°x — = . A 2 (c) =.
5. 60° x T nswer: (c) :
6. s =rf = 15(0.9) = 13.5 cm.
7. A= 1r?9 = 1(225)(0.9) = 101.25 ~ 101 cm? (3 s.f).
8.0:f:ﬁ:1.5rad.
7 7 -
9. P=2r+r0=12+60=20= 0 = = 1.333 rad (4 s.f.).

=
o

. A= 31?0 = 1(36)(1.333) = 24.0 cm?.
. 1lrad x@ = 57.3°. Answer: (a) 57.3°.
71'
. AB = 2rsin(0/2) = 16sin(0.8) = 16(0.7174) = 11.5 cm (3 s.f.).

. A= 3r?(0 —sinf) = 32(1.6 — sin1.6) = 32(1.6 — 0.9996) = 32(0.6004) = 19.2 cm?.

=
=

[N
W N

14. P = r0 4 chord = 8(1.6) + 11.5 = 12.8 + 11.5 = 24.3 cm.

15. Answer: (b) radians.

16. 2(10)sin(0/2) = 14 = sin(0/2) = 0.7 = 0/2 = 0.7754 = 6 = 1.55 rad (3 s.f.).

17. A = 1(100)(1.551 — sin 1.551) = 50(1.551 — 0.9998) = 50(0.5512) = 27.6 cm?,

18. Circle area = 7(100) = 314.16; major segment = 314.16 — 27.6 = 286.5 cm? (3 s.f.).
19. A = 20(R* —r?) = 3(1.2)(100 — 36) = 0.6(64) = 38.4 cm?.

N
o

.P=RO+7r0+2(R—7r)=10(1.2) + 6(1.2) + 2(4) = 12+ 7.2+ 8 = 27.2 cm.

21. 0 =s/r =4/4 = 1. Answer: (a) 1.

22. 0 = % = 600 =15rad=1.5 x 180 =85.9° (1 d.p.).
72 400 T

23. P =2r +rf =40+ 20(1.5) = 40 4+ 30 = 70 cm.

24. Quarter circle area = %(100)(%) = 257 = 78.54 cm?. Remaining = 100 — 78.54 = 21.5
cm? (3 s.f).
25. Semicircle arc = rm = 30w = 94.25 m each. P = 2(80) + 2(94.25) = 160 + 188.5 = 348.5

m (4 s.f.).

1
26. 0.8 x 180 = 45.84° ~ 45.8°. Answer: (a) 45.8°.
i

27. A= 1(0.5)(225 — 81) = 0.25(144) = 36 cm>.
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I 28. P = 15(0.5) 4+ 9(0.5) + 2(15 — 9) = 7.5 + 4.5 + 12 = 24 cm.
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CAMBRIDGE IGCSE . Unit 8

Trigonometry

Muc tiéu Unit: Nhan biét sau ti s6 lugng gidc va cdc ham nghich dao (sec, csc, cot); ghi nha gia tri dac
biét tai 30°,45°,60°; vé& va bién déi dé thi sin, cos, tan; dung vong tron CAST dé tim moi nghiém trong
mdt khoang cho trudc; chirtng minh dang thirc luvong giac bang cac hé thirc Pythagore; 4p dung cong
thirc R dé tim gia tri I&n nhat/nhd nhat va giai phuong trinh dang a sin 8 + b cos § = ¢; giai phwong trinh
lwong gidc co ban, bic hai theo mot ti s6, va da goc trén mét khoang xac dinh.

8.1 The Six Trigonometric Ratios and Their Reciprocals

| Definitions |

For a right-angled triangle with angle 6, or more generally for angle 6 on the unit circle with
coordinates (cos 6, sin #), the six ratios are

sind, cos b, tand = ﬂ,

cos o
1 1 1 cos 6
s=Z T T o

These reciprocal functions are undefined wherever the corresponding denominator is zero:
csc 8 and cot 8 are undefined when sin 8 = 0; sec § is undefined when cos§ = 0.

GIAI THICH TIENG VIET
sec (secant) = nghich ddo cla cos; csc (cosecant) = nghich dao cla sin; cot (cotangent) = nghich
dao cua tan. Ghi nhd: chir cai dau khéng khép truc tiép — sec di véi cos, csc di vadi sin.

Example 1 - Evaluating reciprocal ratios

Given that cos 6 = % and 6 is acute, find sec 6, sin 8, csc 6, tan# and cot 6.
Solution. Since 6 is acute, use a right triangle with adjacent = 3, hypotenuse = 5, so opposite

— V35 0=4.

1 5 . 4 5 4 3
sect 3 sin6 5 csch 1 and 3 cotd 1

cosf
Bai tap luyén tap

1. If sinf = % with 6 acute, find csc 6, cos 8, cotd.
2.
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(A) secf =1/cosf (C) sec =sin6/ cosh
(B) secf =1/sin6 (D) sec = cos ¥

3. Simplify tan 6 - cot 6.

Loi giai chi tiét
13 . 12 12
1. cscO = E; adjacent = /169 — 25 = 12, so cosf = 13’ cotd = —.

5
2. Answer: (A) secf = 1/ cos¥.

3. tanH-cotG:ﬂ.&se:
cosf sin6

8.2 Exact Values at 30°, 45°, 60°

0 |sinf | cosd tand
0° 0 1 0
® 1 V3 1
w| G| 2| T
° 2 2
450 | L2 | L2 1
| G| 1| v
90° 1 0 undefined

These follow from an isosceles right triangle (legs 1, 1, hypotenuse v/2) for 45°, and an equilat-
eral triangle of side 2 bisected into two 30-60-90 triangles (sides 1, v/3, 2).

GIAI THICH TIENG VIET
ang gia tri dac biét nay can thudc long vi dé thi thudng yéu cau tinh chinh xac (khéng dung
may tinh) tai cac géc 30°, 45°, 60° va cac goc lién quan qua CAST.

Example 2 - Exact value calculation

Find the exact value of sec 60° + tan 45° — csc 30°.
Solution.

1 1 1 1
° = = =92 t 45° =1 ° = = =
sectl' = osoor —1p > A=l el =ans =15

So the expressionequals 2 +1—2 = 1.

Bai tap luyén tap

4. Find the exact value of sin 60° cos 30° + cos 60° sin 30°.
5. Find the exact value of cot 30° x tan 60°.

6.
(A) % (€ V3
(B) 1 (D) \f

What is tan 60° - cos 60° equal to?
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Loi giai chi tiét

4@@_’_} 1_

3 1 UV
5 5 2-2_Z+1_1(th|5|ssm(60 +30°) =sin90° = 1).
5. cot30° = /3, tan 60° = /3, product = 3.

3
6. tan 60° cos 60° = /3 x § = \2[ Answer: (D).

8.3 Graphs of Sine, Cosine and Tangent

Key features

For y = asin(bx) + ¢ (similarly for cosine):
e Amplitude = |a| (half the vertical distance between max and min).
. 360°
e Period = —.
e Vertical shift = ¢; the graph oscillates between ¢ — |a| and ¢ + |a].
y = tanz has period 180°, no amplitude (unbounded), and vertical asymptotes at z =

90°, 270°, ...

90 18 70 60

——y=sinf — y =cosh

y =sin@ and y = cos 6 over 0° to 360°: both have amplitude 1 and period 360°, but the cosine curve is the sine curve
shifted 90° to the left.

-2+

y = 3sin(26): amplitude 3, period 360°/2 = 180°, so the curve completes two full cycles between 0° and 360°.
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270

y = tan 6: period 180°, vertical asymptotes at & = 90° and 6 = 270° (dashed grey lines), values clipped to [—15, 15] for
readability.

- GIAI THICH TIENG VIET
VGi y = asin(bz) + ¢: a quyét dinh bién dg (d6 cao dao déng), b quyét dinh chu ky = 360° /b
(d6 thi bi "nén” theo truc ngang khi b > 1), va c 1 dich chuyén dirng (tinh ti€n toan bé do thi
|én/xudng).

Example 3 - Reading off amplitude, period, shift

State the amplitude, period and vertical shift of y = 4cos(3z) — 1, and hence the maximum
and minimum values.

Solution. Amplitude = 4; period = 360°/3 = 120°; vertical shift = —1. Maximum value =
4+ (—1) = 3; minimum value = —4 + (—1) = —5.

,

Bai tap luyén tap

7. State the amplitude and period of y = 2 sin(4x).
8. State the maximum and minimum of y = 5cos z + 2.

9.
(A) 90° (C) 180°
(B) 120° (D) 360°

What is the period of y = tan(2z)?
10. Sketch (describe key features of) y = —3sinz for 0° < z < 360°: amplitude, period, and
where the maximum occurs.

Loi giai chi tiét

7. Amplitude = 2; period = 360°/4 = 90°.

8 Max=5+2=7whencosz =1; min=—-5+2=—-3whencosz = —1.

9. Period of tan(bz) is 180°/b, so 180°/2 = 90°. Answer: (A).

10. Amplitude = 3, period = 360°. Since the coefficient is negative, the graph is y = sinz
reflected in the z-axis: maximum value 3 occurs at z = 270° (where sinz = —1), minimum —3
occurs at z = 90°.
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8.4 The CAST Diagram and Finding All Solutions

l The CAST rule

Divide the plane into four quadrants (angle measured anticlockwise from the positive z-axis):
e Quadrant 1 (0°-90°): All ratios positive.
e Quadrant 2 (90°-180°): only Sine (and csc) positive.
e Quadrant 3 (180°-270°): only Tangent (and cot) positive.
e Quadrant 4 (270°-360°): only Cosine (and sec) positive.
To find all solutions of f(#) = k in a range: find the basic angle o = f~1(|k|) using a calculator,

then use the CAST diagram to place a correctly in each quadrant where f has the required
sign:

Quadrant 2: 180° — a, Quadrant 3: 180° + «, Quadrant 4: 360° — «.

GIAI THICH TIENG VIET

AST (doc ngugc chiéu kim dong ho tir géc phan tu IV): Cos duong & goc phan tu IV, All (tat
cd) duong & goc phan tu |, Sin duwong ¢ géc phan tu I, Tan duong & géc phan tu IIl. Luén tim
goc co ban (basic angle) trudc bang gia tri duong, sau dé ap dung CAST dé suy ra moi nghiém.

Example 4 - All solutions using CAST

Solve sin® = 0.6 for 0° < 8 < 360°.

Solution. Basic angle: oo = sinfl(O.G) = 36.9° (1 d.p.). Since sin @ > 0, solutions lie in quadrants
1 and 2:

0 =36.9° or 6=180"—36.9°=143.1".

Example 5 - Negative ratio

Solve cos 8 = —0.35 for 0° < 6 < 360°.

Solution. Basic angle: a = cos™(0.35) = 69.5°. Since cos < 0, solutions lie in quadrants 2
and 3:

0 = 180° —69.5° = 110.5° or 6 = 180"+ 69.5° = 249.5"°.

(1) Loi thueng gap: A very common error is to give only the calculator’s answer (the basic
angle or its principal value) and stop, missing the other solution(s) that lie in the required range.

Always check the given interval and use CAST to list every valid solution before finalising an
answer.

Bai tap luyén tap

11. Solve sin§ = 0.45 for 0° < 0 < 360°.
12. Solve tan 8 = —2.5 for 0° < 8 < 360°.
13. Solve cos§ = 0.8 for —180° < § < 180°.

14.
(A) Quadrants 1, 2 (C) Quadrants 1, 3
(B) Quadrants 2, 3 (D) Quadrants 3, 4

In which quadrants does tan 8 have solutions if tan 8 is positive?
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Loi giai chi tiét

11. a = sin_1(0.45) = 26.7°. Sine positive = quadrants 1, 2: § = 26.7° or § = 180° — 26.7° =
533

12. o = tan*1(2.5) = 68.2°. Tangent negative = quadrants 2, 4: 6 = 180° — 68.2° = 111.8° or
0 = 360° — 68.2° = 291.8°.

13. @ = cos1(0.8) = 36.9°. Cosine positive = quadrants 1, 4. In range [-180°, 180°]: § = 36.9°
orf =-36.9°.

14. Tangent is positive in quadrants 1 and 3. Answer: (C).

8.5 Pythagorean Identities

Deriving the three identities

Starting from the unit circle definition sinf+cos20 = 1 (Identity 1, from Pythagoras’ theorem
applied to the point (cos 6, sin ) at distance 1 from the origin):
Divide Identity 1 by cos? # (assuming cos 6 = 0):

sin 6 N cos’f 1
cos2f  cos26 cos2d

—  tan’0+ 1 =sec?d.

Divide Identity 1 by sin” 0 (assuming sin 6 + 0):

sin 6 cos’f 1

5 — = — — 1+ cot?0 = csc?o.
sinf@ sin"d sin" 0

sin” 0 + cos20 = 1, 1+ tan? 6 = sec?9, 1+ cot® @ = csc? 6.

- GIAI THICH TIENG VIET
Ba hé thirc Pythagore 1a cdng cu nén tang dé chirng minh dang thirc va giai phuong trinh lvong
gidc. Nh& cach suy ra: chia hé thirc goéc sin® + cos? = 1 cho cos? @ hoac sin® 0 dé ra hai hé thirc
con lai — khéng can hoc thudc may méc.

Example 6 - Using an identity to evaluate

. 13 .
Given sec = T and @ is acute, find tan 6.

Solution. Using 1 + tan® 6 = sec? 6:

13)2_1 169 144 25

29— 20— = —_ = — = —
tan"f =sec’f —1 (12 144 144 144’

Since 0 is acute, tan6 > 0, so tan = %

Bai tap luyén tap

15. Given cscf = 2—75 with 6 acute, find cot 6.
16. Simplify sec 6 — tan? .

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 127



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

17.
(A) csc26 (€)1
(B) sec?46 (D) cot?0

Simplify (1 — sin” §) sec? 6.

Lai giai chi tiét

2
15. cot’ 0 = csc2h —1 = (25) —1:“: 5t

7 49 49
16. From 1 + tan® 6 = sec? 6, we get sec? 0 — tan® 6 = 1.

17. (1— sin’ 6)sec?0 = cos? 6 - = 1. Answer: (C).

24 \pe .
,S0 cotf = = (positive since acute).

1
0s2 6

8.6 Proving Trigonometric Identities

==

To prove an identity: work on the more complicated side and simplify it to match the other
side, using the Pythagorean identities, the definitions tan § = sin#/ cos 6, cot§ = cos 6/ sin6,
and standard algebraic techniques (common denominators, factorising, the difference of two
squares 1 — cos? 0 = sin” 6).

Example 7 - Proving an identity

Prove that 1 —.cose = sin 0 .
sind 1+ cosd
Solution. Start from the right-hand side and multiply numerator and denominator by (1—cos 6):
sinf  sinf(1—cosf)  sinf(1—cosb)
1+cosf® (1+cosf)(1—cosf)  1—cos?f

Since 1 — cos26 = sin 0 (Pythagorean identity):

sinf(1 —cosf) 1—coséd

= . = LHS. v
Sin2 [2] sin 6
Example 8 - Proving using reciprocal ratios
1 1 )
Prove that + = 2sec” x.

1—sinz 14sinz
Solution. Combine the left-hand side over a common denominator:
1 1 (1+sinz)+ (1 —sinz) 2

1—sinz  1+sinz (1 —sinz)(1+sinz) | _sin’e

. . 2
Since 1 — sin” z = cos? z:

— =2sec’z =RHS. v
cos? x
1
As a check at x = 60°: LHS = +
1-8 148

= 8and RHS = 2sec?60° = 2(2)2 =8. v

S
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Ky thuat thuong dung khi chirtng minh dang thirc: quy dong mau s6, nhan lién hop (nhan véi
1 F cos # hodc 1 Fsin 6), va thay thé bang hé thirc Pythagore dé rit gon vé dang don gian nhat.

Bai tap luyén tap

18. Prove that tan 6 + cotf = sec cscé.
19. Prove that (sin @ + cos§)? = 1 + 2sin d cos 6.
20. Prove that csc2 6 — cot® 6 = 1.

' Loi giai chi tiét

sin @ cosH_sin20+c0529_ 1 1 1
cosf sinf  sinfcosf  sinfcosf cosf sind
19. LHS = sin” 6 + 25sin 6 cos 6 + cos?§ = (sin” 6 + cos?6) + 2sinHcosh = 1 + 2sinhcosf =
RHS. v

20. From 1 + cot® 6 = csc2 6, rearranging gives csc2 0 — cot®> 6 = 1. v/

18. LHS = =secfHcsch. v

8.7 The R-Formula: asinf + bcosf = Rsin(6 + «)

Deriving R and alpha

Expand Rsin(6 + a) = Rsin6fcosa + R cosdsin « and compare with a sin 6 + b cos 6:
Rcosa = a, Rsina =b.

Squaring and adding: R2cos?a + R%sina = a2 + b2 = R?2 = a2 + b2 = R = a2 + b2
Rsina b

- b . . .
Dividing: = — = tana = —, with a chosen in the correct quadrant so that cos a, sin o
cosa a a

have the signs of a, b.

For a sin—b cos 6 (with a, b > 0), write it as R sin(6 —«) where R = v/a? + b2 and tan « = b/a.
Once in the form R sin(6 + «), the maximum value of the expression is R (when sin(6 + «) = 1)
and the minimum value is —R (when sin(f + «) = —1).

- GIAI THICH TIENG VIET
Cong thirc R dung dé gop a sin @+ b cos # thanh mot ham sin (hodc cos) duy nhat, gitp dé dang
tim gia tri I&n nhat/nho nhat va giai phuong trinh. R = a2 + b2 ludn duong; o 1a goc phu,
tim bang tan o = b/a réi ki€ém tra ddu dé chon ding goc trong khoang 0° < a < 90°.

Example 9 - Finding R and alpha, and the maximum value

Express 5sinf — 12 cos # in the form Rsin(6 — «) where R > 0 and 0° < o < 90°. Hence state
the maximum value of 5sin 8 — 12 cos § and the value of 6 (for 0° < 8 < 360°) at which it occurs.

Solution.
R =+4/52+4+122 =25+ 144 = v/169 = 13.

12 12
tana = - = a= tan”! <€> =67.4° (1d.p.).

So 5sinf —12cosf = 13sin(f — 67.4°).
Maximum value = 13, occurring when sin(f — 67.4°) = 1, i.e. § — 67.4° = 90°, so § = 157.4°.
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00
0

y=5sin0 — 12cos 6 = 13sin(f — 67.4°): the curve oscillates between the dashed lines y = 13 and y = —13,
confirming R = 13 is the amplitude.

Example 10 - Solving an R-formula equation

Using the result of Example 9, solve 5sinf — 12 cosf = 6.5 for 0° < 6 < 360°.
Solution. From Example 9, 5sinf — 12 cos § = 13sin(6 — 67.4°), so

13sin( —67.4°) =6.5 = sin(0 —67.4°) =0.5.

Let ¢ = 0 — 67.4°. Since 0 € [0°,360°], ¢ € [—67.4°,292.6°]. Basic angle for sin¢ = 0.5 is 30°;
sine positive in quadrants 1, 2:

¢ =30° or ¢=180"—30°=150°.
Both lie in range. Then

0=¢+674°=30°+674"=974° or 6=150°+67.4° =217.4".

(1) L6i thueng gap: When solving an equation via the R-formula, remember to shift the interval
for the substituted variable (here ¢ = 6 — «) before applying CAST, and to convert back to
at the end. Forgetting the shift is a common source of lost or spurious solutions.

Bai tap luyén tap

21. Express 3sinf + 4 cos 6 in the form Rsin(0 + «), R > 0,0° < a < 90°. State the maximum
value.

22. State the minimum value of 5sin# — 12 cos# and the value of # € [0°,360°] at which it
occurs.

23
(A) R=7 (C) R=1
(B) R=V7 (D) R =74

If y = 5siné + 7cos @ is written as R sin(6 + «), what is R?

Loi giai chi tiét
21. R = V32442 = 5;tana = 4/3 = a = 53.1°. So 3sinf + 4cosf = 5sin(d + 53.1°);

maximum value = 5.
22. Minimum value = —13 (from Example 9's R = 13), occurring when sin(§ —67.4°) = —1, i.e.
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0 —67.4° =270° so0 0 = 337.4°.
23. R = /52 + 72 = /25 + 49 = /74. Answer: (D).

8.8 Solving Trigonometric Equations

Types of equations

e Basic: sinf = k, cos = k, tan § = k — solve directly using CAST (Section 8.4).

e Quadraticinaratio: treat sin # (or cos 6, tan 0) as a single variable, e.g. let = cos 0, factorise
or use the quadratic formula, then solve each resulting basic equation.

e Multiple angle: for sin(nf) = k, first solve for nf over the expanded range n6 € [n - 0
Omax)» listing all solutions in that wider range, then divide by n to recover 6.

¢ R-formula equations: convert asinf + bcos# = ¢ into Rsin(f + «) = ¢ first (Section 8.6),
then solve as a basic equation in the shifted variable.

mins 10

- GIAI THICH TIENG VIET
Bén dang phuong trinh luong gidc: co ban, bac hai theo mét ti s6 (dat an phu), da goc (mé
rong mién nghiém trudce khi chia), va dang cong thirc R. Ludn kiém tra lai nghiém cé nam trong
khoang dé bai cho hay khong.

Example 11 - Quadratic in cos theta

Solve 2cos? 9 —cosf — 1 =0 for 0° < 6 < 360°.
Solution. Let x = cos . Then 222 — x — 1 = 0, which factorises as

1
2r+1)(z—1)=0 = x:—aorle.

Case cosf = —%: basic angle o = 60°; cosine negative = quadrants 2, 3:
f =180° —60° =120° or 6 = 180°+ 60° = 240°.

Case cosf = 1: § = 0° or & = 360° (both endpoints included).
Full solution set: 6 = 0°,120°, 240°, 360°.

Example 12 - Quadratic in tan theta

Solve tan?6 — tan® — 6 = 0 for 0° < 6 < 360°.
Solution. Let = = tan#. Then 22> — x — 6 = 0, factorising as

(x—3)(x+2)=0 = z=3o0rz=-2.
Case tan 6 = 3: basic angle a = tan*1(3) = 71.6° tangent positive = quadrants 1, 3:
0 =71.6° or 6=180°+71.6°=251.6°.
Case tan § = —2: basic angle a = tan*1(2) = 63.4°; tangent negative = quadrants 2, 4:
f = 180° — 63.4° = 116.6° or 6 = 360°—63.4° = 296.6".

Full solution set: 6 = 71.6°,116.6°,251.6°,296.6°.
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Example 13 - Multiple angle equation

Solve sin(26) = 0.7 for 0° < 6 < 360°.
Solution. Let ¢ = 26. Since § € [0°,360°], the expanded range is ¢ € [0°, 720°].
Basic angle: sin_1(0.7) = 44.4°. Sine positive = quadrants 1, 2 in each 360° cycle:

¢ =44.4°, 180° — 44.4° = 135.6°, 360° + 44.4° = 404.4°, 360° + 135.6° = 495.6°.
All four values lie in [0°, 720°]. Dividing by 2:

0 =22.2° 67.8°, 202.2°, 247.8".

(!) Léi thueng gap: For multiple-angle equations such as sin(36) = k, students often solve only
for the basic two solutions of 3¢ within one 360° cycle and forget to extend the range to 36,,,.,-
This misses valid solutions. Always expand the range by the same factor as the multiple angle
before finding all solutions, then divide back at the very end.

(1) L&i thueng gap: When a problem states the domain in radians (e.g. 0 < < 27) rather than
degrees, working entirely in degrees (or vice versa) leads to wrong-looking "solutions” outside
the actual range, or missed solutions. Always check the units given in the question and keep
the calculator mode consistent throughout.

Example 14 - Combining R-formula with an equation

Solve 5sinf — 12cosf + 6.5 = 0 for 0° < 6 < 360°.
Solution. Rearranged: 5sinf— 12 cos = —6.5. From Example 9, 5sin — 12 cos = 13 sin(0 —
67.4°), so

13sin(f — 67.4°) = —6.5 = sin(d —67.4°) = —0.5.
Let o = 0 — 67.4° € [—67.4°,292.6°]. Basic angle 30°; sine negative = quadrants 3, 4:

¢ = 180° + 30° = 210° or ¢ = 360° — 30° = 330°.

Both lie in the shifted range (since 330° < 292.6° is false, check: 330° > 292.6°, so reject;
instead consider ¢ = —30°, equivalent angle in range, i.e. ¢ = 330° — 360° = —30°, which lies
in [—67.4°,292.6°)).

Valid: ¢ = 210° or ¢ = —30°. Then

0 =210°+67.4°=2774° or 6= —-30"+67.4°=37.4".

Bai tap luyén tap

24. Solve 25sin” 6 +sind — 1 = 0 for 0° < 0 < 360°.

25. Solve cos(26) = —0.5 for 0° < 6 < 360°.

26. Solve tan § = cot 6 for 0° < 0 < 360° (hint: rewrite cot = 1/ tan 6 and form a quadratic in
tan 6).

27.
(A) Only two solutions (C) Four solutions
(B) Only one solution (D) No solutions
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How many solutions does sin(26) = 0.7 have for 0° < 6 < 360° (see Example 13)?

28. Solve 3cos? § = sin” § for 0° < § < 360° (hint: divide by cos? 6).

29. Solve 5sinf — 12 cosf = 13 for 0° < 6 < 360°, using the R-formula result from Example 9.
30. Solve 2cos@ +1 =0for0° < 6 < 720°.

31.

(A) 180° only (C) 120° and 240°
(B) 60° and 300° (D) 60° and 120°
Solve cos 0 = —% for 0° < 6 < 360°: which pair of values is correct?

32. A ball’s height above ground is modelled by h(t) = 4sin(30¢) + 6 (metres, ¢ in seconds).
State the maximum height and the smallest positive time at which it occurs.

Loi giai chi tiét
24, letz =sin@: 222 +2—-1=0= 2z —1)(z+1)=0= 2 =
0 = 30°,150°. sin@ = —1: § = 270°. Solution set: 8 = 30°, 150°, 270".
25. Let ¢ = 20 € [0°,720°]. cos¢ = —0.5: basic angle 60°, cosine negative = quadrants 2,3:
¢ = 120°,240° in first cycle, ¢ = 480°,600° in second cycle. All within [0°, 720°]. Dividing by 2:
0 = 60°,120°,240°, 300°.

1
26. tanf = ro— = tan’¢ = 1 = tanf = +1. tanh = 1: 6 = 45°,225°. tanf = —1:

an 6
0 = 135°,315°. Solution set: § = 45°,135°,225°, 315°.

27. Four solutions were found in Example 13. Answer: (C).

28. Dividing by cos26: 3 = tan’ 0 = tanf = +/3. tand = v/3: § = 60°,240°. tand = —/3:
6 = 120°,300°. Solution set: 6§ = 60°, 120°, 240°, 300°.

29.13sin(f — 67.4°) = 13 = sin(f — 67.4°) = 1 = 0 — 67.4° = 90° = 6 = 157.4° (only solution,
since sin = 1 occurs once per cycle and ¢ = 90° + 360° = 450° gives § = 517.4°, out of range).
30. cosf = —%: basic angle 60°, quadrants 2,3: 6§ = 120°,240° in [0°, 360°], and adding 360°:
6 = 480°,600° in [360°, 720°]. Full solution set: § = 120°, 240°, 480°, 600°.

31. Basic angle 60°, cosine negative = quadrants 2, 3: § = 120°, 240°. Answer: (C).

32. Maximum height = 4 4+ 6 = 10 m, when sin(30¢) = 1, i.e. 30t = 90° = ¢t = 3 s.

1 _ N
sorx=—1. sinf = ok

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 133



CAMBRIDGE IGCSE . Unit 9

Permutations and Combinations

Muc tiéu Unit: Sau chuong nay, hoc sinh c6 thé:

Ap dung quy tic cong va quy tic nhan dé dém sé cach xay ra ctia mot su kién:;
Tinh giai thira n! va hiéu quy uwéc 0! = 1;

Phan biét chinh hop (permutation, cé thi tu) va t6 hop (combination, khéng thir tw), sir dung cong
thirc " P va"C,;

Giai bai toan s3p xép c6 phan tir gidbng nhau va sap x&p vong tron (circular arrangement);
Giai bai toan sap xé&p c6 diéu kién rang budc (cung nhau, tach rdi, vi tri cé dinh);

Giai bai toan chon nhém/ay ban cé diéu kién, ké ca cac bai toan “it nhat” (at least) va “nhiéu nhat” (at
most).

9.1 Counting Principles

Addition and Multiplication Principles

Multiplication principle

A shop sells shirts in 4 colours and trousers in 3 styles. How many different shirt-and-trousers
outfits can be formed?

Solution. Choosing a shirt is stage 1 (4 ways); choosing trousers is stage 2 (3 ways). By the
multiplication principle, the number of outfits is

Multiplication principle: if a task consists of a sequence of stages, and stage 1 can be done in
m ways, stage 2 in n ways (regardless of how stage 1 was done), then the whole task can be
done in m x n ways.

Addition principle: if a task can be done by exactly one of two mutually exclusive methods,
method 1 in m ways and method 2 in n ways, then the task can be done in m + n ways.

. GIAI THICH TIENG VIET
Quy tac nhan dung khi cong viéc gdbm nhiéu budc lién tiép (Iam budc nay réi méi dén budc
kia); quy tac cong dung khi c6 nhiéu phuong an loai trir nhau (chi chon mét trong sé do).

4x3=12.

LS

T1 T2 T3 T3
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Partial tree diagram: each shirt colour branches into 3 trouser styles, giving 4 x 3 = 12 outfits in total.

Addition principle

A student may travel from school to the library by bus (3 routes) or by bicycle (2 routes), but
not both. In how many ways can the student make the trip?

Solution. The two methods are mutually exclusive, so by the addition principle the number of
waysis3+2=25.

9.2 Factorial Notation

For a positive integer n,
nl=nxn—-1)x(n—2)x-x2x1,

and by convention 0! = 1. Factorials grow very quickly: 5! = 120, 6! = 720, 7! = 5040.

GIAI THICH TIENG VIET

VN
n! doc 13 “n giai thira”, bang tich cac s6 nguyén duong tir 1 dén n. Quy udc 0! = 1 gilp cac
cong thirc P, "C,. van dang khi r = 0 ho3c r = n.

Simplifying factorial expressions

. 10!
Slmp|lfy§.

Solution.
10! 10 % 9 x 8!

x !
(') Loi thuwang gap: n!is not the same as nx! applied digit-by-digit, and l‘ can only be cancelled
m:

!

when n > m by writing out the larger factorial: n—' =n(n—1)--(m+ 1). Do not attempt to
m:

“divide term by term”.

9.3 Permutations: " P,

l Permutations

A permutation is an ordered arrangement of objects. The number of ways to arrange r objects
chosen from n distinct objects, where order matters, is

When r =n,"P, = nl.

GIAI THICH TIENG VIET
hinh hgp dung khi thir tw cé y nghia - vi du xép hang nhat/nhi/ba, xép chir s6 vao cac vi tri
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khac nhau, xép ngudi vao ghé c6 danh so.

Arranging distinct objects

In how many ways can 5 different books be arranged on a shelf?
Solution. All 5 books are used and order matters, so the number of arrangements is

5P, = 5! = 120.

Choosing an ordered subset

Nine sprinters compete in a race. In how many ways can first, second and third place be
awarded?
Solution. Order matters (the medals are distinct positions), and only 3 of the 9 sprinters are
placed, so

9!
9Py = = =9 x8x 7=504.

6!
Permutations with a restriction

How many 4-digit even numbers can be formed using the digits 1,2, 3,4, 5,6, with no digit
repeated?

Solution. The units digit must be even, so it can be 2, 4 or 6: 3 choices. Once the units
digit is fixed, the remaining 3 positions are filled from the 5 remaining digits, in order, giving
5Py =5 x 4 x 3 = 60 ways. By the multiplication principle,

3 x 60 = 180.

9.4 Combinations: "C'

§ Combinations |

A combination is an unordered selection of objects. The number of ways to choose r objects
from n distinct objects, where order does not matter, is

n () n!
CT_(T)_T!(n—r)!'

- GIAI THICH TIENG VIET
T6 hop dung khi thir tu khéng quan trong - vi du chon thanh vién Gy ban, chon nhém ban di
chai, chon bd bai. Vi méi nhém 7 phan tir c6 thé xép thir ty theo 7! cach, taco P, = "C,. x rl.

Feature "P_(permutation) ", (combination)
Order of objects Matters Does not matter
Formul nl n!
ormula _
(n—r)! ri(n—r)!
Relationship "P.="C.xr!

Typical keyword rank, code, arrange, seat choose, select, committee, group
[able: comparing permutations and combinations.
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Basic combination

A committee of 4 people is chosen from a group of 10 people. How many different committees
are possible?

Solution. Order does not matter, so

10! _10x9x8xT

10 _
04*4!6!* 4x3x2x1

= 210.

‘ '

Combination with two categories

A committee of 5 is to be formed consisting of 3 men chosen from 8 men and 2 women chosen
from 6 women. How many different committees can be formed?
Solution. The two selections are independent stages, so by the multiplication principle,

8C; x 8C, =56 x 15 = 840.

Forallvalidnandr: "C,="C,_, (choosingwhich rto take isthe same as choosing which
n — r to leave out).
Pascal's identity: "C,.=""1C,_, +"!C,.

() Léi thudng gap: The single most common error is using ™ P, when the problem says “choose”
or “select” (no order), or using "C, when the problem says “arrange”, “rank” or “form a code”
(order matters). Always ask: if | swap two chosen items around, is the result counted as different?
If yes = permutation; if no = combination.

9.5 Arrangements with Repeated Items

Permutations of non-distinct objects

If n objects are arranged in a row, but p of them are identical of one type, g identical of another
type, and so on, then the number of distinct arrangements is

n!
plgl

GIAI THICH TIENG VIET

VN
Khi trong day c6 cac phan tr gidng hét nhau (vi du chir cai 13p lai), ta phai chia cho giai thira
cla s6 lan 13p dé loai bd cac cach sip xép trung nhau khéng phan biét duoc.

Arranging letters with repeats

Find the number of different arrangements of all the letters in the word PARALLEL.
Solution. PARALLEL has 8 letters: P, A, R, A, L, L, E, L. The letter A occurs 2 times and the letter
L occurs 3 times, so the number of distinct arrangements is

8l 40320
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A second repeated-letter example

Find the number of different arrangements of all the letters in the word BANANA.
Solution. BANANA has 6 letters: B, A, N, A, N, A. The letter A occurs 3 times and N occurs 2

times, so

6! 720

o = = 60.
3121 6x2

9.6 Circular Arrangements

Arrangements in a circle

When n distinct objects are arranged in a circle, rotations of the same arrangement are con-
sidered identical. Fixing one object as a reference point, the remaining n — 1 objects can be

arranged in
(n—1)!

distinct ways.

GIAI THICH TIENG VIET
Trong sap x&p vong tron, cac cach xép chi khac nhau do xoay véng duoc xem 12 giéng nhau,
nén ta “co dinh” mot ngudi lam méc va chi xép (n — 1) nguoi con lai, cho céng thirc (n — 1)!
thay vi n!.

6 people at a round table: fix person 1, arrange the rest in (6 — 1)! = 120 ways.
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Basic circular arrangement

In how many ways can 6 people be seated at a round table?
Solution. (6 — 1)! = 5! = 120.

Circular arrangement, two people together

Eight people are seated at a round table. In how many ways can they be seated if two particular
people must sit next to each other?

Solution. Treat the two people who must sit together as a single block. Together with the
other 6 people, there are now 7 units to arrange in a circle: (7 — 1)! = 720 ways. Within the
block, the two people can be ordered in 2! ways. By the multiplication principle,

720 x 2 = 1440.

9.7 Arrangements with Restrictions

Common restriction techniques

¢ Items together (block method): glue the items that must stay together into a single block,
arrange the block with the remaining items, then multiply by the number of internal order-
ings of the block.

¢ Items apart: find the total number of arrangements with no restriction, subtract the number
of arrangements in which the items are together.

¢ Fixed positions: place the restricted item(s) first, then arrange the remaining items freely
in the remaining positions.

e At least / at most: split into disjoint cases (e.g. exactly 2, exactly 3, ...) and add the results,
or use the complement (total minus the cases that fail the condition).

- GIAI THICH TIENG VIET
B&n ky thuat can nha: (1) cung nhau — gbp thanh mét khéi; (2) tdch nhau — 13y tong trir di
trwong hop cung nhau; (3) vi tri ¢6 dinh — x€p phan tir bi rang bubc trudc; (4) it nhat/nhiéu
nhdat — cong cac truong hop roi nhau, hodc dung phan bu.

________

A and B glued into one block: arrange 4 units (block, C, D, E), then x2! inside the block.

Row arrangement, couple not together

Seven people, including a married couple, are to be seated in a row for a photograph. In how
many ways can this be done if the couple must not sit next to each other?

Solution. This is a row, not a circle, so we start with 7! = 5040 total arrangements... but let us
instead illustrate the round-table version, which is the classic Add Maths setting.
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Round table, couple not together

Seven people, including a married couple, are seated at a round table. In how many ways can
this be done if the couple must not sit next to each other?
Solution. Total circular arrangements of 7 people (no restriction):

(7—1)! = 720.

Arrangements with the couple together: treat the couple as one block, giving 6 units in a circle,
so (6 — 1)! = 120 ways, times 2! for the internal order of the couple:

120 x 2 = 240.
Arrangements with the couple apart:

720 — 240 = 480.

Fixed position

Six people are seated in a row of 6 chairs. In how many ways can they be seated if one particular
person, Alex, must sit in the leftmost chair?

Solution. Alex’s seat is fixed, so only the remaining 5 people need to be arranged in the re-
maining 5 chairs:

5! =120.

9.8 Selections with Conditions

ll At-least / at-most selections

When a selection problem requires at least k items of a certain type, the total count is the sum
of the combinations for each valid case (k, k¥ + 1, £ + 2, ...up to the maximum available), not the
combination for a single value of k.

GIAI THICH TIENG VIET

“It nhat” (at least) nghia la cdong don nhiéu trudng hop lai v&i nhau (vi du it nhat 2 nir nghia la
ding 2 hodc diang 3 hoadc dung 4 nit), khéng phai chi tinh mét trwong hop duy nhat.

At-least selection

A committee of 5 people is chosen from 6 men and 4 women. In how many ways can the
committee be formed if it must contain at least 2 women?

Solution. “At least 2 women" out of a committee of 5 means exactly 2, 3, or 4 women (there
are only 4 women available). We add the three cases:

10y, x 8Cy = 6 x 20 = 120,
10, x °Cy = 4 x 15 = 60,
10y x%C; =1x6=6.

Total: 120 + 60 + 6 = 186.
Check by complement: total committees 1°C;; = 252; committees with 0 or 1 woman: 6 +60 =
66; so 252 — 66 = 186. v’
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(1) L6i thuong gap: For “at least k” problems, students often compute only the single case of
exactly k and stop. Remember to add every valid case up to the maximum possible, or use the
complement (total minus the cases that violate the condition) as a check.

9.9 Practice Questions

Bai tap luyén tap

\]I

|

Evaluate ﬁ
(A) 21 (C) 210
(B) 42 (D) 5040

Loi giai chi tiet
42

7! !
= = — = 21. Answer: 21.
5121 5! x 2 2

-
X
(@)
X
&=

Bai tap luyén tap
Evaluate 0! + 1!.

(A) O (C) 2
(B) 1 (D) 3

Loi giai chi tiét

-

Ol=1land1!=1,500!4+ 1! =1+ 1= 2. Answer: 2.

Bai tap luyén tap

OI

... 10!
Slmpllfyg.

Loi giai chi tiét
10!

§:10><9:90.

Bai tap luyén tap

In how many ways can 4 distinct books be arranged on a shelf?

(A) 24 (C) 12
(B) 16 (D) 4

Loi giai chi tiét

-

All 4 books are used and order matters: *P, = 4! = 24. Answer: 24.
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Bai tap luyén tap

In how many ways can first, second and third place be awarded among 9 sprinters?

Loi giai chi tiét

-

Order matters and only 3 of 9 are placed: °P; = 9 x 8 x 7 = 504.

Bai tap luyén tap

Evaluate ¢C.

(A) 15 (C) 12
(B) 30 (D) 20

Loi gii chi tiét
6 6!

C, = qa- 9 = 15. Answer: 15.

(=)
Do | X
Ut

Bai tap luyén tap

A committee of 4 is chosen from 10 people. How many committees are possible?

Loi giai chi tiet

-

10><9><8><7_5040

= 210.
4] 24 0

Order does not matter: 19C, =

Bai tap luyén tap

How many 3-digit numbers, with no repeated digits, can be formed from the digits 1, 2, 3, 4, 5?

Loi giai chi tiét

-

Order matters and 3 digits are chosen from 5: °P; = 5 x 4 x 3 = 60.

Bai tap luyén tap

How many even 3-digit numbers, with no repeated digits, can be formed from the digits
1,2,3,4,5?

(A) 24 (C) 48
(B) 60 (D) 20

Loi giai chi tiét

The units digit must be even: 2 or 4, so 2 choices. The remaining 2 positions are filled, in order,
from the remaining 4 digits: P, = 4 x 3 = 12. Total: 2 x 12 = 24. Answer: 24.
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Bai tap luyén tap

Find the number of different arrangements of all the letters in the word LEVEL.

Loi giai chi tiét

-

LEVEL has 5 letters with L repeated 2 times and E repeated 2 times:

5120

—_— = 30.
212! 4

Bai tap luyén tap

Find the number of different arrangements of all the letters in the word BANANA.

Loi giai chi tiet

-

BANANA has 6 letters with A repeated 3 times and N repeated 2 times:

6! 720
321 12 o0

Bai tap luyén tap

In how many ways can 5 people be seated at a round table?

(A) 24 (C) 20
(B) 120 (D) 60

Loi giai chi tiet

(5—1)! = 4! = 24. Answer: 24.

Bai tap luyén tap

Eight people are seated at a round table. Two particular people, X and Y, must sit together. In
how many ways can this be done?

Loi giai chi tiét

-

Treat X and Y as one block, giving 7 units around the table: (7 — 1)! = 720 arrangements.
Multiply by 2! for the internal order of X and Y:

720 x 2 = 1440.

Bai tap luyén tap

Six people are seated at a round table. Two particular people must not sit next to each other.
In how many ways can this be done?
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Loi giai chi tiét

Total circular arrangements: (6—1)! = 120. Arrangements with the two people together: block
gives 5 units, (5 — 1)! = 24, times 2!: 48. Apart: 120 — 48 = 72.

Bai tap luyén tap

A 5-a-side football team is chosen from 8 players (positions are not distinguished). How many
teams are possible?

(A) 56 (C) 40
(B) 336 (D) 28

Loi giai chi tiét
8XTX6

Order does not matter: 3Cy = 8C; = — = %6 Answer: 56.

Bai tap luyén tap

From 5 novels and 4 biographies, a student chooses 2 novels and 1 biography to take on holiday.
How many different selections are possible?

Loi giai chi tiét

-

The two selections are independent: 5C, x 4C; = 10 x 4 = 40.

Bai tap luyén tap

A password consists of 4 different letters chosen, in order, from the 10 letters A to J. How
many different passwords are possible?

Loi giai chi tiét

Order matters and no letter repeats: 1P, = 10 x 9 x 8 x 7 = 5040.

Bai tap luyén tap
Given that 19C, = 19C,, what are the possible value(s) of r?

(A) 4 only (C) 40r6
(B) 6 only (D) 4 and 10

Loi giai chi tiét
Since "C, ="C

n—r?

weneedr =4orr=10—4 = 6. Answer: 4 or 6.

Bai tap luyén tap

Seven flags are arranged in a row. Three particular flags must be kept together. In how many
ways can the 7 flags be arranged?
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Loi giai chi tiét

Treat the 3 flags that must stay together as one block. Together with the other 4 flags, there
are 5 units to arrange in a row: 5! = 120. The block itself can be internally ordered in 3! = 6
ways. Total:

120 x 6 = 720.

Bai tap luyén tap

A team of 5 is selected from 7 boys and 5 girls, with at least 3 girls in the team. How many
teams are possible?

Loi giai chi tiét
“At least 3 girls” means exactly 3, 4, or 5 girls:
5Cy x TCy = 10 x 21 = 210,
50, x "0y =5x%x17=35,
PCy xTCh=1x1=1
Total: 210 + 35 + 1 = 246.

Bai tap luyén tap
How many diagonals does a convex hexagon have?

(A) 9 (C) 15
(B) 12 (D) 6

Loi giai chi tiét

A hexagon has 6 vertices; the number of line segments joining pairs of vertices is °C, = 15.
Of these, 6 are sides of the hexagon, not diagonals. Diagonals: 15 — 6 = 9. Answer: 9.

Bai tap luyén tap

Three prizes (1st, 2nd, 3rd, all different) are awarded to 3 of 12 students. In how many ways
can this be done?

Loi giai chi tiet

-

Order matters since the prizes are distinct: 12P; = 12 x 11 x 10 = 1320.

Bai tap luyén tap

A code consists of 2 letters (from 26, repetition allowed) followed by 3 digits (from 0 to 9, no
digit repeated). How many different codes are possible?

Lai giai chi tiét

Letters: repetition is allowed, so 26 x 26 = 676 ways. Digits: order matters and no repetition,

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 145



8020 Chuyén luyén thi IELTS/SAT — AP /IB/ A-levels

ENGLISH

so 0P, =10 x 9 x 8 = 720 ways. By the multiplication principle:

676 x 720 = 486 720.

Bai tap luyén tap

Five men and 3 women sit in a row of 8 chairs. The 3 women must all sit together. In how
many ways can they be seated?

(A) 4320 (C) 720
(B) 40320 (D) 2160

Loi giai chi tiet

-

Treat the 3 women as one block. Together with the 5 men, there are 6 units to arrange in a
row: 6! = 720. The block of women can be ordered internally in 3! = 6 ways. Total:

720 x 6 = 4320.

Answer: 4320.

Bai tap luyén tap

From a group of 6 friends, in how many ways can a group of at least 4 be chosen to go to the
cinema?

Loi giai chi tiét

-

“At least 4” means exactly 4, 5, or 6 friends:

6C, +6C5+5C;=15+6+1=22.

Bai tap luyén tap

Given that " P, = 42, find the value of n.

Loi giai chi tiét

"P, = n(n — 1) = 42. Solving, n? —n — 42 = 0, s0 (n — 7)(n + 6) = 0, giving n = 7 (rejecting
the negative root). Check: "P, =7 x 6 = 42. v/

Bai tap luyén tap

A boy captain and a girl captain are chosen from 5 boys and 4 girls (one captain of each). In
how many ways can this be done?

(A) 20 (C) 45
(B) 9 (D) 120
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Loi giai chi tiét

The two roles are distinct, so this is a multiplication-principle problem, not a combination:
5 x 4 = 20. Answer: 20.

Bai tap luyén tap

Nine different chairs are in a row. In how many ways can 9 people be seated so that two
particular people, P and Q, are not adjacent?

Loi giai chi tiét

Total arrangements with no restriction: 9! = 362880. Arrangements with P and Q together:
treat them as a block, giving 8 units to arrange, 8! = 40320, times 2! for the internal order:
80 640. Arrangements with P and Q apart:

362 880 — 80 640 = 282 240.

Bai tap luyén tap

A committee of 6 is chosen from 5 teachers and 7 students, with at most 2 teachers on the
committee. How many committees are possible?

Loi giai chi tiét
“At most 2 teachers” means exactly 0, 1, or 2 teachers:
PCy X "Cy=1xT7=T1,
°C, X 'Cy = 5 x 21 = 105,
5Cy x 7Cy = 10 x 35 = 350.
Total: 7 + 105 + 350 = 462.

Bai tap luyén tap

How many ways are there to arrange the letters of the word ADDING so that the two D’s are
together?

(A) 240 (C) 120
(B) 720 (D) 360

Lai giai chi tiét

ADDING has 6 distinct-looking letters where D repeats twice. Treat the two D’s as one block;
together with A, I, N, G there are 5 units to arrange: 5! = 120. Since the two D'’s are identical,
there is only 1 way to order them inside the block (not 2!). Total: 120 x 1 = 120. Answer: 120.

Bai tap luyén tap

Verify Pascal’s identity numerically: show that 7C; = 5C, + 6C;.
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Loi giai chi tiét
7! .
1 = 3 = 35 Also C, = 15and 5C; = 20,50 5C, + 5C; = 15+ 20 = 35. Both sides equal

35, confirming the identity. v/
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CAMBRIDGE IGCSE . Unit 10

The Binomial Series

n

Muc tiéu Unit: Learn Pascal’s triangle and the meaning of (
r

) (nCr); state and apply the binomial the-

orem for a positive integer index n; use the generalterm T, | = ") anrp" to find a specific coefficient
r

or the term independent of x without full expansion; handle expansions with negative and fractional

1 . . . . S o
terms such as | 2z — 7) ; combine binomial expansions with simple products such as (1 4+ z)(1 + kx)™;
x

determine an unknown index n or coefficient from a given condition; and use truncated expansions to
obtain numerical approximations.

VN: Hoc tam gidc Pascal va y nghia cua (n) ; phdt biéu va dp dung dinh ly nhi thirc véi s6 mii nguyén duong
T

n; duing s6 hang téng qudt dé tim mét hé sé cu thé hodic s6 hang khéng chira = ma khéng cdn khai trién ddy
du; xur ly khai trién ¢6 ddu am va phdn sé; két hop khai trién nhij thirc vdi tich don gidn; tim dn sé n hodc hé
s6 ttr mét diéu kién cho trudc; dung khai trién rut gon dé tinh gdn dung.

10.1 Pascal's Triangle and Binomial Coefficients

B Definition: The Binomial Coefficient

For a non-negative integer n and integer » with 0 < r < n, the binomial coefficient is

n — n!
(r) = = rl(n —r)!’

It counts the number of ways of choosing r objects from a set of n distinct objects, and it is
exactly the coefficient of a™~"b" in the expansion of (a + b)™.

Two identities are used constantly in this chapter:

(V=() (=D (Y) wescrsie

Pascal’s triangle displays the binomial coefficients (7!) for » = 0, 1, ..., n, with each entry equal to
the sum of the two entries above it.

n  Coefficients

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

51 5 10 10 5 1
6 1 6 15 20 15 6 1

Pascal’s triangle: row n gives the coefficients (7)), (7), ..., (1)
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GIAI THICH TIENG VIET

Tam giac Pascal: méi s& bing téng hai s6 ngay phia trén né. Hang thdr n (dém tir 0) chira cac
hé s6 (§)), ..., (1), chinh la cac hé s6 xuat hién khi khai trién (a + b)".

Example 1: Reading Pascal’s Triangle

Write down the binomial coefficients for n = 5 and verify (3) = ().

Solution. Row 5 of the triangle is 1,5, 10,10, 5, 1, so the coefficients are (8) =1, (%) =5,
) 5! 5!

3) =10, (3) =10, (}) =5, (2) = 1. Since (}) = o3 = 10and ) = 300

(5)=(5) =10.v

= 10, indeed

10.2 The Binomial Theorem

l The Binomial Theorem

For a positive integer n,

n _ - e n—rpr _ [T n w n—1 w n—2p2 n\oin
(a +b) _;(T)a b _<0>a +<1>a b+<2>a b2 + +<n>b.

The expansion has n + 1 terms; the powers of a decrease from n to 0 while the powers of b
increase from 0 to n, and in every term the two powers add up to n.

- GIAI THICH TIENG VIET
Dinh ly nhi thirc: khai trién (a + b)™ cé n + 1 s6 hang, s6 mii cta a giam dan con sé mi cda b
tang dan, téng hai s6 mi trong moi s6 hang luén bang n.

Example 2: Expanding a Simple Binomial

Expand (1 + z)? in full.
Solution. Using row 5 of Pascal’s triangle, 1, 5,10, 10, 5, 1:

(1+ )5 =1+ 52 + 102 + 1023 + 5a* + 2°.

Example 3: Expanding (2 + 3z)*

Expand (2 + 3x)* in ascending powers of z.
Solution. Witha =2,b = 3z, n = 4:

(2+3x)t = (3) 24 + (11) 23(3z) + (;l) 22(3z)? + (g) 2(3z) + (j) (3z)%

=16 + 4(8)(3z) + 6(4)(922) + 4(2)(2723) + 81x*
=16 + 96x + 21622 + 2162° + 81x%.

Check: setting = 1 gives 16 4 96 + 216 + 216 + 81 = 625 = 5 = (2 + 3)% v
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Example 4: A Binomial with a Negative Term

Expand (2 — z)%.
Solution. Witha =2,b = —z, n = 4:

(2—x)*= (é) 24 + (T) 23(—x) + (3) 22(—x)? + <§> 2(—x)3 + (j) (—x)%

=16 — 32x + 2422 — 83 + z*.

Check:atz =1,16 —32+24 -8 +1=1=(2— 1% V

10.3 The General Term of an Expansion

l The General Term

In the expansion of (a + b)™, the term containing b (the (r + 1)th term) is

n n—rupr
T,,,+1 = (T>CL b .

This lets us find one particular term of an expansion directly, without writing out every term.

The term number and the index r are not the same: the first term corresponds to » = 0, the
second term to r = 1, and in general the kth term of the expansion is T}, with r = k — 1.

GIAI THICH TIENG VIET
S6 hang tong quéat 7, ; = ()a™ "b" gitip tim mét s6 hang cu thé ma khong can khai trién toan
bé. Luu y: s6 thir tu ctia s6 hang luén hon gia tri » diing 1 don vi.

6 brackets: n =6

choose b from r = 3 brackets

A

(a+bd)| |(a+bd)| |(a+b)]| [(a+b)| |(a+b)| |(a+D)

~
choose a from the remaining n — r brackets

Each term of (a + b)™ comes from choosing b in exactly r of the n brackets and a in the rest; there are (') ways to do

this.
Example 5: Coefficient of a Given Power

Find the coefficient of 22 in the expansion of (1 + 2z)°.

Solution. General term: T, ; = (6) (1) (22)" = (6> 27z". For x3, setr = 3:
r r

6
T, = (3) 2323 = 20 x 8% = 16023,

The coefficient of 22 is 160.
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\7

Example 6: Coefficient in (3 + )

Find the coefficient of 23 in (3 + z)".
. 7
Solution. 7, | = ( )377”93T. For 23, r = 3:
r

T, = (;) 3123 = 35 x 8123 = 283523.

The coefficient is 2835.

10.4 Finding a Specific Coefficient or the Term Independent of »

==

To find the term containing a given power of z (or the term independent of z, i.e. the constant
term):

(1) Write down the general term 7, ; and simplify the power of z into a single expression in r.

(2) Set that power of  equal to the required power (or to 0 for the constant term) and solve
for r.

(3) Substitute this value of r back into 7, ; to find the required term.

(1) L6i thuwong gap: Always solve for r from the power of x first. Do not guess which term
"looks right” and substitute directly — the exponent of = in T, ; is often n — 2 or similar, not
simply r, so the correct » must come from an equation.

GIAI THICH TIENG VIET

Chién luoc: viét s6 hang téng quat, rat gon sé ma cla z theo r, gidi phuong trinh dé tim r
(khéng doan), réi thay lai d€ tim sé hang can tim.

Example 7: Term Independent of z
8

Find the term independent of x in the expansion of <x + 2) .
X

8\ o, 2\ 8\ o 89
Tr+1:(r)x8 (E) :<r>2 872,

For the term independent of z, set8 — 2r =0 = r = 4.

Solution. General term:

8
T, = (4)24:70><16:1120.

The term independent of x is 1120.
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Example 8: Term Independent of z, with » from an MCQ-style Setup

. 1" .
In the expansion of (a:2 — —) , find the term independent of z.
x

st 1., - (%)t (1) = (*)carat - () oy, sors

r r
0= r=0=0.

T, = (9) (—1)¢ =84 x 1 = 84.

The term independent of z is 84.

10.5 Expansions Involving Negative and Fractional Terms

Handling Negative Signs

When b is negative, write b = —Fk and keep track of (—1)" carefully in every term of
s = (n) a™ " (—k)" = (n) a™ "k"(—1)". The sign of each term alternates as r increases:
T T
+a ) +7 — g coo0
1

(1) L6i thuweng gdp: When b is negative (or contains a negative sign, such as —1), the fac-

x

tor (—1)" must be included and evaluated correctly. A very common error is to compute

r
the wrong sign.

(n> a™ "b" using only the size of b and forgetting the sign, which produces a coefficient with

GIAI THICH TIENG VIET
Khi b mang dau 4m, phai viét b = —k va gilr ding thira s6 (—1)" trong méi s6 hang — day 13 16i
sai dau rat phé bién.

Example 9: Term Independent of = with a Negative Term

6

Find the term independent of z in <2m — 1) .
i

e (Yt (-2) = (v

For the constant term, 6 —2r =0 = r = 3.

Solution.

T, = (g) 23(—1)3 =20 x 8 x (—1) = —160.

The term independent of x is —160.

Example 10: A Fractional Coefficient

1\° . . .
Expand (1 — 536) up to and including the term in 3.
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Solution. 7, , = (i) (—%)r.

10.6 Products of the Form (1 + x)(1 + kx)"

Combining Contributions

To find a coefficient in (1 + z)(1 + kz)", expand (1 + kz)" as far as needed and combine
contributions from two products: the coefficient of 2™ in the product equals

(coeff. of z™in (1 + kz)") x 1 + (coeff. of 2™ Lin (1 + kx)™) x (£1).

Only the coefficients of 2™ and 2™~! from (1 + kx)™ are needed — there is no need to expand
the whole bracket.

GIAI THICH TIENG VIET
Véi tich (1 + 2)(1 + kx)™, hé s6 cla ™ trong tich bang hé s6 2™ trong (1 + kx)™ cong (+1)
nhan hé s6 2! trong (1 + kx)™. Chi can hai hé s6 lién k&, khong can khai trién toan bo.

Example 11: Coefficient in a Product

Find the coefficient of 22 in (1 — x)(1 + 3z)°.
. )
Solution. From (1 + 3z)%: T, = ( >37"x’", SO
T

T

coeff of 20 =1, coeff of ! = G)3 =15, coeffof 22 = (;) 32 =10 x 9 = 90.

Coefficient of 22 in (1 — x)(1 + 3z)%:

90(1) + 15(—1) = 90 — 15 = 75.

Example 12: A Second Product Example

Find the coefficient of 22 in (2 — z)(1 + x)".
Solution. From (1 + z)": coefficient of 22 is (;) = 21; coefficient of 23 is (;) = 35.

coeff of 23 in (2 — z)(1 + )7 = 2(35) + (—1)(21) = 70 — 21 = 49.
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10.7 Finding an Unknown Index or Coefficient

When a condition links two coefficients (or gives one numerical coefficient), form an equation
in the unknown (n, a, or k) using (n) and solve. Useful identities: (n) = ( " ) and if
T T n—r

(n) = (n) with p & ¢, then n = p + q.
p q

. GIAI THICH TIENG VIET
Khi dé cho mét diéu kién lién hé hai hé sé (hodc mét hé sé cu thé), ap phuong trinh theo an
(n, a, hodc k) roi giai. Néu (") = (Z) VGip # qthin=p+q.

p
Example 13: Finding n

In the expansion of (1 + z), the coefficient of z? equals the coefficient of z3. Find n.
Solution. We need (Z) = (g) Since (n> = ( " ),this holds when 2 and 3 are "partners”,
r n—r

i.e.n—2 =3, giving

5 5
Check: (2) =10 and (3) =10. v

n = 5.

Example 14: Finding an Unknown Coefficient

In the expansion of (1 + az)®, the coefficient of 23 is 160. Given a > 0, find a.

Solution. 7, = (g) adx® = 20a3z3. S0 20a® = 160 = a®> =8 = a = 2.

10.8 Using the Binomial Expansion for Approximations

Approximation Method

When z is small, only the first few terms of (1 + x)™ contribute significantly, since higher
powers of x become negligible. Truncating the expansion after two or three terms gives a
good numerical approximation, e.g.

(1+2)"~1+nz+ (Z) 2?2  for small z.

- GIAI THICH TIENG VIET
Khi 2 nho, cac liy thira cao cta z rat nhé nén cé thé bd qua; chi gitr lai vai sé hang dau cla
khai trién dé tinh gan ding mot gia tri so.

Example 15: Approximating (1.01)°

Use the first three terms of the expansion of (1 + x)5 to estimate (1.01)° to 4 decimal places.
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Solution. (1 + x)5 ~ 1 + 5z + 1022. Put z = 0.01:

(1.01)5 ~ 1 4 5(0.01) + 10(0.01)2 = 1 + 0.05 + 0.001 = 1.0510.

(The true value is 1.05101 ..., confirming the approximation is accurate.)

Example 16: Approximating (1.01)%

Use the expansion of (1+2z)* with a suitable value of x to estimate (1.01)* to 5 decimal places.
Solution. (1 + 22)* =1 + 8z + 2422 + 3222 + 162*. Choosing 2z = 0.01, i.e. = 0.005:

(1.01)* ~ 1 + 8(0.005) + 24(0.005)2 = 1 + 0.04 + 0.0006 = 1.04060.

(The true value is 1.04060401 ....) v/

(1) L6i thuong gap: For approximation problems, identify the substitution for z that matches
the numerical value given (e.g. 2z = 0.01 gives = = 0.005, not = = 0.01). Using the wrong value
of x produces an answer that looks plausible but is numerically wrong.

10.9 Practice Questions

Bai tap luyén tap

1. Evaluate (;)

(A) 21 (C) 42
(B) 35 (D) 70

Lai giai chi tiét

7 7! 7x6x5
_ L _ XD X9 35 Answer: 35.
(3) Sl 3w ax1 oo Answer

Bai tap luyén tap

L

2. Evaluate (10).

8
(A) 45 (C) 100
(B) 90 (D) 120

Loi giai chi tiet

Using (n) = ( " ): (10) = (10) = 10 <9 = 45. Answer: 45.
r n—r 8 2 2
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Bai tap luyén tap

3. Show that (12> = (172> by computing both values.

ot

Loi giai chi tiét

-

12 12! 12 12! . 12 12\ .,
(5> = 792 and <7> = 792. Both equal 792, confirming (5> = (7) since
5+7=12. vV

Bai tap luyén tap

6 6 . . . . .
4. Use Pascal’s rule to find (2> + (3) and identify the single coefficient it equals.

Loi giai chi tiét

6 6 6 6 , . T
(2) =15, <3> = 20, so <2> + (3) = 35. By Pascal'’s rule this equals (3) =35. v

Bai tap luyén tap

-

5. Expand (1 + z) in full.

Lai giai chi tiét

-

(1+ )5 =1+ 5z + 1022 + 1023 + 5z* + 2°.

Bai tap luyén tap

6. The expansion of (z — 1)3 is:

(A) 22 — 322 +3z—1 (C) 23 —322—-3z—1
(B) 23 +322+3z+1 D) 23 —z24+2—1

Loi giai chi tiet

(=) = <3> z3 + (3) z2(—1) + (3>x(—1)2 + <3> (—1)% = 2% — 32% + 3z — 1. Answer: (a).

Bai tap luyén tap

7. Expand (2 — z)* in ascending powers of .

Loi giai chi tiét

-

(2 —2)* =16 — 322 + 242% — 822 + 2* (as in Example 4).
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Bai tap luyén tap
8. Find the coefficient of z* in the expansion of (1 + z)°.

(A) 84 (C) 210
(B) 126 (D) 252

Loi giai chi tiét

-

Ne)

Coefficient = ( ) = 126. Answer: 126.

N

Bai tap luyén tap

9. Find the coefficient of z° in the expansion of (1 + 2z)8.

Loi giai chi tiét

-

T = <8> 2"z". Forr = 5: (i) 25 = 56 x 32 = 1792. Coefficient = 1792.
T

Bai tap luyén tap

10. The term containing 22 in the expansion of (3 + )" has coefficient:

(A) 945 (C) 2835
(B) 1701 (D) 3150

Loi giai chi tiet

-

= (;) 3423 = 35 x 8123 = 283523. Answer: 2835.

Bai tap luyén tap

11. Find the coefficient of 22 in the expansion of (2x + 3)°.

Loi giai chi tiet

-

T,,, = (6> (22)735". For a2, r = 2: (g) 9231 = 15 x 4 x 81 = 4860. Coefficient = 4860.

T

Bai tap luyén tap

8
12. Find the term independent of x in the expansion of (a: + z) .
X

Loi giai chi tiet

r

Mg = (i) 2rx8 2. Set8 —2r=0=r=4:T; = (i) 24 =170 x 16 = 1120. Answer: 1120.
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Bai tap luyén tap
9

13. Find the term independent of x in the expansion of (:p2 - 1) .
xr

(A) 84 (C) 126
(B) -84 (D) -126

Loi giai chi tiét

(9) (—1) 2183, Set18 —3r =0=>r =6: T}, = (

r

Bai tap luyén tap
6

14. Find the term independent of z in the expansion of (31: — 3) .

=
Loi giai chi tiét

T = (6> (3z)6- <——) = (6> 36-T(—2)rz5 3. Set6 —3r =0 =7 =2:

T r

9

Tr+1 = 6

T = <6> 34(—2)%2 = 15 x 81 x 4 = 4860.

Answer: 4860.

Bai tap luyén tap
8

. 1 .
15. In the expansion of (ac3 — —) , the term independent of = occurs when r equals:
X

(A) r=2 (C)r=6
(B) r=14 (D) r=38

Loi giai chi tiet

T, = (2) (—1)6 = 28.)

Bai tap luyén tap

8

16. Find the coefficient of 22 in the expansion of (Qx — l) .
X
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Loi giai chi tiét

T,

r

= (f) 28-r(—1)rg8 2 Set8 — 2r =2 => r = 3:

T, = (2) 2°(—1)3 =56 x 32 x (—1) = —1792.

Answer: —1792.

Bai tap luyén tap

4
17. The term independent of z in <x - 2) equals:

(A) 54 (C) 36
(B) -54 (D) -36

Loi giai chi tiét

4 4
T = ( ) (=3)"zt . Setd —2r=0=r=2:T3 = (

2) (—3)2 = 6 x 9 = 54. Answer: 54.

Bai tap luyén tap

5

18. Expand (1 — ac) up to and including the term in 3.

N =

Loi giai chi tiét

-

1)5 5 5. 5
P

As in Example 10: (1 —3%) = 1— -+ 22— -3 4.

Bai tap luyén tap

19. Find the coefficient of 22 in the expansion of (1 + z)(1 + 2z)°.

Loi giai chi tiet

From (1 + 2x)°%: coeff of 2° = 1, 2! = ?)2 =10,2% = (
product = 40(1) + 10(1) = 50.

)22 = 40. Coefficient of z2 in the

Bai tap luyén tap
20. The coefficient of 22 in (1 — 2z)(1 + x)% is:

(A) 3 (C) -3
(B) 27 (D) 15
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Loi giai chi tiét

From (1+2)°: coeff of 2! = 6, coeff of 22 = 15. Coefficient of 2 in product = 15(1) +6(—2) =
15— 12 = 3. Answer: 3.

Bai tap luyén tap

21. Find the coefficient of 23 in (2 — x)(1 + z)".

Loi giai chi tiet

As in Example 12: coeff of 22 = 21, coeff of 23 = 35 in (1 + x)7. Coefficient of 23 in product
= 2(35) + (—1)(21) = 70 — 21 = 49.

Bai tap luyén tap
22. The coefficient of z in (1 + 3z)(1 — x)% is:

(A) —1 (C) 7
(B) 1 (D) —7

Loi giai chi tiet

From (1 — x)%: coeff of 2° = 1, coeff of ! = —4. Coefficient of z! in product = (—4)(1) +
(1)(3) = =4+ 3 = —1. Answer: —1.

Bai tap luyén tap

23. In the expansion of (1 + z)™, the coefficient of 22 is 45. Find the positive integer n.

Loi giai chi tiét
n
2

Bai tap luyén tap

Il
W

5=

=

S|
d

=

=45 = n(n—1) =90 = n = 10 (since 10 x 9 = 90). Answer: n = 10.

24. If the coefficient of 2® equals the coefficient of z* in the expansion of (1 + z), find n.

(A) 5 (C) 7
(B) 6 (D) 8

Loi giai chi tiét

(n> = <n> =n=3+4="7. Answer: 7.

Bai tap luyén tap

25. Given that the coefficient of 23 in (1 4+ ax)® is 160 and a > 0, find a.
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Loi giai chi tiét

(g)aS=160=>20a3=160:>a3=8:>a=2.

Bai tap luyén tap

26. Use the first three terms of the expansion of (1 + z)° to estimate (1.01)° to 4 decimal
places.

Lai giai chi tiét

-

(1+ )5 ~ 1+ 5z + 1022. With z = 0.01: 1 + 0.05 + 0.001 = 1.0510.

Bai tap luyén tap

27. Using (1 — )% ~ 1 — 6z + 1522 for small x, estimate (0.98)°.

(A) 0.886 (C) 0.878
(B) 0.894 (D) 0.902

Loi giai chi tiet

-

With 2 = 0.02: 1 — 6(0.02) + 15(0.02)2 = 1 — 0.12 + 0.006 = 0.886. Answer: 0.886.

Bai tap luyén tap

28. Expand (1 + 2x)* and use a suitable value of = to approximate (1.01)* to 5 decimal places.

Loi giai chi tiet

-

(1+ 22)* = 1 + 8z + 2422 + 322 + 162, Choosing = = 0.005 so that 2z = 0.01:

(1.01)4 ~ 1 4 8(0.005) + 24(0.005)2 = 1 + 0.04 + 0.0006 = 1.04060.
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Vectors

Muc tiéu Unit: Biéu dién vector dui dang cot (;j) va dang i, j, chuyén déi qua lai gitra hai dang; céng,

trtr, nhan vector véi mét s6 thuc va giai thich hinh hoc bang quy tic tam giac va hinh binh hanh; tinh dé
I&n (module) cuia vector va tim vector don vi theo mot huéng cho trudc; str dung vector vi tri va vector
do6 doi, ap dung dinh [i ti s6 dé tim diém chia mot doan thang theo ti I1é cho truéc; xac dinh hai vector
c6 song song hay khéng va dung vector dé chirng minh thing hang cung cac két qua hinh hoc khac; mé
hinh hoa chuyén déng thang déu bang vector vi tri va giai bai toan gip nhau don gian.

11.1 Vector Notation
A vector is a quantity that has both magnitude and direction. In this chapter vectors are written in

three equivalent ways: as a column vector (2) ini,j form zi + yj, or as a bold single letter such as

a. On a diagram a vector from A to B is written AB.

Column vectors and i, j notation

If a vector moves z units in the direction of the positive z-axis and y units in the direction of
the positive y-axis, it is written
X . .
=zl + gy,
(y> ’

where i = (é) and j = (?) are unit vectors along the axes.

(0] 4
+

Converting between notations

Write p = 5i — 2j as a column vector, and write q = <_63> ini,jform.
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Solution. Matching coefficients of i and j with the top and bottom entries of a column vector,

p= (52>, q = —3i + 6j.

- GIAI THICH TIENG VIET
Vector cot va vector dang i, j chi |a hai cich viét khac nhau cta cing mét vector: toa dé trén

|3 hé s6 cua i, toa d6 dudi la hé s6 claj.

11.2 Equality of Vectors

Equal vectors

Two vectors are equal if and only if they have the same magnitude and the same direction;
that is, their corresponding components are equal. Equal vectors may be drawn anywhere in
the plane - position does not matter, only length and direction.

Ly Lo
= < 1, =1x,and y; = y,.
()= (2) = o =oandy =

Solving for unknowns using equality

Given that (2x N 1) = (_79) ,find z and y.

3y
Solution. Equating components: 2z —1=7= 2z =4;and 3y = -9 = y = —3.

Equal vectors are parallel, have the same length, and point the same way - but two vectors
can be parallel without being equal (Section 11.7).

11.3 Addition, Subtraction, and Scalar Multiplication

Operations on column vectors

Ifa= (al) and b = (bl) and k is a scalar, then

i) by
_ (ay +by (a1 _ (kay
a+b_<a2+b2>, ° b_(a2—52>7 ka_(kaz .

Geometrically, a + b is found by the triangle law (place b tail-to-head with a) or the parallelo-
gram law (place a and b tail-to-tail and complete the parallelogram; the sum is the diagonal).
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@)

Triangle law: b is drawn from the head of a; the sum a + b closes the triangle.

Combining operations

Leta:<3>andb:<

2

4

1 ).Finda+b,a—b,and3a—2b.

Solution.

oo () () e () ()-(3)

A combined magnitude calculation

Givena = (_34) and b = (_52>, find 2a — b and its magnitude.

Solution. - ( _68> - (‘52> = (-813> '

12a —b| = /82 + (—13)2 = V64 + 169 = V233 = 15.3 (3 s.f.).

GIAI THICH TIENG VIET

ong, trir vector thuc hién theo tirng thanh phan tuong &ng; nhan véi mot s6 thuc k£ nhan
tirng thanh phan véi k. V& hinh hoc, téng a + b 13 quy tac tam giac (n6i dudi a vai dau b) hodc
quy tac hinh binh hanh.

11.4 Magnitude and Unit Vectors

Magnitude of a vector

The magnitude (length) of v = (g) is

V| = Va2 + 42,

A unit vector has magnitude 1. The unit vector in the same direction as v (with v  0) is

.V
V= —.
\

. . . . . kv
More generally, a vector of magnitude & in the direction of vis —.

vi
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Unit vector and scaled vector

Givena = 152) , find (a) |a|, (b) the unit vector in the direction of a, (c) the vector of magnitude

26 in the direction of a.
Solution. (a) |a| = v/52 + 122 = /25 + 144 = /169 = 13.

(b)a = % (152) - (152//1133>‘

(c) Since 26 = 2 x 13, the required vector is 2a = (10).

24

\"

O

The unit vector v points the same way as v but has length 1.

(!) L6i thuong gap: Do not divide only the z-component (or only the y-component) by |v|.
Every component of v must be divided by the magnitude |v| to obtain the unit vector.

- GIAI THICH TIENG VIET
Do dai (do 16n) cua vector la cin bac hai clia téng binh phuong cac thanh phan; vector don vi
la vector cing huéng nhung c6 dé dai bang 1, tim dugc bang cach chia moi thanh phan cho
do lon.

11.5 Position Vectors and Displacement Vectors

Position and displacement

The position vector of a point A relative to the origin O is OA = a. The displacement vector
from A to B (how far and in what direction you travel to get from A to B) is

AB=AO+OB=—-a+b=b—a.

O
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The displacement AB = b — a, not a — b.

Finding a displacement vector and its length

Points A(2,5) and B(8,—3) have position vectors a = (g) and b = (_83> Find AB, the
midpoint M of AB, and the length AB.

Solution.
s 8—2 6
wonan(572) (1)

Midpoint: M = 2 ; b = (?) ie. M(5,1).

Length: AB = |AB| = \/62 + (—8)2 = /36 + 64 = /100 = 10.

() Léi thuérng gap: AB = b—a (head minus tail). Writing a—b gives BA instead - the reversed
vector, which points the opposite way.

GIAI THICH TIENG VIET

Vector vi tri ctia 4 13 OA = a; vector do doi (chuyén dong) tir A dén B1a AB = b — a - ludn
luén phai trir ddu trir duéi: 13y di€ém cudi trir diém dau.

11.6 The Ratio Theorem

Dividing a line segment in a given ratio

Let A and B have position vectors a and b. If P lies on the line AB suchthat AP : PB = m : n,

then the position vector of P is

m-—+n

When m = n (i.e. P is the midpoint of AB), this reduces to OP = a J; b.

P divides ABsothat AP: PB=m:n;herem:n=2:1.

Applying the ratio theorem

A(1,2)and B(7,11) have position vectors a = (;) andb = (171

) . Point P divides AB so that
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AP:PB=2:1. Find OP.
Solution. Here m =2,n =1, so

@:mmb:l@”(ﬁ) @*@3;(15)(5).

m-4+n 3 3

So P(5,8).

X n . s a b . . .
(') Loi thwong gap: In OP = % the weight on a is n (the part of the ratio nearer B), not
n

m
m. Swapping m and n silently moves P to the wrong side of the segment - always check the
answer lies between A and B in roughly the expected place.

Using A(2,5) and B(8, —3) from the earlier example, confirm the midpoint using the ratio the-
orem withm =n = 1.

Solution. b b
—— la+1 a+ 1 2 8 5
ow =382 1[0 ()] 9.

matching M (5, 1) found before.

GIAI THICH TIENG VIET

Dinh li ti s6: néu P chia AB theotis6 AP : PB=m:nthiOP = w. Chuy: hé s6 cla
m mn
a la n, khéong phai m.

11.7 Parallel Vectors and Collinearity

l Parallel vectors

Two non-zero vectors u and v are parallel if and only if one is a scalar multiple of the other:
u||v < u= kv forsome scalar k.

Parallel vectors point in the same or exactly opposite directions but need not have the same
magnitude, so parallel vectors are not necessarily equal.

Finding an unknown so two vectors are parallel

Givenp = (i’) and q = (_64) , find ¢ such that p is parallel to q.

Solution. Since p || q, the components are in the same ratio:

3 ¢ 3
St Lo yx2o g
6 —4 * 6
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Collinearity

Points A, B, C are collinear (lie on one straight line) if AB and BC are parallel and share the
point B; that is, BC = kAB for some scalar k.

Proving three points are collinear

A, B, C have position vectors a = G), b= <4>, c= (1()). Show that A, B, C are collinear.

3 7

- 3 =~ 6 3 -
itoban (1), Bocobo (8)-2(2) -2um

Since BC = 2?3: the vectors are parallel and share the point B, so A, B, C lie on a straight
line (with BC = 2 AB).

Solution.

(1) L6i thueng gap: Parallel is not the same as equal. u = kv makes u || v for any scalar k + 0;
only k = 1 makes them equal. When proving collinearity you need the parallel condition and a
shared point - two parallel vectors that do not share a point are on parallel but different lines.

. GIAI THICH TIENG VIET

Hai vector song song khi vector nay 13 bdi s& ctia vector kia; ba diém thang hang khi hai vector
néi chuing song song va c6 chung mét diém.

11.8 Vector Proofs in Geometry

Strategy for vector proofs

Many geometric facts can be proved by expressing every relevant segment as a combination of
two independent vectors (often the position vectors of two vertices), then simplifying. Com-
mon goals are to show two segments are parallel, equal in length, or that a point is a midpoint.

Midpoint theorem for a triangle

In triangle OAB, M and N are the midpoints of OA and OB respectively, with OA = aand
OB = b. Prove that M N is parallel to AB and that M N = %AB.

Solution. Since M and N are midpoints, OM = 1aand ON = ib.

MN =ON —OM = 1b—ja=j(b—a).
Also AB = b —a. So MN = %E: since MN is a scalar multiple of AB, MN | AB, and

comparing magnitudes, M N = %AB. v

Diagonals of a parallelogram bisect each other

OACB s a parallelogram with OA = aand OB = b, so OC = a + b. Let M be the midpoint of
diagonal OC and N be the midpoint of diagonal AB. Show M = N.
Solution.

P S Ty

OM = 10C = L(a+b).
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ON=0A+1AB=a+i(b—a)=1a+ib=1(a+h).

Since OM = ON and both are measured from the same point O, M and N are the same point
- the diagonals bisect each other. v/

- GIAI THICH TIENG VIET
Ky thuat chirng minh hinh hoc bang vector: biéu dién méi doan thang theo hai vector doc lap
(thudrng 1a vector vi tri cia hai dinh), réi rat gon dé so sanh.

11.9 Velocity Vectors and Motion

Constant velocity and position at time ¢

An object moving with constant velocity vector v, starting from initial position vector r,, has

position vector at time ¢ given by

The speed of the object is |v|.

position at time ¢

0]
The object’s path is the straight line r = r, + tv.

Position at a given time

A particle starts at the point with position vector r, = @) and moves with constant velocity

V= (_41) (in metres per second). Find its position after 3 seconds and its speed.

e ()5(4)- )+ (3)- (),

Speed = |v| = /42 + (—1)2 = V17 = 4.12 m/s (3 s.f.).

Solution.

A brief interception problem

with velocity (g) km/h. Ship B starts at (10) with velocity <_31> km/h.

Ship A starts at 0 0

Find the time ¢ at which the ships meet.
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Solution. Position vectors at time ¢:

P (2 (o (10—t
A7 \3t)” B=\ 3t )°
The ships meet when r, = rz. The y-components already agree (3t = 3t); equating z-

components:

10
A=10—t=3t=10=>t= 3= 3.33 hours (3 s.f.).

GIAI THICH TIENG VIET

VN
Vi van téc khong doi, vi tri tai thai diém ¢ 1a r = r, + tv; hai vat gap nhau khi vector vi tri ctia
ching bang nhau (ca hai thanh phan cung lc).

(1) Lé6i thuong gdp: When solving interception problems, both components (not just one) must
match at the same value of t. Check every equation is consistent - if the equations give two

different values of ¢, the paths cross but the objects are never at that crossing point at the
same time.

11.10 Practice Questions

Bai tap luyén tap

Given a = (_43> and b = (_21>, find a + b.

Loi giai chi tiet

Bai tap luyén tap

Using the same a and b as above, find a — b.

Loi giai chi tiét

Bai tap luyén tap

Find 3a + 2b using a = ( & ),b: (_1).
-3 2
Loi giai chi tiét

12 —2 10
3a= (_9),2b= ( 4 ),so3a+2b= (_5>.
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Bai tap luyén tap

2
(A) 6i — 2j (C) 6i + 2j
(B) —2i + 6j (D) 2i— 6j

Which of the following equals (_6 ) written in i, j form?

Loi giai chi tiét

-

6i — 2j. Correct choice: (A). v/

Bai tap luyén tap

Find |v| where v = (—86>

Loi giai chi tiet

lv| = \/82 + (—6)2 = /64 + 36 = /100 = 10.

Bai tap luyén tap

Find the unit vector in the direction of v = (—86>

Loi giai chi tiét

) . . 1 (38 0.8
|v| = 10 (previous question), so v = 10 (—6) = (—0.6)'

Bai tap luyén tap

Loi giai chi tiét

Required vector = 15v = 15 ( 0.8 ) _ (12>.

-

—0.6 —9

Bai tap luyén tap

-

Given p = (i) , what is |p|?
(A) 5 (€)1
(B) 7 (D) 25
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Loi giai chi tiét

Ip| = V32 4 42 = /9 + 16 = /25 = 5. Correct choice: (A). v

Bai tap luyén tap

A and B have position vectors a = G’) and b = (3) Find AB.

Loi giai chi tiét

-

P 6
AB=b—a= (6

N———

Bai tap luyén tap

For the points in the previous question, find the length AB.

L& giai chi tiét
AB = |AB| = V62 1 62 = VT2 = 62 = 8.49 (3 5.£).

Bai tap luyén tap

Find the midpoint of A(3,1) and B(9,7).

Loi giai chi tiet

. a+b 1/12 6) .
Midpoint = ~—~ 5 (8) = <4>, i.e. (6,4).

-

Bai tap luyén tap

C(1,—2) and D(5,4) are two points. P divides CD so that CP : PD = 1: 2. Find OP.

Loi giai chi tiét

2(1>+1(5)
=5 _nc+md \—2 4) 17\ _(71/3
Herem =1,n=2: OP = T = _§<0>_(0>_

Bai tap luyén tap

-

E(2,2) and F(14, 8) are two points. Q divides EF so that EQ : QF = 2 : 1. Find OQ.

Loi giai chi tiet

-

1(3)+2(5)
Herem:2,n:1:@: 2 8 :%(30):<10).

3 18 6
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Bai tap luyén tap

Loi giai chi tiet

choice: (A). v/

Bai tap luyén tap

Find ¢ so that

7N
> ~+

Loi giai chi tiét

-

GJI

Parallel: t ===92
3

I M

Bai tap luyén tap

Loi giai chi tiét

-

Parallel: _—15 =-3

Io—'

Bai tap luyén tap

Loi giai chi tiet

ra- ()1

Bai tap luyén tap

Loi giai chi tiét

J
I
DO
~—
N
N

Thay Tudong 0332747 169 -

Which ratio m : n was used if OP =

Comparing with OP =

(A) AP: PB=1:3
(B) AP: PB=3:1

na -+ mb
m

) is parallel to (;)

=t=4.

Find % so that (_‘2) is parallel to (_;5)

k
= — kj: .
2:> 6

3a+1b
4
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for P on AB?

(C) AP: PB=4:1
(D) AP: PB=1:4

P(0,1), Q(2,5), R(5,11). Show whether P, @, R are collinear.

,weneedn=3, m=1,s0 AP : PB=m:n=1:3. Correct

(2) Since (Z) =3 (i) QR is a scalar multiple of PQ and they share

point @, so P, @, R are collinear. v’

X(1,1),Y(3,2), Z(9,7). Are X, Y, Z collinear?

(g) Since 6/2 = 3 but 5/1 = 5, these are not equal ratios, so YZ is not a
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scalar multiple of XY. X,Y, Z are not collinear.

Bai tap luyén tap

In triangle OAB with OA = a,0B = b, M is the midpoint of AB. Express OM in terms of a
and b.

Loi giai chi tiét

-

OM =0A+1AB=a+1(b—a)=1(a+b).

Bai tap luyén tap

Which statement about parallel vectors is true?

(A) Parallel vectors are always equal (C) One parallel vector is always a scalar mul-
tiple of the other

(B) Parallel vectors always have the same (D) Parallel vectors must both start at the ori-
magnitude gin

Loi giai chi tiét
By definitionu || v <= u = kv for some scalar k; magnitude and starting point are irrelevant.
Correct choice: (C). v/

Bai tap luyén tap

OABC is a parallelogram with OA = a an@ = ¢ (so OB = a + ¢). Find AC, the other
diagonal, and state whether it is parallel to OB.

Loi giai chi tiet

AC = c — a. This is the other diagonal of the parallelogram; it is generally not parallel to
OB = a + c unless the parallelogram is a rhombus.

Bai tap luyén tap

A particle has initial position r, = (i) and constant velocity v = (_32) Find its position at
t=05.

Loi giai chi tiet

o= ()+(5)-(%)

Bai tap luyén tap

-

For the particle in the previous question, find its speed.
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Loi giai chi tiét

Speed = |v| = /32 + (—2)2 = /13 = 3.61 (3 s.f.).

Bai tap luyén tap

Two drones start at (8) and (102> with velocities (i’) and ( 1

at which they meet.

) respectively. Find the time

Loi giai chi tiét
Positions: r, = (it ,Fy = (12; t
components: 3t =12 —t =4t =12 =t = 3.

). The y-components already match. Equating z-

Bai tap luyén tap

Verify the meeting point in the previous question by substituting t = 3 into both position
vectors.

Loi giai chi tiét

ne @) v (123_ 3) = (g) Both give (9, 3), confirming they meet there. v/

Bai tap luyén tap

Which of the following is the displacement vector BA, given OA = a and OB = b?
(A) b—a (C)a+b

(B) a—b (D) —a—b

Lai giai chi tiét

-

BA=DBO +0OA=—b+a=a—b. Correct choice: (B). v

Bai tap luyén tap

A(0,0), B(4,0), C(4,3), D(0,3) form a rectangle. Use vectors to show AB = DC.

Loi giai chi tiét

AB 4 4 DC 4 0 4 1 . .
A= <0> - ( ) = (0) DC = (3> - (3) — <0> Since the two vectors have identical

components, AB = DC. v

e e

Bai tap luyén tap

In triangle ABC, D is the midpoint of BC. Given AB = p and AC = q, express AD in terms
of pand q.
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Loi giai chi tiét

AD=AB+iBC=p+1i(a—p)=Li(p+a).

Bai tap luyén tap

Which of these vectors has magnitude 25?
7 20
(A (2 4) © (10)
10 12
(B) (15) (D) (12)
,

‘(;J‘ = /49 + 576 = /625 = 25. Correct choice: (A). v/

Bai tap luyén tap

Points A(4,—1) and B(—2,7) are given. Find the position vector of the point P on AB such
that AP: PB=3:1.

Loi giai chi tiét
! (—41) 3 (_72> 1/ 4-6 )\ 1[(-2 0.5
=9, N = 1: —f; = =7 N =l = 5 )
m=3,n (@) 4 ( ) 4 ( ) ( )
j Bai tap luyén tap

Givena = (_86>, find a unit vector in the opposite direction to a.
Loi giai chi tiét
la| = V36464 = v/100 = Unit vector in the same direction is <_00é6); in the opposite

0.
e . 0.6
direction it is the negative: _08)"

Bai tap luyén tap

Explain, using vectors, why the point M with OM = a + 2b divides AB with AM : MB =
2 g 1,

Loi giai chi tiet

. . — b
with the ratio theorem formula OP = okl , we
m-+n

la+2b

Comparing OM = 1a+ Zb =
identifyn=1,m=2,m+n=3.Hence AM: MB=m:n=2:1. v
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Bai tap luyén tap

A cyclist starts at (_32> km and rides with constant velocity (g) km/h. Find her speed and

her position after 2.5 hours.

Loi giai chi tiét

Speed = |v| = v/62 + 82 = /36 + 64 = v/100 = 10 km/h.

= () +25(9) = (2)+ (2) - (2).
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CAMBRIDGE IGCSE « Unit 12

Differentiation

Muc tiéu Unit: Hi€u dao ham la gigi han cua dé déc day cung khi khoang cach tién vé 0, va la do déc
cla tiép tuyén tai mot diém; tinh dao ham cla 2™ (k&€ ca s mi am va phan s6), téng va hang sé nhan;
tinh dao ham cla e®®*?, In(ax +b), sin(ax + b), cos(ax + b), tan(ax + b); &p dung quy tac ham hop (chain
rule), quy tac tich (product rule), quy tic thuong (quotient rule); dung dao ham cap hai va dau cua dao
ham cap mot dé xac dinh ham sé déng bién/nghich bién; tim va phan loai diém dirng (cuc dai, cuc tiéu,
diém uén); viét phuong trinh ti€p tuyén va phap tuyén ctia dé thj tai mot diém; giai bai toan téc do thay
déi va toc do thay d6i lién hé.

12.1 The Gradient Function
For a curve y = f(x), the gradient of the chord joining the two points (z, f(x)) and (z + h, f(z + h))

is
f@+h) = flz)
Y .

As h is made smaller and smaller, the chord rotates and approaches the tangent to the curve at

(z, f(x)). The derivative of f at x, written f’(z) or g—‘z is defined as the limiting value of the chord

gradientas h — 0:
ooy i J@+h) — f(2)
o) = fim S
f'(x) gives the gradient of the tangent to y = f(x) at the point where z has that value - equivalently,
the instantaneous rate of change of y with respect to z.

Estimating a derivative numerically

For f(x) = 22, compute the chord gradient fromz = 1tox = 1+ hfor h = 0.1 and h = 0.01,

and compare with the exact derivative at x = 1.
AN —fQ) _ 1201, fOLO1)—f(1) _ 1.0201—1

Solution. =2.01. Ash = 0

1 . 0.01 0.
the chord gradient tends to 2. Using the power rule (Section 12.2), f'(z) = 2z,s0 f'(1) =2 -
matching the trend of the numerical values as h — 0.

—0.5
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The dashed chord joining (1, 1) and (1.5, 2.25) on y = 22 has gradient 2.5; as the second point slides toward (1, 1), the
chord gradient tends to the tangent gradient 2 (solid pink line y = 2x — 1).

GIAI THICH TIENG VIET

Dao ham f/(x) = Z—y la gigi han clia d6 doc day cung ndi (z, f(z)) va (z + h, f(z + h)) khi
X

h — 0. V& mat hinh hoc, f/(z) chinh I3 d6é doc cua tiép tuyén véi do thi tai diém c6 hoanh do
x; vé mat dai s6, dé la téc do6 thay déi tire thoi cha y theo .

12.2 The Power Rule and Linearity

For any rational number n:

d d
%(x”) =nz" !, %(c) =0 (c constant).

Differentiation is linear: for constants a, b,
d 4 /
T laf(@) +bg(2)] = af (z) + b’ ().
GIAI THICH TIENG VIET
Quy tac luy thira: dao ham cta z” 13 nz™!, ddng v&i moi sé ma hiru ti n (k€ cd am va phan

s6). Pao ham ctia mét hang s6 luén bang 0. Dao ham cé tinh tuyén tinh: dao ham cua téng
bang téng cac dao ham, va hang s6 nhan duoc gilr nguyén.

Differentiating a polynomial

.. d
Find &¥ fory = 423 — 52?2 + 7z — 2.
dr

. d
Solution. &Y — 1222 — 102 + 7.
dx

Negative and fractional powers

., dy 2
Find I fory =3z + ey
Solution. Rewrite y = 32'/2 4+ 2272, Then

dy 1 s _ 3 B 3 4
7 3= N3 =Sp V2 _Yp3=-_"__ —
T 3<2>m +2(—2)x x x

(1) Loi thuong gap: Before differentiating, always rewrite roots and fractions of = as powers
of z first (/z = 2'/2, &, = 272). Differentiating 2 directly as if it were 222 (forgetting the
negative exponent) is a very common error.
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12.3 Derivatives of c***?, In(ax + b) and Trigonometric Functions

L3

d a
ax+b) _ ax+b | b)) =
= e, crllilem ) = oo

d , . d . d
@(sm(aﬂb)) = acos(ax+b), %( cos(ax+b)) = —asin(azx+b), %(tan(aﬂb)) = asec?(ax+b).

GIAI THICH TIENG VIET

V6i ham m, ham logarit tu nhién va cac ham luong giac cé déi sé dang az + b, dao ham bang
dao ham ctia ham goc (tinh theo bién ax + b) nhan thém hé sé a (dao ham cta phan bén trong).
Pay 13 trudng hop riéng cda quy tac ham hop sé hoc & muc sau.

Exponential and logarithmic derivatives

Find jﬁ for(a)y = €31, (b) y = In(2z + 5).
T
. dy o 3p—1 dy B 2
Solution. (a) T = 3e . (b il

Trigonometric derivatives

Find ;Z—y for y = 3sin(2x) — 5 cos(4x).
€T
Solution.

% = 3(2) cos(2x) — 5(—4) sin(4x) = 6 cos(2x) + 20sin(4x).

12.4 The Chain Rule

If y is a function of u, and w is a function of z, then

ty_dy v
dr  du = dx’

This is the chain rule (function of a function). It applies whenever the variable = ap-
pears inside another function, e.g. (expressioninz)”, e(®Pressioninz)  |n(expression in z),
sin(expression in x), etc.

GIAI THICH TIENG VIET

s s A, < Ls , TR , . d dy d ce ,

Quy tac ham hgp: néu y la ham cta « va u la ham cua z, thi d—y = dy . d—u No6i cach khac:
u XL

|8y dao ham ctia ham “bén ngoai” (gilt nguyén phan bén trong), roi nhan véi dao ham ctia phan

“bén trong”.

Chain rule with a power

., dy B 5
Find To fory = (2z —1)°.
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. d d
Solution. Let uw = 22 — 1, so0 y = «°. Then Y sutand & = 2, SO
u X
Y 5ut x 2 = 10(22 — 1)%
dr
Chain rule with a square root
., dy
Find s fory =322 + 1.
X
. . d
Solution. Write y = (322 + 1)'/2. Let u = 322 + 1, d—u = 6.
X
dy 1 3x
= =32+ 1) x br = ———.
dx 2(1’ + ) X br V3r2 +1
Chain rule with exponential and logarithmic functions
. dy 2 2
Find e for(@a) y =e*", (b) y = In(z* + 1).
X
. d d
Solution. (a) Let u = 22, A
J dx da;2
U Y T
b)letu=2%2+1, — =2z: -2 = .
(b) u=att dx Tl T a2 +1
Chain rule with a trigonometric power
Find d—y for y = cos® x (meaning (cos z)3).
X
. d d .
Solution. Let u = cosz, so y = u?, Y32, Y~ sing.
du dx
dy 9 . 9
T 3cos®x X (—sinx) = —3cosxsinx.
X

(1) L6i thuwong gap: The most common chain-rule error is forgetting the derivative of the “in-
side” function - e.g. writing 4

y (22 —1)% = 5(2z — 1)* without the extra factor of 2. Always
X
identify u (the inside expression) explicitly and multiply by j—u

X

12.5 The Product Rule

If y = wv, where u and v are both functions of x, then

d d d .
ﬁ = ud—z + UaTZ’ often written (uv)” = u'v + uv’.

GIAI THICH TIENG VIET

Quy tic tich: dao ham ctia y = uwv 13 w’v + wv’ - 13y dao ham cda tirng thira s8, nhan véi thira
s6 con lai gilr nguyén, roi cong hai két qua lai. Khdng dugc nhan hai dao ham véi nhau (u/v’ 1a
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sai).

Product rule: polynomial times exponential

Find dy fory = z2e”.
dx )

Solution. Let u = 24, v/ = 2z; v = €%, v = e”.

d
Y Wt w = 226 + 226" = xe®(2+ x).

dx

Product rule: polynomial times trigonometric

d
Find d—y for y = z sin(2x).
X
Solution. Let u = z, v’ = 1; v = sin(2z), v" = 2 cos(2x).

% = (1)sin(2z) + x(2 cos 2z) = sin(2x) + 2z cos(2x).

Product rule combined with the chain rule, then factorising

Find ;Z—y for y = (22 + 1)3(x — 4)2, giving your answer in fully factorised form.
€T

Solution. Let u = (22 + 1)3, v/ = 3(2z + 1)? x 2 = 6(2z + 1)? (chain rule); v = (z — 4)?,
v =2(x —4).

Z—i =6(2x+1)%(z —4)? + (22 +1)% x 2(x — 4).

Take out the common factor 2(2x + 1)%(z — 4):

% = 2022+ 1)%(x — H)[3(x — 4) + (22 + 1)] = 2(2z + 1)*(x — 4)(5z — 11).

12.6 The Quotient Rule

If y = % where u and v are both functions of z (and v # 0), then

dy uw'v—uv

de V2
GIAI THICH TIENG VIET
< R s w . uwv—uv , . v e
Quy tac thuong: dao ham cllay = — [a —————. Thu ty trir trong tir s6 rat quan trong (w'v
v (Y

trudc, trir uv’) - déi chd sé cho két qua sai dau.

Basic quotient rule

. dy r+1
Find —= fory = )
" dxoy xr—2
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Solution. letu =z + 1, v =1, v=2—2,v = 1.

dy  ((—-2)—(z+1H(1) =z—-2-2—-1_ -3
de (x —2)2 o (z—2)2  (z—2)%
Quotient rule with a quadratic numerator
Find @ fory = 22% —3
dx Y= +1°

Solution. Let u =222 —3, v’ =4z;v=2+ 1,v = 1.

dy dx(z+1)— (22 =3)(1)  4a® +4x—20°+3 227 +42+3
dr (x+1)2 B (x+1)2 (24 1)2

Quotient rule combined with the chain rule

€2z

x4+ 1
Solution. Let u = €2*, v/ = 2¢2* (chainrule); v =z + 1,0’ = 1.

Find dy fory =
dx

dy 2e*®(x+1)—e>*(1) e*2x+1)—1] e*(2z+1)

dx (x4 1)2 B (x+1)2  (m+1)2

(1) L6i thuong gap: Watch the sign in the numerator: it is u’v — uv’, not w’v + uv’ (that formula
is for the product rule) and not uv” — u’v (reversed sign). If in doubt, treat 4 wv~! and apply
v

the product rule together with the chain rule on v~! as a cross-check.

12.7 Second Derivatives, Increasing and Decreasing Functions

2
The second derivative d—g (or f”(x)) is obtained by differentiating % a second time with respect
x

dx
to x.

Increasing and decreasing functions

A function f is increasing on an interval if f’(x) > 0 throughout that interval, and decreasing if
f’(z) < 0throughout. Points where f’(z) = 0 are candidates for where the behaviour changes
and are examined below.

GIAI THICH TIENG VIET
.
~ . d Y Y ? by " ~ Y " A o " 4 A 2
Pao ham cap hai d—g I3 dao ham cua dao ham cap mét. Ham s6 dong bién (tang) trén khoang
i
ma f’(z) > 0, va nghich bién (giam) trén khoang ma f/(z) < 0; cac diém f’(z) = 0 la ranh gidi
gilra cac khoang nay.

Intervals of increase and decrease

d d?
Fory = 23 — 322 — 92 + 5, find %Y and —y,
dx dz?

and determine the intervals on which the curve
is increasing and decreasing.
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Solution.

@:3x2—6$—9:3(a€2—2m—3):3(m—3)(x+1) j:631:—6

dz ’ dz? ’

dy . . . .

e 0 when 2z = —1 or x = 3. Testing the sign of 3(z — 3)(xz + 1) in each interval:
X

o r < —1(testx = —2): 3(—5)(—1) = 15 > 0 - increasing.

o —1<xz<3(testz=0):3(-3)(1) =—9 < 0 - decreasing.
o 1 >3 (testx =4): 3(1)(5) = 15 > 0 - increasing.

So the curve increases on (—oo, —1), decreases on (—1, 3), and increases again on (3, c0).

Yy
max (—1, 10)
10 |
} | T
3 2 5
_10 1
_20 1

y=x3 — 322 — 9z + 5: a local maximum at (—1, 10) and a local minimum at (3, —22), where the tangent is horizontal

12.8 Stationary Points and Their Nature
' Finding and classifying stationary points

. . d
A stationary point of y = f(x) occurs where o

1. Second derivative test: evaluate f”(a).
o If f”(a) > 0: local minimum.
o If f”(a) < 0: local maximum.

o If f”(a) = 0: the test is inconclusive - use the first-derivative (sign-change) test instead.

2. First-derivative test: examine the sign of f’(z) just to the left and just to the right of z = a.
e + to —: local maximum. — to +: local minimum.

e Same sign on both sides: point of inflection (stationary inflection), neither a maximum
nor a minimum.

0. To classify a stationary point at z = a:

GIAI THICH TIENG VIET

Diém dirng 1a noi d—y = 0. Dung dao ham cép hai dé€ phan loai: f”(a) > 0la cyc tiéu, f”(a) <0

X
la cure dai, f”(a) = 0 chua két luan dugc - khi dé phai xét dau f/(z) hai bén diém a: d6i dau tir
+ sang — |4 cuc dai, tlr — sang + 13 cuc tiéu, khéng déi dau I3 diém udn (khdng phai curc tri).
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Classifying stationary points using the second derivative

Continuing the previous example, y = 2% — 322 — 9z + 5 has stationary points at z = —1 and
x = 3. Classify each.

Solution. f”(x) = 6x —6. Atz = —1: f"(—1) =6(—1) —6 = —12 < 0,s0 x = —1 gives a local
maximum, value f(—1) = -1 —-3+4+9+ 5 = 10.

Atz =3: f"(3) =6(3) —6 =12 > 0, so x = 3 gives a local minimum, value f(3) = 27 — 27 —
2745 = —22.

A stationary point of inflection

Find and classify the stationary point(s) of y = 3.
2

. d oood
Solution. 2/ = 342 = 0 = 2 = 0. Second derivative: d—‘g = 6x,s0atx =0, f/(0) =0 -
T

inconclusivea?
First-derivative test: f’(z) = 322 > 0 for all z, so f’(x) > 0 on both sides of z = 0 (e.g.
f/(=1) =3 > 0and f’(1) = 3 > 0) - the sign does not change. Hence = = 0 is a stationary
point of inflection, not a maximum or minimum.

y = x3: the tangent at the origin is horizontal (f/(0) = 0), but the curve does not turn - a stationary point of inflection.

+ (increasing) — (decreasing) + (increasing)
r=—1 =3
Sign diagram for Z—y = 3(x — 3)(z + 1): the sign of the gradient changes at each stationary point, confirming a maximum
X
at x = —1 and a minimum at = = 3.
Xo 5 e 0 q dy q q q
(') Loi thwong gap: A stationary point (where pri 0) is not automatically a maximum or
az

minimum - always check the second derivative (or the sign change of the first derivative).
Forgetting the case f”(a) = 0 (which requires the first-derivative test) is a common source of
misclassified stationary points of inflection.
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12.9 Tangents and Normals

Equations of the tangent and normal

At the point (z,,y,) on the curve y = f(x), let m = f’(x,) be the gradient there.
¢ Tangent (touches the curve, same gradient as the curve): y — y; = m(x — zy).

. . 1 .
¢ Normal (perpendicular to the tangent, gradient ——, provided m # 0): y—y, = —— (z—x,).
m m

- GIAI THICH TIENG VIET
Tai diém (z,,y,) trén dudng cong, ti€p tuyén cé cung do déc m = f/(x;) v&i dudng cong:
y — 1y, = m(x — x). Phap tuyén vudng gbc vdi ti€p tuyén nén cé do doc —— (nghich dao va
m

d6i dau): y — y, — _%@ )

Tangent and normal to a cubic

Find the equations of the tangent and normal to y = 2% — 22 + 1 at the point where z = 1.
Solution. y(1) = 1—2+1 = 0, so the pointis (1, 0). % =3z2—2,s0atx =1:m=3(1)-2=1.
Tangent: y —0=1(z—1)=>y=o—1.

Normal: gradient = —% =—ly—-0=—1lz—1)=y=1—u=x.

—

4
y=x3—2x +1at(1,0): tangent y = z — 1 (pink) and normal y = 1 — z (teal) are perpendicular.

Tangent to a root function

Find the equation of the tangent to y = /z at = 4.

. dy 1 1 1
Solution. y(4) =2. 2 = —,soatx =4 m=— = —.
v =25 =37 TR T 0 T
1 1 1
Tangent:y—zzz(a:—zl)=>y:133—1+2:1x+1.

Finding a point where the tangent has a given gradient

Find the point on y = 22 — 42 + 3 at which the tangent is parallel to the line y = 2z — 5.
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. . . d .
Solution. The line y = 22 — 5 has gradient 2. d—y = 2x — 4. Setting 2r —4 =2 = 2 = 3. Then

x
y(3) = 9—1243 = 0, so the pointis (3,0), and the tangent there is y—0 = 2(x—3) = y = 2x—6.

(1) Loi thueng gap: The normal’s gradient is the negative reciprocal of the tangent’s gradient
(—1/m), not simply —m. If m = 1 the normal gradient is —1 (these happen to look similar), but
for any other value of m the two are different - always take the reciprocal and then negate.

12.10 Rates of Change

Connected rates of change

If two quantities y and = both vary with time ¢, the chain rule connects their rates of change:

dy _dy  de
dt —dx = dt’
For a small change Az in z, the corresponding change in y can be estimated (without recom-
puting y exactly) using

GIAI THICH TIENG VIET

VN
Khi hai dai luong v va = cung thay déi theo thoi gian t, quy tdc ham hop cho phép lién hé téc

o ) d dy d e a R s 2 A ot
do thay doéi ctia ching: d—:i = d—y . d—? V&i moét thay doi nho Az, ta cé thé uwdce lwong nhanh
xr

Ay ~ @Aaz ma khong can tinh lai y chinh xac.
X

Rate of change of the volume of a sphere

A spherical balloon is inflated so that its radius increases at a constant rate of 0.5 cm/s. Find

the rate of increase of its volume at the instant when» =10 cm. (V = %7773.)

d .
Solution. av = 47r2. By the chain rule,

dr
av B dVv  dr B 5 B 5
E_WX@_ZMT x 0.5 = 27r~.
dV 3
At r = 10: e 27(100) = 2007 ~ 628 cm*/s (3 s.f.).

Rate of change of the area of a circle

The radius of a circular oil spill increases at 3 cm/s. Find the rate at which the area is increasing
whenr =5cm. (A = 7r2.)

A A A
Solution. C(ZT = 277, SO (Z—t =2mr X 3 = 67r. Atr = 5: (th = 307 &~ 94.2 cm?/s (3 s.f.).
T
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Small increments

. d . . .
Given y = 23, use d—y to estimate the change in y as x increases from 2 to 2.01, and compare
T
with the exact change.

. d d .
Solution. d—y — 322 soate = 2: 2 = 12. Estimate: Ay ~ 12 x 0.01 = 0.12.

T X
Exact: f(2.01) — f(2) = 2.01®> — 23 = 8.120601 — 8 = 0.120601, very close to the estimate of
0.12.
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12.11 Practice
Bai tap luyén tap

&I

Find 2¥ for y = 52 — 322 + 8.
dx

Loi giai chi tiét
dy

Iz = 2023 — 6.

Bai tap luyén tap

QI

., dy
Find I fory = i 2\/x.

Loi giai chi tiet

-

Bai tap luyén tap

If f(x) =223 — 922 + 12z, find f/(2).

(A) 0
(B) 4

Loi giai chi tiet

Bai tap luyén tap

Find dy for y = e5%+2,
dx

L1 gidi chi tiét
dy

— 565:U+2.
dx

Bai tap luyén tap

Q‘I

: Y
Find — f = In(4z — 3).
ind =~ fory n(4x —3)

Lai giai chi tiét

dy 4
dr  4x —3°
Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692
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1
PN

(C) —4
(D) 8

f/(z) = 622 — 18z + 12. f/(2) = 24 — 36 + 12 = 0. Answer: A.
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Bai tap luyén tap

&I

Find d_y for y = 4cos(3z) + 2sin(x).
T

Loi giai chi tiet

d .
ﬁ = —12sin(3z) 4+ 2 cos(z).

Bai tap luyén tap

., dy
Find —= f = tan(2 1).
ind — for y an(2z + 1)

Loi giai chi tiet

dy
—Z = 2sec?(2 1).
- sec?(2z + 1)

Bai tap luyén tap

., dy B 6
Find Tr fory = (3x +4)°.

Loi giai chi tiét

-

Letu = 3z +4: 22 = 6(3z +4)% x 3 = 18(3z + 4)°.

Ul
I 8.)

Bai tap luyén tap

Find ;l_y fory = bz — 2.
T

Loi giai chi tiét

dy 1 5
= 5x—2 1/2. —_— = — 5$—2 71/2 XBZ—.
y=0r -2 g =30" =2 26z — 2

Bai tap luyén tap

-

g‘I

Find &2 for y = et
dx

Loi giai chi tiet

-

d d
Let u = 4 — 22, a9 —2z: Y9 _ —9xet—,
dx dx
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Bai tap luyén tap

&I

Find % fory = In(z? + 32).

Loi giai chi tiét

-

du dy 2z 43
letu=224+3z, —=22+3 2 = ——.
et x+$dm T dr z%2+ 3z

Bai tap luyén tap

g‘I

Find % fory = sin’z (meaning (sin z)?).

Loi giai chi tiét

-

. d . . . .
Let w = sinx: d—y = 2sinz x cosx = 2sinz cos z (equivalently sin 2x).
T

Bai tap luyén tap

Find dy fory = 23 Inz.
%

Lai giai chi tiét

-

I Q‘

Product rule: u = 23, v’ = 32%, v = Inz, v = 1/x.

d 1
d_y =3z?Inz+2° x — =32%Inz + 22 = 22(3Inz + 1).
x x

Bai tap luyén tap

., dy .
Find I fory = (z 4 2)sinz.

Loi giai chi tiét

. d .
u=z+2,u =1;v=sinz, v = cosz. d—y =sinz + (z + 2) cosz.
€T

Bai tap luyén tap

&‘I

Find d_y for y = (z — 1)*(2x + 3)2, in fully factorised form.
i

Loi giai chi tiet

-

u=(zx—D*u =4(z—1)3%v= 2z + 3)%, v = 4(2z + 3).

;l—i = 4(z—1)3(22+3)2+4(z—1)*(22+3) = 4(z—1)3(22+3) [(22+3)+(z—1)] = 4(2—1)3(22+3)(3z+2).
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Bai tap luyén tap

&I

. Y 3r—2
Find —= f = .
in . ory ol

Loi giai chi tiét

-

u=3r—2,u =3 v=x+4,0 =1.

dy 3(x+4)—Br—2)(1) 3x+12—-3z+2 14
&= @rd? @A @ed

Bai tap luyén tap

2

8

., dy
Find == f = .
mddm ory po

Loi giai chi tiét

u=a3u =2xv=x—1,v = 1.

dy 2z(x—1)—z*(1) 222 —-2zx—2® 2*—2

dr (x—1)2 (- 12 (z—-17

' Bai tap luyén tap
Find dy fory = w (z #+0)
dx U= ’

£ COSxT —Sinx £ CcoSz + Sinx
W= Q==
cos sinx — z cosz

Loi giai chi tiét
. d rcosx —Sing
uw=sinz,u =cosz;v=uxv =1. d—y = Answer: A.
X T

Bai tap luyén tap

For y = 223 — 322 — 12z + 7, find the interval(s) on which the curve is decreasing.

Loi giai chi tiét

d .. .

d—y = 622 — 62 — 12 = 6(2? —x — 2) = 6(x — 2)(z + 1). This is negative between the roots:
XL

decreasingon —1 < z < 2.

Bai tap luyén tap

Find and classify the stationary points of y = 223 — 322 — 122 + 7.
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Loi giai chi tiét

. . . . d?
From the previous question, stationary points at z = —1 and =z = 2. d—z = 12z — 6.
X
Atz = —1: f"(—1) = —18 < 0, so local maximum; y(—1) = —2 — 3 + 12 + 7 = 14, point
(—1,14).

Atz =2: f”(2) = 18 > 0, so local minimum; y(2) = 16 — 12 — 24 + 7 = —13, point (2, —13).

Bai tap luyén tap

Find and classify the stationary point of y = 22 — 6z + 10.

Loi giai chi tiet

d?y

d - Aef :
i r—6=0=z=23. F:2>0,50|t|sam|n|mum. y(3) =9 —18 4 10 = 1, point
X

(3.1).

Il
DO

Bai tap luyén tap

Find the stationary point of y = 122 — * and determine its nature, for z > 0.

Lai giai chi tiét

d .

d—y —12-322=0= 22 = 4 = 7 = 2 (taking z > 0)
T

maximum. y(2) = 24 — 8 = 16, point (2, 16).

2
Y .
.w:—6x,atx:2. —12 < 0,s0 a

Bai tap luyén tap

Find the equation of the tangent to y = 22 — 52 + 6 at the point where = = 4.

Loi giai chi tiet

d
y(4) =16—20+6 = 2. % =2r—5,atez =4:m = 3. Tangent: y—2 = 3(z—4) = y = 3z —10.

Bai tap luyén tap

Find the equation of the normal to y = x? —52 +6 at the point where = = 4 (using the previous
result).

Lai giai chi tiét

. . 1 1
Tangent gradient was m = 3, so normal gradient = —3 Normal: y — 2 = _§<x —4) =y =
1 10
x 0

|

w
+

|

Bai tap luyén tap

Find the equation of the tangent to y = €%* at x = 0.
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Loi giai chi tiét
d
A

y(0) =1. ——

=2e* atx =0: m=2.Tangent: y — 1 =2(x — 0) = y = 2x + 1.

Bai tap luyén tap
Find the value(s) of x at which the tangent to y = 23 — 3z is horizontal.

(A) z =0only (C) z=+V3
(B) z = +1 (D) =z =1only

Loi giai chi tiét

dy

= =322—-3=0=22=1= 2 = +1. Answer: B.
95

Bai tap luyén tap

. . d . . . .
A curve has gradient function d_y = 622 — 62 — 36. Find the z-coordinates of its stationary
X
points and classify each.

Loi giai chi tiet

d2
622 — 62 —36=6(z2—2—6)=6(z—3)(z+2)=0=>z=30rz=—2. —‘Zzl2a;—6.

dx
Atz =3: f” =30 > 0, minimum. At z = —2: f” = —30 < 0, maximum.

Bai tap luyén tap

The volume of a cube of side z cm is V' = z2. If z increases at a rate of 0.2 cm/s, find the rate
of increase of V when z = 5 cm.

Loi giai chi tiet
av ., dv dv

% = 31‘2. E = 3.’E2 x 0.2 = 061172 Atz =5: E = 06(25) =15 Cm3/S.

Bai tap luyén tap

A circular ripple spreads so that its radius increases at 4 cm/s. Find the rate of increase of its
circumference. (C = 27r.)

Loi giai chi tiet

dC dC .
— = 2, aconstant, so — = 27 x 4 = 87 ~ 25.1 cm/s (3 s.f.) - the circumference grows at

r
a constant rate regardless of the current radius.
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Bai tap luyén tap

. . . . . . d
Using y = /x, estimate the increase in y as x increases from 9 to 9.02, using Ay ~ d—yA:c.
X

Loi giai chi tiet

iy 1 1 1
W 1 atz—9: > Ay~ x0.02 = 0.00333 (3 .f).
dz oz LT YR g 3(@3sf)

Bai tap luyén tap

Which of the following is the correct statement of the chain rule for y = f(u), u = g(x)?

dy dy du dy du dy
A) = =-—"Fx — C) - =—x-">
()dzv duxdm ()d:L' dyxdu
dy dy  du dy_@;d_u
(B) da:_du+dm (D) de du ~ dx

Loi giai chi tiét
dy dy du

By definition of the chain rule, == = —= x —. Answer: A.
dr du dx

Bai tap luyén tap

A curve has equation y = 23 — 622 + 92 + 1. Show that = = 1 and = = 3 are stationary points,
classify each, and state the value of y at each.

Loi giai chi tiét

d .

Y322 12749 = 3(z% — 4z +3) = 3(x — 1)(z — 3), whichisOatz = 1 and z = 3,
T

confirming both are stationary points.

d2
TZ:Gx—lZ. Atz =1: f” = —6 < 0, maximum, y(1) =1 —-6+9+1 =5. Atz = 3:

f7 =6 >0, minimum, y(3) =27 —54 +27+1=1.

Bai tap luyén tap

Find the equation of the tangenttoy = Inz atz = 1.

Lai giai chi tiét

-

Q.I

1
y(l):lnlzo.d—y:—,atlezm:1.Tangent:y—0:1(x—1):>y:;1:—1.
xr T
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CAMBRIDGE IGCSE « Unit 13

Integration

Muc tiéu Unit: Hiéu tich phan bat dinh 13 phép toan ngugc clia dao ham va luén cé hang sé tich phan
, clia sin(ax + b), cos(ax + b)

+¢; tinh nguyén ham cla =™ (n # —1), cGa (az + b)", clia e***? va —
axr

va sec?(az + b); tim phuong trinh dudng cong khi biét ham gradient va mot diém thudc dudng cong;
tinh tich phan xac dinh va ap dung dé tinh dién tich gilra do thij va truc hoanh (ké ca khi d6 thi nam duéi
truc); tinh dién tich mién gigi han bai hai dudng cong.

13.1 Integration as the Reverse of Differentiation

The indefinite integral

If Z—y = f(x), then y is called an antiderivative (or indefinite integral) of f(z), written
X

y= [ s do

Because the derivative of any constant is 0, every antiderivative of f(z) differs only by a con-
stant: if F'(z) = f(z), then [ f(z)dx = F(x) + ¢, where ¢ is an arbitrary constant of in-
tegration. Integrating a function “undoes” differentiation, so every integration result can be
checked by differentiating it and confirming the original integrand is recovered.

GIAI THICH TIENG VIET
d
Tich phan bat dinh la phép toan nguoc clia dao ham: néu d—y = f(z) thiy = /f(:c) dr =
i

F(x) + ¢, trong d6 F’'(x) = f(x) va c la hang s6 tich phan (vi dao ham ctia mot hang s6 luén
bang 0, nén c6 vd s6 nguyén ham khac nhau mét hang s6). Cach kiém tra két qua tich phan:
|ay dao ham cua dap s6, néu ra ding ham ban dau thi két qua dung.

13.2 Standard Integrals: Powers of x

Forn + —1:

n+1
/x” do = = +c, /k:dx = kx + ¢ (k constant).
n+1

Integration is linear: / [af(m)+bg(x)]dx:a/f(:n) dm+b/g(x) dx.
. GIAI THICH TIENG VIET

n+1
VéGin + —1: /:z:” do = $+ ] + ¢ - tang s6 m lén 1 r6i chia cho s6 mi mdi. Tich phan cé tinh
n

tuyén tinh giéng dao ham: tich phan cuia téng bang téng cac tich phan, hang sé nhan dugc gitr
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nguyeén.

Integrating a polynomial

Find /(63:2 —4x + 3) dx.
Solution.

/(6x2—4x+3)d;1::2x3—2x2+3:1;+c.

Negative and fractional powers

Find / (;3 _ 2\/5) dz.

Solution. Rewrite as 4773 — 221/2,

-2 3/2

4 2 4
/(4x_3—2x1/2)d$:4~x_2—2-2/2+c:—2x_2—3x3/2+c:—a;2—3303/2—1—0.

(1) L6i thuong gap: Never integrate z—1 = % using the power rule - it would require dividing
by n + 1 = 0, which is undefined. (Cambridge 0606 does not require the integral of % on its

own, but G;HJ is handled separately in Section 13.4.)

13.3 Integrating (az +b)"

Forn # —1and a # 0:

. (ax + b)"H
/(aa:—i—b) dx = W—i—c.

This reverses the chain rule: differentiating the right-hand side brings down a factor of a(n+1)
from the power and the chain rule, which cancels the a(n + 1) in the denominator.

- GIAI THICH TIENG VIET
Khi tich phan (az + b)", tdng sé mi lén 1, chia cho s6 mi m&i va chia thém cho hé s6 a (dao
ham cua phan bén trong) - day 1a phép nguoc cia quy tdc ham hop.

Integrating a linear expression raised to a power

Find /(Q:U —1)*dz.

Solution. Here a = 2, n = 4:

/(2x—1)4dx:(2z_1)5+c=(2x_1)5+c.

2x5 10
A negative coefficient of x

Find /(3 —22)3 da.
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Solution. Here ¢ = —2,n = 3:

3
/(3—2x)3dar—(_2)<4)+c——8+c.

(1) L6i thuong gap: Forgetting to divide by « is the most common error here - e.g. writing
[z — 1)z = M + ¢ (missing the factor of 2 from a). Always check your answer by
differentiating it: the chain rule should bring back exactly the original integrand.

1
ar +b

13.4 Integrals of ¢**** and

1 1 1
/eaachb dr = 76aa:+b +c, / dr = = In |ax IF b| +c.
a ar +b a

GIAI THICH TIENG VIET

Tich phan cta e®**? gilr nguyén dang mi nhung chia thém cho a; tich phan cla

chora
axr +

1 N e AL e s - o
= Injax + b| (dung gia tri tuyét doi vi In chi xac dinh v&i s6 duong).
a

Exponential and logarithmic-type integrals

Find a) [ ¢ da, () [ -7 d.

. 1
Solution. (a) [ e** 3 dx = 1643”—3 +c.

1 1
(b)/4x5_1dx:5/4x_1dx=5x4|n|4x—1y+c:i|n\4x—1|+c.

13.5 Integrals of Trigonometric Functions

. 1 1 . 1
/5|n(a:c+b) dx = —— cos(ax+b)+c, /cos(am+b) dx = = sin(az+b)+c, /sec2(aa:+b) dx = —tan(a:
a a a

- GIAI THICH TIENG VIET
Tich phan cta sin(az + b) ra — cos(ax + b) (d6i dau!) chia cho q; tich phan cltia cos(az + b) ra
sin(ax + b) chia cho a (khéng doi dau); tich phan cda sec?(az + b) ra tan(az + b) chia cho a.

Trigonometric integrals

Find [ [4cos(2z) — sec? z|dx.

Solution.

1. .
/4cos(2x) dr =4 x 3 sin(2x) = 2sin(2z), /sec2 rdr =tanzx.
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So the integral is 2sin(2z) — tanx + c.

(1) Léi thueng gap: It is easy to mix up the signs of sin and cos under integration versus differ-
entiation. Remember: differentiating cos introduces a minus sign; integrating sin introduces
the minus sign instead ([ sin = — cos +c), while integrating cos does not.

13.6 Finding the Equation of a Curve

Using a known point to find the constant of integration

d . .
If d—y = f(x) and the curve passes through a known point (z, y, ), integrate toget y = F(z)+c,
T
then substitute z = z,, y = y, to solve for c.

GIAI THICH TIENG VIET

s s . d N « s . , A 2z
Khi biét ham gradient d—y = f(z) va mét diém ma dudng cong di qua, ta tich phan dé duoc
X
y = F(z) + ¢, sau dé thay toa d6 diém da biét vao dé tim ¢ - day la cach duy nhat dé xac dinh
chinh xac dudng cong trong ho vé s6 dudng cong sai khac nhau mot hang sé.

Finding the equation of a curve

A curve has gradient function Z—y = 322 — 6x and passes through the point (1,4). Find the
X

equation of the curve.
Solution. Integrating: y = 2% — 322 + ¢. Substituting (1,4): 1 —3+c¢ =4 = ¢ = 6. So
y =23 — 322 +6.

Yy
—c=2
— o=
\/ ——c=10
’ \/
1 _\ 1 / x
51
Three members of the family y = 3 — 322 + ¢, differing only by a vertical shift. The member passing through (1, 4) has

c = 6.
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13.7 Definite Integrals and Area Under a Curve

The definite integral of f(z) fromz =atoxz =bis

b

b
[ f@)do= (F@). = F®) - Fla),

where F'(z) = f(x). If f(z) > 0 on [a,b], this definite integral equals the area enclosed
between the curve y = f(z), the z-axis, and the lines x = a, x = b.

. GIAI THICH TIENG VIET
b
Tich phan xac dinh / f(z)dz = F(b) — F(a) (thay can trén trir thay can duéi vao nguyén

ham). Néu f(x) > 0 trén [a,b], gia tri nay chinh la dién tich gitra d6 thi, truc hoanh va hai
dudng thang = a, z = b.

Evaluating a definite integral

3
Evaluate/ (22 + 1) da.

1
Solution.

3
/(2:c+1)d3::[3:2—1—96]?:(9+3)—(1+1):12—2:10.

Area under a curve

Find the area enclosed between y = 22, the z-axis, and the lines x = 0, z = 3.

Solution. s
3 3 92
Area:/azzdx:[x] :—7—0:
b 3], 3

Y

——

O 3

3
The shaded area under y = 22 from = = 0 to = = 3 equals / x2dx = 9.
o
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When the curve dips below the x-axis

If f(x) < 0 somewhere on [a, b], the definite integral over that portion is negative, but area is
always positive. The area of a region below the axis is the absolute value of the corresponding
integral. If the curve crosses the z-axis within [a, b], split the interval at each crossing point,
evaluate the integral over each piece separately, take the absolute value of each piece, then

add.

. GIAI THICH TIENG VIET

Néu d6 thi nam dudi truc hoanh, tich phan xac dinh sé ra gia tri am, nhung dién tich luén
duong - phai 13y gia tri tuyét déi. Néu do thij cat truc hoanh trong khodng dang xét, phai chia
nhé khoang tai diém cat, tinh tich phan tirng doan, |3y tri tuyét déi tirng doan rdi cong lai -
khéng duoc tinh tich phan nguyén khoang roi lay tri tuyét déi mot [an (vi cdc phan duong am
c6 thé triét tiéu 1an nhau).

Area when the curve is below the axis

Find the area enclosed between y = 22 — 4 and the z-axis, between z = —2 and = = 2.
Solution. Since 22 — 4 < 0 for —2 < z < 2 (with equality only at the endpoints), the curve lies
on or below the axis throughout.

[ [ﬂj_%]: C(Bog) o (Ses) -2

. . . . 32
The integral is negative, so the area is the absolute value: Area = 3

x

y = 2 — 4 lies below the z-axis on (—2, 2); the definite integral there is negative, but the shaded area equals its

2
absolute value, %

A curve that crosses the axis - splitting the interval

Find the total area enclosed between y = 2% — 1, the z-axis, and the lines x = —1 and = = 2.
Solution. y = 22 — 1 = 0 at z = +1, so the curve crosses the axis at x = 1 (within [—1, 2]):
negative on (—1, 1), positive on (1, 2). Split the interval.

T o )
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.. 4
This piece has area 3

[rova=[F- (-9~ G-9)-2- (-4

4
This piece has area 3 Total area =

(1) L6i thuwong gap: For the previous example, computing fj(zQ —1) dx directly (without split-

%
ting) gives [%3 —x]_l =(5-2)—(—3+1) = 2 —2 = 0 - this is the net signed integral,
where the negative area on (—1, 1) exactly cancels part of the positive area on (1, 2). It is not
the total enclosed area (%). Always check for sign changes of f(z) within the interval before

computing an area.

13.8 Area Between Two Curves

B Area between two curves

To find the area enclosed between two curves y = f(z) and y = g(x):

1. Solve f(x) = g(z) simultaneously to find the z-coordinates of the intersection points.

2. Determine which curve is on top (higher y-value) between the intersection points, e.g. by
testing one value of z in between.

b
3. Theareais / [(upper) — (lower)]|dxz, where a, b are the intersection z-values.

- GIAI THICH TIENG VIET
Dién tich gilra hai dudng cong: giai phuong trinh hoanh dé giao diém dé tim can tich phan, xac

b
dinh dudng nao & trén (thtr mét gia tri  nam gidra hai giao diém), réi tinh / [(trén)—(dudi)] dx.

Area between a line and a parabola

Find the area of the region enclosed between y = z + 2 and y = 2°.

Solution. Intersections: 22 = 2+ 2 =22 -1 -2=0= (z —2)(z +1)=0=z = —1or
T =2.
Whichis on top: at 2z = 0, the line gives y = 2 and the parabola gives y = 0, so the liney = 242
is on top between z = —1 and z = 2.
Area:
2 22 23712
/ [(z +2) — 2%]dx = [+2x—] .
” 2 3],
8 8 10 1 1 7
Atz =2:2 4——=6——-—=—.Atxr=-1: -——2 =,
) LN TR Rl R 5 " T37 7%
10 ( 7) 20 7 27 9
Area= — — |—— | = — 4+ - = — = —,
3 6 6 6 6 2
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—1 2

The shaded region between y = 2 + 2 (pink) and y = 22 (navy), from x = —1 to x = 2, has area g

(1) L6i thweng gdp: Always subtract upper minus lower, not the other way round, and always
check which curve is on top by testing a value of z strictly between the two intersection points
- do not assume from the shape of the equations alone, since the answer can change if the
curves cross more than twice.
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13.9 Practice

Bai tap luyén tap

-

Find /(8x3 —6x +5) dz.

Loi giai chi tiet

-

2z* — 322 + 5x + c.

Bai tap luyén tap
Find/%dx-
X

Loi giai chi tiét

_4 .I'_g _3 1
32~ % integrates to 3 x —3+c:—:c +c= —Ejtc.

Bai tap luyén tap

-

Find / 47 dz.

Loi giai chi tiet
3/2

8
42172 integrates to 4 x ——— = —23/2 ¢ ¢
x g X 3/2 +c 33: +c

Bai tap luyén tap

Which of the following is /(53: +2)3da?

(A) (5x + 2)* e (C) 5z +2)*+ ¢
20
(5z +2)* (5zx + 2)2
(B) 1 +c (D) o0 +c

Loi giai chi tiet

-

4 4
: M = M + c. Answer: A.

a=5n=38 "o T¢ 20

Bai tap luyén tap

Find /(1 — 3xz)* dz.
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Loi giai chi tiét

-

1— 5 1— 5
a:—3,n:4:—< 32) +c= (1—3z)

Bai tap luyén tap

Find/62x+3 dzx.

Loi giai chi tiét

1

_6213+3 + c.

Bai tap luyén tap

. 5
F|nd/4£_ | dz.

Loi giai chi tiet

Il\D

1 5
5><Z|n|4x—1|+c:zl|n\4x—1|+c

Bai tap luyén tap

Find /cos(5x) dx.

Lai giai chi tiét

’_\I

—sin(bz) + c.

I |

Bai tap luyén tap

Find / 3sin(2x) dx.

Loi giai chi tiét

-

1
3 x (—5) cos(2x) + ¢ = —g cos(2z) +c.

Bai tap luyén tap

Find / sec?(3x) du.

Thay Twong 0332747169 - Co6 Nancy 0983422 692
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Loi giai chi tiét

’_\I

—tan(3z) +c.

IoQ

Bai tap luyén tap

dy

Loi giai chi tiét

-

Bai tap luyén tap

X

Loi giai chi tiet

Bai tap luyén tap

3
Evaluate/ (2z + 1) dz.
1

Loi giai chi tiét

-

(22 +2]3=(9+3)—(1+1)=10.

Bai tap luyén tap

2
Evaluate/ (322 — 2) dx.
0

Loi giai chi tiet

-

[#3 —22])2 = (8 —4) — 0 =4.

Bai tap luyén tap

-

4
Evaluate/ Ve de.

1
Loi giai chi tiét
2 .01 2 2 16 2 14
22| =-8)—-z(U)=——7=+
[x]l 3 -3 =3-3=73

Thay Twong 0332747169 - Co6 Nancy 0983422 692
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A curve has gradient function e 4x — 5 and passes through (2, 3). Find y.
y=2x>—5r+c At(2,3):8—10+c=3=c=5.50y = 22? — 5z + 5.

. . d .
A curve has gradient function d—y = 622 + 2 and passes through (0, —1). Find y.

y=2x3+2x +c. At (0,—1): ¢ = —1. Soy = 223 + 2z — 1.
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Bai tap luyén tap

Find the area enclosed between y = 2, the z-axis, and the lines x = 1, = = 4.

Loi giai chi tiét

4 3
/ z2dr = [w_
A 3

Bai tap luyén tap

-

| I
= >
I

(=)
w| @
|
W =
I

|c»
(SV]
I
[}
—

Find the area enclosed by the curve y = 6z — 22 and the z-axis.

Loi giai chi tiét

6
Roots: #(6 —z) = 0 = = = 0,6 (curve is > 0 between them). Area = / (6z — 2?)dz =
0

2 z° ’
3z -3 = (108 — 72) — 0 = 36.
0

Bai tap luyén tap

-

Find the area enclosed between y = z2 — 4z, the z-axis, and the lines z = 0, z = 2.

Loi giai chi tiét

-

2
On (0,2), 2 — 4z = z(x — 2)(z + 2) is negative (e.g. at x = 1: 1 — 4 = —3). / (23 — 4z) dz =
0
2

$4
[——23:2] =(4—8)—0=—4. Area = 4.
4 0

Bai tap luyén tap

Find the total area enclosed between y = 22 — 1, the z-axis, and the lines z = —1, z = 2 (the
curve crosses the axis at z = 1).

Loi giai chi tiét

-

1

/1(:132—1)dz
/2(x2—1)d

Total area =

K
I
Wl

2 4 area piece 4
— X = —_——— = = ==y =
3 P 3

w| 8, |8,

—z —g—<——>—éarea iecez—l
~3 ~ grareapece s

ol
_l’_

I
| o

Bai tap luyén tap

Find the points of intersection of y = 22 and y = 2z + 3, and hence find the area of the region
enclosed between them.

Thay Twdng 0332747 169 - Cb6 Nancy 0983422 692 Cambridge IGCSE Additional Mathematics - Trang 208



8020 Chuyén luyén thi IELTS/SAT — AP /IB / A-levels

ENGLISH

Loi giai chi tiét

?=2r+3=2>-2r—-3=0=(r—3)(x+1)=0= 2 =—1,3. Atz = 0 the line (y = 3) is
above the parabola (y = 0).

Area=/_j[(2a:+3)—x2]da:: [x2+3a:—x—3]_ =9—<—§) _ 32

' Bai tap luyén tap
Which of the following is the correct value of / a% dxz?
3 3
(A) ——5 tc (€ —— tc
x a5
3 6
(B) = +c (D) — +c
X x

Loi giai chi tiet

-2
. 3
6273 integrates to 6 x a:_2 +ec=-3z2+c= —— tec Answer: A.
x

Bai tap luyén tap

/6
Evaluate / cos(2x) dz.
0

Loi giai chi tiét

|

Bai tap luyén tap

w61 a 1
sin(2x)] =_sin(-)—0=-x
, —29(5)-0=3

N | =

Find the area enclosed between the curve y = 4 — 22 and the line y = 1.

Loi giai chi tiet

-

Intersections: 4 — 22 = 1 = 22 = 3 = x = ++/3. The curve is above the line between these
values.

V3 V3
Area:[\; [(4—$2)—1]dw:/_\;(3—$2)dw: {330—3:—3} = 2v/3 — (—2V/3) = 4V/3.

Bai tap luyén tap

Q‘I

Given % = 322 — 122 + 9 and the curve passes through the origin, find y.
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Loi giai chi tiét

y =23 — 622+ 9x + c. At (0,0): ¢ = 0. Soy = 23 — 622 + 9z.

Bai tap luyén tap

Which of these is the correct indefinite integral of sin(4x)?
(A) —% cos(4z) + ¢ (C) —4cos(4x) + ¢

(B) i cos(4z) + ¢ (D) 4cos(4x) + ¢

Lai giai chi tiét

-

1
/sin(4x) dr = ~1 cos(4x) + c. Answer: A.

Bai tap luyén tap

2

Evaluate/ (322 + 2z2) dx.
—1

Loi giai chi tiet

-

2+ 222, = (8+4)— (—1+1) =12 -0 = 12.

Bai tap luyén tap

Find the area of the region bounded by y = 22 — 2z — 3 and the z-axis.

Loi giai chi tiét

Roots: (z — 3)(z +1) = 0 = = = —1, 3 (curve is negative between them, opening upward).

3 . 3
[1(x2—2w—3)d1‘: [%—ﬁ—Saz]_l =(-9)— (g) :_%_ Area = 33—2

Bai tap luyén tap

k
Find & > 0 such that / (4z + 2) dz = 40.
0

Lai giai chi tiét

222 + 22])f =2k + 2k =40 = K>+ k—20 =0 = (k—4)(k+5) = 0 = k = 4 (rejecting
k = —b).

Bai tap luyén tap

-

. . oy d .
Find the equation of the curve with d—y = e2¥ — 1, passing through (0, 3).
xr
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Loi giai chi tiét

'—‘I

1 ) 1 )
y:§e2m—x—|—c.At(O,3): §+c:3:>c:§. 50y2562x—x—|——.

2
Bai tap luyén tap

Find the area between y = 2% and the z-axis from z = —1 to « = 1 (note the curve crosses
the axis at z = 0).

Loi giai chi tiet

0 40
x3dx = [az_] =0-—
=1

= 1 areal
4 4 '

. 1
By symmetry the two pieces have equal area. / 1 1 1
Lq

1

1 1 1 1 1 . . .

/ z3dx = o area 0 Total area = i + 1= 3 (The net signed integral over [—1,1] is 0 by
0

symmetry, but this is not the enclosed area.)
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Kinematics

o e LR B (e Tt e Y N [ a i ds . . . d d?
Muc tiéu Unit: Hiéu mai lién hé gilra d6 doi (displacement) s, van toc v = £ vagiatéca = dit) = Ej

clia mét chat diém chuyén dong thing theo thdi gian t; dung dao ham dé tim v(t), a(t) tUr s(t); dung
tich phan (kém diéu kién ban dau) dé tim v(t) tir a(t) va s(¢) tir v(t); phan biét quang duong di dugc
(distance) v&i d6 doi (displacement) khi van téc d8i dau; tim van tc/dd ddi I6n nhat, nhé nhat bang ky
thuat diém dirng; doc va giai thich db thi do d&i-thoi gian va van téc-thoi gian.

14.1 Displacement, Velocity and Acceleration

B The kinematics chain

For a particle moving in a straight line, with displacement s measured from a fixed origin at
time ¢:

v = d—i (velocity, the rate of change of displacement),

_dv d?s

T T ae

A positive value of s, v, or a means the corresponding quantity points in the chosen positive

direction; a negative value means the opposite direction. The particle is instantaneously at
rest when v = 0.

(acceleration, the rate of change of velocity).

GIAI THICH TIENG VIET

. A~ e ~ ~ < A ~ d by Y 2 ~ e e . .
V6i chat diém chuyén dong thang: van téc v = d—j la dao ham ctia d6 doi theo thoi gian; gia

g d d? g g s e R .
toca = dit) = Ej |3 dao ham cua van téc (dao ham cap hai ctia do doi). Dau duong/am chi
huéng chuyén déng theo quy udc da chon. Chat diém tam dirng tai thoi diém v = 0.

14.2 Using Differentiation: From Displacement to Velocity and Acceleration

Basic differentiation in kinematics

A particle moves so that its displacement at time ¢ seconds is s = t?> — 6t + 5 metres. Find its
velocity and acceleration, and the time at which it is instantaneously at rest.

. d d .
Solution. v = d—j =2t—6.a= d—: = 2 (constant acceleration).
Atrest: 2t —6=0=t=3s.
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A cubic displacement function

A particle moves so that s = t3 — 6t2 + 9t (metres, t > 0 in seconds), starting from s = 0 at
t = 0. Find v(t) and a(t), and the times at which the particle is instantaneously at rest.
Solution.

d d
v:d—‘z:3t2—12t+9:3(t2—4t+3):3(t—1)(t—3), a:d—::6t—12.

v=0whent=1ort=3.

6
t=1
4+
2 4
t=3
: : - : t
1 2 3 4

Displacement-time graph of s = 3 — 6t2 + 9¢: the gradient (velocity) is zero at t = 1 and ¢ = 3, where the particle is
momentarily at rest.

- GIAI THICH TIENG VIET
TUr ham do6 dai s(t), lay dao ham mot [an dugc van toc o(t), 1y dao ham thém [an nira (hodc
dao ham clia v(t)) dugc gia téc a(t). Chat diém tam dirng khi v(t) = 0; day thudng la cac thoi
diém db thj s-t c6 ti€p tuyén nam ngang.

14.3 Using Integration: Recovering Velocity and Displacement

Reversing the chain

Since integration reverses differentiation:

A definite integral of v(t) over [t,,t,] gives the (signed) displacement of the particle over that
time interval directly, without needing to know the constant of integration:

ta
s(ty) — s(t,) _/ ot) dt.
ty
GIAI THICH TIENG VIET
Vi tich phan 1a phép nguoc clia dao ham: v(t) = /a(t) dt va s(t) = /v(t) dt, moi lan tich

phan can mét diéu kién ban dau dé xac dinh hang sé c. Tich phan xac dinh cta v(t) trén [t,, t,]
cho ngay d6 doi (c6 dau) trong khodng thoi gian dé, khéng can biét hang sé c.
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Integrating acceleration to find velocity and displacement

A particle has acceleration a(t) = 4 — 2t (m/s?). Initially (t = 0) its velocity is 3 m/s and its
displacement is 0. Find v(¢) and s(¢).

Solution. v(t):/(4—2t)dt:4t—t2+c1.Att:O:v:3:>cl:3,50

v(t) = —t? + 4t + 3.

t3
S(t)Z/v(t)dt=—3+2t2+3t+c2.Att:0, s=0=c, =0.
t3
s(t) :—§+2t2+3t.

Definite integral of velocity gives displacement

A particle has velocity v(t) = 3t> —12t+9 (m/s). Find the displacement of the particle between
t=0andt=2.
Solution.
/ (3t2 — 12t +9)dt = [t3—6t2+9t]3 =(8—-24+18)—0=2,
0
The particle’s displacement over this interval is 2 m (regardless of any turning points in between
- the definite integral automatically accounts for the net change).

14.4 Distance Travelled versus Displacement

Distance is not the same as displacement

Displacement is the net (signed) change in position; distance travelled is the total length of
the path, always > 0, and adds up regardless of direction. If the velocity keeps the same sign
throughout a time interval, distance = |displacement| over that interval. If the velocity changes
sign (the particle reverses direction) at one or more times within the interval, the interval must
be split at each such time; compute the displacement over each sub-interval, take the absolute
value of each, and add them to get the total distance.

- GIAI THICH TIENG VIET
D6 doi 1a thay déi vi tri cé dau (net); quang dudng ludn duong va cdng don bat ké hudng di
chuyén. Néu van téc khéng déi dau trong khoang thoi gian xét thi quang dudng = tri tuyét déi
clia do doi. Néu van téc d6i dau (chat diém doéi hudng) tai mot hay nhiéu thai diém, phai chia
nhé khoang thai gian tai cac thoi diém dé, tinh dé doi tirng doan, 13y tri tuyét déi réi cdng lai.

Distance vs. displacement with a direction reversal

For the particle s = 3 — 6t + 9¢ from Section 12.2 (stationary att = 1 and ¢ = 3), find the
total distance travelled between ¢t = 0 and ¢t = 4, and compare with the displacement over the
same interval.

Solution. s(0) = 0,s(1) =1 —6+9 =4, 5(3) = 27 — 54 + 27 = 0, s(4) = 64 — 96 + 36 = 4.
Checking the sign of v in each sub-interval: for0 < ¢t < 1 (testt = 0.5): v = 3(0.5—1)(0.5—3) =
3(—0.5)(—2.5) = 3.75 > 0 - moving forward. For1 < ¢t < 3(testt =2): v = 3(1)(-1) = -3<0
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- moving backward. For 3 < ¢t < 4 (test ¢t = 3.5): v = 3(2.5)(0.5) = 3.75 > 0 - moving forward
again.

e t =0 — 1: moves from s = 0 to s = 4, distance = 4.

e t =1 — 3: moves from s = 4 back to s = 0, distance = |0 — 4| = 4.

e t =3 — 4: moves from s = 0 to s = 4, distance = 4.

Total distance = 4 + 4+ 4 = 12 m. Displacement over [0, 4] is simply s(4) —s(0) =4—0=4m
- much less than the total distance, because the backward and forward motions partly cancel
in the net displacement.

backward (t =1 — 3)
forward

L=

s=0,1=b s=>4, t=1
forward again (t = 3 — 4)

The particle travels forward, then reverses, then travels forward again - each leg of length 4 contributes separately to
the total distance of 12, even though the net displacement over [0, 4] is only 4.

() Loi thuong gap: Never compute total distance by taking |s(t,) — s(t,)| directly when the
velocity changes sign in between - this only gives the (net) displacement, not the total distance.
Always check whether v(t) = 0 anywhere inside the interval first.

Distance and displacement together

A particle moves so that s = 5t — t? (metres) for 0 < ¢t < 6 seconds. Find the maximum
displacement, and the total distance travelled in the first 6 seconds.

Solution. v =5—2t =0 = ¢t = 2.5; a = —2 < 0, confirming a maximum. s(2.5) = 12.5—6.25 =
6.25 m (maximum displacement).

s(0) = 0, s(6) = 30 — 36 = —6.

For0 <t < 25: v > 0(eg. v(0) =5 > 0), moving forward from s = 0 to s = 6.25: distance
= 6.25.

For25 <t < 6:v<0(g v6) =5—12 = —7 < 0), moving backward from s = 6.25 to
s = —6: distance = |—6 — 6.25| = 12.25.

Total distance = 6.25 + 12.25 = 18.5 m. Displacement over [0, 6] is s(6) — s(0) = -6 —0 = —6
m.

14.5 Maximum and Minimum Values in Motion

Extreme displacement and extreme velocity

The displacement s(¢) has a stationary value (local maximum or minimum position) where v =
2

ds

e e d . . .
i 0; classify it using a = Es exactly as in Chapter 12 (¢ < 0: maximum displacement;

a > 0: minimum displacement). Similarly, the velocity v(¢) has a stationary value (maximum or

minimum speed in the given direction) where a = dit) = 0; the sign of a just before and after

(or d—j) determines whether it is a maximum or minimum velocity.
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- GIAI THICH TIENG VIET
D6 doi s(t) dat cuc tri khi v = 0, phan loai bang diu cla a (giéng hét ky thuat diém dirng &
Chuong 12: a < 0 1a cyc dai, a > 0 la cuc tiéu). Tuong ty, van toc v(t) dat cuc tri khia = 0,
phan loai bang cach xét dau a trudc va sau thdi diém dé.

Maximum velocity

A particle has velocity v(t) = 20t — 4t (units per second) for 0 < ¢ < 5. Find the maximum
velocity and the time at which it occurs.

d . .
Solution. a = d—;} =20—8 =0=t=2.5.Sincea >0fort <25anda < 0fort > 2.5 (i.e.

d .. .
d% = —8 < 0), this is a maximum.

v(2.5) = 20(2.5) — 4(2.5)2 = 50 — 25 = 25.

The maximum velocity is 25 units per second, occurring at ¢t = 2.5 s.

14.6 Displacement-Time and Velocity-Time Graphs

On a displacement-time graph, the gradient at any point equals the velocity. On a velocity-
time graph, the gradient at any point equals the acceleration, and the area between the graph
and the time-axis over an interval equals the (signed) displacement over that interval - area
below the axis (negative velocity) counts as negative displacement.

- GIAI THICH TIENG VIET
Trén d6 thi d6 doi-thoi gian, dé doc tai mot diém chinh 13 van téc. Trén d6 thi van téc-thai
gian, d6 doc la gia toc, con dién tich gitra d6 thi va truc thai gian chinh 13 d6 doi (c6 dau) -
phan dién tich dudi truc (van téc am) duoc tinh 1a do doi am.

Area under a velocity-time graph

A car accelerates uniformly from rest to 12 m/s in 4 s, travels at a constant 12 m/s for the next
6 s, then decelerates uniformly to rest over the final 3 s. Find the total distance travelled.
Solution. The v-t graph is a trapezium made of three straight-line pieces. Distance is the total
area underneath:

e 0to4s(triangle): 3 x 4 x 12 =24 m.

e 4to 10 s (rectangle): 6 x 12 = 72 m.

e 10to 13 s (triangle): 1 x 3 x 12 =18 m.

Total distance =24 + 72 + 18 = 114 m.
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ENGLISH

5

10

— V(g
2 4 6 8 10 12 14

Velocity-time graph: uniform acceleration (0-4 s), constant velocity (4-10 s), uniform deceleration (10-13 s). The shaded
area equals the total distance travelled, 114 m.

(1) Loi thueng gap: On a velocity-time graph, area below the time-axis represents motion in
the negative direction and must be subtracted (not added) when finding net displacement, but
added as a positive contribution when finding total distance. Always identify which quantity
(displacement or distance) is being asked for before combining areas.
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14.7 Practice

Bai tap luyén tap

A particle moves so that s = t? — 8t + 3 (metres). Find its velocity and acceleration.

Loi giai chi tiét

v = 2t — 8; a = 2 (constant).

Bai tap luyén tap

For the particle in the previous question, find the time at which it is instantaneously at rest,
and its displacement at that time.

Loi giai chi tiet

-

2%—8=0=t=4s. s(4)=16—32+3=—13m.

Bai tap luyén tap

A particle has s = 2 — 3t2 — 9t + 2 (t > 0). Find v(¢) and the value(s) of ¢ > 0 at which the
particle is at rest.

Loi giai chi tiet

-

v=23t2—6t —9=3(t—3)(t+1). Fort > 0, the only valid root is t = 3 s (rejecting t = —1).

Bai tap luyén tap

A particle has s = 2t —9t2 412t (¢t > 0). Find v(¢) and a(t), and the times at which the particle
is at rest.

Lai giai chi tiét

-

v="6t2—18t+12=6(t — 1)(t —2); a = 12t — 18. Atrestwhent =1 or t = 2.

Bai tap luyén tap

For the particle in the previous question, classify each stationary point (of displacement) using
the acceleration.

Loi giai chi tiet

Att=1:a =12—18 = —6 < 0, maximum displacement, s(1) =2 -9+ 12 = 5. Att = 2:
a =24 —18 = 6 > 0, minimum displacement, s(2) = 16 — 36 + 24 = 4.

Bai tap luyén tap

For the same particle (s = 2t3 — 9t? + 12t), find the total distance travelled between ¢t = 0 and
t = 3, and compare with the displacement over the same interval.
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Loi giai chi tiét

s(0) =0,s(1) =5,s(2) =4, s(3) =54—81+36 = 9. Velocity is positive on (0, 1), negative on
(1,2), positive on (2, 3) (matching the stationary points found above).
Distance: |5 — 0|+ |4 — 5|+ |9 —4| =5+ 1+ 5 = 11 m. Displacement: s(3) — s(0) =9 m.

Bai tap luyén tap

A particle has velocity v(¢) = 6t — 6 (m/s) and initial displacement s(0) = 4 m. Find s(t).

Loi giai chi tiét

-

s=2t3—6t+c. Att=0:c=4. S0 s(t) = 2t3 — 6t + 4.

Bai tap luyén tap

A particle has acceleration a(t) = 6 (m/s?, constant), with v(0) = 2 m/s and s(0) = 0. Find s(¢)
and evaluate s(3).

Lai giai chi tiét

-

v =6t42. 5 =3t2+ 2t s(3) =27+ 6 =33 m.

Bai tap luyén tap

A particle has velocity v(t) = 3t — 12t + 9 (m/s). Find the displacement between ¢ = 0 and
t = 2 using a definite integral.

Loi giai chi tiet

2
/ (B3t2 =12t +9)dt =[t3 —6t2 + 9t]2 = (8 —24 + 18) —0=2m.
0

Bai tap luyén tap

A particle has acceleration a(t) = 4 — 2t, with v(0) = 3 and s(0) = 0. Find v(¢) and s(t).

Loi giai chi tiet

-

. t3 .
v =4t —t% + 3 (using v(0) = 3). s = 2t% — = + 3t (using 5(0) = 0).

Bai tap luyén tap

A particle has velocity v(t) = 20t — 4t2 for 0 < ¢ < 5. Find the maximum velocity and the time
at which it occurs.

Loi giai chi tiet

a =20—8t =0 = t = 2.5; since a changes from positive to negative, this is a maximum.
v(2.5) = 50 — 25 = 25.
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Bai tap luyén tap

A particle moves so that s = 5t — t? for 0 < ¢t < 6. Find the maximum displacement and the
total distance travelled in the first 6 seconds.

Lai giai chi tiét
v=5-2t=0=1t=25a=—2<0, maximum. s(2.5) = 12.5 —6.25 = 6.25 m.

s(0) =0, s(6) = 30 — 36 = —6. Distance = |6.25 — 0| + | — 6 — 6.25| = 6.25 + 12.25 = 18.5 m.
(Displacement over [0, 6] is —6 m.)

Bai tap luyén tap

A car accelerates uniformly from rest to 16 m/s in 5 s, then travels at a constant 16 m/s for 8 s,
then decelerates uniformly to rest in 4 s. Find the total distance travelled using the area under
the velocity-time graph.

Loi giai chi tiet

-

Triangle (0-5 s): % x 5 x 16 = 40 m. Rectangle (5-13 s): 8 x 16 = 128 m. Triangle (13-17 s):

2 x4 x 16 = 32 m. Total = 40 + 128 + 32 = 200 m.

Bai tap luyén tap

On a displacement-time graph, the particle is instantaneously at rest at points where:

(A) the gradient of the graph is zero (C) the graph has its steepest slope

(B) the graph crosses the time-axis (D) the curve is concave up

Loi giai chi tiet

The gradient of an s-t graph is the velocity; it is zero exactly when the particle is at rest.
Answer: A.

Bai tap luyén tap
On a velocity-time graph, the area between the graph and the time-axis over [¢,, ¢, ] represents:

(A) the acceleration (C) always the total distance travelled

(B) the (signed) displacement over [¢,, t,] (D) the average acceleration

Loi giai chi tiet

-

The area under a v-t graph equals the definite integral of v(t), which is the signed displacement;
it equals the total distance only when the velocity does not change sign in [t,,¢,]. Answer: B.

Bai tap luyén tap

A particle’s velocity is negative and does not change sign throughout an interval [¢,, ¢,]. Which
statement is true?
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(A) Thedistance travelled equals |displacement| displacement’s absolute value

over that interval (C) The displacement must be positive

(B) The distance is always greater than the (D) The particle’s acceleration must be zero

Loi giai chi tiet

Since the velocity keeps a constant sign, there is no reversal, so distance and |displacement|
coincide exactly. Answer: A.

Bai tap luyén tap

A particle has s = t3 — 12t + 3 (t > 0). Find the values of ¢ at which the particle is at rest, and
classify each.

Loi giai chi tiét

v=3t2—-12=0=t>=4=t =2 (rejectingt = —2sincet > 0). a = 6t,att =2: a = 12 > 0,
so this is a minimum displacement, s(2) =8 — 24 + 3 = —13.

Bai tap luyén tap

A particle has acceleration a(t) = 2t — 6, with v(0) = 5 and s(0) = 1. Find v(¢) and s(t).

Loi giai chi tiet

. t3 .
v =12 — 6t + 5 (using v(0) = 5). s = == 3t2 4 5t + 1 (using s(0) = 1).

Bai tap luyén tap
For the particle in the previous question, find the time(s) at which it is instantaneously at rest.
Loi giai chi tiét

v=t?

|
D
IS
+
(@)
|

=(t—1)(t—5)=0=t=1ort=>5.

Bai tap luyén tap

A particle moving in a straight line has velocity v(t) = t*> — 4t (m/s) for t > 0. Find the total
distance travelled between ¢t = 0 and ¢t = 6.

Loi giai chi tiét

v=1t(t—4) =0att=0,4; negative on (0,4), positive on (4,6).

4 3 4
t 64 32 32
2 —4t)dt = |— —2t2| = (——32) — 0 = ——, distance piece —.
[ = E } . 2 piece &

3 6

/46(t2—4t)dt: {g—zti:(m—m)— (634—32> =0— (-?) :%2.
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32 32 64
Total distance = °= + 22 = 2" m.
Otal distance 3 -+ 3 3 m

Bai tap luyén tap

Which of the following best describes the relationship between the three kinematics quanti-
ties?

differentiate differentiate differentiate differentiate

(A) s v a (C) a v

S

integrate integrate differentiate differentiate
\

(B) s s v a (D) v s

a

Loi giai chi tiét

Differentiating displacement once gives velocity; differentiating again gives acceleration
(equivalently, integrating acceleration gives velocity, and integrating velocity gives displace-
ment). Answer: A.

Bai tap luyén tap

A particle has displacement s = 3 —6t? + 9t +2 for 0 < t < 5. Find the particle’s displacement
at¢ =0and at ¢ = 5, and hence its net displacement over [0, 5].

Loi giai chi tiét
s(0) = 2. s(5) = 125 — 150 + 45 4+ 2 = 22. Net displacement = 22 — 2 = 20 m.

Bai tap luyén tap

For the particle in the previous question, find the times at which it is at rest within 0 < ¢ < 5.

Loi giai chi tiét

v=23t2—12t+9=3(t—1)(t —3) = 0=t = 1 or t = 3, both within [0, 5].
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On tap nhanh

e Ham s6: mién xac dinh/mién gia tri, ham mot-moét, ham hop fg(z) = f(g(z)), ham nguoc
(d6i x < y), d6 thi |f(z)|, cAc phép bién d6i d6 thi (tinh tién, d6i xtrng, co gian).

e Ham bac hai: hoan thanh binh phuong a(z — h)? + k, biét thirc A = b — 4ac, bat phuong
trinh bac hai bang bang xét dau.

e Chi s, can thirc, da thirc: quy tic luy thira/can, phép chia da thirc, dinh Ii s6 duw va dinh i
nhan tt (f(a) = 0 < (z — a) la nhan t).

e Hé phuong trinh: thé mot an vao phuong trinh con lai; hé bac nhat-bac hai cho toi da hai
nghiém.

e Log vamii log (zy) = log, x + log, y, d6i co s log, b = In—b giai phuong trinh mi bang

i Ina’
logarit.

e Dudng thang: y = ma + ¢, hai dudng vudng géc khi m;m, = —1, dua vé dang tuyén tinh
hodY = mX +c. . .

e Sd do radian: s = rf, dién tich quat 57“26, dién tich vién phan 57”2(0 —sin@).

e Luwong giac: sin0 + cos20 = 1, 1 + tan? 0 = sec? 4, phuong trinh lvgng giac trén mét chu
ky.

e Chinh hop - t6 hgp: "P,. =

L n!
; (co thir tuw), "C, =

(n—r)! rli(n —r)!
n) a™ "b", 56 hang téng quat (7)a" "b".

(khong thir tu).

r

e Nhij thire: (a +b)" = Z (

e b
e Vector: |v| = /22 + 2, dinh li ti s6 OP = ratmb

, song song <> |a boi s6 cua nhau.
m+n

R s , e e, d - N
e Dao ham: quy tac luy thira, ham hop, tich, thuong; diém dirng d—y = 0, phan loai bang d—z;
qy qy
ti€p tuyén/phap tuyén.
e Tich phan: phép ngugc ciia dao ham, luén cé +c (trir tich phan xac dinh); dién tich dudi
truc phai lay tri tuyét déi; dién tich gitra hai duong la [(trén — dudi).
d d R T L e e e . . ,
d—j, a = d—;}; quang duong #+ dé doi khi van toc doi dau - ludn chia nho
khoang thai gian tai cac diém v = 0.

e Pong hoc: v =
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