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GIGI THIEU

8020 Education — déng hanh tl 16p 1t&i dai hoc

8020 day Todn tu duy, Olympiad va tiéng Anh hoc thudt theo mét 16 trinh néi lién: nén & cdp 1, ky thi d4u va hoc thuat bang
tiéng Anh & cdp 2, h6 sc du hoc & cap 3. Mbi ky thi L& mdt cot mbc trén dudng di, khéng phai vach dich. B4 sdch nay do bé
phén hoc thuit 8020 tu bién soan — moi bai la bai gbc, i gidi dd soat dbc ldp — va di kém khu luyén online cling tén trén

luyenthi8020.com.
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Hoc vién & phu huynh néi gi

Bai test dau vao AMC 12 - nhan xét cha gido vién
80/100 — muc Kha t&t. Can cai thién 2 phan: trinh bay (i gidi chi tiét va t8c d6 xUr ly bai phic tap. Giai doan tdi bdm sat
ngan hang dé cla héi déng thi — budc dém hudng tdi AIME.

Hoc vién AP, muia diém 7/2026
“Em cdm dn thay d3 ludn hd trg em trong thdi gian hoc va thi. Nh& c¢é thdy ma em hoc viing hon rat rat nhiéu.” — Calculus
BC 5 - Microeconomics 5 - Chemistry 5

Phu huynh hoc vién AMC 12
“Dlng vay em, SAT Math. Kém it budi luyén thi gilp chi.” — hoc tiép SAT Math sau AMC

Luyén tiép trén web 8020

luyenthi8020.com/olympiad/amc-8/
Luyén tiép online: bai tAp theo chd dé + dé thi thit AMC, chdm diém ngay

luyenthi8020.com/gioi-thieu/amc/
Gidi thiéu ky thi AMC = AIME: lich thi, cdu tric @&, cdch dang ky

luyenthi8020.com/olympiad/
Toan b6 khu Toan Olympiad: AMC 8- 10-12, TIMO l6p 1 — 10+

Test dau vao mién phi — 8020 cham, chi ra mang con yéu va ggi y 16 trinh. Nhdn Zalo hodc WhatsApp:

@ Zalo - WhatsApp 0332 747 169 - 0983 422 692 - luyenthi8020.com
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CAu 1-10 khai ddng, 11-20 trong tAm, 21-25 rat khd. Bo tréng cau khong chic la moét chién thut: 1,5 diém chac

Nhu AMC 10 céng thém lugng gidc, logarit, s6 phfc, da thic béc cao, hinh gidi tich — chudng trinh t8i hét 18p 12,

AMC 8 & mét trang
Hinh thi'c 25 ciu trdc nghiém, 5 lua chon (A)—(E), 75 phut, khéng mdy tinh.
Cham Plng 6 diém - bo tréng 1,5 diém - sai O diém. T6i da 150.
diém
D6 khé
chdn > dodn blra (ky vong 1,2 diém).
Vong sau  Diém dl ngudng (thudng quanh 100-110 v8i AMC 10, 85-95 vdi AMC 12) dudc mdi thi AIME, roi
USAMO/USAIMO.
Néi dung
khong giai tich.
Cach dung sach

Méi chudng di theo ding nhip hoc mét dang todn thi d4u: Kién thitc trong tAm (dinh nghia, dinh ly phat biéu bang tiéng Anh

nhu d@é thi, kém gidng gidi tiéng Viét) — Vi du mau cd l&i gidi va dong Insight chi ra y tudng then chét — ba tang bai tp: %
Nén tang (muc ciu 5-12), %k Trong tam ky thi (mUc cau 12-20), %k % Thir thach (muic cdu 20-25). Ky hiéu ¢ canh s6
bai 15 d6 khé 1-5.

Lam bai ra gidy trudc, chi ma I8i gidi 8 cudi sach khi d3 thi it nhat mét hudng. Ba dé thi thir cusi sach lam ding 75 phut,

cham theo
Muc luc

Ch.1

thang 6/1,5/0.

Arithmetic Fluency — Fractions, Decimals & Percents
Tinh todn thanh thao — phéan s, thap phan & phan trém

Ch.2 Ratios, Rates & Proportional Reasoning
Ti s6, ti 1& & suy luan ti & thuin

Ch.3 Algebra — Expressions, Equations & Word Problems
Pai s6 — biéu thic, phuang trinh & todn L&i van

Ch.4 Patterns, Sequences & Logical Reasoning
Quy luét, day s8 & suy luan logic

Ch.5 Number Theory — Divisibility, Primes & Factors
S8 hoc — chia hét, s6 nguyén t8 & udc

Ch.6 Digits, Remainders & Number Puzzles
Chir s6, s6 du & ciu d8 sb

Ch.7 Counting | — Lists, Rules & Casework
DEm 1 — it k&, quy tdc dém & chia trudng hop

Ch.8 Counting Il — Arrangements, Choices & Complements
DEm 2 — sdp xép, chon & phan bu

Ch.9 Probability & Statistics
Xdc suat & théng ké

Ch.10  Angles, Triangles & Polygons
Géc, tam giadc & da gidc

Ch. 1 Area, Perimeter & the Pythagorean Theorem
Dién tich, chu vi & dinh ly Pythagoras

Chinh phuc AMC 8 —4 —
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Ch.12 Circles, Coordinates & 3D Solids
Dudng tron, toa dé & hinh khéng gian
Ch.13 Problem-Solving Strategies
Chién lugc gidi todn
Pé1 Full Practice Test 1
Péthithl 1
Pé2 Full Practice Test 2
Dé thi thr 2
Pés3 Full Practice Test 3
Pé thithi 3
Chinh phuc AMC 8 —5—
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Chapter 1 8020 AMC 8 Mastery

Arithmetic Fluency — Fractions, Decimals &

Percents
Tinh toan thanh thao — phén sd, thip phan & phan tram

Mbi dé AMC 8 md& dau bang vai ciu tinh todn v8i phan s6, s6 thap phan va phan trdm — va chidng xuit hién lai bén
trong gan nhu moi cdu khé hon. Chugng nay luyén “tinh thdng minh”: nhin ra ciu trdc trudc khi tinh, so sdnh phan s8
bang phan bu, rit gon day chuyén, d8i s& thip phan tuan hoan, va xf ly phan trdm bang hé s& nhan. Hoc sinh thudng
mat diém vi sai th( tu phép tinh, Ly “phan cla phan con lai” sai géc, hodc cdng cdc phan trdm thay vi nhéan.

v Thuc hién ding thif tu phép tinh; dung hang ddng thic v So sénh phan s6 bang nhan chéo, phan bu tdi 1 va phan
va tinh phan phéi dé tinh nhanh; udc lugng cho cau s8 trung gian; giai bai “phan ctia phan con lai” bdng sa d6
“closest to”. hodc di ngugc.

v Biét khi ndo phan s6 cho thap phan hitu han; d&i s6 thap

v'Nhén ra va tinh téng, tich rit gon diy chuyén , )
n(n + k) phan tuan hoan ra phan sé; tim chit s6 thi N theo chu ky.

1
1+ —.

v XU ly phan trdm bang hé s6 nhan: thay déi néi tiép, tim
gid gbc, diém phan trdm, d6i g6c so sanh.

fraction in lowest terms - phan sé téi gian reciprocal - s6 nghich dao mediant - phan sé trung gian

order of operations - thif tu thuc hién phép tinh distributive law - tinh chat phan phéi

telescoping - rit gon day chuyén (triét tiéu xen k&) terminating decimal - s6 th&p phan hiiu han
repeating decimal - s& thap phan v6 han tuan hoan period - chu ky place value - gia tri theo hang
percent increase / decrease - phan trdm tang / giam multiplier - hé s6 nhan percentage point - diém phan tram

closest to - gan nhat vdi

g J

o 1.1 Order of Operations and Smart Computation

Thir tu phép tinh va tinh nhanh nh& ciu tric

CAu 1-5 ctia AMC 8 hau nhu ludn cé mét phép tinh “trong thi dai”. Dé khdng kiém tra ban bAm mdy gidi dén dau (khéng dudc
duing may tinh), ma kiém tra ban cé nhin ra cau truc trudc khi lao vao nhan chia hay khéng. Musi gidy quan sat thudng tiét
kiém mét phut tinh todn — va trdnh duge mét Lbi sai.

Definition — Order of operations (thi ty thuc hién phép tinh)
Evaluate (1) grouping symbols — parentheses, brackets, fraction bars; (2) exponents; (3) multiplication and division
from left to right; (4) addition and subtraction from left to right.

Nhan va chia ngang hang nhau, cdng va trlf ngang hang nhau: cing hang thi lam t trdi sang phai. Gach phan s6 ddng vai trd

8+4—12—4khA h"8+4—|—1
sr1-3 - % ong phai 5 .

d4u ngoic:

Common Trap — Ba 15i kinh dién vé thi ty

e12+3 x2=4x2=8,khong phadi 12 = 6 = 2 (chia va nhan lam tu trdi sang).
e —32 = —9 Vi lu§ thira lam trudc diu tris; con (—3)2 = 9.

e 20 — 8 + 2 = 14, khong phai 20 — 10 = 10 (trif va cong cling lam tU trai sang).

Chinh phuc AMC 8 —6— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com
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Theorem — Identities that make computation easy (h3ng ding thirc gitp tinh nhanh)

For all numbers: ab + ac = a(b + ¢) (distributive law); (a —b)(a +b) =a? —b% (n—1)(n+1)+1=n? n(n+1) —
(n—1)(n+2)=2.

Day déu la phép nhan phd ngodc l8p 8. Vi du: 47 - 53 = (50 — 3)(50 + 3) = 2500 — 9 = 2491; 0.75 - 37 + 0.75 - 63 = 0.75 -

100 = 75. Dang thic cudi kiém tra bang khai trién: n? +n — (n? +n —2) = 2.

Key Idea — D3t tén cho con sd 13p lai

Khi m6t s6 18n (nhu 2025) xuat hién nhiéu lan, hdy goi nd la n va viét cdc s6 lan cdn thanhn — 1, n + 1, n + 2. Biéu thic s8
khéng L6 trd thanh biéu thic chit nhé gon ma ta rit gon dudc bang cac hdng dang thic & trén.

" Example 1.1 D3t n roi rut gon ‘

What is the value of

20252 — 20242 )
2025 - 2026 — 2024 - 2027

(A) = (8) 2 () 2049 (D) 4049 (E) 8098
2 2

. L 404
SOLUTION - LOI GIAI - Answer: (C) %

T s6 L4 hidu hai binh phugng: 20252 — 20242 = (2025 — 2024)(2025 + 2024) = 4049.
M3u s6: d§tn = 2025thimduldn(n +1) —(n—1)(n+2) = (n* +n) — (n* +n—2) = 2.

.., ... 4049
Vay gia tri la — Pap an (C).

= ~ A \ 1 2, = & . ’ ~ N \
Bay: tudng hai binh phudng lién ti€p “chénh 1” thira 5; tudng mau bang 1 (hai tich “gan bang nhau”) thi ra 4049.

Insight - S6 to [8p lai = ddt n, khai trién, phan (8n sé triét tiéu. Hiéu hai binh phudng lién tiép la téng hai s6, khdng phai 1.

Tip — C3u hdi “closest to” — tach chi¥ sd va luy thira cba 10

V@i cAu “Which is closest to...”, d&p &n thudng cach nhau 10 l4n. Lam tron méi s6 vé mét chif sé cé nghia va viét dudi dang (s6
nho) x10%: 0.0498 ~ 5 x 1072, 812 ~ 8 x 10%. Nhan phan s& vdi nhau, cong cic s6 mii — sai s6 lam tron vai phan trdm khong déi
dudc dap an.

" Example 1.2 Udc lugng bang luy thira cta 10 .

Which of the following is closest to

0.0498 x 812 ,,
0.0201 x 39.7

(A) 0.5 (8) 5 (C) 50 (D) 500 (E) 5000
SOLUTION - L3I GIAI - Answer: (C) 50

Lam tron: 0.0498 = 0.05, 812 ~ 800, 0.0201 ~ 0.02, 39.7 = 40.

T ~ 0.05 - 800 = 40; m3u ~ 0.02 - 40 = 0.8. Thudng ~ % = 50.

Céc lua chon cdch nhau 10 l&n nén udc lugng la da (gid tri that khoang 50.7). Ddp an (C).

Bay: chia 40 cho 0.8 ma quén dd&i d4u phay thi ra 5 hodc 500.

Insight - Khi cdc lya chon & 0.5, 5,50, . . ., chi cAn ding béc d@d én: lam tron manh tay, d&m s8 mii c4n than.

Chinh phuc AMC 8 —-7- ©) 0332 747 169 - 0983 422 692 - luyenthig020.com
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1.2 Fractions: Operations, Comparison and Parts of a Remainder

Phén sé: phép tinh, so sanh va “phan caa phan con Llai”

Definition — Fraction, lowest terms, reciprocal (phan so, toi gidn, nghich d3o)

7 (with b # 0) is in lowest terms when a and b have no common factor greater than 1. The reciprocal of 7 (a # 0) is g
Operations:

aic_adibc a ¢ ac a ¢ a d
b~ d  bd ’ b d bd b d b ¢
B Mot s a2 . (1 Bt e o, iy fofins B 2 Bpg o a0 8 A @ N A e %) A e
Nhan hai phan s6 = lay “mot phan cia mot phan™ 1 cla 3 hinh vuong la 13123 (mo hinh dién tich bén dudi: 12 6 nho,
6 6 bi tb ca hai lan).
6 6 hong
3/4 trén 12 6
=1/2
2/3 chiéu ngang
Theorem — Comparing Fractions (so sanh phan sd)
For positive a, b, ¢, d: (1) a < = <= ad < bc (cross-multiplication). (2) =1- , so the closer the missing
b d n+1 n+1

a4 +2 lies strictly between them.

part to 1 is to 0, the larger the fraction. (3) If % < 2 then the mediant

btd b  b(b+d)
tuang tu cho vé& kia. Phan s6 trung gian (mediant) rat hitu ich @& tim mé6t phan s6 “kep gilfa” hai phan s6 cho trudc.

2 .. 1 .. 4 . 1, 4 “ _
(1) nhan hai vé véi bd > 0. (2)§thleu§md|td| 1, congch|th|eu5nengldn hon — xem truc s8. (3) &5 — ¢ = be—ad

2/3 4/5
1/2 3/4

=]
i ST

thigu 1/3

thiéu 1/5

Example 1.3 So sanh bang phan bu téi 1 |
2023 2024 2025
L =" 0="= =" i inai ?
et P 2025 Q 2007 and R 2026 Which of the following is true
(A) P<Q<R (B P<R<Q (C) Q<P<R (D) Q<R<P (E) R<Q<P

SOLUTION - L3I GIAI - Answer: (C) Q < P < R

Nhan chéo 8 day rat ndng. Thay vao dé, so sdnh phan thiéu tdi 1:
2 1 3 1 1
P =50 “tozs 19T a0 e 1R 20
Phan s6 cd tr 1 thi m3u cang l8n cang nhd, nénl — R <1 — P < 1 — Q. Phan thiéu cang nho thi phan sé cang l3n:
Q < P < R.Dapan (C).

Insight - Phan s6 gan 1 = so sénh phan bu 1 — % = %a; dua phan bu vé tir s6 1 (hodc clung tl) dé so sanh ngay.

Chinh phuc AMC 8 —8— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com
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Key Idea —“Phan cGa phan con 13i” — nhdn cdc phan con lai

N S A 1 2y 3 1 1 , o
Néu lan lugt Lay di T roi 3 cta phan con lai, thi phan con lai cudi cung la (1 — Z) (1 — 5) = 1'3°1 cua ban dau. Moi

budc, “phan con lai” la mét téng mdi; vé sc dd doan th3ng chia theo m3u s6 chung L& cdch nhin rd nhat.

Tip — Chon tdng tién Igi, hodc di ngwoc
Khi d@é chi cho cdc phan s6 ma chua cho téng, hay gia sif téng bang mau sé chung nhé nhat (vi du 20 phan) va lam viéc véi s6
nguyén. Khi dé cho ké&t qua cudi cling (“con lai 2 ci”), hay di ngudc tlif cudi lén, ddo tiing phép tinh.

Example 1.4 Sd d6 doan thang vdi téng 20 phan ‘

A farmer sold 1 of his rice harvest to a mill. Then he sold 3—) of the rice he had left at the market, and then gave 30 kg to
a neighbor. He now has 0 of the harvest left. How many kilograms of rice did he harvest?

(A) 120 (B) 150 (C) 200 (D) 240 (E) 300

SOLUTION - L3I GIAI - Answer: (C) 200

M3&u s6 chung cla i va 1i0 (3 20, nén chia ca vu lda thanh 20 phan bang nhau.

Ban cho nha may: i - 20 = 5 phan, con 15 phan. Ban & chg: ; - 15 = 10 phéan, con 5 phan. Cubi cling con 1i0 -20=2
phan, nén phan biéu hang xém & 5 — 2 = 3 phan.

nha may: 1/4 chg': 2/3 phin con lai biéu con 1/10

1 phén =10 kg 3 phin =30 kg

3 phan = 30 kg = 1 phan = 10 kg, ca vu a 20 - 10 = 200 kg. Ddp an (C).

B L2 02 1 2 1 1
Bay: hiéu 3 la 3 cdvuthil— 13 < 0 vo ly; tudng 30 kg la toan bd - con lai sau khi ban & chg thira 120.

W~

Insight - Chia t6ng thanh “mau s6 chung” phan bang nhau; méi cau “phan cla phan con lai” trd thanh phép tinh s& nguyén
trén sg do.

\_ J

Common Trap — Hai 16i cdng phan sé
1

1 2 ~ ~ 2 . N o R 28 o o 7
° 3 =~ g: cdng tl vdi td, mau vdéi mau cho ra phan sé trung gian, nam gira hai s6 ch khdng phai téng cda chung.

: e e (P (W1 T a
e “Lay 3 phan con lai” khong phai 3 cla ban dau — luon héi: “phan cua cai gi?”

1.3 Telescoping Sums and Products

Téng va tich “rut gon day chuyén”

Mét t6ng gébm hang chuc phan s6 ma dé van mong ban tinh trong mét phit — gan nhu chic chan céc s8 hang sé triét tiéu
day chuyén (telescoping): méi s6 hang dugc viét thanh hiéu cla hai s6, va phan sau cla s6 hang nay xod phan trudc clia s8
hang ké tiép.

Chinh phuc AMC 8 —9-— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com
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mmmmmm

Theorem — Splitting a Fraction (t3ch phan sd)

For positive integers n and k:

1 1 1 k1 1
nn+1) n n+1’ nn+k) n ntk
1 1 1 1
H _ ... =1 = .
T2t 23Tt mmr m+ 1
Quy déng véphdi + — - = ERI =Rk ucss — chinh 15 khodng céch gitla —— va L o8
uy dong ve p a|.n n+k7 n(n+k) _n(n+k) ren truc so, n(n+1)c n a oang cachn gl an+1Va n,CQng

cac khoadng céch lién nhau dugc khodng cdch tir diém dau dén diém cudi.

0 1/4 1/3 12 1
| -
l \/\_/\_/
1/12 1/6 1/2
=134 =1/23) =1/1-2)

- Example 1.5 Tach véi hiéu k =3

What is the value of
1 n 1 n 1 N 1 0
2-5 5-8 8-11 59-62
(A) ° (B) ° (C) 0 (D) o (E) 50
62 31 31 31 31
R , 5
SOLUTION - LOI GIAI - Answer: (B) 31
P S A 1 1/1 1
Hai thira s6 8 mau ludn chénh nhau 3, nén —— == | — — .
nn+3) 3\n n+3
T8 1/1 1+1 1+ +1 1 1/1 1 1 30 SD' n (B)
ong==|-——"=-="t+-—"=++-'+—=——=)==|=-——=— ] ==-— = —.Dapan (B).
g32558 59 62 3\2 62 36231p
N 1 15
Bay: quén hé s6 3 (t&r la 1 chd khong phai 3) thira 37
. o e . Lo 11 1 T S
Insight - M3u la tich hai s6 cach déu k — tach thanh — [ — — —— }; nhd hé s6é — khi ti khong bang k.
k\n n+k k
\_ J

Theorem — Telescoping products (tich rit gon ddy chuyén)

1 1 1 2 3 m+l1
oo D Do 2=

1 1 1 +1

(-2) (-5) - (5) =5

B R e o s (oBms ol T s e, o e PeBemur Bl e e o . 1
Viét moi thira s6 thanh mét phan soé: tf cda thira s6 nay bang mau cla thua s6 sau nén triét tieu. V@i dong hai, tach 1 — = =
k—1 k+1

T réi rdt gon riéng hai day.

Chinh phuc AMC 8 —10— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com
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Example 1.6 Phan tich thanh hai tich day chuyén

What is the value of

49 99
= B)1 it (D) 2 (E) 99
(A) 50 © 50

SOLUTION - L3I GIAI - Answer: (C) %

2 2
Quy d6ng moét thira s8: 1 + ! _n +2n—|—1:(n+1) :n—&—l.n—i—l'
n(n + 2) n(n + 2) n(n + 2) n  n+2

2 3 99) (23.99>_% 2 99

Tich b3 = 0 =o000c— 2.0 = 2 % Banan ().
ic ang(1 3 98 31 100 T 100~ 50 ap an (C)

Bay: chi rdt gon day th nhat ra 99; dodn “tich tién tdi 2” ma khéng tinh thi chon 2.

2 AN

Insight - Thay n(n + 2) + 1 = nghi ngay t3i (n + 1)2. Tich phan s6: tdch méi thira s6 thanh tich céc ti s& “trugt”, réi rit gon
ting day.

Common Trap — S6 hang n3o sdng sét?

Khi rdt gon day chuyén, lubdn viét ra hai sd hang dau va hai s6 hang cuéi. Vdi , cac s6 hang triét tiéu “cdch mot”, nén
n

(n+2)
sén séthaisé’édéuvéhaiséécuéi'i+L+ +L*1 1+1,1,i Chi gilt mét s6 8 méi dau La 6i phd
g ‘1.3 2.4 8-10 2 2 9 10) oMme P
bién nhat.

Tip — Nh3n dang trong phong thi
M3u s6 13 2,6,12,20,30,... (=1-2,2-3,...) hay 3,15,35,63,... (= 1- 3,3 5,...) — h3y phan tich m3u thanh tich hai s8. Tich

1 Y N, R ol
c6d dang 1 £ — — hady quy dong ting thifa s6 trudc.

1.4 Decimals: Terminating, Repeating and Place Value

S6 thap phan: hitu han, tuadn hoan va gid tri hang

Definition — Terminating and repeating decimals (th3p phan hi*u han, tudn hoan)
A decimal terminates if it has finitely many nonzero digits after the decimal point (% = 0.375). It is repeating if a block
of digits repeats forever; the bar marks the block: 15—3 = 0.384615, % = 0.16. The length of the shortest block is the

period.
Moi phan s8 déu cho s8 thap phan hitu han hodc tudn hoan. Ly do ndm & phép chia dai: chia a cho b chi ¢ cdc s6 du 0,1,...,b —
1; khi mét s8 du ldp lai, cdc chit s6 [3p lai. Vong s6 du cua % 3 dudi cho chu ky 142857.
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Theorem — When does a fraction terminate? (khi nao thdp phdn hiru han)
A fraction % in lowest terms has a terminating decimal if and only if b has no prime factors other than 2 and 5. If b =

2™5", the decimal has exactly max(m, n) digits after the decimal point.
3 3-25

23.5 103

a_ N
b 10%

, X N 3 ,
Néu b = 2™5™ véi m > n, nhan ca td va mau vdi 5™ " dé mau thanh 10™: 0 = 0.075. Ngudc lai, néu

thi b chia hét 10, nén b chi cé udc nguyén t6 2 va 5.

' Example 1.7 Bu cho dd cdp 25

3
When 2 .51 is written as a decimal, how many zeros are there between the decimal point and the first nonzero digit?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 9
SOLUTION - LOI GIAI - Answer: (C) 5
M3u cé 29 nhung chi 5% nhan tif va mau véi 5° dé cé di 9 cdp 2 - 5:

3  3.5° 3.3125 9375
20.5¢ 29.59 100  10°
C4 9 chil s8 sau dau phay, tir 9375 chiém 4 chit s6 cubi, nén cé 9 — 4 = 5 chit s6 0 diing trudc. Dap an (C).

= 0.000009375.

Bay: chi nhin s6 mii 5* ma tra (i 3 hodc 4; tra (8i 9 l& nham t6ng s6 chi s6 sau dau phay vdi s8 chif sé 0.

2 O U T VR S I O S SN N an o I
Insight - Mudn doc chir s6 cua W: bu thifa s8 con thi€u dé mau thanh 10max(mn) 18 dém chif s6 cla ti mdi.

Theorem — Repeating decimal -» Fraction (d8i s6 thap phan tudn hoan ra phan sd)

Ay dx _ 36 4 ___ 135 5

O.didy. . dy = B2 2036=2—2 0I3/B= -2

a0ty = =g ©8 99 11 999 ~ 37
k

D3t z = 0.36 thi 100z = 36.36; tri hai dang thic dudc 99z = 36. V4i chu ky k chi s8, nhan vdi 10 réi trir.

Tip — Chi¥ s6 thi N: chi can N chia cho chu ky

Chu ky dai p chi s8 thi chit s6 th N (sau ddu phay, vdi s6 tuan hoan ngay tir dau) tring vdi chi s6 thi r, trong dé r la s6 du cla
N khi chia cho p (néu r = 0 thi L8y chir s6 thi p). Téng N chif s6 ddu = (s6 chu ky ddy du) x (téng mét chu ky) + téng phan L&.

' Example 1.8 Téng cac chir s6 theo chu ky .

The decimal expansion of 1—53 is 0.384615384615 . ... What is the sum of the first 100 digits after the decimal point?
(A) 432 (B) 447 (C) 450 (D) 453 (E) 459
SOLUTION - LOI GIAI - Answer: (D) 453

Chu ky la 384615, dai 6 chif s8, ttng métchuky 3 +8 +4+6 + 1+ 5 = 27.

100 = 6 - 16 + 4: c6 16 chu ky day d0 (96 chit s6) va 4 chirs8 L& 3,8, 4, 6.

Téng = 16 - 27 + (3 + 8 + 4 + 6) = 432 + 21 = 453. Dap an (D).

Bay: bo quén phan & ra 432; L4y 3 chit s6 L& ra 447; 3y 1%0 - 27 = 450; lam tron lén 17 chu ky ra 459.

A

Insight - Moi ciu héi vé “chil s6 th&r N” hay “téng N chi s6” clia s6 tudn hoan: chia N cho chu ky, xUr ly phan du riéng.
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Common Trap — B3y sé th3p phan

¢ 0.3 X 0.3 = 0.09 chr khdng phai 0.9 (@&m téng s6 chif s6 sau ddu phay cla hai thira s6).
¢ 0.9 = 1that sy (vi 3 = 0.3, nhan 3 hai vé).
16 — 1

— 16 . . = 1 . . X .
¢ 0.16 # 99" S8 tuan hoan khéng ngay tir dau: 0.16 = 90 " & (nhan 10 dé dua vé dang tuan hoan ngay, réi chia 10).

o 1.5 Percents and Percent Change

Phan trdm va phan tram thay déi

Definition — The language of percent (ngdn ngi¥ phan tr3m)

p% means % “p% of " is % - x. “Ais what percent of B” asks for 4 -100%. “A is p% more than B” means A =
(1 + i) B; “p% less” means A = (1 - i) B
100 100

Phan trdm Lluén a phan trdm cta mot cai géc. Cau “nhiéu hon bao nhiéu phan trdm” |8y céi ding sau chif “than” lam géc.

376/10006
=37%

Key Idea — x% cla y b3ng y% c0a x

lﬂg—O o = % - x. Vi viy 4% cutia 75 bang 75% cuia 4, tic 1a 3. D8i chd khi mot trong hai s6 “tron” hon: 36% clia 25 = 25% cua

36 = 9.

Theorem — Multipliers (hé s6 nhan)

Increasing by p% multiplies by 1 + %; decreasing by p% multiplies by 1 — % Successive changes multiply (and

their order does not matter). To undo a change, divide by its multiplier.

Tang 50% roi gidm 40%: 1.5 - 0.6 = 0.9 — gid cudi thap hdn gid gdc 10%, ch khdong phai cao hon 50 — 40 = 10 phan trém. Téng
10% hai lan lién tiép: 1.1 - 1.1 = 1.21, tdc tadng 21% chi khdng phai 20%. Muén biét gia trudc khi tdng 8%: 4y gid sau chia cho
1.08.

x 1.5 % 0.6

100 —> 150 —> 90

' Example 1.9 Nhan cac hé s6 \

A store raised the price of a backpack by 20%. Later, during a sale, the new price was cut by 25%, and members
received a further 10% off the sale price. A member's final price is what percent of the original price?

(A) 75% (B) 81% (C) 85% (D) 90% (E) 95%
SOLUTION - LGOI GIAI - Answer: (B) 81%

Mbi thay d6i la mét hé s6 nhan: x1.2, x0.75, x0.9.

1.2-0.75 = 0.9, r6i 0.9 - 0.9 = 0.81. Gia cu6i bang 81% gia gbc. Dap 4n (B).

Bay: cong trif phan trdm 100 + 20 — 25 — 10 = 85; quén phan gidm thém 10% cho hdi vién thi ra 90%.

Insight - Phan trdm thay d8i n&i tiép: nhan hé s8, khéng cong phan trdm. Bat dau tir gid 100 cho dé nhin.
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Common Trap — Ba cai b3y phan tr3m

o Tang p% r6i gidm p% khéng vé ché cii: (1 + 55)(1 — 55) =1 — 1—0%, luén hut.

e G4c thay d8i: néu A nhiéu hon B la 25% (A = 1.25B) thi B it han A la 20% (B = 0.8 4), khéng phai 25%.

e “Diém phan trdm” (percentage points) khdc “phan tram”: tlr 40% én 45% la tdng 5 diém phan trdm, nhung tang 12.5% so vdi
40%.

Tip — Chon 100 13m gi3 tri ban d3u — ho3c nhin c3i khong ddi
Bai phan trdm khéng cho sé cu thé: cho gid géc = 100. Bai cé hai nhédm trao d6i vdi nhau: téng khéng déi, hay biéu dién méi
nhém thanh phan s6 cla téng trudc va sau khi déi.

" Example 1.10 Téng khéng ddi

Club A has 25% more members than club B. Then 10 members of club A switch to club B, and no one else joins or
leaves. Now club B has 20% more members than club A. How many members do the two clubs have in total?

(A) 81 (B) 90 (C) 99 (D) 108 (E) 110
SOLUTION - L3I GIAI - Answer: (C) 99

Téng N khoéng d6i. Trudc: A : B =5 : 4, nén A chiém 55_; téng. Sau: B: A = 6 : 5, nén A chiém 15—1 téng.

Truée A=5/9 téng B = 4/9 tong

Sau A=5/11 tong B = 6/11 tong

10 ngudi chuyén = 5/9 — 5/11 = 10/99 téng

. . 5 5 10
10 ngudi chuyén di chinh la phan chénh: (§ — ﬁ) N = @N =10, nén N = 99. Pdp an (C).

Kiém tra: A = 55, B = 44 (55 = 1.25-44);saudd A =45, B =54 =1.2-45. vV

Insight - Hai nhdm chuyén qua lai = téng la dai lugng bat bién; d6i “p% nhiéu hon” thanh ti s8 réi thanh phan sé cua téng.
\_ J

G Worked Examples — Competition Level

Vi du mau muc thi diu

Hai vi du cudi 8 muc cdu 20-25 clia AMC 8. Hay thir tu gidi it nhat 5 phdt trudc khi doc L&i giai.

Example 1.11 Hang dang thuc lam tich day chuyén

What is the value of

1 1 1 1
1+=)(1+=)(1+=)(1+—=—)7
(1+3) (3) () (1 3%)
255 65535 131071 (D) 2 65537
(A) 128 (8) 32768 (© 65536 (E) 32768
L 65535
L N . L . :(B) —
SOLUTIO Ol GIAI - Answer: ( )32768

Céac mau 2,4, 16,256 la 21,22 24 28 — méi s6 & binh phudng cla s8 trudc. D4 la ddu hiéu dung (1 —a)(1 +a) =1 — a?.

1 1 1 1 v . 1 1 . 1 ..
Nhan thém (1 — 5) vao trudc: (1 — 5) (1 + 5) =1- Z; nhan tiép vdi (1 + Z) dugc 1 — E; réil — ﬁ; réil —

65536
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1 X 1 1 65535
Vi da nhan thém —, tichcantm=2(1—- —— | =2 - ——= = ———. Ddp an (B).
I da nhan thém ich can tim ( 65536) 39768 — 32768 ap an (B)

[\

131071
65536

x 2 e 2BD R B A2 s ]
Bay: quén thua so cudi thira ﬁ; nhan 2 chivao s6 1 (viét 2 — ﬁ) thira

Insight - C4c s8 hang la binh phucng lién ti€p (a, a?, a?, ...) = nhan thém mot thita s6 (1 — a) dé kich hoat hiéu hai binh
phuagng.

" Example 1.12 Chan bang s6 hang Ldn nhat roi chia trudng hop .

Positive integers a < b < ¢ < d satisfy

11 1 1
b ¢ d
What is the least possible value of d?
(A) 12 (B) 15 (C) 18 (D) 20 (E) 24
SOLUTION - LOI GIAI - Answer: (A) 12
< % e ~ & N o 11 1 1 57 o N
Chan a.a > 2 (néu a = 1 thi tdng da vugt 1). Néu a > 3 thitong khong vugt — + - + -+ - = — < 1.Vaya =2 va
) 3 4 5 6 60
1,1 1 1
b ¢ d 2
’ . .1 1
Chan b. Ba phén s6 giam dan cé tong 3 nén % > 5 ticb < 5; laico b > 3.

1 1 1
eb=23: _+E :6vdic2 7,¢=17,8,9,10 chod = 42,24,18,15 (c = 11 khong cho d nguyén, ¢ > 12 thi d < ¢). Nhd
c

nhatd = 15.

1 1 1
eb=4: -+ —-=-vdic>5c=5chod=20,c=6chod =12 (c =7 khbéng nguyén, c > 8thid < ¢).
f 2 3 3 1 2
-b:5:E+E Evéicztith‘lz21—0buécc:ﬁ,nhu‘ngE76:1—5khéngphéiphénsé’ddnvi.
B (e 18 11 1 1 o
Nhé nhat la d = 12, dat tai 2+4+6+ D = 1.DBapan (A).

Bay: tham lam chon a = 2, b = 3 réi ding & d = 15 ma khéng thirb = 4.

. I L1 ton
Insight - Tong cac phan sé dan vi: s6 hang Ldn nhat phai “ganh” it nhat trung binh — — > —— & — tUr d6 chan ting bién
a 6 sb hang

r6i chia trudng hdp gon gang.

Exercises 1- Foundation *
Bai tap 1 - Nén tang

11 : 2 2
o What is the value of 20—4+§><2+3?

*

(A) 5 (B) 11 (C) 14 (D) 17 (E) 26

1.2 The large square shown is divided into 16 congruent small squares. What fraction of the large square is shaded?

*

1 5 11 3
(A) 2 (B) 6 (€ 3 (D) 6 (E) 1
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14

15

*e

1.6

*e

1.7

*e

1.8

.o

1.9

.o

1.10

*e

111

*e

1.12

*e

What is the value of % 404 % 0.25?
(A) 0.51 (B) 1.5 (©) 5.1 (D) 6 (E) 51

What is 8% of 125 plus 125% of 8?
(A) 20 (B) 30 (C) 40 (D) 100 (E) 200

On the number line shown, the segment from 0 to 1 is divided into 12 equal parts. Point B is the midpoint of segment
‘AC. At what number is point C?

13 7 5 4 17
(A) T B) © 3 (0) 3 )
1 1 1
Four friends share a pizza. An takes 1 of the pizza. Binh then takes 3 of what is left. Chi then takes 3 of what is left

after that, and Diing takes the rest. Which statement is true?

(A) An gets the most. (B) Diing gets the most.
(C) Chi gets the least. (D) All four get the same amount.
(E) Binh gets more than Chi.

A shop marks all prices down by 20%. At the checkout, a coupon takes another 15% off the marked-down price. The
two discounts together are equivalent to a single discount of what percent?

(A) 30% (B) 32% (C) 34% (D) 35% (E) 68%
Whatis 0.27 + 0.3 written as a fraction in lowest terms?

1 6 3 20 61
(A) 5 (B8) o7 (© : (O 5 ) 55
Which of the following numbers is strictly between g and ;?

5 4 7 3 5

— B) - — D) - E) -
(A)9 ()7 (C)12 ()5 ()8
What is the value of 37 x 0.75 + 63 x % —0.25 x 1007
(A) 50 (B) 55 (C) 75 (D) 100 (E) 125

After its price was increased by 15%, a bicycle costs 2300 thousand d6ng. What was the price, in thousand déng,
before the increase?

(A) 1955 (B) 2000 (C) 2070 (D) 2185 (E) 2645

The bar graph shows how many kilograms of waste paper each of five classes collected for recycling. What percent
of the total amount of paper was collected by class 8D?

8A 8B 8C 8D SE

(A) 12% (B) 20% (C) 24% (D) 25% (E) 30%

Chinh phuc AMC 8 —16 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 8020 AMC 8 Mastery

mmmmmm

Exercises 2 - Competition Core * %k
Bai tdp 2 - Trong tam ky thi

1.13 What s the value of

e

1 + i + i + i + i ?
3 15 35 63 99
4 5 1 10
(A (B) = (© 3 (O) (E)

1 2 3
114 Three identical cylindrical glasses are 33 and 1 full of juice, as shown. Lan pours juice from glass to glass, without

spilling, until all three glasses contain the same amount. What fraction of a glass does each glass then contain?

1/2 full 2/3 full 3/4 full

7 5 23 2 23
(A) ®) 2 © o () 3 €

1.15 A cereal company makes its box 20% larger by weight and raises the price of the box by 8%. By what percent does
**  the price per gram decrease?

(A) 6% (B) 8% (C) 9% (D) 10% (E) 12%
1.16 Which of the following fractions has a decimal expansion whose shortest repeating block has exactly 3 digits?
. 1 1 1 1 1

(A) 33 (8) o (€ 3 @) 7 (E) -

3 n 5

117 Forh int is - < —<=7
. or how many integers n is 3 < 0 < 9

(A) 7 (B) 8 (C) 9 (D) 10 (E) 15

1.18

e

1
When 3 is written as a decimal, what is the sum of its digits?
(A) 25 (B) 26 (C) 28 (D) 30 (E) 32

1.19 The number z is 150% of y, and y is 40% of z. If z + y + 2z = 320, what s 2?
* (A) 64 (B) 96 (C) 128 (D) 160 (E) 200

1.20 Each edge of a cube is increased by 50%. By what percent does the volume of the cube increase?

O (A) 50% (B) 125% (C) 150% (D) 225% (E) 237.5%

1.21 Positive integers a, b, and ¢ satisfy

Whatisa + b+ c?
(A) 6 (B) 7 (C) 8 (D) 9 (E) 10
1.22 For how many integers n with 1 < n < 100 can the number :—2 be written as a decimal with at most two digits after

the decimal point?
(A) 3 (B) 4 (C) 5 (D) 6 (E) 11

Chinh phuc AMC 8 —17— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



mmmmmm

8020 AMC 8 Mastery

1.26

1.27

*o00

1.28

*o00

1.29

se0e

1.30

*o00

After raising all its prices by 25%, a store offers “buy 3, get 1 free.” A customer takes 4 items of the same kind.
Compared with the original price of one item, the customer's average cost per item is lower by what percent?

(A) 1.25% (B) 2.5% (C) 5% (D) 6.25% (E) 8.75%

1 1 2
Starting with the fraction 5 Lan adds 1 to both the numerator and the denominator, again and again: 5 — 5 —

9
7 — -+ -. After how many such steps is the fraction greater than 0 for the first time?

(A) 35 (B) 36 (C) 40 (D) 41 (E) 45

The pie charts show how a family divided its budget among four categories in 2024 and in 2025. The total budget in
2025 was 25% greater than in 2024. By what percent did the family's spending on education increase from 2024 to
20257

Education

20% Education

25%

Housing
30%

Housing
28%

2024 2025

(A) 5% (B) 20% (C) 25% (D) 50% (E) 56.25%

In an election with two candidates, A and B, every vote goes to one of them. After 60% of the votes have been
counted, A has 55% of the counted votes. Candidate A4 is certain to finish with more votes than B exactly when A
receives more than £% of the remaining votes. What is z?

(A) 42.5 (B) 45 (C) 50 (D) 55 (E) 57.5
E‘>-<eArC|sesv3 -,Challenge % % Kk
Bai tap 3 - Thu thach

Each of the digits 1,2, 3,4, 5, 6 is placed in exactly one of the six boxes shown, forming the sum of three fractions.
What is the least possible value of the sum?

+ +
11 23 6 79
(A) 1 B) — c) = D) - E) —
()10 ()20 ()5 ()60
What is the value of
3 n 5 . 7 P 19 o
12.22 ° 22.32  3%2.42 92.102 "
9 99 100 (D) 1 11
(A) 10 (8) 100 (C) 101 (E) 0
When the sum 0.57 4 0.468 is written as a decimal, what is the sum of the first 60 digits after the decimal point?
(A) 160 (B) 170 (C) 180 (D) 200 (E) 220

For how many positive integers n < 1000 is n% of n% of n an integer?

Integer answer - Dap s6 nguyén S
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1 1 1
131 How many ordered pairs of positive integers (a,b) satisfy — — 5 = E?
*e00 a

Integer answer - Dap s6 nguyén S

1.32 What is the greatest integer that does not exceed

*e00

1
)
LS SIS IR
2001 ' 2002 ' 2003 2010
(A) 199 (B) 200 (C) 201 (D) 202 (E) 2005

1.33 In a survey of a school, 70% of the students like tea, 80% like coffee, and 90% like juice. At least what percent of the
++++ students like all three drinks?

(A) 40% (B) 50.4% (C) 60% (D) 70% (E) 80%

1.34 Exactly one pair of parentheses is inserted into the expression

s000

12-6+2x3+1
so that it encloses two or more consecutive numbers (together with the operations between them); for example,
(12 — 6) + 2 x 3+ 1. How many different values can the resulting expression have?
(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

1.35 The price of a jacket is increased by p%, and then the new price is decreased by ¢%, where p and q are positive
+++s+ integers. The final price equals the original price. How many ordered pairs (p, q) are possible?

Integer answer - Dap s6 nguyén S

1.36 What s the value of

*0000

1 n 2 n 3 n 4 n n 10 o
2 4 8 16 1024 °
kK
(The k-th term is 2—k.)
3 7 253 1013 509
A) - B) - C) — D) — E) —
()2 ()4 ()128 ()512 ()256
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ENGLISH

Chapter 2 8020 AMC 8 Mastery

Ratios, Rates & Proportional Reasoning
Ti s6, ti L& & suy ludn ti L& thudn

Ti s6, ti L& va téc dd cé mit trong gadn moét phan ba dé AMC 8: chia theo ti L&, trdn hdn hop, van t8c, ndng suat, ban dé,
phdng to thu nhd. Chuong nay day cdch doc ra “s6 phan”, tim dai lugng khéng déi, phan biét ti 1& thuin va ti L& nghich,
cbng ndng sudt, dung quy tic don bay cho trung binh cé trong sé va di tir ti s6 d6 dai sang ti s6 dién tich, thé tich. Hoc
sinh thudng méat diém vi nham phan—phan vdi phan—toan thé, 18y trung binh cdng cac van téc, va quén binh phugng khi
dadi ti & dién tich.

v D6i moi di kién vé “s6 phan” va gid tri mo6t phan; gbp céc v Tim dai lugng khéng d6i (t6ng, hiéu, phan con lai, tich)
ti s8 cd chung mét dai luong; nhén ra ti s6 &4n trong ciu dé gidi cac bai ti s6 thay déi.

“phan s6 cla A bang phan s8 cla B”.

v Phén biét ti 1& thudn (y = kz) véi ti & nghich (zy = k); v Gidi bai vin t8c va nidng suat: d6i don vi, van téc trung
dung tinh chat day ti s6 bang nhau. binh, van téc tuong d6i, cdng ndng suat.

v Dung quy tac don b4y cho hén hdp va trung binh cd v DUng hé s6 ti 1& k, k2, k* va ti s6 dién tich tam gidc
trong sé. chung chiéu cao.

ratio - ti s6 part-to-whole ratio - ti s& phan so vdi toan thé proportion - ti & thifc directly proportional - ti l& thuén
inversely proportional - ti & nghich rate / unit rate - t6c d6 / don gid average speed - van téc trung binh

relative speed - van téc tuong déi work rate - ndng suat weighted average - trung binh cé trong s6

mixture, concentration - hdn hadp, néng dé scale (of a map) - ti L& ban do6 scale factor - hé s6 ti &

similar figures - hinh déng dang

2.1 Ratios: Parts, Wholes and Invariants
Ti s6: phan, toan thé va dai lugng khong déi

Ti s6 (ratio) la ngbn nglt cia AMC 8: “ctf 3 ban nam thi cé 5 ban n{t”, “tron theo ti & 2 : 3", “ban d6 ti 1& 1 : 50 000”. C3
chudng nay chi xoay quanh mét y: ti s8 cho biét s6 phan, khéng cho biét s6 ludng. Mubn ra s6 lugng that, ta cAn thém mot
dir kién dé tim gia tri cha mét phan.

Definition — Ratio, parts, part-to-whole (ti s8, sé phan, phan so véi todn thé)

Quantities A and B are in the ratio a : b when % = %, i.e. A = ak and B = bk for some k > 0 (the value of one part).
Then A is i of the whole A + B. A ratio does not change when all its terms are multiplied or divided by the same
a

nonzero number: 6 : 10 = 3 : 5.
Vidu: l&p 40 hoc sinh, nam : nit = 3 : 5. Téng 8 phan Ung vdi 40 hoc sinh nén M6t phan la 5 hoc sinh; nam = 15, nit = 25. Nam

e B 2 n R T P
chiém 3 ca l6p — khong phai 5 (do La ti s6 nam so vai nit).

nam

8 phin = 40 HS

1 phédn =5 HS
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Theorem — Two ways a ratio is hidden (hai cach ti s6 “tron” trong dé)
(1) 1f £ of A equals _ of B (all positive), then A: B =~ : £ — pq:ps. () IfA: B—=a:band B: C = c: d, then A :
q s s q

B : C = ac: bc : bd — rescale both ratios so that the shared quantity B gets the same number of parts.

A x o AR oo Y g 2 ane manten b o0
(1) Tu Pa-Tp suyra — = ﬁ 1 dai lugng nao Ldy phan sé nhé han thi ldn hon. Ching han = sé bi dd bang = s6 bi
q 5 ) B plg s 3 2
xanh thi @6 : xanh = 3¢ B =3 : 4. (2) Nhan hai ti s6 dé B c6 cung s6 phan (dung BCNN): A: B=2:3vaB:C =4:5cho A :

B:C=8:12:15.

Example 2.1 Hai phan s8 bang nhau - mét ti sé ‘

2
In a chess club, % of the boys and 3 of the girls play in a tournament, and the same number of boys as girls play. The
club has 51 members. How many members of the club are girls?
(A) 17 (B) 24 (C) 27 (D) 30 (E) 34
SOLUTION - L3I GIAI - Answer: (C) 27

= 8:9 (nhan ca hai vdi 12).

Wl
=W

~ B ~ & ~ ~ . ~ 2 A . 7
S6 nam thi dau bang so6 nir thi dau: ZB = gG. Theo hop dinh ly, B: G =

Téng 8 + 9 = 17 phan Ung vdi 51 ngudi, mét phan & 3 ngudi. S6 nir 13 9 - 3 = 27. Dap an (C).

. 2 N .
Kiém tra: nam 24, ?1 -24 = 18; nlr 27, 3 27 = 18. ¥ Bay: viét ngudc thanh B : G = 9 : 8 thira 24 n{.

Insight - “

ISE kS

cla A bdng L caB 1a mot ti s6 trd hinh; dai lugng bi LAy phan s8 nhé hdn L& dai lugng Lén han.
s

Key Idea — Tim c3i KHONG déi

Khi s6 lugng thay d6i, ti s6 thay d8i — nhung thudng cé mét dai lugng ding yén, va dé la chia khod:
e Hai ngusi cing nhin thém (hodc cling bdt) mét s6 nhu nhau — hiéu khéng déi.

e M6t ngudi chuyén cho ngudi kia = téng khong déi.

e Chi mét nhém thay d6i = nhém con lai khéng déi.

Hay viét ti s6 trudc va sau sao cho dai lugng khdng d6i cé cing sé phan.

" Example 2.2 Hiéu khéng déi |

Mai has 5 stickers for every 2 stickers that Lan has. Their grandmother then gives each girl 12 more stickers, and now
Mai has exactly twice as many stickers as Lan. How many stickers did Mai have before the gift?

(A) 24 (8) 36 (C) 48 (D) 60 (E) 72

SOLUTION - L3I GIAI - Answer: (D) 60
M&i ban nhan thém 12 nén hiéu s6 nhan ddn khéng d6i. Trudc: Mai : Lan = 5 : 2, hiéu 3 phan. Sau: Mai: Lan = 2 : 1, hiéu
1 phan.

Viét lai dé hiéu cé cling s6 phan: trudc 5 : 2 (hiéu 3), sau 6 : 3 (hiéu 3). Lan tif 2 phan [én 3 phan, t&ng 1 phan = 12 nhan.
Vay mét phan 14 12, lWc d4u Mai cd 5 - 12 = 60 nhan. Dap an (D).
Kiém tra: 60 va 24; sau d6 72 va 36, ding gap doi. v Bay: tra |8i 24 & s6 nhan cla Lan.

Insight - Cung thém (hay clng bdt) mét lugng nhu nhau — hiéu bat bién; d6i hai ti s6 vé cung s8 phan cho hiéu réi so sénh

tling phan.
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Common Trap — Ba cdi by tisé

X . . . . - - . .3, R .. 3
e Nham phan-phan vdi phan-toan thé: nam : nir = 3 : 5 thi nam la 3 3p, khdéng phai —.

ot

e Cong cling mét s6 vao hai vé lam dai ti s6: 3 : 5 cdng thém 1 mbi bén thanh 4 : 6 = 2 : 3 # 3 : 5. Chi nhan/chia mdi gil ti s6.
e Tis6 3 : 5 khdng cé nghia la cé ding 3 va 5 cdi: nd L& 3k va 5k. Nhiéu bai hoi “ft nhat” chinh (& hoi k nhd nhat.

Tip — Goi mét ph3n 13 k — hodc vé so d6 doan thing
Khi dé cho ti s6 va mét hiéu/téng, ding lap hé hai n: goi gid tri mét phan La k (hodc vé cdc 6 bang nhau) — mot phudng trinh
bac nhat (4 xong. Khi ti s6 cd ba dai ludng, quy vé mét day ti s6 A : B : C trudc khi tinh.

n 2.2 Direct and Inverse Proportion

Ti L& thudn va ti L& nghich

Definition — Direct proportion (ti 1€ thudn)

y is directly proportional to z if y = kx for a constant k& ## 0; equivalently Y is constant. Its graph is a straight line
0
through the origin. Doubling = doubles y; A &.
1 )
Gid gao 25 nghin/kg: tién = 25x (s6 kg) — ti L& thudn, d6 thi la dudng thang qua gdc. Néu clfa hang thu thém phi giao 20 nghin

thi tién = 25z + 20: van & dudng thang nhung khdng ti L& thudn (mua gap déi khong trd gép doi).

nghin ddng
175 5
/7
150 VAS 25x + 20 ,/
/7
125 ’I
y = 25x
100 i
,I
75 7
/7
50 /
’/
25
0 >
0O 1 2 3 4 5 6
kg

Definition — Inverse proportion (ti 1€ nghich)

y is inversely proportional to z if zy = k for a constant k£ # 0. Doubling x halves y; 1y1 = 2.

Vidu quen thudc: cing mét quang dudng thi van téc x thdi gian khong d6i; cing mét cong viéc thi s6 ngudi x s6 ngay khéng
ddi; bap bénh can bang thi cdn ndng x khoang cach téi tru & hai bén bang nhau (khéi lugng ndng hon phai ngéi gan tru han).

Example 2.3 Can bang don bay: tich khong déi

A seesaw is 5 m long with its pivot at the middle. Binh (36 kg) sits at the left end, and An (30 kg) sits at the right end.
Chi (20 kg) wants to sit on the right side so that the seesaw balances. How many meters from the pivot should Chi sit?
(A seesaw balances when, for the two sides, the sums of (mass X distance to the pivot) are equal. The figure is not
drawn to scale.)

Binh 36 kg Chi 20 kg An 30 kg

O QO
/\

2.5m ?

(A) 0.5 (B) 0.75 (€)1 (D) 1.25 (E) 1.5

SOLUTION - LGOI GIAI - Answer: (B) 0.75
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Mbi d4u céch tru 2.5 m. Bén trdi: 36 - 2.5 = 90. Bén phai dang cé An: 30 - 2.5 = 75.
Con thiéu 90 — 75 = 15, nén Chi ngbi cach tru  mét véi 20z = 15, tic z = 0.75 m. Dap an (B).
B&y: chi so Binh vdi Chi (36 - 2.5 = 20z, z = 4.5 — vudt khoi bap bénh!) & quén rang An ciling dang ngéi bén phai.

3«

Insight - Can bang & “téng cdc tich bang nhau™: tinh lugng con thi€u clia mét bén rbi chia cho cAn ndng clia ngudi mdi.

Theorem — Equal ratios add up (tinh chat d3y ti sé bing nhau)

a c e
Ifg—a—?—kanderdJrf;éO,then
at+c+e ma + nc
_— 11 = K.
brdt S k, and more generally b+ nd k

Via=kbc=kd e=kfnéna+c+e=k(b+d+ f). Tinh chdt nay cho phép cdng ti véi tif, mau véi mau — diéu bj c&m khi
c6ng phan s6 binh thudng, nhung dung khi cac ti s& bang nhau.

' Example 2.4 Cong cdc ti s6 bang nhau .

Positive numbers a, b, and ¢ satisfy

a+b bt+c cHa

3 4 5
What is the value of Lb—kc?
a—b+ec
(A) 1 6 4 3 (E) 2
(B8) = (© 3 (0)

SOLUTION - L8I GIAI - Answer: (D) ;

Goi gid trichung la k: a + b = 3k, b + ¢ = 4k, ¢ + a = 5k. Céng ba dang thdc (hay dung tinh chat day ti s6): 2(a + b +
c) =12k, néna + b+ ¢ = 6k.

Trif lan Wdt: ¢ — 6k — 3k — 3k, a — 6k — 4k — 2k, b= 6k — bk = k. VAya:b:c=2:1:3.

atb+c 6k

3
——— = — = —.Ddpan (D).
a—b+c 4k 2 ap an (D)

Insight - D3y ti s6 bdng nhau = d3t chung bang &, cdng tat ca dé cé t6ng, roi trif ra tiing bién.

Common Trap — Ti Ié nghich khéng cé nghia 13 “trir di”

(=2}

S8 cdng nhan tdng tir 6 1&n 9 (thém 50%) thi s6 ngay gidm con — = =, tlc gidm 333 % — khéng phai gidam 50%, cing khéng

9
phai “bdt 3 ngay”. Vi ti L& nghich, hay ludn quay vé tich khéng d6i: 6 -12 =9 -t = t = 8.

Wl

Tip — Héi: c3i gi nhan v&i c3i gi thi khdng d6i?
Trudc khi tinh, viét ra dai ludng bat bién: “tdng cdng viéc = ngudi x ngay”, “quing dudng = tdc d6 x thdi gian”, “sé chif = trang
x dong x chit méi dong”. Néu b4t bién la mét thudng thi ti 1& thuin, & mét tich thi ti & nghich.
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2.3 Rates: Unit Rates, Speed and Work

Téc do: don gia, van téc va nang suat

Definition — Rate and unit rate (ti suat, don gid)

A rate compares two quantities with different units: km /h, pages per minute, liters per 100 km. The unit rate is the
amount for one unit of the second quantity. Amount = rate x time; in particular d = vt.
1000 m 1h

‘ 1km 3600s
gach cdc dan vi gibng nhau — ky thuat nay goi la phan tich thi nguyén (dimensional analysis).

- Example 2.5 Phén tich thi nguyén

A leaking faucet drips once every 2 seconds, and 15 drops make 1 milliliter. Which of the following is closest to the
number of liters of water the faucet wastes in 30 days?

(A) 0.9 (B) 9 (C) 90 (D) 900 (E) 9000

D6i don vi bang cach nhan véi cac phan s “bang 1”: 72 km/h = 72 -

= 20 m/s. Viét don vi vao ting thifa s6 va

SOLUTION - L3I GIAI - Answer: (C) 90

24 gid 3600s 1giot 1mL 1L

lngay 1gid 2s  15giot 1000 mL’

Tinh: 30 - 24 - 3600 = 2 592 000 giay, chia 2 dudc 1296 000 giot, chia 15 dugc 86 400 mL = 86.4 lit. Gan nhat 1a 90. Dap
an (C).

NGi cac hé s6 d6i don vi: 30 ngdy -

Bay: quén d&i mL sang lit thi ra hang chuc nghin; nhan 15 thay vi chia thi l&ch h3n bic d6 ldn.

Insight - Viét moi hé s8 kém dan vi thanh phan s6; don vi gach dudc vdi nhau thi phép tinh chic chdn dlng chiéu (nhan hay
chia).

Theorem — Average speed (v3n tdc trung binh)

total distance
average speed = ——
total time

2uv . . u+ v
" ; for two legs of equal time it equals
v
Trén d6 thi quang dudng — thdi gian, van téc trung binh & d6 déc ctia diy cung ndi diém dau vdi diém cudi; thdi gian nghi van
. . d d 2d 2
tinh vao toéng thai gian. Hai doan dudng bang nhau: thgi gian la — + —, nén trung binh = e
u v diu+d/v u+twv

For two legs of equal distance at speeds u and v it equals

km
105A
90
75 V2
7/
60 ,/
60 km/h
e
45 ,,
30 7,
15 7
) 30 km/h

0
0 05 1 15 2 25 ?

gio

day cung: 90 : 2.5 =36 km/h

7

Example 2.6 Can chay nhanh bao nhiéu?

Lan cycles the first 12 km of a 24-km route at 18 km/h. At what constant speed, in km/h, must she ride the remaining 12
km so that her average speed for the whole route is 24 km/h?

(A) 28 (8) 30 (C) 32 (D) 36 (E) 40
SOLUTION - LOI GIAI - Answer: (D) 36
Muén trung binh 24 km/h trén 24 km thi téng thai gian phai 3 1 git = 60 phut.
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ol 120 P R Ao sl 1 o &
Poan dau mat 18 gic = 40 phut. Con 20 phut = 3 gid cho 12 km: van téc 12 : 3 = 36 km/h. Bap an (D).

X ix . .18 2 M " SR ,
Bay: lay trung binh cong v _ 24 ra v = 30 — sai vi hai doan ton thai gian khac nhau.

Insight - V4n t6c trung binh muc tiéu — quy ra téng thai gian cho phép; trir thdi gian da duing dé biét thdi gian con lai.

Theorem — Work rates add (nang suat cdéng duorc)

1
If one worker finishes a job in a hours, the worker's rate is — job per hour. Rates of people working together add: two
a

1 1 1
workers who alone need a and b hours need T hours together, where T4 + o
a

Cbéng nang suat, khéng céng thsi gian. Khi dé cho “mdy mdi nhanh han 50%”", hdy chon ndng suit mdy cli 13 m6t sé tién (nhu 2)
thi may mdi la 3, réi tinh khéi lugng cbng viéc theo cling dan vi.

- Example 2.7 Nang suit cong dudc

A new machine works 50% faster than an old machine. Two old machines and one new machine, working together,
finish an order in 6 hours. How many hours would one old machine and two new machines, working together, take to
finish the same order?

(A) 4 (8) g () 5 (D) % (E) 6

R , 21
SOLUTION - LOI GIAI - Answer: (D) T
Chon nang suidt mdy cii la 2 don vi/gis, may mdi la 3 dan vi/gid.
. 42 21
Bon hang: (2 + 2 + 3) - 6 = 42 don vi. D& mdi cé ndng suat 2 + 3 + 3 = 8 dan vilgid, can =T gig. Pap an (D).

Bay: nghi “d6i m6t mdy cli lay mdt may mdi thi cd d6i nhanh han 50%” r6i ldy 6 : 1.5 = 4. Thuc ra ndng suat ca dbi chi
tang ti 7 lén 8 dan vi.

Insight - Chon dan vi ndng suét tién Lgi, quy céng viéc ra “sé dan vi”, roi chia cho ndng suat téng.

Key Idea — V3n toc twong ddi (relative speed)
Hai vat chuyén déng cling chiéu: khodng cdch gitta ching thay déi vdi téc d6 bang hiéu hai van t6c. Ngudc chiéu (di vé phia

o , . khoang céch ban da
nhau): bang téng hai van téc. Thdi gian dudi kip = 0ang cact ban at

hiéu van toc

Example 2.8 Duéi kip trudc khi téi hang

A catis 15 m behind a mouse, and the mouse's hole is 30 m ahead of the mouse, all on a straight line as shown. The
mouse runs toward its hole at 3.5 m/s. At the same moment the cat starts chasing at a constant speed. What is the
least speed, in m/s, at which the cat reaches the mouse no later than the moment the mouse reaches its hole?

meéo - 6 m/s chudt - 3.5 m/s hang

15m 30 m

(A) 4.5 (B) 5 (C) 5.25 (D) 5.5 (E) 6
SOLUTION - L3I GIAI - Answer: (C) 5.25

A 4 30 60 NPT . . 60
Chubt can 35 = - gidy dé vé hang. Mubn bat kip chdm nhat ngay clfa hang, meéo phai chay 15 + 30 = 45 m trong -
giay.

N 60 315 L,
Van toc toi thieu = 45 : - = 0 = 5.25 m/s. Bap an (C).
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y o e (] o (Moo o 60 A e xe T
Cach nhin vén toc tugng doi: méo phai xoa khoang cach 15 m trong - s, Nén hiéu van toéc it nhat 15 - 50 =1.75;3.5 +

= ~ 30 A A Y A 2. ’ A 2.
1.75 = 5.25. Bay: lay 35 réi quén rang meo phai chay 45 m ch khong phai 30 m.

Insight - Bai dudi bt cé “han chét” — tinh thdi gian clia ngudi bi dudi trudc, réi suy ra van téc can thiét; hodc dung hiéu van
téc.

Common Trap — B3y vin tdc

e Trung binh van t8c # trung binh cdng cdc van t8c (trir khi cdc doan tén thdi gian bang nhau).

e D8i phit ra git: 20 phut = % gi®, khéng phai 0.2 gid.

e N&ng suat thi cdng, thdi gian thi khéng cdng: hai ngusdi méi ngudi can 6 gid thi lam chung can 3 gid, khéng phai 12.

Tip — Chon quang dudng (hay cdng viéc) tién loi

Khi d@é khéng cho quang dudng hodc khéi lugng cdng viéc, hay tu chon mébt con s6 chia h&t cho moi van téc/thdi gian xuat hién
(BCNN). Vi du di 40 km/h, vé 60 km/h: chon quang dudng 120 km, thdi gian 3 4 2 = 5 gid, trung binh % = 48 km/h (khéng phai
50).

o 2.4 Mixtures and Weighted Averages

H6n hgp va trung binh cé trong sé

Theorem — Weighted average and the lever rule (trung binh cé trong sé va quy t3c don b§y)

If m units with value p are combined with n units with value g, the average value is

mp + nq
T m+n’
which lies between p and q. Moreover
17 (lever rule).
n  r—p

TU (m + n)r = mp + ng suy ram(r —p) = n(q — r). D3t p, 7, g lén truc s6 nhu moét don bay véi tru & r: lugng cha méi loai ti L&
nghich védi khoang cach tif né dén tru. Tron tra 150 nghin/kg vdi tra 250 nghin/kg thanh loai 190 nghin/kg: khodng cdch 40 va 60
, nén khai lugng loai ré : loai d&t = 60 : 40 = 3 : 2 (loai gan tru hon chiém nhiéu han).

40 60

3 phan 2 phén

JAN

150 190 250

Example 2.9 Quy tic don bay

A shop mixes coffee that costs 180 thousand déng per kilogram with coffee that costs 240 thousand d6ng per kilogram
to make 50 kg of a blend worth 216 thousand déng per kilogram. How many kilograms of the cheaper coffee does the
shop use?

(A) 15 (B) 20 (C) 25 (D) 30 (E) 35
SOLUTION - L3I GIAI - Answer: (B) 20

Theo quy tic don bay, loai ré : loai dat = (240 — 216) : (216 — 180) =24:36 =2: 3.

50 kg chia 5 phan, méi phan 10 kg; loai ré chiém 2 phan = 20 kg. Ddp an (B).
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Kiém tra: 20 - 180 + 30 - 240 = 3600 -+ 7200 = 10800 = 50 - 216. v Bay: ghép nham khoang cdch vdi loai (36 di vdi loai
ré) thi ra 30 kg.

Insight - Loai ndo gan gid tri trung binh han thi chiém nhiéu hon — ludng ti & nghich vdi khoang céch.

Key Idea — C3i gi cdng dugc?
Trong bai tron, lugng chat (gam dudng, tién, téng diém) thi cdng dudc; néng d@6, don gia, di€m trung binh thi khéng cong dudc.
Lubn d6i vé lugng: nbng db x khdi lugng = luang chat; trung binh x s6 ngudi = t6ng diém.

" Example 2.10 Trung binh tudi cha hai nhém

The average age of the 52 people on a school trip is 18 years. The average age of the teachers is 40, and the average
age of the students is 14. How many teachers are on the trip?

(A) 4 (B) 6 (C) 8 (D) 12 (E) 13
SOLUTION - LGOI GIAI - Answer: (C) 8

Don bay vdi tru & 18: gido vién cach 40 — 18 = 22, hoc sinh cdch 18 — 14 = 4. S8 ngudi ti & nghich vdi khoang céch: gido
vién :hocsinh=4:22=2:11.

52 ngudi la 13 phan, mbi phan 4 ngudi. S8 gido vién la 2 - 4 = 8. Dap 4n (C).
Kiém tra bang téng tudi: 8 - 40 + 44 - 14 = 320 + 616 = 936 = 52 - 18. v

Insight - Hai nhdm gdp lai, biét ba “trung binh” = don bay cho ngay ti s6 s6 lugng.

Common Trap — Khdng 13y trung binh cda cac trung binh
90 + 210

Ldp A (10 ban) trung binh 9 diém, l&p B (30 ban) trung binh 7 diém: trung binh chung la m

= 7.5, khéng phai 8. Chi khi

hai nhdm cé cling s6 lugng thi mdi dudc cong hai trung binh réi chia dbi.

Tip — Ba con sd trén mat truc

G&p bai trén hai loai (gid, néng do, diém, tudi, van tdc trén cung thdi gian...), vé ba diém p < r < q trén truc s6, ghi hai khodng
cdch, réi ddo chéo: lugng loai p Ung vdi khodng céch g — r. Nhanh han nhiéu so vdi lap phuang trinh.

2.5 Scale Factors: Maps, Similar Figures and Area Ratios

Hé sé ti Lé: ban dd, hinh dong dang va ti sé dién tich

Theorem — Scaling lengths, areas and volumes (phdéng to - thu nhd)

If every length of a figure is multiplied by &, then every area is multiplied by k2 and every volume by k3. A map with
1 1

scale 1 : n multiplies real lengths by —, so it multiplies real areas by %
n n

M6t hinh vudng canh a phéng k lan thanh canh ka, dién tich (ka)? = k%a?; hinh lp phudng thanh (ka)® = k3a®. Moi hinh phang
déu xap xi dudc bang cdc 6 vudng nhé (moi khdi bang cdc khdi lap phudng nhd), nén quy tac ding cho moi hinh.

Example 2.11 Tir ban d6 nay sang ban dé kia

On a map with scale 1 : 40 000, a lake has an area of 3 cm?. What is the area of the same lake, in cm?, on a map with
scale 1 : 100 0007

(A) 0.48 (8) 1.2 (C) 1.92 (D) 7.5 (E) 18.75
SOLUTION - L3I GIAI - Answer: (A) 0.48

\ . a4 2 o (2)P 4
Di tlr ban d6 th nhat sang ban d6 th hai, moi d6 dai nhan vdi 1000000000 =5 nén dién tich nhan vdi (g) =2
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uuu

4
Dién tich méi = 3 - o i 0.48 cm?. Dép an (A).

. 2 , . .
Bay: nhan 3 vdi 5 (quén binh phuang) ra 1.2; lat ngudc ti sé ra 7.5 hodc 18.75 — ban dé ti & nhé hon (1 : 100 000) vé ho
nhé hon.

Nhan tién: dién tich that 1& 3 - 4002 m? = 480000 m? = 48 ha (vi 1 cm trén ban d6 th( nhat & 400 m).

Insight - D6 dai theo k, dién tich theo k2, thé tich theo k®. Kiém tra chiéu: ti 1& ban dd 1 : n véi n ldn hon thi hinh v& nhd hon.

Theorem — Triangles with the same height (cUng chiéu cao)
If D lies on side BC of triangle ABC, then

[ABD] _ BD
[ADC] ~ DC°

More generally, triangles with equal heights have areas in the ratio of their bases. ([ XY Z] denotes the area of triangle
XYZ)

1 1 ’
Hai tam gidc ABD va ADC c6 chung dudng cao AH = h hatlf A, nén [ABD| = Emh va [ADC]| = Enh. Binh ly nho nay bién
ti s6 do6 dai thanh ti s6 dién tich va ngudc lai — cdng cu s6 m6t cho céc bai “chia tam giac”.

A

1
H

S ¢
9!

Example 2.12 Nan thang hang rao: dudng song song giif nguyén dién tich

A rectangular field with corners O = (0,0), (12,0), (12,8), and (0, 8) is drawn on a grid of unit squares. Two farms are
separated by a bent fence from A = (0, 8) to P = (5,2) to B = (12,0), as shown. The farmers replace it by one straight
fence from A to a point @ on the bottom side, so that each farm keeps exactly the same area. What is the distance OQ?

A

farm 2

farm 1 P

(A) 6 ) 23_0 (©) 7 (D) 8 (E) 9

SOLUTION - L3I GIAI - Answer: (D) 8

Y tudng: ké qua P dudng thing song song vdi AB, cit canh dudi tai Q. Hai tam gidc ABP va ABQ c6 chung ddy AB
va cling chiéu cao (vi PQ || AB), nén cé dién tich bang nhau. Thay dudng gap khic A-P-B bang doan AQ thi phan dat
mbi bén dudc bu trir diing bang nhau.
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o B

AB di xuéng 8 6 khi sang phai 12 6, tic ci sang phai 3 thi xuéng 2. T P = (5, 2) di theo hudng dé: sang phai 3, xudng 2
3 tdi (8,0). VAy OQ = 8.Dép 4n (D).

Kiém tra bang dién tich: néng trai 1 lWic dau la t gidc OAPB, bang tam gidc OAP (% -85 = 20) cbng tam gidc OPB |
1 R . .z 7 . A ’ 1 _ . _ X, N 2 7. o

3 - 122 = 12), téng 32; tam gidc OAQ cé dién tich 35 - 8- OQ = 32 khi OQ = 8 ¥'. Bay: ndi thang A véi B (0Q = 12)
hay di qua chan dudng thdng AP kéo dai (0Q = %) déu lam &ch dién tich.

Insight - Hai tam gidc chung ddy va cé dinh ndm trén mét dudng song song vai ddy thi cé dién tich bdng nhau — d&i dinh doc
dudng song song khéng d6i dién tich.

Common Trap — D9 dai g3p dai, dién tich g3p bon

e Hinh déng dang vdi ti s6 d6 dai k cd ti s6 dién tich k2: mdt tdm anh phdng to 3 lan (canh) t6n gidy gap 9 lan.

o Ngudc lai, biét ti s6 dién tich 16 : 25 thi ti s6 d6 dai la 4 : 5, va ti s6 thé tich (3 64 : 125.

o Hai tam gidc chi “c ti s6 dién tich bang ti s6 ddy” khi chiing cing chiéu cao — kiém tra dinh chung va ddy cling nam trén mét
dudng thang.

Tip — i tim c3p tam gidc chung dinh

Trong mét hinh cé nhiéu doan chia theo ti s6, hdy tim cdc c8p tam gidc cd chung mét dinh va ddy nam trén cing mét dudng
thang; viét dién tich theo cac “phan”, réi cdng trir. Gan dién tich cd hinh bang mét s6 tién i (nhu BCNN clia cdc mau) dé trdnh
phén sé.

G Worked Examples — Competition Level

Vi du mau muc thi dau

Hai vi du cu8i 8 mufc cdu 20-25 clia AMC 8. Hay thir tu gidi it nhat 5 phdt trudc khi doc L&i giai.

Example 2.13 Mét xe may, ba ngusi: ai cling di b mét doan

Three friends must travel 40 km. They have one motorbike, which carries at most two people (the driver and one
passenger) and travels at 40 km/h. Only An can drive. Each friend walks at 8 km/h. The motorbike can turn around
instantly and can drop off or pick up a friend anywhere on the road. All three start together. What is the least number of
minutes after which all three friends can be at the destination?

(A) 100 (8) 110 (C) 120 (D) 140 (E) 180
SOLUTION - L8I GIAI - Answer: (C) 120

K& hoach: An chd Binh di z km, tha Binh di b6 tiép; An quay lai dén Chi (dang di bd) réi chd Chi dén dich. Tt nhat & moi
ngudi d&n cling Wic — néu mdt ngudi dén sdm, cé thé ddi diém tha dé san bdt thdi gian cho ngudi d&n mudn.

r 40—z g5
Binh: —+ —— =5 — — giG.
T s TP 10
s A eF LT e T : Az . > o T
Chi: khi xe tha Binh (luc 10 gid), Chi & km 5; khoang cach 5 thu hep vdi van toc 40 + 8 = 48 (ngudc chiéu), mat 50 gic;
T T x x T x
ap nhau 6 km — .— = —,llc — + — = — gi8. Chd n6t 40 — — km: Chitdidich lic — +1 — — =1+ — gid.
gap nhaudkm £ +8- &5 =g, ldc 15T 50 =22 9 not40 = g km: Chitdidich e o +1 = o5 =1+ 30 9
. 4
Chobéngnhau:5flm—ozlJr%:>%:4:>x:30.Th6igian573:2gi6:120ph0t.Dépén(C).
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Nhén xét: Binh va Chi méi ngugi di b ding 10 km va di xe 30 km — d6i x('ng, nhu mong dai. Bay: chd Binh thang tdi

N ~ ’ 4 .\ ’ X A, . A ? \ g
dich r6i mdi quay lai dén Chi (z = 40) thi Chi dén lic 1 + % = g gi6 = 140 phut; cho méi ngudi di bo nira dudng mat
20+20*3 i = 180 phut
§ "ag  °90T eUPEE

Insight - Bai “chung phugng tién”: thdi diém t&i uu & khi moi ngudi dén cung luc; viét thdi gian cla tiing ngudi theo mot bién
(diém tha) réi cho bang nhau.

Example 2.14 Mot diém chuyén nhém, hai trung binh cung tang

The students of a class are split into two groups. The average score of group A is 84, and the average score of group B
is 64. Lan, whose score is 74, moves from group A to group B. After the move, the average of group A is 1 point higher
than before, and the average of group B is 0.5 point higher than before. How many students are in the class?

(A) 20 (8) 29 (C) 30 (D) 31 (E) 40

SOLUTION - LGOI GIAI - Answer: (C) 30

S i 4 . . . . 84n — 74 . R
Boé mat diém sd ra khéi nhém. Nhém A cé n ban, t6ng 84n. Bd Lan: n—l = 85, tlic 84n — 74 = 85n — 85, nén

n =11

C4ch nhin gon: Lan thap hon trung binh nhém A4 didng 10 diém; 10 diém “thiéu” dé trudc kia kéo trung binh ctia n ban
xudng, bd Lan thi n — 1 ban con lai chia nhau 10 diém: % =1,nénn—1 = 10.

Thém mét diém s8 vao nhém. Lan cao han trung binh nhém B ding 10 diém; thém Lan vao nhdm m ban thim + 1
ban chia nhau 10 diém: ml—il =0.5,nénm +1 =20, m = 19.

Ca 6p c6 11 + 19 = 30 hoc sinh. Bap an (C).

Bay: tinh n — 1 = 10 réi quén cbng Lan lai vao nhém A (ra 10 + 19 = 29), hay ra 31 do dém Lan hai lan (11 + 20).

r—a

Insight - Thém (hay bdt) mét gid tri 2 vao nhdm cé trung binh a: trung binh thay déi —— — — chénh
s6 phan tu sau khi thay doi

léch so vdi trung binh dudc “chia déu” cho cd nhém.

. J

o Exercises 1- Foundation
Bai tip 1 - Nén tang

*

2.1 Each studentin a class chose exactly one favorite sport, and the pie chart shows the results. The numbers of students

who chose football, badminton, swimming, and chess are in the ratio 5 : 4 : 2 : 1. Exactly 18 students chose chess.
How many more students chose football than badminton?

Football

Badminton

(A) 9 (B) 18 (C) 27 (D) 36 (E) 72
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23

24

*e

25

*e

2.6

‘e

2.7

*e

2.8

*e

29

*e

2.10

*e

The side lengths of squares P and Q are in the ratio 2 : 5. The area of Q is 84 cm? greater than the area of P. What is
the area of P, in cm??

(A) 16 (B) 24 (C) 28 (D) 36 (E) 56

A car travels at 90 km/h. A cheetah runs at 30 m/s. How many seconds does the cheetah need to run the distance that
the car travels in 1 minute?

(A) 30 (B) 45 (C) 50 (D) 60 (E) 75

Typist X types 3 pages every 4 minutes, and typist Y types 5 pages every 6 minutes. Working at the same time, how
many minutes do they need to type a 76-page report?

(A) 36 (B) 40 (C) 44 (D) 45 (E) 48

Lan takes 2 steps per second, and each of her steps is 0.6 m long. Minh takes 3 steps every 2 seconds, and each of his

steps is 0.75 m long. They start a 540-meter walk at the same time. How many seconds after the first one finishes
does the other finish?

(A) 15 (B) 20 (C) 24 (D) 30 (E) 36

Car A uses 6 liters of fuel per 100 km. Car B travels 15 km on each liter of fuel. On a 600-km trip, how many more
liters of fuel does one of the cars use than the other?

(A) 2 (8) 3 (C) 4 (D) 6 (E) 9

A book is printed with 30 lines on each page and has 240 pages. It is reprinted with 36 lines on each page, and each
new line holds 25% more words than each old line. How many pages does the new edition have?

(A) 144 (B) 160 (C) 180 (D) 200 (E) 225

A bus drives at 60 km/h whenever it is moving. Because of its stops, its average speed over a long route is only 48
km/h. On average, for how many minutes of each hour is the bus stopped?

(A) 8 (B) 10 (C) 12 (D) 15 (E) 20

On a map with scale 1 : 250000, two towns are 6.4 cm apart. Lan drives from one town to the other along a straight
road at 40 km/h. How many minutes does the trip take?

(A) 6 (B) 12 (C) 16 (D) 20 (E) 24

The graph shows the price of rice A and of rice B as a function of the number of kilograms bought. Each price is
proportional to the mass. How many thousand déng more do 15 kg of rice A cost than 15 kg of rice B?

nghin dong
150 A
125 B
100
75
50
25
0 >
0 1 2 3 4 5 6
kg
(A) 75 (B) 80 (C) 90 (D) 100 (E) 125
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2.11 A farm has enough hay to feed 12 horses for 30 days. After 6 days, 4 of the horses are sold. Every horse eats the same
*+ amount each day. For how many more days does the remaining hay last?

(A) 24 (B) 27 (C) 30 (D) 36 (E) 45
2.12 Maidrives for 2 hours at 50 km/h and then for 3 more hours at a constant speed. Her average speed for the whole 5
*+  hours is 62 km/h. What was her speed, in km/h, during the last 3 hours?
(A) 64 (B) 66 (C) 68 (D) 70 (E) 74

Exercises 2 - Competition Core
o e * %
Bai tap 2 - Trong tam ky thi
2.13 Two shelves hold only books. The ratio of the number of books on the top shelf to the number on the bottom shelf is

** 7 :4. After some books are moved from the top shelf to the bottom shelf, the ratio becomes 3 : 2. What is the least
possible total number of books?

(A) 15 (B) 22 (C) 33 (D) 44 (E) 55
2.14 Lan cycles from home to her grandmother's house and back along the same road. Her average speed for the whole

**  round trip is 24 km/h, and her speed on the way back is 30 km/h. What was her speed on the way there, in km/h?
(Each way she rides at a constant speed.)

(A) 18 (B) 20 (C) 21 (D) 22 (E) 27

1
2.15 A bag holds only red and blue marbles. If one red marble is removed, then exactly 7 of the remaining marbles are

1
red. If instead one blue marble is removed, then exactly 6 of the remaining marbles are red. How many marbles are
in the bag?
(A) 36 (B) 42 (C) 43 (D) 48 (E) 49

2.16 On an old-style bicycle, the circumference of the front wheel is 3 m and the circumference of the back wheel is 1.2 m,
+++ as shown. On a ride, the back wheel turns 300 more times than the front wheel. How many meters long is the ride?

circumference 3 m 1.2 m

(A) 300 (B) 360 (C) 450 (D) 600 (E) 750

2.17 Grandfather divides a sum of money among his three grandchildren in the ratio of their ages, 6 : 8 : 10. One year later
**+  he divides the same sum in the ratio of their new ages, 7 : 9 : 11. The youngest grandchild receives 15 thousand déng
more the second time. How many thousand déng does grandfather divide each time?

(A) 1080 (B) 1215 (C) 1296 (D) 1440 (E) 1620

2.18 Two bottles have exactly the same shape, but different sizes. The surface area of the smaller bottle is % of the

surface area of the larger bottle. The smaller bottle holds 54 mL. How many milliliters does the larger bottle hold?

(A) 72 (B) 96 (C) 108 (D) 120 (E) 128
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2.20
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2.24

A rectangle is cut into three congruent rectangular strips by two lines parallel to its short sides, as shown. Each strip
is similar to the original rectangle. What is the ratio of the long side to the short side of the original rectangle?

short side

long side
(A) v2 (8) ; (© V3 (D) 2 (E) 3

Lan usually rides her bike to school at a constant speed. If she rode 25% faster, she would arrive 12 minutes earlier
than usual. If instead she rode 25% slower, how many minutes later than usual would she arrive?

(A) 12 (B) 15 (C) 16 (D) 20 (E) 25

A rectangular photo is enlarged to a larger photo of the same shape, and its area increases by 125%. By what percent
does its perimeter increase?

(A) 25% (B) 50% (C) 62.5% (D) 125% (E) 150%

Jar A contains juice and water in the ratio 1 : 2, and jar B contains juice and water in the ratio 3 : 1. Using a cup, Lan
pours some full cups from jar A and some full cups from jar B (at least one from each) into an empty pitcher, so that
the pitcher contains equal amounts of juice and water. What is the least number of cups she can pour?

(A) 5 (B) 6 (C) 7 (D) 8 (E) 10

A tank starts empty. Tap P is opened at time 0. Ten minutes later tap @ is also opened, and at minute 30 a drain at
the bottom is opened too. The graph shows the amount of water in the tank during the first 40 minutes; each tap and
the drain work at its own constant rate. At minute 40, tap P is closed, while tap @ and the drain stay open. How
many more minutes does it take for the tank to become empty?

liters
8()0A
700
600
500
400
300
200
100
0 >

0 5 10 15 20 25 30 35 40 45
minutes

(A) 20 (B) 24 (C) 28 (D) 30 (E) 35

A shop sells a nut mix made of cashews and peanuts in the ratio 2 : 3 by mass. Cashews cost 300 thousand d6ng per
kilogram and peanuts cost 100 thousand déng per kilogram, and the price of the mix is the total cost of its nuts. The
price of cashews rises by 20% and the price of peanuts falls by 10%. By what percent does the price of the mix rise?

(A) 2% (B) 5% (C) 8% (D) 10% (E) 12%
A crown with mass 1500 g is made of gold and silver only. Assume that 1 cm® of gold has mass 20 g and 1 cm?® of
silver has mass 10 g. The volume of the crown is 100 cm?. How many grams of gold does the crown contain?

(A) 750 (B) 1000 (C) 1125 (D) 1200 (E) 1250
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2.29

*e00

2.30

*e00

Bdo walks from home to school, 3 km away, and his sister rides a bicycle along the same road from home to school.
The graph shows their distances from home. How many minutes had his sister been riding when she passed Bao?

km
A
3
25 sister
Bio
2
1.5
1
0.5
0 >
0 5 10 15 20 25 30 35 40 45
minutes after 7:00
(A) 5 (B) 6 (C) 7.5 (D) 15 (E) 22.5
E i .
xercises 3 - Challenge % %k

Bai tp 3 - Thir thach

Runners A, B, and C start together from the line S of a 400-meter circular track and run around it in the same
direction, at constant speeds of 170, 210, and 290 meters per minute, respectively. After how many minutes are all
three runners at the same point of the track for the first time?

(A) 5 (B) 10 (C) 20 (D) 40 (E) 80

Lan and Minh must type a long report. If Lan types the first half by herself and then Minh types the second half by
himself, the job takes 12.5 hours. If they type at the same time, sharing the work, the job takes 6 hours. How many
hours would the faster typist need to type the whole report alone?

(A) 6 (B) 6.25 (C) 10 (D) 12.5 (E) 15

Working alone, An, Binh, and Chi could paint a house in 6, 9, and 18 days, respectively. The three start painting
together. At the end of some day Binh leaves, and An and Chi finish the house together. The total payment of 3600
thousand d6ng is divided in proportion to the amount of work each person did, and Binh receives 400 thousand déng.

How many days does the painting take?
(A) 3 (B) g (€) 4 (D) g (E) 5

Every student in a class answered a question with “yes” or “no”. Among the boys, the ratio of “yes” to “no” answers
was 3 : 2; among the girls it was 1 : 3; and for the whole class it was 5 : 7. What is the least possible number of
students in the class?

(A) 21 (B) 42 (C) 63 (D) 84 (E) 105
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2.32

*e00

2.33

*e00

2.34

se00

2.35

*e000

In a club, the ratio of girls to boys was 3 : 2. Then 18 new members joined — at least one girl and at least one boy —
and the ratio of girls to boys became 5 : 4. What is the greatest possible number of members of the club after the
new members joined?

Integer answer - Dap s6 nguyén S

2
An ice-cream cone is a cone with its tip pointing down, as shown. Milk is poured in until it reaches 3 of the height of

the cone, and then the cone holds 48 mL of milk. How many more milliliters of milk are needed to fill the cone to the
top?

1 part

2 parts

(A) 24 (B) 60 (C) 108 (D) 114 (E) 162

Jug A holds 6 liters of lemonade that is 20% lemon juice, and jug B holds 4 liters of lemonade that is 50% lemon juice.
Minh takes z liters out of each jug at the same time, then pours the liquid taken from A into B and the liquid taken
from B into A. After stirring, the two jugs have the same percent of lemon juice. What is z?

(A) 2 (B) 2.4 (C) 2.5 (D) 3 (E) 4

Four friends share a taxi. The fare is a fixed amount per kilometer, and the cost of each kilometer is split equally
among the friends who are in the taxi during that kilometer. An gets out first, then Binh, then Chi, and Diing rides
alone for the last 5 km, as shown. An pays 12, Binh pays 24, and Chi pays 54 thousand déng. The fare is 6 thousand
ddéng per kilometer. How many thousand déng does Diing pay?

Binh gets out 5 km

start @ ® end

An gets out Chi gets out

(A) 54 (B) 60 (C) 72 (D) 78 (E) 84

Positive integers a < b < csatisfya : b=>b:canda + b+ ¢ = 133. What is the sum of all possible values of b?

Integer answer - Dap s6 nguyén S
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2.36 Square Sy has area 81. For each n > 0, square S,,.1 has its vertices on the sides of S,,, one on each side, each dividing
s+++ jts side in the ratio 1 : 2, as shown. What is the area of S4?

S0

625 125 256
-~ (B) 9 b (D) 16 o=
(A) a (C) 9 (E) 9

Chinh phuc AMC 8 — 36— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 AMC 8 Mastery

ENGLISH

Chapter 3 8020 AMC 8 Mastery

Algebra — Expressions, Equations & Word
Problems

Pai s6 — biéu thuc, phuong trinh & toan L&i van

N«

DPai s8 la “ngdn nglr” clia gan mdt phan ba dé AMC 8: rit gon biéu thifc, gidi phuang trinh bac nhat, va nhat La dich bai
todn &i van (tudi, tién, diém thi, s8 lién tiép) thanh phudng trinh. Chuang nay day cach chon &n khéo, duing hang dang
thirc, két hop cdc phudng trinh dé 14y th3ng dai luong dé hai, doc quan hé tuyén tinh trén @6 thi va tim nghiém nguyén.
Hoc sinh thudng mat diém vi sai ddu khi phd ngodc, dich ngudc “5 less than x”, quén dau mut khi dém, hodc tim ding =
réi tra l8i nham dai lugng.

v Rt gon va tinh gid tri biéu thic; dung hang dang thic v Gidi phudng trinh bic nhat (k& ca cé phén s6, cé tham
(a £b)% a® — b% va tinh theo “kh&i” ma khdng cén tiing 4n. s8), nhan biét vd nghiém va v6 s6 nghiém.

v Dich bai todn L8i vdn thanh phudng trinh: chon &n 4 giita, v Gidi hé hai &n bang thé va cong dai s6; cong/nhéan tat ca
dung hiéu tudi khéng déi, phuong phdp gia su. phudng trinh dé (dy th3ng dai lugng can tim.

v Doc quan hé tuyén tinh tir bang va db thi, gidi bat

phudng trinh, d&m nghiém nguyén cta azx + by = c.

variable - bién, an expression - biéu thifc like terms - hang tr dong dang to evaluate - tinh gid tri
identity - hang d3ng thic / dang thiic ding véi moi gid tri equation / solution - phugng trinh / nghiém
consecutive integers - cdc s6 nguyén lién tiép system of equations - hé phudng trinh

substitution / elimination - phudng phdp thé / cong dai s6 linear relationship - quan hé tuyén tinh (bac nhat)
slope, rate of change - hé s6 gdc, téc d6 thay doi inequality - bat phuong trinh / bat dang thic

at least / at most - it nhat / nhiéu nhat absolute value - gid tri tuyét déi

- J

o 3.1 Algebraic Expressions and Identities
Biéu thic dai s va hang dang thirc

Dai s8 13 cach viét gon mbt phép tinh chua biét s6. G AMC 8, bidu thiic dai s6 xuat hién theo hai kidu: dé cho sén biéu thic
va b3t rdt gon/tinh gid tri, hodc dé cho mét tinh huéng ma ban phai tu viét biéu thitc. Ky ndng then chét cha cd hai la: rdt gon
trudc, thay sé sau, va nhan ra khi dé cho mét khéi (nhu 3a — 2b) thi khdng can tim riéng tiing chir.

Definition — Variable, expression, like terms (bi€n, biéu thirc, hang t& ddng dang)

A variable is a letter standing for a number. An expression combines numbers and variables with operations, e.g.

3(2a — b) + a. Like terms have the same variable part (5ab and —2ab; but not a2 and a) and can be combined: 5ab —
2ab = 3ab. To evaluate an expression, substitute values for the variables.

Pha ngodc bang tinh chat phan phdi, réi gbp cac hang tir déng dang: 2(3a — b) — 3(a — 2b) = 6a — 2b — 3a + 6b = 3a + 4b. Chu
y dau trir trudc ngodc d6i ddu moi hang tir bén trong.
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Theorem — Three identities (ba hing d3ng thirc ddng nhé)

For all numbers a, b:
(a+ b)? = a® + 2ab + b7, (a—b)?=a®>—2ab+b*, a®—b=(a—b)(a+b).

Consequences: a? +b? = (a + b)? — 2ab and (a —b)? = (a + b)? — 4ab.

Hinh vudng canh a + b dugc chia thanh bén manh: a?, b2 va hai hinh chit nhat ab— dé la ly do c¢é s6 2 trong 2ab. Hai hé qua cé
dudc bang cach trir hai dang thic dau cho nhau.

a b
a a? ab
b ab b?

Key Idea — ®é cho mét khdi — dung nguyén khdi
Néu dé cho 3a — 2b = 7 ma hdi 6a — 4b + 5, dling c6 tim a va b (cé vb s6 cdp!). Hay viét biéu thic can tinh theo khéi da cho:
6a — 4b + 5 = 2(3a — 2b) + 5. Tudng tu, biét a + b va ab la biét a® + b, (a — b)?, ... qua hdng ding thic.

Example 3.1 Viét biéu thic theo khéi d3 cho

If 3a — 2b = 7, what is the value of 6a — 4b + 57

(A) 12 (8) 14 (€) 19 (D) 21 (E) 26
SOLUTION - L3I GIAI - Answer: (C) 19

Khéng thé tim riéng a, b, nhung khéng can: 6a — 4b = 2(3a — 2b) = 2- 7 = 14.

Vay 6a — 4b+ 5 = 14 + 5 = 19. Dap an (C).

Bay: quén nhan dbi thi ra 12; quén cbng 5 thi ra 14.

Insight - M6t phudng trinh hai 4n khéng cho tling &n, nhung cho mét t6 hdp; hay viét diéu can tinh thanh béi cla t6 hgp dé.

Example 3.2 Hang dang thifc néi téng, tich va hiéu

Numbers a and b satisfy a + b = 5 and a® + b*> = 17. What is the value of (a — b)??

(A) 1 (B) 4 (C) 8 (D) 9 (E) 17
SOLUTION - L3I GIAI - Answer: (D) 9

T (@ + b)® = a® + b® + 2ab: 25 = 17 + 2ab, nén 2ab = 8.

Khi d6 (a — b)> = a® + b> — 2ab = 17 — 8 = 9. D4p &n (D).

Kiém tra: @ = 4, b = 1 thod mén, va (4 — 1) = 9. Bdy: quén chia 2 (ldy ab = 8) réi tinh 17 — 2 - 8 = 1; hodc tinh (a — b)?
nhu a? + b = 17.

Insight - Ba dai lugng a + b, ab, a® + b? (va (a — b)?): biét hai cdi la tinh dudc cai con lai, khdng cén gidira a, b.
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Common Trap — Nhirng 15i bi€n ddi kinh dién
e (a+b)? # a® + b* — thiéu h3n 2ab (xem hinh vuéng & trén).
e —(z — 3) = —z + 3, khéng phai —z — 3: ddu trlif trudc ngodc d6i diu tat ca.
Sl =z + 3, nhung z —2|— 6 = g + 3, khéng phai z + 3: chia thi chia moi hang tlf cGa t{ sé.
e GOp 3z + 2z2 thanh 523 — hai hang t{f khdng déng dang thi khéng gbp.

Tip — C3u“Which expression equals ..." — th& bing s& nhé
Khi cdc lua chon La biéu thic, hdy thay mét gid tri dé& (nhu z = 2, trdnh 0 va 1 vi qud nhiéu biéu thic trung gid tri & dd) vao dé va
vao tiing lua chon. Lua chon ndo cho cling s6 L& Ung vién; néu con hai Ung vién, thirthém z = 3.

Example 3.3 Khoét gdc khong déi chu vi ‘

The L-shaped figure is a rectangle with sides 3z + 2 and 2z from which a corner rectangle with sides z and x — 1 has
been removed, as shown. Which expression gives the perimeter of the L-shaped figure?

TTTTTTA
1
x—1 1
|
2x x
3x+2
(A) 6x + 6 (B) 10x + 4 (C) 10z + 6 (D) 12z + 2 (E) 14x + 2

SOLUTION - LOI GIAI - Answer: (B) 10z + 4

D&y hai doan cla chd khoét ra ngoai: doan ngang dai x trugt (én triing vdi phan thiéu cla canh trén, doan ding daiz — 1
trudt sang phai tring v8i phan thiéu clia canh phai. Chu vi hinh chit L bang dung chu vi hinh chif nhat bao ngoai.

Chuvi = 2((3ac +2)+ Qm) = 10z + 4. Ddp 4n (B).

Kiém tra bang céch cdng 6 canh: (3z + 2) + 2z + 2z +2) + (z — 1) + = + (2z — (z — 1)) = 10z + 4. Bay: trir di phan
khoét 2z + 2(z — 1) thira 6z + 6; cOng thém 2z + 2(z — 1) (tudng chd khoét lam chu vi dai ra) thi ra 14z + 2.

Insight - Khoét m6t géce hinh chit nhat khéng lam d&i chu vi. V8i dédp én la biéu thic, thir z = 4 dé kiém tra: hinh (& 14 x 8, chu
vid4=10-4+ 4.
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o 3.2 Linear Equations in One Variable

Phudng trinh bac nhat mét an

Definition — Equation, solution, equivalent equations (phuong trinh, nghiém, phwong trinh twong duong)
An equation states that two expressions are equal. A solution is a value of the variable that makes it true. Two
equations are equivalent if they have the same solutions. Adding the same number to both sides, or multiplying both
sides by the same nonzero number, gives an equivalent equation.

Hay nghi t8i mét chiéc can thdng bang: b di cing mét thit & hai dia, cAn van thdng bang. Trong hinh, bd mét hép z va 3 don vi 6
mdi bén, con lai z = 4.

e2e

Theorem — Solving ax + b = cx + d (gidi phwong trinh bic nhat)
Collect the variable on one side: (a — ¢)z = d — b.

d—b

a—c

e If a = cand b = d: every number is a solution (an identity).

e If a = cand b # d: no solution.

e If a # c: exactly one solution =

Ba trudng hgp nay la ly do dé hay héi “vdi gid tri nao clia tham s6 thi phudng trinh cé v6 s8 nghiém / vé nghiém”: hay dua vé
dang (...)z = (...) r6i cho hé s8 clia = bang 0.

Tip — Phwong trinh c6 phan sé: nhan véi m3u chung ngay tir d3u

A 2 . ~ e = ~N 2 e ~ ’ . A ~ v 2 ~ By v 2, . A "E
Nhan ca hai vé vdi mau s6 chung nho nhat dé xod hét phan so, dat tir s6 vao ngoac trudc khi nhan:

12 = 3(z — 2). Vi
cAu trac nghiém, con mét cach nita: thay thir cdc ddp an (backsolving) — bat dau tir ddp an & gitra dé biét nén di l&n hay di
xudng.

" Example 3.4 Xoda mau, giif ngoidc |

What value of x satisfies

z+1 :c—2_

3 4

27

(A) 14 (B) 18 (C) 22 (D) 24 (E) 26

SOLUTION - LGOI GIAI - Answer: (A) 14
Nhan hai v& v8i 12: 4(z + 1) — 3(z — 2) = 24.

Pha ngodc: 4z +4 — 3z + 6 = 24, tdc x + 10 = 24, nén z = 14. Dap an (A).

15 12 ~ o x x P o \
Kiém tra: 3 T 5 —3 = 2.V Bay: viét —3x — 6 (quén d6i ddu s6 hang th( hai trong ngodc) thira z = 26.

Insight - Phan sé trong phudng trinh = nhan mau chung; dau trir ding trudc phan s6 & dau trir trudc ca tir sé.
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" Example 3.5 Pong nhit hé sé

For which value of a is the equation

4(z+a)—6=2(2x—3a)+2a+6
true for every number z?

3 B) 0 3 3 E) 3
(A) 3 (B) © 3 (0) (E)

5 . 3
SOLUTION - LOI GIAI - Answer: (D) 3

Khai trién: vé& trdi 4z + 4a — 6, vé& phai 4z — 6a + 2a + 6 = 4x — 4a + 6.
Hé s& cla z hai v& da bang nhau (4 = 4). Phuang trinh dlng v8i moi z khi va chi khi phan hang sé cling bang nhau: 4a —

3
6 =—4a+6,tlc8a =12,a = §.Da'p an (D).

3 ~ ’ hY A A
Vdi a khac 2’ phudng trinh trd thanh “0 - z = mot sé khac 0” va v6 nghiém.

Insight - “Dlng vdi moi z” nghia a hai vé la cing mét biéu thic: so sanh hé s8 cla x va hang s6.

Common Trap — ®irng chia cho thi cé thé bing 0

TU z(xz — 3) = 5z ma chia hai v& cho = dugc z — 3 = 5, ta ddnh mat nghiém z = 0. Hay chuyén V& réi d3t nhan ti: z(z — 3) —
5z = z(x — 8) = 0, nén = = 0 hodc = = 8. Tudng tu, nhan hai v& vdi mét biéu thirc chifa &n cé thé sinh thém nghiém la — ludn
th Lai.

o 3.3 Translating Word Problems into Equations
Chuyén bai todn LGi van thanh phuong trinh

e

Phan [8n ciu “dai s6” cia AMC 8 that ra 3 todn (Gi van: tudi, tién, s6 nguyén lién tiép, diém thi. Phuang trinh thudng dé gidi;
cdi khé (4 dich ding va chon an khéo dé phuang trinh gon.
Key Idea — Ban burdc gidi bai todn 1&i van
(1) D3t 8n cho dai lugng lam phudng trinh gon nhat — khéng nhat thiét a dai lugng dé hdi. (2) Dich ting cau thanh biéu thic
hodc phuong trinh. (3) Giai. (4) Tra L&i dung cau héi va kiém tra y nghia (s6 ngudi phai nguyén dudng, tudi khdng am, ...). Rat
nhiéu ban mat diém & budc 4: tim ra x réi khoanh ludn z trong khi d@é héi 2z + 1.

English Biéu thuc Ghi chd
5 less than x z—5 thif tu bi ddo so vdi chir
z less than 5 55—z
twice the sum of z and 3 2(z + 3) khac 2z + 3
x is 3 more than y r=y+3 “is” la ddu =
zis 3timesasoldasy Tz =3y

the product of two consecutive integers | n(n + 1)

p percent of x xem chudng 1

Tip — SO lién tiép: d3t 3n 13 s6 & gilra

N&m s6 nguyén lién ti€p nénviétlan — 2, n— 1, n, n+ 1, n + 2:t6ng la 5n ngay. B6n s6 (& lién tiép:n — 3, n — 1, n +
1, n + 3 (t8ng 4n, vdi n chan). D3t &n & gilta lam cdc phan =+ triét tiéu.
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" Example 3.6 Dit 4n g gilra

The sum of seven consecutive integers is equal to 6 times the largest of them. What is the smallest of the seven
integers?

(A) 12 (B) 15 (C) 18 (D) 21 (E) 24

SOLUTION - L3I GIAI - Answer: (B) 15

Gois6 3 giltalan:baysélan —3,...,n+ 3,t6ng ™n; s6 l8n nhat lan + 3.

Tn =6(n+3) <= n =18.Bay s6 la 15,16,...,21; s6 nhd nhat la 15. Dap an (B).

Kiémtra: 15 + - -+ + 21 = 126 = 6 - 21. v Bay: trd [8i n = 18 (s6 & gilta), hodc 21 (s6 l8n nhat).

Insight - D3y cdch déu = dat 4n & chinh giira; téng bang (s6 s6 hang) x (s6 3 gilta). Xong rbi doc lai xem dé hdi s6 nao.

Theorem — The age gap never changes (hiéu sd tudi khong ddi)

If Ais d years older than B now, then A is d years older than B at every time. After ¢ years both ages increase by t;
sums of k people's ages increase by kt.

Bai tudi thudng cho ti s6 tudi & hai thasi diém. Ti s thay d6i, hiéu thi khong — vé sg d6 doan thang vdi hiéu la mét sé phan co
dinh la thdy ngay phugng trinh.

Example 3.7 Hiéu tudi la cau néi

Uncle Ba is now 3 times as old as his niece Linh. When Linh is as old as Uncle Ba is now, Uncle Ba will be 55 years old.
What is the sum of their ages now?

(A) 33 (B) 40 (C) 44 (D) 48 (E) 55

SOLUTION - LGOI GIAI - Answer: (C) 44
Goi tudi Linh hién nay & L (1 phan), chd Ba 3L (3 phan). Hiéu tudi la 2L — ludn luén (3 2 phan.

Now Linh I:I

Ba|

hi¢u 2 phin

Later Linh | I I |

) N I I I

hi¢u 2 phéin

Khi Linh dat 3L tudi thi chd Ba 3L + 2L = 5L tudi. Vay 5L = 55, L = 11; chid Ba 33 tuéi.
Téng tudi hién nay 11 + 33 = 44. Bép &n (C).
Bay: tra I8i 33 (tudi chd Ba) hodc 55 (tudi chd Ba sau nay).

Insight - Bai tudi: viét moi tudi theo hiéu tudi (khdng d8i). So d6 doan thdng nhiéu khi cho ddp s& ma khéng can phuong trinh.
\_ J

Common Trap — Don vi va “trd 1&i ding cdu héi”
e D8i hé&t vé mét dan vi trudc khi lAp phuang trinh (nghin déng véi déng, phut vdi gid).
e Nghiém phai cé nghia: s8 ngudi, s6 vé la s6 nguyén khéng &m. Néu ra z = 7.5 ngudi, gan nhu chic chdn d3 dich sai.

w N

e D& hoi “tng tudi”, “sé l8n nhat”, “sau bao nhiéu ndm” — gach chan ciu hai trudc khi gidi.
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o 3.4 Systems of Equations and Clever Combinations
Hé phudng trinh va cach két hgp khéo

Theorem — Two methods for two unknowns (thé va cdng dai sd)

Substitution: solve one equation for one variable and substitute into the other. Elimination: add or subtract multiples of
the equations to cancel a variable. Example:  + 2y = 8, 3x — 2y = 4; adding gives 4z = 12,soz = 3,y = %
Phép cong dais6 hgp lévinu P =Qva R= Sthi P+ R = Q + S. Chon hé s6 sao cho mét 4n bién mat.

Key Idea — Nhin c3u héi trwdc khi gidi hé

Dé hdi x + y thi chua chic phai tim z va y. Hay thir cdng tét ca cdc phudng trinh (khi ching “xoay vong”, nhua + b, b+ ¢, ¢ + a),
hodc cong/trir hai phudng trinh cd hé s8 déi xiing. Dai ludng dé hoi thudng hién ra truc tiép.

Example 3.8 Cdng tat ca roi chia .

At a café, one coffee and two cakes cost 55 thousand déng, one cake and two teas cost 51 thousand déng, and one tea

and two coffees cost 68 thousand d6ng. How many thousand déng do one coffee, one cake, and one tea cost together?
(A) 52 (B) 54 (C) 56 (D) 58 (E) 174

SOLUTION - L3I GIAI - Answer: (D) 58

Goi gia ca phé, banh, tralac, k, t: ¢ + 2k = 55, k + 2t = 51, ¢t + 2¢c = 68.

Céng ba phudng trinh: méi mén xudt hién ding1+2 =31an, nén3(c+ k+t) =55+ 51+ 68 = 174vac+ k +t = 58.
Dép an (D).

(N&u can tliing gid: ¢ = 25, k = 15, t = 18 — nhung dé khéng hdi.) Bay: quén chia 3 thi ra 174.

Insight - Hé “xoay vong” (mdi 4n xuat hién véi t6ng hé s6 nhu nhau) = cdng tat ca phuang trinh roi chia cho t6ng hé s6.

Example 3.9 Gia sl tat ca cing mét loai |

A farm packs exactly 200 eggs into 26 cartons. Each carton holds either 6 eggs or 10 eggs, as shown, and every carton
is full. How many cartons hold 6 eggs?

OO0 OO0000O
000 00000

6 eggs 10 eggs

(A) 9 (B) 11 (C) 13 (D) 14 (E) 15
SOLUTION - L3I GIAI - Answer: (E) 15

Céch 1 (phudng trinh). Goi s8 hdp 10 qua la m, s6 hdp 6 qua la 26 — m: 10m + 6(26 — m) = 200 <= 4m =
44 <= m =11.S6 hdép 6 qua la 26 — 11 = 15.

Cach 2 (gia sif). Néu ca 26 hop déu la hdp 6 qua thi chi chira 156 qud, thiéu 44 qud. Mbi lan d6i mot hdp 6 thanh hop 10
thém dudc 4 qua, nén can d6i 44 + 4 = 11 hop. Con 15 hdp 6 qua. Dép an (E).

Bay: tra I8i 11 (s6 hdp 10 qua).

Insight - Hai loai d&i tudng, biét téng s6 va téng “gid tri” = gia s tit ca cing mot loai; méi lan d6i loai thay d6i mot lugng cd
dinh.
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Example 3.10 Hé sé ddi xing

If 2z + 5y = 31 and 5z + 2y = 32, what is the value of = + y?
(A) 1 (B) 7 (C) 9 (D) 10 (E) 63

SOLUTION - LGOI GIAI - Answer: (C) 9

Cong hai phudng trinh: 7Tz + Ty = 63, nén z + y = 9. Bdp an (C).
14 13 . Y
(Trur hai phudng trinh con cho 3z — 3y = 1; gidiraz = 3 Yy = 3 chadng can dén.)

Bay: ding & 7z + 7y = 63 ma khoanh 63.

Insight - Hai phudng trinh ¢ hé s6 “d8i ché” cho nhau = cdng dé cé x + y, trir d€ cd = — v.

Common Trap — Hé “trong nhu 4 i kién
Hai phuang trinh ma mét cdi la bdi cta cdi kia (nhu x + 2y = 5 va 2z + 4y = 10) thuc chat chi la mét phuang trinh — khéng xéc
dinh dugc x, y riéng. Nhung diing hodng: dé cé thé chi hdi z + 2y hodc 3z + 6y, nhiing thi van tinh dudc.

Tip — Bai “ga-ché” trong phong thi
Céch gid sUr (cidch 2 & vi du hdp tring) thudng nhanh han lAp hé, va tu kiém tra dudc: s6 LAn “d6i loai” phdi nguyén. Néu chia
khong hét, hay doc lai dé.

o 3.5 Linear Relationships, Inequalities and Whole-Number Solutions
Quan hé tuyén tinh, bat phudng trinh va nghiém nguyén

Definition — Linear relationship (quan hé tuyén tinh)
Quantities  and y are in a linear relationship if y = ma + b for constants m, b. Here b is the starting value (y when

z = 0) and m is the rate of change (slope): each time x increases by 1, y changes by m. The graph is a straight line;
from two points (21, y1), (22, y2): m = okt I

ro — Iy
Bang gid “phi c6 dinh + don gid”, nudc chdy déu, nén chdy déu, chdng cdc long nhau... déu la quan hé tuyén tinh. Trén hinh: bat

dau & 3, mdi budc sang phai 2 thi di 1én 4, nén m = 2.
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- Example 3.11 Hai g6i cuéc gap nhau

The graph shows the monthly cost, in thousands of d6ng, of two data plans P and Q for up to 5 GB. Each cost is a fixed
fee plus a constant price per GB, and the pattern continues for more GB. For how many GB do the two plans cost the

same?
nghin dong
200
150 P
Q
100
50
01234567895(;]3
(A) 3 (B) 4 (5 (D) 6 (E) 8

SOLUTION - LOI GIAI - Answer: (D) 6

Boc d6 thi: P di qua (0, 60) va (4,120), don gid 1204—760 = 15; vay P = 60 + 15g. Q di qua (0, 30) va (3, 90), don gia
63—0 = 20; vay Q = 30 + 20g.

60 + 15g = 30 + 20g < 59 =30 < g = 6.Dapan (D).

Céch nghi nhanh: lic dau @ ré hon 30, méi GB Q dat han 5, nén sau 30 < 5 = 6 GB hai gdi bang nhau.

Insight - So sénh hai quan hé tuyén tinh: chénh Léch ban dau chia cho chénh léch téc db L& thdi diém g3p nhau.

Theorem — Linear inequalities (b3t phuwong trinh b3c nhat)

Inequalities are solved like equations, with one exception: multiplying or dividing both sides by a negative number
reverses the inequality sign. E.g. -2z < 6 <— =z > —3.

Ly do: 2 < 5 nhung —2 > —5 — nhan vdi s6 4m lam dao th( tu trén truc s6. Khi d&m s6 nguyén thod man, vé truc sé va chi y
dau mut: ddu < la chdm réng (khdng l8y), ddu < la chdm dic (lay).

| | fau' | | | | |
1 1 - 1 1 1 . 1 -
3

-3 -2 -1 0 1 2

Common Trap — Dém s& nguyén gitra hai d3u mut
S8 nguyénnvdia <n <bcdb—a+1s6 (dling quén “+17). V8i —1 < z < 3 (hinh trén) c6 4 s6 nguyén: 0, 1, 2, 3. Cau “at least /
at most” trong LGi van tudng Ung vdi > / <; “more than / fewer than” la > / <.

Key Idea — Nghiém nguyén cia ax + by = ¢

Khi z, y la s8 d6 vat (nguyén, khéng 4m), phuong trinh mét rang budc ax + by = ¢ thudng cé vai nghiém. Tim mét nghiém, roi
. b & R B (4

cdc nghiém khéc cé dudc bang cach tang z thém p va gidm y di % (v8i d la UCLN cla q, b) — nhu d6i 3 chiéc ghé 4 chan 8y 4

chiéc gh& d4u 3 chan, téng s6 chan khéng d6i.
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" Example 3.12 D3Gi 3 ghé lay 4 ghé dau

A room contains only chairs with 4 legs and stools with 3 legs, at least one of each. Altogether there are 43 legs. How
many different possibilities are there for the number of chairs?

(A) 3 (B) 4 (C) 5 (D) 10 (E) 11

SOLUTION - LGI GIAI - Answer: (B) 4
Goi c la s6 ghé, s la s6 gh& d4u: 4c + 3s = 43 vdic,s > 1.

43 — 4c phai chia hét cho 3: ¢ = 1 cho s = 13. D&i 3 ghé& (12 chén) ldy 4 ghé& d&u (12 chén) va ngugc lai: (¢, 5) =
(1,13),(4,9),(7,5),(10,1). Ghé tiép theo ¢ = 13 thi s < 1.

Cé 4 kha nang. Dap an (B).
Bay: cho phép ¢ = 0 hodc s = 0 khéng lam tdng s6 nghiém & day (43 khéng chia hét cho 4 hay 3), nhung quén mét dau
mut thi ra 3.

Insight - Phudng trinh nghiém nguyén az + by = c: tim mét nghiém réi “budc” déu; dé€m s6 budc nam trong mién cho phép.

Tip — D0 thi trong dé: doc hai diém “dep”
Khi dé cho db6 thi dudng thdng, chon hai diém ndm dung giao (udi (dé thudng danh diu san), tinh don gid m réi viét y = mz + b.
Pling udc lugng giao diém bang mat: hinh cd thé chi vé mét doan, hodc khéng dung ti L&.

G Worked Examples — Competition Level

Vi du mau muc thi diu

Hai vi du cudi 8 mic cdu 20-25 clia AMC 8. Hay tu gidi it nhat 5 phut trudc khi doc LSi giai.

- Example 3.13 Téng nghich dao cho ra tich

Positive numbers = and y satisfy

1 1 1
x+y=2>5 and -+ -=-=
T Yy
What is |z — y[?
(A) 15 (B) 17 (C) 20 (D) 21 (E) 25
SOLUTION - L3I GIAI - Answer: (A) 15
. 1 1 + 25 .26 1
Quy dong: — 4+ — = s —.Vay — = —, tlc zy = 100.
Ty Ty Ty zy 4

Bay gi& c6 téng va tich: (z — y)? = (z + y)? — 4zy = 625 — 400 = 225, nén |z — y| = 15. Dap an (A).

. 1 1 1 . v a i 2.0
Kiém tra: z = 20, y = 5 cho 2 ol R = T v Bay: dung & zy = 100, hodc tra 3i 20 (s6 l&n han).
. 74 . . 2 téng . N R N oyt 2 s NN - A A 2 ’ 2 2
Insight - Téng céc nghich ddo = b Biét tong va tich cla hai sé la biét hiéu cta ching qua (z — y)* = (z + y)* — 4zy.
\_ J

Example 3.14 Nhan hai phudng trinh

Real numbers x and y satisfy

1 1
x4+ -—=25 and y+ —==6.
x

1
What is the value of zy + —7
Ty

(A) 26 (B) 27 (C) 28 (D) 29 (E) 30
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SOLUTION - L3I GIAI - Answer: (C) 28
Gidi ra z, y dan tdi s6 vb ti xau xi. Nhung biéu thic can tinh cé zy — hay nhén hai phuong trinh:

1 1 1
(:v+—) <y+—) =zy+1+14+— =30
Yy T Ty

1
Vay zy + — = 30 — 2 = 28. Bdp an (C).
Ty

e A . ~ 1 A AY ’ . A A ~ ~
Kiém tra sy ton tai: thé x = 5 — — vao phuadng trinh sau dudc 5y2 — 30y + 6 = 0, c6 hai nghiém thuc, nén nhiing sé x,y
Y

~ . ’ 2 p 1 .1 .
nhu vay cé that. Bay: khai trién thiéu hai s6 hang 1 (tdc z - — va — - y) thi ra 30.
T Yy

Insight - Biéu thic can tinh chia tich zy — thd nhan cac phuadng trinh (khéng chi cong/trl). Cac tich chéo nhu z - — thudng
€
bang 1.

Exercises 1- Foundation *
Bai tap 1 - Nén tang

3.1 Whatis the value of 22 — 5z +1 whenz = —3?

*(A) 4 (B) 16 (C) 28 (D) 34 (E) 52
3.2  Which expression is equal to 3(2a — b) — 2(a — 4b)?

* (A) 4a+5b (B) 4a — 5b (C) 4a — 11b (D) 4a + 11b (E) 8a +5b
3.3  What value of z satisfies 7 —2(z — 3) = 3z — 2?

* (A) -3 ® 3 €1 D) 2 (E) 3

5 5

3.4 Five more than twice a number is 13 less than four times the number. What is the number?

* (A) 4 (B) 9 (C) 12 (D) 15 (E) 18

3.5 The rectangle shown is made from one z-by-x square, five 1-by-z strips, and six 1-by-1 squares. Which product is
¢ equal to the area of the rectangle?

X 1 1 1
X 1 1 1
x?2 X X X

(A) (z+1)(z+6) (B) (z+1)(z+5) (C) (z+2)(z+3) (D) (z + 3)(z +3) (E) (z +5)(z +6)

3.6 A box contains only red pens and blue pens. There are twice as many blue pens as red pens. Each red pen costs 3
++  thousand déng and each blue pen costs 5 thousand déng, and all the pens in the box are worth 91 thousand déng.

How many pens are in the box?
(A) 12 (B) 14 (C) 18 (D) 21 (E) 28

3.7 An, Binh, and Chi share 120 thousand déng. Binh gets twice as much as Chi, and An gets 10 thousand d6ng more
++  than Binh. How many thousand d6ng does An get?

(A) 54 (B) 58 (C) 60 (D) 64 (E) 66
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3.8 The triangle shown has side lengths « + 3, 22 — 1, and 3x — 4, and its perimeter is 34. What is the length of its
*+  longest side?

X+3 2x —1

3x—4

(A) 9 (B) 14 (C) 15 (D) 17 (E) 20

3.9 Thevalues of  and y in the table follow a linear pattern.

*e

z | 12| 3| 4

y | 58|11 14

Whatis y when oz = 207
(A) 56 (B) 57 (C) 59 (D) 60 (E) 62
3.10 Mai thinks of a number. She adds 7, multiplies the result by 4, subtracts 8, divides by 4, and finally subtracts the
*+  number she first thought of. Whatever number Mai starts with, she always gets the same final result. What is it?
(A) 2 (B) 5 € 7 (D) 8 (E) 9
3.11 How many integers n satisfy 3n — 7 <2n+5 <4n — 17
AT (B) 8 (C) 9 (D) 10 (E) 11

3.12 Water drains from a tank at a constant rate. The graph shows the amount of water in the tank during the first 3
**  minutes. How many minutes after the start will the tank be empty?

lit
7

(0, 60)
609

50 (3, 45)
40
30

20

P> phit
g P

0 2 4 6 8 10 12
(A) 12 (B) 15 (C) 18 (D) 20 (E) 24

Exercises 2 - Competition Core
Bai tip 2 - Trong tam ky thi

* *

3.13 Forall numbers z, (z — 3)(z + 5) = 2 + kx + m, where k and m are constants. What is k — m?
o (A) —17 (B) —13 (C) 13 (D) 17 (E) 30

3.14 Khoa correctly solved the equation az — 2 = 3z + b, where a and b are constants, and found « = 2. Linh copied the
¢*++  equation with a and b swapped, solving bx — 2 = 3z + a correctly, and found z = —7. What is ab?

(A) 6 (B) 10 (C) 14 (D) 15 (E) 21
3.15 The number z = 3 is a solution of the equation 2z 4+ a = axz — 1. What is the value of a?

e (B) 3 © ! (D) 4 (E) 7
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3.18

A child's ticket costs 40% less than an adult's ticket. Three adult tickets and five child tickets cost 540 thousand déng
in total. How many thousand d6ng does one adult ticket cost?

(A) 90 (B) 100 (C) 108 (D) 120 (E) 135

A gym offers three monthly plans. Plan A: 300 thousand d6ng plus 20 thousand déng per visit. Plan B: 50 thousand
déng per visit. Plan C: 900 thousand déng with unlimited visits. The graph shows the three plans. For how many
whole numbers of visits in a month is Plan A strictly cheaper than both other plans?

nghin dong

1200A B
/ iy
900 C
600
300
P> bubi
0 5 10 15 20 25 30 35
(A) 18 (B) 19 (C) 20 (D) 21 (E) 29

Two pockets contain some coins. If 3 coins are moved from the left pocket to the right pocket, the right pocket will
have twice as many coins as the left. If instead 3 coins are moved from the right pocket to the left pocket, the two
pockets will have equally many coins. How many coins are there in total?

(A) 24 (B) 30 (C) 33 (D) 36 (E) 42

A square garden is changed into a rectangle by making one pair of opposite sides 5 m longer and the other pair 3 m
shorter, as shown. The area of the garden increases by 9 m2. What is the area of the new rectangular garden, in m2?

(A) 117 (B) 135 (C) 144 (D) 150 (E) 153
Positive numbers z, y, z satisfy xy = 12, yz = 20, and zz = 15. Whatisx + y + 27
(A) 12 (B) 14 (C) 16 (D) 20 (E) 47

Two brothers' ages differ by 6 years. Next year, the product of their ages will be 25 more than the product of their
ages now. How old is the older brother now?

(A) 12 (B) 13 (C) 15 (D) 16 (E) 18
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3.22

*e

3.23

*e

3.26

*e

3.27

*o00

On the calendar page shown, the first day of the month is a Thursday. A 3 x 3 square of nine dates, like the shaded
one, is drawn somewhere on the page, and the nine dates inside it add up to 117. What is the largest date inside the

square?
Mon Tue Wed Thu Fri Sat Sun
1 2 3 4
5 6 7 8 9 10 11
12 13 14 15 16 17 18
19 20 21 22 23 24 25
26 27 28 29 30
(A) 19 (B) 21 (C) 22 (D) 23 (E) 25

The length of a spring is a linear function of the load hanging from it. With a 2 kg load the spring is 26 cm long, and
with a 5 kg load it is 35 cm long, as shown. How long, in cm, is the spring with a 7 kg load?

26 cm
35cm
\ 4
2 kg
\ 4
Skg
(A) 41 (B) 44 (C) 45 (D) 49 (E) 91

At a party, 100 guests are seated at tables. Some tables seat exactly 3 guests and the others seat exactly 7 guests,
and every seat is filled. What is the greatest possible number of tables?

(A) 26 (B) 28 (C) 30 (D) 32 (E) 33
A test has 25 questions. Each correct answer earns 3 points, each wrong answer loses 1 point, and a blank earns 0.

Nam answered exactly 22 questions and left the rest blank. His score was at least 52. What is the least number of
questions Nam could have answered correctly?

(A) 15 (B) 16 (C) 17 (D) 18 (E) 19
One third of a number is 8 more than one fifth of the number. What is the number?
(A) 30 (B) 40 (C) 60 (D) 75 (E) 120
Exercises 3 - Challenge
Bai tap 3 - Thir thach * ok k
2 b 2 b?
Nonzero numbers a and b satisfy ats = 7. What is the value of u?
a — al

3 5 7

e (B) 2 2 (D) 3 —
(A) 5 (© 3 (E) 3
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3.28

*o00

3.29

*e00

3.30

se0e

3.31

se0e

3.32

*e000

3.33

s000

3.34

s0000

3.35

se0e

3.36

*o00

Two squares are placed side by side, as shown. The sum of their perimeters is 64 cm, and the area of the larger
square is 32 cm? more than the area of the smaller square. What is the total area of the two squares, in cm??

(A) 130 (B) 136 (C) 144 (D) 160 (E) 256

For how many integers n is

n-+2
Integer answer - Dap s6 nguyén [:

How many integers z satisfy |z — 3| + |z + 5| = 8?7

Integer answer - Dap s6 nguyén :]

Numbers a, b, ¢ satisfy a — b = 3 and b — ¢ = 5. What is the value of

an integer?

A+ +c—ab—bc—ca?

(A) 34 (B) 38 (C) 41 (D) 49 (E) 98

A shop owner bought some identical chairs for a total of 6 000 thousand déng. Five of the chairs were damaged and
thrown away. He sold each remaining chair for 50 thousand déng more than he had paid for it, and made a total profit
of 1000 thousand d6ng. How many chairs did he buy?

(A) 30 (B) 35 (C) 40 (D) 45 (E) 60
The ages of the 5 members of a family are whole numbers, and their average age is 24 years. Seven years ago, the

average age of the family members who were alive at that time was 22 years. How old is the youngest member of
the family now?

Integer answer - Dap s6 nguyén [:

What is the sum of all real numbers z that satisfy
(2% — 52)% + 2(x? — 5z) = 487

(A) 1 (B) 5 (C) 6 (D) 10 (E) 12

The cubes of two consecutive positive integers differ by 919. What is the sum of the two integers?

(A) 17 (B) 18 (C) 33 (D) 34 (E) 35

A teacher has a bag of candies for her class of girls and boys. If she gives each girl 3 candies and each boy 5 candies,

4 candies are left over. If instead she gives each girl 5 candies and each boy 3 candies, she is 2 candies short. What
happens if she gives every child in the class 4 candies?

(A) 3 candies are left over (B) 2 candies are left over
(C) 1 candy is left over (D) She has exactly enough
(E) Sheis 1 candy short
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ENGLISH

Chapter 4 8020 AMC 8 Mastery

Patterns, Sequences & Logical Reasoning
Quy lujt, day sé & suy luén logic

Quy luét va day s6 xuat hién trong moi dé& AMC 8: d3y hinh l8n dan, cip s8 cdng tra hinh trong bai 8i van, chu ky cla
chit s6 tAn cung va cla thd trong tun, cung cdc ciu suy ludn “ai ndi that”. Chudng nay day cdch bién mét quy luat nhin
thay thanh cong thirc cé ly do, d&m va cong cap s6 cong khdng léch mét, rit gon chi s8 theo chu ky, va t§ chic suy
ludn bang bang, chudi th( tu va bat bién. Hoc sinh hay mat diém vi 16i hang rao, vi ngoai suy tlf vai s6 ddu ma khéng
kiém tra, va vi quén phan dau khdng tuan hoan clia mét day.

v L&p cbng thiic cho hinh th n cia mét d3y hinh bang v Tim s6 hang, dém s6 hang va tinh téng ctia cip s6 cong;
cach nhin ciu tric; kiém tra bang bang hiéu. duing “trung binh = s6 hang gitra”.

v Lam viéc vdi day truy hoi va cdp s6 nhan; nhan ra cach v Rt gon chi s8 theo chu ky (chif s6 tan cung, thif trong
viét nhi phan trong bai luy thira cta 2. tuan, day tuan hoan sau vai s6 hang dau).

v Gidi bai suy ludn bdng bang va chudi th tu, xét trudng

hdp ndi that/ndi déi, va dung bat bién dé loai kha ndng.

pattern - quy luat sequence, term - day sd, s6 hang arithmetic sequence - cap s6 cong common difference - cong sai
geometric sequence - cap s6 nhan ratio - cong boi (ti s6) recursive rule - cong thifc truy hoi finite differences - bang hiéu
periodic, period - tuan hoan, chu ky remainder - s6 du leap year - ndm nhuén invariant - bat bién

truth-teller / liar - ngudi ndi that/ ndi déi fencepost error - 6i hang rao (léch mét)

4.1 Growing Patterns: Count the Structure

Quy luét hinh: dém theo ciu tric

Pé AMC 8 thudng cho ba hinh d4u clia mét day hinh (gach, que diém, déng xu...) réi hdi vé hinh th 50 hay hinh nao dung
didng 2026 vién. V& tiép dén hinh 50 (3 khéng thé; ta cAn mot cdng thitc cho hinh thi n. Cé hai con dudng: nhin cau tric cla
hinh (hinh n gém nhiing kh6i nao, méi khéi bao nhiéu vién) va Llap bang hiéu (finite differences). Cach thi nhat cho L&i gidi
dep va chac chan; cich th( hai dung dé kiém tra.

Definition — Linear pattern (quy ludt bdc nh3t)

A pattern is linear if each figure has the same number d of pieces more than the one before. Then Figure n has a,, =

a1 + (n — 1)d pieces, a formula of the form dn + c.

Vidu: hinh chr T dudi day c6 4, 7, 10, . . . vién gach — mai hinh thém 3 vién. Nhin cau trdc: hinh n cé thanh ngang 2n + 1 vién va
chén doc n vién, téng 3n + 1 (hinh v& & vi du 4.1). Hai cach cho cing mét cdng thirc.

Chinh phuc AMC 8 — 52— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



883“0 8020 AMC 8 Mastery

Example 4.1 D3t coéng thirc rdi gidi ngugc

Tiles are arranged in T-shapes, as shown. Figure n has a row of 2n + 1 tiles on top and a column of n tiles below the
middle tile of that row. Which figure uses exactly 2026 tiles?

Figure 1 Figure 2 Figure 3

(A) 674 (B) 675 (C) 676 (D) 1012 (E) 1013

SOLUTION - L3I GIAI - Answer: (B) 675

Hinh n cé (2n + 1) +n = 3n + 1 vién gach (kiém tra: hinh 1, 2, 3 ¢4 4, 7, 10 vién — khdp vdi hinh vé).
Gidi 3n + 1 = 2026: 3n = 2025, n = 675. Dép 4n (B).

Bay: chia thdng 2026 : 3 ~ 675.3 rbi lam tron thanh 676; hodc chi dém thanh ngang 2n + 1.

Insight - Viét s8 vién cla hinh n thanh t6ng cac khadi nhin thay trong hinh, réi kiém tra cong thic véi hinh 1, 2, 3 trudc khi
dung.

Theorem — Method of Finite differences (bang hiéu)

Write the terms in a row and their differences below. If the first differences are constant, the pattern is linear. If the
second differences are constant and equal to 2a, then a,, = an? + bn + ¢ for some numbers b, c.

Ly do: an® + bn + c cé hiéu lién ti€p a(2n + 1) + b — mét day bac nhat cé cong sai 2a. Ngugc Lai, khi hiéu th( hai la hdng s8,
chon a bdng ntfa hiéu thf hai, trir an? di thi phan con lai la day bac nhat.

n 12 3 4 5
s8 déng xu chamnhau | 0 | 3 | 9 | 18 | 30

hiéu thd nhat 3,619 12

hidu th(r hai 3033

Example 4.2 Ba hudng, méi huéng mét téng

Coins of the same size are arranged in triangles, as shown: Figure n has n rows with 1,2, ..., n coins, and neighboring
coins touch. (The dots mark the points where two coins touch.) How many touching points are there in Figure 10?

O&)%@

Figure 1 Figure 2 Figure 3 Figure 4
(A) 108 (B) 120 (C) 135 (D) 150 (E) 165

SOLUTION - LGOI GIAI - Answer: (C) 135

Nhin cdu tric. Méi chd cham néi hai ddng xu theo mét trong ba hudng: ndm ngang, chéo trdi, chéo phai. Theo hudng
ndm ngang, hang cé k déng xu cho k — 1 chd cham, nén c6 0+ 1+ 2+ --- + (n — 1) chd. Hinh tam gidc dgi xing nén
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-1
hai hudng chéo cling vay. Téng 3 - u

2
9-10
Véin =10:3 - —— = 135.94p 4n ().

Kiém tra bang bang hiéu (bang phia trén): 0, 3,9, 18, 30 cé hiéu 3,6, 9,12 va hiéu th( hai & 3 — dung la bac hai vdi

— 3 Lhép 392 _ 3
a = 3,khdp 3n 2N,

Bdy:dung 1+ 2+ --- + 10 (s6 déng xu) thay cho 1 + - - - + 9 thi ra 165.

Insight - D&m cdc cdp (chd cham, canh, que ndi) thi chia theo hudng; méi hudng thudng la métténg 1 +2 + - - -.

Common Trap — Dlrng ngoai suy tir vai s6 d3u moét cdch mu quing

Ba s6 1,2, 4 cé thé tiép tuc la 8 (nhan d6i) hodc 7 (hiéu tang dan 1,2, 3). Chi dung bang hiéu khi dé mé ta rd cdch hinh én Lén;
lubn tim ly do ciu tric cho céng thic. Va cin thin chd duing chung: hai 6 vudng ké nhau dung chung mét canh, nén sé que
khéng phai 4x s6 6.

Tip —Kiémtrabingn=1,2,3
Moi cdng thic vira lap phai cho dlng s6 vién & cac hinh @3 vé. M4t 10 gidy, nhung bt dugc gdn nhu moi L6i léch mét (off-by-
one).

n 4.2 Arithmetic Sequences

Cap s6 cong

Definition — Arithmetic sequence (c3p s6 cdng)

A sequence is arithmetic if the difference between consecutive terms is a constant d, the common difference: a,,.; =
a, +d. Then a, = a1 + (n — 1)d, and more generally a,, — ar, = (m — k)d.

TU s6 hang th( k dén s6 hang th m phai di m — k “budc”, méi budc d. Céng thic a,, — ax = (m — k)d gidp tim d ngay khi biét
hai s6 hang bat ky, khdng can biét s6 hang d4u.

Theorem — Counting terms and adding them (dém s hang va tinh tSng)

/-
The arithmetic sequence a,a + d, . .., £ (with d > 0) has a

+ 1 terms, and its sum is

(a + £) - (number of terms)

= 2

= (average) X (number of terms).

Viét t6ng hai lan, mot lan xudi va mdt lan ngudc, réi cong theo cot: mbi cdt bang a + £. Dau “+1” trong cong thiic dém La vi ta
dém diém ch(r khdng dém khoang: tir a dén £ cd Z*Ta khodng nhung nhiéu hoan moét diém.

Key Idea — Trung binh cdng = sd hang gii’a
C4c s6 cach déu nhau thi trung binh cdng bang s6 diing gitta (néu s6 s hang chan: trung binh cda hai s8 gitta). Vi viy téng cta 7
s8 hang lién tiép = 7x s6 hang th( tu. Hai s6 hang d&i xiing qua tdm luén cd téng bang nhau: as + ag = a3 + a5 = 2a4.

Example 4.3 Téng = sd hang giifa x sé sd hang

Seven numbers form an arithmetic sequence. Bdo erased all of them except the 2nd and the 5th, as shown. What is the
sum of the seven numbers?

% 17 ¥ ¥ 35 ¥ ¥
Ist 2nd 3rd 4th 5th 6th 7th
(A) 182 (B) 196 (C) 203 (D) 210 (E) 245

SOLUTION - L3I GIAI - Answer: (C) 203
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Tu s8 thlt 2 dén s6 thr 5 la 3 budc: 3d = 35 — 17 = 18, nén d = 6.

S6 gilta (th tu) la 35 — 6 = 29. Téng bay s6 = 7 - 29 = 203. Dap an (C).

Kiém tra: day 3 11,17, 23, 29, 35, 41, 47, t3ng 203. ¥

Bay: l4y trung binh hai s8 con lai &53_5 = 26 lam s8 giita thi ra 182 — nhung 17 va 35 khéng d6i x(fng qua tam.

Insight - Can téng clia cip s6 cdng ¢ s6 & s& hang — chi can tim s8 hang giira.

Common Trap — L&i “hang rao” (Fencepost error)

TU 14 dé&n 98 budc 7 cé @ + 1 = 13 s6, khéng phai 12. T trang 25 dén trang 60 cé 36 trang. Mbi khi d&m sé hang, thir v8i mot
vidu nho (tr 1 dén 3 cd bas6,du 3 — 1 = 2).

' Example 4.4 Téng tich luy cha mot cip s6 cong .

In an auditorium, Row 1 has 12 seats, and each row has 2 more seats than the row in front of it. The seats are numbered
1,2,3,..., starting with Row 1, then Row 2, and so on, as shown. In which row is seat number 5007

STAGE

rowt [ IO IO ]
row2 [a] ) OIOCOO OO
rows O HOOCOHOOHOEOM
zovs [ HOO OO OO HOOHE0

(A) 16 (8) 17 (C) 18 (D) 19 (E) 20

SOLUTION - L3I GIAI - Answer: (C) 18

(12 + 10 + 2n)n
2

Udc luong n? ~ 500 nén n khodng 18: 17 - 28 = 476 < 500 va 18 - 29 = 522 > 500.

Vay 17 hang dau chlta ghé 1 dén 476, con ghé 477 dén 522 nam & hang 18. Ghé 500 3 hang 18. Dép an (C).

Bay: tim hang cé s6 ghé gan 500, hodc diing 8 n = 17 vi 476 |3 t6ng gan 500 nhat.

S6 ghé cic hang: 12,14, 16, .. .; hang k ¢ 10 + 2k ghé. Téng n hang dau = =n(n+ 11).

Insight - H&i “vat thd N nam & nhdm nao” = 4p téng tich luy clia cdc nhdm va tim hai téng lién tiép kep V.

Tip — Nh3n ra c3p s6 cong tra hinh
Céc cAu chit nhu “mébi hang nhiéu han 2 ghé&”, “mdi tuan tiét kiém thém...”, “cl 7 ngay mot lan”, “céc s6 chia 4 du 1” déu la cap sb
cbng. Ghi ngay: s6 hang dau, cdng sai, s6 hang cudi — réi dung cdng thic dém va cdng thiic téng.

o 4.3 Recursive and Geometric Sequences

D3y truy hoi va cap s6 nhan

Definition — Recursive rule; geometric sequence (cdng thic truy hdi; c3p s6 nhan)

A recursive rule gives each term from earlier terms, e.g. a, 11 = a, + a,_1. A sequence is geometric if each term is a
constant r (the ratio) times the previous one: a,, = a;r™ L.

Cong thuc truy héi cho biét cach di tiing budc; cong thic “téng quat” a,, = ... cho phép nhay thing tdi s6 hang thi 100. K§ ndng
chinh ctia chuang: tinh vai s6 hang dau, doadn quy luét, réi gidi thich vi sao quy luat ding.
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Theorem — Sum of a3 geometric sequence (té‘;ng cap sd nhan)

n_q
142444 42"1=92" 1 giart---tar"l=aq.L = (r#1).
p—

Goi téng & S. Nhan véi r dugc 7S = ar + ar? + - - - + ar™; trir hai ddng thic, moi s6 hang giira triét tiéu: 7S — S = ar™ — a. Vdi
r = 2: mdi luy thira clia 2 8n hon t6ng tat ca cdc luy thita nhé hon né.

Example 4.5 Tich thanh téng: theo doi s mii

A sequence begins a; = 2 and as = 6, and each term after the second is the product of the two terms before it: ag = 12,
a4 = 72, a5 = 864, ... The 8th term can be written as ag = 2% - 3Y. Whatis = + y?

(A) 21 (B) 26 (C) 34 (D) 42 (E) 55
SOLUTION - L3I GIAI - Answer: (C) 34
Moi s& hang chi cé thlra s8 nguyén t8 2 va 3. Ghi méi s6 hang bang cdp s8 mii (z,, y,,) trong a,, = 2% 3¥%".

Nhan hai luy thita cling co s8 thi edng s6 mii, nén z,,.1 = T, + Tp_1 VA Y1 = Yn + Yn_1 — mMi ddy s8 mii la diy “sb
sau bang téng hai s6 trudc”.

a1 =2 a=6=2'3" (z,):1,1,2,3,5,8,13,21; (y,):0,1,1,2,3,5,8,13. Vay ag = 22! - 33 va z + y = 34. Dép 4n
(©).

Bay: léch mét chi s8 (ding & a; = 21338, ra 21; hodc tinh ay, ra 55).

Insight - Quy tdc nhan — nhin vao s6 mii, phép nhan tr& thanh phép cdng va ta vé mét day cong quen thudc.

Key Idea — Luy thira cGa 2 va cich viét nhi phan

M&i s6 nguyén dugng viét dudc dung mot cach thanh téng céc luy thira khdc nhau clia 2 (cach viét nhi phén). Tim cdch viét bang
thuét todn tham lam: L8y lu¥ thira l8n nhat khdng vudt qué s6 dé, trir di, l3p Llai. Tinh duy nhat dén tir dinh ly trén: 1 +2 + - -+ +
2k=1 < 2k nén khéng thé bd 2 ma bu bang céc luy thira nhd han.

" Example 4.6 Tham lam theo luy thita cua 2 \

Mai has ten boxes of coins. Box 1 contains 1 coin, Box 2 contains 2 coins, Box 3 contains 4 coins, and each box contains
twice as many coins as the box before it, as shown. She wants to pay exactly 700 coins by handing over some whole
boxes, without opening any box. How many boxes must she hand over?

1 2 4 8 16 32 64 128 256 512

Box 1 Box 2 Box 3 Box 4 Box 5 Box 6 Box 7 Box 8 Box 9 Box 10
(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
SOLUTION - L3I GIAI - Answer: (C) 6
Cac hép chira 1,2,4,...,512 déng. Tham lam tir hdp lén nhat:
700 — 512 = 188; 188 — 128 = 60;60 — 32 =28;28 —16 =12;12 -8 =4;4—-4 = 0.
Vay 700 = 512 + 128 + 32 + 16 + 8 + 4: Mai dua 6 hdp. Cdch nay la duy nhat (muc “key” & trén), nén dép an La (C).

Vi du: néu khéng L8y hép 512 thi tat cad cdc hdp con laichicd 1+ 2 + - -+ + 256 = 511 < 700 — bat bubc phai Ly hép
512.

A

Insight - Bai “chon m6t s6 hop 1,2,4,8, ... dé dudc tdng cho trudc” chinh la viét s6 dé 6 hé nhi phan.
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Common Trap — Hai b3y véi c3p s6 nhan

e S8 hang tht n la a;7 ™1, khdng phai a;7™ (s& mii it han chi s& mot dan vi).

e “Tdng 20% moi ndm” la nhan vdi 1.2 mbi ndm (cap s6 nhan), khdng phai cong thém 20% cla s& ban ddu mdéi ndm (cap s6
cdng).

Tip — B3ng vai s6 hang diu
V38i mot cdng thic truy héi la, hdy tinh 6-10 s hang dau that cin than va x&p thanh bang. Nhin hiéu va ti s6 cla cac s6 hang
lién tiép: thudng mét trong hai sé cé quy luat rd rang (hang s6, tudn hoan, hodc tdng déu).

o 4.4 Cycles and Periodicity

Chu ky va tinh tuan hoan

Definition — Periodic sequence (d3y tudn hoan)

A sequence is periodic with period p if a,, 4, = a, for every n. The smallest such p is the period. Some sequences
become periodic only after a few terms (they are eventually periodic).

Thi trong tuan cé chu ky 7; chir s6 tan cling cla 3,9, 27,81,243,... cé chuky 4 (vong3 — 9 — 7 — 1 — 3).

/'\

chu ky

'\4/

Theorem — Reducing the index (rit gon chi s0)

If (a,,) has period p and N = pq + r with 1 < r < p, then ay = a,. The sum of the first N terms equals g - (a; + -+ - +
ap) + (a1 + -+ - + ar).

Méi lan di hét mot chu ky ta quay vé chd cili, nén chi can phan du. Luu y quy udc: khi N chia hét cho p, ldy 7 = p (s6 hang cudi cla
chu ky), khong phdir = 0.

Key Idea — Vi sao chu ky chic chan xust hién
Né&u mbi s6 hang chi phu thudc vao s6 hang ngay trudc (hodc vai s6 hang trudc) va chi cé hitu han gid tri cé thé (chir s6 tan cling:
10 gid tri; s6 du khi chia cho 7: 7 gid tri), thi theo nguyén ly Dirichlet s& cé lic mét “trang thai” 3p lai — va tir @ moi th( l&p Lai.

Example 4.7 Téng theo chu ky

What is the units digit of
3141321 38 ... 4 320269
(A) 0 (B) 2 (C) 4 (D) 6 (E) 8
SOLUTION - L3I GIAI - Answer: (B) 2
Chif s6 tan cling clia 3% quay vong 3,9,7,1 (chu ky 4), va téng mot vong 1a 3 + 9 + 7 + 1 = 20, tan cung 0.
2026 = 4 - 506 + 2: c4 506 vong day dd (déng gdp chil s6 tan cung 0) va hai s6 hang & 32025, 32026 ¢4 tan cung 3 va 9.
Tan cling cla tdng la tén cuing cla 0 + 3 + 9 = 12, tic la 2. Dap an (B).

Bay: chi tinh tan cung cta s6 hang cusi 32°% (L& 9); hodc L4y phan du 2 nhung cdng nham hai s6 hang cudi clia chu ky (
74 1).
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Insight - Ch{r s6 tan cling cla luy thira cd chu ky (chia cho 4 la @0 cho moi ¢ sé); véi téng, cdng theo ting chu ky réi xir ly
phan du.

- Example 4.8 Hai chu ky chdng lén nhau

A school uses a 6-day timetable: its school days are labeled Day A, B, C, D, E, F, then Day A again, and so on. School

meets every Monday through Friday, with no holidays, and Saturdays and Sundays are skipped, as shown. Monday,
September 7 is Day A. Which day of the timetable is Friday, October 30?

Mon Tue Wed Thu Fri Sat Sun
7 8 9 10 11 12 13
Sep Day A Day B Day C Day D Day E
14 15 16 17 18 19 20
Day F Day A Day B Day C Day D
21 22 23 24 25 26 27
Day E Day F Day A Day B Day C
(A) Day A (B) Day B (C) Day C (D) Day D (E) Day E

SOLUTION - LGOI GIAI - Answer: (D) Day D
C4 hai chu ky: tuan lich (7 ngay) va thsi khod biéu (6 ngay hoc). Ta dé€m sé ngay hoc chif khéng dém sé ngay.

TU thd Hai 7/9 dén tht Hai 26/10 la 7 tudn day a0, gébm 7 - 5 = 35 ngay hoc. Vy thi Hai 26/10 la ngay hoc thi 36 (tinh
7/9 la ngay hoc thd 1), va thd Sau 30/10 la ngay hoc thi 40.

40 = 6 - 6 + 4, nén no trung vdéi ngay hoc th 4 cta chu ky: Day D. Dap an (D).
Bay: dém ca th(r Bay, Chu nhét (53 ngay sau, 53 = 6 - 8 + 5, ra Day F'); hodc quén rang ngay 7/9 da la ngay hoc thi nhat.

Insight - Khi cé hai vong l&p, xac dinh vong nao “dém” cdi gi: 8 ddy tuan lich chi dung dé ddi ngay lich thanh sé ngay hoc.

Tip — Th& trong tudn qua cdc n3m
365 = 7 - 52 + 1: sau m6t ndm thudng, cing mét ngay lich i sang thi ké ti€p; néu khodng thdi gian dé chdta ngay 29/2 thi Wi
hai th. Muén biét “IN ngay sau” la th& may, chi cAn N chia 7 du bao nhiéu.

Common Trap — Chu ky khdng b3t d3u tir s hang dau

Chir s6 tdn cling ctia 20,21, 2%, ... 13 1,2,4,8,6,2,4,8,6,...— chi tudn hoan tif s& hang thi hai (s6 1 & dau khéng bao gid quay
lai). Khi rdt gon chi s6, phai bd phan “dau” (pre-period) trudc réi mdi chia cho chu ky. Ludn viét ra dU s6 hang dé thay lan l3p dau
tién.

o 4.5 Logical Reasoning and Invariants

Suy luén logic va bat bién
Cdc cau suy ludn clia AMC 8 khong can kién thiic mdi — chi can 6 chirc: ghi cac dif kién thanh bang, tim dif kién “manh” nhat

dé bat dau, va khi phai doan thi dodn cé hé théng (gia st mot trudng hop, di dé€n mau thudn hodc dén dép an).

Key Idea — Chudi thi ty: ghép cac di kién “dirng trudc / ngay sau”
D{r kién dang “A ding trudc B”, “C ngbi ngay bén phai D” nén dudc néi thanh chudi trudc. Mt chudi dai gdm k ngudi trong k vi
tri s& 8 dinh hét; chudi gan dai bang s8 ché chi con vai cach dat.
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Example 4.9 N&i cac dir kién thanh mét chubi

An, Binh, Chi, and Diing sit in four seats in a row, numbered 1 to 4 from left to right. Each of them belongs to a different
club: art, chess, music, or robotics.

e Binh sits at one end of the row.

e The art club member sits immediately to the right of An.

e The art club member sits somewhere to the left of the music club member.

e The music club member sits somewhere to the left of the chess club member.

e Chiis not in the art club.

Who is in the art club?

? ? ? ?
Seat 1 Seat 2 Seat 3 Seat 4
»
left — right
(A) An (B) Binh
(C) Chi (D) Diing

(E) It cannot be determined.

SOLUTION - LOI GIAI - Answer: (D) Diing

D{ kién 2, 3, 4 n6i thanh mot chudi i trdi sang phai: An, (art), ..., (music), ..., (chess), trong dé ngudi art ngéi ngay bén
phai An. Chudi nay da gdm 4 ngudi khadc nhau trong 4 ghé, nén: An ghé 1, art ghé 2, music ghé 3, chess ghé 4. An (3
ngudi con lai: robotics.

Binh ngdi 8 mét dau; gh& 1 & An, nén Binh ngbi ghé 4 va thudc chess.

Ghé& 2 (art) va ghé& 3 (music) la Chi va Diing; Chi khéng thudc art nén Chi ghé 3 (music), Diing ghé& 2 (art).
Seat 1 2 3 4
Person An Diing Chi Binh
Club robotics art music | chess

Ngudi thudc cau lac bo art la Diing. Bap an (D).

Insight - B3t dau bang cdc dif kién so sdnh vi tri, n6i chiing thanh chudi; dif kién “khéng phai” dé danh cho budc cudi.

Definition — Invariant (b3t bién)

An invariant of a process is a quantity that never changes, whatever moves are made. If the start and a proposed end
have different values of the invariant, the end can never be reached.

Vi du bat bién hay gdp: téng (hodc hiéu) cac s6, tinh chdn (&, s& du khi chia cho 3, mau 6 trén ban cd. Ta tim bat bién bang cach
héi: mét budc di lam thay déi diéu gi, va diéu gi gilt nguyén?
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Example 4.10 B&t bién chia 3, roi kiém tra da diéu kién

A robot starts at the origin (0, 0). Each move takes it either 2 units right and 1 unit up, or 1 unit right and 2 units up, as
shown. Which of the following points can the robot reach?

A
6
5
‘ £
/
3 // ‘
/ /
4 /
2 // //r
/ //
1
>
(0] 1 2 3 4 5 6
(A) (14,29) (B) (20,31) (C) (25,25) (D) (30,12) (E) (41,10)

SOLUTION - LGOI GIAI - Answer: (B) (20, 31)
Ba&t bién: mbi budc lam z + y tdng dung 3, nén z + y ludn chia hét cho 3. Loai (14, 29) (t6ng 43) va (25, 25) (t6ng 50).

2z — y b_nyac
3 ' 3

Diéu kién thur hai: néu di a budc loai (2,1) va b budc loai (1,2) thiz =2a + b,y =a + 2b,néna =
phai khéng am, tic § <y < 2z.

24 — 40 — 31 2-2
(30,12):b:T30<0—Loai. (41,10): b < 0 — loai. (20,31):a = 0-31 54 F 0

va 14 budc (1,2) 1 téi. Dép an (B).

— 14— di 3 budc (2,1)

Insight - B4t bién chi loai dudc ddp 4n; mudn khang dinh “tdi dudc” phai chi ra céch di (& day: gidi ra s6 budc méi loai).

Common Trap — “B3t bién” khong chirng minh dwoc diéu “cé thé”
Biét = + y chia hét cho 3 chua du: diém (30, 12) c6 t8ng 42 nhung ré-bét khéng tdi duge vi nd ludn di Lén it nhat mdt nira quéng
di sang phai. B4t bién La diéu kién can; (i gidi hoan chinh kiém tra thém diéu kién dl hodc chi ra cich lam.

Tip — Bai “ai néi that, ai néi doi”

Khi dé cho “ding mét ngudi ndi that” (hodc “nhitng ngudi vé nhat, nhi, ba ndi that”), hay gia sif titng trudng hgp — ai la tha
pham, ai ndi thit — va dém s6 ciu ding. Thudng chi cé 4-5 trudng hgp; viét thanh bang B/S (dlng/sai) cho gon. Hai cdu ndi
mau thuan nhau (“X lam” va “X khoéng [am”) thi ddng mét trong hai ciu ding — rat hitu ich dé rdt gon trudng hdp.

G Worked Examples — Competition Level

Vi du mau muc thi dau

Hai vi du cudi 8 mic cdu 20-25 clia AMC 8. Hay thir tu gidi it nhat 5 phdt trudc khi doc L&i giai.
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" Example 4.11 Day tu dong dang: dém theo “tang”

A list of numbers is built in stages. Stage 1 is the list 1. To build Stage k + 1, write the list of Stage k, then the number
k + 1, then the list of Stage k again:

1 — 1,2,1 — 1,2,1,3,1,2,1 — 1,2,1,3,1,2,1,4,1,2,1,3,1,2,1 — ---

Each stage begins with the previous one, so the stages define one long sequence 1,2,1,3,1,2,1,4,... (shown as a
ruler in the figure). What is the sum of the first 100 terms of this sequence?

vitril — 15
(A) 97 (B) 150 (C) 196 (D) 197 (E) 199

SOLUTION - L3I GIAI - Answer: (D) 197

Quan sat. S6 1 ndm & moi vi tri 1&; s8 > 2 ndm & moi vi tri chdn; s > 3 ndm & vi tri chia hét cho 4; s6 > 4 & vi tri chia hét
cho 8... (nhin hinh thudc ké: vach cang cao cang thua, cadch nhau gdp dbi).

Vi sao? Danh sach budc k dai 2F — 1, s6 mdi k + 1 diing & vi tri 2%. Bd cc s8 1 (8 vi tri (&) di rdi trlf 1 3 mbi s6 con lai, ta

dugc lai ding danh séch cli — nén “s6 hang th( n l8n hon hodc bing j + 1" khi va chi khi 27 chia hét n.

Pém theo tang. T6ng 100 s8 hang = (s6 s6 hang > 1) + (s6 s8 hang > 2) + (s6 s6 hang > 3) +--- = 100 + 50 + 25 +
124+ 6+ 3+ 1 = 197.Dép 4n (D).

Bay: dung % + 1720 + -+ - khéng ldy phan nguyén (=~ 199); quén tang dau tién 100 (ra 97).

Insight - T6ng cac s6 nguyén dudng = téng theo “tang™ Y a, = #{a, > 1} + #{a, > 2} + - - . Hitu ich m&i khi dém “bao
nhiéu [an chia hét”.

" Example 4.12 Tinh nhiéu s8 hang, nhin vao hiéu

A sequence has a; = 1 and a2 = 2, and for every n > 3,
Ap = Ap_1 — Ap_2 + n.

What is a199?
(A) 96 (8) 100 (C) 101 (D) 102 (E) 106
SOLUTION - L3I GIAI - Answer: (D) 102

Tinh métloats6hang:az =2 —-1+3=4, a4 =4—-2+4=6,a5 =T, a6 ="T,a7 =7, a8 =8, a9 = 10,a10 = 12, a11 =
13, Q19 = 13, a3 = 13, Ay = 14,

Hiéu lign tiép: 1,2,2,1,0,0, 1,2,2,1,0,0, ... 3p chu ky 6 véi tdng 6. VAy a,,.¢ = a, -+ 6.

Ching minh nhanh: datb, = a, — n — 1. Thay vao: b, = b,_1 — b,_2, va quy luat nay cho b, 3 = —by,, nén b, 6 = by,.
Doddanie — (n+7) =a, — (n+1),tdc anis = an + 6.

100 =6-16 +4,nénajgo = as + 16 - 6 = 6 + 96 = 102. Bdp an (D).

Bay: tudng a, ~ n nén chon 100; dung phan du 4 nhung |8y a4 thanh as hodc a5 thi ra 100 hodc 101.

Insight - G3p truy hoéi la: tinh 10-15 s8 hang, xét hiéu; néu hiéu tuadn hoan thi ddy “tdng déu theo tling chu ky”.

Chinh phuc AMC 8 — 61— ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



mmmmmm

8020 AMC 8 Mastery

4.4

*e

4.5

‘e

4.6

*e

4.7

4.8

*e

4.9

4.10

e

4.11

4.12

*e

Exercises 1- Foundation *
Bai tdp 1 - Nén tang

In an arithmetic sequence, the first term is 5 and the third term is 17. What is the 20th term?
(A) 119 (B) 125 (C) 131 (D) 137 (E) 233

The list 1000, 993, 986, 979, ... continues, each number being 7 less than the number before it. How many numbers
in the list are positive?

(A) 142 (B) 143 (C) 144 (D) 145 (E) 286

Beads are strung in the repeating pattern red, red, blue, yellow, blue, as shown. How many of the first 48 beads are
blue?

(A) 16 (B) 18 (C) 19 (D) 20 (E) 24

The sequence 1, 6, 4, 9, 7, 12, 10, ... is formed by alternately adding 5 and subtracting 2. What is the 100th term?
(A) 148 (B) 150 (C) 151 (D) 153 (E) 298

What is the sum of all the multiples of 4 between 10 and 100, inclusive?

(A) 1144 (B) 1188 (C) 1232 (D) 1276 (E) 1288

One year, Lan's birthday, March 13, falls on a Saturday. The next year is a leap year (February has 29 days). On which
day of the week is Lan's birthday in that next year?

(A) Monday (B) Tuesday (C) Wednesday (D) Saturday (E) Sunday

A sheet of paper is 0.1 mm thick. It is folded in half, then folded in half again, and so on, 10 times in all. How thick, in
millimeters, is the folded stack?

(A) 1 (B) 2 (C) 10.24 (D) 51.2 (E) 102.4

In a geometric sequence, the ratio of each term to the previous term is 3, and the fourth term is 54. What is the sum of
the first five terms?

(A) 162 (B) 242 (C) 324 (D) 486 (E) 726

Unit squares are arranged in plus signs, as shown. Figure n has a center square and four arms, each made of n
squares. Which figure has perimeter 100?

Figure 1 Figure 2 Figure 3

(A) 10 (B) 11 (C) 12 (D) 24 (E) 25

The sequence 3, 8, 15, 24, 35, ... continues in the same pattern. What is its 50th term?

(A) 2499 (B) 2500 (C) 2550 (D) 2600 (E) 2601
Itis now 9:00 a.m. What time will it be 2026 hours from now?

(A) 7:00 p.m. (B) 9:00 p.m. (C) 7:00 a.m. (D) 11:00 a.m. (E) 1:00 a.m.

The number of fish in a pond grows by 50% every year. After how many years will the number of fish first be more
than 5 times the starting number?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 10
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Exercises 2 - Competition Core * %k
Bai tdp 2 - Trong tam ky thi

4.13 In an arithmetic sequence, a3z + ag = 50 and a5 = 22. What is asy?
“* (A) 100 (B) 106 (C) 108 (D) 112 (E) 118

4.14 Five integers form an increasing arithmetic sequence. Their sum is 100, and the sum of their squares is 2160. What is
+++ the largest of the five integers?

(A) 20 (B) 22 (C) 24 (D) 26 (E) 28

1 1
4.15 (On the first day, Binh eats 3 of a cake. On each following day, he eats 3 of the cake that is left. At the end of which

e

day is less than 1—10 of the cake left for the first time?
(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

4.16 Paper cups are stacked in rows to make a tower, as shown. The top row has 1 cup, and each row has 2 more cups
*+  than the row above it. A tower made in this way uses 400 cups. How many cups are in its bottom row?

- 000
- OOOO0
- DODOO0O

(A) 20 (B) 39 (C) 40 (D) 41 (E) 79
4.17 A sequence is defined by a; = 1 and @, = forn > 1. What is a;g?
*ee a’n
(A) S (B) 2 (C) % (D) 59 (E) e
5 34 89 144 55

4.18 Starting on Day 1, Lan saves 10 thousand d6ng on Day 1, 20 thousand on Day 2, 30 thousand on Day 3, and so on.
+++  Minh saves 1 thousand déng on Day 1, 2 thousand on Day 2, 4 thousand on Day 3, doubling each day. At the end of
which day does Minh's total savings first exceed Lan's total savings?

(A) 8 (B) 9 (C) 10 (D) 11 (E) 12
4.19 One of four friends — An, Binh, Chi, and Dling — took the last key from the drawer. An says, “Binh took it.” Binh says,

+++  “Chitook it.” Chi says, “Binh is lying.” Diing says, “| did not take it.” Exactly one of the four is telling the truth. Who
took the key?

(A) An (B) Binh
(C) Chi (D) Diing

(E) It cannot be determined.
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4.23

4.24

.0

4.25

4.26

*e

Coins are arranged in triangles: Figure n has n rows with 1,2, ..., n coins. The coins along the three sides of the
triangle are grey, and the coins inside are white, as shown for Figure 6. How many white coins are in Figure 127

(A) 45 (B) 55 (C) 66 (D) 78 (E) 91

The positive integers are colored in the repeating pattern red, red, blue, blue, blue: 1 and 2 are red, 3,4, 5 are blue, 6
and 7 arered, 8,9, 10 are blue, and so on. What is the sum of all the blue numbers from 1 to 1007

(A) 3030 (B) 3090 (C) 3120 (D) 3150 (E) 3180

A dial has 12 positions, numbered 0 to 11 clockwise, as shown. Pointers A and B both start at 0. Every second,

pointer A moves 5 positions clockwise and pointer B moves 3 positions counterclockwise. At how many of the
moments 1,2, 3,...,60 seconds after the start do the two pointers point to the same position?

(A) 5 (B) 10 (C) 12 (D) 15 (E) 20

Today is Monday. What day of the week will it be 219 days from today?

(A) Saturday (B) Sunday (C) Monday (D) Tuesday (E) Wednesday
Mai writes 1,2, 3, ... and keeps a running total. She stops as soon as the total is greater than 2026. What is the last
number she writes?

(A) 45 (B) 62 (C) 63 (D) 64 (E) 65

Each year, Ms. Hoa's salary increases by the same amount. Her salary in her 3rd year is 20% more than her salary in
her 1st year. By what percent is her salary in her 11th year more than her salary in her 1st year?

(A) 80% (B) 90% (C) 100% (D) 120% (E) 149%

A knight on a chessboard moves 2 squares in one direction (horizontal or vertical) and then 1 square in a

perpendicular direction. A knight makes exactly n moves and ends on the square where it started. Which of the
following could be n?

(A) 6 (B) 7 (C) 9 (D) 15 (E) 2025
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Exercises 3 - Challenge
Bai tap 3 - Thif thach %* % %

In an arithmetic sequence, the 7th term is twice the 3rd term, and the terms are not all zero. Let S}, be the sum of the

first k terms. What is %?
5

(A) 2 ® % © % (D) 6 ® %

Start with 2026. To get the next number, take the number formed by all digits except the last one, and add 4 times
the last digit. (For example, from 2026 we get 202 + 4 - 6 = 226, and from 53 we get 5 + 4 - 3 = 17.) Continuing in this
way, 2026 is the 1st number. What is the 2026th number?

(A) 7 (B) 19 (C) 22 (D) 28 (E) 31

Five children — Khoa, Linh, Mai, Nam, and T4 — all have different heights. Mai always tells the truth. Every child who
is taller than Mai also tells the truth, and every child who is shorter than Mai lies.

Khoa: “I am taller than Tu.”

Linh: “Tu is taller than me.”

Mai: “Exactly two of us are taller than me.”

Nam: “Khoa is the next taller child after me.”

Tu: “Linh is the next taller child after Nam.”

Who is the tallest?

(A) Khoa (B) Linh (C) Mai (D) Nam (E) T

Figure n is made of n columns of unit squares standing side by side on a line, with heights 1, 3,5,...,2n — 1 from left
to right, as shown. What is the smallest n for which the area of Figure n is more than 10 times its perimeter?

Figure 1 Figure 2 Figure 3

(A) 56 (B) 57 (C) 58 (D) 59 (E) 60

A sequence of positive integers has the property that each term after the second is the sum of the two terms before
it. The 8th term is 2026. How many such sequences are there?

(A) 19 (B) 20 (C) 21 (D) 40 (E) 77

A digital clock shows times from 1:00 to 12:59, with no leading zero for the hour (for example, 2:46 as shown, and
12:34). For how many of these times do the digits, read from left to right, form an arithmetic sequence? (The common
difference may be positive, negative, or zero, as in 2:46, 5:31, and 4:44.)

2:46

Integer answer - Dap s6 nguyén [:
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4.34

*0000

4.35

*e00

4.36

*o00

The fractions

) 5 g e

4
5

S
r&vlw
o =
[SA
ot w

1
) 4’

wl| N

1
) 37

N =
I O =

-1
S e 2 are listed in order (fractions are
q

1
are listed in groups: for each denominator ¢ = 2, 3,4, .. ., the fractions —
q

LS

not reduced). What is the sum of the first 100 fractions in the list?
(A) 45 (B) 47 () 9_7 (D) 49 (E) 50
2

How many increasing arithmetic sequences of three terms have all three terms in the set {1,2,3,...,30} and a sum
that is a multiple of 97

Integer answer - Dap s6 nguyén [:J

January 1, 2027, is a Friday, and 2027 is not a leap year. In which year will the calendar of 2027 next be used again
exactly, that is, the next year that also begins on a Friday and is not a leap year? (Leap years between 2027 and 2099
are the years divisible by 4.)

(A) 2032 (B) 2033 (C) 2034 (D) 2038 (E) 2055
The positive integers whose digits strictly increase from left to right are listed in increasing order:
1,2,...,9,12,13,...,19,23,24,...,89,123,124, ... What is the 200th number in the list?

(A) 2379 (B) 2389 (C) 2456 (D) 2479 (E) 3589
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Chapter 5 8020 AMC 8 Mastery

Number Theory — Divisibility, Primes & Factors
S6 hoc — chia hét, s6 nguyén td & udc

S6 hoc (number theory) cé mat trong moi dé AMC 8, thudng 3-5 cau, va nhiéu cu khé cudi dé cling dua trén nd.
Chugng nay xay b cdng cu cbt [&i: ddu hiéu chia hét va quy tic t6 hdp tuyén tinh, s8 nguyén t8 va phan tich ra thira s6,
dém udc va téng cac udc, UCLN — BCNN (ké ca thuat todn Euclid), giai thira, chif s6 0 tin cling va sé chinh phudng. Hoc
sinh hay mat diém vi khéng phan tich dén tin s6 nguyén t8, quén s6 25 gdp hai thira s6 5, hay nham BCNN vdi tich. S&
du va ciu d6 chir s6 hoc 8 Chuang 6.

v DUng thanh thao dau hiéu chia hétcho 2,3, 4,5, 8,9, 11 v DUng quy t3c “chia hét hai s6 thi chia hét t6 hdp” dé khir
va ghép ching cho s6 chia hgp s6. 4n va tim UCLN cua biéu thic chifa n.

v Phén tich ra thira s6 nguyén t8; diing tinh ch&n & cla sb v D&m udc, tinh téng udc, giai bai todn ngugc “cé ding k
nguyén té. udc”, dung ghép cap udc.

v Tim UCLN, BCNN qua s& mi; nhan dang bai v D&m s6 mii chia s8 nguyén t6 trong n! va s6 chit s6 0 tin
UCLN/BCNN trong (8i van. cuing; x ly diéu kién chinh phuang, l4p phudng.
divisor / factor - uéc multiple - boi divisible by - chia hét cho prime - s& nguyén t& composite - hdp s6

prime factorization - phén tich ra thira s& nguyén t8 greatest common divisor (gcd) - udc chung l8n nhat
least common multiple (lcm) - bdi chung nhoé nhat relatively prime - nguyén t6 cling nhau
perfect square / cube - s6 chinh phuang / l4p phucng factorial - giai thira trailing zeros - chif s6 0 tan cling

proper divisor - udc thuc su Euclidean algorithm - thuat toan Euclid

\_ J

o 5.1 Divisibility and Divisibility Tests
Chia hét va dau hiéu chia hét

S6 hoc (humber theory) chiém 3-5 cdu mbi dé AMC 8. Hau hét cac cu 8y khdng doi héi dinh ly cao siéu ma doi hoi ba thdi
guen: phan tich ra thira s6 nguyén t8 trudc khi lam gi khac, dung dau hiéu chia hét thay cho phép chia dai, va bién diéu
kién “chia hét” thanh phudng trinh d€ suy lun. Chuong nay x4y du bd cdng cu d6; s6 du, déng du va cdu d6 chir s8 dé
danh cho Chudng 6.

Definition — Divisibility (chia hét)
For integers a # 0 and b, we say a divides b, written a | b, if b = ak for some integer k. Then a is a divisor (factor) of b
and b is a multiple of a.

Doca | bla “ala udc cla b” hay “b chia hét cho a”. Chu y: 0 chia hét cho moi s8 khdc 0 (0 = a - 0), va 1 [ udc ciia moi sé.

Theorem — Two rules that do most of the work

(1) Ifa|bandb|c thena|c (2)Ifa|banda |c thena | (mb+ nc) for all integers m, n — in particular a | b+ c and
alb—c.

Chiing minh (2): b = ak, ¢ = al nén mb + nc = a(mk + nl). Quy tac (2) & vi khi manh nhat clia muc nay: néu 7 chia hét hai biéu
thic thi 7 chia hét moi t6 hdp cla ching — ta dugc phép nhan Lén réi cong/trir dé khir bdt &n.
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" Example 5.1 Nhan lén dé khir 3n

Positive integers a and b are such that 2a 4 3b is a multiple of 7. Which of the following must also be a multiple of 77
(A) a+d (B) a+ 5b (C) 3a+2b (D) 4a+b (E) 5a + 3b

SOLUTION - LOI GIAI - Answer: (B) a + 5b

Ta mudn khir bdt mét 4n. Nhan 2a + 3b vdi 4: 8a + 12b cling chia hét cho 7 (quy tic 2). Trlr di 7a + 7b (hién nhién chia hét
cho 7): 8a + 12b — 7a — 7b = a + 5b chia hét cho 7. Dap an (B).

Céc lua chon khdc khéng bat budc: thifa = 2, b = 1thi 2a + 3b = 7,nhunga +b=3,3a +2b=8,4a + b =9, 5a +
3b = 13 déu khéng chia hét cho 7.

Insight - Muén biét “biéu thic ndo cling chia hét”, hdy nhan bi€u thic d3 bi€t véi mét sé rai trir bdi ctia 7 — ding thir ting

c3p sb.
G J
Divisor Test (dau hiéu) Vi sao
2, 5,10 last digit 10 chia hét cho 2, 5,10
4, 25 last two digits 100 chia hé&t cho 4 va 25
8, 125 last three digits 1000 = 8- 125
3,9 sum of digits 10k —1=99...9 chia hétcho9
11 alternating sum of digits (from the right: +, —, +,...) | 10 = —1: 10* 4+ 1 ho%c 10* — 1 chia hét cho 11

Theorem — Why the digit-sum test works

N = abed = 1000a + 100b + 10c +d = (a + b+ c + d) + (999a + 996 + 9c). The bracket 999a + 99b + 9c is a multiple
of 9,50 N and a + b+ ¢ + d differ by a multiple of 9:9 | N <= 9| a + b+ ¢+ d (and the same for 3).

Tuong tu véi 11: N = (d — ¢+ b — a) + (11c + 99b + 1001a) va 11 | 11,99,1001, nén 11 | N <= 11| (d — c + b — a) — téng
dan d&u tinh tir hang dan vi.

Key Idea — Composite divisors: split into coprime parts

If gcd(m,n) = 1,thenmn | N <= m | N andn | N.Sotest 12 as 3 and 4; 36 as 4 and 9; 88 as 8 and 11; 72 as 8 and 9.
Hai phan phai nguyén t6 ciing nhau (khong cé udc chung l8n hon 1). Cach chic nhat: téch s6 chia thanh céc luf thira ctia nhitng
s6 nguyén t6 khac nhau, vi du 360 = 8 -9 - 5.

Common Trap — Chia hét cho 4 va cho 6 KHONG suy ra chia hét cho 24

S8 36 chia hét cho 4 va cho 6 nhung khéng chia hét cho 24. Ly do: 4 va 6 ¢ chung thira s6 2, nén tir hai diéu kién chi suy ra dugc
lem(4, 6) = 12 | N. Mudn thir 24 phai thir 8 va 3.

Example 5.2 Ghép hai diu hiéu

Which of the following numbers is divisible by 88?7
(A) 530184 (B) 531520 (C) 532356 (D) 536646 (E) 538600

SOLUTION - L3I GIAI - Answer: (B) 531 520
88 = 8- 11 vdi ged(8,11) = 1, nén thir riéng 8 (ba chif s& cudi) va 11 (t6ng dan dau tir hang dan vi).
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S6 3 chif s8 cubi: 8 Téng dan dau Két luan
530 184 184 =8-23 v 4-84+1-04+3—-5=-5X khéng
531520 520=8-65V 0-24+5-14+3-5=0V co
532 356 356 chi chia hét cho 4 X 0v khéng
536 646 | s6 chdn nhung 46 khéng chia hét cho 4 X ov khoéng
538 600 600 =8 -75V 0-0+6—-8+3—-5=—-4X khéng

Dép 4n (B). Bay: (C) dat d4u hiéu 4 va 11 (tdc chia hét cho 44, chua a0 88); (E) cé téng chit s8 22 chia hét cho 11 —
nham téng thudng vdi tdng dan dau.

Insight - S6 chia hgp s6 = téch thanh cac luy thifa nguyén t6 r&i nhau réi thir tiing dau hiéu; véi 11 ludn dung téng dan
dau.

Tip — Khdng chia dai trong phong thi
AMC 8 kh6éng cho mdy tinh. Khi gdp “IN cd chia hét cho k khéng”, hay (1) tdch k thanh luy thira nguyén t6, (2) dung dau hiéu chir
s6, (3) néu N la tich hay t8ng c6 cau tric thi dung quy tac (2): viduy 7 | 7000 + 21 nén 7 | 7021 ma khéng cén chia.

5.2 Primes and Prime Factorization

S6 nguyén t6 va phan tich ra thita s6 nguyén t6

Definition — Prime and composite (s6 nguyén t3, hop sd)

An integer p > 1 is prime if its only positive divisors are 1 and p. An integer n > 1 that is not prime is composite. The
number 1 is neither prime nor composite.

25 s6 nguyén t8 nhé hon 100: 2,3,5,7,11,13,17, 19,23, 29, 31, 37, 41,43, 47, 53, 59, 61, 67, 71, 73, 79, 83, 89, 97. Nén thubdc long
— AMC 8 héi ching rat thudng xuyén.

Theorem — Fundamental Theorem of Arithmetic (dinh Iy co’' b3n cba s6 hoc)

Every integer n > 1 can be written as a product of primes, n = p{'p5* - - - pi* with p; < py < --- < py, and this prime
factorization is unique.

Cdch tim: tdch dan bang cay thifa sé (factor tree). Tach cich nao cling ra cing mét b6 14 — dé (& ndi dung clia chif “duy nhat”.
Hinh: 360 = 36 - 10 = (6-6)(2 - 5) = 23 .32 . 5.

360=2%-32-5
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Theorem — Testing whether n is prime

If n > 1 has no prime divisor p with p < 1/n, then n is prime.

Ly do: néun = abvdil < a < bthia® < ab=n, nén a < y/n, vd mbt udc nguyén 8 cla a cling < 1/n. Viy dé kiém tran < 100
chi can thir 2, 3,5, 7; véin < 400 thirthém 11,13, 17, 19. Gach dan béi cua 2, 3,5, 7 trong bang 1-50 la dugc sang Eratosthenes
(hinh).

1 2 3 4 5 6 7 8 9 10
11 12 13 14 15 16 17 18 19 20
21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

41 42 43 44 45 46 47 48 49 50

Common Trap — “S3 nguyén to gid”
Nhiing s6 & khdng chia hét cho 5 tréng “cé vé nguyén t8” nhung khéng phai: 51 = 3 - 17,57 =3-19,87 =3-29,91 = 7 - 13,
119 =7-17,133 = 7-19, 143 = 11 - 13. Ludn thir 3 (t6ng chif s6) va 7 trudc khi két luén.

Key Idea — 2 is the only even prime — parity arguments

If a sum or difference of primes has the “wrong” parity, one of the primes must be 2.

Moi s6 nguyén t6 khac 2 déu L&. Téng hai s6 L& (& s6 chdn, nén néu tng (hodc hiéu) cha hai s6 nguyén t8 L& sd Lé thi mét trong
hai s6 phai la 2. D4y la meo “m3 khod” clia rat nhiéu bai vé sé nguyén té.

' Example 5.3 Tinh chdn L& cha s6 nguyén t5

Primes p and ¢ satisfy 3p + 5¢ = 61. What is the sum of all possible values of p 4 ¢?
(A) 13 (8) 19 (C) 30 (D) 32 (E) 36

SOLUTION - L3I GIAI - Answer: (D) 32

61 1&. Néu p, g déu L& thi 3p va bq déu L& va tdng la s6 chdn — vé ly. VAy p = 2 hodc q = 2.
ep=2:5q=055¢g=11 (nguyéntd) v,p+q = 13.

eqg=2:3p=>51,p=17 (nguyéntd) v, p + q = 19.

Téng céc gid tri: 13 + 19 = 32. Ddp 4n (D).

Bay: chi thdy mét nghiém (thudng la p = 2) r6i diing, dudc 13 hodc 19.

Insight - Phugng trinh vdi s6 nguyén t6 ma vé kia cé tinh chan L& “la” = m6t 8n bang 2; nhd xét ca hai vi tri cla s8 2.

\_ J

Example 5.4 Phén tich rdi ghép lai

The product of the ages of several teenagers (each age is an integer from 13 to 19) is 55 692. What is the sum of their
ages?

(A) 48 (B) 58 (C) 62 (D) 64 (E) 66

SOLUTION - L8I GIAI - Answer: (C) 62
Phan tich: 55692 = 4-13923 =4-9-1547=2%2.32.7.13 .17 (vi 1547 =7-221 = 7- 13- 17).

Cactuditlf 13 dén 19 c6 dang: 13,14 =2-7,15=3-5,16 = 2*,17, 18 = 2 - 32, 19. Thira s6 13 va 17 phai [a chinh tudi
13 va 17. Thira s8 7 chi cé trong 14, nén cé mbt ban 14 tudi. Con lai 2 - 32 = 18 — ding & mébt tudi. Khdng cé thira s6 5
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nén khéng ai 15 tuéi.

Cac tudi: 13, 14,17, 18; t6ng 62. Bdp an (C).

Insight - Bai “tich cdc s6 |4 ...” = phan tich ra thifa s6 nguyén t8, réi d3t nhiing thira s6 nguyén t6 “hiém” (chi xuit hién &
mot s6) trudc.

Tip — Phan tich nhanh c3c s6 “n3m thi”

D& AMC hay dluing s6 clia ndm: 2024 = 23 - 11 - 23, 2025 = 3* - 52 = 452, 2026 = 2 - 1013 (1013 nguyén t8), 2027 nguyén t&. Cling
nén nhé 1001 = 7-11-13, 1547 = 7-13- 17,9999 = 32 .11 - 101.

n 5.3 Counting and Adding Divisors
PEm udc va tinh téng cdc udc

Khi d3 c6 phan tich n = p?¢®r¢ - - -, moi cau hdi vé udc clia n trd thanh bai todn chon s8 mii: mdt udc clia n chinh L& p®g¥r® - - -
vi0 <z <a0<y<b, ..DEm udc=dém sb cach chon s& mii (quy tic nhan, Chuong 7 sé& hoc ky).

Theorem — Number of divisors (s6 wéc)

If n = p{'ps* - - - pi*, then n has d(n) = (a1 + 1)(az + 1) - - - (ax + 1) positive divisors.

S8 mii cla p; trong moét udc cd a; + 1 lua chon (0,1,. .., a;), tusng tu vdi cdc s6 nguyén t6 khac. Bang dudi liét ké da 4 - 3 = 12
udc clia 72 = 2% - 32: c6t L Wy thira clia 2, hang LA W thifa cta 3.

P 1 2 4 8
1 1 2 4 8
3 3 6 12 24
9 9 18 36 72

Theorem — Sum of divisors (tdng cic wérc)
om)=Q+p +-+p)A+pp+---+py) - (L +pp+ - +D5F).

Khai trién tich nay, mdi s6 hang & dding mét udc clia n, mdi udc xuat hién ding mét lan. Vi du v8i bang cla 72: tdng mbi hang la
(1+244+8)-37, cdng ba hang dugc 15 - (1 + 3 4+ 9) = 195.

Example 5.5 Udc c6 didu kién — rut phan bit budcra

How many positive divisors of 3600 are multiples of 107
(A) 12 (B) 18 (C) 24 (D) 30 (E) 36
SOLUTION - LGOI GIAI - Answer: (C) 24

3600 = 2% - 32 . 52. Udc 4 bdi ctia 10 phai cé it nhat mot thita s6 2 va mét thira s6 5, nén cé dang 10k vdi k | 3600/10 =
360 =23.32.5.

S6 udc ctia 360: (3 +1)(2+1)(1 + 1) = 24. Bap an (C).
Bay: chi bat bubc thira s6 5 ma quén thifa s6 2 (cho s6 mii cla 2 chay tir 0 dén 4) dudc 5 - 3 - 2 = 30.

Insight - “Udc clia n chia hét cho m” « “udc clia n/m” — rat phan bat budc ra r6i dé€m udc clia phan con lai.
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Key Idea — Divisors come in pairs

The divisors of n pair up as d <+ n/d, and the two numbers in a pair multiply to n. A divisor is paired with itself only
when d = y/n. Hence d(n) is odd exactly when n is a perfect square.

Hinh: cdc udc clia 36 ghép thanh 4 cdp va udc 6 diing mét minh, nén 36 cé 9 udc. Hé qud hitu ich: néu xép cdc udc tadng dan
dy <dy < -+ <dpthid;-dyi1-; = n; va ding mot nlra s6 udc (vdi n khéng chinh phudng) nhé hon 4/n.

1 2 3 4 6 9 12 18 36

Common Trap — Ph3i phan tich HET vé s3 nguyén t3 truwdc khi dung cdng thirc
123 khong cé 3 + 1 = 4 udc! Viét 123 =26.33nénd = (6 +1)(3+ 1) =28. Tuong ty 62-4=2%3%c 15 udc, khéng phai (2 +
1)(1 4 1) = 6. Cong thic chi ding khi cac co s6 la s8 nguyén t6 khac nhau.

Tip — Bai todn ngwoc: biét sé wérc, tim dang cia n
Viét s8 udc thanh tich cac thira s6 > 1; mdi cach viét cho mét “khudn” s6 mi. Vidu d(n) = 12:12,6-2,4-3,3-2-2 Ung véin =
p't, pPq, pg?, pqr. d(n) = 3 chi cd p?; d(n) = 4 cb p* hodc pg. S6 Nhd nhat theo mét khudn: gdn s8 mii l8n cho s6 nguyén t8 nha.

Example 5.6 Bai toan ngugc: ciing sé udc, nhiéu khudn .

A positive integer n has exactly 10 positive divisors. What is the sum of all possible values of the number of positive
divisors of n??

(A) 19 (B) 20 (C) 27 (D) 46 (E) 100
SOLUTION - L3I GIAI - Answer: (D) 46

10 = 10 hodc 10 = 5 - 2, nén chi cé hai khubn: n = p” hodic n = p*q (p # g nguyén td).

en =p’:n?=p®cé 19 udc.

en=7pgn?=1p82c69- 3 =27 udc

Hai gid tri kha di la 19 va 27; t6ng 46. Dap an (D).

Bay: tudng “binh phuang thi s6 udc cling binh phuong” dugc 100; hodc chi xét khudn ptq (khudn quen) dugc 27.

Insight - Biét s8 udc — liét ké di cidc khudn sé mii (mbi cach phan tich d(n) thanh tich cac thira s6 > 1), réi x ly tiing khuén.

5.4 Greatest Common Divisor and Least Common Multiple
Udc chung lén nhat va boi chung nhé nhat

Definition — gcd and lcm (U'CLN, BCNN)

ged(a, b) is the largest positive integer dividing both a and b; lem(a, b) is the smallest positive integer that is a multiple
of both. If gcd(a,b) = 1, then a and b are relatively prime.

“Nguyén t6 cling nhau” (relatively prime, coprime) khéng cé nghia la hai s8 déu nguyén té: 8 va 15 nguyén té cling nhau.
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Theorem — gcd and lcm from prime Factorizations

Write a and b with the same primes (allowing exponent 0). Then ged(a, b) takes the smaller exponent of each prime,
and lem(a, b) takes the larger one.

Vidu84=22-3-7,90=2-3%-5:gcd =2-3 =6,lcm = 22-32.5.7 = 1260. SS d6 Venn: phan chung (& UCLN, ca hai hinh
tron gdp Llai la BCNN.

84 =22-3-7 90 =2-3*-5

phin chung: ged =23 =6

Theorem — gcd x Icm = product (For two numbers)
For positive integers a, b: gcd(a, b) - lem(a, b) = ab.
Vi tling s6 nguyén 6, min(z,y) + max(z,y) = z + y. Kiém tra: 6 - 1260 = 7560 = 84 - 90 V..

Theorem — Euclidean algorithm (thu3t todn Euclid)

ged(a,b) = ged(a — b, b); repeating, ged(a, b) = ged(b, ) where 7 is the remainder when a is divided by b.

Moi udc chung cla a va b cling chia hét a — b (quy tdc 2 8 muc 5.1), va ngudc lai. Hinh hoc: ¢t hinh chif nhat 30 x 12 thanh céc
hinh vuéng l&n nhét ¢ thé; hinh vudng cudi cung cé canh ged(30,12) = 6. Thudt todn nay manh nhat khi cdc s6 cé chir:
ged(n, n+ 12) = ged(n, 12).

6%6

12 12x12 12x12

6%6

30

' Example 5.7 Thuét toan Euclid véi bi€u thic chita n .

For how many integers n with 1 < n < 60 is ged(n, n + 12) = 4?
(A) 5 (B) 10 (C) 12 (D) 15 (E) 20
SOLUTION - L3I GIAI - Answer: (B) 10

Theo thudt todn Euclid, ged(n, n + 12) = ged(n, 12). Can ged(n, 12) = 4, téc la 4 | n nhung 3 1 n (néu 3 | n thi UCLN L&
12; 8 khéng phai udc clia 12 nén khdng can xét).

Boi cua 4 trong [1, 60]: 15 s6; trong d6 boi cda 12: 5 s8. Con 15 — 5 = 10. Ddp &n (B).
Bay: chi dém bdi ctia 4 dugc 15, quén loai cdc bdi cla 12 (khi d6 UCLN bang 12, khéng phai 4).

Insight - G3p ged cla hai bi€u thiic chita n: trif bdi ctia nhau cho t8i khi mét bén la hang s6.
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- Example 5.8 BCNN trong bai toan lich

Starting on Sunday, January 1 (day 1), Ha waters the garden every 4 days (days 1, 5,9, ...) and cleans the fish tank

every 6 days (days 1,7,13,...). In the 365 days of the year, on how many Sundays does she do both jobs?
A ® ° ° ° ° ° °
N1 23 4]s|6|7|8]9o]toftli2]13]14]15|16]17(18]|19]20]2122]23|24]2526
B e o ° ° °

(A) 3 (B) 4 (C) 5 (D) 7 (E) 15

SOLUTION - L3I GIAI - Answer: (C) 5

Hai viéc tring nhau khi d — 1 la b&i chung cta 4 va 6, tlc bdi clia lem(4, 6) = 12. Ngay Chud nhat khid — 1 la bdi cta 7.
Ca ba diéu kién: d — 1 la bdi clia lem(12,7) = 84.

d—1€{0,84,168,252,336} (sd tiép theo 420 > 364): ngay 1, 85,169, 253, 337 — cd 5 ngay. Ddp an (C).

Bay: dling 4 - 6 = 24 thay cho BCNN 12, dudc lem(24, 7) = 168 va chi 3 ngay; quén ngay 1 dugc 4.

Insight - “L&p lai theo chu ky, khi ndo tring nhau?” = BCNN cua céc chu ky (khdng phai tich, trir khi ching nguyén t8 cling
nhau).

Common Trap — Cong thic tich chi ding cho HAI s&
Vi ba s8 2,4, 6: gcd = 2, lem = 12, tich ged - lem = 24 nhung 2 - 4 - 6 = 48. Vdi ba s6 trd [én, quay vé cdch “s6 mii nhd nhat/ 16n

nhat” cho tling s6 nguyén t6.

Tip — Nh3n dang U'CLN hay BCNN qua I@i van
“C3t thanh cdc phan bang nhau, Lldn nhat cé thé”, “chia déu thanh nhiéu nhém nhat”, “lat gach vudng dn nhat” = UCLN. “Lan
tiép theo cling lUc”, “trling nhau lan dau”, “hinh vuéng nhé nhat ghép tir cdc vién gach” = BCNN.

5.5 Factorials, Perfect Powers and Trailing Zeros
Giai thifa, s6 chinh phudng - l3p phudng va chir sé 0 tin cung

Theorem — Exponent of a prime in n! (cong thi'c Legendre)
The exponent of the primepinn!=1-2---nis |— |+ ||+ | = |+ -
p p? P
|n/p| dém cdc bdi clia p (mbi s6 gdp it nhat mot thira s6 p), |[n/p?| d@ém cac boi clia p? (gdp thém mot thira s nifa), ... Hinh:
trong 30! cé 6 bdi clia 5, riéng 25 gdp hai, nén sé miicta5 a6 +1 = 7.

[ J ® (J
1 2 3 4 S| 6 7 8 9 10 11 12 13 14 15
o ( X J o

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Key Idea — Trailing zeros (sd chi¥ sd O t3n clng)

The number of zeros at the end of a positive integer IV is the smaller of the exponents of 2 and 5 in N. For N = n! the
exponent of 5 is always the smaller one.

M&i chit s 0 tan cling 1 mot thira s6 10 = 2 - 5. Trong n! s6 chn nhiéu han hdn béi cta 5, nén chi can dém thira s8 5. Vi du 30!
tan cung bdi ding 7 chirsé 0.
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Common Trap — Hai c3i by vé chirsé 0

(1) Quén sé 25,50, 75,100 gép hai thira s6 5 (125 gdp ba): 100! c6 20 + 4 = 24 chit s6 0, khdng phai 20. (2) Vdi tich khéng phai
giai thira thi phadi dé€m ca 2 va 5: tich 5 - 15 - 25 - 35 toan s8 & nén khéng cé chit s6 0 ndo & cudi.

Example 5.9 Tach thira sé chung trudc khi dém

How many zeros are at the end of the number 100! — 99!7?

(A) 2 (B) 21 (C) 22 (D) 23 (E) 24
SOLUTION - LGOI GIAI - Answer: (C) 22

D3t thira s6 chung: 100! — 99! = 99! - (100 — 1) = 99! - 99.

99 = 32 . 11 khong c6 thira s 2 hay 5, nén s chir s6 0 tan cling béng clia 99!: s6 mii ctia 5 (& [99/5] + |99/25| = 19 +
3 = 22 (thifa s6 2 du da). Dép 4n (C).

Bay: tra L8i s6 chi s6 0 cha 100! L& 24.

Insight - Hiéu/téng cua cdc giai thira = dat giai thita nhé nhat lam thifa s6 chung, phan con lai thudng & mét s6 nho.

Theorem — Perfect squares and cubes (s6 chinh phwong, s 13p phuong)

A positive integer is a perfect square if and only if every exponent in its prime factorization is even; a perfect cube if and
only if every exponent is a multiple of 3.

Vi (pg%)? = p*q?, va ngudc lai néu moi s6 mii chn thi &y mdt nita s6 mii s& dudc cdn bac hai. Vi du 2025 = 3* . 52 = (32 .

5)% = 452

Example 5.10 Diéu kién s6 mii cia hai luy thira bang nhau

How many ordered pairs (a, b) of positive integers satisfy a’ = b and a < 1000?

(A) 3 (8) 8 (€ 9 (D) 10 (E) 31

SOLUTION - LOI GIAI - Answer: (C) 9

V38i mbi s6 nguyén té p, goi s6 mii clia p trong a va b la z va y. T a? = b%: 2z = 3y, nén z chia hét cho 3 va y chia hét cho
2. Vay a 3 lap phudng, b [a chinh phudng: a = 3, b = t2 vdi cing mét s6 nguyén dudng ¢ (vi z = 3s, y = 2s vdi cling s).
£ <1000 < t<9.C89cip: (1,1),(8,4),(27,9),...,(729,81). Dép 4n (C).

Bay: quén cdp (1,1) dudc 8; d&m cdc s6 chinh phuong nhé hon 1000 (vi “a?”) dugc 31.

Insight - Dang thic gilta cdc luy thita = so sdnh s6 mii chia tifng s6 nguyén t6; 2z = 3y budc = L& bdi cia 3 va y L bdi cia 2.

Tip — S8 nhan (chia) nhé nhat dé dwoc luy thira
Muén kN La s8 chinh phudng vdi k nhé nhat: lam tron Ll&n mbi s6 mii téi s6 chdn gén nhét, k la phan bu. Mudn N /k chinh
phuong: lam tron xudng. Vidu N = 2° - 3 - 72: nhan thém 2 - 3 = 6 (dugc 26 - 32 - 72) ho3c chia cho 6 (dugc 24 - 72).

G Worked Examples — Competition Level
Vi du m3u muec thi dau
Hai vi du dudi 8 mic cdu 21-25 ctiia AMC 8 (va mét chit AMC 10). Hay tu lam it nhat 10 phut trudce khi doc L&i giai.

Example 5.11 Ghép cip dé tinh tdng

What is the sum of all positive integers less than 300 that are relatively prime to 3007
(A) 6000 (B) 9000 (C) 11700 (D) 12000 (E) 24000

SOLUTION - L3I GIAI - Answer: (D) 12000
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PEm. 300 = 2% - 3 - 52. S6 nguyén t8 cling nhau vdi 300 L& s6 khong chia hét cho 2, 3, 5. Trong 1-300: bd s& chan con
150; trong 150 s8 L&, mét phan ba chia hét cho 3, con 100; trong 100 s8 nay, mét phan ndm chia hét cho 5, con 80 s6.
(Mbi budc ding vi 300 chia hétcho 2 - 3 - 5 = 30, nén céc s8 du phan b déu.)

Ghép cdp. Néu k nguyén t8 cling nhau vdi 300 thi 300 — k cling vy (m6t udc chung clia 300 — k va 300 sé chia hét k).
Ghép k véi 300 — k: 80 s8 tao thanh 40 cdp, mdi cdp cé t6ng 300 (khéng s8 nao tu ghép vdi minh vi 150 chia hét cho 2).

Téng = 40 - 300 = 12 000. D4p an (D). Hinh minh hoa cung y tudng vdi 30: tdm s6 1,7, 11,13, 17,19, 23, 29 ghép thanh 4
c3p téng 30.

mdi cp co tong 30

1 7 11 13 1719 23 29

Bay: dém dung 80 s r6i nhan vai 300 (quén rdng mébi cdp mdi cd téng 300) dudc 24 000.

Insight - Tap s8 d8i xting qua n/2 (vi gcd(k,n) = ged(n — k,n)) = ghép k v8i n — k: t6ng = (s8 phén ti) x n/2.
\_ J

" Example 5.12 Tach theo tithg s6 nguyén to

How many ordered triples (a, b, ¢) of positive integers satisfy lem(a, b) = 12, lem(b, ¢) = 18, and lem(a, ¢) = 36?

(A) 4 (8) 9 (C) 12 (D) 16 (E) 27

SOLUTION - L3I GIAI - Answer: (B) 9

Moi s6 déu la udc clia 36, nén a = 2713Y1, b = 2™23%, ¢ = 2%33%_  BCNN 8y s6 mi l8n nhat, nén diéu kién tach r&i thanh
mot hé cho s6 mii clia 2 va mot hé cho s6 mii clia 3; nhan s nghiém hai hé.

S&miicha 2 (12 =22-3,18 = 2- 32,36 = 22 - 3?): max(z1, x2) = 2, max(z2, z3) = 1, max(z1,z3) = 2. Hé thd hai cho
Ty, T3 < 1, nén tir hé thl nhat z; = 2. Con max(xzy, z3) = 1: (29, z3) € {(0,1),(1,0),(1,1)} — 3 cdch.

S6 mii cha 3: max(yy, y2) = 1, max(y2,y3) = 2, max(yy,y3) = 2. H& th nhat cho y1,y2 < 1, nén y3 = 2; con
max(y1,y2) = 1: 3 cach.

Téng cdng 3 - 3 = 9 bd. Pdp an (B).

Bay: thdy z1 = 2, y3 = 2 r6i tudng cac s8 mii con lai tuy y trong {0, 1} dugc 4 - 4 = 16, quén diéu kién “ldn nhat phai
bang ding 1”.

Insight - Diéu kién vé UCLN/BCNN tdch réi theo tifng s8 nguyén t8: gidi ting hé s& mii nhd réi nhan két qua (quy tic nhan).

Exercises 1- Foundation *
Bai tip 1 - Nén tang

5.1  Which of the following numbers has exactly 3 positive divisors?
©(A) 49 (B) 50 (C) 64 (D) 81 (E) 98

5.2 Whatis the largest prime factor of 24317
o (A) 11 (B) 13 (C) 17 (D) 19 (E) 23

5.3 How many positive divisors does 6 have?

* (A5 (B) 8 (C) 16 (D) 25 (E) 36
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5.4 Linh crosses out every number in the chart that is a multiple of 2, a multiple of 3, or a multiple of 5 (this includes 2, 3,
*+ and 5 themselves). She also crosses out 1. How many numbers are not crossed out?

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

41 42 43 44 45 46 47 48 49 50

(A) 9 (B) 10 (C) 11 (D) 12 (E) 13

5.5 Inthe pyramid shown, each number in the upper rows is the product of the two numbers directly below it. What is
¢ the missing number z in the bottom row?

360

(A) 6 (B) 8 (C) 9 (D) 12 (E) 18
5.6 Whatis the smallest prime number that divides 3! + 532
C o (A) 2 (B) 3 (C) 5 (D) 7 (E) 11
5.7 How many zeros are at the end of 45!7?
A9 (B) 10 (C) 11 (D) 12 (E) 13

N
58 | ot N =2%.3%.5 Whatis the least positive integer k such that n is a perfect square?

*e

(A) 2 (B) 5 (C) 10 (D) 15 (E) 30
5.9 Which of the following numbers is the product of three different primes?
' (A) 60 (B) 66 (C) 75 (D) 98 (E) 99
5.10 A proper divisor of n is a positive divisor other than n itself. Which of the following numbers is less than the sum of
¢+ its proper divisors?
(A) 16 (B) 21 (C) 25 (D) 32 (E) 36
5.11 How many of the integers from 2 to 50 have no prime factor other than 2 and 3?
(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

5.12 Which of the following pairs could not be the greatest common divisor and the least common multiple, in that order,
«+  of two positive integers?

(A) (4, 24) (B) (5, 60) (C) (6, 36) (D) (8, 36) (E) (9, 45)
Exercises 2 - Competition Core
o e * %
Bai tap 2 - Trong tam ky thi
5.13 ; . . . 30!
Which of the following numbers is not a divisor of 2_8'?
(A) 58 (B) 87 (C) 116 (D) 145 (E) 174
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5.14 Which of the following numbers has the greatest number of positive divisors?

(A) 96 (B) 100 (C) 108 (D) 120 (E) 125
5.15 For how many integers n with 1 < n < 100 do n and 100 have exactly two positive divisors in common?
T (A) 20 (B) 25 (C) 28 (D) 30 (E) 40
5.16 Positive integers a, b, and ¢ satisfy ab = 24, bc = 54, and ca = 36. Whatisa + b+ ¢?

o (A) 19 (B) 20 (C) 21 (D) 23 (E) 25
5.17 How many three-digit positive integers are odd multiples of 777

o (A) 4 (B) 5 (C) 6 (D) 10 (E) 11

5.18 The table shows all twelve positive divisors of 200, arranged in rows and columns. What is the sum of the twelve
*+  numbers in the table?

X 1 2 4 8
1 1 2 4 8
5 5 10 20 40
25 25 50 100 200
(A) 400 (B) 420 (C) 450 (D) 455 (E) 465

5.19 Which of the following could be the number of positive divisors of a perfect square?
O (A) 4 (B) 6 (C) 8 (D) 9 (E) 10
5.20 For how many positive integers n does n! end in exactly 5 zeros?

5.21 A rectangular garden measures 84 m by 60 m. Posts are placed along the edge of the garden, equally spaced, with a
*+  post at each corner. The distance between neighboring posts is a whole number of meters and is as large as possible.
How many posts are used?

[
60 m
® 84 m ®
(A) 20 (B) 24 (C) 25 (D) 28 (E) 30
5.22 The positive divisors of 360 are listed in increasing order: d; < dy < d3 < ---. Whatis d; - dg?
C(A) 120 (B) 180 (C) 240 (D) 360 (E) 720
5.23 One of theintegers 1,2,3,...,10 is removed, and the least common multiple of the remaining nine integers is

e++  computed. What is the smallest possible value of this least common multiple?

(A) 360 (B) 504 (C) 840 (D) 1260 (E) 2520

5.24 Primes p and g with p > ¢ satisfy p> — ¢ = 72. What is the sum of all possible values of p?
T (A) 11 (B) 19 (C) 21 (D) 28 (E) 30
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10!
525 For how many positive divisors d of 10! is the quotient i an odd number?

(A) 15 (B) 24 (C) 30 (D) 60 (E) 270
5.26 The product of the digits of a positive integer IV is 2520. For the smallest such IV, what is the sum of the digits of N?
T (A) 22 (B) 24 (C) 26 (D) 27 (E) 29
Exercises 3 - Challenge
E) crases s 9 * kK
Bai tap 3 - Thur thach

5.27 How many positive integers less than 300 are multiples of 20 and have exactly 12 positive divisors?
Tt (A) 2 (8) 4 (€) 5 (D) 6 (E) 8

5.28 For how many integers n with 1 < n < 100 is the number of positive divisors of n a prime number?

**** (A) 25 (B) 29 (C) 30 (D) 31 (E) 32

5.29 What is the largest integer k such that 6* divides the product 1! - 2! - 3!...10!?

*000
Integer answer - Dap sé nguyén S

5.30 How many composite numbers less than 100 are divisible by neither 2 nor 37
et (A) T (B) 8 (C) 9 (D) 10 (E) 32

5.31 Three bells ring every 4 minutes, every 6 minutes, and every 9 minutes, respectively. They all ring together at noon.
*+++  During the next 6 hours (up to and including 6:00 p.m.), how many times do exactly two of the bells ring together?

every4dmin € @ @ ® © & & & S & S & & & & S s s 9

every 6min @ e e e e e e e e e e e L

every9min € S S S S S S S 2

0 12 24 36 48 60 72

(A) 30 (B) 40 (C) 50 (D) 60 (E) 70

5.32 How many positive divisors of 100 are less than 10°?

*000
Integer answer - Dap s6 nguyén

U

5.33 For how many integers n with 1 < n < 200 is the number of positive divisors of n that are multiples of 3 an odd
e*ses number?

Integer answer - Dap s6 nguyén

U

5.34 A bakery sells cookies only in closed boxes of 6, 10, and 15. How many of the numbers 1,2,3,...,50 are numbers of
++ee+  cookies that cannot be bought exactly?

(A) 4 (8) 11 (©) 15 (D) 29 (E) 36

5.35 What is the least positive integer n such that1 4+ 2 + 3 + - - - + n is a multiple of 10007

*0000
(N A
Integer answer - Dap s6 nguyén

U

5.36 How many three-digit positive integers have exactly 3 odd positive divisors?
o (A) 10 (B) 24 (C) 28 (D) 31 (E) 34
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Chapter 6 8020 AMC 8 Mastery

Digits, Remainders & Number Puzzles
Chif s6, s6 du & cau do so6

Ch{t s8 va s6 du la “ddc san” cia AMC 8: gan nhu dé nao cling cé cau dao chit s6, tim chit s8 bi che, chif s tan cling
cla mét Wiy thita khdng 16 hay phép cdng bang chit. Chuang nay bién cdc cdu d6 dd thanh dai s8: viét s6 theo gid tri vi
tri, doc s8 du bang phép chia cé du va déng du, diing téng chif s6 (phép thir 9 va 11), réi gidi phép tinh bang chil theo
titng cdt. Hoc sinh hay mat diém vi quén mién gid tri cha chit s6, nhadm “déng du” vdi “bang nhau”, va quén sé nhd.

v Viét s6 dudi dang 100a + 10b + ¢, gom khai chif s6, dung v Dung phép chia cé du va quy tac sé du cla téng, tich;

cdc ddng thiic dao chir s6 (9(a — b), 99(a — c), 101, 1001). giai hé diéu kién “chia ... du..." bdng céch sang va bdi
chung.

v Tinh s8 du va mét/hai chi s6 tan cung cla luy thira l8n v Dung n = S(n) (mod 9) va téng dan ddu modulo 11 dé&

bang déng du, dua cd s8 vé 1 va tim chu ky. loc Ung vién va tim chir s6 bi che.

v Gidi phép tinh bang chif va bai 6 tréng bang phuang

trinh titng cbt, chan chit s8 dau va udc lugng.

place value - gid tri theo vi trf digit - chir s6 units / tens / hundreds digit - chir s6 hang don vi/ chuc / trdm
leading digit - chif s6 dau tién quotient - thudng remainder - s6 du division algorithm - phép chia c6 du
congruent modulo m - déng du theo médun m digit sum - t6ng céc chif s8 casting out nines - phép thr 9

alternating sum - téng dan déu cryptarithm - phép tinh bang chir carry - s6 nhd last two digits - hai chif s6 tan cling

g J

n 6.1 Place Value — Turning Digits into Algebra
Gia tri theo vi tri — bién chif s thanh dai sé

Mé&i dé AMC 8 thudng cé 2-4 cau vé chit s8 va s8 du. Chiing tréng nhu cdu d6 meo, nhung hau hét dugc gidi bang mét thdi
quen: viét s6 thanh t6ng theo gia tri vi tri (place value), réi gidi phuang trinh vdi cdc chii s6 1 4n nguyén tir 0 dén 9. Diéu
kién “la chit s6” cuc ky manh: né bién mét phudng trinh nhiéu &n thanh vai trudng hop dém dudc trén dau ngdn tay.

Definition — Decimal notation (cich viét thp phan)

abc denotes the number whose digits are a, b, ¢: abc = 100a + 10b + ¢, where a, b, ¢ € {0,1,...,9} and the leading digit
a # 0. Similarly ab = 10a + b and abed = 1000a + 100b + 10c¢ + d.

D4u gach ngang trén dau dé phan biét vdi tich: ab L s6 cé hai chif s6, con ab l& a nhan b. Chir s6 dau tién khac 0; cic chif s6 con

lai dugc phép bang 0.

tram chuc don vi

472 =4-100+7-10 + 2

4 7 2

abc=100a + 10b + ¢

%100 x10 x1
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Theorem — Five identities worth memorising

ab+ba=11(a+b), ab—ba=9(a—b), abc—cba=99(a—c), abab=101-ab, abcabc= 1001-abc="7-11-
13 - abc.

Chi c&n khai trién: abc — cba = (100a + 10b + ¢) — (100c + 10b + a) = 99a — 99¢ (chif s6 gilfa triét tiéu). abab = 1000a +

1006 + 10a + b = 101(10a + b). Nh& vay, hiéu ctia mét s6 va s6 dao ngugc ludn chia hét cho 9, con téng clia s6 hai chir s6 va s
dao ludn chia hét cho 11.

Key Idea — Gom cac chi¥ sd thanh khdi (block)

Khéng nhat thiét mi chif s6 (& mot &n. Néu mdt nhém chif s6 di cling nhau trong ca hai s6, hay d3t ca khéi la mét &n: vdi abe va
bea, d3t x = be thi abc = 100a + z va bea = 10z + a. Phuang trinh chi con hai an, va diéu kién 0 < z < 99 thay cho hai diéu kién
riéng cha b va c.

Example 6.1 Gom khai réi chan mién .

When the hundreds digit of a three-digit number is moved to the end (for example, 472 becomes 724), the new number
is 459 greater than the original number. How many three-digit numbers have this property?

N=100a +x M=10x+a

a b c — > b c a

khéi x = be khéi x = be

(A) 2 (8) 3 (C) 4 (D) 5 (E) 6

SOLUTION - LGOI GIAI - Answer: (C) 4
Gois6 ban dauld N =100a + z véiz =be (0 < 2 < 99,1 < a < 9). S6 méi la M = 10z + a (hinh).
M — N = 9z — 99a = 459, chia c hai v& cho 9: £ — 11a = 51, tic z = 51 + 11a.

Viz < 99nénlla <48 a < 4. Véia=1,2,3,4tadudc z = 62,73, 84, 95, tlc cic s§ 162, 273, 384, 495 (thi lai: 621 —
162 = 459 v). C4 4 s6. Dép 4n (C).

Bay: quén diéu kién < 99 va nhin cd a = 5 (z = 106 khdng phai khéi hai chit s6) sé ra 5.

Insight - Khi mét khdi chi s6 gilt nguyén thi tu trong ca hai s6, dat ca khéi la mét an; diéu kién “la khéi hai chirs8” (0 < z <
99) chén s6 trudng hgp.

Common Trap — Ba 16i khi dich chi s& sang dai s&
(1) Viét ab thanh ab (tich) hodc a + b. (2) Quén rang chir s6 dau khac 0 nhung chif 8 gitfa/cudi dude bang 0 — ddo ngudc 70

dugc 07 = 7. (3) Gidi ra = = 106 réi vAn nhan, quén rang mét “chir s6” hay mét “kh8i” cd gidi han trén. Ludn ghi rd mién gid tri
cla tiing 4n ngay khi d&t an.

Example 6.2 Téng moi hoan vi: 222 Lan téng chif s

Khoa chose three different nonzero digits and planned to write all six three-digit numbers that use each of the three
digits exactly once. He wrote only five of them, and the sum of those five numbers is 3194. Which number did he forget?

(A) 358 (B) 385 (C) 538 (D) 583 (E) 835
SOLUTION - LOI GIAI - Answer: (A) 358

Trong sdu hodn vi, mdi chit s6 dlng 8 méi vi tri ddng 2 an. Néu t6ng ba chit s6 la s thi tdng sdu s6 la 2s - 100 + 2s -
10 + 2s -1 = 222s.

S6 bi quén (& m = 222s — 3194, v 100 < m < 999 nén 3294 < 222s < 4193, tic s € {15,16,17,18}.

S6 bi quén dung ding ba chit s6 d6 nén téng chif s6 clia m phai bang s:
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ENGLISH

s =15:m = 136 (t8ng chirs6 10 X); s = 16: m = 358 (t6ng 16 v); s = 17: m = 580 (cé chir s6 0 X); s = 18: m = 802 X.
Vay Khoa quén 358 (thir lai: 385 + 538 + 583 + 835 + 853 = 3194 V). Dap an (A).

Insight - Téng cla moi hodn vi chit s6 chi phu thudc téng cac chif s6; k&t hgp chdn mién vdi diéu kién “téng chir s8 clia s6 con
thiéu phai khdp”.

Tip — Chan trudc, liét ké sau
Trong phong thi, sau khi lap phudng trinh chif s8, difng thir md. Dung 0 < chifs6 < 9 (hodc 10 < ab < 99) d& chdn mét &n vao
vai gid tri, réi mdi liét ké. V8i AMC 8, s6 trudng hgp sau khi chdn hau nhu ludn dudi 10.

n 6.2 Remainders and the Division Algorithm

S6 du va phép chia ¢é du

Definition — Division algorithm (phép chia cé dw)

For any integer a and positive integer b there are unique integers ¢ (the quotient) and r (the remainder) with a = bq + r
with 0 < r < b.

Hinh: chia but thanh tiing nhém 8 chiéc; g la s6 nhém du, r L& s6 but L&, ludn it hon 8. Hai diéu kién “0 < 7" va “r < b” la mbt
phan cta dinh nghia: “29 chia 8 dugc 2 du 13" la sai, vi 13 > 8.

000010000, 10000!

1 |
1 1
[ L m e — - L - ——
nhom 8 nhom 8 nhom 8 du 5

Theorem — Remainders of sums and products

If a leaves remainder r; and b leaves remainder 7o when divided by m, then a + b, a — b and ab leave the same
remainders as r; + 79, 71 — 79 and ry7y (after reducing these modulo m).

Chiing minh: @ = mqy + r1, b = mga + 72 nén ab = m(mqiqa + qi72 + gar1) + 7173 — phén trong ngodc la bdi ciia m. Ngha La:
mudn biét s6 du ciia mét t8ng/tich, chi can lam viéc vdi cac s6 du.

' Example 6.3 Thay s6 bing s6 du

Ms. Lan has a box of pencils. When she puts the pencils into groups of 8, there are 5 pencils left over. She buys 3 more
boxes, each holding exactly as many pencils as the first box. When she puts all of her pencils into groups of 8, how
many pencils are left over?

(A) 0 (8) 1 (C) 4 (D) 5 (E) 7
SOLUTION - L3I GIAI - Answer: (C) 4

Goi s6 bt mét hdp la N = 8q + 5. Bén hdp cé 4N = 32q + 20 chiéc.

32q chia hét cho 8, con 20 = 8 - 2 + 4. VAy 4N chia 8 du 4 (tic la 4 - 5 = 20 r6i rut gon). Dap 4n (C).

~

Bay: nghi “s6 du van la 5” (quén nhan), hodc chi tinh s6 but ctia 3 hdp mdi mua (3 - 5 = 15, du 7) ma quén hdp ban dau.

Insight - S6 du cla tich = s6 du cla tich cdc s6 du; ludn rdt gon két qua vé khodng 0 < r < m.

Theorem — Two ways to read “remainder "

(1) a and b leave the same remainder when divided by m <= m | a — b. (2) N leaves remainder r when divided by d
<= d|N —randd>r.

(1) la ly do s6 du l3p lai cd chu ky m. (2) bién bai “chia du” thanh bai “chia hét” cia Chudng 5 — nhung ditng quén diéu kién
d > 7: s8 chia ludn l&n hon s6 du.
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Common Trap — S3 du’ theo 8 cho biét s6 du theo 4, nhung khdng nguwoc 13i

Néu N chia8 du5thi N =8¢+ 5 =4(2¢ + 1) + 1 chia 4 du 1: s6 du theo mét udc clia 8 suy ra dudc. Ngudgc lai, biét N chia 4
du 1 thi IV chia 8 cé thé du 1 hodc 5 — chua du thong tin. Tudng tu, biét s6 du khi chia cho 5 va cho 7 thi biét s du khi chia cho
35, nhung biét sé du khi chia cho 35 thi khéng biét s& du khi chia cho 4.

Example 6.4 Sang tif s8 chia ldn nhat

Starting at 6:00 a.m., buses of line X arrive at a stop every 5 minutes, the first one at 6:03 a.m., and buses of line Y’
arrive at the same stop every 7 minutes, the first one at 6:04 a.m. At what time do buses of both lines arrive at the stop
together for the third time?

(A) 6:53 a.m. (B) 7:10 a.m. (C) 7:28 a.m. (D) 7:45 a.m. (E) 8:03 a.m.

SOLUTION - L3I GIAI - Answer: (C) 7:28 a.m.

Do thdi gian bang s8 phut sau 6:00. Xe X dén & cdc phut 3,8,13, ... — cdc s6 chia 5 du 3; xe Y dén & céc phut
4,11,18,... —cécsb chia 7 du 4.

Sang theo s6 chia ldn nhat (it s6 can thir nhat): trong day 4, 11, 18, s6 dau tién chia 5 du 3 (3 18.

Hai thdi diém tring nhau Lién tiép cb hiéu chia hét cho ca 5 va 7, tic cho 35. VAy céc lan trung la phut 18,53, 88, ...
(hinh).

4 11 18 25 32 39 46 53 60 67 74 81 88

>

phat xe Y dén:

+35 +35

Lan th ba la phut 88, tirc 1 gid 28 phut sau 6:00: lic 7:28 a.m. Dap &n (C).

Bay: L4y lubn bdi cha 35 ma quén db l&ch ban dau (phut 70 hay 105, tdc 7:10 hay 7:45); d&m nham Lan trung th hai
(6:53) 14 L4n thir ba.

Insight - Hé “chia m du 7, chia n du s” (m,n nguyén t8 cing nhau): liét ké theo s6é chia ldn nhat tdi nghiém dau tién, réi cong

dan mn.

Tip — Meo “thiéu mét chit”
Khi s6 du ludn kém s6 chia ding mét lugng nhu nhau — chia 4 du 3, chia 5 du 4, chia 6 du'5 — thi N + 1 chia hét cho ca 4, 5, 6,

nén N + 1 a bdi cta lem(4, 5,6) = 60. Tudng ty, “chia 6 du 2, chia 8 du 2” cho N — 2 chia hét cho 24. Hay nhin cdc s6 du trudc
khi bat dau liét ké.
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o 6.3 Congruences — Remainders of Huge Numbers
Pong du — sé6 du clia nhifng sé rat Ldn

Definition — Congruence modulo m (dfing dv)

For a positive integer m, we write a = b (mod m) (read “a is congruent to b modulo m”) if m | a — b, thatis, a and b
leave the same remainder when divided by m.

H&y hinh dung mét “d6ng hé” cé m vach: di téi a hay téi b déu diing & cing mét vach. Vidu 24 = 17 = 10 = 3 (mod 7). S6 &m
cling dudc: —1 = 6 (mod 7).

3,10, 17, 24, ...

Theorem — Congruences behave like equations

Ifa=bandc=d (mod m),thena+c=b+d,a—c=b—d, ac=bd (mod m),and a* = b* (mod m) for every
positive integer k.

DAy chinh L& dinh ly s6 du clia t6ng va tich 8 muc 6.2, viét gon lai; luy thira la nhan &p. Hé qua: trong mét biéu thirc, cé thé thay
bat ky s6 nao bang mot s6 dong du vdi nd — nhat la bang mot s6 nhoé hodc bang 1.

Key Idea — Tim s8 dong dv véi +1
10=1 (mod 9),10 = —1 (mod 11), 100 =1 (mod 99), 13 = —1 (mod 14),2® =8 =1 (mod 7), 3> = 27 = —1 (mod 7). M6i
khi cd s6 (hodic mdt lu§ thira nhé clia né) déng du véi £1, ca lu§ thira khdng 16 sup vé £1: (—1)ha = 1, (1) = —1.

" Example 6.5 DPua co s6 vé +1 |

What is the remainder when 132026 + 15202 s divided by 147

(A) 0 (B) 1 (C) 2 (D) 12 (E) 13
SOLUTION - LGOI GIAI - Answer: (C) 2

13 = —1 (mod 14) nén 13%% = (—1)%%6 = 1 (s6 mii chan).

15 =1 (mod 14) nén 15%% = 1.

Téng dong dul + 1 = 2. Dap 4n (C).

Bay: coi 132026 = —1 (quén s8 mii chén) sé& ra 0; viét s8 du &m —1 thanh 1 mot cch tuy tién cling dé& sai — ludn d6i s6 du
am vé khodng 0 dén 13: —1 = 13.

Insight - Trudc khi tinh luy thira, hay rat gon cd s6 theo modulo; néu cd s6 dong du 41 thi xong ngay.
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Theorem — Last digits are remainders

The units digit of N is N mod 10; the number formed by the last two digits is N mod 100. Since a* mod m depends
only on a mod m and there are only m possible remainders, the sequence a, a?, a, ... taken modulo m is eventually
periodic.

Chuong 4 da dung diéu nay cho chi s6 tan cling (chu ky 4). Vi hai chif s6 tan cling, chi can theo dbi s6 du khi chia cho 100:

nhan hai chif s6 cudi vdi ca s8, bo phan hang tram tré 1én. Viét ra cho tdi khi thdy mot gia tri &p Lai.

Example 6.6 Hai chir s6 tan cling qua chu ky |

What is the tens digit of 52026 | 20267

(A) 0 (B) 2 (C) 4 (D) 6 (E) 8

SOLUTION - LOI GIAI - Answer: (E) 8

Phan 5%: 52 = 25, va 25 - 5 = 125 lai tan cung 25. Vay v8i moi n > 2, 5™ tin cling 25.

Phan 6": theo dai hai chit s8 cudi: 06, 36, 16, 96, 76,56, 36, ... (vi du 56 - 6 = 336 — 36). TUn = 2 trd di l&p vdi chu ky 5
(hinh).

n=1

. \ h

N chuky 5 J
()
5

n=>5 n=4

2026 — 2 = 2024 = 5 - 404 + 4, nén 62°26 ¢4 cling hai chii s8 cudi véi 6274 = 65 13 56.
Téng tan cung 25 + 56 = 81: chit s6 hang chuc la 8. Dap 4n (E).

B&y: chi nhin chit s6 hang dan vi (5 + 6 = 11, t4n cling 1) chdng ndi gi vé hang chuc; hay chia 2026 cho 5 (du 1) ma quén
rang chu ky bt dau tir n = 2, ldy nham 36 va dugc 25 + 36 = 61, hang chuc 6.

Insight - Mudn biét hang chuc, lam viéc theo modulo 100: chi giif hai chif s6 cudi sau méi lan nhan, tim chu ky, cin than diém
bat d4u chu ky.

Common Trap — Khdng rit gon s6 mii theo modulo

219 mod 7 khéng bang 210047 — 23 Cg s8 dudc rit gon theo m, con s6 mii chi dudc rit gon theo @6 dai chu ky cla day lu§
thira: 22 = 1 (mod 7) nén chu ky a 3,va 2! =29.2 =2 (mod 7).

Tip — Tim luy thira “vé 1” nhanh

Tinh lan lugt a, a?, a®, . .. theo modulo m, m&i budc chi nhan s6 du trude véi a. Thudng chi sau vai budc sé gip 1 hodc —1 (m — 1
). Khi g8p —1 & budc k thi chu ky 1 2k. Vidu modulo 7: 3,2,6 = —1nén 33 = —1,3% = 1.

n 6.4 Digit Sums and Casting Out Nines

Téng cac chit s6 va phép thir 9

Ki hiéu S(n) a t8ng cdc chit s6 cta n, vi dy $(2026) = 10. Chucng 5 da dung téng chif s6 dé€ kiém tra chia hét cho 3 va 9.
Muc nay ding mét khdng dinh manh hon: n va S(n) ¢ ciing s8 du khi chia cho 9, ké ca khi khéng chia hét.
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Theorem — A number and its digit sum

For every positive integer n, n = S(n) (mod 9) (and hence also modulo 3). In particular, n — S(n) is always a multiple
of 9.

Vi10 =1 (mod 9) nén 10* = 1 vdi moi k. Do d6 abed = 1000a + 100b 4+ 10c +d =a + b+ c+d (mod 9). Vidu 4519 = 19 =
10 = 1 (mod 9), va that vay 4519 = 9- 502 + 1.

Key Idea — Phép thir 9 (casting out nines)
Muén kiEm tra A x B = C hodc A + B = C, so sdnh t8ng chit s6 (rit gon theo 9) hai vé&: néu khdng khdp thi phép tinh chic
chan sai. Dy la cdch tim nhanh chil s6 bi che hodc loai nhanh dap 4n trong AMC 8: chi mét ddp 4n cé sé du diing theo 9.

'~ Example 6.7 Ch3n mién + doéng du 9 ‘

For a positive integer n, let S(n) denote the sum of the digits of n. What is the sum of all positive integers n such that
n+ S(n) = 20277
(A) 1999 (B) 2017 (C) 4016 (D) 4025 (E) 6024

SOLUTION - L3I GIAI - Answer: (C) 4016

Ch3n mién. Ta cé n < 2027. Trong céc s8 nhd han 2027, t8ng chif s6 8n nhat la S(1999) = 28, nén n = 2027 — S(n) >
1999.

Loc bang modulo 9.n + S(n) = 2n (mod 9),con2027=2+0+2+7=11=2.TUu2n=2suyra9 | 2(n — 1), ma
ged(2,9) =1nénn =1 (mod 9).
Cdc s6 tlr 1999 dén 2026 chia 9 du 1 14 1999, 2008, 2017, 2026. Thir tiing s8 (hinh):

1999 2008 2017 2026

1999 + 28 =2027 2008 +10=2018 2017 + 10 = 2027 2026 + 10 =2036

Chi ¢ 1999 va 2017 thoa. Téng 1999 + 2017 = 4016. Dap 4n (C).

Bay: dung lai sau khi tim dugc mé6t nghiém (ra 1999 hodc 2017), hodc nhan ca bén (ng vién cla budc loc ma khéng thir
lai — d6ng du chi la diéu kién can.

Insight - n + S(n), n — S(n) & “van tay” modulo 9 clia n: dung ching dé€ loc ting vién, réi kiém tra truc ti€p vai s con Lai.

Theorem — Casting out elevens

Since 10 = —1 (mod 11), a number is congruent modulo 11 to its alternating digit sum taken from the units digit:
abede =e—d+c—b+a (mod 11).
Chudng 5 dung téng dan ddu dé thir chia hét cho 11; 8 ddy né cho cd s8 du. Vidu 739 =9 — 3 + 7 =13 =2 (mod 11).

Example 6.8 Hai phép thi hgp suc

Minh multiplied 2026 by 739 and wrote the correct product, but two of its digits were later smudged, as shown. The
smudged digits are z (the second digit from the left) and y (the fifth digit from the left). What is the two-digit number

TG
2026 x 739 = 1 Q9 701 4
X y

(A) 15 (B) 24 (C) 33 (D) 42 (E) 51

SOLUTION - LGI GIAI - Answer: (D) 42
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ENGLISH

Modulo 9.2026 = 1,739 =19 = 1, néntich=1 (mod 9). Cac chifsé da biétcétdng 1 +9 + 7+ 1+ 4 = 22,nén 22 +
z+y=1lthce+y=6 (mod9):z+y=6hodcz+y=15.

Chd y: cd ndm dép an déu cé téng chit s6 bang 6 — phép thir 9 khéng phan biét dudc ching.

Modulo 11.2026 =6 — 2+ 0 — 2 = 2,739 = 2, nén tich = 4 (mod 11). Téng dan d4u cla 1297y14 tinh tit hang ddn vi:
4-14+y—T7+9—z+1=6+y—2.Vdyb+y—z=4,tlcy — o = -2 (mod 11):y —z = —2hodcy —z = 9.
Ghép:z+y =6, y—x = —2choz =4,y = 2. Cc t6 hgp con lai cho z hodc y khéng nguyén hodc &n hon 9. Vay

Ty — 42 (that vay 2026 - 739 — 1497 214). Dép 4n (D).

Insight - Phép thir 9 cho téng hai chi s6 bi che, phép thir 11 cho hiéu cla ching (khi chiing nam & vi tri khac tinh chén (&) —
hai phuong trinh, hai &n.

Common Trap — Phép thir 9 bd sét 16i ddi chd

Viét nhadm 1497 214 thanh 1479 214 (d6i chd hai chif s8) khéng lam thay d6i téng chir s6, nén phép thr 9 van “dung”. Phép thir 9
chi khdng dinh dudc sai, khong khang dinh dudc ding. Khi can phan biét cic s6 cé cling t6ng chil s8, hdy dling thém phép thu
11 hodc chif s6 tan cling.

Tip — Loai dp 3n bang sd dv
G3p ciu hdi “gid tri cla biéu thic ldn L& bao nhiéu” véi ndm dap 4n s6 L8n, hay tinh nhanh sé du cla biéu thic khi chia cho 9
(hodc chif s6 tAn cling) réi so vdi tirng dap an. Thudng chi mo6t ddp dn con séng — mat chua téi 30 gidy.

o 6.5 Digit Puzzles — Cryptarithms and Missing Digits

CAau dé chit s6 — phép tinh bang chir va 6 trong

Definition — Cryptarithm (phép tinh b3ng chi¥)

In a cryptarithm each letter stands for a digit: the same letter always means the same digit, different letters mean
different digits, and no number begins with 0. In a missing-digit puzzle each box hides a digit, and different boxes may
hide equal digits.

Doc ky luat chai: “chit khdc nhau = chil s6 khac nhau” chi dp dung cho chif cdi, khong dp dung cho cac 6 tréng tris khi dé ndi ro.

Theorem — Carries are small

When two numbers are added, every carry is 0 or 1, since 9 + 9 + 1 = 19. When k numbers are added, every carry is at
most k — 1. In particular, if the sum of two n-digit numbers has n + 1 digits, its leading digit is 1.

3 mbi cdt: (t8ng cac chi s8 trong cdt) + (Nhd tir cdt phai) = (chir s6 k&t qua) + 10-(nhd sang ¢t tréi). Viét phudng trinh ndy cho
tling cot la cach giai chinh quy clia moi bai phép cdng bang chi.

Key Idea — Ba diém tua: hang don vi, chir s8 dau, wéc lvgng

(1) Hang don vi khong nhan nhd tir du — diéu kién & ddy chit nhat. (2) Chit s6 dau bi chdn bdi d6 l8n (t8ng hai s6 ba chil s8
khong vugt qua 1998). (3) Udc ludng: néu biét hai chif s6 dau cla tich va biét thira s8 kia, chia ra dé khoanh vung thifa s6 con
thiéu.
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- Example 6.9 Phudng trinh tiing cot

In the addition shown, each letter represents a digit, different letters represent different digits, and no number begins
with 0. What is the four-digit number PAGE?

E G G
+ E G G
P A G E
(A) 1598 (B) 1798 (C) 1898 (D) 1978 (E) 1998

SOLUTION - L3I GIAI - Answer: (B) 1798

Téng hai s6 ba chii s6 cé bén chit s nén P = 1. Goi ¢, cg la s6 nhd tlr cbt don vi va cot chuc (mbi s6 L& 0 hodc 1).

Cét don vi: 2G = E + 10c¢;. Cét chuc: 2G + ¢; = G + 10¢,, tic G + ¢; = 10cs.

Néucys =0thiG=c; =0,khidd E=0=G—VvOly.Vdyca =1vaG=10—-c;,maG <9nénec; =1, G =9. Cot don
vicho E =18 — 10 = 8.

Cottram: 2F + ¢, = 17= A+ 10-1,nén A = 7 va nhd 1 sang hang nghin, khép véi P = 1.

PAGE = 1798 (th( Lai: 899 + 899 = 1798 v). Dap 4n (B).

Insight - Viét phudng trinh cho tifng ¢t vdi bién nhd 0/1; ct nao cd cing mot chi cai & ca trén va dudi thudng “khod” dudc
chit s6 d6 ngay.

' Example 6.10 O tréng: hang dan vi rdi udc ludng

In the multiplication shown, each box hides a digit (the hidden digits need not be different). What is the product?

7

(A) 2052 (B) 2412 (C) 2442 (D) 2472 (E) 2772

SOLUTION - LGOI GIAI - Answer: (B) 2412

Goi thira s8 trén 4 £7 va thira s6 dudi 13 3d.

Hang don vi cha tich riéng thd nhat: 7 - d tin cling bdng 2. C4c bbi 7-0,7-1,...,7-9 cd tin cing d6i mét khac nhau,
va chi 7 -6 = 42 tan cung 2. VAy d = 6, thlta s& dudi La 36.

Udc luigng: tich ndm trong khodng 2400 dén 2499, nén 7 nam gilta £ ~ 66,7 va 239 ~ 69,4. S6 duy nhét tén cling 7

trong khoang dé la 67.

Tich 67 - 36 = 2412; kiém tra céc tich riéng: 67 - 6 = 402 (ba chir s8, tdn cung 2 ¥)) va 67 - 3 = 201 (ba chif sé ¥). Ddp én
(B).

Insight - O tréng trong phép nhan: hang don vi cho thita s nho, cac chif s8 dau chia tich cho mbt khoadng udc lugng — chia

dé khoanh vung.
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Common Trap — ®W*ng bé sét “nhé” va trwdng hop 0
Hai 6i hay gdp: (1) viét phuong trinh c6t chuc ma quén sé nhd tir cot don vi; (2) loai trudng hdp mét chit s6 bang 0 qua sém (chir
s8 0 dudc phép & gilra hodc cudi). G Vi du 6.9, trudng hdp ¢, = 0 phai dudc xét rdi loai, khong dudc bd qua.

Tip — DUng phép th&¥ 9 cho c3u dd chi s
V&i phép cdng dung hét céc chit s8 1-9 (mébi chir s8 mét L4n), tdng cac chif s8 c8 dinh bang 45, nén modulo 9 cho ngay mét rang
budc gilta cdc chi s6 cla t6ng va clia cdc s6 hang — xem vi du cudi chuang.

n 6.6 Extremal Digit Problems — Greedy with a Check
Bai toan Ldn nhat, nhé nhat vé chir s6 — tham lam ¢ kiém tra

~N

AMC 8 rét hay hdi “s8 &n nhat / nho nhat cd tinh chat ...". Céc bai nay khdng can cdng thic, chi can hiéu céch so sdnh hai s6
va mot chién ludc chon chif s& cd ky luat.

Key Idea — How numbers are compared

Among positive integers, one with more digits is larger. If two numbers have the same number of digits, the first
position (from the left) where they differ decides which is larger.

Vi vy muén s6 Llén nhat: uu tién (néu dudc tu do) nhiéu chir s6, réi chit s6 dau ldn nhat, réi chir s6 tht hai ldn nhat, ... Mubn s6
nhé nhat: it chi s6 nhét, réi chit s6 ddu nhoé nhat (khac 0), réi Llan ludt cdc chir s6 sau.

Theorem — Greedy principle (nguyé&n t3c tham lam)

To build the largest number with a given property, choose the digits from left to right; at each position take the largest
digit for which the remaining positions can still be completed so that the property holds.

Dung Vi cich so sdnh & trén: mét chit s6 L8n han & vi tri sdm hon thdng moi thit phia sau. Phan in dam & diéu kién bt buéc —
thiéu nd, “tham lam” s& dan vao ngd cut.

" Example 6.11 Tham lam, réi lii mét budc ‘

Each of the digits 0, 1, 2, 3,4, 5 is used exactly once to write a six-digit number that is a multiple of 8. What is the
largest such number?

(A) 534120 (B) 541320 (C) 543102 (D) 543120 (E) 543210

SOLUTION - L3I GIAI - Answer: (D) 543 120

Chia hét cho 8 chi phu thudc ba chir s6 cudi. Ba chif s6 dau “tu do”, nén ta muén ching l8n nhat cé thé.

Thit 5432 __:ba chilsé cudi la 2 va hai chiis6 0, 1: 210, 201 — khéng cdi nao chia hét cho 8. Ngb cut.

Lui mét budc, thir 5431 __: ba chil s6 cudi bat ddu bang 1, dung 0,2: 120 = 8 - 15 v (con 102 X). Dudc 543 120.
Khoéng thé dn hon: moi s6 ldn han phai bat dadu bang 5432, ma ta da thay khéng hoan thanh dudc. Dép 4n (D).

tur do: 16n nhét trude 120=8 - 15

Bay: 543 210 (x&p gidm dan) khéng chia hét cho 8; 541 320 chia hét cho 8 nhung nhé haon.

Insight - Diéu kién chia hét cho 2,4, 8,5, 25 chi “dinh” vao vai chif s8 cudi: xép phan dau tu do gidm dan, roi kiém tra kha
nang hoan thanh va Wi khi can.
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Common Trap — Tham lam mU quang

3 Vi du trén, chon 5,4, 3,2 cho bdn vi tri dau tréng rdt “tham lam” nhung lam phan dudi khdng thé chia hét cho 8. Trudc khi chét
mot chif s8, ludn hdi: phan con lai con hoan thanh dudc khéng? Néu khéng, giam chit sd dé di mot bac.

Tip — B3i “nhd nhat”: dém so chi¥ sd trwéc
Vi “s8 nhd nhat cé téng chit s6 s™: s8 chit s6 t8i thiéu a [s/9], va céc chit s6 9 dén vé cudi (vi du téng 30: 3999). N&u thém diéu
kién “céc chil s6 khac nhau”, hay kiém tra tng l8n nhat cd thé vdi k chi s6 khac nhau dé biét can bao nhiéu chir s6.

G Worked Examples — Competition Level

Vi du mau muc thi dau

Hai vi du cudi 8 muic cdu 20-25 clia AMC 8, méi vi du két hdp hai cong cu clia chudng. Hay tu gidi it nhat 8 phut trudc khi doc
1&i giai.

" Example 6.12 Téng cac s6 du dat gia tri lén nhat

When a positive integer N is divided by 4, by 5, and by 6, the three remainders add up to 12. How many such integers
N are less than 10007

(A) 8 (B) 15 (C) 16 (D) 17 (E) 33
SOLUTION - LGI GIAI - Answer: (C) 16

Céc s6 du lan lugt khong vugt quéd 3, 4, 5, nén t8ng ldn nhat la 3 + 4 + 5 = 12. Téng bang 12 budc ¢a ba s8 du déu én
nhat: N chia 4 du 3, chia 5 du 4, chia 6 du 5.

M&i s6 du kém s8 chia ding 1 (meo “thi€u mét chit”), nén N + 1 chia hét cho 4, 5 va 6, tic chia hét cho lem(4,5,6) =
60.Vay N = 60k —1vdik > 1.

N <1000 < 60k <1000 < k <16 (vi60-16 —1 =959, con 60-17 — 1 = 1019). C6 16 s6. Ddp an (C).
Bay: L4y bdi chung la tich 4 -5 -6 = 120 (ra 8); hodctinh cd k = 0 (ra 17, nhung N = —1 khéng dugng).

Insight - Khi mét téng dat gia tri Ldn nhat cé thé, moi thanh phan déu phai [8n nhat — diéu kién “téng” bién thanh nhiéu
diéu kién bang nhau.

Example 6.13 Dong du 9 trong ciu dd dung du chin chir s6

Each of the digits 1 through 9 is used exactly once to fill the nine boxes shown so that the addition of the three two-
digit numbers is correct. What is the largest possible value of the three-digit sum?

- - =

(A) 216 (B) 225 (C) 234 (D) 243 (E) 252
SOLUTION - L3I GIAI - Answer: (D) 243

Goi T' |a téng ba chif s6 hang chuc va U la t8ng ba chif s8 hang dan vi cla ba s6 hang. Téng la 10T + U, con ba chit s6
G,H,Iclaténgc6G+H+1=45— (T +U).

Modulo 9: 10T +U=T+UVAGHI =G+ H+1=45— (T+U).VayT+U =45 — (T +U), ttc 2(T +U) =0,
nén9 | T+U.Vi21 <T+U <39nénT +U € {27,36},va G + H + I € {18,9}.

Chantrén: T <9+8+4+7=24vaT +U <39,nén 10T +U =9T + (T +U) < 216 + 39 = 255. Do d6 G < 2.
ThtG=2:H +1="Thodc16.Vitbng < 255nén H < 5,loai H +1=16.VS8i H + I =7, H < 5, cac chil s6 khdc nhau
va khdc 2: (H,I) € {(1,6),(3,4), (4, 3)}; ln nhat la 243.

Kiém tra cé thuc hién dudc: 243 c6 G+ H+1=9nénT +U =36, 10T + U = 243, suyra T = 23, U = 13. Sdu chit
sé con lai {1,5,6,7,8,9}: hang chuc 9, 8,6 (tdng 23), hang don vi 1,5, 7 (téng 13): 91 + 85 + 67 = 243 v. Dap an (D).
Bay: 252 thoa diéu kién modulo 9 nhung 8p chil s8 2; 255 la cin trén “ngdy tha” chua kiém tra diéu kién chir s6.
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Insight - Cau d8 “dung méi chi s6 ding mét An": t8ng cac chit s8 c6 dinh (45) + déng du 9 cho ngay mét diéu kién; sau dé
chdn va dung vi du dé xdc nhan.

A | SN 0 O
)]

\_ J
Exercises 1- Foundation
o Bai tdp 1 - Nén tang *
6.1  When the units digit of a three-digit number is erased, the resulting two-digit number is 345 less than the original
¢ number. What is the original number?
(A) 343 (B) 373 (C) 383 (D) 384 (E) 393
6.2 Exactly one of the following calculations is correct. Which one?
** (A) 347 x 29 = 10073 (B) 268 x 37 = 9926 (C) 586 x 47 = 27532 (D) 419 x 53 = 22207 (E) 733 x 64 = 46 812
6.3 In the addition shown, each letter represents a digit, different letters represent different digits, and no number begins
+¢+  with 0. Whatis A + B + C?
A B
+ B A
C A C
(A) 10 (B) 11 (C) 12 (D) 13 (E) 14
6.4 The sum of the digits of a positive integer N is 41. What is the remainder when 2N is divided by 9?
(A1 (B) 2 (C) 4 (D) 5 (E) 8
6.5 For atwo-digit number, reversing its digits gives a new number (for example, reversing 70 gives 07 = 7). What is the
++  sum of all two-digit numbers that are exactly 45 greater than the number obtained by reversing their digits?
(A) 310 (B) 360 (C) 405 (D) 450 (E) 495
6.6 What is the remainder when 102°% + 2026 is divided by 11?
“ (A) O (B) 1 (C) 2 (D) 3 (E) 10
6.7 Whatis the remainder when 1! 4 2! + 3! + ... 4+ 50! is divided by 407
A1 (B) 9 (C) 13 (D) 24 (E) 33
6.8 For how many integersn with1 < n < 100is n? + 1 divisible by 57

*e

(A) 20 (B) 40 (C) 50 (D) 60 (E) 80
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6.9 The positive integers are written in a table with five columns A, B, C, D, E, snaking back and forth as shown: row 1
*+  holds 1 to 5 from left to right, row 2 holds 6 to 10 from right to left, and so on. In which column does 2026 appear?

A B C D E

10 9 8 7 6 —
11 12 13 14 15 | —

20 19 18 17 | 16 | «

(A) Column A (B) Column B (C) ColumnC (D) Column D (E) Column E

6.10 When the digits of a certain two-digit number are reversed, the new number is 75% greater than the original number.
*+  What is the sum of all two-digit numbers with this property?
(A) 72 (B) 96 (C) 108 (D) 120 (E) 132
6.11 Whatis the remainder when 9! + 92 + 93 4 ... 1 92026 j5 divided by 8?
(Ao (B) 1 (C) 2 (D) 4 (E) 7
6.12 A three-digit number has the property that its middle digit equals the sum of its other two digits (for example, 583).
*+  Which of the following numbers must divide every such three-digit number?
(A) 11 (B) 13 (C) 17 (D) 37 (E) 101
Exercises 2 - Competition Core
o A *
Bai tap 2 - Trong tam ky thi

6.13 For every two-digit number ab, the six-digit number ababab (for example, 474747) is divisible by which of the
*+  following?
(A) 11 (B) 17 (C) 19 (D) 23 (E) 37
6.14 Which of the following could be the sum of the digits of a perfect square?
*** (A) 15 (B) 17 (C) 20 (D) 21 (E) 22
6.15 What s the sum of the digits of 99999 x 20267
**(A) 45 (B) 46 (C) 50 (D) 54 (E) 63

6.16 In the addition shown, each letter represents a digit, different letters represent different digits, and no number begins
+++ with 0. How many different values can the three-digit number SUN have?

S U N
+ S U N
M O O N
(A) 2 (8) 3 (C) 4 (D) 5 (E) 6

6.17 In the multiplication AB x C' = DDD, different letters represent different digits and A # 0. What is the largest
+++  possible value of DDD?

A

X
ol w

D D

(A) 222 (B) 444 (C) 555 (D) 666 (E) 888
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6.22

00

6.23

.0

6.24

6.27

s000

For how many integers n with 1 < n < 1000 is n? + n + 1 divisible by 7?
(A) 142 (B) 143 (C) 284 (D) 285 (E) 286

For how many integers n with 1 < n < 2026 is the sum of the digits of n a multiple of 97
(A) 224 (B) 225 (C) 226 (D) 252 (E) 675

What is the largest four-digit multiple of 45 whose digits are all odd?
(A) 9135 (B) 9315 (C) 9513 (D) 9735 (E) 9915

Mai writes down a four-digit number. Then she repeatedly erases the last digit of the most recent number and writes
down the result, until a one-digit number appears (from 3507 she would write 3507, 350, 35, 3). The four numbers she
writes add up to 2026. What is the sum of the digits of her four-digit number?

Himinn
Himn
LI

+ []

2 0 2 6

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17
Of the 100 three-digit multiples of 9, how many have digit sum exactly 187
(A) 54 (B) 55 (C) 56 (D) 64 (E) 90

Bao was asked to multiply a two-digit number by 4. By mistake, he first reversed the digits of the number and then
multiplied by 4. His answer was 108 more than the correct answer. How many two-digit numbers could Bdo have
been given?

(A) 3 (B) 5 (C) 6 (D) 7 (E) 9

The 20-digit number shown is formed by writing 2026 five times. Hoa erases 12 of its digits, so that an 8-digit number
remains (the remaining digits keep their order). What is the largest number she can obtain?

2, 0/{2({6/2/ 0(2|6(2 0 2|6/2/0/2|6/2/0/2|6

(A) 62662026 (B) 66262026 (C) 66626 026 (D) 66662026 (E) 66666 226

When 2026 is divided by a positive integer n, the quotient is 12. How many values of n are possible?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

What is the tens digit of 762026 4 2420267

(A) 2 (B) 4 (C) 5 (D) 6 (E) 7

Exercises 3 - Challenge * %k Kk

Bai tip 3 - Thi thach
What is the last nonzero digit of 15!?
(A) 2 (8) 4 (€) 5 (D) 6 (E) 8
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6.29

se00

6.30

*e00

6.31

*e000

6.32

*000

6.33

*e00

6.34

*e00

6.35

se00

6.36

*o00

In the multiplication shown, each letter represents a digit, different letters represent different digits, and no number
begins with 0. What is the four-digit number SPOT?

T O P
4
S P OT

X
Integer answer - Dap s6 nguyén :J

How many four-digit positive integers have digits that strictly increase from left to right and are divisible by 97 (For
example, 1269 is one such number.)

Integer answer - Dap s6 nguyén S

How many four-digit numbers abcd satisfy a + b = ¢ + d and are divisible by 117

(A) 90 (B) 99 (C) 100 (D) 162 (E) 615

For how many integers n with 1 < n < 600 are the four remainders obtained when n is divided by 3, by 4, by 5, and
by 6 all different?

(A) 100 (B) 120 (C) 144 (D) 150 (E) 200

For how many integers n with 1 < n < 1000 is 2* — n?2 divisible by 7?
(A) 282 (B) 285 (C) 286 (D) 287 (E) 288

Positive integers a and b satisfy a + b = 2026. Let S(n) denote the sum of the digits of n. What is the largest possible
value of S(a) + S(b)?

Integer answer - Dap s6 nguyén :J

How many four-digit positive integers abed are divisible by the two-digit number ab? (For example, 1236 is one such
number, since 1236 = 12 - 103.)

Integer answer - Dap s6 nguyén :J

What is the smallest positive multiple of 11 whose digits add up to 307

(A) 3999 (B) 5898 (C) 6699 (D) 6798 (E) 9966

Start with the number 2026. In each step, replace the current number n by n + S(n), where S(n) is the sum of the
digits of n. (The first step gives 2026 4+ 10 = 2036.) What is the remainder when the number obtained after 100 steps
is divided by 9?

(A) 1 (B) 2 (C) 4 (D) 5 (E) 7
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Chapter 7 8020 AMC 8 Mastery

Counting | — Lists, Rules & Casework
Dém 1 — liét ké, quy tic dém & chia trudng hdp

Mbi dé AMC 8 cb khodng 4-6 ciu dém, va day la mang hoc sinh mat diém “oan” nhiéu nhat: léch mét khi dém danh
sach, sét mét trudng hap, dém trung phan chung, nham “va” véi “hodc”. Chudng nay xay bb cdng cu nén: dém s phan
tf cla danh sdch, liét ké cd hé thdng va sa d6 cay, quy tic cdng va quy tac nhan véi s d6 6, chia trudng hdp, d&m hinh

va d&m dudng di bang cach ghi s8. Chugng 8 sé diing nén nay dé hoc hodn vi, t6 hdp va phan bu.

v D&m dilng s6 phan ti cia mét danh séch cdch déu, s6 v Doc biéu dé Venn hai, ba tap va trir ding phan dém

bdi trong moét doan; trdnh 16i léch mét (dudng thang va trung.

vong kin).

v Liét ké cé thi tu (tdng dan, theo phan tif nhé nhat) va vé v Phan biét khi nao cdng, khi ndo nhan; dién sg d6 6 tir 6 bi
sd d6 cAy cho qud trinh cd luat ding. rang budc nhiéu nhat.

v Chia trudng hgp rdi nhau, phd hét, chon ding bién dé v D&m hinh theo dic trung (kich thudc + gdc, s6 manh, ba
chia. canh) va d@ém dudng di bang phuang phap ghi sé.

list - danh sdach, day inclusive - tinh ca hai dau off-by-one error - 16i [éch mot multiple - boi Venn diagram - biéu d6 Venn

tree diagram - sg d6 cay Addition Principle - quy tic cong Multiplication Principle - quy tdc nhan
casework - chia trusng hop disjoint - r&i nhau ordered pair - cap co thi tu distinct / different - khac nhau

route, path - dusng di non-congruent - khéng bang nhau (khéng trung khit)

- J

n 7.1 Counting the Numbers in a List

Dém s6 phan tif cha mét danh sich

CAu héi dém dan gidn nhat 8 AMC 8 13 “danh sdch nay cd bao nhiéu s6?”. Nghe thi d&, nhung day la nai hoc sinh mat diém vi
Lléch mét (off-by-one): d&m thiéu hodc thira ding mot s6. Cach chdc chdn nhat L& bién danh sich d3 cho thanh danh sach
1,2,3,...,n bdng vai phép cong/trinhan/chia, réi doc ngay n.

Theorem — Counting an arithmetic list

bh—
Thelista, a +d, a+ 2d, ..., b (with common difference d > 0) contains exactly Ta + 1 numbers.

Ly do: trif @ & moi s8 dudc 0, d, 2d, . .. ,b — a; chia cho d dudc 0,1,2,..., 2% cdng 1 dugc 1,2, ..., =% + 1. S8 =¢ 13 s§ khoang
gilfa hai s6 lién ti€p; s6 phan tir nhiéu hon s6 khodng ding 1 — gidng hang cbt (hinh).

cot 1 cot 2 cot 3 cot 4 cot S

| | | |

khoang 1 khoang 2 khoang 3 khoang 4

5 cot — 4 khoang: s6 cot = s6 khoang + 1 (dudng thing)

Common Trap — LSi Iéch mot (Fencepost error)

TU 15 dé&n 40 (tinh cd hai dau) c6 40 — 15 4+ 1 = 26 s8, khéng phai 25. Rao thing dai 60 m, coc cdch nhau 5 m, cé coc & hai dau:
% + 1 = 13 coc. Nhung néu rao la mét vong kin thi coc dau triing coc cudi: chi con 6—50 = 12 coc. Ludn tu héi: cd tinh ca hai dau
khéng? dudng thang hay vong kin?
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ENGLISH

Example 7.1 Bién d6i danh sachvé 1, 2, ..., n

How many of the numbers in the list
—17, —12.5, —8, —3.5, ..., 149.5, 154

are integers?

(A) 19 (8) 20 (C) 21 (D) 38 (E) 39

SOLUTION - LGOI GIAI - Answer: (B) 20

Danh séch tdng déu 4,5. Viét sé th( k (dém tir k = 0) la —17 + 4,5k. S6 cubi: —17 + 4,5k = 154 cho k = 38, nén danh
sachcd k =0,1,...,38, tdc 39 sé.

—17 + 4,5k |a s8 nguyén khi va chi khi 4,5k = % nguyén, tic k chdn: k = 0,2,4, ..., 38. Chia d6i: 0,1,...,19 — cd 20
gia tri. Dap an (B).

Bay: tra L8i s6 phan ti cha ca danh sdch (39), hodc quén “+1" va dugc 38.

Insight - D3t chi s6 k cho tling phan t; diéu kién trén phan ti trd thanh diéu kién trén k, va dém k thi dé hon dém sé (8.

Theorem — Multiples in a range

The number of multiples of k among 1,2, ...,nis {%J (the whole-number part of n/k). Among a,a +1,...,bitis

b a—1
k E |
Céc bdi cua k la k, 2k, 3k, . . .; bdi Ln nhit khdéng vugt n la mk véi m = |n/k], va danh séch k, 2k, . .. ,mk c6 ddng m s8. Mudn

dém trong doan [a, b]: d€m t4i b réi bd di nhitng bdi ndm trudc a — trls | (a — 1)/k], khéng phai |a/k] (néu chinh a la bdi thi nd
phai dudc gilf lai).

Theorem — Two overlapping lists (biéu dd Venn)

For two sets A and B: |Aor B| = |A| + |B| — |A and B|.

Khi cdng |A| + | B|, mi phan t&r nam trong ca hai tap (ving héng) bi dém hai lan, nén phai tri di mét lan. Chudng 8 sé mé rong
cho ba tip va cho phan bu; 8 day ta chi yéu doc biéu d6 Venn va trdnh dé€m trung.

Example 7.2 Hai danh sich chong lén nhau

A bus route is 9.6 km long. There is a stop at the start, at the end, and every 400 meters along the route. The city adds
new stops so that there is also a stop every 300 meters, measured from the start; no new stop is built where a stop
already exists. How many stops does the route have now?

0 1200 2400 3600 9600
| ] ] | ] ] | ] ] | |
| | | | | | | | | | | | | |

mdi 400 m (trén) - moi 300 m (dudi)

(A) 47 (B) 48 (C) 49 (D) 57 (E) 58

SOLUTION - LGOI GIAI - Answer: (C) 49
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D36i ra mét: tuyén dai 9600 m. Tram cli & cdc méc 0,400, . .., 9600: LL 4+ 1 = 25 tram. Cdc mbc bbi ctia 300 L&

400
0,300, ...,9600: 3% + 1 = 33 méc.

Méc vira la béi clia 400 vira La boi clia 300 L boi cia BCNN(400, 300) = 1200: 0,1200, ... ., 9600 — c6 9202 + 1 = 9 méc,
bi @&m hai lan.

Téng s6 tram: 25 + 33 — 9 = 49. Dap an (C).
Bay: khdng trir phan chung ra 58; quén “+1" & ca ba danh sdch ra 24 + 32 — 8 = 48.

Insight - “Mbi @ mét” va “mébi b mét” cing lic — hai danh sdch cap s8 cong; phan chung la danh sach cdc bdi cia BCNN.

Example 7.3 Sé chinh phudng hoac lip phucng

How many integers from 1 to 2026, inclusive, are perfect squares or perfect cubes (or both)?

(A) 51 (B) 53 (C) 54 (D) 57 (E) 60
SOLUTION - L3I GIAI - Answer: (C) 54

S8 chinh phucng: 12,22, ..., 452 vi 452 = 2025 < 2026 < 462 = 2116 — c6 45 s6.

S8 (Ap phuong: 13,...,123 vi 123 = 1728 < 2026 < 133 = 2197 — c4 12 sé.

Vira chinh phugng vira 1ap phuong (& Ly thira bac sdu: 16 = 1, 26 = 64, 36 = 729 (4% = 4096 qud l8n) — cé 3 s6.
Theo bidu d6 Venn: 45 + 12 — 3 = 54. Dap an (C). Bay: khong trif phan chung ra 57; tudng 452 vuot 2026 ra 53.

Insight - M6t s6 vifa [a a? vifa L b? thi L& Ly thifa bac 6 — phan giao cla hai danh sach udn (& mdt danh sach “déu” hon.

Tip — Danh sdch “13” - dich rdi co
G&p danh sich nhu 7,13,19,...,601: trir di 1 dugc 6,12, ..., 600, chia 6 dudc 1,2, ...,100 — cb 100 s6. Moi danh sach cach déu
déu xtr ly dudc bang hai budc “dich” va “co” nay, khéng can nhd cong thic.

o 7.2 Systematic Listing and Tree Diagrams
Liét ké c6 hé théng va so dé cay

Khi s6 d6i tudgng chi vai chuc, liét ké & cidch nhanh va an toan nhat — vdi diéu kién Liét ké cé trat tu. Liét ké lung tung gan
nhu chdc chin sét hodc triing. Bi quyét la chon trudc mét thi tu' va gill dung thi tu dé tdi cudi.

Key Idea — €6 dinh thi ty truwdc khi liét ké

V4i cdc bd khdng xét thir tu (tdp haop, tdng khong ké thir tu), ludn viét cac thanh phan theo th( tu tdng dédna < b < ¢ (hodca <
b < ¢ néu cho phép bang nhau). Sau dé liét ké theo a nhé nhat trudc, trong méi a lai theo b tdng dan — gidng thi tu tir dién. Moi
b6 xuat hién ding mét Lan.

Example 7.4 Liét ké theo thanh phan nhé nhat

In how many ways can 16 be written as the sum of four different positive integers, if the order of the integers does not
matter?

(A) 7 (B) 8 (C) 9 (D) 12 (E) 34

SOLUTION - LGOI GIAI - Answer: (C) 9

Viét16 =a+b+c+dvdia <b<c<d.Liétkétheo a, roi theo b; véi mbi cdp (a,b), cdp (c,d) c6b < c < dvac+dcd
dinh.

(a,b) | c+d cac cap (¢, d) s6 bo
(1,2) 13 (3,10) (4,9) (5.8) (6,7) 4
13) | 12 (4.,8) (5,7) 2
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(1,4) | 11 (5.6) 1
23) | 11 (4,7) (5,6) 2
(2,4) | 10 —(cAn5 < ¢ < d) 0

V8ia = 3:nhénhatla3 +4+5+6 =18 > 16, khéng con bd ndo. Téng4 +2 + 1+ 2 = 9. Bdp an (C).
Bay: cho phép cdc s6 bang nhau thi cé 34 cdch; coi th(f tu la quan trong thi méi b bi d&m 4 -3 -2 -1 = 24 an.

Insight - B6 kh6ng thi tu = viét tdng dan roi liét ké theo phan tlf nhé nhat; ditng méi nhdm khi diéu kién “tadng dan” bi pha.
T6ng nhd nhdt c6 thé (14 2 + 3 + 4, 3 +4 + 5 + 6...) cho biét khi nao ding han.

Definition — Tree diagram (so dd cay)

A tree diagram lists the outcomes of a process step by step: each branch at a node is one possible choice at that step,
and each complete path from the root to a leaf is one outcome.

Sa d6 cay ddc biét hitu ich khi qua trinh ditng & nhitng thd&i diém khac nhau (trdn ddu két thic sém, trd chdi cé luat ding), vi khi
dd cac két qua cé db dai khac nhau va khéng dp dung thdng quy tdc nhan dudc.

" Example 7.5 Sc dd ciy cho qua trinh cé luit dimng .

Ann and Bo play a series of games; each game is won by one of them (no ties). The series ends as soon as someone
wins two games in a row, or as soon as someone has won 3 games in total. A possible series is ABB (A wins game 1,
B wins games 2 and 3). How many different series are possible?

bat dau

(A) 5 (B) 6 (C) 10 (D) 12 (E) 32

SOLUTION - L8I GIAI - Answer: (C) 10

V& s6 d6 cly cho cdc loat trAn bat d4u bang A (hinh). Sau A: néu A thang tiép (AA) thi diing. Néu AB: thing tiép la B
thi ABB dung; con lai ABA. T ABA: ABAA ding; con ABAB — lic nay mbi ngudi da thang 2 trdn, nén van th ndm
ch3c chdn két thic: ABABA (A &0 3 trén va ciing thang 2 trén lién) hodc ABABB.

C4 5 loat bdt du bang A: AA,ABB,ABAA, ABABA, ABABB. Déivai A ++ B cho 5 loat b4t d4u bang B. Téng 10.
Pdp an (C).

Bay: tudng moi loat déu dai 5 van réi tinh 2° = 32; chi d&m mot nlra (mdt ngudi md man) ra 5; quén hai loat dai 5 van (
ABABA, ABABB va hai loat d8i xing) ra 6.

Insight - Qud trinh ditng sém — v& cy, danh dau (3 ngay khi diéu kién dirng xay ra; dung d6i x(ing dé chi vé mét nira.
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Common Trap — C6 thi ty hay khong cé thi ty?

“Viét 10 thanh t6ng cua hai s6 nguyén dudng” ¢ 5 cachnéu3 +7va 7+ 3 lamoét (1 + 9,2+ 8,3+ 7,4+ 6,5+ 5), nhung c6 9
cdch néu thir tu quan trong (1 + 9,2 + 8,...,9 + 1). Doc ky dé: “order does not matter”, “ordered pairs”, “different” (khdc nhau)
hay “not necessarily different”. Ba chit dé thay d6i dap sé.

Tip — Liét ké vira d0 dé thay quy lut
Trong bang & Vi du 7.4, khia, b c6 dinh, s6 cdp (¢, d) vdic+d = m va b < ¢ < d doc dugc ngay: ¢ chay tir b + 1 tdi trudc 5. Vdi
bai l8n han, chi can Lliét k& vai nhém dau, nhan ra quy luit sé lugng (thudng gidm déu), réi tinh t6ng.

o 7.3 The Addition and Multiplication Principles
Quy tac cdng va quy tic nhan

Hai quy tdc nay la nén méng cla moi bai d&m. Cau hdi then chét ludn La: cac lua chon cliia minh ndi vdi nhau bang chir “hodc”
(chon mét trong nhiéu nhdm r&i nhau) hay bang chit “va” (lam budc nay roi lam tiép budc kia)?

Definition — Addition Principle (quy tic cong)
If the objects to be counted are split into groups with no object in two groups, and the groups contain ni, ns, ..., ng
objects, then there are n; + ny + - - - + ny, objects in all.

D4u hiéu: “hodc”. Diéu kién bat budc: cdc nhdm réi nhau — néu cé ddi tugng thudc hai nhém thi phai trir phan chung (muc 7.1).

Theorem — Multiplication Principle (quy t3c nhan)

If a task is done in k steps, and step ¢ can be done in n; ways no matter how the earlier steps were done, then the
task can be donein n; - ng - - - N ways.

Ly do: V& sd d6 cdy — mdi nhdnh cla budc 1 tdch thanh ny nhdnh, méi nhanh d4 Lai tdch thanh ns nhanh... nén sé (4 la tich. Hinh:
2 loai bdnh, méi loai cé 3 nhan, dudc 2 - 3 = 6 chiéc banh khdc nhau.

X —nhan 1
Banh X
X —nhén 2

X —nhén 3

Y —nhan 1
anh Y

Y —nhan 2

Y —nhan 3

2 cach x 3 cach =6

Example 7.6 “Hodc” bén trong “va”

A lunch box contains one main dish and one drink. The main dish is either one of 3 rice dishes or one of 4 noodle dishes.
A rice dish also comes with one of 2 soups; a noodle dish comes with no soup. There are 3 drinks. How many different
lunch boxes are possible?

(A) 18 (B) 21 (C) 27 (D) 30 (E) 72

SOLUTION - LGOI GIAI - Answer: (D) 30

DEm phan “mdn chinh (kém canh néu cd)” trudc, theo quy tac cdng: cém: 3 - 2 = 6 cdch (chon mén com va chon canh);
mi: 4 cich. Téng 6 + 4 = 10 cach.

R6i chon d6 uéng (3 cach): 10 - 3 = 30. Dap &n (D).

Bay: nhan tat cd cacs8 3-2-4-3 = 72 (bién “hodc” thanh “va”); quén canhra (3 +4) - 3 = 21; cdng ca canh nhu mét
moénriéngra (3 +2+4)-3=27.

Chinh phuc AMC 8 —99 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 AMC 8 Mastery
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L Insight - Viét ra cdu mé tad mét déi tugng bang “va/hodc”, réi dich: “va” = nhéan, “hodc” — céng. J

Tip — So do 6: dién 6 bi rang budc nhiéu nhat trudc
K& mét 6 cho mai vi tri (mbi chir s8, mbi chif cdi). Dién trudc 6 cé diéu kién khat khe nhat (chit s6 dau khac O, chit s6 cubi (..., roi

ALn

mdi t8i céc 6 tu do. Néu hai diéu kién “gidm chan” nhau, tach trudng hdp theo 6 gay ric réi.

Example 7.7 Hai rang budc gidm chan nhau ‘

How many four-digit numbers have four different digits, a first digit that is a prime number, and a last digit that is odd?

DPiu € {3,5,7} Piu=2
3 4| 4 |<] 8 || 7 1 [ 5 |4 8 |4| 7
déu cubi gilra gitra déu cubi gitra gilra
(A) 896 (B) 952 (C) 1008 (D) 1120 (E) 1260

SOLUTION - L3I GIAI - Answer: (B) 952

Chir s6 dau thudc {2, 3,5, 7}, chit s6 cudi thudc {1, 3,5, 7,9}. Hai tdp nay chung nhau {3, 5, 7}, nén s lua chon cho chit
s8 cubi phu thudc chit s6 dau — tach hai trudng hdp (sa dé 6).

Pau la 3, 5 hodc 7: chil s8 cubi la mot trong 4 chif s8 (& con lai; hai chif 8 gilta L8y tir 8 chif s6 con lai, khdc nhau: 8 - 7.
Pudc3-4-8-7 = 672.

PAu la 2: chi s6 cubi cd du 5 céch; hai chitsé gitta 8 - 7. Dugc1-5- 8 - 7 = 280.

Téng 672 + 280 = 952. Dép 4n (B).

Bay: coi chit s6 cubi ludn cé 5 cdchra4-5-56 = 1120; luén cé 4 cachra4 -4 - 56 = 896.

Insight - Khi tip lua chon cla hai 6 giao nhau, s8 cdch & 6 sau phu thudc 6 trudc — tdch trudng hdp theo phan giao dé méi
trudng hdp nhan thdng dugc.

Common Trap — S& ly'a chon phai ¢d dinh
Quy tic nhan chi ddng khi sé lua chon & m&i budc khéng ddi (ndi dung lua chon dude phép thay déi). G Vi du 7.7, néi “chil s&
cubi cd 4 hodc 5 cach” r6i nhan blra mot con s6 la sai — d6 chinh & hai ddp dn nhiéu (A) va (D).

Key Idea — Ai chon 3i? — dém theo phia cé ly'a chon déc 13p
GUi 3 burc thu khdc nhau vao 5 hép thu (mdi hdp nhan bao nhiéu thu cling dudc): méi bifc thu chon mét hdp, 5 cach, doc lap —
dudc 5% = 125, khdng phai 3°. Ludn dém theo phia ma méi d8i tugng cé s8 lua chon ¢8 dinh va khéng rang bubc nhau.

7.4 Casework
Chia trudng hgp

Chia trudng hgp (casework) la ky ndng dém dudc dung nhiéu nhat 8 AMC 8: ¢6 dinh gid tri cila mét dai lugng then chét, dém

trong tiing trudng hap (thudng bang quy tdc nhan hodc liét k&), réi cdng lai. Chon dung dai lugng dé chia quyét dinh bai lam
1 phdt hay 5 phut.

Key Idea — Cac tr’d'ng hop phai tao thanh mdt phdn hoach
Cases must be disjoint (no object in two cases) and exhaustive (every object in some case).

Trudc khi cong, tu kiém tra hai cu: cd déi tudng nao thudbc hai trudng hdp khéng? va cé déi tugng nao khéng thudc trudng hap
nao khéng? Chia theo gia tri chia mét bién (chir s6 gilta bang 1, 2, ..., 9) tu ddng thod ca hai diéu kién.
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Tip — Chia theo bién n3o0?
Chon bién ma khi biét gia tri cla nd, phan con lai @&m thang dudc: chi s bi rang budc nhiéu nhat, s l8n nhat trong bd, mét toa
db, tdng hay hiéu cua hai dai lugng. Bién cd it gid tri nhat thudng a lua chon tét.

" Example 7.8 Chia theo chit s6 bi rang budc nhiéu hon

How many two-digit numbers have a tens digit that is at least twice the units digit? (For example, 84 and 30 qualify, but
73 does not.)

(A) 29 (B) 30 (C) 33 (D) 36 (E) 45

SOLUTION - L3I GIAI - Answer: (A) 29

Goi s6 la tu vdit > 1 vat > 2u. Chia theo chif s6 hang don vi u (khi biét u, cac gid tri cla ¢ & mdt danh séch lién tiép ti
max(1, 2u) tdi 9):

u ol1|2]3]4 5
ttr..t6i9 | 1| 2 | 4| 6 | 8| 10 (khéng cd)
ségidtrit | 9|8 |6 4 2 0

Téng 9 + 8 + 6 + 4 + 2 = 29. Ddp an (A).
N&u chia theo t thi m&i trudng hgp phai tinh [¢/2] + 1 — van ra 29 nhung chin trudng hgp thay vi ndm.

Insight - Chia theo bién c4 it gid tri hon (& ddy u < 4); mdi trudng hdp L& mét danh séch lién ti€p, dé€m bang “cudi — dau + 1.
\_ _J

Example 7.9 Chia theo mét toa do

How many points (z,y), where x and y are both positive integers, satisfy 3z + 4y < 407

AY
104
8+ o @
e o o
6r © & e @
e o o o o o
3x +4y =40
4+ ®© ®© o @ o o o
® 6 & o o o o
2+ © © o o o o o
e o o ¢ o o o
X
>
2 4 6 8 10 12
(A) 48 (B) 52 (C) 57 (D) 60 (E) 64

SOLUTION - LOI GIAI - Answer: (C) 57
Chia theo y (vi 4y “ndng” hon nén y cd it gid trihon):y > 1vady <40 —3 =37nény € {1,...,9}. VSi mdi y, = chay ti
1t6i [ 252 |:
y 1123|4567 /|89
40 — 4y 36 | 32 | 28 | 24 |20 | 16 | 12 | 8 | 4
ségidtriz | 12 | 10 | 9 8 6 5 4 | 211

Téng12+10+9+8+6+5+4+ 2+ 1= 57.Ddp an (C).
Kiém tra bang hinh: cdc diém & chAm nam dudi (hoc trén) dudng thdng 3z + 4y = 40, dém theo tiing hang ngang.
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Insight - D&m diém nguyén trong mét mién: chia theo mét toa d6, mdi hang la mét danh séch 1,2,...,m — hang nao cling
chi can mot phép chia.

Common Trap — Chia theo vi tri dé dém tring

Dém s6 cb hai chit s6 chifa chit s6 7: “hang chuc la 7: 10 s8; hang dan vi la 7: 9 s6; téng 19" — sai, vi 77 ndm trong ca hai trudng
hdp. Bung a 18. Khi chia theo vi tri xudt hién, cic trudng hgp thudng chéng nhau; hdy chia theo s6 Llan xuat hién (ding mét chi
s6 7, dung hai chit s6 7) dé cac trudng hgp rdi nhau.

o 7.5 Counting Figures and Paths

DPéEm hinh va dém dudng di

Hai dang d&m “cd hinh” xuat hién gan nhu moi ndm & AMC 8: dém s6 hinh (hinh vudng, hinh chit nhat, tam gidc) trong mét
hinh v&, va dém s6 dudng di trén mot ludi hodc moét mang dudng. Ca hai déu la quy tic cdng dudc t6 chiic khéo.

Theorem — Path counting by labelling (phuong phap ghi sd)

If every path to point P arrives from one of the points @1, Qs, . . . (the last step before P), then paths(P) = paths(Q1) +
paths(Q2) + - -

DAy chinh & quy tac cdng: chia cdc dudng tdi P theo budc cudi ciing. Ghi s6 1 & diém xuat phat, roi lan lugt ghi tai moi diém
téng cdc s6 & nhitng diém dan vao nd. Hinh: di sang phai hodc lén trén, méi s6 bang t6ng s6 bén trdi va sé bén dudi; trén (udi

3 x 3 ¢6 20 dudng tir A téi B.

1 4 10 20
]
B
1 3 6 10
1 2 3 4
1 1 1 1

Example 7.10 Ghi s8 véi ba hudng di va mét diém cam
A token moves along the segments of the figure from A to B. Each move goes one unit to the right, one unit up, or
along one diagonal segment up and to the right. The point marked X is closed. How many different routes are there
from A to B?
B
°
°
A
(A) 25 (B) 38 (C) 45 (D) 63 (E) 101
SOLUTION - L3I GIAI - Answer: (B) 38
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Mbi diém nhan dudng di tif ba diém: bén trdi, bén dudi, va chéo dudi-trai. Ghi 1 tai 4, ghi 0 tai diém bi chan, réi ghi ting
hang tUr dudi lén (hinh trong L&i gidi):

Hangy=0:1,1,1,1.Hangy=1:1, 1+1+1=3,0,0+1+1=2.Hangy=21,1+3+1=5,5+0+3 =
8,8+2+0=10.Haingy=3:1,1+5+1=7, 7+8+5=20, 20+ 10 + 8 = 38.

Cé 38 dusng. Dap an (B).

Bay: quén diém cidm ra 63.

Insight - Ghi s6 chay v8i moi luat di “mot chiéu” (khdng quay lai): s6 8 mbi diém = téng s6 8 moi diém cé thé di thing tdi né;

diém cadm ghi 0.

Key Idea — ®&m hinh theo mét d3c trwng xc dinh hinh
Méi hinh vudng trén ludi dudc xac dinh bdi kich thudc va géc trén bén trai (chdm hong). DEm theo kich thudc: véi méi kich
thudc, dém s8 vi tri d3t dugc géc. Ludin x n b (n — k 4+ 1)? hinh vudng k x k; U6i 3 x 3 c6 9 + 4 + 1 = 14 hinh vudng.

Example 7.11 Hinh vuéng tranh mét 6

A 3 x 5 grid of unit squares has its center square cut out, leaving a hole, as shown. How many squares of any size, with

sides along the grid lines, do not cover any part of the hole?

(A) 14 (B) 16 (C) 18 (D) 22 (E) 26

SOLUTION - L3I GIAI - Answer: (C) 18

2 7

DEm tat ca hinh vubng trong lWdi 3 x 5 day dU, réi bo nhitng hinh chita 6 bi khoét. Danh ddu hinh vuéng bang 6 & gdc
dudi bén trdi (z,y) véi 0 < z < 4,0 < y < 2; & bj khoét L3 (2,1).
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Ludi day da: 1 x 1:5-3 =15;2x2:4-2=8;3 x 3:3-1 = 3. Cobng 26.

Chia 6 (2,1):1x 1:1.2x 2:géccdz € {1,2},y€{0,1} —4.3 x 3 y=0vaz € {0,1,2} — 3. Coéng 8.

Pép s6 26 — 8 = 18. Ddp an (C).

Bay: chi bo 6 bi khoét va ba hinh 3 x 3, quén bén hinh 2 x 2 chifa 16, dugc 26 — 1 — 3 = 22; quén khoét (6 dudc 26. Luu y
ca 3 hinh 3 x 3 déu chla 6 gilta.

Insight - D&m hinh theo kich thudc; v8i méi kich thudc dém vi tri ciia mét géc cd dinh. C4 “16” thi dém tat ca roi trir nhitng hinh
cham 6 — nhitng hinh nay cling d&m dudc theo vi tri gdc.

" Example 7.12 DEm tam gidc theo s6 manh ghép .

How many triangles of any size are in the figure, which shows a square with both of its diagonals and the segment
joining the midpoints of two opposite sides?

(A) 8 (8) 10 (C) 12 (D) 14 (E) 16

SOLUTION - LGI GIAI - Answer: (C) 12

Cdc doan thdng chia hinh vuéng thanh 6 manh: hai tam gidc trén—dudi (gilta hai dudng chéo) mbi tam gidc bi doan giita
c3t dbi thanh 2 manh, va hai tam gidc trdi-phai. Dém tam gidc theo s6 manh né chia.

1 manh: cd 6 manh déu 3 tam gidc: 6.

2 manh: tam gidc trén va tam gidc dudi (méi cdi gébm 2 nlra): 2.

3 manh: bdn nlfa hinh vuéng cat bdi mét dudng chéo; méi nlta gém tam gidc trén hodc dudi (2 manh) cong mét tam gidc
bén (1 manh): 4.

Céac nhém manh khac khong ghép thanh tam giac.

Téng 6 + 2 +4 = 12. Dap 4n (C).

Bay: chi @&m nhu hinh vudng cé hai dudng chéo ra 8, quén cdc tam gidc nhd bi doan gilfa tao ra.

Insight - D&m tam gidc trong hinh vé&: danh s cdc manh nhd, réi chia trudng hgp theo s manh ghép thanh tam gidc — khéng
sot, khéng trung.

Common Trap — Hai 16i kinh dién khi dém hinh
(1) P&m theo kich thudc nhung quén ca hai chiéu: hinh chir nhat 1 x 2 va 2 x 1 la hai loai khac nhau. (2) Trong udi tam gidc,
quén céc tam gidc Gp ngugc. Ludn dt cu héi: hinh nay cé thé ndm theo nhiing hudng nao?

Tip — Nh3n dang nhanh trong phong thi

“di theo mi tén / chi sang phai va én” = ghi s6. “bao nhiéu hinh...” = chon ddc trung (kich thudc + gdc, hodc s6 manh). “bao
nhiéu s6...” vdi diéu kién trén chit s6 — sd d6 6, tach trudng hdp khi 6 rang budc nhau. “liét ké dudc” (dudi khoang 30 d&i tugng)
— liét ké cé thu tu.
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G Worked Example — Competition Level

Vi du m3u muec thi dau

Vi du cubi két hdp Liét ké, chia trudng hdp va quy tdc nhan 8 muc cadu 21-25 clia AMC 8. Hay tu lam it nhat 5 phut trudc khi
doc L&i gidi.

" Example 7.13 Chia trudng hgp theo ciu tric, réi dém cach sap |

How many three-digit numbers have the property that one of their digits is the product of the other two digits? (For
example, 236, 919, and 700 have this property.)

(A) 43 (B) 46 (C) 51 (D) 52 (E) 76

SOLUTION - L8I GIAI - Answer: (D) 52

Goi ba chirsé a z, y, z v8i z = xy. Chia trudng hgp theo ciu tric cta bd chii s, réi dém sb cdch sap thanh sé cd ba chit
s6.

C6 chirsd 0. Néu z = 0 thi z = 0 hodc y = 0: bd chif s6 chifa it nhat hai s8 0, dang {0, 0, a}. Néu mét trong z, y bang 0
thi z = 0, lai vé dang d4. Chir s6 d4u khdc O nén chicé s6 a00,a = 1,...,9: 9 s6.

Khéng ¢6 0, cé chirs6 1.1-a = a: b6 {1,a,a}. Vdia = 1: chis6 111. Vi a = 2,...,9: mbi b ¢ 3 cach sdp (chon chd
chochirs6 1): 8 -3 = 24.

Khéngcéd0val.2 <z <y, zy <9:(2,2,4),(2,3,6), (2,4,8), (3,3,9). B6 ¢ hai chif s6 bdng nhau cho 3 s6, b6 ba chit
s6 khdc nhau cho 6s6:3+ 6 + 6 + 3 = 18.

Téng 9 + 1 + 24 + 18 = 52. Dap 4n (D).

Bay: quén cdc s8 a00 ra 43; quén 111 ra 51; cho moi b {1, a, a} cé 6 cach sdp ra 76.

Insight - Diéu kién “khéng thi tu” trén céc chir s6 = dém bé chit s6 trudc (chia theo cdu tric: ¢ 0, cb 1, con lai), réi nhan vdi
s8 cdch sdp; b cé chit s6 0 hodc chit s8 L&p phai tinh riéng.
\_ J

o Exercises 1- Foundation *
Bai tdp 1 - Nén tang

7.1 Thelist 17,24, 31,38, ...,500 continues by adding 7 each time. How many numbers in the list are odd?
* (A) 35 (B) 36 (C) 37 (D) 69 (E) 70

7.2 Acircular running track is 600 meters long, and a straight path next to it is also 600 meters long. Markers are placed
+  every 25 meters along the track, starting at the finish line, and every 25 meters along the path, including one at each
end. How many markers are there in all?

600 m
-+

(A) 47 (B) 48 (C) 49 (D) 50 (E) 51
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7.3 Inaclass of 35 students, 21 play soccer, 17 swim, and 6 do neither. How many students do exactly one of the two
*  activities?

(A) 9 (B) 12 (C) 15 (D) 20 (E) 29

7.4 How many rectangles with whole-number side lengths have area 60 and perimeter less than 50? (Rectangles with

+  the same two side lengths count as the same.)
(A) 3 (B) 4 (C) 5 (D) 6 (E) 12

7.5 Three spinners are shown. Spinner A shows 1,2, 3, 4; spinner B shows 2,4, 6; and spinner C shows 1, 3,5, 7. Each

¢ spinner is spun once. In how many of the possible outcomes is the sum of the three numbers equal to 10?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 48
7.6 In a 100-meter hurdles race, the first hurdle is 13 meters from the start, the hurdles are 8.5 meters apart, and the last
¢ hurdle is 10.5 meters before the finish line. How many hurdles are there?
(A) 9 (B) 10 (C) 11 (D) 12 (E) 13

7.7 Lan has 5 shirts, 3 pairs of pants, and 2 jackets. An outfit is one shirt, one pair of pants, and either one jacket or no
*+  jacket. Her striped shirt is never worn with a jacket. How many different outfits can Lan make?

(A) 39 (B) 40 (C) 45 (D) 60 (E) 90
7.8 How many positive integers less than 1000 have exactly one digit equal to 77
(A) 217 (B) 225 (C) 243 (D) 271 (E) 300

7.9 The figure shows one-way roads; each road can be used only in the direction of its arrow. How many different routes
++ arethere from A to B?

(A) 8 (B) 10 (C) 11 (D) 12 (E) 16

7.10 How many two-digit numbers have the product of their digits greater than the sum of their digits?
 (A) 36 (B) 45 (C) 54 (D) 56 (E) 63
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7.11 The figure shows a 4 x 3 grid of streets with one extra diagonal street. Moving from A to B, each step goes one block
*+  to the right, one block up, or along the diagonal street (upward). How many different routes are there?

B

(A) 35 (B) 38 (C) 41 (D) 44 (E) 47
7.12 How many three-digit numbers have digits that are strictly increasing from left to right and add up to 12? (For

*+  example, 129 is one such number.)
(A) 3 (8) 4 (€) 5 (D) 6 (E) 7

Exercises 2 - Competition Core *k
Bai tap 2 - Trong tam ky thi
7.13 How many integers n satisfy 100 < n? < 1000?
C(A) 20 (B) 21 (C) 22 (D) 41 (E) 42
7.14 Exactly 10 coins, each a nickel (5 cents), a dime (10 cents), or a quarter (25 cents), are worth exactly 1 dollar in total.
++  How many different combinations of coins are possible?
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
7.15 Each of the 40 members of a club plays chess or go, or both. Twice as many members play chess as play go, and 5
*+  members play both games. How many members play only chess?
(A) 10 (B) 15 (C) 20 (D) 25 (E) 30
7.16 In a certain game, a team can score 2, 3, or 7 points at a time. A team finished with 23 points. How many different

**  combinations of scoring plays could give exactly 23 points? (Only the numbers of 2-, 3-, and 7-point plays matter, not
their order.)

(A) 10 (8) 11 () 12 (D) 13 (E) 14

7.17 A rectangular field measures 60 m by 40 m. Trees are planted at every point of a square grid with spacing 5 m that
*+  covers the field, with trees at the four corners and along the edges, as shown. How many trees are strictly inside the
field (not on its edge)?

40 m

60 m
(A) 70 (B) 77 (C) 88 (D) 96 (E) 117
7.18 How many ordered pairs (z, ) of positive integers satisfy % + ; = %?
(A) 3 (8) 4 (C) 5 (D) 6 (E) 9
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7.19 How many positive integers have all of their digits different and a digit sum of 6? (For example, 105 and 6 are two
*++ such integers.)
(A) 20 (B) 26 (C) 32 (D) 38 (E) 44

7.20 Each of the 50 members of a club takes at least one of three classes: Art, Band, and Chess. Art has 25 members, Band
+++ has 22, and Chess has 21. Exactly 8 members take exactly two of the classes. How many members take all three

classes?

Art Band

Chess

(A) 4 (B) 5 (C) 6 (D) 8 (E) 9

7.21 The letters are arranged as shown. A path starts at the top C and moves down one row at each step, to one of the (at
*++ most two) letters touching it diagonally in the next row, so that it spells COUNTER. The star cannot be used. How

many paths are there?

©

© ©
OJOJO0.
®O®O
©OO

® ©®

®

(A) 11 (8) 13 (C) 14 (D) 16 (E) 20

7.22 The figure is a cross made of 20 unit squares: a 2 x 6 horizontal bar and a 6 x 2 vertical bar that overlapina 2 x 2
+++ square at the center. How many rectangles (squares included), with sides along the grid lines, lie entirely inside the

cross?

(A) 108 (B) 117 (C) 126 (D) 135 (E) 144
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7.23 A 3 X 1 rectangle is divided into three unit squares, and both diagonals of the rectangle are drawn, as shown. How
*++ many triangles of any size are in the figure?

>

(A) 12 (B) 14 (C) 16 (D) 18 (E) 20
7.24 How many ordered pairs (a, b) of integers with 1 < a < 20 and 1 < b < 20 satisfy |a — b < 3?
T (A) 64 (B) 74 (C) 120 (D) 124 (E) 128
7.25 The positive integers whose digits are all 1s and 2s are listed in increasing order: 1,2,11,12,21,22,111,.... In which

*++  position does 2121 appear?
(A) 11 (B) 24 (C) 25 (D) 26 (E) 30

7.26 Start with the number 1. In each step you may either add 1 to your number or double it. In how many different ways
+++ can you reach exactly 107 (Two ways are different if their sequences of steps are different.)

(A) 8 (B) 10 (€) 12 (D) 13 (E) 14
Exercises 3 - Challenge
a Bai tap 3 - Thir thich * ok k

7.27 The figure shows a 4 x 5 array of 20 dots, equally spaced. How many right triangles have all three vertices among
*+++  these dots and have one horizontal leg and one vertical leg? One such triangle is shown.

(A) 120 (B) 144 (C) 180 (D) 240 (E) 360

7.28 The figure shows a 4 x 3 grid of streets. A route from A to B travels along the streets; it may go right, up, or down,
*+++  put never left, and it never visits the same intersection twice. One such route is shown. How many routes are there?

B

(A) 35 (B) 64 (C) 125 (D) 210 (E) 256
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7.30

s000

7.31

*e00

7.32

se0e

7.33

*e00

734

*e000

7.35

s0000

7.36

*e000

How many positive integers less than 1000 can be written in the form 22 - 3%, where a and b are nonnegative integers?
(For example, 1 =20.3%and 72 = 23 - 32)

(A) 33 (B) 38 (C) 39 (D) 40 (E) 46
How many four-digit positive integers have four different digits whose sum is 10?7

(A) 96 (B) 102 (C) 108 (D) 120 (E) 144
How many positive integers less than 500 are divisible by 4 and have digit sum 9?

(A) 8 (B) 10 (C) 11 (D) 12 (E) 13

A 6 x 6 grid of unit squares is drawn. How many rectangles (squares included) with sides along the grid lines have an
odd area? One such rectangle, with area 3, is shaded.

(A) 100 (B) 121 (C) 144 (D) 225 (E) 297

How many positive integers less than 1000 are divisible by 3 and have only odd digits?
(A) 41 (B) 49 (C) 51 (D) 55 (E) 63

The integers from 1 to 2026 are written one after another to form a single long string of digits:

123456789101112...20252026.

How many times does the two-digit block 12 (a digit 1 immediately followed by a digit 2) appear in the string?

Integer answer - Dap s6 nguyén [:

How many positive integers less than 1000 have no digit 0 and have a product of digits that is a perfect square? (For
example, 49 and 824 qualify, since4-9 =36 and 8 -2 -4 = 64.)

Integer answer - Dap s6 nguyén [:J

Some of the 9 squares of a 3 x 3 board are chosen so that no two chosen squares share a side. Choosing no squares
at all is allowed. One choice of 3 squares is shown. How many choices are possible?

Integer answer - Dap s6 nguyén [:J
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Chapter 8 8020 AMC 8 Mastery

Counting Il — Arrangements, Choices &
Complements

DEm 2 — sap xép, chon & phan bu

Chuang 7 day quy tic c6ng, quy tdc nhan va chia trudng hdp. Chuang nay bién nhitng phép nhan l3p di l&p lai thanh
cbng cu ¢ tén: giai thira, chinh hgp P(n, k), t6 hgp (Z) hodn vi l3p, sao va vach — cung cdc k§ thuat xur ly diéu kién:
gom kh8i, chén khe, th( tu tusng déi, ban tron, phan bu va bao ham-loai trit. L&6i mat diém hay gdp nhat: nham cd thu
tu vdi khdng thr tu, quén hodn vi bén trong khéi, va dém “it nhat mot” truc tiép nén bi tring.

v Tinh nhanh giai thirta, P(n, k), (Z) biét khi nao thit tu v X&p cb diéu kién bang gom khéi, chén khe, chia cho thit
quan trong. tu tusng ddi; xép quanh ban tron.

v DEm nhdédm, d&m hinh (tam gidc, hinh binh hanh, giao v X&p vat gidng nhau, dém dudng di bang (m;") chia vat
diém) bang cdch chon diém hodc chon dudng. giébng nhau bang sao va vach.

7,

v DUng phéan bu cho “ft nhat mét”, “it nhat hai giéng nhau”,

“cé hai cdi canh nhau”; bao ham-loai trir vdi hai, ba diéu

kién.

factorial - giai thira permutation - hoan vi/ chinh hap combination - t& hgp n choose k - t6 hdp chdp k cla n

adjacent / next to - ké nhau, canh nhau block - kh&i (gom Lai) gap - khe relative order - thif tu tuong doi

rotation - phép quay identical - gibng hét nhau distinct / different - khac nhau complementary counting - d&m phan bu

inclusion—exclusion - bao ham-loai trr collinear - thang hang

8.1 Factorials and Permutations

Giai thira va hoan vi
G Chuong 7, m&i bai dém 1 mdt chudi budc “chon cdi nay, rdi chon cai kia” vdi quy tic nhan. Rt nhidu bai Ep lai cing mét
kiu budc: xép cac vat khac nhau vao cac vi tri khac nhau. Kiéu budc nay cé tén riéng va cé ky hiéu riéng, gilp ta viét nhanh
va khéng nham.

Definition — Factorial (giai thira)
For a positive integer n, n! =n - (n—1) - (n —2)---2- 1. By convention 0! = 1.

n! [ s8 cdch x&p n vat khac nhau thanh mdt hang: vi tri dau cé n lua chon, vi tri thi hai con n — 1, ... Vai gid tri nén thudc: 4! =
10! e N AR e O
= n, nén o 10 - 9 = 90 — dUng bao gid khai trién hét roi mdi chia.

24, 5! = 120, 6! = 720, 7! = 5040. Meo tinh: ————
(n—1)!
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Theorem — Permutations — arranging % of n (chinh hop)

The number of ways to choose k of n different objects and arrange them in order is

n!

P(n,k):n(n—l)(n—Q)---(n—k—Fl)zm.

DAy chi la quy tc nhan vdi k 6: 6 th nhat n cdch, 6 ththain — 1 cdch, ..., 6 th&r k con n — k + 1 cdch. Vi du: chon chd tich, phd
chu tich, thu ky (ba chiic khdc nhau) trong 10 ngudi: P(10,3) = 10 -9 - 8 = 720. Hinh: s6 d6 6 cho P(10, 3).

Ba chirc vu khac nhau

10 x| 9 |x| 8

chu tich pho thu ky

Example 8.1 Dién 6 bi rang budc trudc |

A coach must choose 4 of her 7 sprinters and assign them to the four legs of a relay race (first, second, third, and last
leg). Her fastest sprinter, Hung, may be left out, but if he is chosen he must run the last leg. How many different
assignments are possible?

(A) 35 (B) 120 (C) 360 (D) 480 (E) 840
SOLUTION - L3I GIAI - Answer: (D) 480

Chia hai trudng hap theo Hung (Chuang 7: cac trudng hdp phai rdi nhau va phd hét).

Khéng cé Hung: x&p 4 trong 6 ban con lai vao 4 chdng: P(6,4) = 6-5-4-3 = 360.

C6 Hung: Hung bj ép chay chdng cuéi (1 cach); ba chdng dau xép 3 trong 6 ban con lai: P(6,3) =6 -5 -4 = 120.
Téng 360 + 120 = 480. Dap &n (D).

Bay: chi d&m mot trudng hdp ra 360 hodc 120; quén rang thi tu ch8ng quan trong va dém “chon dbéi” ra (Z) = 35.

Insight - M6t ngudi c6 diéu kién ddc biét — chia trudng hgp “céd / khéng cé ngusi dd”, va trong mbi trudng hgp dién é bi rang
budc trudc.

Common Trap — Thi tw c6 quan trong khong?

Trudc khi tinh, tu hoi: d6i ché hai vat da chon cd tao ra két qua khdc khéng? Ba chifc vu khdc nhau, cac chang tiép suc, céc chif s8
trong mét s6 — €6 thi ty, dung P(n, k). Mét nhém, mét ddi, mdt tdp — khdng thi ty, dung (Z) (muc 8.3). Nham hai loai nay la
nguén ddp an nhiéu phé bién nhat cla cdc cAu dém.

Tip — Viét so do 6 ra gidy nhdp
V3&i moi bai “xép”, vé nhanh mét hang 6, ghi s6 lua chon dudi mébi 6, bat d4u tlir 6 bi rang budc nhiéu nhat (chir s6 dau khac O,
ngudi phai ding gilta, chdng cuéi...). Mugi gidy vé 6 tiét kiém dudc mét phit nghi Lai.

o 8.2 Arrangements with Restrictions

Sap xép co diéu kién: gom khéi, chén khe, thir ty, ban tron

Dé AMC 8 hiém khi hoi “xép n ngudi thanh hang” tran — ludn cé diéu kién: hai ngudi phai dng canh nhau, khéng dudc ding
canh nhau, ngudi nay ding trudc ngudi kia, ngéi quanh ban tron. Méi diéu kién cé mét cdng cu chuan.
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Key Idea — Block method — “must be together” (gom khai)

To count arrangements in which certain objects must be adjacent, glue them into one block, arrange the block together
with the other objects, then multiply by the number of orders inside the block.
Hinh: hai tir dién D & hai dau ké, ba tiéu thuyét N gom thanh mét khéi; gitra ké con 4 ddn vi (khéi N va ba truyén tranh C).

4 don vi ¢ gitra — 4! cach

D NNN C C C D

dau ké khdi: 3! cach dau ke

Example 8.2 Gom khai va vi tri cé dinh ‘

Eight different books — 2 dictionaries, 3 novels, and 3 comic books — are placed in a row on a shelf. The two
dictionaries must be at the two ends of the row, and the three novels must be next to each other. In how many ways can
the books be arranged?

(A) 48 (B) 144 (C) 288 (D) 1440 (E) 4320
SOLUTION - L3I GIAI - Answer: (C) 288

Hai dau ké danh cho hai tir dién: 2 cdch (tr dién nao bén trai).

S3u chd & gilta: gom 3 tiéu thuyét thanh mét khéi, cling 3 truyén tranh thanh 4 don vi, x&p dugc 4! = 24 céch. Trong
khai, 3 tiéu thuyét x&p 3! = 6 cach.

Téng 2 - 24 - 6 = 288. Ddp an (C).

Bay: quén hodn vi trong khéi ra 2 - 24 = 48; quén d6i ché hai tUr dién ra 144.

X1

Insight - Rang budc “8 ding chd” xt ly trudc, rang budc “dling canh nhau” gom khéi sau — va dling quén nhan s6 thi tu bén
trong khoi.

Key Idea — Gap method — “no two together” (chén khe)

To arrange objects so that no two of a certain kind are adjacent, first place the other objects; then put the restricted
objects into different gaps between them (including the two ends). With m objects placed first, there are m + 1 gaps.
Dlng c6 dém truc tiép “khdng canh nhau”. Dt nhiing vat tu do trudc, ching tao ra cac khe; méi khe nhan nhiéu nhat mét vat bi

rang budc — thé la tu déng khéng cé hai vat nao ké nhau.

5 chd lréng tao 6 khe — mdi khe nhan nhiu nhat 1 xe

trong trong trong trong trong

Example 8.3 Chén khe véi ché tréng

A parking lot has 9 spaces in a row. Four cars of different colors park in the lot, one car per space, so that no two cars
are in adjacent spaces. In how many ways can this happen?

(A) 15 (B) 24 (C) 126 (D) 360 (E) 3024
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SOLUTION - L3I GIAI - Answer: (D) 360

A

C46 9 chd, 4 xe nén ¢ 5 chd trong. Coi 5 chd tréng la “vat tu do™: ching tao 6 khe (hinh & trén). Mbi xe ddu vao mét khe,
mdbi khe nhiéu nhat mdt xe — khi dé gitra hai xe ludn cd it nhat moét chd tréng, va ngudc lai mbi cach ddu hgp & ing vdi
diing mét céch chon khe.

Chon 4 khe trong 6 va x&p 4 xe khdc mau vao dé theo thif tu tir trdi sang phai: P(6,4) =6 -5 -4 -3 = 360. Dap an (D).
Bay: quén rang cac xe khac nhau, chi chon khe, ra 15; khong ¢ diéu kién thi cé P(9,4) = 3024 céch.

Insight - Bai “kh6ng cé hai cdi canh nhau” = ddt cdi tu do trudc (k& ca chd tréng!), réi chén cai bi rang budc vao khe.

Theorem — Relative order — divide by symmetry (thi ty twong doi)

Among all n! arrangements of n different objects, any k particular objects appear in each of their k! possible relative

n!
orders equally often. So the number of arrangements with those k objects in one prescribed order is Pk

Ly do: d8i tén céc vat dd cho nhau la mét phép ghép déi mét—mét gitta cdc céch x&p. Vi du: trong 5! = 120 cdch xép 5 ban, ¢
didng 60 cidch Minh diing trudc Nam (khéng nhat thiét diing sat) — vi “Minh trudc Nam” va “Nam trudc Minh” chia déu.

Example 8.4 Hai diéu kién thu tu doc lap

A playlist contains 6 different songs, including songs A, B, C, and D. In how many orders can all six songs be played so
that A is played at some time before B, and C'is played at some time before D?

(A) 30 (B) 180 (C) 360 (D) 480 (E) 720
SOLUTION - L8I GIAI - Answer: (B) 180

Bo qua diéu kién: 6! = 720 thir tu. Diéu kién “A trudc B” gilt ding mét nlfa: 360. Trong sé d6, d6i ché C va D van gilt
nguyén diéu kién vé A, B, nén “C trudc D" lai gilt dung mét nlra: 180. Bép an (B).

Bay: chi dung mét diéu kién ra 360; chia cho 4! = 24 (coi nhu ca bén bai phai theo mét thit tu ¢ dinh A, B, C, D) ra 30.

Insight - M6i diéu kién “X trudc Y” vdi cdp riéng biét chia s6 cdch cho 2. Ba vat theo mét thi tu c8 dinh — chia cho 3!.

Theorem — Circular arrangements (xé'p quanh ban tron)

If arrangements around a round table that differ only by a rotation are considered the same, then n different people can
be seated in (n — 1)! ways.

C6 dinh mét ngudi lam “méc” (quay ban sao cho ngudi d6 & ghé trén cling); n — 1 ngudi con lai xép vao n — 1 ghé theo th( tu
doc theo chiéu kim déng hé: (n — 1)! cdch. Tudng duong: n! cdch xép theo ghé&, méi cach quay dugc n Lan nén chia n.

® ®

® ®
®
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Ban tron véi hang x6m cho trudc

Example 8.5

Seven friends, including An, Binh, and Chi, sit around a round table with 7 seats. Two seatings are the same if one is a

rotation of the other. In how many seatings are An's two neighbors Binh and Chi?
O O

(A) 24 (B) 48 (C) 120 (D) 240 (E) 336

SOLUTION - L3I GIAI - Answer: (B) 48

C6 dinh An lam mé&c. Hai gh& canh An danh cho Binh va Chi: 2 cdch (Binh bén trdi hay bén phai). B&n ban con lai vao 4
ghé con lai: 4! = 24 cdch.

Téng 2 - 24 = 48. D4p an (B).

Bay: quén d8i chd Binh—Chi ra 24; coi ban tron nhu hang ghé (khéng chia cho phép quay) ra 7 - 48 = 336.

Insight - G ban tron, ¢8 dinh ngudi “quan trong nhat” lam méc — cac didu kién quanh ngudi dé trd thanh diéu kién vé ghé cu
thé.

Common Trap — Ban tron cé 13t hay khéng?
“Rotation” (phép quay) la m3c dinh cla ban tron: (n — 1)!. Chi khi dé néi thém “or a reflection” (vong deo tay, méc khod cé thé lat
mat) mdi chia tiép cho 2. Ngugc lai, néu cdc ghé dudc danh s6 thi khdng chia gi cd — d6 & mét hang n ghé binh thudng.

Tip — Nh3n dang nhanh
“next to each other / together” = gom khéi. “no two ... adjacent” = chén khe. “before / to the left of (not necessarily next to)” —

chia cho s6 th(f tu tuong déi. “round table ... rotation” = ¢8 dinh mét ngudi.

8.3 Combinations
Té hgp — chon khéng ké thu tu

Definition — Combinations (t& hop)
The number of ways to choose k objects from n different objects, when the order of choosing does not matter, is

(n) n! n(n—1)-(n—k+1)

k) K(n—k)! !

Boc la “n chon k” (n choose k). Ly do: P(n, k) dém cac cach chon cd thi tu; méi nhdm k vat xuét hién ding k! lan (theo k! thi
tu), nén chia cho k!. Vi du: chon 3 ngusi trong 10 ldm mét nhém: (13?) = 120 — 120.
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Theorem — Two useful Facts

n n . (n\ _ (n-1 n—1
(1) Symmetry: (k) = (n—k) (2) Pascal's rule: (k:) = (k B 1) + ( & >

(1) Chon k ngugi dé di cling la chon n — k ngudi & Lai. (2) Xét mét ngudi cu thé: hodc ngudi dé dudc chon (con chon k — 1 trong
n — 1), hodc khéng (chon k trong n — 1). Quy tc (2) sinh ra tam gidc Pascal: méi s6 bang t6ng hai s6 ngay trén né — vi du (g) +
(3) =10+ 10 =20 = () (t8 héng).

n=0 @

n=1 OXO)

n=2 OO

e OO0

i OOOOO
s OOWWEOO
QO OO®OEOO

Bang nhé nén thuéc: (y) = @ (s8 c8p, s8 cdi bt tay, s6 doan thing ndi n diém); (g) =10, (6) =15, (I) = 35, (8) =70,
(%y) = 120.

" Example 8.6 Chia trudng hdp theo thanh phan nhém 1

A teacher chooses 4 students from a group of 7 boys and 5 girls. The chosen students must include at least one boy,

and there must be at least as many girls as boys among them. How many different groups of 4 are possible?
(A) 70 (B) 210 (C) 280 (D) 285 (E) 495
SOLUTION - L3I GIAI - Answer: (C) 280

GoisOtrailab, s8 gdila4 —b. Diéukién:b>1vad—b>b,nénb=1hodch=2.

eb=2(})() =21-10=210.eb=1:(]) () =7-10 = 70.

Téng 210 + 70 = 280. Dap an (C).

Bay: quén diéu kién “it nh4t mét trai” (thém nhém toan gdi (3) = 5) ra 285; khong diéu kién thi ¢ (') = 495.

Insight - Nhém gém hai loai ngudi = chia theo s8 ngu&i mai loai, r6i nhan hai t& hgp.

Key Idea — Geometry objects are choices of points

A segment is determined by 2 points, a triangle by 3 non-collinear points, a quadrilateral inside a convex polygon by 4
vertices.

Vi thé dém hinh hinh hoc thudng la “ (;L) trir di cdc bd ba thdng hang”. Nhé trir moi dudng thang chifa tir 3 diém trd 1én, ké ¢
dudng chéo.

Example 8.7 Chon vi tri thay vi xép

The six letters of the word SQUARE are rearranged so that the vowels appear in alphabetical order (A before E before
U) and the consonants also appear in alphabetical order (Q) before R before S). The letters need not be next to each
other. How many such arrangements are there (including QARESU, for example)?

(A) 20 (B) 36 (C) 60 (D) 120 (E) 720
SOLUTION - L3I GIAI - Answer: (A) 20

Mét cach xép hgp & dudc xdc dinh hoan toan khi biét 3 vi tri ndo danh cho nguyén dm: dién A, E, U vao dé theo thir tu,
dién Q, R, S vao 3 vi tri con lai theo thi tu — chi 1 cdch. Ngudc lai mdi céch chon 3 vi tri cho ddng mét cach xép.

S6 cach: (§) = 20. Dap 4n (A).
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Kiém tra béng thif tu tuong déi (muc 8.2): 5o = 222 = 20 v. Bay: chi dung mét diéu kién ra 20 = 120.

Insight - Khi th tu bén trong tiing nhdm d3 bi ép, viéc duy nhat con lai la chon vi tri cho méi nhém — dé la mét t6 hap.

Common Trap — Chon tirng ngudi mat rdi quén chia
“Chon ngugi thir nhéat (7 cach), ngudi thit hai (6 cdch)” cho 42 — nhung mot edp chi cd 21, vi mbi cdp dudc dém hai lan (Minh réi
Nam, Nam r6i Minh). Méi khi chon [an lugt cho mét nhém khéng cé vai trd, nhd chia cho s6 thi tu.

Tip — Chirc vu trong nhém

n

Nhém 4 ngudi cé 1 nhdm trudng: hodc chon nhdm (4) r6i chon trudng trong nhédm (4 cédch), hodc chon trudng trudc (n cach) réi 3
thanh vién (”51). Hai cdch phai cho cing mét s6 — d4 la cdch tu kiém tra rat nhanh.

n 8.4 Repeated Objects, Paths and Sharing

VAt giéng nhau, dudng di trén ludi va chia keo

Theorem — Arrangements with repeated objects (hoan vi 13p)

If n objects consist of a identical objects of one kind, b of a second kind, ¢ of a third kind, ... (a + b+ ¢+ - - - = n), then the
n!
number of different arrangements in a row is Tl
aldble!---
Né&u dan nhan cho cdc vat gibng nhau (A1, As, . . .) thi cd n! cidch; mbi cdch x&p “that” bi dém a! bl c! - - - 14n (hodn vi cidc nhan
1

trong ting loai). Vi du: s6 cdch xé&p chif cdi cia LEVEL la 2?—'2, = 30. Vi hai loai, 715 = (Z) chi can chon vi tri cho loai th nhat.

Example 8.8 Hoan vi Llap két hdp gom khdi |

How many arrangements of the nine letters of the word PEPPERONI begin with a P and have the two E's next to
each other?

(A) 840 (B) 2520 (C) 5040 (D) 6720 (E) 10080
SOLUTION - L3I GIAI - Answer: (B) 2520

Chir cdi: P (3 lan), E (2 lan), R, 0, N, I. Gom hai chit E thanh mét kh8i EE (bén trong chi 1 céch vi hai chit E giéng
nhau). Con 8 don vi: P, P,P,R,O,N,I,EE.

D&t moét chit P 8 d4u. By ddn vi con lai P, P, R,0, N, I, EE cé hai chit P gi6ng nhau: g = 2520 céch. Ddp 4n (B).
Kiém tra bing d6i xiing: 8 dan vi cd g—: = 6720 céch xép, va don vi diing dau la P trong % s6 trudng hop: 6720 - % = 2520
¥. Bay: quén chia 2! cho hai chit P con lai ra 5040; quén diéu kién “bdt ddu bang P” ra 6720; quén diéu kién hai chit E
ding canh nhau ra % = 10 080; van chia 3! du d3 d3t mét chir P 8 daura ;—: = 840.

Insight - Gom kh6i va hodn vi ldp két hdp tu nhién: khéi la mot “chif cdi mdi”; ludn hdi xem bén trong khdi cé bao nhiéu thif tu
khac nhau.
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Theorem — Lattice paths (dwéng di ngan nh3t trén luéi)
The number of shortest paths along grid lines from (0, 0) to (m,n), each step one unit right (R) or up (U), is (m + n)
m

Chuong 7 dém dudng di bang cach ghi s8 tai tiing diém. Bay gid cd cdch nhanh hon: mbi dudng di la mét xdu gém m chir R van
cht U (hinh), va méi xau cho mét dudng di. S8 xau la % = ("”"). Céc s8 ghi 8 Chuong 7 chinh (a céc s6 trong tam gidc

m
Pascal!

B
e

[R[=[v][=][v][v]x]

4 chir R, 3 chir U

Example 8.9 B4t budc di qua mét doan phd |

The figure shows a 6 x 4 grid of streets. A route from A to B moves only right or up along the streets. How many
routes use the highlighted block of street?

(A) 30 (B) 60 (C) 90 (D) 100 (E) 210
SOLUTION - L3I GIAI - Answer: (B) 60

Doan t6 héng néi (3, 2) véi (4, 2). Bi qua doan dé nghia la: di tir A tdi (3, 2), budc sang phai, réi di tr (4, 2) téi B.
A — (3,2): (3) = 10 dudng. (4,2) — B = (6,4): 2 budc phai, 2 budc lén: (3) = 6 dudng.

Quy tac nhan: 10 - 6 = 60. Dap an (B).

Bay: dém dudng qua diém (3,2) (cd thé di lén & dd) ra 10 - (g) = 100; t6ng s8 dudng la (140) = 210.

Insight - M6t doan dudng bat budc = hai diém bat budc lién tiép. Tach dudng di tai d6 va nhan.
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Theorem — Sharing identical items — stars and bars (chia keo)

. . - . . =1
The number of ways to give n identical items to k different people so that everyone gets at least one is (Z 1). If
n+k—1
k-1 /)
X&p n chiéc banh thanh hang: gitta chiing cé n — 1 khe. D4t k — 1 vach vao k — 1 khe khdc nhau dé€ c3t hang thanh k phan khéc

réng (hinh). Néu dudc phép réng: cho trudc médi ngudi 1 cdi “d0” — turc la chia n + k chiéc, méi ngudi it nhat 1 — ra (”ﬁ;l)

people may get none, the number is (

3 vach dit vao 3 trong 7 khe giita 8 chiéc banh

00 |000 [0 |00

loai 1: 2 - loai 2: 3 - loai 3: 1 - loai 4: 2

Example 8.10 Mua bdéng, méi mau it nhat mét |

A party shop sells balloons in 4 colors. Khoa buys 8 balloons, including at least one of each color. Balloons of the same
color are identical. How many different selections can he make?

(A) 35 (B) 56 (C) 70 (D) 165 (E) 330
SOLUTION - L3I GIAI - Answer: (A) 35

M6t lya chon = b6 s6 (a, b, ¢, d) nguyén dudng véia + b+ ¢ + d = 8 (s6 béng mbi mau). Theo sao va vach: 8 qua béng
c6 7 khe, dat 3 vach: (;) = 35.Dap an (A).

Bay: dung céng thirc “dudc réng” ra (131) = 165; lay nhdm (g) = 56 (d€m 8 khe thay vi 7).

Insight - “V4t gidng nhau chia cho ngusi/loai khdc nhau” = sao va vach. Trudc khi dung, xac dinh rd: méi phan dudc réng hay
khong.

Common Trap — Sao va vach chi dung cho v3t GIONG nhau

Chia 5 quyén sach khac nhau cho 3 ngudi khdng phai la sao va vach: m&i quyé&n chon ngudi nhan, 3° cach. Con chia 5 chiéc keo
giéng nhau mdi la (g) Poc k¥ “identical” hay “different” trudc khi chon cong thirc.

Tip — ©di dé vé dang chuan
Diéu kién “mbi ngudi it nhat 2" = phat trudc méi ngudi 1 cdi, con lai la “it nhat 17, Bai dudng di cé hai loai budc = hodn vi l8p
cla hai chif cdi. Bai chil s6 khéng gidm/khéng tdng — chon tap chil s8. Dua vé dang quen thudc trudc, tinh sau.

Chinh phuc AMC 8 — 119 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 AMC 8 Mastery

ENGLISH

n 8.5 Complementary Counting

Dém phan bu va bao ham-loai trir

Key Idea — Complementary counting (dém phan bu)
Number of good outcomes = (number of all outcomes) — (number of bad outcomes).

DUng khi “xau” dé& d&m han “t&t”. D4u hiéu trong dé: at least one (it nhat m6t), not all, at least two ... are the same, some two
are adjacent. Phan bu cla “it nhdt mo6t” 15 “khong cé cdi nao” — thudng chi la moét phép nhan.

Tét ca

khong

mong muon

can dem

=Tét ca — Xau

Example 8.11 it nhat hai chir s8 giéng nhau ‘

How many four-digit positive integers have at least two digits that are equal? (For example, 2026 and 7177 are such
numbers.)
(A) 4464 (B) 4536 (C) 4960 (D) 5040 (E) 5464

SOLUTION - L3I GIAI - Answer: (A) 4464

Phan bu: bén chit s6 d6i mét khac nhau. Sc d6 6: chit s6 dau khac 0: 9 cdch; chit s6 thif hai khéc chit s6 dau (dudc & 0):
9 cach; r6i8,r617.C69-9-8 -7 = 4536 s6.

C46 9000 s6 ¢ bdn chit s6, nén ddp s6 9000 — 4536 = 4464. Ddp an (A).
Bay: tra L8i phan bl 4536; dém ca xau bat d4u bang 0 (10000 — 10 -9 - 8 - 7 = 4960).

Insight - “[t nhat hai cdi giéng nhau” — phan bl “tit c& khac nhau” — mét s6 dé 6 gon.

Theorem — Inclusion-exclusion for two conditions (bao ham-loai trir)

The number of outcomes satisfying neither bad condition X nor bad condition Y is
All - [ X| - Y|+ |X and Y]|.

Day la biéu d6 Venn ctia Chudng 7 dung cho phan bu: trir | X | va
mot Lan. V3i ba diéu kién: trir ba tip, cong ba phan giao titng dbi, trif phan giao ca ba.

Y| thi cdc két qua xdu ca hai kiéu bj trir hai lan, nén cdng lai

' Example 8.12 Hai diéu cdm cung lic

Five students, including An and Bao, line up in a row. An refuses to be first in line and Bao refuses to be last. In how

many ways can the five students line up?

(A) 48 (B) 66 (C) 72 (D) 78 (E) 96

SOLUTION - L3I GIAI - Answer: (D) 78

T4t c: 5! = 120. X4u kiéu X (An diing d4u): 4! = 24. X4u ki€u Y (Bao ding cubi): 24. Ca hai (An dau va Bao cudi): 3! = 6.
S6 céch hop 1&: 120 — 24 — 24 + 6 = 78. Dap an (D).

Bay: quén cbng lai phan giao ra 72; chi trir mét diéu kién ra 96.

Insight - Hai diéu c&m — bao ham-loai trl: trir tiing cdi, cong lai phan “pham c3 hai”.
\. J
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Common Trap — D€m “it nhat mat” tryc ti€p -» dém tring
DEm s6 ma PIN 4 chir s6 (tir 0000 dén 9999) cé it nhat mot chit s6 7 bang céch “chon vi tri cho chir s6 7 (4 céch), ba vi tri kia tuy y
(10%)” cho 4000 — nhung 7712 bi dém hai [&n, 7777 bén lan. Bing: 104 — 94 = 10000 — 6561 = 3439.

Tip — Phan by hay chia trudng hop?

Nghi phan bu trong 15 gidy. Néu phan bl l& mét phép nhan gon (“khéng cd...”, “tat ¢ khac nhau”), dung nd. Néu phan bu ciing
réi (“khéng... va khéng...” cho nhiéu diéu kién), cAn nhic chia trudng hop truc ti€p, hodc bao ham—loai trir khi chi cé hai, ba diéu
kién.

G Worked Examples — Competition Level
Vi du mau muc thi diu

Hai vi du cudi 8 muc cdu 21-25 cla AMC 8: mbi bai phdi hdp nhiéu cdng cu cla chugng. Hay tu gidi it nhat 5 phut trudc khi
doc LGi gidi.

" Example 8.13 Hai cdch dém — va mot cai bay dém trung .

A school has 4 sixth graders, 5 seventh graders, and 6 eighth graders on its math team. A group of 4 of these students
is chosen for a contest, and every grade must be represented in the group. How many different groups are possible?

(A) 666 (B) 699 (C) 720 (D) 1365 (E) 1440

SOLUTION - L3I GIAI - Answer: (C) 720

Cach 1 — chia theo thanh phan. 4 ngusi ti 3 khéi, khéi nao cling cé mat: mét khéi cé 2 ngudi, hai khéi kia méi khéi 1.

e KhGi6c62: (3)-5-6=180.eKhsi 7c62:4-(3) -6 =240. e KhGi 8 c6 2:4- 5 (3) = 300. Téng 720.

Céch 2 — phan bl + bao ham-loai trir. T4t ca (*7) = 1365. Thiéu khéi 6: ('}) = 330; thiéu khéi 7: (') = 210; thiéu khéi
8: (§) = 126. Thiéu hai khéi (chi mét khéi): (3) + (3) + (5) = 145 + 15 = 21. Ddp s6 1365 — (330 + 210 + 126) + 21 =
720 v. Dap an (C).

Bay l8n: “chon méi khdi mét ngudi (4 - 5 - 6 = 120), r6i chon ngudi thdr tu tuy y trong 12 ngudi con lai” cho 1440 — gép
@i, vi nhdm cé hai ban khéi 6 & An, Binh dudc dém hai lan (An L& “dai dién” hodc Binh |3 “dai dién”). Quén cdng lai 21 ra
699.

Insight - Cach “chon dai dién trudc réi chon thém” gan nhu lubn dém trung. Hay chia theo thanh phan nhém, hodc dung phan
bu.
\_ J

Example 8.14 Mau trudc, ngudi sau

Four boys and four girls sit in 8 seats arranged in two rows of four, a front row and a back row, with each back seat

directly behind a front seat. No girl may sit directly behind a boy. In how many ways can the 8 children be seated?

hang sau
hang trudc
bang / san khiu
(A) 7488 (B) 10368 (C) 10944 (D) 13824 (E) 40320

SOLUTION - L8I GIAI - Answer: (C) 10944

Tach hai budc. Trudc hét chon mau: ghé& nao cho ban trai (T), ghé& nao cho ban gai (G). Sau d6 xép 4 ban trai vao 4 ghé
T (4!) va 4 ban gdi vao 4 gh& G (4!): méi mau cho 24 - 24 = 576 céch.

Chinh phuc AMC 8 —121 - ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



eNesH 8020 AMC 8 Mastery

DEm mau. Méi cot (ghé trudc, ghé sau) chi dudc la TT, GG hodc GT (gai trudc, trai sau); cdm T'G. Goi s6 cbt mbi loai L&
z,y,z. Démtrai: 2z + 2 = 4, d8m gdi: 2y + 2 = 4;nénx =y vaz = 4 — 2z.

ez =0:cd4cotlaGT: 1 mau. e z = 1: chon c6t T'T (4 céch), c6t GG (3 cach), hai cbt con lai GT: 12 m3u. e z = 2: chon
2 cbt T'T trong 4: (;1) = 6 mau, con lai GG.

Co1+4+12+6 =19 miu. Dap s6 19 - 576 = 10944. Bdp an (C).
Bay: quén trudng hgp z = 0 ra 18 - 576 = 10 368; bd diéu kién thi cé 8! = 40 320.

Insight - Khi diéu kién chi ndi vé loai ngudi (trai/gdi), hdy d€m mau loai trudc roi nhan vdi sé cach x€p ngudi trong tiing loai.
Chia trudng hdp theo s6 cot mébi kiéu gilip mau khéng bi sét.

Exercises 1- Foundation
Bai tip 1 - Nén tang

9! — 8!
81 \Whatis the value of T?

(A) 8 (B) 56 (C) 64 (D) 72 (E) 80

8.2 A pizza shop offers 8 different toppings. A customer orders a pizza with exactly 3 different toppings, but refuses to
+  have both pineapple and anchovies on the same pizza. How many different pizzas can the customer order?

(A) 50 (B) 56 (C) 70 (D) 280 (E) 336
8.3 How many different four-digit numbers can be formed by rearranging the four digits of 2026, including 2026 itself?
‘ (A) 4 (B) 6 (C) 8 (D) 9 (E) 12
8.4 Six different cards, including the Ace and the King, are placed in a row. In how many arrangements is the Ace
+ immediately to the left of the King?
(A) 24 (B) 120 (C) 240 (D) 360 (E) 720
8.5 Moving only right or up along the grid lines, how many shortest paths go from A to B?

B
°

(A) 15 (B) 28 (C) 56 (D) 120 (E) 256

8.6 A codeis a string of 3 letters, each chosen from A, B, C, D, E; letters may repeat. How many codes contain at least
*  one A?
(A) 48 (B) 61 (C) 64 (D) 75 (E) 125
8.7 Twelve swimmers, including exactly two from Vietnam, swim in a final. The gold, silver, and bronze medals go to

*+ three different swimmers. In how many ways can the medals be awarded so that both Vietnamese swimmers win a
medal?

(A) 10 (B) 20 (C) 30 (D) 60 (E) 120

8.8 Ina soccer league, every team plays every other team exactly twice, once at home and once away. A total of 90

** games are played. How many teams are in the league?

Integer answer - Dap s6 nguyén [:
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8.9 Eight points are equally spaced on a circle; 3 of them are red and the other 5 are blue, as shown. How many triangles
++  with vertices among these 8 points have at least one red vertex?

(A) 10 (B) 30 (C) 36 (D) 45 (E) 46

8.10 A vending machine sells 3 kinds of drinks: tea, juice, and water. Ha buys 6 drinks. Drinks of the same kind are
*+ identical, and she does not have to buy every kind. How many different selections of 6 drinks are possible?

(A) 10 (B) 18 (C) 21 (D) 28 (E) 729

8.11 Five friends, including An and Binh, sit around a round table with 5 seats, as shown. Two seatings are the same if one
** s a rotation of the other. In how many seatings do An and Binh sit next to each other?

O
OQO
o O

(A) 12 (B) 24 (C) 36 (D) 48 (E) 120

8.12 For a mixed doubles badminton match, a coach chooses 2 of her 7 boys and 2 of her 6 girls, and then splits the four
++  players into two teams, each consisting of one boy and one girl. In how many ways can she set up the match?

(A) 126 (B) 210 (C) 315 (D) 420 (E) 630

Exercises 2 - Competition Core
Bai tap 2 - Trong tam ky thi

*
8.13 A 4-letter string is formed using four different letters chosen from A, B, C, D, E, F. How many such strings contain
++  both A and B?
(A) 72 (B) 144 (C) 192 (D) 240 (E) 360

8.14 The figure shows the 4 vertices of a square and the midpoints of its 4 sides. How many triangles have all three
*+  vertices among these 8 points?

¢ S L
0 (]
¢ L 4 9
(A) 40 (B) 44 (C) 48 (D) 50 (E) 52

8.15 A club of 8 members chooses a committee of 4 members. One committee member is named chair and a different
¢+ committee member is named secretary. How many outcomes are possible?

(A) 840 (B) 1120 (C) 1680 (D) 2520 (E) 3360

Chinh phuc AMC 8 —123 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



mmmmmm

8020 AMC 8 Mastery

8.17

*e

8.18

*e

8.21

A team of 4 is chosen from 5 teachers and 6 students. The team must contain at least one teacher and at least one
student. How many teams are possible?

(A) 300 (B) 310 (C) 315 (D) 325 (E) 330

Four parallel horizontal lines cross five parallel slanted lines, as shown. How many parallelograms are formed whose
four sides lie on these lines?

[ [/ [ [/
/7777
/7777
77777

VAV

(A) 10 (B) 20 (C) 36 (D) 60 (E) 126

Linh places 4 identical red marbles and 3 identical blue marbles in a row. In how many of the possible rows are the

first marble and the last marble the same color?

(A) 10 (B) 15 (C) 20 (D) 25 (E) 35

How many three-digit positive integers have digits that are either strictly increasing from left to right (like 258) or
strictly decreasing from left to right (like 830)?

(A) 84 (B) 120 (C) 168 (D) 180 (E) 204

The figure shows the frame of a 2 x 2 x 3 box made of unit-length rods. An ant crawls along the rods from corner A

to the opposite corner B, and each move takes it one unit closer to B in one of the three directions. How many
different routes can the ant take?

B

A

Integer answer - Dap s6 nguyén :]

Eight people, including An, Binh, and Chi, sit around a round table with 8 equally spaced seats. Two seatings are the
same if one is a rotation of the other. In how many seatings does Binh sit directly opposite An, while Chi does not sit

00
S5
050

(A) 240 (B) 360 (C) 480 (D) 600 (E) 720
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8.27

*o00

8.28

se0e

8.29

*o00

8.30

*o00

Seven students, including Anh, B3o, and Chi, stand in a row. In how many arrangements are at least two of these
three students standing next to each other?
(A) 1440 (B) 2880 (C) 3600 (D) 4320 (E) 5040
A deck has 20 cards: each of the numbers 1,2, 3,4, 5 appears in each of 4 colors. A hand of 3 cards is dealt (the order
of the cards does not matter). How many hands contain three different numbers and three different colors?
(A) 40 (B) 120 (C) 160 (D) 240 (E) 1440
Twelve identical candies are shared among Ana, Ben, and Chi. Each of them gets at least 1 candy and at most 6
candies. In how many ways can the candies be shared?
Integer answer - Dap s6 nguyén S
A club has 4 boys and 4 girls. Five of them are chosen and lined up in a row for a photo so that boys and girls
alternate. How many different photos are possible?
(A) 576 (B) 720 (C) 1152 (D) 1440 (E) 6720
A ship signals by hanging 5 flags in a vertical column. It has 3 identical red flags, 2 identical blue flags, and 2 identical
green flags, as shown. How many different signals are possible?
3codo 2 ¢o xanh 2¢O luc

(A) 60 (B) 90 (C) 100 (D) 120 (E) 130
Exercises 3 - Challenge

9 * %k k

Bai tip 3 - Thi thach

From 5 married couples, 4 people are chosen. In how many ways can this be done so that exactly one married couple

is among the 4 chosen people?

(A) 120 (B) 130 (C) 140 (D) 180 (E) 210

A frog hops from (0, 0) to (8, 4) on the grid shown. Each hop moves it one unit to the right or one unit up, and every
up-hop must be followed immediately by a right-hop. One such route is shown. How many different routes can the
frog take?

Integer answer - Dap s6 nguyén S

Five friends exchange gifts. Each friend gives one gift to one of the other four friends, and each friend receives exactly
one gift. In addition, no two friends give gifts to each other. In how many ways can the gifts be exchanged?

(A) 9 (B) 20 (C) 24 (D) 44 (E) 120

A set of dominoes has one tile for each pair of numbers from 0 to 6, with repetition allowed: 0|0, 0[1, ..., 6|6 — 28 tiles
in all. Two different tiles can be placed end to end if they show a common number (for example, 2|5 and 5|5, or 2|5
and 0|2). How many pairs of different tiles can be placed end to end?

(A) 126 (B) 147 (C) 168 (D) 294 (E) 378
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8.32

s000

8.33

*e00

8.34

s0000

8.35

*0000

8.36

*e000

Three different numbers are chosen from 1,2, 3, ..., 20. In how many ways can they be chosen so that the three
numbers, in some order, form an arithmetic sequence? (For example, {4, 11, 18} works.)

(A) 45 (B) 60 (C) 72 (D) 81 (E) 90

A railway line has some stations. For each ordered pair of different stations there is one type of ticket (a ticket from X
to Y is different from a ticket from Y to X). After more than one new station is added to the line, 46 new types of
tickets are needed. How many stations did the line have before?

(A) 10 (B) 11 (C) 12 (D) 13 (E) 23

In a class, the number of ways to choose 2 boys equals the number of ways to choose 1 boy and 1 girl, and there are

exactly 6 ways to choose 2 girls. How many students are in the class?
(A) 4 (8) 9 (C) 10 (D) 12 (E) 13

At a meeting of 6 people, each person shakes hands with exactly 2 of the other people (and no two people shake
hands more than once). How many different sets of handshakes are possible?

(A) 40 (B) 60 (C) 70 (D) 80 (E) 130

Three different numbers are chosen from 1,2, 3, ..., 30, and the order of choosing does not matter. In how many of
these choices is the product of the three numbers a multiple of 4?7

Integer answer - Dap s6 nguyén :J

Mr. Nam forms two different groups of 3 students from his 7 students. The two groups do the same job, so swapping
the two groups does not give a new choice. The two groups must have exactly one student in common. In how many
ways can he form the groups?

(A) 105 (B) 210 (C) 280 (D) 315 (E) 630
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Chapter 9 8020 AMC 8 Mastery

Probability & Statistics
Xac suit & thong ké

Mbi dé AMC 8 cé khodng 3—-4 ciu théng ké va xdc suat: doc biéu dd, trung binh-trung vi-mode, xdc suat vdi xtic x3c,
vong quay, rut bi, va vai cu xac suat hinh hoc hay ky vong & cuéi dé. Chugng nay dung lai toan bd céng cu dém cla
chugng 7-8 va thém hai y mdi: trung binh la téng, va xac suat chi La ti s6 khi cac két qua dong kha nang. L6i mat
diém hay gdp: |y trung vi khi chua s3p xép, coi cac téng hai xUc xac nhu nhau, quén th( tu, va nhan hai bién c6 khdng

doc lap.
v D8i moi trung binh thanh téng; dung dé &ch dé gidi v Doc dung biéu d6 cot, chdm, than-13, quat, dudng; tim
nhanh bai thém, bdét, sita s6 liéu. trung vi tif badng tan s6 bang cong doén.
v Tinh x3dc suat déng kha ndng bang dém (bang 36 6, t6 v DUng quy tdc nhan, sa d6 cay cho phép thir nhiéu budc,
hap) va bang phan bu. phan biét cé hoan lai va khéng hoan lai.

v Tinh xdc suat hinh hoc qua ti s6 @6 dai, dién tich, thdi

gian; tinh gia tri ky vong.

mean (average) - trung binh cdng median - trung vi mode - mode (gid tri xuat hién nhiéu nhat) range - khodng bién thién
frequency - tan s6 bar graph - biéu d6 cot stem-and-leaf plot - biéu d6 than-13 circle graph - biéu d6 hinh quat

outcome - k&t qua equally likely - déng kha nang independent - doc lap without replacement - khéng hoan Lai

tree diagram - s6 do cay expected value - gid tri ky vong

9.1 Mean, Median, Mode and Range

Trung binh, trung vi, mode va khoang bién thién
Mbi dé AMC 8 thudng cé 1-2 ciu théng ké. Chidng hiém khi bat ban cong mot day sé dai; cai dudc kiém tra L& ban cd hiéu
tlting s6 do hay khéng: trung binh phu thudc vao téng, trung vi phu thubc vao vi tri, mode phu thudc vao sé an xudt hién.
N3m dudgc diéu dd thi bai “thém mbt s8”, “sita mot diém”, “tim gid tri ldn nhat cd thé” déu tré nén ngén.

Definition — Mean, median, mode, range

For a list of n numbers: the mean (average) is %. The median is the middle number after sorting (if n is even, the
mean of the two middle numbers). A mode is a Calue that occurs most often. The range is largest — smallest.

Trung binh c6ng (mean), trung vi (median), mode (gid tri xuat hién nhiéu nhat), khoang bién thién (range). Véi day n s6 da sdp
x€p, trung vi nam & vi tri thit 2L khi n 1&; khin chdn La trung binh cda hai s6 & vi tri 2 va 2 + 1. Mét day c6 thé c6 nhiéu mode,

hodc khong cé mode nao; dé hay ndi “unique mode” (mode duy nhét).

Theorem — Sum = mean x count (t6'ng = trung binh x so lrong)

If n numbers have mean m, their sum is nm. Conversely, any question about a mean is really a question about a sum.
DAy 14 cong cu s6 1 clia ca chuang: d6i moi trung binh thanh téng, lam viéc vdi téng (cong, trlf, so sdnh), réi chia lai néu can. Vi
du: 6 bai kiém tra trung binh 7,5 diém thi téng diém (3 45 — khéng can biét ting bai.
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Key Idea — 83 Iéch c3n bang (balancing deviations)

Trung binh La “diém can bang”: téng céc do (éch so vdi trung binh ludn bang 0, vi > (z; — m) = > &; — nm = 0. Hinh dudi: day
4,7,8,13 cé trung binh 8, cdc d6 léch —4, —1, 0, +5 triét tiéu nhau. Dung diéu nay dé tinh nhanh: mudn biét trung binh mdi khi
thém vai s6, hay xem chuing “kéo” t6ng léch di bao nhiéu.

trung binh =8 )+ +0+(+5=0
a9 !
|
—4 I 1 +5
: : :

l Q l l Q ¢ l l l l Q l
I I I I I ' I I I I I I
3 4 5 6 7 8 9 10 11 12 13 14

' Example 9.1 Téng, khong phai trung binh

On a test, the 24 students who took it on Monday had a mean score of 70. The other 6 students in the class took the
same test on Tuesday. After that, the mean score of all 30 students was 72. What was the mean score of the 6 students
who took the test on Tuesday?

(A) 74 (B) 76 (C) 78 (D) 80 (E) 82
SOLUTION - L3I GIAI - Answer: (D) 80

Cach 1 — d6i ra téng. Téng cla ca 1dp: 30 - 72 = 2160. Téng cla 24 ban thd Hai: 24 - 70 = 1680. Sdu ban th Ba cd téng
2160 — 1680 = 480, trung binh 480 : 6 = 80.

Cach 2 — d6 Léch cin bang. So vdi trung binh mdi 72, mbi ban trong 24 ban thiéu 2 diém: tng thiéu 48. Sdu ban con
lai phai bl ding 48 diém, tic mdi ban cao han 72 trung binh 48 : 6 = 8 diém: 72 + 8 = 80. Dap 4n (D).

Bay: coi trung binh chung la trung binh céng cua hai trung binh nhém, Lzﬂ =72, rax = 74 (A) — hai nhém c6 c8 khac
nhau (24 va 6) nén khéng dudc cdng réi chia dbi.

Insight - G3p bai trung binh clia nhiéu nhém: ddi hét ra tdng, hodc duing d6 l&ch so véi trung binh chung.

Common Trap — Trung vi: s3p x&p trwéc, dém vi tri sau

w N

L3i hay g3p nhat: &y “s6 dung gilfa” clia ddy chua sap xép, ho3c véi n chin chi ldy mot s6. Dy 9,2, 7,4 cé trung vi &L = 5.5,

khong phai 2 hay 7. V&i bang tan s8, phai cong don s8 lan xuat hién dé tim vi tri gilta (muc 9.2).

Example 9.2 Cai gi thay d6i khi thém sé6?

A list of nine numbers has mean 16 and median 20. The two numbers 9 and 23 are added to the list. Which of the
following statements must be true about the new list of eleven numbers?

(A) The mean and the median both increase.

(B) The mean stays the same, and the median increases.

(C) The mean decreases, and the median stays the same.

(D) The mean and the median both stay the same.

(E) The mean stays the same, but the median cannot be determined.

SOLUTION - LOI GIAI - Answer: (D) The mean and the median both stay the same.

Trung binh. Téng cli 9 - 16 = 144, t6ng mdi 144 + 9 + 23 = 176, trung binh mdi 176 : 11 = 16 — khéng d6i. Ly do sdu
han: hai s8 thém vao cé d6 léch —7 va +7 so vdi 16, triét tiéu nhau.

Trung vi. D3y cli (d3 sdp xé&p) cd 4 s6 < 20 & trudc s8 20 dung gitra va 4 s8 > 20 8 sau. Thém 9 < 20 vao phia trudc va

23 > 20 vao phia sau: s6 20 cili gi cd 5 s6 ding trudc, 5 s6 dling sau, nén van 3 vi tri th 6 ca 11 s — trung vi van la
20.
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Ca hai déu khéng déi. Dap én (D).

Insight - Thém mét s6 nhd hon va mét s6 L8n han trung vi thi trung vi gilt nguyén; thém cdc s8 cé téng do6 Lléch bang 0 thi
trung binh gilt nguyén.

Tip — B3i “1&n nhat / nhé nh3t cd thé”: diy c3c s6 khic vé bién

Khi d@é cho trung binh (tic téng c6 dinh) va hdi mét s6 [8n nhat hodc nhé nhat cd thé, hay lam cac s6 con lai nho nhat hodc 1dn
nhat ma diéu kién (trung vi, khdc nhau, nguyén duang...) con cho phép. Viét day da sdp xép a; < a, < -- - ra gidy va dién ting 6
— gi6éng s6 d6 6 clia chudng 7.

Example 9.3 Téi uu véi tdng c8 dinh

Seven different positive integers have mean 15 and median 12. What is the least possible value of their range?

(A) 7 (B) 11 (C) 13 (D) 15 (E) 59

SOLUTION - L3I GIAI - Answer: (C) 13
Sdpxépa; <ay <---<ar,cdas =12vaténg 7-15 = 105.
Ba s8 dau déu < 12 va khdc nhaunéna; +as + a3z <9+ 10 + 11 khia; = 9; tdng quatas < 10, a3 < 11 néna; + as +

a3 <a;+21.Doddas +as+ay >105—-12 — (a1 +21) =72 —a;. Vias <ar —2,a6 < ar —1,tacd 3a7 —3 > 72 —
al,tL/fCqu 75—;‘1]‘.

Khodng bién thién a7 — a; > Z5% — a1 = 25 — &, gidm khi a; tng; ma a; < 9, nén khoang bién thién > 25 — 12 = 13,
Dat dugc: 9,10, 11,12, 20, 21, 22 (t6ng 105). Dép 4n (C).

Bay: quén diéu kién “khdc nhau” thi cé thé (dy 12,12,12,12, 19,19, 19 vdi khodng bién thién 7; con 59 la khodng bién
thién 16n nhét (1,2, 3,12, 13, 14, 60).

Insight - Mudn hai dau day sat nhau: dén cac s8 nhd [&n sat trung vi va cdc s6 l8n xubng sat nhau; viét diéu kién thanh mét
bat ddng thitc theo mét bién.

\_ J

n 9.2 Reading Data Displays

Doc biéu dd va bang sé liéu

AMC 8 rat thich dua s6 liéu dudi dang hinh: biéu d6 cbt, biéu d6 chadm, biéu d6 than-13, biéu d6 hinh quat, biéu d6 dudng.
Phan khé thudng khong phai phép tinh ma la doc dung: truc bat dau tir ddu, mébi vach la bao nhiéu, méi chdm la moét ngudi
hay mét nhédm, géc quat Ung véi bao nhiéu phan.

Definition — Common data displays (cic loai biéu d6 hay g3p)

Bar graph: the height of each bar is a count or an amount. Dot plot: one dot per data value above a number line. Stem-
and-Lleaf plot: 7|2 5 means the values 72 and 75. Circle graph (pie chart): each sector is a fraction of the whole. Line
graph: values at successive times joined by segments. Frequency table: each value with how many times it occurs.
Biéu d6 c6t, biéu d6 chdm, biéu d6 than-13 (than = chi s6 hang chuc, & = chit s6 hang dan vi), biéu @6 hinh quat, biéu d6 dudng,
bang tan s6 (frequency). Biéu d6 cham va than-3 gitr lai tirng gid tri nén doc trung vi rat nhanh.

Key Idea — Trung vi tlr b3ng tan sd: cong don
Cé n gid tri thi trung vi & vi tri "T“ (n L&). Cong dén tan s tir gid tri nhdé nhat cho tdi khi vuct qua vi tri d6. Vi du tan sb cla
0,1,2,3144,6,5,5 (n = 20): cbng dén 4, 10,15, 20; vi tri th 10 va 11 (3 1 va 2, nén trung vi & 1,5. Trung binh tif bang tan sé:

S (gié tri x tan s6)

n
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Example 9.4 Can thém bao nhiéu ngudi dé trung vi dich chuyén?

The bar graph shows how many times each of the 25 students in a class visited the school library last month. Some
new students join the class, and each of them visited the library exactly 5 times last month. What is the least number of
new students needed so that the median number of visits for the whole class becomes 37?7

Number of students

| rlll
sininiR
AL

0 1 2 3

Number of visits

[\S]

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9

SOLUTION - L3I GIAI - Answer: (D) 8

Doc biéu dé: tAn sd cua 0,1,2,3,4,5 l4n 14 3,5,8,6,2,1. Cong dén: c6 3 + 5+ 8 = 16 ban di < 2 l4n va 9 ban di > 3 lan.
Trung vi hién tai (vi tri 13) la 2.

Thém k ban (déu 5 lan) thi 16 ban “< 2” van dling dau day. Trung vi bang 3 khi moi vi tri gilta déu nam sau vi tri 16:

on = 25+klé:c§nvitn’%’—1 > 17, tdcn > 33,k > 8.
enchan:canvitri & > 17, tdcn > 34, k > 9. Véin = 32 (k = 7) hai s6 gilia la s6 th(f 16 va 17, tdc 2 va 3, trung vi 2,5.

S8 nhd nhat la k = 8 (lWic d6 vi tri 17 trong 33 la mét ban di 3 l&n). Dap 4n (D).
Bay: quén trudng hdp n chan cho trung vi 2,5 nén tra L&i 7.

Insight - Trung vi chi quan tAm vi tri: d&m cé bao nhiéu gid tri nam dudi ngudng, réi doi hoi vi tri gilta vust qua s6 d6 — can
than vdi n chn.

Theorem — Circle graphs (biéu d6 hinh quat)
0
A sector with central angle 6° represents the fraction 360 of the whole. If the whole is N people, the sector represents

% - N people.

G6c 90° la 1, 120° La 3, 72° la £, 36° La 1, 18° la 5%. MGt phan trdm (g vdi 3,6°. Néu biét mét quat tng vdi bao nhiéu ngudi, suy
ra dugc téng V.
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Example 9.5 Tit mét quat suy ra ca biéu d6

In a survey, each student in a grade chose exactly one favorite subject. The circle graph shows the results. Exactly 18
students chose Art. How many more students chose Math than chose Science?

(A) 6 (B) 8 (C) 10 (D) 12 (E) 24
SOLUTION - L3I GIAI - Answer: (B) 8

Quat Art cé gdc 54° Uing vdi 18 hoc sinh, nén méi hoc sinh Ung vdi 3° va ca khdi cé 360 : 3 = 120 hoc sinh.
Gdc Science = 360 — 120 — 90 — 54 = 96°, tc 96 : 3 = 32 hoc sinh. Math 120° la 40 hoc sinh.

Chénh léch 40 — 32 = 8. Dap 4n (B). Bay: trir hai géc 120 — 96 = 24 rbi quén déi dé ra sé hoc sinh.

Insight - M6t quat d& biét s8 ngudi cho ta “ti gid” dé/ngudi; moi quat khac déi theo ti gid dé.

Common Trap — Doc thang do va chu gidi trwéc khi doc s

Truc doc cla biéu dé cot cd thé bt dau tir moét sé khdc 0 (cbt cao gdp db6i chua chac gap ddi s6 lugng). Biéu dé than—L3 ludn cd
chd gidi (key) nhu 5 | 8 = 58; néu than la hang trdm thi nghia khac han. Bi€u d6 quat ghi “not drawn to scale” thi khéng dugc do
bang mat — chi duing s6 ghi trén hinh.

Example 9.6 L3 bi che

The stem-and-leaf plot shows the test scores of 11 students, but one leaf is covered by the box. The mean of the 11
scores is 75. What is the mode of the scores?

Stem Leaf

5| 8

6 | 4709
712 5[]8
8| 16

9 | 7

Key: 5 | 8 means 58

(A) 72 (B) 75 (C) 76 (D) 78 (E) 81

SOLUTION - L3I GIAI - Answer: (D) 78

Téng 11 diém (& 11 - 75 = 825. Mui diém doc dudc: 58, 64, 67, 69,72, 75, 78, 81, 86, 97, téng TAT.
Diém bi che la 825 — 747 = 78 (L& 8, dung th( tu vi ld trong mét hang dugc viét tdng dan: 2,5, [, 8).
Khi dé 78 xuat hién hai l4n, moi diém khac mét lan: mode (& 78. Dép 4n (D).

Bay: chon 75 vi d4 L& trung binh (va cling la trung vi) — mode L& gid tri l3p nhiéu nhat, khdng phai “gid tri trung tAm”.
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L Insight - Biét trung binh = biét t6ng = tim dudc gid tri bi thiéu. Moi bai “s8 bi che” déu bat d4u bang téng. J

n 9.3 Probability with Equally Likely Outcomes
Xac suat véi cac két qua dong kha ning

Xdc suat 8 AMC 8 hiu hét 13 dém hai lan: dém s6 két qua cd thé, dém sé két qua thuan Lgi, rdi chia. Moi cdng cu dém cua
chugng 7-8 (quy tdc nhan, t6 hdp, phan bu) dung lai nguyén ven & day — diéu mdi duy nhat la phai chic chdn céc két qua
dong kha nang.

Definition — Probability of an event (xac su3t cha bién cd)

If an experiment has N equally likely outcomes and k of them belong to an event A4, then P(A) = % Always 0 <
P(A) <1

Phép thir (experiment), k&t qua (outcome), khéng gian mau (sample space) = tAp moi két qua, bién c6 (event) = tip cac két qua
thuan Lgi. Céng thuc % chi ding khi N két qua cé cling kha ndng xay ra.

Key Idea — Hai con xuc x3c: ludn nghi t&ib3ng 6 x 6

Gieo hai con xuc xac (hodc mot con hai lan) c6 6 - 6 = 36 két qua b thir tu (a, b), ddng kha ndng. Bang dudi ghi téng a + b trong
tiing &: t8ng 7 xuat hién 6 lan (dudng chéo), t8ng 2 va 12 chi 1 l4n. Vdi diéu kién bat ky vé (a, b), t& cac 6 thod méan réi dém —
gan nhu khéng thé sai.

First die

1 2 3 4 5 6

Second
die 4 5 6 7 8 9 10

Example 9.7 Dém trén bang 36 6 \

Two fair six-sided dice are rolled, one red and one blue. What is the probability that the number on the red die is a

divisor of the number on the blue die?

11 7

5 4 1
(A) 36 (B) 8 (C) 2 (D) 9 (E) B

SOLUTION - L3I GIAI - Answer: (B) %

C6 36 két qua déng kha nang (r, b). DEm theo s6 7 trén con dé (chia trudng hgp theo hang cla bang):
r=1moib—6cich.r=2:b€ {2,4,6} —3.7r=3:b€ {3,6} —2.r =4,5,6: chi b =r — mdi s6 1 céch.
Téng 6 +3+2+1+ 141 =14, xdc sudt 1z = L. Dap 4n (B).

Bay: quén rang madi sé la udc clia chinh né, bd sét cac 6 (4,4), (5,5), (6,6), ra % (A). Cling diing d@&m trén 21 c8p khéng
th tv — 21 c3p d6 khdng déng kha ning.

Insight - V3i hai con xudc xac, dém trén 36 cdp cé thi tu; chia trudng hap theo gid tri cia mot con.
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Theorem — Complement rule (quy tic phan bu)
P(not A) =1 — P(A). In particular, P(at least one) = 1 — P(none).
Méi két qua hodc thudc A, hodc thudc phan bu clia 4, khéng bao git cd hai — nén hai s6 dém cong lai bdng N. D4u hiéu nhan

” o«

ra: “at least one”, “not all”, “at least two are the same”.

Example 9.8 it nhat mét chir s6 7

A three-digit positive integer is chosen at random, with all integers from 100 to 999 equally likely. What is the
probability that at least one of its digits is a 77

1 271 7 3 1
(A) 1 (B) 1000 (€ % (D) 0 (E) 3

R , 7
SOLUTION - LGOI GIAI - Answer: (C) T
PE&m phan bu: s8 cb ba chil s8 khéng cé chit s6 7. Hang trdm: 8 céch (bd 0 va 7); hang chuc va hang dan vi: méi hang 9
cdch.C68-9-9 = 648 sé.
/ A A N 648 _ 252 T 7 ’
Xacsuatcantim: 1 — g55 = 555 = 2z- Pap an (C).

Bay: cdng “15 cho m&i chi s6” ra &% (d&m triing cac s6 nhu 777, 707); hodc ding 1 — (19—0)3 = 2L quén rang hang trém

khong thé (& 0 nén chi cé 9 lua chon & dé.

Insight - “t nhat m6t” = dém phan “khdng cb cdi ndo”, & dé quy tic nhan chay thing.

Common Trap — Khong dong kha ning thi khéng dugc chia dém
i
11

t8ng 12 chi 1 6). Tuang tu, “tr&i mua hodc khéng mua nén xac suat mua la % la sai. Lubn dua vé cac két qud that su ngang nhau:

“T6ng hai con xuic x&c ¢ 11 gid tri 2,...,12 nén P(téng = 7) = 13 sai: 11 gid tri d6 khong déng kha ndng (t6ng 7 cé 6 6,

xUc xac t6 mau khac nhau, déng xu danh s, vién bi dén tén.

Tip — ®3t tén cho vt gidng nhau
Tui c6 3 bi d6 giébng hét nhau? Hay tudng tugng ching dudc dénh s6 Ry, Ry, Rs3. Xéc suét khéng déi, nhung moi két qua gid dong
kha ndng va ban cé thé dung té hop (Z) clia chudng 8 dé dém.

n 9.4 Several Stages: Independence, Drawing Without Replacement, Tree Diagrams
Phép thir nhiéu budc: ddc Llap, rit khong hoan lai, s6 dd cay

Theorem — Multiplication rule (quy t3c nh3n x3c su3t)

Events A and B are independent if the outcome of one does not change the chances of the other. Then P(A and B) =
P(A) - P(B). More generally, for stages done one after another, P(A then B) = P(A) - P(B given that A happened).
Gieo xu réi gieo xdc x3c, quay hai l4n moét vong quay: déc lap. Rut bi khéng hoan Lai: khong doc ldp — Lan rit thi hai phai dung
i d3 thay d6i. Quy tdc nay chinh & quy tdc nhan cla phép dém, chia cho téng s8 két qua.
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Key Idea — So’ dd cdy: nhdn doc nhanh, cdng cic 13

Vé mébi budc thanh mot tAng nhdnh, ghi xac suat 1én titng nhdnh. Xac sut clia moét dudng di tir gbc tdi L4 La tich cdc s6 trén
dudng di; xac suat cla bién cd L3 téng cac [ thuan Lgi. Hinh: gieo mét déng xu, néu ngtra (H) thi rdt mot bi tir tdi 2 @ 1 xanh,
néu sap (T) thi rit tirtdi 1 dé 3 xanh: P(do) = 3 - 2 + -1 = 4.

red: 1/2 - 2/3

H

blue: 1/2 - 1/3

red: 1/2 - 1/4

blue: 1/2 - 3/4

Example 9.9 Vong quay khdng déu gap xtc xic .

The spinner shown is divided into four sectors labeled 1, 2, 3, 4, with the central angles shown. Khoa spins the spinner
once and rolls a fair six-sided die once. What is the probability that the number on the spinner is greater than the
number on the die?

60°

120°
90°

90°
A ! B ! C 3 D > E
(A 3 B) (© % (D) ()
. , 5
SOLUTION - LOI GIAI - Answer: (D) 2

Xac sudt cla ting s6 trén vong quay la gdc chia 360°: P(1) = 320 = 1, P(2) = P(3) = 1. P(4) = ¢.
Chia trudng hgp theo s8 s trén vong quay; xtc xac doc lap, s6 mat nhé hon s la s — 1:

e 5 = 1: khdng c6 madt nao nhé han — gdp O.

gl 1_ 1
°*5=23"5= 9
—q 1 2 _ 2
es5=33"5= 2
_ 41,3 1 _ 2
es=4g-5=1 = u

Téng L%;Z = %.Da’p an (D).

Bay: coi bdn 6 nhu nhau thi dugc % . Mﬁ' = %1 — 6 56 4 nhd nhat nhung Lai la 6 “t6t” nhéat.

Insight - K&t qua khéng déng kha n&ng thi diing dém 6 — chia trudng hgp theo budc cé xac suit léch, nhan vdi xac suit
clia budc con lai réi cdng.
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Example 9.10 Tui thay d6i sau lan rut dau

A box contains 3 red balls and 2 green balls. Lan draws one ball at random. If it is red, she puts it back into the box
together with one more red ball. If it is green, she does not put it back. Then she draws a second ball at random. What
is the probability that the second ball is red?

red (4 red, 2 green)

green

red (3 red, 1 green)

green

13 7

A1 B§ C) — D) — Eé
A 3 B) (© 55 (©) 75 () -

SOLUTION - L8I GIAI - Answer: (D) %

V& so db cly hai tang.

o L4n 1 @3 (x4c suét ): hop thanh 4 d8, 2 xanh, lan 2 d& vdi xac sudt 5. Nhanh nay gép £ - 4 = 2.
e Lan 1 xanh (%): hop con 3 dd, 1 xanh, l4n 2 @b vdi xac suat %. Gdp % . % = %.

2 2.2 003 T oy 4
Cong hai la: R E.Dap an (D).
Bay: tra &i % vi “lan rdt th( hai gidng lAn dau” — diéu dé chi dung khi hop khong bi thay d6i theo két qua lan dau.

Insight - Khi budc sau phu thu6c budc trudc, sd dé cly la cach an toan nhat: méi nhdnh dung hdp cuda riéng nhanh dé.

Common Trap — “V3” nhan, “ho3c” cdng — nhwng cé diéu kién
Chi nhan khi hai bién c8 dbc lap (hodc khi dung xdc suit cd diéu kién ding cla budc sau). Chi edng khi cdc trudng hdp rdi nhau.

Rut 2 bi khéng hoan lai tif tli 3 d6 2 xanh: P(ca hai do) = £ - 2 = &, khong phai £ - £,

Tip — Hai cach cho bai rit khong hoan I3i
3
(1) Nhan theo ting lan rdt nhu trén. (2) D&m: chon tap con, P = Q = 13—0 Hai céch ludn ra cling ddp s6 — duing cach nay kiém

()

tra cach kia. V@i “rut déng thsi” thi cdch dém t8 hgp thudng gon han.
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o 9.5 Geometric Probability and Expected Value

Xdc suat hinh hoc va gia tri ky vong

Definition — Geometric probability (xdc sudt hinh hoc)

If a point is chosen at random from a segment (or a region), with all positions equally likely, then the probability that it
length (or area) of the part

length (or area) of the whole

Thdi gian cling (& “d6 dai”: dén bén xe vao mot thdi diém ngau nhién trong 30 phut & chon mét diém trén doan dai 30. Hai s8

lands in a part of it is

thuc chon dbéc lap trong hai doan = mét diém (z, y) trong hinh chir nhat, xac sudt = ti s6 dién tich.

phin thuén loi: dai 4

P=4/10=2/5

Example 9.11 Théi gian 1a d6 dai

A traffic light repeats the same cycle: green for 40 seconds, then yellow for 5 seconds, then red for 35 seconds. A car
arrives at the light at a random moment. If the light is green, the car goes on without stopping; otherwise the car stops
and waits until the light turns green. What is the probability that the car stops and waits for less than 15 seconds?

yellow S s

green 40 s red 35 s

0 40 45 80

seconds after the light turns green (the cycle then repeats)

1

1 3 1 1 3
(A) 3 (B) 16 (€ 1 (D) 6 (E) 1

SOLUTION - L3I GIAI - Answer: (B) 13—6
Chu ky dai 40 + 5 + 35 = 80 gidy; thdi diém dén (& mot diém ngau nhién trén doan dai 80.
Dé&n lic xanh: khéng diing. Dén ic vang: phai chd hét vang va ca 35 gidy dé, tic > 35 gidy. Dén lic do6: chs didng phan
dd con lai, dudi 15 gidy khi va chi khi dén trong 15 gidy cudi cla dén dd.
Xac sust g2 = . Dép én (B).
1

Bay: tinh ca lic dén xanh (“chd 0 gidy cling la dudi 15 gidy”) ra % = 2= — nhung dé hdi xe ¢é ditng; hodc coi vang la chd

16
% 20 _ 1
nganra ;5 = 7.

Insight - D3t thdi diém (én mot truc, ddnh dau doan thuin Lgi; xac suét L ti s6 d6 dai.

Definition — Expected value (gi3 tri ky vong)

If an experiment gives the values x, x,, . .., ¢, with probabilities p;, p, - . . , D, its expected value is E = x1p; + xapy +
-+ TPk

Ky vong la trung binh vé Lau dai: chgi trd chai rat nhiéu Lan, diém trung binh méi lan tié€n gan téi E. D4y chinh L& trung binh

Ny

cobng ctia muc 9.1 vdi “tan s8” thay bang xdc suat. Ky vong clia mét con xuc xac: U%T”"—ﬁ = 35

Key Idea — Ky vong cla tdng = tdng c3c ky vong
Quay mbt vong quay hai l&n, ky vong cla téng diém bang hai lan ky vong clia mét lan quay. Téng quat, ky vong clia mét téng
ludn bang t6ng cac ky vong — ké ca khi cdc phan khéng ddc lap. Nhd dé nhiéu bai ky vong khéng can liét ké moi két qua.
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Example 9.12 Ky vong véi mét lan gieo thém

In a game, Minh rolls a fair six-sided die. If he rolls 1 or 2, he scores 0 points. If he rolls 3, 4, or 5, he scores that many
points. If he rolls a 6, he rolls the die once more and scores twice the number on this second roll. What is the expected
number of points Minh scores?

5 19 10 7
A) = (8) 3 c) — D) — E) -
(A) 2 (C) 5 (D) 3 (E) 5

5 . 19
SOLUTION - LOI GIAI - Answer: (C) 3

Chia theo lan gieo dau (méi mat xac suat %):

o M3t 3,4,5 gdp T8 =2,

e M3t 6: diém L3 2% (lan gieo thif hai), ky vong 2 - 3,5 = 7; gép % -7
o M3t 1,2 gdp O.

E=2+1=2D3p4n ().

Béy: bo qua luét gieo lai, coi m3t 6 dugc 6 diém, ra H4EE46 = 3 (B).

7
B

Insight - Chia trudng hgp theo budc dau; trong mdi nhdnh duing ky vong ctia nhanh dé, réi ldy trung binh cd trong s8 theo xdc
suét.

Common Trap — Ky vong khdng nh3t thiét 13 mot két qua c6 thé

Ky vong 16—9 ~ 3,17 diém & vi du trén khéng phai sé diém Minh cé thé dat trong mét lan choi. Ding loai ddp &n phan sé chi vi
“khéng thé ghi dudc 3,17 diém”. Ngudc lai, diing tinh ky vong bang trung binh cdng cac két qua cé thé cé — phai nhan vdi xac
suét.

G Worked Examples — Competition Level

Vi du mau muc thi diu

Hai vi du dudi day 8 muc cdu 20-25 cla AMC 8: thdng ké va xac suit dan vao nhau, hodc xac suét hinh hoc trén mét hinh
vudng. Hay tu lam it nhat 10 phut trudc khi doc LSi gidi.

" Example 9.13 Trung binh bang trung vi 1

Three fair six-sided dice are rolled. What is the probability that the mean of the three numbers rolled is equal to their
median?

1 1 1 7 2

A) — B) - C) - D) — E) -

()12 ()9 ()6 ()36 ()9
SOLUTION - LOI GIAI - Answer: (D) %

Sap x€p bas6 x < y < z. Trung vi la y; trung binh bang y khiz + y + z = 3y, tlc z — y = y — x: ba s6 (d3 sdp x&p) lap
thanh cap s8 cdng (cd thé cé cdng sai 0).
Dém 216 két qua cd thir tu theo bd gid tri:

e Cbng sai 0 (ba s8 bang nhau): 6 bd, mdi b6 1 két qua: 6.

e Cong sai 1: (1,2,3),...,(4,5,6): 4 bd. Cong sai 2: (1,3,5), (2,4, 6): 2 bd. Mbi bd ba s8 khac nhau ing vdi 3! = 6 két
qua: 6 -6 = 36.
Xac sust 836 — 42 — 3—76.Dép an (D).

216 216

Bay: quén trudng hgp ba s8 bang nhau ra % = % Q).

Insight - Dich diéu kién théng ké sang ciu truic sé: “trung binh = trung vi” vdi ba sé nghia la cip s8 cong. Sau dé dém bd
khong th tu, nhan s6 hodn vi.
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Example 9.14 Hai s6 thuc va mét tam gidc

Real numbers = and y are each chosen at random from the interval 0 < z < 4,0 < y < 4, independently, with all values
equally likely. What is the probability that there is a triangle (with positive area) whose side lengths are z, y, and 2?7

1 5 3 7
(A) 2 (B) 3 (€) 1 (o) — (E) 3

R . 5
SOLUTION - LOI GIAI - Answer: (B) g
Cdp (z,y) la moét diém ngdu nhién trong hinh vudng 4 x 4, dién tich 16. Ba doan tao dugc tam gidc khi mdi canh nho
hon téng haicanh kia: z +y > 2,z +2 >y, y + 2 > .

Bo di ba mién tam gidc vudng (xem hinh): z + y < 2 8 géc dudi trdi, dién tich % = 2;z —y > 2 & géc dudi phai, dién tich
2;y —x > 2 8 gdc trén trdi, dién tich 2. Ba mién nay khéng chéng lén nhau.

Mién thudn gi c6 dién tich 16 — 6 = 10, xac sudt 13 = 2. Dap an (B).

Béy: chi nhd diéu kién z +y > 2ra 3 = I; hodc quénndra 12 = 3.

Insight - Hai s6 thuc ngdu nhién = mét diém trong hinh chit nhat. Mdi bat ddng thiic la mét nita mat phang; vé ra roi tinh dién
tich bang céch trir cac tam gidc.

. J

o Exercises 1- Foundation
Bai tip 1 - Nén tang

*

9.1 The mean of four numbers is 15. When a fifth number is added, the mean of the five numbers is 18. What is the fifth
M number?

(A) 18 (B) 21 (C) 24 (D) 27 (E) 30

9.2 The bar graph shows how many ice creams a shop sold on each day of one week. On how many days did the shop
¢ sell more ice creams than its mean number of ice creams per day for that week?

Ice creams sold

3o} ¢
(=}

]

Mon Tue Wed Thu  Fri Sat  Sun
(A) 2 (B) 3 (C) 4 (D) 5 (E) 7
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9.3 The spinner shown has four sectors labeled 2, 3, 4, and 5, with the central angles shown. If the spinner is spun once,
+ what s the probability that it lands on a prime number?

60°

120°

1 7 3 2 3
(A 5 (B) © D) 3 (€ -

9.4 The circle graph shows how the 40 students in a class travel to school. What is the central angle, in degrees, of the

(A) 72 (B) 90 (C) 108 (D) 120 (E) 144

. sector for students who walk?

9.5 Whatis the mean of all the odd integers between 10 and 507
“ (A) 30 (B) 31 (C) 35 (D) 39 (E) 40

9.6 The dot plot shows how many books each of 15 students read during the summer. What is the sum of the mean, the
++  median, and the mode of these 15 numbers?

o
® O
® O ® 0 o

® 6 ¢ 6 6 o o

] 1 ] 1 1 ] 1

1 1 1 1 1 1 1

0 1 2 3 4 5 6
Number of books read

(A) 9 (B) 9.5 (C) 10 (D) 10.5 (E) 11

9.7 Aninteger is chosen at random from 1 to 30, inclusive. What is the probability that it has no common factor greater
*+  than 1 with 307

1 4 1 2 7
(A) 5 (B) ' (C) 3 (D) B (E) I

9.8 Two fair coins are tossed and a fair six-sided die is rolled. What is the probability that at least one coin shows heads
*+ and the die shows a number greater than 4?

1 1 1 1 1
(A) T (8) 5 (€ 1 (D) 3 (E) 3
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1
A bag contains only red, blue, and green marbles. If one marble is drawn at random, the probability that it is red is 3

1
and the probability that it is blue is 1 There are 6 more green marbles than blue marbles. How many marbles are in
the bag?
(A) 24 (B) 28 (C) 32 (D) 36 (E) 48

9.10 The stem-and-leaf plot shows the heights, in centimeters, of 13 plants. What is the median height minus the mode
++  height, in centimeters?

Stem Leaf

1 4 7 9 9 9
2 1 3 6 8
3 0 5 5

4 3

Key: 1 |4 means 14 cm

(A) 0 B) 1 (C) 2 (D) 3 (E) 4

9.11 The line graph shows the height of a plant at the end of each week, from week 0 to week 6. During how many of the

.0

six weeks did the plant grow by more than its mean growth per week over the six weeks?

Height (cm)
25

20

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

9.12 Two fair six-sided dice are rolled. What is the probability that both numbers are odd and their sum is greater than 6?

*e

First die

1 2 3 4 5 6

1

2

3

Second

die 4

5

6
1 1 1 1 1
A) — B) — C) - D) - E) -
()18 ()12 ()9 ()6 ()4
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Exercises 2 - Competition Core * %k
Bai tap 2 - Trong tam ky thi

9.13 A teacher computed the mean score of the 30 students in her class. Then she noticed that she had recorded one
*+  student's score of 86 as 68 by mistake. After she corrected the mistake, by how much did the mean score of the class

increase?
(A) 0.3 (B) 0.6 (C) 0.9 (D) 1.8 (E) 18

9.14 In a math club, the ratio of boys to girls is 3 : 2. The mean age of the boys is 13 years, and the mean age of all the
*+ members is 13.4 years. What is the mean age of the girls, in years?

(A) 14 (B) 14.2 (C) 14.4 (D) 14.6 (E) 15

9.15 The spinner shown is divided into four sectors worth 0, 5, 10, and 50 points, with the central angles shown. What is
*+  the expected number of points from one spin?

36°

72° 144°

108°
(A) 6 ® % (© 8 © 5 ® 2

9.16 Two fair six-sided dice are rolled. What is the probability that the two numbers rolled have a common factor greater
**  than1?

First die

1 2 3 4 5 6

Second
die 4

1 11 1 13 7
(A) 1 (B) 36 (C) 3 (D) %6 (E) 5

9.17 Thedigits 1, 2, 3, 4 are arranged in a random order to form a four-digit number. What is the probability that the
¢+ number is divisible by 4?

1 1 5 1 1
(A) 3 (8) 5 © 5 ) (E) 3

9.18 A school sells 200 raffle tickets for 10 000 déng each. One ticket wins a prize worth 500 000 déng, two tickets win
++  prizes worth 200 000 déng each, five tickets win prizes worth 50 000 déng each, and the other tickets win nothing. For
a person who buys one ticket, what is the expected value, in déng, of (prize won) — (price of the ticket)?

(A) —5750 (B) —4250 (C) —1000 (D) 4250 (E) 5750
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9.22

9.27

*e00

How many different lists of five positive integers (the order of the numbers in a list does not matter) have mean 8,
median 8, unique mode &, and range 117

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6
Three different cards are drawn at random from seven cards numbered 1 through 7. What is the probability that the
sum of the numbers on the three cards is odd?

3 16 1 19 4
A) - B) — C) - D) — E) -
()7 ()35 ()2 ()35 ()7

At a random moment between 3:00 and 4:00, Mai looks at a clock with an hour hand and a minute hand that both
move steadily. What is the probability that the angle between the two hands is less than 30° at that moment?

1 1 2 1 1
A) — B) - C) — D) - E) -
()12 ()6 ()11 ()5 ()3
A die is weighted so that the probability of rolling each number 1, 2, 3, 4, 5, 6 is proportional to that number. (For
example, a 6 is three times as likely as a 2.) What is the probability of rolling an even number?

4 3 5 2 5
(A) = ®) - © 3 () 3 (€) =

2 1
The probability that it rains on Saturday is 3 If it rains on Saturday, the probability that it rains on Sunday is 5; if it

1
does not rain on Saturday, the probability that it rains on Sunday is 5 What is the probability that it rains on exactly

one of the two days?

6 7 8 9 2
(A o= (B) > © = D) o () -

An integer is chosen at random from 1 to 100, inclusive. What is the probability that it has exactly 3 positive divisors?

A 1 B 1 c 3 D 2 E 1

()25 ()20 ()50 ()25 ()10
Three boys and three girls stand in a row in a random order, with all orders equally likely. What is the probability that
boys and girls alternate (no two boys are next to each other and no two girls are next to each other)?

1 1 1 1 1

(A) =5 B) o5 © = D) € 35
The five numbers 72, 85, 90, 78, and « have a mean that is 3 greater than their median. What is x?

(A) 80 (B) 95 (C) 105 (D) 110 (E) 115
Exercises 3 - Challenge k&
Bai tap 3 - Thif thach

Ten whole numbers, each from 1 to 5, have mean 3.5, and 5 is their unique mode. What is the greatest possible
number of 1s among the ten numbers?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
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9.28 Eight points are arranged in 2 rows of 4, with neighboring points 1 unit apart, as shown. Three of the eight points are
++++ chosen at random. What is the probability that they are the vertices of a right triangle? (One right triangle is shaded.)

3 1 5 6
(A) - (B) 5 (€ (D) Z (E) -

ISTIFS

9.29 Three fair six-sided dice, one red, one white, and one blue, are rolled. What is the probability that the number on the
e+++  red die is strictly between the numbers on the other two dice?

5 1 4 1 5
(A o 8 3 € 5 D) ¢ (E) 57

9.30 A teacher has a list of test scores. If the highest score is removed from the list, the mean of the remaining scores is 2

*+++  |ess than the mean of the whole list. If instead the lowest score is removed, the mean of the remaining scores is 3
more than the mean of the whole list. The highest score is 50 points more than the lowest score. How many scores
are in the list?

Integer answer - Dap s6 nguyén S

9.31 A square with side length 4 has the 9 marked points shown: its 4 vertices, the midpoints of its 4 sides, and its center.
e+++ A pointis chosen at random inside the square. What is the probability that its distance from each of the 9 marked
points is greater than 1?

® @ L
( { (
@ ® L
2 2
™ ™ ™ ™ ™
(A)lfz (3)1*6 (C)1—§ (D)Z (E)lfﬁ

9.32 Three different integers are chosen at random from 1,2, 3, ...,10. What is the probability that the mean of the three
++++  chosen integers is itself an integer?

1 3 1 7 2
(A) 7 B) (© 3 (0) 5 () =

9.33 Three different numbers are chosen at random from 1, 2,3, ...,10. What is the probability that the mean of the other
eess seven numbers is an integer?

2 1 3 7 9

A) — B) - C) — D) — E) —

()15 ()7 ()20 ()20 ()10
9.34 Aninteger is chosen at random from 1,2, 3, ..., n. For how many values of n with 1 < n < 100 is the probability that

*e00

2
the chosen integer is divisible by 2 or by 3 (or both) greater than §?

Integer answer - Dap s6 nguyén S

9.35 In a game, Bdo rolls a fair six-sided die. If he rolls 1 through 5, he scores that number and the game ends. If he rolls a
+++s+ G, he scores 6 points and rolls again, and he keeps going this way, adding up all the numbers he rolls, until he rolls a
number other than 6. What is the expected total score?

7 49 21 9
- (B) 4 = - Z
(A) 5 © - (D) 3 (E) 5
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9.36 The eight cards numbered 1 through 8 are shuffled. Lan takes four of them at random, and Minh takes the other four.
e+sse What is the probability that the sum of Lan's numbers is greater than the sum of Minh's numbers?

3 31 1 39 4

A) - B) — C) - D) — E) =

(A) = (8) = (© 3 (D) =5 (E) -
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Angles, Triangles & Polygons
Goc, tam giac & da giac

Mbi dé AMC 8 cé khodng 6-8 ciu hinh hoc, va mét nifa trong s6 d6 chi can dung chudng nay: tinh géc véi dudng song
song, t8ng gdc tam gidc, tam gidc can, bat d3ng thiic tam gidc, tam gidc bang nhau va gdc cla da gidc. Chuong day
cach “dudi géc” cé hé théng (88t mdt &n, dung dinh ly gdc ngoai, chét bang tdng 180°/360°), cdch dém tam gidc canh
nguyén, va cach nghi bang gdc ngoai khi gdp da gidc. Lbi mat diém hay gdp: coi hai dudng “tréng song song” la song
song, quén trudng hgp clia tam gidc cin, nhan tam gidc bet, va dung t6ng gdc ngoai cho da gidc 1dm. Chuong 11 sé
thém dién tich va Pythagoras.

v DUng thanh thao c8p gdc, gdc so le/dbng vi/trong cling
phia va quy tdc dudng gap khuc giita hai dudng song song.

v Ap dung b4t ddng thic tam gidc dé dém tam gidc canh

v Buéi gdc trong tam gidc bang téng 180°, dinh ly géc
ngoai, tam giac can, cdng thic ZBIC = 90° + %ZA.

v Nhén ra tam gidc bdng nhau (c.c.c, c.g.c, g.c.g) 4n trong

hinh vuéng, hinh thoi, tam gidc déu; dung tinh chat cac td
giac dac biét.

nguyén; so sanh d6 dai bang dinh ly canh—-gdc.

v Tinh téng gdc trong/ngoai, géc da gidc déu, sé dudng
chéo; gidi bai da gidc bang gdc ngoai va diéu kién chia hét.

vertical angles - géc d6i dinh supplementary / complementary - bu nhau / phu nhau transversal - cat tuyén

alternate interior angles - goc so le trong corresponding angles - géc déng vi exterior angle - géc ngoai

isosceles / equilateral - can / déu angle bisector - tia phan giac triangle inequality - bat ddng thifc tam gidc

congruent - bang nhau (trung khit) parallelogram / rhombus - hinh binh hanh / hinh thoi kite - hinh cénh diéu

regular polygon - da gidc déu diagonal - dugdng chéo

\_ J

o 10.1 Angle Pairs and Parallel Lines
C3p géc va dudng thang song song

Moi bai tinh géc 8 AMC 8 déu x4y trén vai su that rat ngan. Cai khé La nhin ra ching trong mét hinh réi. Théi quen t8t nhat:
ddt 8n cho mét géc chua biét, réi viét moi gdc khac theo an dd, cho tdi khi g8p mét ddng thiic (t6ng 180°, téng 360°, hai géc
bang nhau).

Definition — Angle pairs (cac c3p goc)

Two angles are complementary if they add to 90° and supplementary if they add to 180°. When two lines cross,
opposite angles are vertical angles and are equal. Angles around a point add to 360°; angles on one side of a straight
line add to 180°.

Hai géc phu nhau cé tng 90°, bu nhau cé t6ng 180°. Hai dudng thang cdt nhau tao hai cdp géc d8i dinh (bang nhau). Ly do:
g6c 1 va goc 3 cung bu véi goc 2.
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Theorem — Parallel lines and a transversal (song song va cat tuyén)

If £ || m and a line ¢ (a transversal) crosses both, then corresponding angles are equal (£1 = /5), alternate interior
angles are equal (£3 = /5, /4 = /6), and same-side interior angles are supplementary (£4 + /5 = 180°).
Conversely, if any one of these holds, then £ || m.

Gdc ddng vi bang nhau, gdc so le trong bang nhau, hai géc trong cling phia bu nhau. Meo nhd: trong hinh, moi géc nhon bang
nhau, moi géc tl bang nhau, va mét géc nhon céng mét géc tu duge 180°.

- Example 10.1 Phan giac cha hai goc ké bu ‘

Lines AB and CD intersect at O, and ZAOC = 64°. Ray OFE bisects ZBOD. Ray OF is perpendicular to ray OFE, with
F on the same side of line AB as C. What is the degree measure of Z/COF?

(A) 26 (B) 32 (C) 52 (D) 58 (E) 64

SOLUTION - L3I GIAI - Answer: (D) 58
Déi dinh: ZBOD = ZAOC = 64°, nén ZBOE = 32°. Ké bli: ZBOC = 180° — 64° = 116°.
VIOF 1. OE: /ZBOF = 90° — 32° = 58°. Do d6 ZCOF = 116° — 58° = 58°. Ddp 4n (D).

Nhan xét: ZOOF = ZFOB, tic OF chinh |a phan gidc ctia ZBOC. Bay: dliing 8 32° (géc BOE) hodc ldy nham géc ddi
dinh 64°.

Insight - Phan gidc cha hai géc ké bl luén vudng gdc vdi nhau (vi =4 180sz = 90°) — gap hai tia vudng gdc, hady nghi tdi
diéu ngudc lai.
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Key Idea — Quy tac dwdng gap khic (the “bent line” rule)

If £ || m and a broken line goes from A on £ to a point P between the lines and then to B on m, bending toward the side
where the angles are measured, then ZAPB = a + .

Ching minh: ké qua P dudng thdng song song vdi £ (nét dut). N6 chia ZAPB thanh hai gdc so le trong véi a va 3. Téng quat:
vdi dudng gép khuc nhiéu khic gilfa hai dudng song song, téng cac géc “chia sang phai” bang tdng cac gdc “chia sang trai”
— chi can k& mét dudng song song qua méi dinh gap.

" Example 10.2 Pudng gap khuc hai khic .

In the figure, lines £ and m are parallel. The broken line APQ B goes from A on £to B onm; X is a point on £ to the
right of A, and Y is a point on m to the left of B. If /X AP = 30°, ZAPQ = 100°, and ZPQB = 110°, what is the
degree measure of ZQBY?

(A) 30 (B) 40 (C) 50 (D) 70 (E) 140

SOLUTION - L3I GIAI - Answer: (B) 40
Ké qua P va qua @ hai dudng thang song song vdi £.
Tai P: phan trén clia ZAPQ so le trong véi ZX AP nén bang 30°; ph&n dudi bdng 100° — 30° = 70°.

Tai Q: phan trén clia ZPQB so le trong véi phan 70° & P; phan dudi bang 110° — 70° = 40°, va phan nay so le trong vdi
/QBY.Viy ZQBY = 40°. Dap 4n (B).

Kiém tra bang quy tac “trdi = phai”: cdc gdc chia sang phai la ZP = 100° va ZQBY; chia sang trai la 30° va 110°: 100 +
40 = 30 + 110. v Bay: chi dung mét dinh gdp (100 — 30 = 70).

Insight - M6i dinh gdp = mét dudng song song phu. Géc “di qua” dudng phu dudc chuyén nguyén ven sang dinh ké tiép.

Common Trap — Dirng “th3y” song song khi dé khdng néi

Moi quy tic trén chi dung khi hai dudng thdng that su song song (dé ndi, hodc hinh cé ky hiéu mii tén). Hai dudng “tréng song
song” trong hinh khéng phai & c8n cu. Lbi th hai: dung “bang nhau” cho hai géc trong cung phia — ching bl nhau, chi bang
nhau khi cing bang 90°.
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Tip — Trong phong thi
Hinh cé hai dudng song song va mét diém gép & gilta = ké ngay dudng song song thi ba qua diém gép. Hinh cé nhiéu tia chung

g6c — viét céc gdéc theo mét &n va dung tdng 180° (mét nila mat phdng) hodc 360° (quanh diém).

n 10.2 Angles in Triangles

Géc trong tam giac

Theorem — Triangle angle sum (t8ng ba géc tam gisc)

The three angles of every triangle add to 180°.
Ching minh: qua A ké dudng thang song song vdi BC. Hai gdc so le trong cho ta lai hai géc b va ¢ & dinh A; ba géc b, a, c ghép
thanh mot géc bet.

Theorem — Exterior Angle Theorem (dinh ly géc ngoai)

An exterior angle of a triangle equals the sum of the two interior angles that are not adjacent to it: ZACX = ZA + /B.
Vi ZACX va ZACB cung bl nhau, ma ZA + /B + ZACB = 180°. D4y la cdng cu nhanh nhat trong cdc bai “dudi géc” (angle
chasing): mot budc thay cho hai.

A

Definition — Isosceles and equilateral triangles (tam gidc c3n, tam gidc déu)

A triangle with two equal sides is isosceles; the angles opposite the equal sides (the base angles) are equal, and
conversely two equal angles force the opposite sides to be equal. A triangle with three equal sides is equilateral; each
of its angles is 60°.

Ly do: dudng trung tuyén AM chia tam gidc can thanh hai tam gidc bang nhau (c.c.c, muc 10.4), nén /B = ZC, va AM dbéng
thdi l& phan gidc, dudng cao. Trong hinh: hai canh cling s6 gach — hai géc ddi dién biang nhau — ddnh diu ngay khi thay.

Tpr------Swa
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" Example 10.3 Mot diém cach déu ba dinh

In AABC, point M lies on side BC with MA = MB = MC, and ZAMC = 118°. Whatis ZABC — ZACB, in
degrees?
A

(A) 22 (B) 28 (C) 31 (D) 59 (E) 62
SOLUTION - L3I GIAI - Answer: (B) 28

» o 180° — 118° )
Tam gidc AMC céntai M: ZMCA = — = 31°, tic LACB = 31°.

Géc ngoai: LZAMC = LZMAB + Z/MBA, ma tam gidc AM B can tai M nén hai géc nay bang nhau: ZABC =
118°/2 = 59°.

Hiéu: 59° — 31° = 28°. Dap 4n (B).

Déy: LZBAC = 59° + 31° = 90°. Bay: tra (3i 31 hodc 59 (chi mbt gdc) hay 62 (géc AM B).

Insight - Néu m6t diém trén canh BC' céch déu A, B,C thi /A = /B + ZC, nén ZA = 90°. G3p nhiéu doan bang nhau

chung m6t ddu mut = tach thanh cic tam gidc can.

Key Idea — Hai hé qua dung m3i
(1) Dart (arrowhead) rule: if D is inside AABC, then /BDC = /A+ ZABD + ZACD. (2) If the bisectors of /B and
£C meetat I, then ZBIC = 90° + ;/A.
(1) Kéo dai BD cat AC, r6i dung dinh ly géc ngoai hai lan. (2) Trong tam gidc BIC: ZIBC + ZICB = %(AB + £0) =
5(180° — ZA),nén ZBIC = 180° — 90° + 3 ZA.
A

A
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- Example 10.4 Gdc tao bdi hai phan giac

In AABC, the bisectors of ZABC and ZAC B meet at I. The measure of ZBIC is 63° more than the measure of
/BAC. What is the degree measure of ZBAC?

A

(A) 36 (B) 54 (C) 63 (D) 78 (E) 117

SOLUTION - L3I GIAI - Answer: (B) 54

Theo hé qua (2): ZBIC = 90° + %ZA. Dé cho /BIC = LA + 63°.

Vay 90 + %A = A+63,suyra %A = 27, A = 54°. Bdap an (B). Khi doé /BIC = 117°.
Bay: nhd nham ZBIC = 180° — %LA séra A="T8%1trd 8 Z/ZBIC thay vi ZAra 117.

Insight - Céng thic ZBIC = 90° + %ZA bién moi bai “hai phan gidc trong” thanh mét phuang trinh bac nhat.

" Example 10.5 DEm tam gidc theo géc (ndi chudng dém)

All three angles of a triangle are whole-number multiples of 15°. Two such triangles are considered the same if they
have the same three angle measures. How many different triangles of this kind are obtuse?

(A) 3 (B) 5 (C) 6 (D) 9 (E) 12

SOLUTION - L3I GIAI - Answer: (C) 6

Viét cac géc la 15a, 15b, 15¢ vdia < b < ¢ nguyén dudng. Téng 180° cho a + b + ¢ = 12.

Tam gidc tu khi géc ldn nhat 15¢ > 90, tlic ¢ > 7. C8 dinh ¢ réi liét ké (a,b) véia < b < ¢
c=Ta+b="5:(1,4),(2,3);c=8a+b=4:(1,3),(2,2); c = 9: (1,2); ¢ = 10: (1, 1). Téng 6. Dap &n (C).
Toan bd ¢6 12 bd: 3 bd vudng (¢ = 6), 3 bd nhon ((2,5,5), (3,4,5), (4,4, 4)) va 6 bo tu.

Insight - D3i géc sang “don vi” (15°) dé thanh bai chia s6 nguyén; liét ké theo phan Llén nhat dé khong sét, khong triing.

Common Trap — Tam giac can: géc d3 cho 13 géc nao?
“Mo6t tam gidc cin cé mét gdc 50°” chua du dé biét hinh dang: 50° ¢cé thé la géce & dinh (50, 65, 65) hodc gdc & ddy (50, 50, 80).
Né&u géc da cho > 90° thi nd chi cé thé la géc & dinh. Khi dé hdi “téng cac gid tri c6 thé”, lubn xét ca hai trudng hdp.

Tip — Dudi gbc c6 hé théng
(1) Bénh d&u moi cdp canh bang nhau = cdp gdéc bang nhau. (2) D&t mét &n = cho géc nhd nhat chua biét. (3) Di vong hinh
bang dinh ly gdc ngoai, viét mbi gdc theo z. (4) Chét bang mét téng 180°/360°. Ddp én AMC 8 gan nhu ludn L& s8 nguyén a6 —

ra s6 L& la nén kiém tra lai.
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o 10.3 The Triangle Inequality; Sides and Angles

B&t dang thitc tam gidc; canh va géc déi dién

Theorem — Triangle Inequality (b3t d3ng thirc tam gisc)

Positive numbers a < b < c are the side lengths of a (non-degenerate) triangle if and only if a 4+ b > c. Equivalently, for
any two sides a, b, the third side ¢ satisfies [a — b| < ¢ < a +b.

Pudng thdng la dudng ngan nhat: di tir A téi B vong qua C phai dai han di thdng. Khi a 4+ b = ¢, ba diém thdng hang — tam gidc
“bep” (degenerate), khéng dudc tinh la tam gidc. Chi can kiém tra mét bat d3ng thdc: tdng hai canh nhé l8n hon canh l8n nhét.

3 +4 <8: khong cham nhau 3 +4>6: ghép duoc
4
/ /\
8 6

Theorem — Larger side < larger angle (canh I&n ddi dién goc 1é6n)

In any triangle, the longer of two sides is opposite the larger of the two angles, and conversely. In particular the longest
side is opposite the largest angle.

Vi du: tam gidc cé céc géc 40°,60°, 80° thi canh déi dién gdéc 80° dai nhat, canh d6i dién 40° ngan nhat. Dinh ly nay so sanh dudc
d6 dai ma khong can tinh — rat hop véi AMC 8 (khéng b lugng gidc).

Example 10.6 C8 dinh canh l&n nhat

How many noncongruent triangles have integer side lengths and longest side of length exactly 9?7

(A) 16 (B) 20 (C) 25 (D) 29 (E) 45
SOLUTION - L3I GIAI - Answer: (C) 25

Goi cidccanh la a < b < 9. Diéu kién duy nhat can kiémtralaa +b > 9, tlca > 10 — b.

b=9%a=1,...,99cach);b=8a=2,...,8(7);b=Ta=3,...,7(5);b=6:a=4,5,6(3);b=5:a=5(1);b< 4
khong co.

Téng 9+ 7+ 5+ 3+ 1= 25.Ddp dan (C).
Bay: cho phép a + b = 9 (tam gidc bet) thém 4 bd, ra 29; quén diéu kién tam gidc ra 45 (moicdpa < b < 9).

Insight - DEm tam gidc canh nguyén: ¢8 dinh canh 8n nhat, khi d6 chi con mét bat ddng thic; cdc s6 dém thudng l&p thanh
day l&/chn dep.
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" Example 10.7 Doan nao dai nhat? |

In quadrilateral ABC' D shown, ZABD = 55°, ZADB = 60°, ZCBD = 70°, and ZC DB = 45°. Which of the five

segments AB, AD, BC, BD, CD is the longest?

(A) AB (8) AD (C) BC (D) BD () CD

SOLUTION - L8I GIAI - Answer: (E) CD

Tam gidc ABD: /A = 180° — 55° — 60° = 65°. Canh d8i dién 55°,60°, 65° lan ludt 3 AD, AB, BD, nén AD < AB <
BD.

Tam gidc OBD: /C = 180° — 70° — 45° = 65°. Canh d&i dién 45°, 65°,70° la BC, BD, CD, nén BC < BD < CD.
Ghép hai chudi qua canh chung BD: C'D dai nhat. Bdp an (E).

Insight - So sanh d6 dai trong hinh nhiéu tam gidc: xép thif tu trong titng tam giac theo gdéc ddi dién, réi ndi cac chudi qua

canh chung.

Common Trap — Ba I16i hay g3p v&i bat d3ng thirc tam gisc

(1) DUng “>" thay cho “>": ba que 3, 4, 7 khéng tao thanh tam gidc. (2) Chi kiém tra a + b > c v8i c khéng phai canh ldn nhat —
ludn sdp xép canh trudc. (3) Khi canh chira 8n (nhu x + 4, 2z — 3), phai kiém tra ca ba bt d3ng thic va diéu kién mdi canh
duong, vi chua biét canh nao lén nhat.

Tip — Nh3n dang

Dé hdi “bao nhiéu gia tri nguyén clia canh thd ba” = khoang |a — b| < ¢ < a + b, d&m s6 nguyén bén trong (khéng L&y hai dau).
Dé hdi “canh nao dai nhat/ géc nao l8n nhat” ma khéng cho s6 do canh — dinh ly canh—-gdc. M& réng cho da gidc: n doan thang
ghép dugc thanh mét da gidc khi va chi khi doan dai nhit ngan hon téng cac doan con lai.

n 10.4 Congruent Triangles and Special Quadrilaterals

Tam gidc bang nhau va cdc tu gidc dic biét

Definition — Congruence tests (cac trudng hop b3ng nhau)

Two triangles are congruent if one can be moved (slid, turned, flipped) onto the other. They are congruent if they agree
in SSS (three sides), SAS (two sides and the angle between them), or ASA/AAS (two angles and one corresponding
side). Congruent triangles have all corresponding sides and angles equal.

Ba trudng hdp: c.c.c, c.g.c (géc phai xen gilta hai canh), g.c.g. 3 AMC 8, tam gidc bing nhau thudng “&n” trong hinh vudng, hinh
thoi, tam gidc déu: cac canh bang nhau cé sdn, chi can tim gdc xen gitra.
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Common Trap — c.c.g (SSA) va g.g.g (AAA) KHONG di
Hai tam gidc ABC va ABC' trong hinh c6 chung AB, chung géc A, va BC = BC’, nhung ré rang khéng bang nhau: canh BC
“lac” dudc vé hai phia. Ba géc bdng nhau (g.g.g) chi cho hai tam gidc déng dang (cling hinh dang, khéc c8).

B

Theorem — Special quadrilaterals (t& gidc dac biét)

Angles of any quadrilateral add to 360°. In a parallelogram: opposite sides are equal, opposite angles are equal,
consecutive angles are supplementary, and the diagonals bisect each other. A rhombus (four equal sides) is a
parallelogram whose diagonals are perpendicular and bisect its angles. A rectangle is a parallelogram with equal
diagonals. In a kite (AB = AD, CB = CD) the diagonal AC is a line of symmetry. In an isosceles trapezoid the two
base angles at each base are equal.

Moi tinh chat trén déu chiing minh bang tam gidc bang nhau: vi du dudng chéo chia hinh binh hanh thanh hai tam gidc bang
nhau (g.c.g, nhd hai cdp gdc so le trong).

Tu giac Canh Géc DPudng chéo
Hinh binh hanh | d6i bang nhau, d6i song song | d6i bang nhau; ké bl nhau cat nhau tai trung diém mébi dudng
Hinh thoi 4 canh bang nhau nhu hinh binh hanh vubng gdc; la phan giac cac goc
Hinh chit nhat d8i bang nhau 4 gdéc vudbng bang nhau, cit tai trung diém
Canh diéu 2 cép canh ké bang nhau mot cdp gdc ddi bang nhau | vudng gdc; mét dudng la truc déi xiing
Hinh thang can 2 canh bén bang nhau 2 géc ké mbi ddy bang nhau bang nhau

Example 10.8 Tam gidac bang nhau an quanh hinh vuéng

Square ABC D has equilateral triangles BCE and CDF drawn outside it, as shown. What is the degree measure of
/BEF?

(A) 60 (B) 65 (C) 70 (D) 75 (E) 80
SOLUTION - L3I GIAI - Answer: (D) 75

Moi doan AB, BE,CE,CF,DF, AD déu bang canh hinh vuéng. Tinh ba géc xen giifa:

/ABE = 90° + 60° = 150°, ZADF = 90° + 60° = 150°, va quanh C: ZECF = 360° — 90° — 60° — 60° = 150°.

Ba tam gidc ABE, ADF, ECF bang nhau (c.g.c: hai canh bang canh hinh vudng, géc xen gilta 150°), nén AE = AF =
EF:tam gidc AEF déu, ZAEF = 60°.
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180° — 150°
Tam gidc ABE cantai B: ZAEB = — = 15°. Vay ZBEF = 15° 4+ 60° = 75°. Dap an (D).

Insight - Nhiéu doan bang nhau (canh hinh vudng, tam gidc déu) + cdc gdc xen gilta bang nhau — tim bd tam gidc bang nhau

(c.9.c); két qud thudng la mo6t tam gidc déu hodc vudng cin “bat ngd”.

' Example 10.9 Hinh thoi va mét tam gidc can \

Rhombus ABCD has ZDAB = 64°. Point E lies on side CD so that BE = BC. What is the degree measure of
/AEB?

C

(A) 52 (B) 56 (C) 58 (D) 61 (E) 64

SOLUTION - L3I GIAI - Answer: (C) 58
Gdc d6i cta hinh thoi bang nhau: ZBCD = 64°; géc ké bu: ZABC = 116°.

Tam giac BCE can tai B: ZBEC = 64°,nén ZCBE = 180° — 128° = 52° va ZABE = 116° — 52° = 64°.

180° — 64°
M&u chét: BA = BC = BE (canh hinh thoi), nén tam gidc ABE ciling can tai B: ZAEB = — = 58°. Dap an

(©).
Bay: ldy ZCBE = 52° hay ZBEC = 64° lam dap s6.

Insight - Hinh thoi cho s&n bén doan bang nhau; m6t diém mdi cach B ding bdng canh hinh thoi tao thém mét tam gidc cin
chung dinh B.

Tip — Th3y hai doan b3ng nhau chung mét d3u mit
..thi cé mét tam gidc can (ddnh ddu hai géc ddy). Thay ba doan b3ng nhau chung mét ddu mut B (BA = BC = BE) thi cé ba
tam gidc can chung dinh — dy la chd cdc bai AMC 8 hay “gidu” L&i gidi. Thdy hinh vuéng hodc tam gidc déu ghép canh nhau —

tim cdc tam gidc bang nhau theo c.g.c.

Chinh phuc AMC 8 — 154 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



883“0 8020 AMC 8 Mastery

o 10.5 Polygons: Angle Sums, Regular Polygons, Diagonals

Pa giac: téng gdc, da gidc déu, dudng chéo

Theorem — Interior angle sum (tf;ng cac gbc trong)

The interior angles of a polygon with n sides add to (n — 2) - 180°. This holds for every simple polygon (sides do not
cross), convex or not.

TU mot dinh cla da gidc L6i ké n — 3 dudng chéo, chia da gidc thanh n — 2 tam gidc; gdc clia cac tam gidc ghép ding thanh cic
géc clia da gidc. Nhd: tr giac 360°, ngli giac 540°, luc giac 720°, bat giac 1080°.

Theorem — Exterior angle sum (tdng cdc géc ngo3i)
At each vertex of a convex polygon take one exterior angle. These n exterior angles always add to 360°, whatever n is.

Di m6t vong quanh da gidc, 8 mdi dinh ta ré mét géc bang gdéc ngoai; vé chd cil, ta d3 quay ding mét vong 360°. Cach khac: n -
180° — (n — 2) - 180° = 360°.

Theorem — Regular polygons and diagonals (da gidc déu, dwdng chéo)

o ° —92).180°
60 and each interior angle is 180° — 360 = (n Jo I . A convex n-gon
) n n n

diagonals.

Each exterior angle of a regular n-gon is

n(n —

2
Budng chéo: méi dinh ndi véi n — 3 dinh khéng ké né; n(n — 3) dém méi dudng chéo hai lan (ti hai dau), nén chia 2. Bang
nhanh: 7 = 5,6, 8,10, 12 c6 gc trong 108°, 120°, 135°, 144°, 150°.

Example 10.10 Hai da giac, mét hé phuong trinh

Two convex polygons have 15 sides in total and 36 diagonals in total. What is the sum of the interior angles of the
polygon with more sides, in degrees?

(A) 900 (B) 1080 (C) 1260 (D) 1440 (E) 1980

has

SOLUTION - L3I GIAI - Answer: (C) 1260
n(n—3 -3
(n=3)  mim-3)
2 2
Dung hdng d3ng thic (Chudng 3): 2nm = (n + m)? — (n? + m?) = 225 — 117 = 108, nén nm = 54. Hai s6 ¢4 téng 15,
tich 54: 6 va 9.

Gois6canhlanvam:n+m = 15va

= 36, tic n® + m? — 3(n +m) = 72, nén n? + m? = 117.

Da gidc 18n han ¢ 9 canh: téng gdc trong (9 — 2) - 180° = 1260°. Bép an (C).
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Bay: 1980° la t6ng gdc cla c3 hai da gidc (720 + 1260) — con s6 nay that ra tinh dudc ngay tir “15 canh” ma khéng can
s8 dudng chéo; 720 a cla da gidc nho.

Insight - Hai 4n d6i xng (n + m va n? + m?2 da biét) = tinh nm bdng hing d&ng thic, réi tim hai s8 biét tdng va tich.

" Example 10.11 Chan sé canh bang gdéc ngoai .

Every interior angle of a convex polygon measures at least 150° and at most 165°. How many different values are
possible for the number of sides of the polygon?

(A) 12 (B) 13 (C) 14 (D) 15 (E) 24
SOLUTION - L3I GIAI - Answer: (B) 13

Chuyén sang gdc ngoai: méi géc ngoai nam gitta 180 — 165 = 15° va 180 — 150 = 30° (tinh ca hai dau).
Téng n géc ngoai la 360°, nén 15n < 360 < 30n, tic 12 < n < 24.

Moi n trong khodng dé déu dat dudc: da gidc déu n canh cé géce trong 180° — % nam gitta 150° (n = 12) va 165° (n =
24). C6 24 — 12 + 1 = 13 gid tri. Dap 4n (B).

Bay: lay 24 — 12 = 12 (Quén mot dau mut).

Insight - Rang budc trén titng gdc trong — rang budc trén titng géc ngoai — nhan véi n va so vdi 360° dé chan n; nhd kiém
tra hai dau mut dat dugc.

Note — Ghép da gidc déu quanh mét diém

Cdc da gidc déu ghép quanh moét diém (khdng chéng, khdng hd) khi téng céc gdc trong tai diém dd bang 360°: vi du 6 tam gidc
déu, 4 hinh vudng, 3 luc gidc déu — chi ba loai nay tu &t kin mat phang. Khi téng nhé hon 360° thi con mét khe: hinh vubng (90°
) va luc gidc déu (120°) chung mét canh dé lai khe 150°.

0
150°

Example 10.12 Hai da giac déu chung canh (ndi chudng s6 hoc)

A regular n-gon and a regular m-gon share a side and lie on opposite sides of it. At one endpoint of the shared side, the
two polygons leave a gap of exactly 30° (the angle outside both polygons). How many unordered pairs {n, m} are
possible? (The two polygons may have the same number of sides.)

(A) 4 (B) 6 (C) 7 (D) 8 (E) 15
SOLUTION - LI GIAI - Answer: (D) 8
3 a ., , 1 1 1
Gdc trong 15 180 — 382 v3 180 — 3% khe bang 360 trif tdng hai gdc trong: 360 + 360 =30,tic — 4+ — = —.
" m n m n m 12

Nhan véi 12nm: 12m + 12n = nm, hay (n — 12)(m — 12) = 144. Vi 3% < 30 nén n > 12, c3 hai thifa s6 ducng.

144 = 2% .32 ¢85 - 3 = 15 ubc duadng, nén cé 15 cdp €é thit tu (n,m). Cip n = m = 24 d&€m mdt Lan, 14 cip con lai
ghép thanh 7 c8p khéng th tu. Téng 7 + 1 = 8. Dap én (D).

Bay: trd lGi 15 (dém cd thi tu) hodc 7 (quén cap {24, 24}).
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Insight - Diéu kién vé géc da gidc déu thudng quy vé L + L — 1:nhan chéo réi “thém bdt” dé€ thanh (n — k)(m — k) = k? va

dém udc.

1
m

Common Trap — Géc ngoai chi dung cho da gidc 16i; géc trong ludn ding
Céng thiic (n — 2) - 180° van ding cho da gidc ldm (cd gdc trong Ldn han 180°, goi la géc phan — reflex), nhung “téng gdc ngoai
= 360°” chi dung truc tiép cho da gidc L6i. M6t L6i khac: dém dudng chéo bang (;) — con s6 dé gébm ca n canh.

Tip — Chon cdng cu

Biét mdt géc clia da gidc déu — dung géc ngoai 280 dé ra n. Biét t8ng géc — (n — 2) - 180. Cac géc trong cho dang “gén 180°”
hodc nhiéu géc bang nhau = chuyén sang gdc ngoai. Cau hdi vé n thudng kém diéu kién chia hét: n phai la udc cia 360 dé gdc

13 s6 nguyén d6é.

G Worked Examples — Competition Level

Vi du mau muc thi diu

" Example 10.13 Dap s8 khdng phu thudc vi tri diém

Point E lies inside square ABCD, and AE = AB. What is the degree measure of /BED?

D C
& E
\
\
\
\
\
1
A ' B
(A) 105 (B) 120 (C) 135 (D) 145 (E) 150

SOLUTION - L3I GIAI - Answer: (C) 135

Thit trudng hdp dic biét trude. Néu E nam trén dusng chéo AC thi hinh d8i xiing, va nhanh chdéng ra 135°. Dé khéng

cho thém dif kién, nén ddp s6 han khong phu thudc vi tri clia E — gid ta chiing minh.

D&t LBAE = z,khidé LEAD = 90° — 2. Vi AB = AE = AD, haitam gidc ABE va ADE déu can tai A:

ZAEB:M:QOO—E, 4AED:w:45O+§.
2 2 2 2

Cong lai: /BED = /AEB + /AED = 135°, véi moi z. Dép 4n (C).

Insight - Khi dé “thiéu dit kién” ma van hdi mét con s6, ddp s6 khéng déi: thir mét vi tri d3c biét dé dodn, r6i dat 4n dé chiing

minh — &n sé tu triét tiéu.
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" Example 10.14 D4Gi xtng truc bién chu vi thanh mét doan thang

Angle XOY measures 35°, and P is a point inside it. Points A on ray OX and B on ray OY are chosen so that the
perimeter of APAB is as small as possible. What is the degree measure of ZAPB?

Y

35°

A
(A) 70 (B) 90 (C) 100 (D) 110 (E) 145

SOLUTION - LGI GIAI - Answer: (D) 110

Lay P; d6i xiing vdi P qua OX va P, d6i xiing véi P qua OY . Khidé PA = PiA, PB = P,B,nénchuvi PA+ AB +

BP = PLA + AB + BP, > P, P,. D4u bang xay ra khi A, B ndm trén doan P, P, — d4 (& vi tri t6i uu.

Phép d8i xting gilt khodng cach va géc: OP; = OP = OP,,va LP,OP, = 2/X0OY = 70°. Tam gidc OP, P, can tai O
180° — 70°

nén Z/OP,P, = ZOP,P, = — 5 " 55°.

Tam gidc OP A d6i xiing véi OP, A, nén ZOPA = ZOP, A = 55° tudng tu ZOPB = 55°. Vay ZAPB = 110°. Ddp 4n
D).
Téng quat: ZAPB = 180° — 2/XOY — khéng phu thubc vi tri clia P. Bay: 2 - 35 = 70 la géc P,OP,, khéng phai dap

~
SO.

Insight - Dudng gap khic ngdn nhat qua cdc dudng thadng — L&y ddi xing dé “dudi thdng” nd; moi géc trong hinh ddi xiing
dudc gilr nguyén.
\_ J

Exercises 1- Foundation *
Bai tap 1 - Nén tang
10.1 Lan walks once around the edge of a park shaped like a convex heptagon (7 sides), turning left at each corner. At six
*  of the corners she turns through 40°, 55°, 60°, 35°, 70°, and 45°. Through how many degrees does she turn at the
seventh corner?

70°
55°

45° (]

(A) 45 (B) 55 (C) 65 (D) 125 (E) 305
10.2 The angles of a triangle are in the ratio 2 : 3 : 7. By how many degrees does the largest angle exceed a right angle?
(A5 (B) 10 (C) 15 (D) 20 (E) 30

10.3 A regular polygon has exactly 20 diagonals. What is the degree measure of each of its interior angles?
*(A) 120 (B) 135 (C) 140 (D) 144 (E) 150
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10.4 Two sides of a triangle have lengths 6 and 13. The length of the third side is a prime number. How many different
. lengths are possible for the third side?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

10.5 In the figure, lines £ and m are parallel. Point P is on £, and points Q and R are on m. The angle between £ and PQ is
+  48° and the angle between RP and line m on the right of R is 123°, as marked. What is the value of z?

P ¢

48°

123°

0 R
(A) 48 (B) 57 (C) 66 (D) 75 (E) 105
10.6 Which of the following sets of three numbers could be the side lengths of a triangle?
(A) 2, 3,5 (B) 3, 4, 8 (C) 4, 5, 10 (D) 5, 6, 12 (E) 6, 7, 12

10.7 In AABC, /A = (2z + 8)° and /B = (z + 28)°. Side BC is extended past C, and the exterior angle formed at C
d measures 5z°, as shown. What is the degree measure of the largest interior angle of the triangle? (The figure is not
drawn to scale.)

A

(2x+8)°

B c
(A) 44 (B) 46 (C) 72 (D) 90 (E) 108

10.8 An equilateral triangle, a square, and a regular pentagon share the vertex O and do not overlap, as shown. What is
+  the degree measure of the angle x of the gap that remains at O?

(A) 72 (B) 90 (C) 98 (D) 102 (E) 108
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10.9 The diagonals of rectangle ABC' D meet at O, and diagonal AC makes an angle of 32° with side AB. What is the
+  degree measure of the acute angle between the two diagonals?

D c
o
32°
A B
(A) 26 (B) 32 (C) 52 (D) 58 (E) 64

10.10 Points P, @, and R are lattice points of the grid of unit squares shown. What is the degree measure of ZQPR?
*e R

(A) 45 (B) 53 (C) 60 (D) 72 (E) 90

10.11 Triangle ABC has /B = 70° and ZC = 50°. It is folded along segment DE, with D on AB and E on AC, so that A
*+  lands on the point A’ on BC. If /BDA' = 40°, what is the degree measure of ZCEA'"?

A
[ )
/ \\
/ \
1/ \
/ \
1 AN
/ \
D E
40°
70° 50°
B A’ C
(A) 80 (B) 90 (C) 100 (D) 110 (E) 120
10.12 How many noncongruent triangles with integer side lengths have perimeter 15 and at least one side of length 77
t (A) 3 (B) 4 (C) 5 (D) 6 (E) 7
Exercises 2 - Competition Core * %

Bai tap 2 - Trong tadm ky thi

10.13 Two sides of a scalene triangle have lengths 8 and 15, and the third side has integer length. How many different
o lengths are possible for the third side?

(A) 11 (B) 13 (C) 14 (D) 15 (E) 17
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10.24 In parallelogram ABCD, AB = 7. The bisectors of ZDAB and ZADC meet at a point P on side BC, as shown.
*+  What s the perimeter of ABCD?

B P C

A D

(A) 28 (B) 35 (C) 42 (D) 49 (E) 56

10.15 Quadrilateral ABC'D has AB =4, BC =9, CD =5, and DA = 7. The diagonal AC has integer length. How many
++  values are possible for AC?

D

(A) 6 B) 7 (€) 9 (D) 10 (E) 11

10.16 A, B, C, and D are four consecutive vertices of a regular polygon. Lines AB and DC meet at point P, as shown, and
s /BPC = 140°. How many sides does the polygon have? (The figure is not drawn to scale.)

\ /
\ /
\ /
\ /
N\ D A v
w
\«-\’/
v
P
(A) 9 (B) 12 (C) 15 (D) 18 (E) 20

10.17 The five interior angles of a convex pentagon form an arithmetic sequence, and the largest angle is twice the

A smallest. What is the common difference of the sequence, in degrees?

(A) 18 (B) 20 (C) 24 (D) 27 (E) 36

10.18 Every interior angle of a certain kind of polygon measures either 90° or 270°. One such polygon, with 12 sides, is
. shown. If such a polygon has 18 sides, how many of its interior angles measure 270°?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 14
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10.19 Squares ABCD and AEFG are congruent, and square AEF'G is obtained by turning square ABC'D

*e

10.20

.0

10.21

10.22

v

Chinh phuc AMC 8

counterclockwise 30° about 4, as shown. Sides CD and EF meet at P. What is the degree measure of ZDPE?

F
G D ¢
E
A B
(A) 100 (8) 110 (C) 120 (D) 135 (E) 150

A pentagon has side lengths 2, 3, 5, 6, and z, where z is a positive integer. How many values of x are possible?
(A) 9 (B) 12 (C) 14 (D) 15 (E) 16
Lines £ and m are parallel. Point P lies between them, A is on £, and B is on m. Points X on £ and Y on m lie to the

right of A and B, and P is also to the right of A and B, as shown. If ZAPB = 84° and the bisectors of ZX AP and
/Y BP meet at Q, what is the degree measure of ZAQB?

(A) 21 (B) 28 (C) 42

(D) 48

(E) 84

Point F lies outside square ABC D, on the opposite side of line C'D from A, so that DE = DC and ZCDE = 30°.
What is the degree measure of ZAEC?

E
/
/
/
/
/
300,
D - c
/
/
/
/
/
/
/
/
/
/
/
/
A B
(A) 15 (8) 30 (C) 40 (D) 45 (E) 60

— 162 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 8020 AMC 8 Mastery

mmmmmm

10.23 Square ABGH is drawn inside regular hexagon ABCDEF, sharing side AB, as shown. What is the degree
+++  measure of ZCGD?

E D
]
|
|
H G

F TS» C
A B
(A) 105 (B) 110 (C) 115 (D) 120 (E) 135

10.24 For how many integers n > 3 does a regular n-gon have each exterior angle equal to a whole number of degrees
#++ and have at most 100 diagonals?
(A) 5 (B) 6 (c) 7 (D) 8 (E) 9
10.25 A triangle has integer side lengths, its perimeter is at most 30, and its longest side is exactly 3 times as long as its
**+  shortest side. How many noncongruent triangles have these properties?
(A) 8 (B) 10 (C) 12 (D) 14 (E) 16
10.26 Rhombus ABCD has ZABC = 104°. Point E inside the rhombus is chosen so that ABCE is equilateral. What is
+¢+  the degree measure of ZAED?
A

B c
(A) 120 (B) 128 (C) 135 (D) 142 (E) 150
e E\)lceﬁrases’ 3 -,Challenge % K %k
Bai tap 3 - Thu thach

10.27 In the grid of unit squares shown, O = (0,0), A = (4,1), B = (5,3),and E = (5,0). Whatis ZAOE + ZBOE, in

eess  degrees?

B
P
/ g
e A
//
0" E
(A) 30 (B) 40 (€) 45 (D) 50 (E) 60

10.28 In AABC, Z/BAC = 60° and AB = 2 - AC. What is the degree measure of ZABC?
et (A) 30 (B) 36 (C) 40 (D) 45 (E) 60
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10.29 Five points A, B, C, D, FE in a plane satisfy AB = 12, BC = 5,CD = 3, and DFE = 2; one possible arrangement is
++++  shown. How many integer values are possible for the distance AE?

(A) 11 (B) 18 (C) 20 (D) 21 (E) 23
10.30 Four sticks have whole-number lengths, in centimeters, with total length 16 cm, and they can be joined end to end

++++  to form a quadrilateral. How many different sets of four lengths are possible? (The order of the lengths does not
matter.)

(A) 15 (B) 18 (C) 20 (D) 23 (E) 34

10.31 Points A = (0,0) and B = (4, 2) are shown on a grid. How many points C with integer coordinates make AABC an
e+++  jsosceles right triangle?

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12

10.32 How many noncongruent triangles have all three vertices among the 9 points of the 3 x 3 grid shown? (Adjacent
**++  points are 1 unit apart; the figure shows one such triangle.)

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9
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10.33 A regular hexagon and a square have the same side length. The square is fixed, and the hexagon rests with one side
++++  on side AB of the square, as shown. The hexagon rolls clockwise around the outside of the square without slipping,
each time turning about a corner of the square until one of its sides lies along the next side of the square. Through
how many degrees has the hexagon turned when it first lies on side AB again?
A B
(A) 600 (B) 660 (C) 720 (D) 840 (E) 960
10.34 In AABC, ZABC = 2/ACB. The bisector of ZABC meets side AC at D, and AB = C'D. What is the degree
+s++  measure of ZBAC?
A
D
B C
(A) 36 (B) 45 (C) 54 (D) 60 (E) 72
10.35 A polygon has 10 sides, which do not cross each other; the polygon need not be convex. What is the greatest
+e+ss  possible number of its interior angles that are right angles?
(A) 3 (8) 4 (C) 5 (D) 6 () 7
10.36 In square ABCD, point E lies on side BC and point F lies on side CD so that ZEAF = 45° and Z/BAE = 20°, as

*00 00

shown. What is the degree measure of ZCEF?

D F c
E
45°
20°
A B
(A) 30 (B) 35 (C) 40 (D) 45 (E) 50
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Ared, Perimeter & the Pythagorean Theorem
Dién tich, chu vi & dinh ly Pythagoras

Dién tich, chu vi va dinh ly Pythagoras chiém phan 8n cdc ciu hinh hoc cia AMC 8 — tU cu “dém 6" dé & dau dé tdi
cdc cAu 20-25 gidu mbt tam gidc vudng trong hinh ghép. Chudng nay day cdch chon ddy va dudng cao, day canh dé
tinh chu vi hinh bac thang, trir géc va so sanh tam gidc chung dudng cao, tinh dién tich trén ludgi (déng khung, dinh ly
Pick), dinh ly Pythagoras cling céc tam gidc vubng dic biét, va quy tic k? khi phéng to. Hoc sinh hay mat diém vi chon
nham dudng cao, quén diém trén canh xién, va tudng dién tich ti & vdi d6 dai.

v Tinh dién tich tam gidc, hinh binh hanh, hinh thang, t& v Tinh chu vi hinh toan gdc vuéng bang cdch day canh, xu
gidc cé hai dudng chéo vudng géc; d6i ddy dé tim dudng ly diing céc ranh lom.

cao.

v Tinh dién tich mién t& mau bang cong/trs, trir céc gdc, va v Tinh dién tich da gidc trén ludi bang ddng khung va dinh
ti s6 dién tich cdc tam gidc chung dudng cao. ly Pick.

v Dung dinh ly Pythagoras, dinh ly d3do, cac b6 ba quen v Ap dung quy tic phdng to: d6 dai nhan k& thi dién tich
thudc va tam giac 45-45-90, 30-60-90 trong hinh ghép. nhan k2.

perimeter - chu vi area - dién tich altitude (height) - dudng cao base - day trapezoid - hinh thang
parallelogram - hinh binh hanh rhombus / kite - hinh thoi / hinh cédnh diéu hypotenuse - canh huyén
leg (of a right triangle) - canh gdc vubng Pythagorean triple - b6 ba Pythagoras lattice point - diém nguyén (diém Ludi)

shaded region - mién t6 mau midpoint - trung diém similar figures - hinh déng dang

- J

n 11.1 Perimeter and Area of Basic Shapes

Chu vi va dién tich cac hinh co ban

Méi @& AMC 8 cd khodng 6-8 cau hinh hoc, va han mét nirfa trong s6 dé quy vé dién tich hodc d6 dai. Cong thuc thi ai cling
thudc; diém dugc quyét dinh & chd khdc: chon canh nao ldm ddy, nhin ra dudng cao ndm & d4u, va biét khi nao khéng can tim
hét cdc db dai ma dé gidu di.

Definition — Perimeter and area (chu vi va dién tich)

The perimeter of a polygon is the total length of its sides (a length, in cm). The area is the number of unit squares
needed to cover it (in cm?). An altitude (height) of a triangle is the perpendicular segment from a vertex to the line
containing the opposite side.

Chu y chif “line containing”: vdi tam gidc tu, chidn dudng cao cd thé ndm ngoai canh day (hinh gitta bén dudi). Chu vi do bang
dan vi dai, dién tich do bang don vi vudng — phdng to hinh 2 lan thi chu vi gdp 2 nhung dién tich gdp 4 (muc 11.5).
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Theorem — Area Formulas (cdng thirc dién tich)

Rectangle £ x w: S = fw. Parallelogram: S = bh. Triangle: S = %bh for any side b and its altitude h. Trapezoid with
parallel sides a, b and height h: S = %(a + b)h. A quadrilateral whose diagonals d1, da are perpendicular (rhombus, kite,
square): S = %dldz.

Moi céng thiic déu dén tir hinh chit nhat. Hinh binh hanh: cdt mét tam gidc 8 dau nay, dan sang dau kia thanh hinh chit nhat b x
h. Tam gidc: hai bdn sao ghép thanh hinh binh hanh, nén &y mét nira. Hinh thang: hai ban sao (m6t ban quay ngudc) ghép thanh
hinh binh hanh ddy a + b. T& gidc c6 hai dudng chéo vudng géc: nam gon trong hinh chit nhat d; x d, va chiém ding mét nia.

h

e =

b b b
S=b-h S=%-b-h S=%(@a+b)-h

Key Idea — MGt tam gidc, ba cach tinh dién tich
Vi canh nao cling cé thé lam ddy, ta lubncd a - hgy = b+ hy = ¢ - h, = 25. Dudng cao ti L& nghich vdi canh tudng Ung: canh dai
nhat cé dudng cao ngdn nhat. DAy a cidch nhanh nhat dé tim mét dudng cao khé thay: tinh S bang mét cdp (ddy, cao) dé, roi

chia.

" Example 11.1 Déi ddy dé tim dudng cao

In AABC, AB = 12 and BC = 15, and the altitude from C to AB has length 10. What is the length of the altitude AK
from A to BC?

SOLUTION - L8I GIAI - Answer: (C) 8

Ldy AB lam ddy: S = 3 - 12- 10 = 60.

2-60

Ldy BC' lam ddy: S = 5 - 15 - AK,nén AK = = = 8. Dap 4n (C).

M

Bay: lap ti & ngudc (AK = 10 - 1) ra £ — canh dai hon phai di vdi dudng cao ngdn hon.

Insight - M6t dién tich, hai c3p (ddy, cao): tinh S bang cdp d3a biét roi chia cho canh con Lai.

Chinh phuc AMC 8 — 167 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



88%9 8020 AMC 8 Mastery

Theorem — Perimeter of a staircase shape (chu vi hinh b3c thang)

If every side of a polygon is horizontal or vertical and the polygon has no “notches” (every horizontal line and every
vertical line meets it in one segment), its perimeter equals the perimeter of its bounding rectangle: 2(width + height).
Ly do: d@dy mbi bac thang ra ngoai (hinh). Cdc doan ngang dugc ddy Lén l4p dlng canh trén cla hinh chif nhat bao, cdc doan doc
dudc ddy sang lap dlng canh phdi — téng d6 dai khéng déi. Néu cé ranh (mot chd 1dm vao réi lai di ra), hai canh bén cla ranh
khéng bi dy di ddu ca: chu vi tdng thém gap déi d6 sau ranh.

P=29+6)=30 I

Example 11.2 Bac thang khéng tdn, ranh thi tén

In the figure, every angle is a right angle. The figure is 12 wide and 8 tall, and the notch in the bottom side is 3 deep.
The lengths of the steps in the upper right corner are not given. What is the perimeter of the figure?

12

(A) 38 (B) 40 (C) 43 (D) 46 (E) 52

SOLUTION - L3I GIAI - Answer: (D) 46

Bac thang & gdc trén phai: ddy ra ngoai thi lAp ding géc cla hinh chit nhat 12 x 8, khéng lam déi chu vi.

Ranh & canh dudi: ddy ranh (dai bang ché hd) thay cho doan canh dudi bi khoét, nhung hai canh bén ctia ranh, méi canh
dai 3, la phan thém.

Chuvi=2(12+8) +2 -3 = 46. Bdp an (D).

Bay: quén ranh ra 40; chi c6ng mét canh cla ranh ra 43.

Insight - V3i hinh toan gdéc vudng, dling di tim titing canh bi gidu: day canh ra hinh chit nh4t bao, réi cong riéng phan ranh.

Common Trap — CUng dién tich chwa chic cung chu vi
Hinh chir nhat 1 x 36 va 6 x 6 clng dién tich 36 nhung chu vi L& 74 va 24. Ngudc lai, cit bdt mét bac thang 3 géc lam gidm dién
tich nhung gilf nguyén chu vi. BDling bao gid suy chu vi tir dién tich (hay ngudc lai) ma khong c6 thém thdng tin.

Tip — Ghi don vi va doc ky “perimeter / area”

CAu hdi AMC 8 hay cho s8 liéu cuia dién tich r6i hoi chu vi (hodc ngugc Lai). Trude khi khoanh, nhin lai ciu hdi: don vi la cm hay cm
29 Céc ddp 4n nhiu thudng chinh & dai lugng kia.
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o 11.2 Composite Regions and Area Ratios
Hinh ghép, phan t6 mau va ti sé dién tich

Phan 8n ciu dién tich 8 AMC 8 khéng héi mét hinh “chuin” ma héi mét mién t& mau ky qudc. Ba thao tdc gidi quyét gan nhu
tat ca: edng cdc manh, trir di phan thira (ldy ca hinh trir phan khéng t6), va so séanh céc tam gidc c¢é chung dudng cao.

Key Idea — Trir cdc géc vudng thay vi tinh tryc ti€p

Tam gidc cé ba dinh ndm trén cdc canh cia mot hinh chif nhat thudng cé canh xién va dudng cao rat khé tim. Nhung phan con lai
cla hinh chit nhat gém cdc tam giac vudng (va hinh thang vudng) & cdc géc — dién tich clia chling doc thang tir hinh. Dién tich
can tim = hinh chit nht — téng cdc manh & gdc.

"~ Example 11.3 Trif cdc manh & géc .

Rectangle ABCD has AB = 12 and BC = 8. Points P, Q, R, S lie on sides AB, BC, CD, DA, respectively, with
AP =4,BQ =6,CR =4,and DS = 3. What is the area of quadrilateral PQR.S?

D R C
8 2
3 0
S
5 6
A 4 p 8 B
(A) 44 (B) 46 (C) 48 (D) 50 (E) 52

SOLUTION - L3I GIAI - Answer: (B) 46

L&y hinh chir nhat (12 - 8 = 96) trir bén tam gidc vudng 3 bén gdc, mbi tam gidc ¢ hai canh géc vudng doc thdng trén hai
canh hinh chir nhat:

e géc A: AP =4, AS = 8 — 3 = 5: dién tich 10;

e géc B: PB = 8, BQ = 6: 24;

egocC:QC =2,CR=4:4;

egocD:RD =12—-4=8,DS = 3:12.

Spors = 96 — (10 + 24 + 4 + 12) = 46. Dap 4n (B).

Bay: L4y lubn AS = 3 (quén AS = 8 — 3 = 5, nham vdi DS) thi géc A chi con 6 va ra 96 — 46 = 50 — lubn ghi d6 dai ca
hai doan trén mbi canh [&n hinh trudc khi tinh.

Insight - Dinh ndm trén canh hinh chit nhat = dién tich = c3 hinh — cdc tam gidc vuéng & gdc.

Theorem — Triangles with a common height (chung du'éng cao)

If two triangles have their bases on the same line and share the opposite vertex (or have their opposite vertices on a line
parallel to the bases), they have the same height, so the ratio of their areas equals the ratio of their bases. In
particular, triangles with the same base whose third vertices lie on a line parallel to that base have equal areas.

Ca hai déu la S = 1bh vdi cing mét h. Hé qua hay dung: trung tuyén chia tam gidc thanh hai nifa bdng nhau; diém D chia BC
theo tis6 2 : 3thi Supp : Sapc = 2 : 3; va trong hinh dudi, Sapp = Sapg dU hai tam gidc tréng rat khac nhau.

P 0

---1
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- Example 11.4 Binh trugt trén dudng song song

Trapezoid ABCD has AB || CD, AB = 9, CD = 6, and area 60. Point P moves along CD. What is the area of AABP?

p_ P 6 _C

(A) 18 (B) 24 (C) 30 (D) 33 (E) 36

SOLUTION - L3I GIAI - Answer: (E) 36

Goi h L chiéu cao hinh thang: (9 + 6)h = 60 nén h = 8.

Du P & dau trén C'D, khodng céch ti P t6i dudng AB luén la h = 8 (vi CD || AB).Vay Sapp = % -9-8 = 36, khong
phu thubc vi tri P. Dap an (E).

Cach nhin khdc: SaBp : Strapezoid = 505 Nén Sapp = 60 - & = 36. Bay: dung ddy CD ra 24; ldy mét nlta hinh thang ra 30.

Insight - D& cho mét diém “chay” ma van hdi mét con s6 c6 dinh = ddp s6 khéng phu thudc vi tri; d&t diém & chd dé tinh nhat
(vidu P = D).

Key Idea — Chia hinh tir mét diém bén trong

N&i mot diém P bén trong da gidc vdi cac dinh: da gidc tadch thanh cac tam gidc cé day & cac canh va dudng cao L& khoang cach
tur P tdi cac canh. V3i tam gidc déu canh a, cong ba dién tich lai: %a(dl + dy + d3) = S, nén téng ba khoang cach luén bang
chiéu cao cla tam gidc, du P & dau.

" Example 11.5 Téng khoang cich trong tam gidc déu .

Point P lies inside an equilateral triangle with side length 10. The distance from P to one side is 1, and the distance
from P to another side is 2. What is the distance from P to the third side?

C

B

(A) 3 (B) 5v/3—3 (C) 7 (D) 53 (E) 10/3 -3
SOLUTION - LGOI GIAI - Answer: (B) 5v/3 — 3

N&i P vdi ba dinh, tam gidc déu tach thanh ba tam gidc cling ddy 10 vdi ba dudng cao 1, 2, d:

% -10-(1+24d)=85= @ - 102 = 25+/3 (cong thic dién tich tam gidc déu & muc 11.4).

Vay 1+ 2 + d = 51/3 — chinh la chiéu cao clia tam gidc — va d = 51/3 — 3. Dap &n (B).

Bay: quén trir 1 + 2 ra 54/3.

Insight - C6 nhiéu khodng cach tir mét diém tdi cdc canh = néi diém vdi cac dinh, viét t6ng dién tich cdc tam gidc con.
\_ _J
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Common Trap — Ti s8 d3y chi ding khi cing dudng cao
S1 : Sy = by : by chi dung khi hai tam gidc cé cing dudng cao (cung dinh d8i dién va hai ddy cing ndm trén mét dudng thang,
hodc hai dinh ndm trén dudng song song vdi ddy). Hai tam gidc cé ddy trén hai dudng khac nhau thi phai so ca ddy lan cao.

Tip — Nhan dang trong phong thi
Thay “midpoint”, “divides in the ratio”, hay mét diém di ddng trén canh song song = nghi ngay tdi chung dudng cao. Thay tam
gidc “lo ling” bén trong hinh chit nhat = trir cdc gdc. Thay mdt diém bén trong va cdc khoang cach — chia tir diém dé.

n 11.3 Area on 3 Grid: Boxing and Pick's Theorem

Dién tich trén WWéi: dong khung va dinh ly Pick

Hinh vé trén gidy ké 6 hodc ludi diém L3 “ddc san” cha AMC 8. Cdc canh xién lam cdng thiic ddy—cao trd nén khé dung, nhung
udi cho ta hai cong cu khdng can do moét d6 dai nao.

Definition — Lattice points (diém nguyén)

A lattice point is a point whose coordinates are both integers — on a dot grid, it is one of the dots. A lattice polygon
has all its vertices at lattice points.

Moi khodng cdch ngang/doc gitta hai diém nguyén déu la s6 nguyén, nén cdc tam gidc vudng cé canh ndm theo ludi lubn cé dién
tich dé doc.

Theorem — Boxing method (déng khung)

Enclose the polygon in the smallest rectangle with horizontal and vertical sides. The region between the polygon and
the rectangle splits into right triangles (and sometimes rectangles) with horizontal and vertical legs. Then Spolygon =
Srastomgh = Shfemne

Mbi canh xién clia da gidc la canh huyén clia mét tam gidc vudng cé hai canh gdéc vudng doc thang trén ludi. Vdi hinh vuéng
nghiéng c6 dinh cach nhau theo budc (a, b): khung la hinh vuéng (a + b)?, bdn géc la bdn tam gidc $ab, nén dién tich (a + b)? —
2ab = a® + b> — mot cach nhin dinh ly Pythagoras ngay trén ludi.

Example 11.6 DPéng khung mot tam giac xién

On the dot grid shown, neighboring dots are 1 unit apart. Triangle ABC has its vertices at dots, as shown. What is its
area?

[ ] [ ) é‘ [ ] [ ) [ ] [ ] [ )
° B
.A [ )
23 25 27
b (B) 12 b (D) 13 il
(A) 5 (C) 5 (E) 2

5 . 23
SOLUTION - LOI GIAI - Answer: (A) >

Khung nhoé nhat & hinh vuéng 5 x 5 (dién tich 25). Ba tam gidc vubng mau xam & ngoai:
e dudi—phai: hai canh géc vudng 5 va 2, dién tich 5;

e trén—phai: 4 va 3, dién tich 6;

o trdi: 1 va b, dién tich 3.

Sapc=25-5—6—32 =2.Ddpdn (A

Bay: nghi tam gidc chiém “khodng mét nlfa khung” réi chon %
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L Insight - Canh xién trén (udi = canh huyén cla tam gidc vuéng cé canh ndm theo (udi. Ddng khung roi trur. J

Theorem — Pick's Theorem (dinh ly Pick)
For a lattice polygon (no holes) with I lattice points strictly inside and B lattice points on its boundary (vertices
included),

S=I+2 1
=I+5 -1

Kiém tra nhanh: 6 vuéng donvicé I =0, B =4:S =0+ 2 — 1 = 1. Tam gidc vudng can cé hai canh géc vuéng 2 (dinh
(0,0),(2,0), (0,2)): trén bién cé 6 diém (0, 0), (1,0), (2,0), (1,1),(0,2), (0,1) va khéng cé diém bén trong,nén S =0+3 — 1 =
2 — dlng. Chu y diém (1,1) nam giifa canh xién: trén canh di theo budc (a, b) cé ged(a, b) — 1 diém nguyén khong ké hai dau —

rat dé bo sét.

Example 11.7 Pick cho da gidc nhiéu dinh ‘

The hexagon shown has its vertices at dots of a grid with spacing 1. What is its area?

(A) 22 (8) 52_1 23 (D) 30 (E) 31

5 A 1
SOLUTION - LOI GIAI - Answer: (B) 57

Bdng khung & day phai trir sdu manh; Pick nhanh han.

Bién B: sgu dinh, cdng cac diém gilta canh: canh (3,0) — (6, 2) budc (3, 2), gcd = 1: khéng cd; (6,2) — (5,5) budc

(1, 3): khong c6; (5,5) — (2,6) budc (3,1): khdng cd; (2,6) — (0,4) budc (2,2), ged = 2: mbt diém (1,5); (0,4) — (0,1)
doc dai 3: hai diém; (0,1) — (3,0) budc (3,1): khong cd. Vay B=6+1+2 = 9.

Bén trong I: démting hang:y = Lz =1,2,3,4 (4 diém);y =2:2 =1.5(5);y =3z = 1.5 (5);y =4z = 1.5 (5);
y="5x=23,4(3).1=22

§=22+%-1=3%.Ddpén(B).

Bdy:dung I + B —1 = 30 hodc quéntrir1ra %

Insight - Da gidc ludi cé nhiéu dinh va canh xién = Pick: chi cAn dém diém, nhung dém k§ diém trén canh xién.

Common Trap — Pick chi dung cho da giac lwéi
Moi dinh phai (& diém nguyén, va hinh khéng cd 16 thing. Mét tam gidc cé dinh & trung diém 6 vudng thi Pick cho két qua sai. L6i
phd bién nhat khi dung Pick la bd sét diém nam gitta mét canh xién nhu budc (2, 2) hay (4, 6).

Tip — Chon céng cu nao?
Da gidc it dinh, khung gon = déng khung. Da gidc nhiéu dinh, hinh cong queo = Pick. Cé thd&i gian thi ldm c3 hai dé kiém tra —
hai cidch d@bc lAp ma ra cling s6 thi gan nhu chdc chdn ding.
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n 11.4 The Pythagorean Theorem
Pinh ly Pythagoras

Theorem — Pythagorean Theorem (dinh Iy Pythagoras)
In a right triangle with legs a, b and hypotenuse c (the side opposite the right angle),
@ +b =

Ching minh bang hinh: trong hinh vuéng canh a + b, d3t bén tam gidc vudng giéng nhau theo hai cdch. Céch 1 (trdi): phan
tréng La hinh vudng canh ¢. Céch 2 (phai): phan tréng & hai hinh vudng a? va b%. Cuing mdt hinh vuéng l8n, ciing bdn tam gidc,
nén phan tréng bing nhau: ¢ = a* + b2

b2

az

Theorem — Converse (dinh ly d3o)

If the side lengths of a triangle satisfy a + b? = ¢, the triangle has a right angle opposite side c. If a* + b? > ¢* (with ¢
the longest side) the triangle is acute; if a’ + b < & itis obtuse.

Dung dé€ nhén ra gbc vudng an: tam gidc 9,12, 15 vubéng vi 81 + 144 = 225. Khi d3 thdy gdc vudng, dién tich chi con la % -9.
12 = 54.

Key Idea — B ba Pythagoras nén thudc

B6 ba s8 nguyén (a, b, c) vdi a® + b% = ¢ (3,4,5), (5,12,13), (8,15, 17), (7,24, 25), (20, 21, 29), (9,40, 41) va moi bdi cla
chung: (6, 8,10), (9,12, 15), (15, 20, 25), (10, 24, 26)... Khi thdy hai canh ti l& 3 : 4 hay 5 : 12, canh th( ba hién ra ngay ma khéng
can khai can.

Theorem — Special right triangles (tam gidc vudng d3c biét)

45°-45°-90°: sides x, z, /2 (half of a square cut by a diagonal). 30°~60°—-90°: sides z, £v/3, 2z (half of an equilateral
V3
T
Ca hai déu suy ra tir Pythagoras: hinh vudng canh z cé dudng chéo vz2 + z2 = 2/2; tam gidc déu canh 2z bi dudng cao chia
do6i ddy thanh , nén dudng cao /(2z)% — z2 = zV/3.

triangle cut by an altitude). Consequently an equilateral triangle with side s has height ?s and area ¥2s2.

45°
30°
X V2 xV3| 2x

Example 11.8 Bo ba phéng to theo chu vi

The legs of a right triangle are in the ratio 5 : 12, and its perimeter is 90. What is its area?

(A) 135 (B) 180 (C) 240 (D) 270 (E) 540
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SOLUTION - L3I GIAI - Answer: (D) 270

Hai canh géc vudng 5k va 12k thi canh huyén (3 13k (bd ba 5,12, 13 phdng to k lan).
Chu vi 5k + 12k 4 13k = 30k = 90 nén k = 3: cac canh la 15, 36, 39.

Dién tich 1 - 15 - 36 = 270. D4p 4n (D).

Bay: quén 1 ra 540.

Insight - Ti s8 hai canh géc vudng & mbt bd ba quen — viét ca ba canh theo k, mét phudng trinh bic nhat la xong.

\. J

'~ Example 11.9 Pudng cao xudng canh bén .

Triangle ABC has AB = AC = 10 and BC = 12. What is the length of the altitude BK from B to AC?
A

(A) 6 (B) 8 (E) 12

5 A 4
SOLUTION - LOI GIAI - Answer: (C) 38

Tam gidc can: dudng cao tir A cling la trung tuyén, chia BC thanh hai doan 6. Theo Pythagoras, dudng cao dé dai
4/102 — 62 = 8 (b6 ba 6, 8,10). Dién tich S = % -12 -8 =48.

4
Déi ddy sang AC = 10: % -10- BK = 48,nén BK = 38 Dép an (C).

Bay: L4y lubn dudng cao tir A ra 8.

Insight - Dudng cao “khd” trong tam gidc can: tinh dudng cao “dé&” (xudng ddy) bang Pythagoras, roi d8i ddy qua dién tich.

Example 11.10 Khi chan dudng cao ndm ngoai

Triangle ABC has BC =11,CA = 13, and AB = 20. What is the area of AABC?

20

LB\

B 1 C H
(A) 60 (B) 66 (C) 78 (D) 110 (E) 132

SOLUTION - L3I GIAI - Answer: (B) 66

20% = 400 > 112 + 132 = 290 nén géc C tU: ha dudng cao AH xudng dudng thing BC, chan H n3m ngoai doan BC,
vé phia C.D3tCH =z, AH = h.

Hai tam gidc vubng: % + h% = 132 va (11 + z)? + h? = 20%. Trirvé: 121 + 22z = 231, nénz = 5va h = 12.
S=1-BC-AH =} -11-12 = 66.Dap an (B).

Bay: cho rang H nam gilta B va C'thi (11 — z)? + h? = 400 dan tdi z < 0 — d&u hiéu d3 d3t sai phia.
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L Insight - D4t 4n cho doan chua biét trén ddy, viét hai phudng trinh Pythagoras roi trir vé& dé khir h2. J

Common Trap — Canh huyén 13 canh d3i nhat — va 13 canh ddi dién géc vudng
V4i tam gidc vudng cd hai canh 6 va 8, canh th( ba 1 10 chi khi 6, 8 la hai canh gdc vudng; néu 8 L& canh huyén thi canh con lai
15 /64 — 36 = 2V/7. D& khdng ndi 18 thi phai xét ca hai. Va nhé: a2 + b% = ¢ khéng cé nghtaa + b = c.

Tip — Nhin ra tam gidc vudng 3n
Dudng chéo hinh chit nhit, dudng cao tam gidc cin, khodng cach gita hai diém trén (udi, ban kinh... déu L& canh huyén chd san.
Khi bi ket, hdy ha mét dudng vudng géc: né tao ra tam gidc vudng va thudng cling cho luén dudng cao dé tinh dién tich.

n 11.5 Pythagoras Inside Figures; Scaling
Pythagoras trong hinh ghép; phéng to — thu nhé

Key Idea — ®3t 3n, ha vudng géc, viét hai phwong trinh

CAu khd thudng gidu tam gidc vubng trong mét hinh ghép. Quy trinh: (1) ha dudng vudng gdc dé tao tam gidc vudng; (2) d3t an
z cho doan chua biét; (3) viét Pythagoras cho hai tam gidc vudng chung mét canh; (4) trir vé& d& mat 22 hodic A2 — phucng trinh
con lai la bic nhat. Vi du tam gidc tu 8 muc 11.4 chinh la quy trinh nay.

Theorem — Scaling (phéng to - thu nhé)

If every length of a figure is multiplied by k, its perimeter is multiplied by &k and its area by k2. In particular, a line parallel
to one side of a triangle cuts off a smaller triangle similar to it: if the small triangle's height is £ times the big one's, its
area is t? times the big one's area.

Dién tich (& “dai x rdng”, nén moi chiéu nhan k thi dién tich nhan k - k. Hinh dudi: phdng tam gidc lén 2 lan thi vira ding 4 ban
sao clia tam giac cd.

Example 11.11 Dai song song trong tam giac

Triangle ABC has area 72. Two lines parallel to BC divide the altitude from A into three equal parts, as shown. What
is the area of the shaded strip next to BC?

A

B T C
(A) 24 (B) 32 (C) 36 (D) 40 (E) 48

SOLUTION - L8I GIAI - Answer: (D) 40

Hai dudng song song cat ra hai tam gidc nhé déng dang véi ABC, chung dinh A, cd chiéu cao bang % va % chiéu cao cua
ABC. Dién tich cta chung: 72 - % =8vaT2- % =
Dai t6 mau la phan cia ABC n3m ngoai tam gidc th( hai: 72 — 32 = 40. Dap 4n (D).

Chinh phuc AMC 8 —175 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 AMC 8 Mastery

ENGLISH

Ba dai tir trén xuéng cé dién tich 8,24,40,ti & 1 : 3 : 5 (hiéu cta 1,4,9). Bdy: tudng ba dai cao bang nhau thi dién tich
b&ng nhau, ra 24; ldy 2 dién tich ra 48.

Insight - Phan nam giita hai dudng song song = hiéu clia hai tam gidc déng dang; dién tich theo binh phudng ti s6 chiéu cao.

Common Trap — Ti s dién tich chi 13 binh phwong khi hai hinh dong dang
Kéo dai mot hinh chif nhat thém 2 [an theo chiéu dai (gil chiéu rdng) thi dién tich chi gdp 2, khdng phai 4. Quy téc k2 chi 4p dung
khi moi d6 dai cing nhan k — tdc hai hinh déng dang.

Tip — Nh3n dang nhanh
“parallel to a side” trong tam gidc = tam gidc nhé déng dang, duing binh phudng ti s8. “enlarged / scale drawing / map” = k cho
a6 dai, k2 cho dién tich. “The figure is not drawn to scale” = dlng do, hay tinh.

G Worked Examples — Competition Level
Vi du mau muc thi diu

Hai vi du cudi 8 mic cdu 20-25 clia AMC 8: dif kién khdng a0 dé tim tiing d6 dai mét cach truc tiép, nén phai ddt 4n va dung
dung mdt méi quan hé then chét. Hay tu thir it nhat 10 phut trudc khi doc L8i gidi.

' Example 11.12 Luc giac déu canh trong hinh chif nhit .

A triangle is cut off at each of the four corners of an 11 x 8 rectangle, leaving the hexagon shown, whose six sides all
have the same length. Two vertices of the hexagon are the midpoints of the two sides of length 8. What is the area of
the hexagon?

(A) 52 (B) 56 (C) 58 (D) 60 (E) 64

SOLUTION - L3I GIAI - Answer: (E) 64

B6n tam gidc bi cdt 13 tam gidc vudng bang nhau: canh gdc vudng ding & 4 (tir gdc tdi trung diém canh 8), canh gdc
vudng ndm ngang dat la p. Canh xién cla luc gidc dai y/p? + 16; canh trén (va dudi) dai 11 — 2p.

Sau canh béng nhau: (11 — 2p)? = p* + 16, tic 121 — 44p + 4p> = p* + 16, hay 3p? — 44p + 105 = 0. Phan tich: (p —
3)(3p — 35) = 0. Nghiém p = % bi loai vi 2p phai nhd hon 11. VAy p = 3 va méi canh dai 5 (bd ba 3, 4, 5!).

Diéntich=11-8 —4-1.3.4 =88 — 24 — 64. Dép 4n (E).

Bay: tudng bén gdc la tam gidc vudng cin (cdt 4 méi chiéu) ra 88 — 32 = 56.

Insight - D3t mét 4n cho phan chua biét, biéu dién moi canh theo an dé, réi dung diéu kién “bang nhau” = phudng trinh; thit
nghiém vdi b6 ba quen.
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- Example 11.13 Ba tam giac biét dién tich, hinh chif nhat thi khong

In rectangle ABC'D, point E lies on BC and point F lies on CD. The areas of AABE, AECF, and AFDA are 16, 3,
and 15, respectively. What is the area of AAEF?

D F Cc
3
15 5
16
A B
(A) 14 (B) 16 (C) 18 (D) 20 (E) 24

SOLUTION - LGOI GIAI - Answer: (A) 14

Chi can dién tich S cha hinh chit nhat: Sypr =S — 16 —3 — 15 =S — 34. Dt AB = a, AD = b (S = ab).
TWia-BE=16BE =2 nénEC=b— 32 = 582 Ty 1p. DF = 15: DF = £, nén CF = a — 3 = 5%,
Tam gidc ECF: § - 5282 . 5530 = 3 t(c (S — 32)(S — 30) = 6S, hay S? — 685 + 960 = 0, (S — 20)(S — 48) = 0.
S = 20 bi loai (phaicd S > 32 dé EC > 0). VAy S = 48 va S,zr = 48 — 34 = 14. Dép an (A).

Viduméthinhcuthé:a=8b=6, BE =4,CF = 3.

Insight - Dling c8 tim tiing canh: d3t 4n 13 dai lugng can duing (S = ab); cdc tich a - b tu xuat hién khi nh&n cdc doan vdi nhau.

Exercises 1- Foundation *
Bai tdp 1 - Nén tang

11.1  On the dot grid shown, neighboring dots are 1 unit apart. What is the area of the shaded square?

*

(A) 9 (B) 10 () 12 (D) 13 (E) 16

11.2 Which of the following could be the side lengths of a right triangle?
* (A) 5,11, 12 (B) 9, 39, 40 (C) 12, 34, 36 (D) 13, 84, 86 (E) 11, 60, 61
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11.3 Two cyclists leave the same point at the same time. One rides due north at 12 km per hour and the other rides due
+  eastat 16 km per hour. After how many hours will they be 50 km apart?

N
N
SN
SN
12 km/h SN
SN
N
AN >
_ - E
o 16 km/h
25 5 7
A B B) 2 (©) 3 D) © (E) 4
(A) 1 (8) 2 (D) 2

11.4 A 10 x 6 rectangle is cut into two pieces along the path shown, which goes up 2, then right 4, then up 4. What is the
¢ sum of the perimeters of the two pieces?

=)

(A) 32 (B) 42 (C) 48 (D) 52 (E) 64

11.5 Intrapezoid ABCD, AB || CD and /A = /D = 90°. Also AB = 15, CD = 9, and BC = 10. What is the area of the
**  trapezoid?

D 9 c

-
A 15 B

(A) 80 (B) 96 (C) 100 (D) 120 (E) 150

11.6 The diagonals of a rhombus have lengths 16 and 30. What is the perimeter of the rhombus?

*

(A) 46 (B) 60 (C) 68 (D) 76 (E) 136
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11.7 Four congruent right triangles with legs 5 and 12 are placed inside a square so that the hypotenuse of each triangle is
*+ aside of the square, as shown. The triangles do not overlap. What is the area of the small square in the middle that
is not covered?

(A) 36 (B) 49 (C) 60 (D) 64 (E) 120

11.8 The figure shows a square with area 64 cut into seven pieces: two large triangles, one medium triangle, two small
++  triangles, one square, and one parallelogram. What is the total area of the three shaded pieces?

(A) 20 (B) 22 (C) 24 (D) 28 (E) 32

119 Square ABCD has side length 12. Point E lies on CD, and segment AE divides the square into a triangle and a
++  trapezoid. The area of the trapezoid is 3 times the area of the triangle. What is the length of AE?

D E C
A 12 B
(A) 63 (B) 12 (C) 65 (D) 4v13 (E) 12¢/2

11.10 A rectangular garden is 15 m long and 8 m wide. Lan walks from corner A to the opposite corner C along two sides
. of the garden, and Minh walks straight along the diagonal. How many meters shorter is Minh's walk?

C
/”’
rd
/,,’, 8
/’,’
rd
A 15
(A) 6 (B) 7 (C) 17 (D) 23 (E) 40
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11.11 A right triangle has two legs of length 10. A rectangle is drawn inside the triangle so that one vertex of the
. rectangle is at the right angle, two of its sides lie along the legs, and the opposite vertex lies on the hypotenuse, as
shown. The size of the rectangle is not given. What is the perimeter of the rectangle?

10

10
(A) 10 (8) 14 (C) 10v2 (D) 20 (E) 25

11.12 Each side of a rectangle is increased by 4. As a result, the area of the rectangle increases by 96. What was the
o perimeter of the original rectangle?

(A) 16 (B) 20 (C) 24 (D) 36 (E) 40

Exercises 2 - Competition Core * %
Bai tip 2 - Trong tam ky thi

11.13 A polygon is drawn along the lines of a grid of unit squares, so that each of its sides is horizontal or vertical. Its
144 perimeter is 20. What is the greatest possible area of the polygon?

(A) 20 (B) 24 (C) 25 (D) 30 (E) 100

11.14 The side lengths of a right triangle are z, z + 7, and « + 8. What is the area of the triangle?
“C(A) 30 (B) 60 (C) 65 (D) 78 (E) 156

11.15 Point P lies inside rectangle ABCD. The areas of APAB, APBC, and APCD are 13, 18, and 22, respectively.
*+  Whatis the area of APDA?

D C
22
?
18
P
13
A B
(A) 9 (B) 11 (C) 13 (D) 15 (E) 17

11.16 A triangle has its three vertices at lattice points. There are no other lattice points on its sides, and there are exactly 7
. lattice points inside it. What is the area of the triangle?

(A) 7 (8) % ) 8 (D) 12_7 (E) 10
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11.17 The distance between two opposite sides of a regular hexagon is 12. What is the area of the hexagon?

(A) 72 (B) 483 (C) 543 (D) 723 (E) 144

11.18 Quadrilateral ABCD has AB = AD = 13, CB = CD = 20, and diagonal BD = 24. The quadrilateral is not
+++  necessarily convex; one possible shape is shown. What is the sum of all possible areas of ABCD?

A
13 13
D B
20 20
c
(A) 132 (B) 252 (C) 264 (D) 384 (E) 504

11.19 A rectangle has area 120, and its side lengths and the length of its diagonal are all whole numbers. What is the
**+  perimeter of the rectangle?
(A) 17 (B) 23 (C) 34 (D) 44 (E) 46
11.20 A point P is chosen at random inside rectangle ABCD with AB = 8 and BC = 6. What is the probability that the
+++  area of APAB is less than 12 and the area of APBC'is less than 18?7

D C
6
P
A 8 B
1 3 1 5 3
(A) 1 (B) 3 (@) 3 (D) 3 (E) 1

11.21 Parallelogram ABCD has area 48. Point E is the midpoint of AB and point F is the midpoint of BC. What is the
+¢+  areaof ADEF?

D C

(A) 12 (B) 16 (€) 18 (D) 20 (E) 24
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11.22 A square is drawn inside an equilateral triangle with side length 12 so that one side of the square lies on a side of
+++  the triangle and the other two vertices of the square lie on the other two sides. What is the side length of the
square?

C

A 12 B

(A) 24+/3 — 36 (B) 6 (C) 43 (D) 124/3 — 12 (E) 643

11.23 In right triangle ABC, ZC = 90°. Point M is the midpoint of BC and point N is the midpoint of AC. If AM = 24/13
s+ and BN =+/73, whatis AB?

A

(A) V73 (B) 9 (C) 10 (D) 5v5 (E) 12

11.24 Houses A and B are on the same side of a straight road, 4 m and 8 m from the road, respectively. The points of the
+¢+  road nearestto A and to B are 12 m apart. A bus stop P on the road is the same distance from A as from B. What
is that distance, in meters?

B
|
4 I
| 8
4 !
m| [road
12 P
(A) 8 (B) 45 (C) 4v6 (D) 10 (E) 4V10

11.25 The figure shows a 5 x 5 array of 25 dots, with neighboring dots 1 unit apart. Consider all segments whose
+++  endpoints are two of the dots; one is shown. How many different lengths do these segments have?

°
Integer answer - Dap s6 nguyén [:

11.26 How many rectangles with whole-number side lengths have perimeter 30 and a diagonal shorter than 12?
+++  (Rectangles with the same two side lengths count only once.)

Integer answer - Dap s6 nguyén S
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e Exercises 3 - Challenge + % K

Bai tap 3 - Thir thach

11.27 A triangle has side lengths v/17, v/29, and 24/10. What is its area?
e (A) 11 | 23 () 12 (D) 13 (E) 14
2

11.28 Quadrilateral ABCD has /B = ZC =90°, AB =4,CD =9, and AD = 13, with A and D on the same side of line
s+« BC. Point E lies on BC so that ZAED = 90°. What is the area of AAED?

D
13
A 9
4
i > >
B E C
(A) 30 (B) 36 (C) 39 (D) 42 (E) 78

11.29 In AABC, /C = 90°, AC = 8, and BC = 6. Point D lies on AB so that CD = CB. Whatis AD?
o000 B

C 8 A
12 13 14 32
(A) 2 8 — © — () + €) =

11.30 Rectangle ABCD has AB = 8 and BC = 11. Point E lies on BC and point F' lies on CD so that AE = EF and
ssee JAEF = 90°. What is the area of NAEF?

D F C
11
b E
A 8 B
(A) 30 (B) 32 (C) 33 (D) 35 (E) 7_3
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11.31 Rectangle ABCD has AB = 25 cm and BC = 40 cm. At the same moment, ant X starts at A and walks toward B
+ss+  along AB at 3 cm per second, and ant Y starts at B and walks toward C along BC at 4 cm per second. What is the
smallest distance, in cm, between the two ants before X reaches B?

D 25 C
40
Y: 4 cm/s
A B
X: 3 em/s
(A) 15 (B) 20 (C) 21 (D) 24 (E) 25

11.32 Rhombus ABCD has side length 13 and diagonal AC' = 24. Point P moves along diagonal BD. What is the sum of
++++  the distances from P to line AB and to line AD?

(A) 89 (8) 5 (©) 120 (D) 10 (E) 12
13 13

11.33 A trapezoid has parallel sides of lengths 7 and 17. A segment parallel to these sides, with its endpoints on the other
e+++  two sides, divides the trapezoid into two regions of equal area. What is the length of this segment?

7

(A) V119 (B) 12 (C) 13 (D) 14 (E) 15

11.34 The L-shaped region shown has all angles right angles. Its side lengths are 16, 4, 8, 12, 8, and 16, as marked. Point P
++++  lies on the top side, 1 unit from the upper left corner. A straight line through P divides the region into two parts of
equal area and meets the bottom side at Q. How far is ) from the lower left corner?

P 3

12
16

16

Integer answer - Dap s6 nguyén [:
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11.35

*e000

11.36

*0000

Ten squares with side lengths 1,2, 3, ...,10 are placed side by side, in that order from left to right, with their bottom
sides on a line, as shown. A segment joins the lower left corner of the smallest square to the upper right corner of
the largest square. What is the total area of the parts of the squares that lie above the segment?

/

/

Integer answer - Dap s6 nguyén S

Two of the three altitudes of a triangle have lengths 12 and 15. The length of the third altitude is an integer. How
many values are possible for the length of the third altitude?

Integer answer - Dap s6 nguyén S
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Chapter 1 2 8020 AMC 8 Mastery

Circles, Coordinates & 3D Solids
Pudng tron, toa do & hinh khong gian

Dudng tron, hé toa db va hinh khéng gian chiém khodng mét phan ba s6 cdu hinh hoc clia AMC 8: bdnh xe ldn, vung t6
mau ghép tlf cung tron, diém trén (udi, d6 nudc tir binh nay sang binh kia, hinh chiéu cla khéi l4p phuong. Chudng nay
trang bi cdng thiic chu vi — dién tich — thé tich cing ba “ngudn” géc vubng trong dudng tron, réi luyén cach dua bai
khéng gian vé mat phdng. L&i hay g8p nhat: nhadm ban kinh vdi dudng kinh, quén % cla hinh nén, va coi dién tich “céng
thang” nhu @6 dai.

v Tinh chu vi, dién tich, @6 dai cung, dién tich hinh quat; x{r v Dung dinh ly diy cung, tiép tuyén va gdc chin nira

ly ving ghép tlf cac cung tron. dudng tron d@é& dung tam gidc vudng cé canh L& ban kinh.
v Tinh khodng cdch, trung diém, hé s6 gdc, giao diém va v Tinh thé tich, dién tich toan phan, dudng chéo clia hdp
dién tich trén mat ph3ng toa d6; lam quen khodng cach chit nhat; doc hinh khai trién va hinh chiéu.

dudng phé.

v Ap dung cdng thic hinh tru, ndn, chdp, cau cho céc bai

d6 nudc, duc lai, quay hinh phdng quanh truc.

radius / diameter - ban kinh / dudng kinh circumference - chu vi dudng tron chord - day cung arc / sector - cung / hinh quat
central angle - géc & tam tangent - tiép tuyén midpoint - trung diém slope - hé s6 gdc intercept - giao diém vdi truc
rectangular box - hop chir nhat space diagonal - dudng chéo khong gian net - hinh khai trién

cylinder / cone / sphere - hinh tru / nén / cau cross-section - mat cat

12.1 CircumFference, Area, Arcs and Sectors

Chu vi, dién tich, cung va hinh quat

Pudng tron xuat hién trong gan nhu moi dé AMC 8: bdnh xe l&n, d6ng hé, sdn chay, miéng banh pizza, vling t6 mau ghép tir
cung tron. Céng thic thi ai cling thudc; diém bi mat ndm 8 chd nham ban kinh véi dudng kinh, quén cdng hai ban kinh khi
tinh chu vi hinh quat, hodc tudng dién tich cling “cdng thang” nhu d6 dai. Chuong nay cling mé réng sang mat phang toa @6
va cac khéi khéng gian — ndi dudng tron lai xuat hién & hinh tru, hinh ndn, hinh cau.

Definition — Circle vocabulary (cdc phan cGa dwdng tron)

A circle is the set of points at distance r (the radius) from a point O (the center). A chord joins two points of the circle; a
chord through O is a diameter, of length d = 2r. An arc is a piece of the circle; a sector is the region bounded by two
radii and an arc; the angle between the two radii is the central angle.

Hinh quat (sector) la “miéng pizza”: hai ban kinh va mét cung. Day cung (chord) la doan thdng; cung (arc) la phan cong.

duong kinh
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Theorem — Circumference and area (chu vi va dién tich hinh tron)

A circle of radius r has circumference C = 27 = 7d and encloses area A = 7r?.
Visao A = 7r?? C4t hinh tron thanh rat nhiéu hinh quat nhd réi x&p xen k& (hinh dudi): dugc mét hinh gan nhu hinh binh hanh cé

day bang nifa chu vi 7 va chiéu cao 7, nén dién tich & 7r - r = 7r?. Hé qud hay dung: 4 = — giong cong thuc “day nhan

AN

iy =~ ntra chu vi =
day =~ ntra chu vi = r

cao chia hai” cla tam gidc.

S=ar-r=nar?

Theorem — Arcs and sectors (46 dai cung, dién tich hinh quat)

0 0 1
In a circle of radius r, an arc with central angle #° has length 360 27r, and the sector has area 360 mr? = 2
(arc length) - 7.
Cung va hinh quat chi la mét phan cla cd dudng tron, ding bang ti (& 3%0. Chu vi (perimeter) cla hinh quat = d6 dai cung céng

hai ban kinh.

Example 12.1 Tu dién tich hinh quat suy ra ban kinh \

A sector of a circle has a central angle of 80° and an area of 187. What is the perimeter of the sector?

80°
| >
o

(A) 47 (B) 9+4r (C) 18 + 2m (D) 18 + 4r (E) 18 + 87

SOLUTION - L3I GIAI - Answer: (D) 18 + 47

80 2
Dién tich hinh quat: —mr? = —7r? = 187, nénr2 = 81,7 = 9.

360 9
80 .
D6 dai cung: 360 2m -9 = 4m. Chu vi hinh quat gém cung va hai ban kinh: 47 +9 4+ 9 = 18 + 4m. Bdp an (D).

Bay: chi cdng mét ban kinh ra 9 + 47; quén hai ban kinh ra 47; L4y 18 lam ban kinh khi tinh cung ra 18 4 87; dung 7r
thay cho 27rr ra 18 + 27r.
o /] A

Insight - Bai hinh quat ludn di qua ban kinh: tim r trudc, réi moi dai lugng khac chi la “phan s6 355 CUa cd hinh tron”.

Common Trap — B3an kinh hay duwdng kinh? Dién tich khong “cdng th3ng”

(1) Bé cho dudng kinh (pizza 12 inch, 6ng dudng kinh 2...) ma thé thing vao 7?2 14 sai gdp 4 lan. (2) Gap ddi ban kinh thi chu vi
gép ddi nhung dién tich gap bén. (3) D6 dai cdc cung cdng dudc theo dudng kinh (ba nlfa dudng tron dudng kinh 4 dai bang
mét nlfa dudng tron dudng kinh 12), nhung dién tich thi khéng — xem Vidu 12.3.
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Example 12.2 Pudng di cha tdm dong xu

A coin of radius 1 rolls around the outside of a 6 x 4 rectangle, always touching the rectangle, until it returns to its
starting position. What is the length of the path traced by the center of the coin?

1

1

1

4 )
1
1
1
\____@____/

(A) 20 (B) 20 + 7 (C) 20 + 27 (D) 28 (E) 20 + 4x

SOLUTION - L3I GIAI - Answer: (C) 20 + 27

TAm déng xu ludn cdch hinh chit nhat dung 1 don vi. Doc theo mbi canh, tAm di mét doan thdng song song va dai bang
canh d6: téng 6 + 4 + 6 + 4 = 20.

3 mé&i gbc, déng xu “xoay quanh” dinh: tdm v& mét cung tron tdm & dinh, ban kinh 1, géc 90° (hinh). Bdn cung géc 90°
ghép lai thanh moét dudng tron tron ven ban kinh 1, dai 27.

Téng: 20 + 2. Ddp 4n (C). Bay: tudng dudng di cha tAm la hinh chir nh4t 8 x 6 (gdéc vudng) ra 28; bd qua cdc gdc ra 20.

Insight - Dudng céch déu moét da gidc 16i mot khoang r = chu vi da gidc + chu vi mét dudng tron ban kinh r (cdc géc ngoai
cong lai du 360°).

Example 12.3 Db dai cong dudc, dién tich thi khéng

Segment AB has length 12, and points C and D divide it into three segments of length 4. A semicircle with diameter
AB is drawn above AB, and semicircles with diameters AC, CD, and DB are drawn below AB, as shown. What is the

area of the region bounded by the four semicircles?

(A) 127 (B) 187 (C) 24r (D) 367 (E) 427

SOLUTION - L3I GIAI - Answer: (C) 247
Vung gdm hai phan khéng chéng nhau: nifa hinh tron l8n phia trén (bdn kinh 6) va ba nifa hinh tron nhd phia dudi (ban
kinh 2).

VIR S 1 .
Dién tich: 571' -6°+3- §7r - 2% = 1871 + 6w = 24m. Bap an (C).
So sanh: dé dai ba cung nhé a 3 - 2 = 67, ding bdng cung l8n 67 (d6 dai cung ti l& v8i dudng kinh, ma ba dudng kinh
nhd cong lai bang dudng kinh &n). Nhung dién tich ti & vdi binh phudng: ba nita hinh tron nhé chi cé 67, bang % ndra
hinh tron 18n. Ai “cdng thang” nhu d6 dai sé ra 18w + 181 = 36; ai trif thay vi cong ra 127; dung 4 lam bdn kinh nho ra
427,

Insight - Chu vi ti L& vdi kich thudc, dién tich ti L& vdi binh phudng kich thudc — chia nhd dudng kinh gilt nguyén téng dé dai
cung nhung lam dién tich gidm manh.
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Tip — Gil¥ T dén cudi; “closest to” mé&i thay sd

Dép 4n AMC thudng viét dudi dang a + brr. Gilt  nhu mét chif cdi subt bai, cdng cdc hé s6 cha 7 v8i nhau. Chi khi dé héi “which
is closest to” mdi thay m ~ 3,14 (hodc 2—72). DE so sdnh nhanh cdc lua chon: 7 ~ 3,14, 27 ~ 6,28, 47 ~ 12,57.

12.2 Chords, Tangents and Right Angles in Circles

DAy cung, ti€p tuyén va gdc vudng trong dudng tron
3J AMC 8, hinh hoc dudng tron gan nhu ludn quy vé mét tam gidc vudng cé mét canh La ban kinh. Ba “nguén” géc vudng
dudi day L3 chia khod — hé thay day cung, ti€p tuyén hay dudng kinh, hdy tim ngay gdc vudng tudng Ung réi dung
Pythagoras (Chucng 11).

Theorem — Chord theorem (du'éng vudng géc tir t3m xudng diy)

The perpendicular from the center O to a chord AB meets the chord at its midpoint M. If the radius is » and OM = d,
then (‘47]5’)2 +d? =72

Ly do: OA = OB = r nén tam gidc OAB can tai O; dudng cao tir dinh can cling & trung tuyén. M6t day dai 2¢ cidch tdm d thi
£2 + d? = r? — day cang gan tAm cang dai.

AB

Theorem — Tangents (tiép tuyén)

A tangent line touches the circle at exactly one point A, and it is perpendicular to the radius OA. The two tangent
segments from an outside point P are equal: PA = PB.
Hai tam gidc vuéng OAP va OBP cé chung canh huyén OP va OA = OB nén bang nhau, suy ra PA = PB. Hai dudng tron

ti€p xuc nhau: khodng céch hai tAm bang téng hai ban kinh (ti€p xtc ngoai) hodc hiéu (tiép xuc trong).

A
8

®
B

Theorem — Angle in 3 semicircle (géc chdn nira dwéng tron)
If AB is a diameter and C' is any other point on the circle, then ZAC'B = 90°. Conversely, the hypotenuse of a right
triangle is a diameter of the circle through its three vertices.

N&i O (trung diém AB) véi C: OA = OB = OC nén hai tam gidc OAC, OBC can. Goi hai géc ddy la z va y: téng ba gdc cua
AABC a2z + 2y = 180°, nén LZACB =z +y = 90°.
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Key Idea — V& ban kinh t&i moi diém quan trong
G3p dudng tron ma chua thay hudng: néi tAm vdi tiép diém, vdi hai dau day cung, véi tAm dudng tron kia. Méi doan néi & mét
bdn kinh (d3 biét d6 dai) va thudng tao ra géc vudng. Phan ldn bai dudng tron AMC 8 xong sau budc nay.

Example 12.4 D&y cung trong khong gian: qua béng néi

A ball with radius 10 cm floats in water. The water surface meets the ball in a circle with diameter 16 cm, and the center
of the ball is above the water. How far above the water is the top of the ball, in centimeters?

(A) 4 (B) 6 (C) 8 (D) 10 (E) 16

SOLUTION - LGOI GIAI - Answer: (E) 16

Cat qua bdng bang mat phdng thang dlng qua tAm: dudc hinh tron ban kinh 10, mit nudc la mot ddy cung dai 16.
Khodng cach tir tam tdi day: d? = 102 — 8% = 36, d = 6. Tam & trén m3t nudc 6 cm, nén dinh qua béng cao 6 + 10 = 16
cm so véi mat nudc. Dap an (E).

Bay: Ay nham vi tri (tdm dudi mdt nudc) ra 10 — 6 = 4; diing 8 khoang céch d = 6; lay nlfa day 8.

Insight - Moi m&t c3t cla hinh cau la hinh tron; m3t cdt qua tAm bién bai todn khéng gian thanh bai ddy cung phang. Ludn
hoi: “diém can tim & cling phia hay khdc phia tam?”
\_ _J

'~ Example 12.5 Pudng kinh tao g6c vudng .

AB is a diameter of a circle, and AB = 25. Point C'is on the circle, and D is the point on AB with CD | AB.If AD =9
, whatis CD?
C

A o B
9 D

(A) 9 (B) 12 (C) 15 (D) 16 (E) 20

SOLUTION - LOI GIAI - Answer: (B) 12

Cach 1 — vé ban kinh. TAm O (4 trung diém AB, OA = OC = 12,5, 0D = 12,5 — 9 = 3,5. Tam gidc ODC vubng tai D:
CD? =125 — 3,52 = (12,5 — 3,5)(12,5 + 3,5) = 9 - 16 = 144, CD = 12.

Cach 2 — géc chan nita dudng tron. ZACB = 90°. Véi DB = 16: AC? = 81 + CD?, BC? = 256 + CD? va AC? +
B(C? = 25?2 cho 2CD? = 625 — 337 = 288, CD = 12. D4p 4n (B).

Luuy: AC = 15 va BC = 20 cling c6 trong cdc lua chon — doc ky dé hoi doan nao.

Insight - Dudng kinh = gdc vuéng; diém trén dudng tron = mét ban kinh. Hai 8i vao khac nhau, cing vé mét tam giac

vuong.
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Common Trap — Mgt ddy cung, hai vi tri

Biét ban kinh va d6 dai day chi cho biét khoang cach tir tAm tdi day, chi khéng cho biét ddy ndm phia nao clia tAm. Hai day song
song cé thé clng phia (khodng céch hai day = |d; — da|) hodc khdc phia (= d; + ds). Doc ky dé: “center above the water”, “on
opposite sides of the center”...

Example 12.6 Hai dudng tron tiép xuc trong hinh chir nhit .

A rectangle has width 16. A circle of radius 6 is tangent to the bottom side and the left side of the rectangle, and a circle
of radius 4 is tangent to the top side and the right side. The two circles are tangent to each other, as shown. What is the
area of the rectangle?

(A) 192 (B) 224 (C) 256 (D) 288 (E) 320
SOLUTION - L8I GIAI - Answer: (D) 288
D3t gbc dudi tréi & gbc toa do, chiéu cao la H. Tam hai dudng tron: O1 = (6,6), O = (16 — 4, H —4) = (12, H — 4).

Hai dudng tron tiép xdc ngoai nén 0102 = 6 + 4 = 10. Hiéu hoanh d6 3 12 — 6 = 6, nén hiéu tung d6 la /102 — 62 = &:
H—-4—-6=8 H =18.

Dién tich 16 - 18 = 288. Bap an (D).
Bay: tudng hai tdm thdng hang theo chiéu doc (H = 6 + 10 + 4 = 20) ra 320.

Insight - Hai dudng tron ti€p xic = ndi hai tdm (dai r; + 79) réi dung tam gidc vudng ¢é hai canh song song vdi cdc canh hinh
chir nhat.

Tip — Nh3n dang nhanh
“chord ... distance from the center” = nlfa day, khodng céch, ban kinh la bd ba Pythagoras. “tangent” — ban kinh vuéng géc; hai

ti€p tuyén tir mot diém bang nhau. “diameter / semicircle” = géc vudng. “circles tangent to each other” = n&i tdm. B6 ba hay
g3p: (3,4,5), (5,12,13), (8,15,17), (6,8, 10).

12.3 The Coordinate Plane: Distance, Midpoint, Slope, Lines
Mat phang toa dd: khodng cach, trung diém, hé sé géc, dudng thang

Toa d6 bién hinh hoc thanh tinh todn: thay vi “nhin ra” mét tinh chét, ta cdng trir céc con s8. G AMC 8, b8n cdng cu dudi day
la du; quan trong hon La théi quen vé nhanh hé truc va dat cac diém én dé trudc khi tinh.
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Theorem — Distance and midpoint (kho3ng cach, trung diém)
For A = (z1,1) and B = (z3,y2): AB = \/(acz —x1)2 + (y2 — v1)2, and the midpoint of ABis M =
(:131 + T2 Y +y2)

2 72
Cbng thic khodng cach chinh la Pythagoras cho tam giac vudng cé hai canh song song vdi hai truc (hinh). Vi vay dudng tron tam
(@, b) bén kinh r 13 tap cic diém thod (z — a)? + (y — b)? = r2.

cAY
B(x2, y2)

—_ D W B W
<
~
|
<
=

Definition — Slope and lines (hé s& géc, phwong trinh dwéng thing)

e (rise over run). A non-vertical line with slope m and y-intercept b has equation
T2 — Ty

y = mx + b. Parallel lines have equal slopes; perpendicular lines have slopes whose product is —1.

Ba diém thang hang < hé s8 gdc gilta céc cdp bang nhau. Giao diém vdi truc Oz: cho y = 0; vdi truc Oy: cho z = 0. Giao diém

The slope of line ABism =

hai dudng thdng: cho hai vé& y bang nhau.

- Example 12.7 Pudng tron dudng kinh AB trén hé truc .

Let A = (—3,1) and B = (5, 7). Which of the following points lies on the circle that has AB as a diameter?

44am+|23456

(A) (1,7) (B) (5,1) (€) (8,6) (D) (9,10) (E) (2,8)

SOLUTION - LOI GIAI - Answer: (B) (5,1)

Tam L3 trung diém M = (#, 1%7) = (1,4), ban kinh %AB = %\/82+—62 = 5. Mét diém ndm trén dudng tron khi
khodng cach tdi M bang 5, tiic binh phuang khodng cach bang 25:

(1,7):04+9 = 9; (5,1): 16 + 9 = 25 v; (8,6): 49 + 4 = 53; (9,10): 64 + 36 = 100; (2,8): 1 + 16 = 17. D4p 4n (B).

Kiém tra bang gdc vudng: véi C = (5,1), AC ndm ngang va BC thadng ding nén ZACB = 90° — dung nhu dinh ly gdc
chan nifa dudng tron. Cac lua chon nhiéu: (9,10) cdch tdm 10 (l&y cd AB lam ban kinh), (1,7) va (8, 6) céch diém (4, 3)
dung 5 (tinh “trung diém” bang hiéu chia d6i thay vi tdng chia dbi).

Insight - Trén hé truc, “ndm trén dudng tron” = “khodng cach tdi tAm bang ban kinh”; so sanh binh phudng khodng céch dé

khai khai can.
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" Example 12.8 Hai dudng vudng gdc: tich hé sé géc bang -1

Let A = (1,2) and B = (5,4). Point C'lies on the y-axis, and ZABC = 90°. What is the area of AABC?

144Y

121

41
e
— >

2 4 6

(A) 10 (8) 20 (C) 25 (D) 30 (E) 50

SOLUTION - L3I GIAI - Answer: (C) 25

Hé s6 géc AB: ﬁ = % Vi BC L AB nén hé s8 géc BC la —2: dudng thang BC lay — 4 = —2(x — 5), ct truc tung (
z = 0) taiy = 14. Vay C = (0, 14).

Hai canh géc vubng: AB = v/42 + 22 = 2/, BC = /52 4 10? = 5+/5. Dién tich - 2/5 - 5/5 = 25. Ddp &n (C).

Ki€m tra bang déng khung: hinh chit nhat [0, 5] x [2, 14] cé dién tich 60, trir ba tam gidc vudng % -1-12 + % 4.2+ % .
5-10 = 6 + 4 + 25 = 35, con 25. Quén 1 ra 50.

Insight - “Vubng gdc” trén hé truc = hé s gdc nghich ddo déi ddu (myms = —1); cé hé s6 géc va mot diém La viét dugc dudng
thang, cat truc la ra diém can tim.

Key Idea — Kho3ng cich “dudng phd” (taxicab distance)

On a street grid you can only move horizontally or vertically. The taxicab distance between (z1,y1) and (z2,y2) is |z1 —
z2| + |y1 — wal.

Moi dudng di ngan nhat doc Wdi tir A tdi B déu cd cling d6 dai nay. Diém P nam trong hinh chit nh4t cé hai gdc déi la A va B khi
va chi khid(4, P) + d(P, B) = d(A, B) — mét tinh chat rat khdc khoang céch thudng.

Example 12.9 Cach déu theo khoang cach dudng phé

The taxicab distance between points (z1,y1) and (2, y2) is |21 — @2| + |y1 — y2|. Let A = (0,0) and B = (6,2). How
many points P with integer coordinates have the same taxicab distance from A as from B, with that distance at most 67

A

vk

(A) 3 (B) 4 (C) 5 (D) 7 (E) 9

SOLUTION - L3I GIAI - Answer: (D) 7

Tacéd(A,B) =6+ 2=28.Xét P = (z,y) theo vj tri clla y so vdi dai 0 < y < 2.

Trongddi0 <y <2(va0<z<6hz+y=(6—z)+ (2—y)=>z+y=4cdcdiém (2,2),(3,1), (4,0), mbi diém cach
A va B dung 4.

Phiatrén (y > 2): |z|+y=|z—6|+y—2=|z| — |z — 6] = -2 =z = 2. Diéu kién d(4,P) =2+ y < 6choy = 3,4
hai diém (2, 3), (2, 4).
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Phiadu8i (y < 0): |z| —y=|z—6|+2—y=|z|— |zt — 6| =2 =z =4.Diéukién4 —y < 6 choy = —1,—2: hai
diém.

Téng 3 + 2 + 2 = 7. Dap 4n (D). Tap cdc diém céch déu & day khéng phai dudng trung truc thdng ma (& mét dudng gap
khuc: tia diing = = 2, doan chéo tlr (2, 2) tdi (4,0), tia ding = = 4. Chi dém trong dai sé ra 3.

Insight - V3i khodng céch “dudng phé”, hay tach theo vi tri so vdi hinh chit nhat A-B dé bd dau gid tri tuyét d6i; hinh dang thu
dudc thudng [ dudng gap khuc.

Common Trap — Hé s géc: “Ién chia ngang”, khdng phdi nguoc Iai
m = %%, hai hiéu phai 4y cung thif tu diém. Dudng thdng ding = = ¢ khéng cé hé s8 gdc va khéng viét dudc dang y = mz + b.

Khi tim giao diém vdi truc Oz cla y = ma + b, nghiém la = = —% — rat hay sai d4u.

Tip — Dién tich trén hé truc
Tam gidc c6 moét canh ndm trén truc hodc song song vdi truc: dung ddy x cao + 2 truc tiép. Hinh xién: ddng khung bang hinh chit
nhét cé canh song song vdi truc réi trif cdc tam gidc vudng 8 géc (Chusng 11). Trung diém cdc canh: tam gidc tao bdi ba trung

diém cb dién tich bing }1 tam gidc ban dau.

12.4 Prisms, Boxes and Cubes
Lang tru, hdp chif nhat va khéi lip phucng

CAu hdi khoéng gian 8 AMC 8 xoay quanh ba viéc: tinh thé tich (d€m khéi lAp phudng dan vi), tinh dién tich bé mat (dém cac

mat L6 ra ngoai) va tudng tugng hinh (khai trién, hinh chiéu). Hop chif nhat la “phong tap” cho ca ba.
Theorem — Rectangular box (hdp ch¥ nhdt)
Ana x b x ¢ box has volume V' = abe, surface area S = 2(ab + bc + ca), 12 edges of total length 4(a + b + ¢), and
space diagonal d = va? + b2 + 2.
Pudng chéo khdng gian: dung Pythagoras hai lan — dudng chéo mit ddy va2 + ¢2, réi tam gidc vudng vdi canh ding b. Néu biét
dién tich ba mét ab, be, ca thi V2 = (ab)(bc)(ca).

Definition — Prism and net (I3ng try, hinh khai trién)

A prism has two congruent parallel bases joined by rectangles; its volume is (base area) x (height). A net is a flat
pattern of faces that folds up into the solid.

Hop chit nhat va khéi lAp phuong L l&ng tru ddc biét. Khi doc hinh khai trién, t6 cing mau cdc mat sé ddi dién nhau va ghi kich
thudc that clia ting mat.
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Example 12.10 Doc kich thudc tir hinh khai trién

The net shown folds into a rectangular box. The net fits exactly inside a 22 x 14 rectangle, as shown, and each of the
four faces in the middle row has height 6. What is the volume of the box?

(A) 120 (B) 144 (C) 168 (D) 192 (E) 210

SOLUTION - LGOI GIAI - Answer: (C) 168

Goi kich thudc hop la a (chiéu rong cla mat cé ndp va ddy gan vao), b va chiéu cao ¢ = 6. Hang gilta gém bdn mit bén
rong lan luct a, b, a, b: 2a + 2b = 22. Theo chiéu doc: ndp (b) + mat bén (6) + ddy (b): 2b + 6 = 14.

Suyrab=4,a="T,thétich7-4-6 = 168. Dap 4n (C).

Insight - M6i kich thudc clia hdp xuat hién nhiéu lan trong hinh khai trién; viét “t6ng chiéu ngang” va “téng chiéu doc” theo a,
b, c dé lap phudng trinh.

Key Idea — Dién tich bé m3t cha khdi ghép = dém theo 6 hwéng nhin

V4i khéi ghép tir céc khdi lap phucng don vi khéng cé “hang” khuat, s6 mat nhin thay tir trudc bang tir sau, tir trén bang tir dudi,
tU trai bang ti phai. Nén dién tich bé mat = 2 (trudc + trén + canh). M&i lan dén hai khéi vao nhau dién tich mat ddng 2 don vi.

' Example 12.11 Ba hinh chi€u déu kin — giif lai it khoi nhat .

A 4 x 4 x 4 cube is built from 64 unit cubes. Some of the unit cubes are removed, and the others stay exactly where
they were. Seen from the front, from the right side, and from the top, the remaining cubes still cover the whole 4 x 4
square in each view. What is the least number of unit cubes that can remain?

(A) 4 (B) 8 (C) 16 (D) 24 (E) 32

SOLUTION - L8I GIAI - Answer: (C) 16

Goi vi tri m&i khéi la (cot , tAng y, hang sdu z), mbi toa dd tir 0 tdi 3. Hinh chiéu ti trudc kin nghia La vdi méi cdp (z, y)
— 16 c8p — cd it nhat mot khdi trén “thanh” xuyén ti trudc ra sau. 16 thanh nay rdi nhau, nén phai con it nhat 16 khéi.
16 khéi la d: 8 m6i cot = va tang y, gitr ding khéi 6 hang sdu z = (x + y) chia 4 L&y du. Nhin ti trudc: mdi (z, y) cd mot
kh&i. Nhin tir trén (c8p (z, 2)): véi z c8 dinh, khi y chay tir O tdi 3 thi 2z di qua du 0, 1, 2, 3. Nhin tif bén (cdp (y, z)): tucng
tu.

Pép s6 16. Bdp an (C). Mbi l8p ndm ngang khi dé & mét hinh vuéng Latin 4 x 4.

Insight - Ch&n dudi bang cach tim cac “thanh” r&i nhau ma méi thanh can it nhat mot khdi; réi dung mét cach xép dat dung
chan dé.
\_ _J
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Common Trap — Khdi khu3t va m3t dan
Dé&m khai trong hinh vé&: nhd cdc khéi dd bén dudi ma khéng nhin thay (trir khi dé ndi cé thé bo tréng). Tinh dién tich bé mat:
dliing cong dién tich tiing khéi réi quén trir cdc mat bi ddn; va diing quén mat ddy néu dé ndi “including the bottom”.

Tip — Cho ba m3t — nh3n 13i rdi khai c3n
Dé cho dién tich ba mat ké nhau z,y, z cha hoép: V = /zyz, khéng can tim tiing canh. Dé cho téng cac canh va dién tich bé mat:
dung (a + b+ c)? = a® + b% + c® + 2(ab + bc + ca) dé ra dusng chéo.

n 12.5 Cylinders, Cones, Pyramids and Spheres
Hinh tru, hinh nén, hinh chép va hinh cau

B6n cong thic thé tich dudi day la dd cho AMC 8. Céc bai thi hiém khi hdi thdng cong thic; ching hoi d6 nudc tir binh nay
sang binh kia, nau chay roéi duc lai, quay mét hinh phdng quanh moét truc. Chia khod luén La: thé tich dugc bo toan.

Theorem — Cylinder (hinh truy)

A cylinder with radius r and height A has volume V = 7r2h and lateral (curved) surface area 27rh; the total surface
area adds the two disks: 27rh + 2772,

Hinh tru 3 “l8ng tru cd ddy tron™: thé tich = dién tich ddy x chiéu cao. M3t xung quanh trdi phdng la hinh chit nhat cé mét canh
bang chu vi ddy 27r va canh kia bang h.

2ar

Theorem — Pyramid, cone, sphere (hinh chép, hinh nén, hinh c3u)
1 1
A pyramid or cone with base area B and height h has volume V' = gBh; foracone, V = §7rr2h. A sphere of radius r

4
has volume V' = §7rr3 and surface area 47r2.

Vi sao cd %? Mét khéi lap phudng canh a chia dugc thanh 6 hinh chdp bang nhau cé dinh chung & tAm khdi, ddy la mot mit,

R R \ ’ 7 P ’ 3 oA A .3 ’ 1, ’ A 2. A
chiéu cao §: moi hinh chop co thé tich & = % -a?- 5. Chiéu cao luén do vuéng géc vdi day, khdng phai theo canh xién.
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Example 12.12 DS nudc tir cdc tru sang céc nén

A cylindrical glass with radius 3 cm and height 12 cm is full of juice. The juice is poured into cone-shaped paper cups,
each with radius 3 cm and height 4 cm, held point down. How many cups can be filled completely?

(A) 3 (B) 4 (C) 6 (D) 9 (E) 27

SOLUTION - L3I GIAI - Answer: (D) 9
Thé tich c8c tru: 7 - 32 - 12 = 108m. M6t c8c nén: 37 - 32 - 4 = 127,
S6 coc: 1087 : 12w = 9. Dép 4n (D).

Nhan xét: cing bdn kinh &dy, nén chi can so chiéu cao — nhung phai nhd thira s6 %: mot cdc ndn cao 4 chi chifa bang

mot khéi try cao ¢. Quén 1 ra 3 cc.

Insight - Cling ddy: hinh nén (hinh chdp) chira didng % hinh tru (l8ng tru) cling chiéu cao.

Key Idea — Phéng to hé sd k
Hai hinh ddng dang (cung hinh dang) vdi ti s6 d6 dai k thi ti s dién tich (k& ca dién tich bé mat) (a k2 va ti s8 thé tich (a k3. Qua
cau bén kinh gap déi ndng gép 8 lan; nén nudc ddy § chiéu cao chi chifa £ thé tich.

Common Trap — Ba 16i kinh dién v&i khdi tron

(1) Quén 1 ctia hinh nén, hinh chop. (2) Dung dudng kinh thay ban kinh trong wr?h hay $7r® (sai gdp 4 hodc 8 lan). (3) Lay d6
dai dudng sinh (slant height) lam chiéu cao cta hinh ndén: chiéu cao & doan tir dinh vubng géc xudng ddy, va (dudng sinh)? =
h? +r2.

Tip — B3i“d6 - n3u ch3y - th3 v3o”
V. V. o ’ 2, g ’ 2 A \ 2 A \ 4, A A ‘/:/A ¢ 2,
Viét mét phuang trinh duy nhat: thé tich trudc = thé tich sau. Tha vat chim han vao binh tru: muc nudc dang thém —a; .Pérwad
r

cd hai V& roi rit gon — thudng dép s6 khdng con 7.
G Worked Examples — Competition Level

Vi du mau muc thi diu

Vi du dudi day 8 mic cdu 20-23 clia AMC 8: phai tu dung hinh kh6éng gian tir mot hinh phang. Hay thir tu lam it nhat 5 phat.
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Example 12.13 Quay tam giac vuéng quanh tifng canh

A right triangle has legs of lengths 3 and 4. It is rotated one full turn about the line containing one of its sides, sweeping
out a solid. This is done three times, once for each side. What is the ratio of the largest of the three volumes to the

smallest?

4 3 5 16
(A - (8) 5 © 3 (O 5 () 2

SOLUTION - LOI GIAI - Answer: (C) g

Quay quanh canh 3: dugc hinh nén ban kinh 4, cao 3: V; = %w- 16 - 3 = 16m.

Quay quanh canh 4: hinh nén ban kinh 3, cao 4: V5 = %w -9-4=12m7.

Quay quanh canh huyén 5: dinh géc vuéng vé ra mét dudng tron cé ban kinh bang dudng cao r ha xuéng canh huyén;
ta dugc hai hinh nén chung day (hinh). Tir dién tich: 3 -3-4 = -5 -7, nénr = 1. Hai chiéu cao cong lai bang 5, nén
%,:%71'7‘2-5: %71'- %-5:45—877.

Ldn nhét 16m, nhé nhat £ tis6 16 : £ = 2.Dap an (C).

Bay: tudng quay quanh canh dai nhat cho khéi l8n nhat, hodc bd qua khéi thi ba va tra (Si ig—: = %.

Insight - Quay quanh mét doan khong phai canh géc vudng — tdch thanh cac hinh nén chung day; ban kinh chung la khoang
cach tUr diém xa truc nhat tdi truc.

Exercises 1- Foundation *
Bai tip 1 - Nén tang

12.1 The area of a circle, in square units, is numerically equal to twice its circumference, in units. What is the diameter of
+  thecircle?
(A) 1 (B) 2 (C) 4 (D) 6 (E) 8
12.2 Acircle has radius 4. Two semicircles, each with radius 2 and each with its diameter on the same diameter of the
++ large circle, form an S-shaped curve that divides the large circle into two congruent pieces, as shown. What is the

perimeter of one of the pieces?

(A) 67 (B) 87 (C) 107 (D) 127 (E) 167

12.3 The circumferences of two circles are in the ratio 2 : 3, and the area of the smaller circle is 167. What is the area of
*  the larger circle?

(A) 187 (B) 24r (C) 327 (D) 367 (E) 64r
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12.4 Point P = (a, 3) is at distance 5 from point @ = (1, —1). What is the sum of all possible values of a?
‘Ao (8) 2 (C) 4 (D) 6 (E) 8

12.5 The line 3z + 4y = 24 meets the z-axis at A and the y-axis at B, as shown. What is the distance from the origin O to
*¢+  theline?

3x+4y=24

(A) 3 (B) 4 (©) g (D) % (E) 5

12.6 A cube has surface area 96. What is the length of a space diagonal of the cube (a segment joining two opposite

*  vertices through the inside)?
(A) 4 (B) 4v2 (C) 4v3 (D) 8 (E) 12

12.7 A cylindrical can has radius 3 cm and height 10 cm. A paper label covers the whole curved side of the can and is
++  exactly as tall as the can; its two ends overlap by 1 cm where they are glued together. What is the area of the label,

-_—

in square centimeters?

10

- o

P

-

N—

(A) 307+ 10 (B) 607 (C) 607 + 10 (D) 607 + 20 (E) 78

12.8 The staircase shown is built from unit cubes. It is 4 cubes wide and 3 cubes deep, and its three steps have heights 1, 2
*+ and 3; no cubes are missing behind or under the visible ones. What is the total surface area of the staircase,
including the bottom?

(A) 36 (B) 42 (C) 48 (D) 54 (E) 60

12.9 The surface area of a sphere is 36w. What is the volume of the sphere?
* (A) 367 (B) 487 (C) 72m (D) 1087 (E) 144~
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12.10 Points A, B, and C lie on a circle with radius 9 and divide it into three arcs whose lengths are in the ratio 2 : 3 : 4, as
. shown. What is the length of the longest of the three arcs?

A

(A) 27 (B) 4r (C) 67 (D) 87 (E) 167

12.11 The circle with center M = (2, 3) and radius 5 meets the z-axis at points P and @, as shown. What is the area of
o AMPQ?

(A) 12 (B) 15 (C) 20 (D) 24 (E) 30

12.12 A solid wooden cube has edge length 6. A carpenter carves it into a pyramid whose base is the bottom face of the
134 cube and whose apex is the center of the top face, as shown, and throws away the rest of the wood. What is the

volume of the wood thrown away?

(A) 72 (B) 108 (C) 144 (D) 180 (E) 216

Exercises 2 - Competition Core * %
Bai tip 2 - Trong tdm ky thi

12.13 Quadrilateral ABCD has a circle inside it that is tangent to all four sides, as shown. If AB =7, BC =9,and CD =
. 12, whatis DA?

D 12 C
9
A 7 B
(A) 8 (B) 9 (C) 10 (D) 11 (E) 12
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12.14 Three pipes, each with diameter 2, are held together by a tight band, as shown; each pipe touches the other two.
. What is the length of the band?

(A) 647 (B) 6 + 27 (C) 6+ 3 (D) 12 + 27 (E) 6 + 67
12.15 A square has one side on the z-axis. Its upper left vertex lies on the line y = z, and its upper right vertex lies on the
+¢+  liney = —2z + 20, as shown. What is the area of the square?
y N
y=Xx
y=-2x+20
X
oY
(A) 8 (B) 9 (C) 12 (D) 16 (E) 25

12.16 A sphere with radius 6 is cut by two parallel planes. One plane is at distance 2 from the center of the sphere and the
+++  otheris at distance 4, on the same side of the center, as shown. By how much does the area of the larger cross-

section exceed the area of the smaller one?

(A) 27 (B) 4r (C) 8« (D) 127 (E) 207

12.17 A Ferris wheel has radius 10 m, and its center is 12 m above the ground. It turns at a constant speed, making one full
e*+  turn every 12 minutes. A car is at the lowest point of the wheel at noon. How many meters above the ground is the

carat 12:04 p.m?

(A) 2 (8) 7 (€) 12 (D) 17 (E) 22
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12.18 A closed cylindrical tank with radius 2 and length 10 lies on its side on level ground, as shown. It contains water to a
¢++  depth of 1. What is the volume of the water?

10

(A) 107 — 20 (8) 40T7’ _10v3 (C) 107 (D) 407” (E) 207
12.19 The length, width, and height of a rectangular box are in the ratio 1 : 2 : 3, and the surface area of the box is 198.
*+  Whatis the volume of the box?

(A) 36 (B) 54 (C) 96 (D) 144 (E) 162

12.20 A cylinder has volume 727, and the area of its curved side (not including the top and bottom) is 487. What is the
*+  total surface area of the cylinder, including the top and bottom?

(A) 667 (B) 727 (C) 84w (D) 967 (E) 1207
12.21 A 12 x 18 sheet of paper can be rolled into the curved surface of a cylinder (without overlap) in two ways: with the

A side of length 18 going around the cylinder, or with the side of length 12 going around. What is the ratio of the
larger of the two volumes to the smaller?

12

18
(A) 1 (8) g (€) 2 (D) Z (E) 3

12.22 A bowl in the shape of a hemisphere with radius 6 is full of water. All of the water is poured into an empty cylinder
144 with radius 6, as shown. How deep is the water in the cylinder?

©

(A) 4 (B) 6 (€) 8 (D) 9 (E) 12

12.23 A square whose diagonals have length 6 is rotated one full turn about the line containing one of its diagonals, as
*++  shown. What is the volume of the solid swept out?

(A) 67 (B) 97 (C) 187 (D) 27 (E) 54m
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12.24 A cylindrical glass with radius 3 and height 12 is full of water. A solid cone with base radius 3 and height 12 is
+++  pushed, point down, into the glass until its base is level with the top of the glass, so some water spills out; then the
cone is removed. Next, a solid ball with radius 3 is dropped into the glass. How deep is the water now?

—

12

(A) 8 (8) 9 (C) 10 (D) 11 () 12

12.25 A coin with radius 1 rolls around the outside of a square with side length 6, always touching the square, until it
e*+  returns to its starting position. What is the area of the region covered by the coin at some moment during its trip?

6

O

(A) 24 + 4r (B) 48 (C) 48+ (D) 48 + 27 (E) 48 + 4n

12.26 A ball with radius 6 rests on the floor in a corner of a room, touching the floor and both walls, as shown. Let K be
+++  the corner point where the two walls meet the floor. What is the distance from K to the nearest point of the ball?

K
(A) 6v2 -6 (8) 3 (C) 6v/3 -6 (D) 6 (E) 6v/3
Exercises 3 - Challenge
B Bai tip 3 - Thir thach * ok

12.27 A rectangular box has edge lengths a < b < ¢, all positive integers, and its volume is numerically equal to its surface

eeees  grea. How many such boxes are there?

Integer answer - Dap s6 nguyén [:

12.28 A rectangular box has three different whole-number edge lengths, and the length of its space diagonal is also a
*+++  whole number. What is the least possible volume of the box?

Integer answer - Dap s6 nguyén :]
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12.29 A cube sits inside a solid hemisphere of radius 6: its bottom face lies on the flat face of the hemisphere, centered
«+++  there, and the four top vertices of the cube lie on the curved surface, as shown. What is the surface area of the
cube?

(A) 72 (B) 96 (C) 108 (D) 128 (E) 144

12.30 For how many integers n with 1 < n < 50 does the circle z2 + y? = n pass through exactly 8 points whose
+++s  coordinates are both integers? (For example, the circle 22 + 32 = 25, shown, passes through 12 such points.)

AY

A Aa

(A) 8 (B) 10 (C) 12 (D) 13 (E) 14

12.31 A closed cylinder has radius 2 and height 4. A point is chosen at random inside the cylinder. What is the probability
++++  that the point is at distance at most 2 from the center of the cylinder (the midpoint of its axis)?

1 1 3 2 3
(A) 3 (B) 2 (€ € (D) 3 (E) 1

12.32 Points A and B lie on a circle with center O and radius 6, and AB = 6. Point C' moves along the circle. What is the
+se+  greatest possible area of AABC?

(A) 93 (B) 18 (C) 183 (D) 18 +9+/3 (E) 36 + 93
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12.33 Square ABCD has side length 8. Inside the square, one semicircle has diameter AB (the bottom side) and another
++++  semicircle has diameter AD (the left side), as shown. What is the total area of the parts of the square that lie inside
exactly one of the two semicircles?

(A) 32 (B) 87+ 16 (C) 48 (D) 167 (E) 64

12.34 The taxicab distance between points (z1,y1) and (z2,y2) is |21 — 2| + |y1 — y2|. Let A = (0,0) and B = (6, 2). How

sees+  many points P with integer coordinates satisfy (taxicab distance from P to A) + (taxicab distance from P to B) = 12
?

Integer answer - Dap s6 nguyén :]

12.35 A coin with radius 1 rolls around the inside of a 10 x 6 rectangle, always touching at least one side of the rectangle,
e+++ until it has gone all the way around. What is the area of the part of the rectangle that the coin never covers?

G

O

10

(A) 12 (B) 16 — = (C) 12+ (D) 16 (E) 20 — =

12.36 Points A = (0,0) and B = (8, 6) are shown. For how many points C with integer coordinates is ZACB = 90°?

*e00

AY
. ce e e p
Gf o o o o o o o .
44 o .
4 . . . .
A1 e x

(A) 8 (B) 10 (C) 12 (D) 14 (E) 16
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Problem-Solving Strategies
Chién ludc giai toan

Chugng cubi khéng day thém cong thic ma day cach tan cdng mat bai la — k§ ndng phén biét hoc sinh 15 diém vdi
hoc sinh 22 diém & AMC 8. Sdu nhdm chién ludc: di ngugce va thir cé hé théng; thu nhd bai todn va d6i géc nhin; chn
(&, t6 mau va bat bién; nguyén ly Dirichlet vdi trudng hdp xau nhat; bai cuc tri bang “chdn réi xay dung”; va cac chién
thuét trdc nghiém. Hoc sinh hay mat diém vi tin mét quy luét chua kiém tra, vi quén cong 1 trong bai “chdc chan”, va vi
chi tim vi du ma khong chadn (hodc chi chdn ma khéng ¢é vi du).

v Bi ngugc ding thi tu véi cdc phép ngugc; thir — kiém tra
— diéu chinh cé hé théng khi biéu thitc don diéu.

v DlUng chdn (&, t6 mau va bat bién dé& chiing minh “khéng
thé&”, va xay dung cdch lam cho cdc trudng hdp con lai.

v Gidi bai l&n nhat/nhd nhat bang hai budc: chdn (chia

v Gidi cdc trudng hap nhd, tim quy luat va ly do; d6i déi
tuong dém khi dém truc tiép réi.

v Thiét k& “chuéng” cho nguyén ly Dirichlet va tinh ding
trudng hgp xau nhét.

v Dung céc lua chon: thr ddp an, gia tri dac biét, loai trir

khéi, lay trung binh) va xay dung. bang chi s6 tan cling, chan (&, s6 du, d6 Lén.

working backwards - di ngudc (tir két qua) guess, check, and refine - th(r — kiém tra — diéu chinh small cases - trudng hgp nhé

pattern - quy luat parity - tinh chan (& coloring argument - lap luén té mau invariant - bat bién

monovariant - dai lugng don diéu pigeonhole principle - nguyén ly Dirichlet (chuéng — tho) worst case - trudng hdp x&u nhat

bound - can (chan) construction - xay dung (vi du dat dugc) greedy - tham lam backsolving - thir dap an

special values - gid tri ddc biét estimate - udc lugng

N\

o 13.1 Working Backwards; Guess, Check and Refine

Di ngudc tir két qua; thir — kiém tra — diéu chinh

Musi hai chudng trudc day kién thifc; chucng cudi nay day cach nghi khi gdp moét bai la. Chién ludc d4u tién rat don gian

nhung hay bi bé quén: khi dé cho trang thdi cudi va mé ta tirng budc da xay ra, ding dat 4n rdi gidi phudng trinh cong kénh —

hay di ngudc (work backwards) tif cudi vé dau. Khi bai hdi “s6 nao thod man ...” ma cac gia tri thr dugc lai tdng/gidm déu theo

s8 dd, hay thit — kiém tra — diéu chinh (guess, check, refine) thay vi md ngau nhién.

Key Idea — Working backwards (di ngu’oc)

If a process is a chain of steps and each step can be undone, start from the final result and undo the steps in reverse
order, replacing every operation by its inverse.

Phép ngudc: + <+ —, X < =+, “gap d6i” <+ “chia d6i”. Vi du & hinh: mét s6 dugc nhan 3, cdng 4, chia 2 thi dugc 11. Bi ngugc:
11 x 2 =22,22 —4 = 18,18 + 3 = 6. Khéng can phudng trinh nao ca.

x3 +4 =)
di t6i X —» 3x |—P| x+4 —P{ 1
di nguoc 6 — 18 — 22 — 11
= 3) —4 x 2
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Example 13.1 Di ngudc bang bang trang thai

Three cups A, B, and C contain some water, as shown. First, water is poured from A into B until the amountin B
doubles. Next, water is poured from B into C' until the amount in C doubles. Finally, water is poured from C into A until
the amount in A doubles. Now each cup contains 240 mL. How many milliliters of water did cup A contain at the start?

1

> 2 »

P>

(A) 180 (B) 210 (C) 300 (D) 330 (E) 360
SOLUTION - L8I GIAI - Answer: (D) 330

Lan rét nao cling lam c8c nhan gdp dbi, nén di ngudc thi c6c nhan phai chia d6i, phan chia ra trd vé c8c d3 rét. Téng
lugng nudc ludn la 3 - 240 = 720 mL. Lap bang tu dudi én:

Thai diém A B C

Cugi cling 240 | 240 | 240
Trudce lan rét 3 (C — A) 120 | 240 | 360
Trudce lan rét 2 (B = C) 120 | 420 | 180

Ban dau (trudc lanrét 1, A= B) | 330 | 210 | 180

Vi du dong thi hai: sau lan rét 3, A cé 240 mL, tic & d3 g4p d6i tir 120 mL; 120 mL d4 8y tir C, nén trudc dé C cd
240 + 120 = 360 mL. Kiém tra lai theo chiéu xubi: (330, 210, 180) — (120, 420, 180) — (120, 240, 360) — (240, 240, 240).
Pdp an (D).

Bay: 210 va 180 L& lugng nudc ban dau cta B va C, khéng phai cla A.

Insight - M&i budc “gap ddi” khi di ngugc la “chia d6i”; gitr tdng khong ddi dé kiém tra tiing dong clia bang.

Common Trap — D30 ding phép, ding thy ty
Budc cudi cung phai dugc gd dau tién. Néu mot budc a “ldy mot nlta réi bdt 37, thi di ngudc (3 “thém 3 r6i nhan 2" — lam “nhan
2 r6i thém 3" sé sai. Vdi phan trdm: giam 20% la nhan 0,8, nén di ngudgc la chia 0,8 (tc tdng 25%), khéng phai tang 20%.

Tip — Th& - kiém tra - diéu chinh (guess, check, refine)

Khi can tim mét s6 nguyén ma biéu thiic clia né tang dan theo s6 d6, hay: (1) udc lugng bang s6 hang &n nhat; (2) thi mét gid
tri va ghi vao bang “qud nho / qud ldn”; (3) nhay vé phia ding. Méi lan thr phai thu hep viing tim kiém — d6 la khéc biét gilta
thir ¢ hé thdng va dodn mo. Chif s8 tan cling thudng loai bét gid tri trudc khi tinh.

Example 13.2 Udc lugng roi diéu chinh

What positive integer z satisfies z + 2% + 2 = 29547
(A) 12 (B) 13 (C) 14 (D) 15 (E) 16

SOLUTION - L3I GIAI - Answer: (C) 14
S6 hang 2 chi€m gan hét vé trdi, nén 3 hagi nhé hon 2954. Vi 143 = 2744 va 15% = 3375, ta thf quanh 14.

x z + x? + 28 nhan xét

10 1110 qua nhd
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15 3615 qua lén
14 | 14 + 196 + 2744 = 2954 ding
V& trdi tdng khi z tdng nén nghiém nguyén dudng la duy nhat: z = 14. D4p an (C).

Cé thé loai nhanh bang chi s6 tAn cung: can tin cling 4. Vi x tn cung 2, 3, 5, 6 thi  + 22 + 23 tin clng lan lugt 4, 9, 5,
8 — chi con 12 va 14 can thir, 12 + 144 + 1728 = 1884 qud nho.

Insight - Udc lugng bang s hang trdi, roi dung tinh don diéu dé biét nén thir l8n han hay nhé hon.
\. J

o 13.2 Make It Simpler: Small Cases and a New Point of View
Thu nhé bai toan: trudng hdp nhé va déi géc nhin

Mot bai cd s6 18n (100 ngudi, 2026 budc, bang 12 x 18) thudng la phién ban phdng to clia mét bai nhd ma ta gidi dugc bang
tay. Chién ludc: giai cac trudng hgp nhé, ghi két qua vao bang, tim quy luét, réi gidi thich vi sao quy luat ding. Khi d&m truc
tiép réi, hay ddi géc nhin: d&m mbt dai luong khdc nhung bang né.

Key Idea — Solve a smaller problem (gidi bai nhé hon)

Replace the large numbers by small ones, solve several small versions completely, organise the answers in a table, look
for a pattern, and then find the reason behind the pattern before applying it to the original numbers.

Budc “tim ly do” & b3t budc: né vira bao dam quy luat ding, vira thudng cho ludn cdng thiic tdng quat.

Example 13.3 Trudng hdp nhé = quy it — ly do

The integers 1,2, 3, ..., 10 are written in a row. Below each pair of neighbors their sum is written, making a row of 9
numbers. This is repeated, each new row having one number fewer, until a single number is left. The figure shows the
same process starting from 1, 2, 3, 4. What is the single number left at the end?

OO0
OR 040,
® ®

(A) 1408 (B) 2816 (C) 5120 (D) 5632 (E) 11264

SOLUTION - L3I GIAI - Answer: (B) 2816
Trudng hgp nhé (b3t dautlr1,2,...,n):

Quy luét: (n + 1) - 272,

Ly do. S8 cudi la téng cac s6 & hang d4u, mbi s6 nhan vdi mét “trong s6” bang s6 céch di tif nd xuéng ddy (mbi budc
xudng trai hodc phai). V8in = 4 cadctrong s6 12 1,3,3,1:1-1+2-3+3-3 +4 -1 = 20. Trong s8 ddi xting va cb téng
21\ 1,2, ..., n d6i xitng quanh trung binh "T“ ghép s8 dau vdi s6 cubi, s6 thi hai v8i s6 dp cudi... (cing trong s6) cho
kétqua = . 27! = (n +1)2" 2

Véin = 10: 11 - 28 = 2816. Dép an (B).

Bay: 5632 = 11 - 29 14 dung 2"~ ! ma quén chia 2; 5120 = 10 - 2° 14 nham trung binh thanh n.

Insight - Badng cdc trudng hgp nhd gai y cdng thic; ly do (trong s6 d8i xiing) mdi cho phép tin céng thic véi n = 10.
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Common Trap — Quy lut nhin thdy chwa phai 13 chirng minh
D&t n diém trén dudng tron réi néi moi cdp diém (khéng cé ba ddy nao déng quy). S6 mién tao ra lan lust la 1,2, 4,8,16 véin =

1,2,3,4,5 — rat gidng “gap d6i”. Nhung véi n = 6 (hinh) chi cé 31 mién, khéng phai 32. Vi vay luén tim ly do cta quy lut, hodc
kiém tra thém mot trudng hdp trudc khi tin.

Tip — ©di g6c nhin: dém th* dé dém hon
DEé hoi s8 trAn dau? Dém sé Lan thua. Dé hoi s6 lAn c&t? DEm s6 manh ting thém. Dé hdi s6 6 mét dudng thdng di qua? Dém s6
vach Wi né cdt. H6i ban than: “mbi su kién tao ra ding mot cai gi ma tbi dé dém?”

Example 13.4 DéEm tran diu qua s6 tran thua

In a double-elimination tournament, a team is eliminated as soon as it has lost two games, and there are no ties. Thirty-
two teams enter, and games are played until only one team, the champion, remains. What is the greatest possible
number of games played?

(A) 31 (8) 32 (C) 62 (D) 63 (E) 64

SOLUTION - L3I GIAI - Answer: (D) 63
Ding vé& nhdnh ddu — hay dém s6 tran thua: méi trin cé ding mét dbi thua, nén s6 trdn bang téng s6 lan thua.

31 dbi bi loai, mbi ddi thua didng 2 tran: 62 lan thua. Nha vé dich thua 0 hodc 1 tran. Vay s6 trén la 62 hodc 63, l8n nhat la
63 — xay ra khi nha v6 dich thua mét trdn (vi du ngay trén dau) roi thing tat ca cdc trdn sau. Dap 4n (D).

Bay: 31 L4 s8 tran cla thé thiic loai truc tiép; 62 la quén tran thua cd thé cé cla nha v dich; 64 la tinh nhdm nha v6 dich
cling thua 2 trén (khi dé dbéi a8y da bi loai).

Insight - “Méi tran sinh ra ding mét tran thua” — d8i d6i tudng dém tir trAn dau sang k&t qua cla tran.

13.3 Parity, Coloring and Invariants

Chan L&, t6 mau va bat bién
Nhiéu cdu hdi AMC 8 cé dang “cé lam dudc khdng?”, “gid tri nao cd thé xay ra?”. Thi mai khéng ra chua chiing minh dugc
diéu gi. Cébng cu manh nhat cho loai cau nay la tim mot dai ludng khong ddi (hodc chi di theo mét cach biét trudc) qua moi
budc: tinh chan &, mau cuta 6, t6ng cdc s6 theo mot s6 dur...

Definition — Parity (tinh ch3n 18)
even + even = even, odd & odd = even, even &+ odd = odd; a product is odd only if every factor is odd. A sum of
integers is odd exactly when it contains an odd number of odd terms.

Hé qud hay dung: a + b va a — b luon cung tinh chan &; d6i ddu mdt s6 hang khéng dédi tinh chin L& cla téng.
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Theorem — Coloring argument (13p ludn t6 mau)

Color the cells of a board like a chessboard. Any path that moves between cells sharing a side alternates colors. Hence
on a path visiting m cells, the numbers of cells of the two colors differ by at most 1; and after an odd number of moves
the path is on the other color.

Téng quat: néu td cdc vi tri bang vai mau sao cho mbi budc ludbn chuyén sang mau “ké tiép” theo mdt vong c6 dinh, thi trén
dudng di cdc mau xuat hién lan lugt, s6 lAn xuat hién clia ching chénh nhau khéng qud 1. So sénh vdi s6 6 mbi mau trén bang sé
biét dudng di nao khéng thé cé. Hinh: dudng di qua 11 6, xen k& 6 6 mét mau va 5 6 mau kia.

Example 13.5 T6 ba mau theo chu ky

A robot stands on one square of the 5 x 5 board shown. In each move it goes one square to the right, one square up, or
one square diagonally down and to the left (see the small picture). It wants to visit every square of the board exactly
once. Which of the five marked squares could be its starting square?

(A) A (8) B () C (D) D (E) E

SOLUTION - L3I GIAI - Answer: (C) C

Té mau. Ddnh s6 cétx = 0,...,4 tlrtrdi sang, hang y = 0, . .., 4 tir dudi lén, va t6 6 (z,y) theo s6 du clia x + y khi chia
cho 3. Di sang phai hay én trén lam z + y tdng 1; di chéo xuéng trdi lam z + y gidm 2 — theo médun 3 cling la tdng 1.
Vay mau thay d6i theovong0 —+ 1 —2 —0 — ---

Pém. Trén dudng di qua 25 6, mau cla 6 xuat phat xuat hién 9 (4n, hai mau kia m6i mau 8 lan. Trén bang, mau 0 cé 8 6,
mau 1 cd 96, mau 2 cd 8 6. Vay 6 xudt phat phai céd mau 1, tlc = + y chia 3 du 1.

Céc 6 danh ddu: A = (0,0), B = (2,0), C = (1,3). D = (3,3), E = (4,4) c6 = + y l4n Wdt 13 0, 2,4, 6,8 — chi C du 1.
X4y dung. Hinh dudi (t6 mau theo s8 du) ddnh s6 mét dudng di qua ca 25 & xudt phat tir C. Dap an (C).
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10 11 12 13 14
9 1 2 15 16
8 3 4 17 24
7 5 18 25 23
6 19 20 21 22

Luu y: khdng phai 6 mau 1 nao cling xudt phat dugc (vi du 6 gilta bang thi khéng) — t6 mau chi loai cac 6 sai; 6 ding
phai dugc xdc nhan bang mét dudng di cu thé.

Insight - Khi mdéi budc ldm mét dai ludng tang déu theo mbét mddun, hay t6 mau theo médun dé va dém sé 6 méi mau.

Key Idea — Invariant (bt bién)
An invariant is a quantity that does not change when a move is made. If the starting position and a target position give
different values of the invariant, the target can never be reached.

C4ch tim: viét ra mot nudc di téng quat, xem nd lam thay d6i téng, hiéu, s du hay tinh chan Lé cla cdi gi — dai luang nao
khéng d6i (hodc chi d6i theo bdi cia mébt s6 cé dinh) chinh la bat bién.

Example 13.6 Téng theo moédun 10 khong d6i

Ten stations, numbered 0 to 9, are equally spaced around a circle, as shown. Tokens sit on stations 1, 2, 3,4, and 5, one
on each. In a move, Minh chooses two tokens, moves one of them one station clockwise, and moves the other one
station counterclockwise. Several tokens may share a station. For how many of the ten stations is it possible to bring all
five tokens to that station?

(A) 0 (8) 1 (€) 2 (D) 5 (E) 10

SOLUTION - L3I GIAI - Answer: (D) 5

Bat bién. Goi T' la tdng s6 hiéu cac tram cé quan. Mdi nudc di cong 1 vao mot s6 va trir 1 & s6 kia (di qua 9 — 0 hay 0 —
9 thi thay d6i F9, van 1 &1 theo mbdun 10). VAy s6 du cta T khi chia cho 10 khong @6i. Ban dauT =1 +2 4 3 +
4+5=15,dub.

Né&u ca ndm quan & tram s thi T' = 5s, du 0 khi s ch8n va du 5 khi s |&. VAy chi cac tram Lé mdi cd thé.

Xay dung. Gom vé tram 3: ddy quan & 1 theo chiéu kim déng hd va quan 8 5 ngudc chiéu, l3p lai vdi hai quan d6 va vdi
cdp 2,4: (1,2,3,4,5) — (2,2,3,4,4) — (3,2,3,4,3) — (3,3,3,3,3). TU “cd ndm quén & s” sang “cd ndm & s + 2™ cho
mot quan di ngudc chiéu 8 budc (turc tién 2 tram) trong khi mbi quan con lai di xubi 2 budc — 8 nudc. Vay ca b tram &
1,3,5,7,9 déu dugc. Dap an (D).
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Bay: chi nghi tdi tram “8 gilra” & 3 thi chon 1; quén kiém tra bat bién thi chon 10.

Insight - B4t bién loai bd céc tram chdn; nhung dé khdng dinh cdc tram Lé lam dudc, phai chi ra cach di.

Common Trap — B3t bién chi chirng minh dwoc “khong thé”

Bat bién cho biét trang thai nao khéng dat dudc. N6 khéng tu bdo dadm cdc trang thai con lai dat dudc — muén tra L8i “cé bao
nhiéu trang thdi dat dudc” phai xay dung cdch di cho tiing loai. Ngudc lai, khi dé chi héi “trang thai nao khéng thé”, mét bat bién
la du.

n 13.4 The Pigeonhole Principle and the Worst Case
Nguyén ly Dirichlet va trudng hgp xau nhat

/,

CAu hai “ft nhat bao nhiéu ... d& chac chan ...” 13 tin hiéu clia nguyén ly Dirichlet (pigeonhole principle). Pdp 4n lubn gém hai
ntta: (1) mot vi du xau nhat cho thay vdi it hon thi chua chic; (2) mét LAp ludn “chubng — thd” cho thay s6 dd la du.

Theorem — Pigeonhole Principle (nguyén ly Dirichlet)

If more than n objects are put into n boxes, some box contains at least 2 objects. More generally, if more than kn objects
are put into n boxes, some box contains at least k + 1 objects.

Ly do: néu hép nao cling cé khéng qua k vat thi téng s8 vat khéng qud kn. Vi du: 5 vién bi vao 4 hop thi cd hdép chita > 2 vién
(hinh); 31 vién bi vao 4 hép thi cé hdp chira > 8 vién vi 31 > 7 - 4.

ool o Jlo |l

hop 1 hop 2 hop 3 hop 4

Tip — Nghé thudt 13 chon “chudng”
Chubéng phai dugc thiét ké sao cho “hai vat cing chuéng” tu ddng cho diéu dé muén: cung s6 du, cuing mét 6 vuéng nhé, cling
mot nhdm sé Lién tiép, cing mét cdp cb téng cb dinh... Néu thdy can k + 1 vat cling chubng, hdy dung dang téng quat.

Example 13.7 Chuéng la cdc 6 vudng nhé

What is the least positive integer n such that among any n points placed inside or on the boundary of a 3 x 3 square,
there are always two points whose distance is at most 1/2?

(A) 5 (8) 9 (C) 10 (D) 13 (E) 16

SOLUTION - L3I GIAI - Answer: (C) 10

B chia hinh vudng thanh 9 6 vuéng dan vi (chudng). V3i 10 diém, cé hai diém cing mét 6 (diém trén canh chung thi xép
vao mbt 6 bat ky chira nd). Hai diém trong cing mét & vudng canh 1 cach nhau khéng qud dudng chéo v/2.

Chua da véi 9: ddt 9 diém cé hai toa do déu thudc {0; 1,5; 3} — mot Wdi cach déu 1,5 (hinh). Hai diém géan nhat cach
nhau 1,5 > /2 ~ 1,414.
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Vay n = 10. Dap an (C). Bay: chon 9 | quén rang phai cé nhiéu hon s8 chubng.

Insight - Hai nifa cila mét bai Dirichlet: chudng cho “du”, vi du xau nhat cho “chua da”.

Common Trap — “Ch3c chan” nghia 13 tinh cho trwéng hop xui nhat
Dé hai s6 lan rut it nhat dé chac chan dat muc tiéu: hdy déng vai ngudi xui nhat — rdt dudc nhiéu nhat bao nhiéu ma van chua
dat? Ddp 4n 4 s86 d6 cong 1. Hai l6i thudng gdp: quén cdng 1, va tudng tudng mét kich ban “khd xui” thay vi kich ban xui nhat.

Example 13.8 Chuéng la cic bd ba lién tiép

Cards numbered 1,2, 3, ...,30 are in a bag. Lan draws cards without looking. What is the least number of cards she
must draw to be sure that among the cards drawn there are three with consecutive numbers, such as 14, 15,167

(A) 11 (B) 16 (C) 20 (D) 21 (E) 28

SOLUTION - L8I GIAI - Answer: (D) 21

Trudng hgp xui nhat. Lan cé thé rdt 20 thé ma khéng cé ba sé lién tiép: moi s8 khéng chia hét cho 3 (
1,2,4,5,7,8,...,28,29) — gilta hai cdp lién ti€p ludn bi bdi clia 3 chen vao.

Chuéng. Chia 1-30 thanh 10 nhém {1, 2,3}, {4,5,6},...,{28,29,30} (hinh). R4t 21 = 2 - 10 + 1 thé thi theo dang téng
quat clia nguyén ly Dirichlet cé mét nhédm dd ca 3 thé — ba sé lién tiép.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Dap 4n (D). Bay: 20 la quén cong 1; 11 [ dung dang “hai vat cling chuéng” thay vi “ba v4t cling chuéng”.

Insight - Mudn k + 1 vat cing mét chuéng thi can kn + 1 vat; chuéng dudc chon dé “cling chuéng” = ding diéu can ching
minh.

13.5 Extremes: Bound, then Build
Cuc tri: chdn roi xay dung
C4u hdi “lén nhat / nho nhat la bao nhiéu” ludn b hai viéc phai lam. Chi tim dudc mét vi du tét thi mdi biét dép én it nhat a

bay nhiéu; chi cd mbét bat ddng thuc thi chua biét cé dat dudc khéng. Bdp an dung La nai hai viéc gdp nhau.

Key Idea — Bound + construction (chan + x3y dung)

To show that the maximum of a quantity is M: (1) prove that the quantity can never exceed M (a bound); (2) exhibit one
example where it equals M (a construction). For a minimum, reverse the inequalities.

3 AMC khéng can viét chiing minh, nhung tu duy hai budc nay gitp loai dép dn: mdt vi du cho thdy dép dn khdng thé nhd hon s8
dd, mét lap luan chan cho thay khong thé 1&n han.
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Common Trap — Tham lam (greedy) c6 thé sai
“Lay cdi ldn nhat cé thé 8 mbi budc” la moét céch xdy dung nhanh, nhung khéng tu bdo dam La tot nhat. Vdi nhiéu hé ménh gid

7

quen thubc tham lam cho két qua t6t, nhung vdi nhitng ménh gid “la” thi khong — xem vi du dudi. Muén khang dinh (a t&i uu,
van phai cé 4p lun chan.

Example 13.9 Khi tham lam thét bai

In a board game, coins are worth 1, 5, and 12 points, as shown, and there are plenty of each kind. What is the least
number of coins with a total value of exactly 39 points?

(A) 4 (8) 5 (C) 6 (D) 7 (E) 8

SOLUTION - LGOI GIAI - Answer: (B) 5

Tham lam: 3y ba xu 12 (dudc 36), con 3 diém phai dung ba xu 1: t6ng 6 xu. Nhung 12 + 124+ 5 +5+5 = 39 chican 5
xu.

Chén: khong thé duing 4 xu. Néu cé nhiéu nhat moét xu 12 thi 4 xu cé tdng khéng qud 12 +5 + 5 + 5 = 27 < 39. Néu cé
ddng hai xu 12 thi hai xu con lai (méi xu [ 1 hodc 5) phai cé t6ng 15 — khéng dudc vi téi da & 10. Ba xu 12 thi xu con lai
phai la 3 — khéng cé. Bn xu 12 cho 48. VAy it nhat 5 xu. Dap 4n (B).

Bay: 6 & ddp s6 cla cach tham lam.

Insight - M6t vi du chi cho cén trén; muén chac a it nhat phai chdn dugc moi cach dung it hon.

Tip — Ba c3ch ch3n hay g3p

(1) Chia khéi: cdt hinh/tdp hop thanh céc phdn ma méi phan chita nhiéu nhat mét (hodc k) ddi tugng — sé phan la cén trén. (2)
L3y trung binh: dém méi phan ti dudc tinh bao nhiéu [an trong cdc téng, suy ra tdng cla tat ca cac téng; khi d6 t6ng l8n nhat
khdng nho han trung binh. (3) Té mau: néu méi ddi tugng phai chiém it nhat mot 6 ciia mot mau hiém, s6 6 mau dé La cin trén.
Sau khi ch&n, nhin vao trudng hdp dau bang cla l4p luan dé dodn cdch x4y dung.

Example 13.10 T6 mau dé chin, xép hinh dé dat

The plus-shaped figure shown is made of 13 unit squares: a center square and four arms of 3 squares each. What is the
greatest number of 1 x 2 dominoes that can be cut from it, cutting only along grid lines?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 13

SOLUTION - L3I GIAI - Answer: (B) 5

PéEm 6 thoi chua da: 13 6 cho cin 6 quan domino, nhung cin nay khéng dat.
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ENGLISH

Chan bang td mau. T6 nhu ban c& vdi 6 gilta mau xdm. Trén mbi nhanh, tinh tir trong ra: trdng, xdm, tréng. Vay chi cé
1+4 =506 x3m (va 8 6 trdng). M&i quan domino phu hai 6 ké nhau, ti’c mét 6 xam va mat 8 trang, nén cé nhiéu nhat 5
quan.

Xay dung. O gitfa ghép vdi 6 dau ciia mbt nhanh; & nhanh d6 hai 6 con lai thanh mét quan; 8 mi nhanh khac, 6 xdm &
gilta ghép vdi mét 6 trdng bén canh. Bugc 1 + 1 + 3 = 5 quén (hinh).

[

Ddp an (B). Bay: 6 = |13/2] la chi chia s8 6 cho 2.

Insight - M&i quan chiém ding mét 6 cha mau hiém = s6 6 mau hiém (a cn trén — thudng chdt hon cin “t8ng s8 6 chia 2”.

. J

o 13.6 Multiple-Choice Tactics
Chién thuat trac nghiém

AMC 8 cé 25 cAu trong 40 phut, mbi cau 5 lua chon va khéng trir diém khi sai. Nam lua chon L& thong tin: cé thé thir ching,
duing chiing dé loai trlt, hodc nhan ra rdng ddp s6 khdng phu thudc vao chi tiét nén dugc chon gid tri d3c biét. DAy la cdng cu

b8 trg — van phai hiu bai — nhung thudng tiét kiém dudc vai phit quy gid.

Tip — Thi&r d3p 3n (backsolving)

Khi @& hdi “s6 nao trong cdc s8 sau thod man ..." hodc phuang trinh khé gidi ma dé kiém tra, hdy thay tiing lua chon vao. Lua
chon s8 dudc x&p tdng dan, nén thir lua chon & giifa trudc: néu né qua Ldn thi chi con hai lua chon nhé han. T6t hon nita: tim mét
tinh chat (chia hét, chan &, s& du) loai nhiéu lua chon cling Ldc.

Example 13.11 Thir lya chon & giifa trudc

What value of z satisfies v + 9 + v/ = 9?

(A) 1 (B) 4 (€ 9 (D) 16 (E) 36

SOLUTION - L3I GIAI - Answer: (D) 16

Thir dap an. Céc lua chon déu la s6 chinh phuong — ddu hiéu nén thay vao. Thir lua chon & gilta, z = 9: /18 + 3 =~
4,24 + 3 = 7,24 < 9, qud nho. V& trdi tdng theo z, nén chi cn thr l8n hon: = 16 cho /25 + /16 =5 +4 = 9. Ddp 4n
(D).

Céch dai s8 (dé thdy vi sao nghiém dep): nhan hai vé véi vz + 9 — /z dudc 9 = 9 (Vo + 9 — v/z), nén v + 9 —

vz = 1. Céng vdi phudng trinh dé bai: 2v/z + 9 = 10, z = 16.

Insight - Thir lua chon giifa trudc; néu biéu thic don diéu thi mét phép thir loai dudc hai lua chon khic.

Tip — Gi3 tri d3c biét (special values)

Néu dé ngdm khang dinh dap s6 khéng phu thudc vao mét dai lugng (“véi moi z...", “diém P bat ky...", chi cho ti s6 ma khéng
cho ting s8), hdy chon gid tri dé tinh nhat cho dai lugng dd: 0, 1, 2, mét trudng hdp d8i xiing, mét diém & dinh hay trung diém.
M6t phép tinh nhé thay cho cd mot chiing minh.
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Key Idea — Loai trir bang “d3u van tay” cGa dip 3n

Before computing exactly, check cheap properties of the answer: its last digit, its parity, its remainder modulo 3, 4 or 9,
its rough size. Every choice that fails one of them can be crossed out.

Vi du: tich hai s& & phai & m6t s& chinh phudng chia 3 du 0 hodc 1; mot két qua udc lugng khodng 400 thi loai ngay 40 va 4000.

" Example 13.12 DA&u hiéu nhan biét sé chinh phucng .

Exactly one of the following numbers is a perfect square. Which one?

(A) 4637 (B) 5112 (C) 5329 (D) 6246 (E) 7541

SOLUTION - L3I GIAI - Answer: (C) 5329

Binh phudng clia m6t s6 nguyén chi tan cling bang 0,1, 4, 5, 6,9: loai 4637 (t4n cing 7) va 5112 (tn clng 2).
6246 chdn, nén néu (4 s6 chinh phuang thi phai chia hét cho 4; nhung hai chit s6 cudi 46 khéng chia hét cho 4: loai.
7541 cd téng chit s8 17, chia 3 du 2; ma s6 chinh phudng chia 3 chi du 0 ho3c 1: loai.

Con lai 5329; that vay 732 = 5329. Dap 4n (C).

Insight - Ba phép thir ré — chit s8 tin cling, chia hét cho 4, s du khi chia 3 — loai dudc bén lua chon ma khéng can khai can.

Common Trap — Gi3 tri d3c biét chi hop 18 khi d3p sd th3t sy khong ddi

Néu z + y = 10 thi 22 + y? khéng c6 dinh: = y = 5 cho 50, con = 0, y = 10 cho 100. Trudc khi chon gid tri ddc biét, chic
chdn rang dé (hodc cdc lua chon, vén déu L3 hang s6) cho biét ddp s6 khdng phu thudc vao cdch chon. Khi nghi ngd, thir hai b
gid tri khdc nhau: néu ra hai két qua khdc nhau, cach hiéu dé clia ban dang sai.

Exercises 1- Foundation *
Bai tip 1 - Nén tang

13.1 In a video game, at each level a player's score is first doubled and then 15 points are subtracted. After three levels, Tu
. has 55 points. How many points did Tu have before the first level?
(A) 10 (B) 20 (C) 25 (D) 35 (E) 40
13.2 A film starts at 7:45 p.m. Before it, Ha needs 40 minutes to eat dinner and then 25 minutes to travel to the cinema,
* and she wants to arrive 15 minutes before the film starts. What is the latest time she can start eating dinner?
(A) 6:25 p.m. (B) 6:40 p.m. (C) 6:50 p.m. (D) 7:05 p.m. (E) 7:30 p.m.
13.3 Fifteen positive integers have a sum of 100. At most how many of them can be odd?
AT (B) 12 (C) 13 (D) 14 (E) 15
13.4 A rectangle with whole-number side lengths has area 72 and perimeter 36. What is the length of its longer side?
* (A) 8 (B) 9 (C) 12 (D) 18 (E) 24
13.5 Twenty-five students take a quiz, and each receives a whole-number score from 0 to 10. What is the largest number
*  k such that we can be sure that at least k students received the same score?
(A) 2 (8) 3 (C) 4 (D) 5 (E) 11
13.6 Vietnamese banknotes include notes worth 1,2, 5,10, 20, and 50 thousand déng. What is the least number of these
*+  notes with a total value of exactly 88 thousand déng?
(A) 6 (B) 7 (C) 8 (D) 9 (E) 10
13.7 Mai has 20 matchsticks, each 1 cm long. She uses all of them to make the outlines of two separate rectangles; each

**  side of each rectangle is made of whole matchsticks. What is the greatest possible total area of the two rectangles, in
square centimeters?

(A) 12 (B) 13 (C) 16 (D) 17 (E) 25
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13.8 What s the value of x if 2% + 3% = 977

* (A3 (B) 4 ()5 (D) 6 (E) 7
139 2 _ g what is the value of ﬂ?
R y 3 2z —y
@ (®) 2 (© 4 ©) 7 ®) s
13.10 \Which of the following is closest to 0-49 X03'19081X 20'3?
) (A) 0.04 (B) 0.4 ' (C) 4 (D) 40 (E) 400

13.11 On a straight road that runs east-west, the bank is 3 km east of the school. The park is 5 km west of the bank, the
¢ zoo is 6 km east of the park, and the library is 4 km west of the zoo. How many kilometers apart are the library and
the school?

(A) 0 (8) 1 (C) 2 (D) 4 (E) 6
13.12 A badminton tournament starts with 45 players. In each match two players play, the loser is eliminated, and the

. winner stays in the tournament; when the number of players left is odd, one of them may wait for the next round.
The tournament ends when only the champion is left. How many matches are played?

(A) 22 (8) 23 (C) 44 (D) 45 (E) 90

Exercises 2 - Competition Core * Kk
Bai tip 2 - Trong tam ky thi

13.13 A point P is reflected over the z-axis. The image is then rotated 90° counterclockwise about the origin, and that
134 image is moved 3 units to the right. The final point is (4, —1), as shown. What are the coordinates of P?

AV

1
X
>

4 -3 2 -1 1 2 3 4

-1 °
(4) _I)

2

-3

(A) (_2a_4) (B) (_17_1) (C) (13_1) (D) (171) (E) (_171)

13.14 What s the sum of all the digits used in writing the integers from 1 to 9997
“**(A) 4500 (B) 9000 (C) 13500 (D) 13527 (E) 27000
13.15 Five checkers stand on cells 3,4,7,9, and 10 of a strip of cells numbered 1 to 10, as shown. In a move, a checker

.o slides one cell to the left onto an empty cell. Moves are made, in any order, until no move is possible. How many
moves are made?

4_
OO O] 0|0
1 2 3 4 5 6 7 8 9 10
(A) 5 (B) 10 (C) 15 (D) 18 (E) 33
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13.16 Triangle ABC has area 72. Point P lies on side BC, and M is the midpoint of AP, as shown. What is the area of
¢+ triangle M BC?

A
B P T C
(A) 24 (B) 36 (C) 40 (D) 48 (E) 72
13.17 Theintegers 1,2,...,8 are placed at the vertices of a cube, one at each vertex, as shown. For each of the 6 faces, the

+++  sum of the 4 numbers at the vertices of that face is computed. What is the least possible value of the largest of

)

these six sums?

(A) 15 (B) 16 (C) 17 (D) 18 (E) 20

13.18 Theintegers 1to 9 are placed in a 3 x 3 grid, one in each cell. Lan computes the three row sums and the three
¢+ column sums. What is the least possible number of odd numbers among these six sums?

(A) 0 (8) 1 (C) 2 (D) 3 (E) 4
13.19  Which of the following is closest to 1 + } + 1 + e+ i?
. 2 3 4 10
(A) 1.5 (B) 2 (C) 2.5 (D) 3 (E) 3.5

13.20 What s the least number of different integers that must be chosen from 1, 2,3, ..., 50 to be sure that two of the
*++  chosen integers have a sum divisible by 7?7

(A) 8 (8) 9 (C) 23 (D) 24 (E) 26
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13.21 The chart shows the times of eight meetings, A to H, at a company on one day. Each meeting needs a room for its
. whole duration, and two meetings cannot use the same room at the same time; a room that becomes free at some
time can be used by a meeting that starts at that same time. What is the least number of rooms needed?

e

8:00 9:00 10:00 11:00 12:00
(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
13.22 For every integer n, which of the following expressions is always even?
* (A) n2+3n (B) n2+n+1 (C) 3n+1 (D) n®+n+1 (E) 2n% 4+ n
13.23 What is the greatest number of integers that can be chosen from 1,2, 3, ..., 20 so that no two chosen integers differ
*** by 1lorby2?
(A) 5 (B) 6 (C) 7 (D) 10 (E) 13
13.24 >

Which of the following is closest to 33?

.0

(A) 1 (B) 2 (C) 4 (D) 8 (E) 16
13.25 Eight points are marked on a circle whose circumference is 24 cm. What is the least number d such that, however

*+  the eight points are placed, some two of them are at most d cm apart, measured along the circle?
(A) 3 (B) 4 (C) 6 (D) 8 (E) 12

13.26 Starting at the top-left square S of the grid shown and moving only right or down, one square at a time, Nam walks
***  to the bottom-right square E and adds up the numbers on all the squares he visits, including S and E. What is the
greatest possible sum?

(A) 27 (B) 28 (C) 30 (D) 31 (E) 32
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a Exercises 3 - Challenge * % %

Bai tap 3 - Thir thich

13.27 The figure shows a 4 x 7 board from which a 2 x 2 square has been cut off at one corner, leaving 24 unit squares.

ee+ss  Straight pieces, each covering three unit squares in a row or three unit squares in a column (two of them are shown
shaded), are to be placed on the board without overlapping, each covering three whole squares of the board. What
is the greatest number of pieces that can be placed?

(A) 5 (8) 6 © 7 (D) 8 (E) 9

13.28 Every student in a class joins at least one of four clubs: Art, Band, Chess, and Drama. What is the least number of
+++++  students the class must have to be sure that there are two students such that every club joined by the first of them
is also joined by the second?
(A) 6 (B) 7 (C) 8 (D) 15 (E) 16

13.29 Regular hexagon ABC DEF has area 48. Point P is any point inside the hexagon, as shown. What is the sum of the
+*++  areas of triangles PAB, PCD, and PEF?

B C
A D
F E
(A) 12 (B) 16 (C) 20 (D) 24 (E) 32

13.30 The cells of a long strip are numbered 1,2, 3, ... from left to right, and 100 chips are placed on cell 1. In a move, Bao
++++  chooses a cell holding at least two chips, removes two chips from it, and puts one chip on the next cell to the right.

He keeps making moves until no move is possible. How many moves does he make?

100 chips

S

1 2

4 5 6 7 8

%)

(A) 3 (B) 97 (C) 98 (D) 99 (E) 100

13.31 Theintegers 1,2,3,4,5,6 are written in a row in some order. For each of the five pairs of neighbors, Lan multiplies
++++  the two numbers, and then she adds the five products. What is the greatest possible value of this sum?

(A) 70 (B) 76 (C) 78 (D) 80 (E) 82
13.32 Some of the integers 1, 2,3, ..., 30 are chosen so that no chosen integer is equal to the sum of two different chosen
eesss integers. What is the greatest possible number of chosen integers?

(A) 10 (B) 12 (C) 14 (D) 15 (E) 16
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13.33 Theintegers 1,2,3,...,9 are placed around a circle in some order, one at each of nine equally spaced points. For
«+++  each of the nine pairs of neighbors, Minh subtracts the smaller number from the larger one, getting nine differences.

Which of the following statements is true for every such placement?

(A) At least one of the differences is even.

(B) At least two of the differences are even.

(C) At least one of the differences is a multiple of 3.

(D) At least one of the differences equals 1.

(E) At least one of the differences equals 2.

13.34 The numbers 1,2,3,...,10 are written on a board. A move consists of erasing two of the numbers and writing their
*+++  positive difference in their place (or 0 if the two numbers are equal). After 9 moves a single number remains. What is
the sum of all possible values of this number?

(A) 5 (B) 9 (C) 16 (D) 20 (E) 25
13.35 For how many positive integers n < 100 is n divisible by the largest integer whose square is at most n? (For
**++  example, for n = 10 that integer is 3, and 10 is not divisible by 3.)

(A) 26 (B) 27 (C) 28 (D) 30 (E) 31

3133 3
1336 t, | p4c=0andabe # 0, what is the value of %?
*o00 a c

(A) 3 (B) 4 (C) 6 (D) 9 (E) 27
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Practice Test 1 8020 AMC 8 Mastery

Full Practice Test 1
Peé thitha 1

Dé thi thir ddy du dau tién: 25 cau, 40 phut, ddng cau tric va dudng cong db khé cia AMC 8 — ciu 1-5 khdi ddng, 6—
12 trung binh, 13-19 khé dan, 20-25 phan loai. D& trdn du cdc mang (L8i van va tinh todn, dai s6 va quy luat, sé hoc,
dém-x3c sudt-théng k&, hinh hoc) va can kién thiic clia cd 13 chuong. Hay lam trong mét lan ngdi, bam gid, khéng may

tinh; réi doc (8i gidi & cudi sédch cho moi ciu sai va moi ciu dodn.

\ J
4 A
Time: 40 minutes - 25 questions - No calculators. Scoring: 1 point for each correct answer, no penalty for wrong
answers (maximum 25). Figures are drawn accurately unless stated otherwise.
Thdi gian 40 phut - 25 ciu - khéng diing may tinh. Mbi cu ding 1 diém, ciu sai khdng bi trir diém — dimng bé tréng cau
nao. Méc tham khao: cdc cdu 1-15 nén lam chdc trong khodng 20 phtt dé danh thdi gian cho phan cudi.
\. J

Chinh phuc AMC 8 — 222 —

1 Whatis the value of 99 x 101 — 98 x 1027
(A0 (B) 1 (C) 3 (D) 4 (E) 5

2  Asingle bus ticket costs 7000 d6ng, and a monthly bus pass costs 180 000 déng. Minh takes the bus to school and

*  back home on each of the 22 school days in a month, and he takes no other bus rides. How many d6ng does he save

that month by buying the pass instead of single tickets?
(A) 128000 (B) 154000 (C) 240000 (D) 308000 (E) 488000

3  Avregular hexagon with side length 3 is cut, with no gaps or overlaps, into equilateral triangles with side length 1.
¢+ How many small triangles are there?

JAN

1

(A) 9 (B) 18 (C) 27 (D) 36 (E) 54

4 The bar graph shows how many books Lan read in each of the first five months of the year; the bar for June is hidden.
++  Lan read 20% more books in April, May, and June together than in January, February, and March together. How many

books did she read in June?

books
10

8
6
4 _
2
0

Jan Feb Mar Apr May Jun

(A) 5 (B) 8 (C) 15 (D) 18 (E) 25
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The four-digit number 7a2b, with digits 7, a, 2, b in that order, is divisible by 36. How many such four-digit numbers
are there?

(A) 3 (B) 4 (C) 6 (D) 12 (E) 30

Mai will paint one wall of her room, which is 4.5 meters wide and 2.4 meters high. The wall has a door 0.9 meter wide
and 2 meters high, which will not be painted. The wall needs two coats of paint, and one can of paint covers 4 square
meters with one coat. What is the least number of cans Mai must buy?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

All apples have the same weight, and all pears have the same weight. Three apples and two pears together weigh
760 grams, and two apples and three pears together weigh 740 grams. How many grams do one apple and one pear
weigh together?

(A) 20 (B) 140 (C) 150 (D) 160 (E) 300

Triangle ABC has side lengths 5, 5, and 6, and triangle DEF has side lengths 5, 5, and 8, as shown. What is the ratio
of the area of AABC to the area of ADEF?

C
F
5 5
/\
A 6 B D 8 E
9 3 4 16
(A 5 (B8) 5 1 (0 5 ) o

A 2 x 2 block of four unit squares is chosen at random from the 5 x 5 grid shown, with all such blocks equally likely
(one block is outlined). What is the probability that the chosen block contains the center square of the grid, which is
shaded?

1 1 1 4 1
(A o (8) - © 3 (O ) ;
A closed box is 30 cm long, 20 cm wide, and 10 cm high. A ribbon is tied around the box as shown: it crosses itself at
the center of the top face and at the center of the bottom face, and every piece of it lies flat against the box, parallel
to an edge. The bow uses another 25 cm of ribbon. How many centimeters of ribbon are used in all?

10
20

30

(A) 140 (B) 145 (C) 165 (D) 185 (E) 205
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11 What s the largest prime factor of 3% + 5%?
o (A) 23 (B) 46 (C) 92 (D) 184 (E) 368

12 Rectangle ABCD has AB = 15 and BC = 8. Point E lies on side C'D so that the area of the shaded triangle ADE is
oo % of the area of the rectangle. What is the perimeter of quadrilateral ABCE?

D E Cc
8
A 15 B
(A) 40 (B) 42 (C) 46 (D) 48 (E) 56

13 The spinner shown has four equal sections labeled 1, 2, 3, and 7. Lan spins it twice; the first result is the tens digit and
+++ the second result is the units digit of a two-digit number. What is the probability that this number is prime?

5 7 1 9 3
(A) 75 B) - © 5 () 7 € ;

14 A class is buying a gift for its teacher. If each student pays 15000 déng, the class will be 20 000 déng short. If each
+++ student pays 18 000 d6ng, the class will have 25 000 déng left over. How many d6ng does the gift cost?

(A) 245000 (B) 250000 (C) 270000 (D) 290000 (E) 295000
15 For how many prime numbers p is p? + 14 also a prime number?
T (A) O (B) 1

(C) 2 (D) 3

(E) infinitely many

16 A4 x4 x 4 cube is built from 64 unit cubes, as shown. What is the greatest number of unit cubes that can be seen, at

**+ |eastin part, from a single point outside the large cube?

S
//
1
d
d
1
1
1
1
d
d
//
/
(A) 16 (B) 27 (C) 36 (D) 37 (E) 48
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A standard set of dominoes has exactly one tile for each pair of numbers of dots from 0 to 6, doubles such as 4|4
included, so it has 28 tiles; the tile 3|5 is shown. One tile is chosen at random from the set. What is the probability
that the total number of dots on it is at least 8?

(A) 2 (B) 2 () » (D) 2 (E) 2
14 7 49 28 12
A 40-liter tank is full of a drink that is 25% juice. Some of the drink is drained out, and then the same amount of pure
juice is poured in, so the tank is full again. The drink is now 40% juice. How many liters were drained?
(A) 6 (B) 8 (C) 10 (D) 16 (E) 24

Three circles with radii 1, 2, and 3 are each externally tangent to the other two, as shown. What is the area of the

triangle whose vertices are the centers of the three circles?

O

(A) 6 (B) 7.5 (C) 10 (D) 12 (E) 24

A store lowers the price of a television by the same percent at the end of every month. After two months, the price
has fallen from 625 thousand déng to 400 thousand déng. What will the price be, in thousand d6ng, after four months
(counted from the start)?

(A) 125 (B) 144 (C) 175 (D) 225 (E) 256
Bao has a pile of 2026 coins. Every minute he takes away half of the coins in the pile; when the pile has an odd

number of coins, he rounds up (for example, from a pile of 7 coins he takes away 4). After how many minutes is the
pile empty for the first time?

(A) 2 (B) 8 (C) 10 (D) 11 (E) 12
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22 A square field has side length 10 meters and a fence along all four sides. A goat inside the field is tied to the midpoint

M of one side with a rope 10 meters long. What is the area, in square meters, of the part of the field that the goat can
reach (shaded)? (The goat cannot go through the fence.)

(A) 25v/3 | 22" © BY3 0T o) 2554 50m (E) 50
3 2 3 3
23 Eight players enter a knockout tournament. They are placed at random into the 8 starting positions of the bracket
++++  shown; in each match the loser leaves and the winner moves on. Every player wins each match with probability %

independently. What is the probability that Lan and Minh, two of the players, play each other at some point in the
tournament?

1 5 3 1
z = b - (E) 1
(A B) o © - () 3

24 Square ABCD is shown. How many squares in the plane, including ABC D itself, have at least two of their vertices
+se++ among the four points A, B, C, and D? (One such square is drawn dashed.)

D c
A B
(A) 5 (8) 9 (€) 11 (D) 12 (E) 13

25 In how many ways can 12 be written as an ordered sum of one or more odd positive integers? (For example, 3 + 9,
esees 94 3 and 1+ 1+ .-+ 1 with twelve 1s are three different ways.)

(A) 15 (B) 89 (C) 144 (D) 233 (E) 2048
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Practice Test 2 8020 AMC 8 Mastery

Full Practice Test 2
Pé thi thi 2

Dé thi thir ddy du thir hai clia sach: 25 cau, 40 phut, dung ciu tric va dudng cong d6 khé ciia AMC 8 — cdu 1-5 khdi
ddng, 6-12 trung binh, 13-19 khd, 20-25 phan loai. Dé trén d0 cdc mang (5 s8 hoc-8i van, 4 dai s6-quy luat, 4 s6
hoc, 4 d&m—-xac suat-théng k&, 8 hinh hoc). Nhiéu ciu cai “bay doc dé": dém khodng hay dém tang, dém l8p day hay
d&m mau day, it nhat hay nhiéu nhat — khi chita, ghi lai minh ri vao b3y nao. Lam trong mét lan ngdi, bAm gid, khdng

may tinh.
\_ J
( )
Time: 40 minutes - 25 questions - No calculators. Scoring: 1 point for each correct answer; no points are taken off for

wrong answers (maximum 25). Figures are drawn accurately unless stated otherwise.
Thdi gian 40 phut - 25 c4u - khéng dung mdy tinh. Mbi ciu ding dudc 1 diém, ciu sai khdng bi trir diém — vi véy ding

bd tréng cdu nao: loai bét phudng dn roéi chon.
\_

1 Whatis the value of

L1111,

2 6+12 20+30'

29
30
2 InLan's apartment building, each flight of stairs from one floor to the next floor has 16 steps. Lan walks up the stairs

¢ from the 2nd floor to the 9th floor, and then walks down to the 5th floor. How many steps does she walk in all?
(A) 48 (B) 64 (C) 112 (D) 128 (E) 176

1 4 5 6
(A) 2 (B) 5 (€ 8 (D) = (E)

3 The large square shown is a 6 x 6 grid of unit squares. The vertices of the shaded triangle are grid points. What

fraction of the large square is shaded?

4 1 5 2 8
A 3 ®) 5 © o (©) 3 € 5

4 Minh's piggy bank contains only 1000-déng, 2000-d6ng, and 5000-déng notes. He has the same number of notes of
each kind, and the total value is 120 000 d6ng. How many notes does he have in all?

(A) 15 (B) 45 (C) 60 (D) 68 (E) 120

5 How many three-digit multiples of 45 have three different digits, none of which is 0?
(A) 2 (B) 6 (C) 9 (D) 15 (E) 20
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Identical metal rings, each 5 cm across on the outside and made of wire 0.5 cm thick, are linked in a straight chain and
pulled tight. A chain of 3 rings is shown. How many centimeters long is a chain of 20 rings?

(A) 80 (8) 81 (C) 90.5 (D) 99 (E) 100

A bookstore sells notebooks for 12 thousand déng each, with this offer: in any single purchase, every third notebook
costs half price (so 3 notebooks cost 30 thousand déng). Bdo buys 10 notebooks in a single purchase. How many
thousand d6ng does he pay?

(A) 90 (B) 96 (C) 100 (D) 102 (E) 114

The members of a chess club have a mean age of 30 years. A new member who is 60 years old joins the club, and the
mean age of all the members becomes 32 years. How many members did the club have before the new member
joined?

(A) 14 (B) 15 (C) 28 (D) 29 (E) 30

Five congruent squares are joined to form the L-shaped figure shown. The figure has perimeter 48. What is its area?

(A) 20 (B) 28.8 (C) 80 (D) 115.2 (E) 144

Mai has some marbles in box A and some in box B. If she moves 6 marbles from box A to box B, the two boxes will
have the same number of marbles. If instead she moves 6 marbles from box B to box A, box A will have twice as
many marbles as box B. How many marbles are there in the two boxes altogether?

(A) 30 (B) 42 (C) 48 (D) 54 (E) 72
The 0 key on Mai's calculator is broken, so she cannot type any number that contains the digit 0. How many of the

whole numbers from 1 to 500 can she type?
(A) 86 (B) 324 (C) 405 (D) 414 (E) 450

A long piece of string is folded in half, then folded in half again, and then folded in half a third time, so that all the
layers lie together in a bundle. The bundle is then cut straight across at two different places, neither of them at a fold

or at an end. Into how many pieces is the string cut?
(A) 13 (B) 16 (C) 17 (D) 18 (E) 24
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Square ABCD has side length 10. Point E lies on side AD and point F lies on side CD so that AE = CF. The area
of ABEF is 32. What is AE? (The figure is not drawn to scale.)

A 10 B
E
1
D F C
(A) 2 (B) 4 (C) 6 (D) 6.8 (E) 18
Real numbers z and y satisfy z +y = 6 and z® 4+ * = 30. What is the value of z* + 13?2
(A) 162 (B) 180 (C) 207 (D) 216 (E) 270

A solid is built from unit cubes stacked in columns on a 3 x 3 square grid (some squares of the grid may have no
cubes). The views of the solid from the front and from the right side are shown; each view shows the height of the

tallest column in each row or column of the grid. What is the least possible number of cubes in the solid?

Front view Side view

(A) 6 (8) 12 (C) 14 (D) 18 () 27

At a school dance there were 30 students. Every boy danced with exactly 3 girls, and every girl danced with exactly 2
boys. (Each dance is one boy dancing with one girl, and no pair danced together twice.) How many different boy—girl

pairs danced together?
(A) 36 (B) 45 (C) 60

(D) 72 (E) 90

The triangle with vertices (1,1), (5,1), and (1, 4) is reflected across the line x = 3. What is the area of the region that
lies inside both the original triangle and its reflection?

sAY : =3

A
|

3 |

> :
1

11 ¢ . 0

(1,1 : /.
+ '
1 2 3 4 5 6
(A) 1.5 (B) 3 (C) 5 (D) 6 (E) 9

A six-digit number is formed by writing the same two-digit number three times in a row; for example, 474747 and
101010 are formed this way. How many positive integers divide every six-digit number formed in this way?

(A) 2 (B) 4 () 8 (D) 15 (E) 16

— 229 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 8020 AMC 8 Mastery

mmmmmm

19 The seven letters of the word ROTATOR are written on seven cards, one letter per card. The cards are shuffled and
+++ laid out in a row. What is the probability that the row of letters reads the same from left to right as from right to left?

1 1 1 1 4
5040 ®) s © 530 T € 105

20 The 21 points shown are arranged in a cross shape on a square grid with spacing 1. How many squares (of any size

(A)

**++ and in any position, not necessarily with horizontal sides) have all four vertices among these 21 points?

° ° °
° ° ° ° °
° ° ° ° °
° ° ° ° °
° ° °
(A) 17 (B) 26 (C) 29 (D) 35 (E) 37

21 Points A = (0,0) and B = (6, 0) are shown, together with the line 4z + 3y = 24, which passes through B. Point C
++++ lies on this line. For how many positions of C'is AABC an isosceles triangle?

\\
\Ay
8%
\
\
6 \\
\
4 N
\
2 \\
\\ B X
« >
2A 2 4 6N 8 10
D 4x +3y =24
- \
\
4 \\
\
\
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

22 Regular hexagon ABCDEF has area 72. Points M, N, and P are the midpoints of sides AB, CD, and EF,
++se  respectively. What is the area of AM N P?

F P E
A D
M N
B Cc
(A) 9 (B) 12 (C) 18 (D) 27 (E) 36

23 Whatis the tens digit of the product of all the odd numbers from 1 to 99,

IX3XxHXTX--x97T%x997

(A) O (B) 2 () 3 (D) 5 (E) 7
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24 Each of the 8 vertices of a cube is to be colored red or blue so that every one of the 6 faces of the cube has exactly 2
e+sse red vertices. In how many ways can this be done? (Colorings that differ by a rotation of the cube are counted as

different.)

(A) 6 (B) 8 (C) 12 (D) 14 (E) 70

25 Whatis the sum of all integers n with 1 < n < 12 for which an n X n square can be covered completely, without gaps
++sse or overlaps, by copies of the L-shaped piece shown? (The piece is made of three unit squares; copies may be turned or

flipped.)

(A) 18 (B) 21 (C) 27 (D) 30 (E) 78
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Practice Test 3 8020 AMC 8 Mastery

Full Practice Test 3
Pé thi thi 3

Dé thi thr day dd th ba: 25 cdu, 40 phut, cdu tric va dudng cong d6 khé nhu AMC 8 that. Bé nay nghiéng vé nhiing
chd hoc sinh hay méat diém vi doc vdi: d6i don vi, @&m khodng nghi, phép todn khéng két hdp, gia thiét ngdm can kiém
tra lai (kh&i chim hay né&i?), va hai cu cudi cn mét y tudng ch khéng can tinh nhiéu. Lam trong mét lan ngdi, bAm gid,

khéng mdy tinh; réi doc L&i gidi cho moi ciu sai va moi cu doan.

Time: 40 minutes - 25 questions - No calculators. Scoring: 1 point for each correct answer, no penalty for wrong
answers (maximum 25). Figures are drawn accurately unless stated otherwise.

Thdi gian 40 phut - 25 ciu - khéng diing may tinh. Mbi cu ding 1 diém, ciu sai khdng bi trir diém — dimng bé tréng cau
nao. Goi y phan bé: khodng 15 phut cho cdu 1-12, khodng 25 phut cho cdu 13-25; c4u nao ket qud 2 phut thi ddnh dau,

lam tiép, quay lai sau.

1 How many minutes are there in 2.5% of a day?
* (A) 0.6 (B) 3.6 (C) 6 (D) 36 (E) 60
2 A school morning runs from 7:30 to 11:15. It has 5 lessons of equal length and a break between every two

+  consecutive lessons. The break after the third lesson lasts 20 minutes, and every other break lasts 5 minutes. How

many minutes long is each lesson?
(A) 38 (B) 39 (C) 41 (D) 42 (E) 45

3  The floor of a room is the L-shaped region shown: a 7 m by 5 m rectangle with a 3 m by 2 m corner missing. It is

covered exactly by square tiles with side length 50 cm. How many tiles are used?

_______

(A) 29 (B) 58 (C) 96 (D) 116 (E) 140

4 The map shows all the roads between towns A, B, and C: three roads join A and B, two roads join B and C, and one
++  road joins A and C directly. Minh travels from A to C and then back to A. On each of the two legs he passes through
each town at most once, and in the whole trip he never uses the same road twice. How many different round trips can

he make?

(A) 24 (B) 25 (C) 42 (D) 48 (E) 49
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How many perfect cubes are greater than 212 and less than 2207
(A) 89 (B) 90 (€) 91 (D) 100 (E) 101

Mai is now 3 times as old as her brother Bao. In 4 years, the sum of their ages will be 32. How old was Mai when she

was 5 times as old as Bdo?

(A) 15 (B) 18 (C) 20 (D) 22 (E) 30

The sequence 1,2,3,4,5,4,3,2,1,2,3,4,5,4,3,2,1,2,... goes up from 1 to 5, back down to 1, up to 5 again, and so
on. What is the sum of the first 2026 terms?

(A) 5626 (B) 6072 (C) 6073 (D) 6075 (E) 6096

A piece of wire 60 cm long is bent to form a rectangle whose length is twice its width. The wire is then straightened

and bent again to form a square. By how many square centimeters is the area of the square greater than the area of
the rectangle?

2w

(A) 25 (B) 100 (C) 200 (D) 225 (E) 900

In a class election, each of the 25 students votes for exactly one of 4 candidates. When the votes are counted, no two
candidates have the same number of votes. What is the least number of votes the winner could have received?

(A) 6 B) 7 (C) 8 (D) 10 (E) 13

In AABC, AB = AC and ZBAC = 40°. Point D lies on side AC so that BD bisects ZABC, as shown. What is the
degree measure of ZADB?

B C

(A) 35 (B) 40 (C) 70 (D) 75 (E) 105
For numbers a and b, define a © b = ab — a + b. For what value of z is (z ¢ 2) © 3 = 31?

(A) 4 (B) 12 (C) 19 (D) 24 (E) 29
How many positive integers less than 2026 have no common factor greater than 1 with 20267

(A) 1011 (B) 1012 (C) 1013 (D) 2024 (E) 2025
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Two circles have the same center O. Chord AB of the larger circle has length 12 and is tangent to the smaller circle at
T, as shown. The shaded ring between the two circles has the same area as the smaller circle. What is the area of the
larger circle?

47 NB

(A) 127 (B) 367 (C) 487 (D) 727 (E) 144r

The mean of Lan's first four test scores is 7. Her score on the fifth test is 2 points higher than the mean of all five
scores. What was her score on the fifth test?

(A) 4.5 (B) 7.5 (©) 9 (D) 9.4 (E) 9.5

A hallway has 100 closed lockers numbered 1 to 100, and a class has 100 students numbered 1 to 100. One day only
the students with odd numbers come. One at a time, each of them walks down the hallway and changes every locker
whose number is a multiple of his or her own number (opening it if it is closed, closing it if it is open). How many
lockers are open at the end?

(A) 5 (B) 7 (C) 10 (D) 11 (E) 17

How many integers z satisfy |z — 3| + |z + 5| < 127
(A) 8 (B) 9 (C) 11 (D) 12 (E) 13

Two different cards are chosen at random from the eight cards shown. What is the probability that the product of the
two numbers is a multiple of 67

3 1 1 21 5
A) — B) - C) - D) — E) —
()28 ()7 ()4 ()64 ()14
e . n+18 )
For how many positive integers n is — an integer?
(A) 5 (B) 6 (C) 7 (D) 8 (E) 12
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19 A glass tank in the shape of a rectangular box is 30 cm tall, has a 20 cm by 15 cm base, and contains water 10 cm
+++ deep. A solid metal cube with edge length 10 cm is placed on the bottom of the tank, as shown. What is the new
depth of the water, in centimeters?

| /___—,7
aloo
I i
10 /{"‘“ujj“
A L 15
20
10 31 40
= 22 = (D) 15 (E) 20
(A) = (B) 3 © 3

20 A straightroad is 1200 m long. On its north side there are lamp posts at 0, 40, 80, ..., 1200 meters from the west end;

+*++  on its south side there are lamp posts at 20, 60, 100, . .., 1180 meters, as shown (not to scale). The city wants lamp
posts on both sides at exactly 0, 50, 100, . .., 1200 meters. Every old post that is already at a wanted position stays;
every other wanted position gets a new post. How many new posts are needed?

0 40 80 120 1200
N e [} [ ] [ ] [ ]
S ° ° ° . L4
20 60 100 1180
(A) 36 (B) 37 (C) 38 (D) 48 (E) 50

21 Toothpicks of length 1 are used to build rectangular grids of unit squares; for example, the 2 x 3 grid shown uses 17
++e+ toothpicks. Lan uses exactly 2026 toothpicks to build an a x b grid with 1 < a < b. How many such grids are possible?

(A) 2 (B) 3 (C) 4 (D) 6 (E) 8
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22 An equilateral triangle with side length 6 is rotated 60° about its center. What is the area of the region that lies inside
*+++  poth the original triangle and the rotated triangle (shaded)?

(A) 3v3 (B) 63 (C) 9V3 (D) 12V/3 (E) 18v/3

23 A6 x 8rectangle is inscribed in a circle. On each side of the rectangle, a semicircle is drawn outward with that side as
++++ jts diameter, as shown. What is the total area of the four shaded regions that lie inside the semicircles but outside the
circle?

8

N

(A) 48 (B) 257 (C) 96 (D) 257 + 48 (E) 757 + 48

24 Exactly 12 points with integer coordinates lie on the circle z2 + y2 = 25, shown. These 12 points are the vertices of a
sssse convex polygon. What is the area of this polygon?

7

=
/

(A) 48 (B) 50 (C) 62 (D) 74 (E) 257
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25 Twenty-one stones in a row are numbered 0 to 20; the figure shows them in two lines. A frog starts on stone 0 and
+++++ wants to reach stone 20. Each jump takes it forward by either 1 or 2 stones. The stones whose numbers are multiples

of 5, other than 0 and 20, are slippery, and the frog never lands on them. In how many different ways can the frog
reach stone 207

start

006000 @@C@my
WEOW WO

end

(A) 16 (B) 45 (C) 225 (D) 1600 (E) 10946
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o Answer Key & Full Solutions

Dap an & LG giai chi tiét

Chapter 1 — Arithmetic Fluency — Fractions, Decimals & Percents

1.1 (D) 1.2 (Q) 1.3 (Q) 1.4 (A) 1.5 (B) 1.6 (D)
1.7 (B) 1.8 (D) 1.9 (E) 1.10 (A) 1.11 (B) 1.12 (F)
1.13 (B) 1.14 (C) 1.15 (D) 1.16 (B) 1.17 (A) 1.18 (A)
1.19 (D) 1.20 (E) 1.21 (F) 1.22 (Q) 1.23 (D) 1.24 (B)
1.25 (E) 1.26 (A) 1.27 (Q) 1.28 (B) 1.29 (C) 1.30 10
1.3113 1.32 (B) 1.33 (A) 1.34 (D) 1.3512 1.36 (E)
1.1 (D) 17

2 .
Lu§ thira trudc: 32 = 9. Chia va nhan tif trdi sang: 4 + 3= 4. g =6,r6i6 x 2 =12.
Cu6i cung 20 — 12 + 9 = 17. Ddp an (D).

2 4
Né&u nhan 3 x 2 trudc (sai thir tu) thi dugc 4 — 3= 3 va dap sb 26.

1.2 (C) g

L&y canh 6 nhé 3 1, hinh vudng l&n cé dién tich 16.
2-4
Tam giac vubng bén trai: hai canh géc vudng 2 va 4, dién tich — = 4. Hinh vubéng gdc trén phai: 2 - 2 = 4. Tam giac géc
2.2

. . 1 (s
Téng 10, chiém % = g.Dap an (C).
1.3 (C) 5.1

1 1 ~
0?@ = ?0 =5 (nhén ca t& va mau vdi 100).
0.4 x 0.25 = 0.1. Téng 5 + 0.1 = 5.1. Dap 4n (C).

Viét 0.1 + 0.02 thanh 10 + 2 gitip khéng bi léch mét hang thip phéan (ra 0.5 hodc 50).

0.2x0.5=0.1va

1.4 (A) 20
Dung tinh chat 2% clia y bang y% cua x: hai s6 hang bang nhau.
8% clia 125 = 0.08 - 125 = 10; 125% clia 8 = 1.25 - 8 = 10. Téng 20. Dép &n (A).

7
1.5 (B) -
(B) ¢
~ 1 4 1 9 3
Mbi vach la —. Dé hhA=—==-B=— = -.
Oivach la T émvach: A =3 B =1
. e 4 , . N , 9+5 14 7 _, ,
B la trung diém nén C cach B dung bang A cach B: 5 vach. C = 2 "1 & bap an (B).
1.6 (D) All four get the same amount.
1 . 1 1 .1 R | 1 .1 -
An 3y T con % Binh lay 3 % =7 con 5 Chi lay 5'5=7 con 1 cho Diing.

. 1., .., L
B6n ban déu dugc 1 cai banh. Pdp an (D).

Nhan xét: phan s6 méi lan nhé di nhung “phan con lai” cling nhd di — chi tinh mdi biét ai nhiéu hon.

1.7 (B) 32%
Hé s6 nhan: 0.8 - 0.85 = 0.68. Gia cudi bang 68% gid géc, tic gidm téng cdng 32%. Dép 4n (B).

Cong hai phan tram (20 + 15 = 35) 4 sai vi 15% tinh trén gid d3 gidm; 68% La gid phai tra, khdng phai mic giam.
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20
1.8 (D) 2
()33
_ 27 3 . 3 1
0.2 —@—ﬁvaO?)— =3
3 1 9+11 .
3.1 U D).
11737 33 33 Papand
Kiém tra: 0.2727 ... + 0.3333 ... — 0.6060. ..

1.9 (E) g
2

. 3
Baéi ra thép phén hodc so vdi B = 0.6 va - =~

3
that su”.

60

=99~

2 P B A1y
3—2. L4y 0.27 + 0.33 = 0.6 roi tra L0 % la quén phan lap.

7

2 .3+2 5

3= 0.625 thod man. Dap an (E). Cach nhanh: phan sé trung gian cua g va-la — ==

1.10 (A) 50

3 5+3 8§

3 X ) 3 3
0.75 = T nén hai s6 hang dau cé thira s6 chung: 1(37 +63) = 1 100 = 75.

Trir 0.25 - 100 = 25: két qua 50. Dap an (A).

1.11 (B) 2000
2300

Gia mdi = 1.15x gia cli, nén gid cli = —— =

1.15

230000

115

= 2000 nghin déng. D3p 4n (B).

Bay: 8y 2300 trir 15% cla 2300 ra 1955 — sai vi 15% dudc tinh trén gia cii, khong phai gid mdi.

1.12 (E) 30%

Doc biéu d6: 8A 6 kg, 8B 9 kg, 8C 4 kg, 8D 12 kg, 8E 9 kg; t5ng 6 + 9 + 4 + 12 + 9 = 40 kg.

12
123 30%. pép an ().

Lép 8D thu 0 - 10

Luu y: chia cho téng chif khdng chia cho mét cot khdc.

5
1.13 (B) —
()11

Phantichmau:3=1-3,15=3-5,35=5-7,63=7-9,99 = 9 - 11 — tich hai s6 & lién ti€p, chénh nhau 2.

1 1(1 1 i — L
nn+2) 2\n n+2 LNEnTong =y
1 1
Quén hésé = thira —0
2 11
114 () 2
36

2 3

0 o A o 1
Toéng lugng nudc ép khdng doi: 3 +-+-=

3 4
23

. " 23 ., .
Chia déu cho 3 coc: 12 +3=—.bapan (C).

36

()

12

110 5 o
=511 13 oA @)

6+8+9 23
——— = — cbe

12

0.667: g ~ 0.556, 4 ~ 0.571, 1—72 ~ 0.583 déu nho han 0.6; % khéng “ndm gilra

x A . A x 2 1+24+3 2 T ) A 2 . A .23
Bay: “cong tlf, cong mau” ———— = — — d0 la phan so trung gian, khdong phai trung binh; quén chia 3 thira —.
y: cong ong 25+314 3 p gg ap g q 12
1.15 (D) 10%
N i4 1.08
Gid méi gam = g; nén hé s6 nhan cllané la — = 0.9.
khoi luong 1.20

Gid mbi gam con 90%, tic giam 10%. Dép 4n (D).

Bay: trir phan trdm 20 — 8 = 12.
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1
116 (8)

A N abc _ . . 1 3 __
Theo céng thic d6i s6 tuan hoan, chu ky 3 chif s6 nghia la s6 ¢6 dang E.That vay — = — = 0.037.

999 27 999
1 — 1 — 1 - 1 -
Cac lva chon khac: 33 = 0.03 va T 0.09 c6 chu ky 2; - 0.076923 va - = 0.142857 c6 chu ky 6. Dap an (B).
1.17 (A) 7
Nhan ca ba vé vdi 40: % <n< % tic 15 < n < 22.2.

n € {16,17,...,22}: c6 7 s8. Ddp an (A).
Bay: tinh cd n = 15 (d4u bat dang thdc nghiém ngat) thi ra 8.
1.18 (A) 25
8
M3&u chi cé thifa s8 2, nén nhan t& va mau véi 58: 1 _ 5 _ 390625

28 108 108
Téng cdc chirs6:3+9+0+ 6+ 2+ 5 = 25.Dap an (A).

= 0.00390625.

X X 1
Nhan xét: khdng can chia dai 1 + 256; tinh 5% = 6252 = 390 625 L3 xong. Nham sang 55 = 0001953125 thi ra 26.

1.19 (D) 160

Bi€u dién moi th theo z: y = 0.4z, z = 1.5 - 0.4z = 0.62.

z+y+2=0.6z+04z+ z=2z=320,nén z = 160. Bap an (D).

Y chinh: “phan trdm cdia phan trdm” 1 nhan hai hé s6 (1.5 - 0.4 = 0.6). H3y quy moi dai ludng vé mét bién gbc trudc khi cong.

1.20 (E) 237.5%

Thé tich ti 1& vdi lap phudng canh, nén hé s nhan cla thé tich 15 1.5% = 3.375.

Thé tich mdi bang 337.5% thé tich cl, tic tang 237.5%. Dap 4n (E).

Bay: nhan 3 - 50% = 150%; hodc tra L8i 337.5% & nham “bang” vdi “tdng thém”; 125% & miic t8ng cla dién tich mét mat.

1.21 (E) 10
Vib+ L > 1, phan s6 ! nam gilta 0 va 1, nén a la phan nguyén cla 38 = 33: a=3.
c b+ 1 TS
Khi @4 ! ;= i nén b+ 1.1 2+ l L4p luén tuong th(l < 1khic > 2;c=1thib+ 1nguyén, khdng thé bang u
b1 11 c B 5 c 5
):b=2,¢c=05.

a+b+c=3+2+5=10.Dapan (E).
Cach lam nay la “lat ngudc va tach phan nguyén” [8p lai — dlng thuét todn Euclid trén ti va mau 38, 11.

,va ng 25, 18 — ]., ne Ca‘ 1 ].8 .

“T8i da hai chil s6 sau d&u phay” nghia la % - 100 & s8 nguyén.
n € {18,36,54,72,90}: c6 5 s6. Bdp an (C).

Bay: chi doi 7% la thap phén hitu han (can 9 | n) thi ra 11 — nhung chang han % = 0.125 cé ba chir s6.

1.23 (D) 6.25%

Cho gid g&c mbéi mén L& 100. Gid mdi 125; khach trd 3 mdén cho 4 mén: 375, trung binh 34ﬂ = 93.75 m&i mdn.

So v3i 100: ré hon 6.25%. Ddp an (D). Bang hé s6 nhan: 1.25 - 3 =0.9375.

N

Bay: “tdng 1 trén 4" la gidm 25%, trir di 25% t&ng gid thi tudng khéng déi.
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1.24 (B) 36

. a o an L+E . . 4
Sau k budc ph @ ——; phan thiéu tgi 1 L L
au ¢ phan s6 a5+kpan iéu tdi 1 luon a5+k
i 1 4 1 o 4R iAo "y
Phan s6 > % khi phan thiéu < E: 5 < 0 < 5+ k >40 < k > 35.Budc dau tién la k = 36. Dap an (B).

3 k = 35 phan s8 bing ding % = 1—90 chua l&n hon.

(t&r va mau ludn chénh 4).

1.25 (E) 56.25%

Cho ngén sach 2024 [a 100: gido duc 20. Ngén sach 2025 la 125, gido duc chiém 25%: 0.25 - 125 = 31.25.
31.25-20 11.25
20

x . . 25
Bay: 25% — 20% = 5 |a diém phan trdm cla ti trong;

Téng = 56.25%. Dap an (E).

—-20

= 25% quén rang tdng ngan sach ciing tang.

1.26 (A) 42.5
Cho t6ng s8 phiéu la 100. D3 dém 60 phiéu: A c6 0.55 - 60 = 33, B c6 27. Con 40 phiéu.
N&u A nhén thém ¢t phiéu thi B nhdn 40 — t. Ath8ng khi33 +¢ > 27 +40 —t <= 2t >34 <= t > 1T7.

v 17 .
17 trén 40 phiéu con lai la 0= 42.5%. Dap an (A).

Bay: nghi phai “han nira” phiéu con lai (50%) — quén rang A dang dan 6 phiéu; hodc nghi phai gilr nguyén ti 1& 55%.

2
1.27 (C) 2—3

Tl s6 phai la 1,2, 3. Néu mot tir a l8n hon mdt mau b nao dd, d8i chd a va b lam t6ng nho di (t nhd Lai, mau dn 1&n). Vay tI
{1,2,3}, mau {4,5,6}.

! ! ! !
Ghép cdp. So sénh hai cdch ghép tlra < a/ v8imau b < b % + % va % + %. Hiéu (% + %) — (% + %) = (a' —

1 1
a) (— - —) > 0, nén ti ldn nén di véi mau L3n.

b v
, 1 2 3 15+24+30 69 23
Téng nhd nhit = + = 4+ 2 — 22T =2+ 90 B9 29 54 ().
g 175" 6 60 60 20" Depan(©
Bay: ghép “t& nho véi mau lén” ! + 2 + 3.1 — truc gidc sai hudn
y-gnep 6 5 4 60 ¢ g
99

1.28 (B) —
) 100

TU s8 2k + 1 (& hiéu cta hai binh phuong 8 mau: (k + 1) — k2 = 2k + 1.

. 2k+1 (k+1)2%-k 1 1
Do dé = == — .
k2(k + 1)2 k2(k + 1)2 k2 (k+1)2

. .1 1 1 99
TO it day chuyén: — — — =1—- — = — . BDdp an (B).

ong rut gon day chuyén 10 100 = 100 ap an (B)

" . 1 1 9
Bay: tdch nhdm thanh PR (quén binh phuadng) thira 10

1.29 (C) 180

575757 |, 468468
= Sag95g V2 0-468 = 0968468 = o0

= 1.044226. Chu y: phan vuot qua 999 999 (a 44 226, khéng phai 44 225 — chit s6 1 “tran”

Hai chu ky dai 2 va 3, nén viét ca hai vdi chu ky chung dai 6: 0.57 = 0.575757

1044225 44226

Tong = ——? 2220
"9~ 559999 = ' 999999 !
sang phan nguyén déng thdi dudc cong vong lai vao cudi mbi chu ky (vi 1000000 = 999 999 + 1).

Kiém tra bing cdch cong thdng: 0.575757 575757 ... 4 0.468468 468468 . .. = 1.044226 044226 ... — nhd 1 tif chu ky sau lam
chit s6 cudi médi chu ky thanh 6.
Mobt chu ky cét6ng 0 +4+4+2+ 2+ 6 = 18; 60 chir s la 10 chu ky: 10 - 18 = 180. Dap 4n (C).

Bay: l&y 575757 -+ 468468 rdi chi gilt sdu chit s6 cudi 044225 (quén s6 nhd vong lai) thi ra 170; cong tiing cdp chif s6 ma bd
hétsé nhd (5 + 4,7 + 6 — 3, ..., dudc 933115) thi ra 220.
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2 n2 n3

n% ctian 1 ——; n% clia $6 d6 1 —— » —— = —— = %.
100 100 100 10000 2*-5
Can 2% | n3 néu n chi chlta mét thira s6 2 thi n® chi chifa 2° — khéng du, nén 4 | n. Tudng tu 25 | n. Vay 100 | n (ngudc lai,

100 | n thi n? chia hét cho 10°).
n € {100, 200, ...,1000}: dap s& 10.

3

. 1
Bay: chi doi 10 | n (dd cho n% cuta n) thi dé€m ra 100; nhung n = 10 cho 100(())(?0 = 0.1, khéng nguyén.
1.31 13
1 1, " - o1 1 1 30 —a d 30(30 — d)
- — .Pata = — Gil<d<29.TU==-—— = = = 7 —
a>30nena<30 dta=30—-dvsil<d<29 5= 2 30 304 30(30_d)suyrab 4
900 30
7 .

b nguyén dudng khi va chi khi d | 900 va d < 30. Udc clia 900 = 2% - 3% - 52 nhd hon 30: 1,2,3,4,5,6,9,10,12,15, 18,20, 25 —
€6 13 udc, mbi udc cho mét cdp, vidu d = 1: (29,870); d = 25: (5,6).
1

k 1
Pdp sb: 13. (Pay la dang ngudgc clia cong thifc tach = — — 3 muc 1.3.
P (Bay ANg NIUe d nn+k) n n+k i )

1.32 (B) 200

= > v ~N 2 A A ~ y A A 1 A ’ A & pé
Mau la téng 10 phan s6; s6 nho nhat la 0’ sO lén nhat la 2001 va chung khéng bang nhau hét.

10 % 10
en —— a — V2 i 30: 200.1 < gia tri < 201.
Nén 2010 < mau < 2001 va nghich dao gia tri

Phan nguyén 4 200. Dap an (B).

Bay: “gbp” cdc phan s6 thanh (cdng mau) thi ra 2005.

0
20055

1.33 (A) 40%
Nhin phan bu: 30% khéng thich tra, 20% khéng thich ca phé, 10% khéng thich nudc ép.

Mot hoc sinh khéng thich ca ba khi thubc it nhat mét nhdm “khéng”. Ba nhdm “khéng” gdp lai chiém nhiéu nhat 30 + 20 +
10 = 60%, nén it nhat 40% thich ca ba.

tea khong 30%

coffee | khong 20%

juice | « khong 10%

ca ba: >40%

Pat dugc: xép ba nhdm “khéng” r8i nhau nhu hinh. Dap 4n (A).
Bay: 0.7-0.8 - 0.9 = 50.4% chi ding néu cdc s3 thich “ddc lAp” — dé khdng ndi vay; 70% & gid tri [8n nh&t cé thé.

1.34 (D) 7

Cé (;) = 10 céch chon khuc lién ti€p (tlr s8 thir i dén sb thir j). Liét ké cb hé théng theo diém bat dau:
eB3tdaud12:(12—-6) +2x3+1=10;(12—-6+2) x 3+1=28; (12— 6+ 2 x 3) + 1 = 4; ca biéu thic = 4.
eBitdaud6:12— (6 +2)x3+1=412—(6-2x3)+1=412—-(6+2x3+1)=2.

eBitdaud2:12 -6+ (2x3)+1=1212-6+ (2x3+1)=12— g - ?.
e B5tdAU33:12 -6+ 2x (3+1) =0.

Céc giéd tri khdc nhau: 0, 2,4, 10, 12, 7—78, 28 — t8ng cdng 7. Ddp 4n (D).

Luu y: ngodc bao mét khiic ma phép tinh bén trong vén da dudc lam trudc (nhu (6 + 2)) khéng déi gid tri — dém gid tri,
khéng dém cdch @3t ngodc.
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1.35 12
W« o a 100+p 100 —-gq , o
Hé s6 nhan: 100 oo~ Ltie (100 + p)(100 — g) = 10000.
1 .
Vay 100 + p & mbt udc cla 10000 = 24 - 5* 1&n han 100, va khi 66 100 — 10%0_20 la s6 nguyén dudng nhé han 100, cho

g nguyén dudng. Ngudgc lai, méi udc nhu vay cho ding mét cap (p, q).

1 25 —1
10000 c6 (4 +1)(4 + 1) = 25 udc, ghép thanh cap d - 0000; udc 100 ding gilfa, nén co 5 = 12 udc l8n hon 100.

Ch3ng han uéc 125, 200, 250, 400 cho cac cip (25, 20), (100, 50), (150, 60), (300, 75). Dap s6: 12.

1.36 () 22
256
Tim cach tach day chuyén. Ta mu6n viét L2 s fk)  fk+1) .Thir f(k) = : k1l k+2 =
2k 2k—1 2k 2k
2(k+1)—(k+2) k
=—.Y
2k 2k
Coéng tirk =1 @én 10, cdc s6 h itta triét tiéu: t6 _ 2 12—2 12 =2 3 _ 509 E
dng = 1dén 10, cdc s6 hang gilfa triét tiéu: tong = 5 — 535 = To2d 556 = 256" Dap an (E).
2 3 10 1
Céch khac. Goiténg la Sthi2§ =1+ - + 1 + =T Lay 25 — S, cdc c8p cing mau cho —: 5=
10

14 1 by 1 10 9 1 _ 9 12
2 512 1024 512 1024 1024

Bay: ditng 8 9 s6 hang ra 1501—13 léch m6t bac luy thira clia 2 8 s6 hang cudi ra 2%2

Chapter 2 — Ratios, Rates & Proportional Reasoning

2.1 (B) 2.2 (A) 2.3 (C) 2.4 () 2.5 (D) 2.6 (Q)
2.7 (B) 2.8 (C) 2.9 (E) 2.10 (A) 2.11 (D) 2.12 (D)
2.13 (E) 2.14 (B) 2.15 (C) 2.16 (D) 2.17 (E) 2.18 (E)
2.19 (C) 2.20 (D) 2.21 (B) 2.22 (A) 2.23 (A) 2.24 (D)
2.25 (B) 2.26 (C) 2.27 (B) 2.28 (C) 2.29 (C) 2.30 (D)
2.31198 2.32 (D) 2.33 (B) 2.34 (E) 2.35 127 2.36 (A)

2.1 (B) 18
C& vua la 1 phan = 18 hoc sinh. Béng dd hon ciu lbng 5 — 4 = 1 phan, tdc 18 hoc sinh. Dap an (B).
Khoéng can tinh ca 18p (12 phan = 216 ban): cAu hoi vé mot hiéu s6 phan chi can gid tri mot phan.

2.2 (A) 16

Canh ti 1& 2 : 5 nén dién tich ti 1& 4 : 25. Hiéu 21 phan = 84 cm?, mét phan = 4 cm?.
Diéntich P a4 -4 =16 cm?. Dap 4n (A).

B3y: dling thang ti s6 canh 2 : 5 cho dién tich thi hiéu 3 phan = 84, ra 56.

2.3 (C) 50
ionan 4 90
Trong 1 phut 6 t6 di 50 = 1.5 km = 1500 m.

N .1 a (s
Bdo chay 30 m méi gidy nén can 2—80 = 50 gidy. Bap an (C).
Hodc d8i 90 km/h = 25 m/s: quang 25 - 60 = 1500 m.

2.4 (E) 48
3 5 9+ 10 19
N&ng suat: X gd 1 trang/phut, Y go 5 trang/phut; cing nhau 5 C 12 trang/phut.
19 12
=76 =76 - — = 48 phut. Ddp 4n (E).
Thdi gian D 9 phut. Bap an (E)

C4ch khdc: trong 12 phut X gb 9 trang, Y g& 10 trang — t6ng 19 trang; 76 = 4 - 19 nén can 4 - 12 = 48 phdt.
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2.5 (D) 30
Van téc Lan: 2 - 0.6 = 1.2 m/s. VAn t6c Minh: 1.5 - 0.75 = 1.125 m/s — Minh budc dai han nhung chdm hon.

Lan can 51—3 = 450 s, Minh can = 480 s. Chénh nhau 30 gidy. Bap an (D).

1.125

2.6 (C) 4
NP . . 600 ,
Xe A: 600 km la 6 lan 100 km, dung 6 - 6 = 36 lit. Xe B: I =40 lit.
Chénh 40 — 36 = 4 lit. Bap an (C).
Luu y hai dan vi ngudc nhau: “lit trén 100 km” cang nhd cang tiét kiém, con “km trén Lit” cang l8n cang tiét kiém. D&i vé cung
mot kiéu trudc khi so sanh.

2.7 (B) 160

S6 chit clia cubn sach khéng déi = trang x dong méi trang x chit méi dong. Sé trang ti l& nghich vdi tich hai thira s6 sau.
Méi trang mdi chita gép % -1.25 = 1.2 - 1.25 = 1.5 lan trang cii, nén s6 trang la 21;42 = 160. Dap 4n (B).

Quén 25% thi ra 200.

2.8 (C) 12

Trong mét giS xe di dudc trung binh 48 km. V4i t6c d6 60 km/h, dé€ di 48 km xe can chay g gis = 48 phut.

Thdai gian ditng: 60 — 48 = 12 phdt méi gis. Dap 4n (C).

Bay: chia nham 411_2 gig = 15 phut — phan “hut” 12 km phai déi ra thdi gian theo t8c¢ d6 khi chay (60 km/h), khéng phai téc d6
trung binh.

2.9 (E) 24

1 cm trén ban @6 (a3 250 000 cm = 2.5 km. Vay 6.4 cm Ung vdi 6.4 - 2.5 = 16 km.

Thai gian 411_(6) gi6 = 0.4 - 60 = 24 phut. Dap an (E).

Bay: L4y 16 (s6 km) lam s6 phut; hodc d6i 0.4 gid thanh 4 phut réi chon ddp dn gan nhéat.

2.10 (A) 75
Doc diém rb trén ludi: 4 kg gao A gid 100 nghin, nén dan gid 25 nghin/kg; 5 kg gao B gid 100 nghin, nén dan gid 20 nghin/kg.
Chénh l&ch 5 nghin méi kg, vdi 15 kg & 75 nghin dong. Dap an (A).

tung do

Véi db thi ti 1& thuan, hay chon diém nam dung giao ludi dé doc don gid = —————.
hoanh d6

2.11 (D) 36
Do cd bang “suit ngua-ngay”: téng 12 - 30 = 360 suat. Sau 6 ngay da dung 72 suat, con 288 suat.

288
Con 8 con ngua, nén c6 du thém 5 = 36 ngay. Bap an (D).

N 360 . N s A ,
Bay: tinh e 45 13 quén 6 ngay dau d3 &n vdi 12 con; 24 13 s6 ngay con lai néu khdng ban ngua.

2.12 (D) 70
D&i trung binh thanh t8ng: ca 5 gid di dudc 5 - 62 = 310 km; hai gid dau di 100 km.

210
Ba gid sau di 210 km, van téc 5 = 70 km/h. Dap an (D).

B NN A X . \ A - A N 50 + v
O d4y hai doan cd thdi gian khic nhau (2 va 3 gi&) nén trong s6 L& 2 va 3. Bay: coi nhu trung binh cdng hai van téc, =

2
62, ra 74.
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2.13 (E) 55

Chuyén sach giita hai ngdn thi téng khong déi. Trudc: ngdn trén chiém 1—71 téng; sau: % t8ng. Ca hai phai la s6 nguyén nén
t6ng chia hét cho 11 va cho 5, tiic chia hét cho 55.

Véi t6ng b5: trudce 35 va 20, sau 33 va 22 — chuyén 2 cudn. Téng nhoé nhat L& 55. Ddp an (E).

Bay: chi dung mét ti s6 (11 hodc 5 phan) ma quén rang t8ng phai khdp ¢a hai; t6ng 22 hay 33 chia dlng 7 : 4 nhung khéng
chia dudc 3 : 2.

2.14 (B) 20
Chon quing dudng mét chiéu la 120 km (BCNN cla 24 va 30). Ca di lAn vé 240 km vdi trung binh 24 km/h mat 10 gid.

Cooa e 12 A w12 .y
Chiéu vé mat 3—(;) = 4 gid, nén chiéu di mat 6 gid: van toc ?0 = 20 km/h. Bap an (B).

N 30
Bay: coi trung binh la trung binh cbng, Y +2 =24,ral8.

2.15 (C) 43
N-1 N -1

:1an 2 ¢d r vién d6 = —

Hai cdch bd déu dé lai N — 1 vién (N 3 téng s6 bi). LAn 1 cé r — 1 vién dd =
N-1 N-1 N-1
6 7T 42

Kiém tra: r = 7, xanh 36; bé mot do: % = % v'; bd mét xanh: % = % v. Bay: tra (3i 42 la s6 bi con lai sau khi bd.

Trir hai ddng thic: 1 =

,nén N —1 =42, N = 43.D3p 4n (C).

2.16 (D) 600

N 1 5 1

S6 vong quay ti 1& nghich vdi chu vi: trén méi mét, banh sau quay 2% vong, banh trudc quay 3 vong — banh sau quay
. 5 1 1 X '

nhiéu han 67 3°3 vong méi mét.

1
Han 300 vong nén quang dudng la 300 : 3= 600 m. Bap an (D).

Kiém tra: 600 m, banh trudc 200 vong, banh sau 500 vong, hon 300. v

2.17 (E) 1620

A 5 £y A A 6_1/\’ A 7,\’ A A 7 1_28727_1 R
Phan cla chau ut: lan dau 24— 1 tong, lan sau 7 téng. Chénh léch 57 1- 108 — 103 téng.
1 . o s NN (s
108 tong = 15 nghin, nén téng la 15 - 108 = 1620 nghin dong. Bap an (E).
1 . x P
Nhan xét thd vi: chdu gilta nhan % = % =3 ca hai lan, nén chau ldn nhan it di ddng 15 nghin. Bay: so sdnh s6 phan (7 —
6 = 1 phan = 15) ma quén rdng mét “phan” méi lan cé gid tri khac nhau.
2.18 (E) 128
2 3
L e 2
Ti s6 dién tich 1% = (Z) ,nén ti s8 d6 dai (nhd : 1én) La Z va ti s6 thé tich (3 (%) = 6_1
i . 64 (s
Chai ldn chua 54 - 27 = 128 mL. Dap an (E).
Bay: dling thang ti s8 dién tich ra 96; dung ti s8 d6 dai ra 72.
2.19 (C) /3
Goi canh ngdn a 1, canh dai la . M6i dai ¢ kich thudc 1 va g
V@i r > 1 va dai déng dang hinh géc, canh dai ctia dai la 1 va canh ngan 3 g (néu g > 1 thi dai cé ti s6 g < r, khéng déng

. s 1
dang). Ti s6 dai : ngén bdng nhau: — = r, tlc r2 = 3, r = /3. Dap an (C).

r/3

Bay: cit lam dbi thi ra +/2 (khé gidy A4); “ba dai” khdng cé nghia ti s6 13 3.
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uuu

2.20 (D) 20

IS

N ~ N A e A A D oo Lo
Cung quang dudng, thai gian ti l& nghich vé8i van t6c. Nhanh hon 25% (hé sé Z) thi thai gian con —, tuc bét 3 thdi gian

ot

thusng.

1 A . A I I L 4 . A e N4

5T = 12 phut nén T' = 60 phdt. Cham hon 25% (hé sé Z) thi thai gian thanh 3" 60 = 80 phut — muon 20 phut. Bap an (D).
Bay: nghi “tdng hay gidam 25% thi sdm hay mudn nhu nhau” ra 12; hodc cho thdi gian gidm/tdng dung 25% ra 15.

2.21 (B) 50%

Dién tich mdi bing 100% + 125% = 225% dién tich cii, tic hé s6 dién tich 2.25 = 1.52.

Hinh mdi déng dang hinh cli nén moi @6 dai (va chu vi) nhan véi 1.5: chu vi tdng 50%. Dap an (B).

Bay: cho chu vi tdng 125% nhu dién tich; chia d6i thanh 62.5%; hay tra &i 150% la nham “bang 150%" vdi “tdng 150%".

2.22 (A) 5

N A 7, 7 \ 1 \ A = 1
N6ng d6 nudc ép: lo A la 3 lo B la Z; can hén hdp 3

. . , 3 1 1 1 1 1
tdc don bay:s6 c6c A:s6c6cB= |- —=|: (=== )==-:>=3:2.
Quy tac don bay: so6 cdc s6 coc (4 2) (2 3) 16 3
{ . ~ \ A\ N \ ° ~N 7 7 R 7, 7 1 3 A ~
[t nhat 3 coc tlr A va 2 cdc tlr B: téng 5 coc. Dap an (A). Kiém tra: nudc ép 3 - 3 +2- 1 2.5 trén 5 cbc. v

Bay: ddo ti s6 thanh 2 : 3 cling ra 5 c6c nhung hén hdp sai; nén lubn kiém tra lai ludng nudc ép.

2.23 (A) 20

2
Doc d6 déc tiing doan: 0-10 phut: % = 20 L/phut, dé la voi P. 10-30: % = 25 L/phit = P + Q, nén Q = 5. 30-40:

—100

0 - —10 L/phlit =P + Q — céng, nén céng thoat 35 L/phdt.

. 600 , .,
Khoa P: lugng nudc gidm 35 — 5 = 30 L/phut. TU 600 Lit can 30 = 20 phut. Dap an (A).
« 1. 600 . 600
Bay: lady — (quén voi Q van md) hodc — = 24.
y: @y = (@ Q ) hog o

2.24 (D) 10%
Xét 5 kg hén hdp (2 kg diéu, 3 kg lac). Gid cli: 600 + 300 = 900 nghin.

. N ooy 90 .
Gia mdi: diéu 600 - 1.2 = 720, lac 300 - 0.9 = 270; tong 990 nghin. Tang 900 = 10%. Dap an (D).
2-20—-3-10

Bay: tinh phan tr&m theo khéi lugng z

20 -10
2

= 2% — sai vi trong s8 phai (a tién (600 va 300), khéng phai kg;

= 5% la bd han trong sé.

2.25 (B) 1000

’ A \ s ., 1500 N .
Khoi lugng riéng trung binh clia vugng mién la =15 g/cm?, ndm gilta 10 va 20.

100
Don béy theo thé tich: vang : bac = (15 — 10) : (20 — 15) = 1 : 1, tlc 50 cm? vang va 50 cm? bac. Khéi lugng vang = 50 -
20 = 1000 g. Bép an (B).

Bay: dling ti s6 1 : 1 cho khai ludng ra 750 g — trung binh 15 g/cm? (& trung binh theo thé tich, nén ti s6 1 : 1 13 ti 8 thé tich.

2.26 (C) 7.5

S 1 . ’ 2, ’ A s \ 2, ’ ’ 1
Doc db thi: Bao di 3 km trong 45 phdt (E km/phut). Chi xuat phat & phut 15 va tdi trudng & phut 30: 3 km trong 15 phut (g

km/phut).

1 1 2 2
Ldc chi xuat phat, Bao d3 di 1 km. Khodng cach thu hep véi tdc @6 = — — = — km/phut, nén chi duSikipsaul: — = 7.5

5 15 15 15
phdt. Dap an (C).

Trén db thi, giao diém & phut 22.5, cidch nha 1.5 km — dlng diém gilta hai vach udi. Bay: doc thdng hoanh dbé giao diém ra
22.5 — dé la s8 phut tinh tir 7:00, khdng phai thdi gian chi da dap xe.
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2.27 (B) 10

Ba ngudi cing mét diém khi va chi khi tiing cdp “léch nhau” mét s6 nguyén vong. Dung van t8c tuong déi: sau ¢ phut, B han
A 40t mva C hon A 120t m.

Can 40t va 120t déu chia hét cho 400. Diéu kién th nhat cho ¢ € {10, 20, ...}, va khi dé 120¢ cling la bdi cda 400. Lan dau la
t = 10 phut. Dédp an (B).

Lidc @6 ca ba & diém céch S mét khodng 1700 — 4 - 400 = 100 m — khdng phai vach xuét phat. Muén ca ba cung & vach S
phai dgi tdi t = 40 (bdi chung cla cac thai gian @, ...), dé la by (D).

170
2.28 (C) 10
Goi a, b 13 s6 gi8 mdi ngudi can dé gd ca bao cdo. Gd ndi ti€p mdi ngudi nlfa viéc: g + g =12.5,néna+ b = 25.
GG& cung lic: 2 + % = %,t&caa——;b = %,nénab:6-25 = 150.

Hai 8 c6 t8ng 25, tich 150: 10 va 15 (vi t? — 25t 4 150 = (¢t — 10)(¢ — 15)). Ngudi nhanh han can 10 gid. Bap an (C).

Bay: chon 15 la ngudi chdm han; nghi “lam chung thi nhanh gdp d6i” (12.5 : 2 = 6.25) (& sai vi hai ngudi ndng suét khac nhau;
6 la thai gian lam chung, khéng phai cia mot ngudi.

2.29 (C) 4
A A a0y 400 1 o e L
Tién chia theo lugng cong viéc, nén Binh lam dudgc 3600 = 9 ngoi nha. Nang suat cta Binh la 9 nha/ngay, vay Binh lam
ding 1 ngay.
n . 1 3+2+1 1 . 0 0 2 o L ! 1 2
Ngay dau ca ba lam dugc 6 + 3 + 8 = BT = 3 ng6i nha. Con 3 An va Chi lam vé&i nang suat 5 + 8 = 9

2
nha/ngay, can — : — = 3 ngay.
gay. 3°9 gay.

. . 4 4 1 . 12+4+2
Tong cong 1 + 3 = 4 ngay. Dap an (C). Kiém tra: An lam 5 Chilam —, Binh —; tbhg —— =1V.

18 9 18
Bay: thay ca ba cling lam ma&t 3 ngay réi chon 3; hodc chia tién theo s8 ngay thay vi theo lugng viéc.

2.30 (D) 84

3 1 5 . o XA e
Tilé tra l3i “cd”: nam 5 nr —, ca lép —. Pay la trung binh cd trong so, nén dung don bay:

4 12

g (B Ly (3o sy_1um o
nam:nlt= (5 -7 ) (s -15) =560 =101
S& nam 10; phai chia hét cho 5 (ludn dung); s6 nit 115 phai chia hét cho 4, nén 4 | 5. Nho nhét j = 4: 40 nam, 44 nit, t6ng 84.
Ddp an (D).

Kiém tra: “cé” 24 + 11 = 35, “khéng” 16 + 33 = 49,35 : 49 = 5 : 7 v. Bdy: diing 6 21 (10 nam, 11 n{f) ma quén rang 11 ban n{t
khéng thé chia theo 1 : 3.

2.31 198

Trudc: nit 3k, nam 2k. Sau: téng 5k + 18 chia thanh 9 phéan, nén 9 | 5k + 18,tic 9 | 5k, 9 | k. D3t k = 95; téng sau la 455 +
18 = 9(5j + 2).

Sau khi vao: nit 5(55 4+ 2) = 255 + 10, nam 4(55 + 2) = 205 + 8. S6 nlf mdi la 255 + 10 — 275 = 10 — 27, s6 nam mdi la
205 + 8 — 18 = 2j + 8.

Cén it nhat mét nir mdi: 10 — 25 > 1, tic j < 4. Ldn nhat j = 4: trudc 108 nilf, 72 nam; vao 2 nifva 16 nam; sau 110 : 88 =5 : 4
v.

S6 thanh vién 18n nhat la 180 + 18 = 198. Dap s8: 198.
Bay: bd diéu kién “it nhat mét nir” thi j = 5 cho 243 (tat cd 18 ngudi mdi déu la nam).
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2.32 (D) 114
N ~ A A \ 7 2 ~ Iy 2 1 N ~ AY 2 AY 7 7. A ~ A A 2
Phan sita tao thanh mét hinh non nho déong dang vdi ca cai 6¢ qué (cung dinh, cung goc), vdéi hé s6 do dai 3

3
2 2 v N ’, 2 A A e e
Thé tich nhan vdi (5) = i: ca 6c qué chura 48 - ?7 = 162 mL. Can thém 162 — 48 = 114 mL. Dap an (D).

Bay: dung ti s6 d6 dai (48 - % = 72, thém 24) hodc dién tich (48 - ;‘li = 108, thém 60); quén chir “thém” thi chon 162. Luu y:
8

chiéu cao nhung chi chia o7

1 . . N
< 3 thé tich — phan miéng réng chifa gan hét.
2.33 (B) 2.4

A A A Laiis A a ooy s, 602 4. 1.2+2
Sau khi trén, hai binh cé cing néng dé, nén nong dé dé phai la néng do cla toan bd 10 Lit: 6-20% +4-50% = + =

10 10
32%.

Binh A (van 6 Lit) can cd 6 - 32% = 1.92 lit nudc chanh, trong khi lWic d4u cd 1.2 Lit. Méi lit d6i chd, binh A mat 0.2 it va nhan
0.5 Lit nudc chanh, tdc 6i 0.3 lit. Vay 0.3z = 1.92 — 1.2 = 0.72, z = 2.4. Ddp an (B).

Céch nhin ti s6 dep hon: hai binh giéng hét nhau vé thanh phan khi trong méi binh, phan “dén tit B” chiém dung ti lé cla B
trong téng thé, % Binh A cé z lit tir B trén 6 lit: g = 14—0 r =24 Kétquaz= % khéng phu thudc vao 20% va 50%)!
Kiém tra binh B: 1.6 - 50% + 2.4 - 20% = 1.28 = 4- 32% V.

Bay: doan “d6i mot nifa” binh nhé (2) hay binh 1&n (3) — d8i m6t nira chi lam hai binh gidng nhau khi hai binh bang nhau.

2.34 (E) 84
A A 2 LN [P A 2. 2 A 5 A 6d1 A
Trén doan dau ca bén ngudi cung ngdi; An chi trd phan cia doan dau: v =12,nénd; = 8 km.

6d,

Binh trad phan doan diu (12) céng phan doan hai chia ba: 24 — 12 = 3 nén d, = 6. Chi trd thém phan doan ba chia dbi:

6d
54 — 24 = 73 nén d; = 10.
Diing tra nhu Chi (54) c6ng toan bd doan cubi: 54 + 6 - 5 = 84 nghin déng. Ddp 4n (E).

Kiém tra: cd chuyén 8 + 6 + 10 + 5 = 29 km, tién 174 nghin = 12 + 24 + 54 + 84. ¥ Bay: quén 5 km D{ing di mét minh thi ra
54, bang didng phan cta Chi.

2.35 127

b_c_p

a:b="b:cnghiala b = ac: ba s6 [4p thanh d3y cd cling ti s6 — = - (phén s& t&i gidn, p > q > 1).
a

b b 2 A e A 2
Khidée= Lvia= -2 déa,c nguyén vdi gcd(p, q) = 1 cn b = mpq, suy ra a = mg*, b = mpgq, ¢ = mp* va
q p

a+b+c=m(¢>+pg+p?) =133 ="7-19.

Tim ¢% + pg + p* a udc cdia 133 (tic 7, 19 hodic 133; khdng thé bang 1 vip > ¢ > 1):

o =7 (g,p) = (1,2), m = 19: (19, 38,76), b = 38.

o =19: (q,p) = (2,3), m = T: (28,42,63), b = 42.

e = 133: (¢,p) = (1,11) cho (1,11, 121), b = 11; va (g, p) = (4,9) cho (16,36,81), b = 36.
Téng cac gid tri ctia b: 38 + 42 + 11 + 36 = 127. Dap s6: 127.

¢

< o, b y TSNV S
Bay: chi xét ti s6 nguyén (— = 2 hodc 11) ma bd st cac ti s6 phan sé 2 va
a

=]
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Xét mébt budc vdi hinh vudng canh 3 (dién tich 9): méi canh chia thanh doan 1 va 2. B&n tam gidc vudng & gdc, mbi cai cd hai
. A 1-2 \ R R L A
canh gdéc vudng 1 va 2, tong dién tich 4 - — = 4. Hinh vuéng bén trong co dién tich 9 — 4 = 5.
R 4, A ’ A 7, 5 . Y N n " A 2 ~ A A A
Véy moi budc dién tich nhan vdi 3 (moi hinh vudng déu dong dang nén ti s6 nay khong phu thudc canh).

5 625 625

4

4
. 2 2 12
Bay: nghi canh nhéan 3 moi budc ra 81 - (g) = 16; dung & S3 ra 75

Chapter 3 — Algebra — Expressions, EqQuations & Word Problems

3.1(D) 3.2(A) 3.3 (F) 3.4 (B) 3.5(C) 3.6 (D)
3.7 (A) 3.8 (B) 3.9 (E) 3.10 (B) 3.11(Q) 3.12 (A)
3.13 (D) 3.14 (B) 3.15 (C) 3.16 (A) 3.17 (B) 3.18 (D)
3.19 () 3.20 (A) 3.21(Q) 3.22 (B) 3.23 (A) 3.24 (D)
3.25 (E) 3.26 (Q) 3.27 (E) 3.28 (A) 3.298 3309
3.31 (D) 3.32(Q) 3.334 3.34 (B) 3.35 () 3.36 (C)
3.1 (D) 34

x> = (-3)>=9,nén 2z’ =18. ~5z = —5- (—3) = 15.
Gid tri: 18 + 15 + 1 = 34. Ddp an (D).
Bay: tinh 222 thanh (2z)% = 36 thi ra 52; viét —5z = —15 thira 4.

3.2 (A) 4a + 5b

Pha ngodc: 3(2a — b) = 6a — 3b; —2(a — 4b) = —2a + 8b (d&u trir d6i ddu ca hai hang tu).
Gop: 6a — 2a = 4a va —3b + 8b = 5b. K&t qua 4a + 5b. Dap 4n (A).

Bay: viét —2(a — 4b) = —2a — 8bthi ra 4a — 11b.

33 (E)3

Phd ngodc: 7 — 2z + 6 = 3z — 2,t0c 13 — 2z = 3z — 2.
Chuyénvé: 15 = 5z, nénz = 3.Ddp 4n (E). Kiémtra:7—0=7=9—- 2.V

Bay: viét —2(z — 3) = —2z — 6thidugcl — 2z =3z —2vaz =

ol w

3.4 (B)9
Dich: “five more than twice a number” la 2n + 5; “13 less than four times the number” la 4n — 13.

2n+5=4n—13 < 18 =2n <= n =9.Ddp an (B). Kiémtra: 23 =36 — 13. v

3.5 (C) (z +2)(z + 3)

DPoc kich thudc trén hinh: chiéu ngang gém canh z va 3 thanh rong 1, tlic « -+ 3; chiéu doc gém canh z va 2 hang cao 1, tuc
T+ 2.

Dién tich (z + 2)(x + 3). Kiém tra: (z + 2)(z + 3) = 2 + bz + 6 — ding mét hinh vudng %, ndm thanh z va sdu 6 1. Dap an
(Q).

Bay: (z + 1)(z + 6) = z? + Tz + 6 cd ding sdu 6 don vi nhung bay thanh.
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3.6 (D) 21

Goi s6 bt d6 la r, s6 but xanh 2r. Gid tri: 3r +5-2r = 13r = 91, nénr = 7.

C4 7 but @6 va 14 but xanh, t8ng 21 but. Dap an (D).

Céch nghi theo “nhdm”: m&i nhdm 1 dé + 2 xanh tri gid 13 nghin; ¢é 91 =+ 13 = 7 nhdm, mbi nhédm 3 but. Bay: tra L8i 14 (chi s6
but xanh).

3.7 (A) 54

D3t an cho ngudi it nhat dé moi dai ludng khac viét dudc theo &n dd: Chi ¢, Binh 2¢, An 2¢ + 10.
4242 +10=120 — Bc=110 «—= c= 22. Andudc 2 - 22 + 10 = 54 nghin déng. Dap 4n (A).
Kiém tra: 22 + 44 + 54 = 120. ¥ Bay: tr3 |8i 44 hay 22 — doc lai xem dé hai ai.

3.8 (B) 14

Chuvii(z+3)+ (2z—1)+ (32 —4) =6z —2 =34, nénz = 6.

Bacanh (3 9, 11, 14 (thod bat d&ng thdc tam gidc 9 + 11 > 14). Canh dai nhat 14. Dap an (B).
Bay: khoanh z = 6, hodc canh = + 3 = 9 (dlng dau danh sach).

3.9 (E) 62

Méi khiz tdng 1, ytdng 3, nény =3z +b.Véiz =1:5=3+b,b=2.Vayy = 3z + 2.
© = 20: y = 62. Dap 4n (E).

Bay: L8y y = 3z thira 60; d&m “thém 16 budc tir z = 4” nhung chi cdng 15 lan 3 thi ra 59.

3.10 (B) 5
Goi s6 ban dau la n. Lan lugt: n + 7; 4n + 28; 4n + 20; n + 5; cui cingn +5 — n = 5. Dap an (B).

Dai s8 gidi thich “trd do thuét”: chit n triét tiéu nén két qua khdéng phu thudc s6 ban dau. Bay: chia 4n + 20 cho 4 ma chi chia
s8 hang dau thi ran + 20 — n = 20 — khéng cd trong lua chon, dau hiéu d3 sai.

3.11 (C) 9

Téach thanh hai bat phuong trinh.3n — 7 <2n+5 < n<12.2n+5<4n -1 < 6 <2n < n > 3.
Vay3 <n <11:c611 — 3+ 1 = 9 s6 nguyén. Ddp an (C).

Bay: ldy cd n = 12 (nhdm diu < thanh <) thira 10; quén “+1” thira 8.

3.12 (A) 12

Trong 3 phut, luong nudc gidm 60 — 45 = 15 Lit, tdc 5 Lit méi phut.
Bé& cd 60 Lit lWic dau, nén can sau 60 = 5 = 12 phut. Ddp 4n (A).
Bay: 8y 45 + 3 = 15 3 nhdm ludng nudc con lai vdi téc db chay.

3.13 (D) 17

Khai trién: (z — 3)(z +5) = 2? + 52z — 3z — 15 = 22 + 2z — 15. Vdy k = 2, m = —15.
k—m=2— (—15) = 17. Dap 4n (D).

Bay: tinh k + m = —13, hodc ldy m = 15 (quén d&u) thi ra —13.

3.14 (B) 10
Mbi nghiém cho ta mét phudng trinh véi &n la a va b.

Thay z = 2 vao phuodng trinh cta Khoa: 2a — 2 = 6 + b, tic b = 2a — 8.
Thay z = —7 vao phudng trinh cda Linh: =76 — 2 = —21 + a, tdca + 7b = 19.

Thé& a+7(2a —8) =19 < 154 =75 <= a =5,b=2.Vay ab = 10. Dap an (B).
Kiémtra:bz —2 =3z +2choz =222 —2=3z+5choz=—-7.V
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7
3.15 (C) -
2
“z = 3 1 nghiém” nghia 3 thay = 3 vdo thi d3ng thic ding. An bay gis 3 a:6 +a = 3a — 1.
7
7=2a,néna= 3 Bap an (C).

Kié?mtra:2m+%:%acfl = g:%x = =3V

3.16 (A) 90
Goi gia vé ngudi lén a a; vé tré em ré han 40% nén bang 60% cua a, tic 0.6a (hé s6 nhan, chuong 1).
3a+5-0.6a = 3a+ 3a = 6a = 540, nén a = 90. Dap an (A).

Nhan xét gon: ndm vé tré em c6 gid bang ding ba vé ngudi l8n. Bay: 8y vé tré em bang 40% vé ngudi ldn thi 5a = 540, a =
108.

3.17 (B) 19

A ré hon B: 300 + 20v < 50v <= 300 < 30v < v > 10.
Aréhon C:300 4 20v < 900 < 20v < 600 <— v < 30.
Vay 11 < v <29:¢629 — 11 + 1 = 19 gid tri. Bap an (B).

Trén d6 thi: dudng A thap nhat trong khodng gilra hai giao diém v = 10 va v = 30. Bay: tinh ca hai ddu mut (lic bang gid) th
ra 21; tinh mét d4u thi ra 20.

3.18 (D) 36

Goi s6 xu tdi trdi, phai la L, R. Diéu kiénsau: L+3 =R —3,tic R = L + 6.

Diéu kién trudc: R+ 3 =2(L — 3),tdc L+ 9 = 2L — 6, nén L = 15, R = 21. Téng 36. Dap an (D).

Nhin nhanh: chuyén 3 xu sang trdi lam hai tdi bang nhau, nén tdi phai han tui trdi 6 xu; chuyén 3 xu sang phai thi chénh 12 xu
va chénh l&ch d6 bdng ding s6 xu tui trai luc dd.

3.19 (E) 153

Goi canh hinh vudng L3 s. Dién tich mdi (s 4 5)(s — 3) = s> + 2s — 15.

Tang 9 m2 s?2 425 — 15 =52 +9 <= 25 =24 <= s = 12. C4c s? triét tiéu — phuang trinh bac nhat!
Vudn mdi 17 x 9 = 153 m2. D3ap 4n (E). Bdy: khoanh 144 (dién tich vudn cli).

3.20 (A) 12

Nhan ba phudng trinh: (zyz)? = 12 - 20 - 15 = 3600, nén zyz = 60 (cic s6 duong).
60 60 60

Chia: z = % =35 =39 =3z =47=1; = 5.Téng 12.Bdp én (A)

Bay: cong 12 + 20 + 15 = 47.

3.21 (C) 15

Goi tudi haianhem laavab. (a+1)(b+1)—ab=a+b+1,néna+b+1=251tlca+b=24

Cungvdia —b=6:a =15b=9.Dap an (C).

Y chinh: khi m&i s8 téing 1, tich tdng thém ddng t8ng hai s6 cdng 1 — mét “hinh chif nhat” a x b dudc ndi thém mét dai dai a,
mét dai dai b va mot 6 vudng 1 x 1.

3.22 (B) 21

Goi ngay & chinh gilta lan. Hang trén lan — 8,n — 7,n — 6, hang gitan — 1,n,n + 1, hang dudin + 6,n + 7,n + 8 (trén
lich, di xung mét 6 la cdng 7).

Cdc phan =+ triét tiéu: téng = 9n = 117, nén n = 13, ngay l8n nhat la n + 8 = 21. Ddp an (B).
Kiém tra trén tg lich: 13 (& th Ba nén khung 3 x 3 quanh né ndm gon trong cdc cbt thi Hai-thd Tu, cdc ngay 5-21. v
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3.23 (A) 41

Thém 3 kg lam o xo dai thém 35 — 26 = 9 cm, nén méi kg lam dai thém 3 cm.

Tu 5 kg lén 7 kg: thém 2 - 3 = 6 cm, dai 41 cm. Dap an (A). (Khi khéng treo gi, o xo dai 26 — 6 = 20 cm.)

Bay: coi chiéu dai ti l& thun vdi khéi ludng: 3—55 -7 =49 hodc 2—26 -7 = 91. Quan hé tuyén tinh cé phan ¢é dinh (chiéu dai ban

dau 20 cm) nén khéng ti & thuén.

3.24 (D) 32
Goi z ban 3 chd, y ban 7 ché: 3z + 7y = 100. Muén nhiéu ban nhat thi dung it ban 7 ché nhét.
y = 0: 3z = 100 khéng nguyén. y = 1: 3z = 93, z = 31. T6ng 32 ban. Dép an (D).

N X N R A x . A = \ . A = ]‘
(Cac nghiém khac (24,4), (17,7), ... déu it ban hon: mbi lan d6i 7 ban 3 ch6 L4y 3 ban 7 chb thi mat 4 ban.) Bay: {%J =33

ban khéng thé xé&p du.

3.25 (E) 19

A e s A A 74
Goi s6 cau dung la ¢, s6 cau sai 22 — ¢ (cau bd trong khéng tinh). Biém 3¢ — (22 — ¢) = 4¢ — 22 > 52, nén ¢ > T 18.5.

¢ nguyén nén it nhat 19. Kiém tra: 19 cAu dung dudc 57 — 3 = 54 diém; 18 ciu ding dugdc 54 — 4 = 50 < 52. D3p an (E).
Bay: ldm tron 18.5 xudng thanh 18.

3.26 (C) 60
g - g + 8. Nhan hai v& véi 15: 5z = 3z + 120, nén z = 60. Dap 4n (C).
N 1 1 2 ~ ’ Y A 1 A A 2 ~ A R
Theo phéan (chuang 1): 3 51 clia s6 d6 bang 8, nén T la4vacdsolabl KiEmtra:20 =124 8. v

N . 2 1
Bay: 4y 8 - 15 = 120 ma quén rang hiéu la R chd khéng phai T

7
. E) -
327()2

Khéng tim dudc a, b riéng (mét phudng trinh, hai 8n), nhung tim dudc ti s8 cla ching: 2a + 3b = 7(a — b) <= 10b =
5a <= a = 2b.

20> +30* 0?7
(;T = 5 — 5 Ddpan ().

N = A 7 . A\ \ 4 A A ~ 2 4 2
Meo: cho luén b = 1, a = 2 rbi tinh. Bay: nhan chéo sai thanh 2a + 3b = 7a — bthiraa = gb va mot két qua khac han.

Biéu thuc can tinh cé tif va mau cling “bic hai”, nén chi phu thudc ti s6:

3.28 (A) 130
Goi canh (& a > b. Chu vi: 4a + 4b = 64, nén a + b = 16. Hiéu dién tich: a®> — b* = (a — b)(a +b) = 32, néna — b = 2.
Vaya =9,b = 7,t6ng dién tich 81 + 49 = 130. Ddp an (A).

(a+b)?+(a—b)? 256+4
2 2

Cé thé khoéng can a, b: a? + b% = = 130. Bay: lay (a + b)? = 256 lam tSng dién tich (quén 2ab).
3.29 8
3n+20_3(n+2)+1473+ 14

n+2 n+2 o n+2

Biéu thic nguyén khi va chi khin + 2 la udc clia 14 — ké cd udc dm:n + 2 € {+1,+2,+7,+14}.
Mbi uSc cho mdt n khac nhau (n = —1,0,5,12, —3, —4, —9, —16). Dap s6: 8.

Tach phan nguyén:

Bay: chi d&m udc dugng thi dugc 4; dé hdi s6 nguyén n, khdng phai s6 nguyén dugng.
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3.30 9
|z — 3] & khodng céch trén truc s6 tUf z tdi 3; |z + 5| = |z — (—5)| la khoang céch tif z tSi —5.

Hai diém —5 va 3 cdch nhau ding 8. Néu = nam gila (k& ca hai d4u), t6ng hai khoang cdch bang ding 8; néu x ndm ngoai,
t8ng Ldn han 8 (phai di “qua” moét dau réi quay lai).

V8y moi s6 nguyén —5 < z < 3 déu thod man: 3 — (—5) + 1 = 9 s6. Ddp s6: 9.
Bay: gidi nhu phudng trinh thudng, chi tim dudc hai ddu mitz = —5, z = 3 va trd (3i 2.

3.31 (D) 49

Nhan dbéi biéu thirc réi ghép thanh ba binh phuong:

2(a®+b?+c2—ab—bc—ca)=(a—b)2+ (b—c)®>+ (c —a)
Tacda—b=3,b—c=5nénc—a=—(3+5)=—8.Téng ba binh phuong 9 + 25 + 64 = 98; bi€u thic bing % = 49.
Bdp an (D).

Kiémtravdic=0,b=5,a =8:64+25+0 — 40 — 0 — 0 = 49. v Bay: quén chia 2 ra 98; quén (c — a)? ra 34.

3.32 (C) 40

G o e 060000 o x: . 6000
Goi s6 ghé mua la n; gia von moi ghé 0 Ban n — 5 ghé, moi ghé — + 50, thu dugc 6000 + 1000 = 7000:
6000 30000 30000
(n—5) —— +50 ) = 7000 < 6000 + 50n — - 250 = 7000 <= 50n — — = 1250.

Nhan vdi %: n? —25n — 600 =0 <= (n —40)(n + 15) = 0, nén n = 40. Dap an (C).

Kiém tra: gid v6n 150 nghin, ban 35 ghé& gid 200 nghin, thu 7000 nghin, l3i 1000 nghin. v Bay: tra L&i 35 (s6 ghé d3 ban). Meo:
thir ddp d4n — n phai la udc cha 6000 dé gid vén tron; 40 La (ng vién tu nhién.

3334

Téng tudi hién nay 5 - 24 = 120. Néu cad 5 ngudi déu da sinh ra tir 7 ndm trudc, téng tudi khi @6 la 120 — 35 = 85, trung binh
17 # 22. Vay cb ngudi chua sinh lic dd.

Né&u ding mét ngudi chua sinh, tudi ngudi dé y < 7, va bén ngudi con lai khi dé cé t6ng tudi 120 — y — 28 = 92 — y. Trung
binh 22:92 — y = 88,nény = 4— hgp &.

Né&u hai ngugdi chua sinh, téng tuéi hai ngudi dé la 120 — 21 — 66 = 33, nhung mbi ngudi dudi 7 tudi — vé ly. Ba hay bén
ngudi con vo ly hon. Dép sé: 4.

3.34 (B) 5

D3t ¢ = 22 — 5z (khi Wp lai): £ + 26 — 48 = 0 <= (¢ — 6)(¢ +8) = 0,nén ¢ = 6 hodic t — —8.
2?2 —b5z=6 < (z—6)(x+1)=0:x =6hodcxz = —1.

22 —hr =—8 «— w2—5:c—|—8=0.Nhng:62—5a:+8:(w—g)2+
nghiém.

> ;i > 0 v8i moi s6 thuc z, nén trudng hgp nay vo

S

Chi cé hai nghiém thuc 6 va —1, téng 5. Dap an (B).

Bay: thdy ca hai phudng trinh bac hai déu cé dang 2% — 5z + . .. rbi cdng “téng hai nghiém bing 5” hai lan thi ra 10 — quén
kiém tra phudng trinh th( hai ¢4 nghiém thuc hay khéng.

3.35 (E) 35
Goi hai s6 la n van + 1. Khai trién (n + 1) = n3 + 3n? + 3n + 1, nén hiéu hai ldp phucng la 3n? + 3n + 1 = 3n(n + 1) + 1.

3n(n+1)+1=919 <= n(n+ 1) = 306. Tich hai s6 lién tiép bang 306: vi 172 = 289 < 306 < 324 = 18%,thu 17 - 18 =
306. v

Hai s8 la 17 va 18, t6ng 35. Bdp an (E).

L8i tét: 3n® 4+ 3n + 1~ 3 (n+ 1)’ nén (n+ 1)* ~ 306, n + 1 ~ 17.5 — t8ng hai s6 = 2n + 1 ~ 35. Biy: khoanh 17 hosic 18
(mbt trong hai s6).
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3.36 (C) 1 candy is left over
Goisé nitg,s6 nam b, s6 keo K: K = 3g +5b+4va K = 5g + 3b — 2.

Khéng can tim g, b: €dng hai phudng trinh dugc 2K = 8g + 8b + 2, tic K = 4(g + b) + 1. Chia mdi ban 4 keo can ding 4(g +
b) keo, nén con thira 1 vién. Dap an (C).

Vi sao cong lai hiéu qua: cach chia “méi ban 4 vién” chinh a trung binh cta hai cich chia dé cho (méi nit 2, m&i nam 3£3),
N \ ~ \ \ 5 \ N 1 4 —2
nén phan thia ciling la trung binh cla “thifa 4” va “thiéu 2”: # =1

Ldp cé thé la 5 nit, 2 nam (K = 29) hay 13 nit, 10 nam (K = 93) — ca hai déu thira ding 1 vién. Bay: tudng “trung binh thi

N9

vlfa du” va chon (D); hodc lay trung binh clia 4 va 2 (quén rang “thi€u” & s6 4m) thira (A).

Chapter 4 — Patterns, Sequences & Logical Reasoning

4.1 (A) 4.2 (B) 4.3 (Q) 4.4 (D) 4.5 (E) 4.6 (A)
4.7 (E) 4.8 (B) 4.9 (C) 4.10 (D) 411 (A) 4.12 (B)
4.13 D) 4.14 (E) 4.15 (A) 4.16 (B) 4.17 (C) 4.18 (B)
4.19 (D) 4.20 (A) 4.21 (B) 4.22 (E) 4.23 (E) 4.24 (D)
4.25 (C) 4.26 (A) 4.27 (Q) 4.28 D) 4.29 (A) 4.30 (E)
431 (B) 43231 433 (Q) 43470 4.35 (D) 4.36 (B)
4.1 (A) 119

TU s6 hang thi nhat dén thba la 2 budc: 2d = 17 — 5 =12, nén d = 6.
S8 hang tht 20 = 5 + 19 - 6 = 119. Dap 4n (A).
Dung 20 budc thay vi 19 thi ra 125; quén chia 2 (d = 12) thi ra 233.

4.2 (B) 143

S8 hang thl k + 1 & 1000 — 7k. N6 dudng khi 7k < 1000, tic k < 142 (vi 7 - 142 = 994, 7 - 143 = 1001).
k chay tir 0 dén 142: c6 143 s8 duong (s6 dudng nhé nhat la 1000 — 994 = 6). Dap 4n (B).

Tra I8i 142 13 quén s8 hang d4u k = 0 — L&i “hang rao”.

4.3 (C) 19

M&i nhém 5 hat cd 2 hat xanh (blue). 48 = 5 - 9 + 3: 9 nhdm day du cho 18 hat xanh.
3 hat con lai la @6, dd, xanh — thém 1 hat xanh. Téng 19. Dap 4n (C).

B6 quén phan & thira 18.

4.4 (D) 153
Tdach thanh hai day: cdc s6 hang & vitri chdn 14 6,9,12, ... (tdng 3 sau mbi cdp budc +5 — 2).
S6 hang thi 100 (& s6 hang th 50 cha day chdn: 6 + 49 - 3 = 153. Dap 4n (D).

Nghi “méi budc tdng 3” thira 1 + 99 - 3 = 298; &y nham day vi tri & thi ra 148 hodc 151.

4.5 (E) 1288

100 — 12
Cac bbicla 41512,16,...,100: cb 1 +1=23s86.

, 12+ 100) - 2
Tong = % — 56-23 — 1288. Dap 4n (E).

Quén s6 100 (“between” 8 day cé “inclusive”) thi ra 1188; bit dau tir 16 thi ra 1276.

4.6 (A) Monday

Tl 13/3 ndm nay dén 13/3 n8m sau cé d0 mét ndm, va khodng dé chira ngay 29/2 cla ndm nhuén: 366 ngay.
366 = 7 - 52 4 2, nén thd Wi di 2: thd Bay — thd Hai. Dap an (A).

Quén ngay 29/2 thi ra Chd nhat.
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4.7 (E) 102.4
M®&i lan gap d6i, s8 l8p gidy nhan ddi: sau 10 1an cé 210 = 1024 (p.
D6 day 1024 - 0.1 = 102.4 mm. Bap an (E).

“Cong thém mbt lp méi lAn” cho 1 mm — sai vi gap dbi la nhén 2 (cip s nhan); ding & 9 lan g4p thira 51.2.

4.8 (B) 242

as = ay - 3° = 27a; = 54 nén a; = 2. N3m s8 hang: 2,6, 18, 54, 162.
. 31

Téng = 242 (ho3c 2 - T 3% — 1 = 242). Dap 4n (B).

Viét nham a4 = a; - 3* thi a; khéng nguyén; ldy 162 (4 s6 hang thi nd3m chi khéng phai téng.

4.9 (C) 12

M&i canh dai n 6 gép vao chu vi hai canh dai n va mét dau cénh dai 1: 2n + 1. B6n canh: 4(2n + 1) = 8n + 4. (Kiém tra: hinh
1cédchuvil2)

8n +4 =100 = n = 12. D4p 4n (O).

L3y 100 : 4 = 25 (tudng chu vi bdng 4 lan cdnh) la sai; tinh chu vi theo s6 6 (4n + 1) r6i gidi 4n + 1 = 100 cling khéng ra s6
nguyén.

4.10 (D) 2600

Hiéu lién tiép: 5,7,9, 11 — hiéu th( hai khdng d6i. Nhdnra:3 =22 — 1,8 =32 — 1,15 = 4% — 1,.. nén s hang thi' n la (n +
1)2 - 1.

S8 hang th 50 = 512 — 1 = 2600. Dap an (D).
Léch chi s8 (502 — 1 = 2499) (3 l&i hay gdp — ludn thir lai véin = 1.

4.11 (A) 7:00 p.m.
Mbi 24 gig déng hé quay vé dung gid cli. 2026 = 24 - 84 + 10.
Sau 2026 gid giéng nhu sau 10 gid: 9:00 sdng +10 gid = 7:00 t&i (7:00 p.m.). Ddp 4n (A).

Lan L&n sdng/chiéu thi ra 7:00 a.m.

4.12 (B) 4
f A 3 NP . (3)"
Moi nam nhan véi 1.5 = 3 (chugng 1: hé s6 nhan). Sau n nam: 3]

3 4
3 27 3 81 A v (s
(§> =3 = 3.375; <§) =% " 5.06 > 5. Vay 4 nam. Dap an (B).

Nghi “m6i ndm thém 50% cla s6 ban dau” (cdp s6 cdng) thi cdn hon 8 ndm — sai m6 hinh.

4.13 (D) 112

a3 + ag = 2a1 + 9d = 50 va a5 = a1 + 4d = 22 (nhan dbi: 2a; + 8d = 44). Tri: d = 6, r6ia; = 22 — 24 = —2.
g = —2+19-6 = 112. Dép 4n (D).

Céch nhanh han: khdng can tim sé hang dau, vi tif a5 dén ag la 15 budc: ayy = a5 + 15d = 22 + 90 = 112.
Bay: tinh agy = a1 + 20d (thira m6t budc) ra 118; hodc ding & a9 = 106.

4.14 (E) 28

S6 gilta bang trung binh: 100 : 5 = 20. Goi cdng sai la d; ndm sé (4 20 — 2d, 20 — d, 20, 20 + d, 20 + 2d.

Dung (m — k)% + (m + k)% = 2m? + 2k? (chuong 3): t8ng binh phudng = (800 + 8d?) + (800 + 2d?) + 400 = 2000 + 10d>.
2000 + 10d? = 2160 = d? = 16, d = 4 (ddy tdng). S6 l&n nhat = 20 + 2 - 4 = 28; d3y 4 12, 16, 20, 24, 28. v Dap an (E).

Bay: viét s8 L8n nhat (4 20 + d (quén rang né céch s6 gilta hai budc) thi ra 24.
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4.15 (A) 6

X A A \ . A fe 2 A 2 A \ . A A\ 2 "
Moi ngay phan con lai nhan vdi 3 (phan cua phan con lai, chudng 1). Sau n ngay con (g) .

25—32'32<1<:»320 243 i 26—64 a 640 < 729 — du
3 = 243’ 243 10 < sal. 3 f729va < ung.

VAay cubi ngay th 6. Dap an (A).

So sénh bang nhan chéo trédnh phai chia ra s6 thap phan. Tudng mébi ngay an é cd bdnh thi banh hét sau 3 ngay — sai géc.

4.16 (B) 39

Cichangcd 1,3,5, ... cdc. Téng n s6 L& dau tién la n? (trung binh n, nhan véi n so).
n? = 400 = n = 20 hang. Hang dudi cuing & s8 & th’ 20: 2 - 20 — 1 = 39. Dép 4n (B).
Bay: tra L8i s6 hang (20) thay vi s8 c6c 8 hang dudi; hodc 2 - 20 + 1 = 41.

55
4.17 (C) —
© o

1 2 3 5
,a3=—=§,a4=—=g,05=§,a6

3/2 5/3 13

N =

Tinh vai s hang:a; =1, as =
I q

l+p/q p+q
1,1,2,3,5,8,13,21, 34,55, 89, ... (mbi s6 bang téng hai s& trudc).

Quy ludt: néu a, = P ini ny1 = — t& mdi & m3u cli, mau mdi la t6ng. T va mau di theo day
q

13 21 34 55
=" g = == gy = — =" Piép s .
az 21»(18 34,@9 55va10 39 ap an (C)
. 34 89
Léch mbt chi s6 cho — hodc —.
éch mot chis6 ¢ o55 oac144
4.18 (B) 9

Saunngay:Lancd10(1 +2+---+n) =bn(n+1);Minhcd 1+ 2+ --- + 271 = 2" — 1 (nghin déng).
n = 8: Lan 360, Minh 255. n = 9: Lan 450, Minh 511. L4n d4u Minh vugt & cudi ngay 9. D4p 4n (B).
Bay: so s6 tién trong mét ngdy (27! > 10n lan dau & ngay 8) thay vi téng.

4.19 (D) Diing

CAu cutia Binh (“Chi ldy”) va cdu cla Chi (“Binh ndi d&i”, tiic “Chi khdng 8y”) mau thudn nhau: ding mét trong hai cu ding.
Vi chi cé m6t ngudi néi that, ngudi d6 (a Binh hodc Chi; do dé An va Diing déu ndéi déi. Dling ndi déi nghia La chinh Diing ldy
chia khoa.

Kiém tra: thd pham L& Diing thi An sai, Binh sai, Chi ding, Dling sai — dung mét cau ding. v Dap an (D).

4.20 (A) 45
B6 hang dudi cling va hai d6ng 8 hai ddu méi hang: hang k (cé k déng) con k — 2 déng tréng, v8ik =3,...,n — 1.

SE&xutrang=1+2+---+ (n — 3) — mbt tam gidc nhd han cé n — 3 hang. Hinh 6: 1 + 2 + 3 = 6 (khdp hinh vé). Hinh 12:
1+---4+9=45Ddpan (A).

Bay: tudng phan trong la tam gidc n — 2 hang (ra 55) — nhung ca ba canh déu bi bd, nén méat ba “l4p”.

4.21 (B) 3090
S6 @6 L& cdc s6 chia 5 du 1 hodc 2:1,6,...,96 (20 s6, téng w =970)va2,7,...,97 (t6ng 990).
Téng cdc s8 dé = 1960, nén téng cac s6 xanh = 5050 — 1960 = 3090. Ddp an (B).

Céch khdc: 60 s6 xanh chia thanh ba cap s6 cdng 3..98, 4..99, 5..100, téng 1010 + 1030 + 1050 = 3090. L&y g - 5050 = 3030
L3 bd qua viéc s8 xanh ndm & cudi mdi nhédm nén 8n haon trung binh.

Chinh phuc AMC 8 — 256 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



88%9 8020 AMC 8 Mastery

4.22 (E) 20
Sau t gidy, A G vj tri 5t va B & v tri —3t (tinh theo vong 12). Hai kim trung nhau khi hiéu 5¢ — (—3t) = 8t chia hét cho 12.

N&i cdch khdc: hai kim di nguge chiéu nén méi gidy ching “rdi nhau” 5 + 3 = 8 vi tri (vAn t6c tuang d6i, chudng 2). 8t chia hét
cho 12 <= 2t chia hét cho 3 <= t chia hét cho 3.

C4c thdi diém 3,6, . ..,60: c6 20 lan. Ddp an (E).

Bay: coi hai kim cuing chiéu (hiéu 2t, ra 10 Lan); hodc nghi phai chS ca hai vé 0 (sau mdi 12 gidy, ra 5 lan).

4.23 (E) Wednesday

Chi can s8 du clia 2190 khi chia cho 7. S8 du cla 2,4,8,16,...142,4,1,2,4,1, ... —chuky 3 (vi 2 = 8 chia 7 du 1).

100 = 3 - 33 + 1, nén 219 chia 7 du nhu 21, tdc du 2. Thd Hai +2 ngay = thd Tu. D4p an (E).

Dung nham chu ky 4 ctia chif s6 tAn cling (2% tan cling 6) thi ra Chl nhat — nhung th( trong tuan can sé du khi chia cho 7.

4.24 (D) 64

n(n+1)
2

63 - 64 = 4032 < 4052 (t6ng 2016); 64 - 65 = 4160 > 4052 (t6ng 2080). S6 cudi cling la 64. Bap an (D).

L&y v/2026 ~ 45 a quén chia 2 trong céng thic téng.

Téng sau khi viét n a .Cann(n + 1) > 4052; vi n? ~ 4052 nén thirn gan 64.

4.25 (C) 100%

Ludng tang déu nén la cdp s6 cong: ndm n cé luong a + (n — 1)d. Ndm 3: a + 2d = 1.2a, nén d = 0.1a — mdi ndm téng 10%
cla lugng nadm dau.

N&m 11:a + 10d = a + a = 2a, nhiéu han ndm dau 100%. Dap an (C).

Bay: coi day (4 tdng theo phan tr8m (cap s6 nhan, chudng 1) — cd 2 ndm nhan 1.2, sau 10 ndm dugc 1.2° ~ 2.49, tdc khoang
149%; hodc d&€m 9 budc thay vi 10 (ra 90%).

4.26 (A) 6
Mbi nudc di ciia m3 di tdng cdng 3 6 ngang + doc, nén ludn d6i mau 6 (trdng «+ den). Sau M6t s6 L& nudc, ma ding 3 6 khac
mau 6 xuit phat — khdng thé a chinh 6 d4. VAy n phai chdn: chi con 6.

Van = 6 lam dudc: di téi moét 6 rdi quay lai (2 nudc), &p 3 LAn. Dap 4n (A).

2
4.27 (C) 36

Y chinh: t8ng mét s & s6 hang = s s6 hang x s6 hang gilta. Nén Si3 = 13a7 va S5 = 5as.
S 13 13-2 26

Do dé 218 — 297 _ % _ 22 (i 56, chudng 2). Dap an (C).
55 5a3 5(13 5

Kiém tra bang s6: a7 = 2a3 cho a1 + 6d = 2a; + 4d, tic a; = 2d; ldy d = 1: d3y 2,3,4,...; S5 = 20, S13 = 104, ti s6 1ot = 2

=.
v

Bay: tudng ti s8 t6ng bang ti s6 s6 s6 hang (%) hodc bang 2.

4.28 (D) 28
Viét ra: 2026, 226, 46, 28, 34, 19, 37, 31, 7, 28,... (vidu34 — 3+ 16 = 19,7 — 0 + 28 = 28).

T s6 thr 4 trd di day 8p vdi chu ky 6: 28, 34,19,37,31, 7. S6 thr n (v8i n > 4) lng Vi vi tri (n — 4) chia 6 du bao nhiéu trong
chu ky.

2026 — 4 = 2022 = 6 - 337, du 0: s6 th(r 2026 La s6 dau chu ky, 28. Dap &n (D).

Bay: chia thdng 2026 cho 6 (du 4) nhu thé chu ky b3t d4u tir s8 dau tién, ra 28 hay 37 tuy cdch d&€m — phai trif phan dau
khéng tuan hoan trudc.
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4.29 (A) Khoa

Méc La Mai. Mai ndi that nén ding hai ban cao han Mai: Mai diing thi 3 theo chiéu cao. Hai ban cao hon (hang 1, 2) ndi that,
hai ban thap hon (hang 4, 5) ndi déi.

Ta néi that dugc khong? Néu cd, Tu 8 hang 1-2 va Linh cao ngay trén Nam. Hai ban nay lién hang ma khéng ai trong ho
dudgc chiém hang 3 (cGa Mai), nén Linh 4, Nam 5; con Khoa, Tu & hang 1-2. Khi @4 Linh (ndi d6i) ndi “Td cao hon t6i” — cau
nay lai ding. Mau thun. VAy Tu ndi déi: TU 8 hang 4 hodc 5.

Linh néi that dugc khéng? Néu cd, Linh 8 hang 1-2 va Tu cao han Linh — nhung Tu 6 hang 4-5. Mau thuan. Vay Linh cling
ndi déi.

Linh, Td 8 hang 4-5; Khoa, Nam 3 hang 1-2 va ndi that. Cau cia Nam: Khoa cao ngay trén Nam, nén Khoa 1, Nam 2. Linh néi
d&i nén “Tu cao hon Linh” sai: Linh 4, Tu 5. Kiém tra: Khoa cao hon Td — dung v; Td ndi “Linh cao ngay trén Nam” — sai v'.
Thir tu tir cao dén thap: Khoa, Nam, Mai, Linh, Td. Cao nhat L3 Khoa. Ddp an (A).

Bay: doc ngugc cau clia Nam (“Nam cao ngay trén Khoa”) sé ddt Nam én d4u, chon (D).

4.30 (E) 60

Diéntich: 1 +3+---+ (2n — 1) = n?

Chu vi: phan nam ngang gébm ddy dai n va cdc mat trén cla n cdt, t6ng 2n. Phan thang ding gém canh trdi cao 1, canh phai
cao 2n — 1van — 1 “bac” mbibaccao 2. Chuvi=2n+1+ (2n — 1) + 2(n — 1) = 6n — 2 (kiém tra: hinh 1 ¢d chu vi 4, hinh
2 c6 chuvi 10).

Can n? > 10(6n — 2), tic n* — 60n + 20 > 0, hay n(n — 60) > —20 (chudng 3: bat phudng trinh). V&i n = 59: 59 - (—1) =
—59 < —20 — chua dudc. V&in = 60: 0 > —20 — dudgc. DPap an (E).

Bay: gidi gan dlng n? ~ 60n réi chon 59; hodc quén cdc bic thdng ding gitta cic cot (chu vi 4n, ra s6 khac han).

4.31 (B) 20

D3y dudc xac dinh hoan toan bdi hai s8 dau z, y (nguyén dudng). Viét céc s hang theo z, y:

z, Y, ¢+vy, z+ 2y, 2z + 3y, 3z + by, bz + 8y, 8z + 13y.

Can dém sé cdp nguyén dudng (z,y) véi 8z + 13y = 2026. Vi 8z va 2026 chdn nén 13y chan, tic y chdn. Thiry = 2: 8z =
2000, z = 250 — dudc. Khi y tdng 8 thi 13y tdng 104 = 8 - 13, nén z gidm dung 13 va van nguyén; cic y chdn khic (nhuy =
4, 6) cho 2026 — 13y khéng chia hét cho 8. Vy cdc nghiém la y = 2,10, 18, ... va z = 250,237,224, ...

Y N L g A / A . ’ ~ A 1 4 - 2
Diéu kién z > 1: 13y < 2018, y < 155. S6 ldn nhat dang 2 + 8k khdng qua 155 la 154 (khi d6 x = 3). S6 nghiém: 5

1 = 20. Ddp an (B).

Bay: quén “+1" khi d€m ra 19 (L6i hang rao); chi dung diéu kién “y chdn” ma khéng kiém tra chia hét cho 8 thi dém y =
2,4,...,154ra 77.

4.32 31

Gid moét chirsd h (tir 1 dén 9): ba chitsé la h, h +d, h + 2d vdi chit s6 hang chucphdth +d <5va0 < h+2d <9.
Pém theo h (céc gid tri d hap L&):

h=1:d=0,1,2,3,4 (1:11, 1:23, 1:35, 1:47, 1:59) — 5 gi&.

h=2d=-1,01,23—5 h=3d=-1,01,2—4 h=4d=—-2—-1,01—4

h=5d=-2-10—3 h=6d=-3-2-1—3 h=Td=-3,-2—2 h=8d=-4,-3—2 h=9d=—4—
1.

Téng:5+5+4+4+3+3+2+2+1=29.

Gig hai chit s6 (10, 11, 12): bén chirs6 1,0, ... cdnd = —1 ré6i —1 — khéng dugc; 1,1,1,1 cho 11:11; 1,2, 3,4 cho 12:34.
Thém 2.

Téng cdng 29 + 2 = 31. Bdp s6: 31.

L&i hay gdp: chi dém day tdng; quén diéu kién chir s6 hang chuc phut khéng qud 5 (vi du 3:69 khéng t6n tai); hodc quén cac
gi8 ¢é hai chir s6.
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4.33 (C) %

/ x / A N R 1+2+“‘+ -1 -1 / A N X v /R
Nhém mau q cé ¢ — 1 phan sb, tong (g ) -4 3 (ghép dau—cudi: moi cdp co tong 1).
q
;. 14+24-.-413 91
Cécnhdmg=2,...,14c61+2+--- 4 13 = 91 phén s6, tdng — =3
1+2+---+9 45
Con 9 phan s8 cla nhd =15 ——=—=3
on 9 phén s6 cdia nhém g i T
. 91 97
Tong= — + 3 = —.Ddp an (C).
2 2
Bay: udc “trung binh mai phan s& la 3" réi nhan vdi 100 ra 50 — sai vi 9 phan s8 cudi £, ..., & ¢d trung binh § cht khéng

phai 1 (tng L& 3, khdng phai 4.5).

4.34 70
Y chinh: ddy b — d, b, b+ d c6 t8ng 3b. Téng chia hét cho 9 <= b chia hét cho 3.
V4i s6 gilta b, cong said > 1 phadithodb—d > 1vab+d < 30: cd min(b — 1, 30 — b) céch chon d.

b=3,6,9,12,15:min = b—1,cho 2 + 5+ 8 + 11 + 14 = 40.
b=18,21,24,27,30: min = 30 — b, cho 12+ 9 + 6 + 3 + 0 = 30.

Téng 40 4 30 = 70. Ddp s6: 70.

L&i hay gdp: dém theo s6 hang dau a va diéu kién 9 | 3a + 3d thi dé dé€m sdt; chon s6 gilia lam “tdm” khién diéu kién chi con
3|0

4.35 (D) 2038

Mbi ndm thudng ddy thi cla ngay 1/1 ndm sau di 1; ndm nhuén ddy di 2. Dt thd Sdu la 0 va cdng don (theo mod 7):

2028 b3t dau thd Bay (+1, va 2028 nhuén) — 2029: +2, Th& Hai = 2030 Thit Ba = 2031 Thd Tu = 2032 Thi Ndm (nhuén)
— 2033 Thu Bay — 2034 Chu nhat = 2035 Thd Hai = 2036 Thd Ba (nhuan) = 2037 Thi Nam — 2038 Thu Sau, va 2038
khong nhuéan.

Nam 2038 dung lai dung lich ctia 2027. Bap an (D).

Bay: tudng lich l8p lai sau 7 n8m (2034) hodc chi nhd chu ky 28 ndm (2055) — chu ky 28 ndm dlng nhung khéng phai lan
sém nhat.

4.36 (B) 2389

Mai s6 nhu vy (ing véi ding mét tip chit s6 (chon céc chit s6 tir 1 dén 9 r6i x&p téng; chi s6 0 khéng dung dudc vi khéng
thé ding dau va khong thé diing sau mdt chif s8 nhd hon nd). Nén c6 () s8 cé k chif sé.

Dém theo khdi: 1 chif s6: 9; 2 chif s6: (3) = 36; 3 chir s6: (J) = 84. Cong dén 9 + 36 -+ 84 = 129. S& thir 200 A 8 4 chif s6 th
200 — 129 = T71.

S8 4 chir s6 bat ddu bang 1: chon 3 chirsé tir {2,...,9}, cb (g) = 56 s6. Bat dau bang 2: (g) = 35 s6, chiém vi tri 57-91 trong
khéi 4 chit s6. Ta can s8 thlt 71 — 56 = 15 bat dau bang 2. Céc s6 bdt dau bang 23 ¢ (g) = 15 s6: 2345, 2346, ...,2379, 2389
— s8th 15 13 s8 cudi, 2389. Ddp 4n (B).

Bay: léch mét vi tri ra 2379 (thd 199) hodc 2456 (th( 201); quén 9 s6 mot chit s8 thi tim s6 thir 209, ra 2479; quén 36 s6 hai
chit s6 thi tim s6 th 236, ra 3589.

Chapter 5 — Number Theory — Divisibility, Primes & Factors

5.1 (A) 5.2 (C) 5.3 (D) 5.4 (E) 5.5 (A) 5.6 (A)

5.7 (B) 5.8 (C) 5.9 (B) 5.10 (E) 5.11 (D) 5.12 (D)
5.13 (C) 5.14 (D) 5.15 (C) 5.16 (A) 5.17 (B) 5.18 (E)
5.19 (D) 5.20 (A) 5.21 (B) 5.22 (D) 5.23 (A) 5.24 (E)
5.25 (C) 5.26 (E) 5.27 (D) 5.28 (E) 5.29 17 5.30 (C)
5.31 (A) 5.32 60 5338 5.34 (C) 5.35 624 5.36 (B)
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5.1 (A) 49

S8 ¢ dung 3 udc cé dang p? vdi p nguyén t6 (khudn 3 = 2 + 1): céc udc la 1, p, p?. Trong cdc lua chon chi cé 49 = 72. Kiém
tra:50 = 2-52cé 6 udc, 64 = 26 c6 7,81 =34 cd 5,98 = 2 - 72 ¢4 6. Ddp 4n (A). Chul y: s6 chinh phudng nhu 64, 81 chua
chic cd 3 udc — phai la binh phudng cla mbt s6 nguyén to.

5.2 (C) 17

2431 (&, t8ng chit s6 10 (khdng chia hét cho 3), khdng tin cling 0 hay 5. Thir 7: 7 - 347 = 2429, khéng chia hét. Thir 11 (t6ng
dandidul —3+4—2=0):2431 = 11 -221,va 221 = 13- 17. Viy 2431 = 11 - 13 - 17; thira s6 nguyén t6 l&n nhat 1& 17. Dap
an (C).

Dling 6 2431 = 11 - 221 ma tudng 221 nguyén t6 |3 sai ldm hay gdp — 221 la mbt “s6 nguyén 6 gid”.

5.3 (D) 25
6 khong phai s6 nguyén t6, nén phai phan tich trudc: 6* = 24 - 3%, S6 udc (4 + 1)(4 + 1) = 25. Dép 4n (D).
Bay: coi 6 nhu s8 nguyén t6, duing céng thic cho p* dugc 5.

5.4 (E) 13

S8 con lai la cdc s8 tlr 2 dén 50 khéng chia hét cho 2, 3, 5. Chiing La s6 nguyén t6 l8n hon 5, hodc hdp s6 ma moi thira s6
nguyén t8 déu > 7 —nhd nhatla 7 -7 = 49 < 50.

S8 nguyén té tir 7 dén 47:7,11,13,17,19, 23,29, 31,37,41,43,47 — 12 s6. Cong thém 49: téng 13. Ddp 4n (E).

Bay: tudng moi s8 con lai déu la s8 nguyén té, quén 49, dugc 12. Muén sang hét tdi 50 phai gach ca bdi cla 7.

55 (A)6
Hang gitfa (3 2z va 5z, nén 6 trén cung & 2z - 5z = 1022 = 360. Suy ra 22 = 36, = 6. Dap an (A).
Nhin bdng thifa s8 nguyén t6: 360 = 23 - 32 - 5; s8 gilta hang ddy dudc dung hai Lan, nén z2 = 360/(2 - 5) = 36.

5.6 (A) 2

31 va 513 déu (4 s6 L& (tich cac s8 (&), nén téng clia ching L& s6 chin: 2 chia hét t6ng. Dap an (A).

Khéng can tinh s6 rat l8n nay — tinh chan L& tra L8i ngay. (Téng khdéng chia hét cho 3 hay 5, vi ding mét s& hang chia hét cho
méi s8 do.)

5.7 (B) 10

Dém thira s6 5 trong 45! |45/5| + [45/25] = 9+ 1 = 10 (s6 25 gbp thém mét thira s8). Thira s6 2 nhiéu han, nén ¢ 10 chi
s8 0. Ddp 4n (B). Quén sd 25 séra 9.

5.8 (C) 10
N /E chinh phuong khi moi s6 mii chdn. S8 mii clia 2 la 3 (&) — phai bd mét thira s6 2; clia 3 la 4 (ch8n) — gil;cta51a 1 —
bd thitas6 5. Vay k =2-5 = 10va N/k = 2% - 3! = 324 = 18%. Dép 4n (C).

5.9 (B) 66
Phan tich: 60 = 22-3 -5 (b6n thifa s6, c6 2 l&p ai), 66 =2-3-11 v, 75 = 3-52,98 = 2. 72,99 = 3% . 11.

Chi 66 La tich clia ba s6 nguyén t6 khac nhau. Pdp an (B). (60 cb ba s& nguyén t6 khdc nhau & 2, 3, 5 nhung tich cta ching la
30, khéng phai 60.)

5.10 (E) 36

Tinhténg cdc udcthucsu: 16: 1 +2+4+8=15;21:14+3+7=11;25:1+5=6;32:1+2+4+8+16=31;36:1+2 +
3+4+6+9+ 12+ 18 = 55.
Chi 36 < 55. Bdp &n (E). (Nhanh hon: 0(36) = (1 +2+4)(1 4+ 3+ 9) = 91, trlr 36 dugc 55.)
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uuu

5.11 (D) 14
Céc s6 can dém cé dang 293% < 50. Liét ké theo b:

ob—0:24,816,32(555). e b—1:3,6,12,24,48 (556). o b — 2:9,18,36 (3 56). » b — 3: 27 (1 s8).
Téng 5+ 5+ 3+ 1= 14.Ddp an (D).

5.12 (D) (8, 36)

UCLN chia hét ca hai s8, ma mdi s6 lai chia h&t BCNN, nén UCLN phai la udc cia BCNN. 8 1 36, nén cdp (8, 36) khdng thé xay
ra. Cac cdp khdc déu xay ra: (4, 24) vdi 4, 24; (5,60) vdi 15, 20; (6, 36) vdi 6, 36; (9,45) véi 9,45. Dép an (D).

5.13 (C) 116
|
Rut gon trudc: % =30-29 =870 =2-3-5-29. Mbi s8 nguyén t6 chi xuat hién mét Lan.

Céc lya chon: 58 = 2-29,87 = 3-29, 116 = 22 .29, 145 = 5 - 29, 174 = 2 - 3 - 29. Chi 116 can hai thifa s6 2, nén khéng phai
udc clia 870. Dap an (C).

5.14 (D) 120
Phan tich: 96 = 25-3¢c66-2 =12 udc; 100 = 22-52¢69; 108 =22-33¢c63-4=12;120=23-3-5c64-2-2=16;125 =
5% ¢4 4.

Ldn nhat la 120. Ddp 4n (D). Nhan xét: nhiéu s6 nguyén t8 khac nhau vdi s6 mii nhd cho nhiéu udc han mét sé mii 13n.

5.15 (C) 28

Udc chung cta n va 100 chinh & udc cta ged(n, 100). C6 ding 2 udc chung khi ged(n, 100) cd ding 2 udc, tic la mot s
nguyén t6 — udc nguyén t8 clia 100: ged(n, 100) = 2 hodc 5.

e gcd = 2: n chan, khéng chia hét cho 4, khéng chia hét cho 5. S8 chdn khéng chia hét cho 4 trong [1,100]: 2, 6,10, ...,98 —
25 s6; bo 10, 30, 50, 70, 90: con 20.

e gcd = 5:n la bdi & cha 5 nhung khéng chia hét cho 25: 5,15, ...,95 (10 s6) bd 25, 75: con 8.

Téng 20 + 8 = 28. Ddp an (C). Bay: chi xét gcd = 2 dudc 20; quén loai bdi clia 25 dudc 30.

5.16 (A) 19
Nhan ba ding thiic: (abc)? = 24 - 54 - 36 = (28 - 3)(2 - 3%)(22 - 32) = 26 - 36, nén abe = 23 - 33 = 216.
16 216 216 ... B B
Chlac—ﬂ—g,a—a—4,b—%—6Klemtra4 6—24,6 9—54,9 4—36‘/

a+b+c=19.D4p 4n (A). Viét céc tich dudi dang thira s6 nguyén t6 gilp 8y cdn béc hai khdng can tinh 46 656.

5.17 (B) 5

Boi clia 77 cb ba chit s8: 77k v6i 2 < k < 12 (77 - 13 = 1001), tdc 11 s6. 77k & khi k |&: k = 3,5,7,9,11 — 5 s6. D4p 4n (B).
(Pém cd s6 chdnra 11; tudng k = 1 cling cho s8 cb ba chil s8 thi dudc 6.)

5.18 (E) 465
Hang th& nhat cé tdng 1 + 2 + 4 + 8 = 15; hang th( hai la hang thd nhat nhan 5, t6ng 15 - 5; hang th ba téng 15 - 25.
Téng ca bang: 15 - (1 + 5 + 25) = 15 - 31 = 465. Dép &n (E). Dy chinh la cbng thic o(23 - 5%) = (1 + 2 +4 + 8)(1 + 5 + 25).

5.19 (D) 9

Céc udc ghép cdp d > n/d; chi udc v/n tu ghép vdi chinh nd, nén s8 chinh phudng cé s6 udc L&. (Cach khac: moi s6 mii 2a
ch&n nén moi thlfa s8 2a + 1 1&.) Lua chon & duy nhat 14 9 (vi du 36 cd 9 udc). Dap an (D).
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5.20 (A) 0

S6 chit s6 0 ctia n! bang s6 thira s6 5. Khi n tdng, s6 nay chi tdng & cac bdi clia 5: 20!, ..., 24! ¢ 4 chit s8 0; tdi 25! thi s8
25 = 52 gép hai thifa s6 5 cling lic, nén s6 chir s6 0 nhdy tir 4 1&n 6.

Khéng cé n ndo cho dlng 5 chir s6 0. Dap an (A).
Bay: tudng 25!, ...,29! cé 5 chi s6 0 nén chon 5; thuc ra ching cé 6.

5.21 (B) 24
Cé ¢t 8 mdi géc va khodng cach déu nén khoang cdch phai chia hét ca 84 va 60; 8n nhét la ged(84,60) = 12 m.
Trén mot dudng khép kin, s6 cbt bang s khoang: chu vi 2(84 + 60) = 288 m chia 12 dugc 24 c6t. Bép an (B).

Bay: dém méi canh 84/12 + 1 =8 va 60/12 + 1 = 6 cbt rdi cdng bdn canh dugc 28 — mbi cbt gdc bi dé€m hai lan; hodc dung
cbng thic “s6 khodng + 1" clia doan thdng dudc 25.

5.22 (D) 360

360 =2%-3%-5c64-3-2 =24 udc. Cdc udc ghép cdp d « 360/d, va khi x&p téng dan thi d; - dos_; = 360 (udc nho thi i
ghép vdi udc ldn thi@). Vi 7 4 18 = 25, d7 - d1g = 360. Dap an (D).

Kiém tra: d7 = 8, d1g = 45, 8 - 45 = 360 v — khéng cén liét k& néu thdy dudc cip.

5.23 (A) 360
lem(1,...,10) = 2%.32.5.7 = 2520. B4 mét s6 chi lam BCNN gidm khi s8 d6 L ndi duy nhat chia lu§ thita cao nhat cla
mot s6 nguyén té:

o bd 8: 23 mat, con 22: BCNN 1260. e bd 9: con 3': 840. e bd 5: s8 10 van chifa thifa s6 5, BCNN khéng ddi. e bd 7: mat thifa s
7:2520/7 = 360. e bd cdc s8 khac: khoéng dai.

Nhé nhat La 360 (bd sé 7). Dap dn (A). Bay: nghi bod s8 l8n nhat (10) hodc bd 8, 9 cé Lgi nhat.

5.24 (E) 30

Hang dang thic (Chuong 3): (p — q)(p + q) = 72. Néu g = 2 thi p? = 76 khong chinh phudng, nén p, g déu L&; khi dé p — g va
p + q déu chdn. Cac cdch viét 72 thanh tich hai s chdnp —q¢ < p+¢:2-36,4-18,6 - 12.

©2.36:p=19,q=17v.04-18:p=11,g="T7Y.e6-12: p = 9 (khdng nguyén t8) X.
Téng cdc gid tri clia p: 19 4 11 = 30. Dap an (E). Chi tim thdy m6t nghiém sé& chon 11 hodc 19.

5.25 (C) 30

10! =28.34.52.7(s6miiclla2:5+2+1=8;cla3:3+1=4;clab:2). Thuong 10!/d L& khi d “lay hét” thita s8 2, tic d =
28 . e vdi e la udc clia phan (& 3% - 52 . 7.

S8 cach chone: 5 -3 -2 = 30. Dap an (C). Cach nhin khdc: d — 10!/d a song anh gilta cac udc cdn dém va céc udc Lé cda 10!,
nén dap sb bang sé udc L&. Bay: tinh sai s6 mii clia 3 trong 10! (& 3 (quén s6 9 gdp haithlrasb) séra4 -3 -2 = 24.

5.26 (E) 29
2520 = 2% .32 . 5. 7. Cac chir s6 [a udc cé mbt chif s8; thifa s6 5 va 7 bt budc L3 hai chir s6 5 va 7. Phan con lai 2% - 32 = 72.

Mu6n N nhé nhat, trudc hét can it chif s6 nhat: 72 khong phai mét chit s6, nhung 72 = 8 - 9 la hai chif s6 — cach duy nhét.
Vay N cé 4 chits65,7,8,9; x8p tdng dan: N = 5789.

Téng cécchirs6: 5+ 7+ 8 +9 = 29.Ddp an (E). Bady: tdch 72 = 2 - 4 - 9 cho s6 24579 (t6ng 27) — nhiéu chf s6 hon nén én
hon.
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5.27 (D) 6

Liét ké moi khuén clia 12:12,6-2,4-3,3-2-2,tlc N = p'!, p°q, p®¢®, p?qr. Vi20 = 22 . 5| N, N chla it nhat 22 va 5 —cé it
nhat hai s6 nguyén t8, nén loai p'!.

e p°q: s6 mii 5 phai thudc vé 2 (néu thudc vé 5thi 2 chicdé mii 1): N = 2°.5 = 160 V.

e p2q% 2% . 5% = 200 v hodc 22 - 5° = 500 > 300 X.

e p?qr: s6 mii 2 thudc vé 2, nén N = 22. 5. r = 20r vdi r nguyén t6 khic 2, 5 va 207 < 300, técr < 15:r = 3,7,11,13 cho
60, 140, 220, 260.

Téng cong 1 + 1 + 4 = 6 s6: 60, 140, 160, 200, 220, 260. Ddp an (D).
Bay: chi xét khubn p?qr dugc 4; chi xét cac s8 chi cé thira s6 2 va 5 (khudn p°q, pq?) dugc 2.

5.28 (E) 32

Néun = p{" ---p* thid(n) = (a1 + 1) - (ar + 1). Tich nay la s6 nguyén t6 chi khi cé ding mét thifa s6, tic n = p* la iy
thita cla mot s6 nguyén t6, va a + 1 1a s8 nguyén t6.

ea =1 (d=2):cdc s6 nguyén td < 100 — 25 s6.

ea=2(d=23):4,9,2549 — 4 s6.

ea=4(d=5):16,81 — 2 s8.

ea=06(d="7):64—15s6. (a=10:2' > 100)

Tng 25 +4 + 2+ 1 = 32. Ddp 4n (E).

Bay: chi d&m s6 nguyén t8 dudc 25; thém s6 chinh phuong ctia s6 nguyén t8 ma quén 16, 81, 64 dugc 29.

5.29 17

6% = 2k3% nén k La s6 nhd hon trong hai s6 mii clia 2 va cta 3 trong tich. Thifa s6 3 hi€m han, nén tinh s6 mii cda 3.

S8 miicta3trongm!vdim =1,...,10:0,0,1,1,1,2,2,2,4,4 (tU 9! cé thém hai thita s6 cla s 9). Téng: 3 -1+ 3 -2 + 2
4=17.

Sé miicla 2:0,1,1,3,3,4,4,7,7,8,t6ng 38 > 17. Vay k = 17. Dép sé: 17.

Céch dém khac: s8 j xuat hién trong m! v8i moi m > j, téc 11 — j lan. Thita s6 3 dén tir 3 (8 lan), 6 (5 Lan), 9 (2 lan, mbi lan
9op2):8+5+4=17V.

5.30 (C) 9

Mbt hdp s6 nhu vay cd thira s6 nguyén t6 nhd nhat > 5, nénnd > 5 -5 = 25 va la tich cla cdc s6 nguyén t6 > 5.

Liét ké theo thita s nhd nhat:5-5=25,5-7=235,5-11=55,5-13=65,5-17=285,5-19=95,7-7=49,7-11 = 77,7 -
13 =91;11- 11 = 121 > 100. C6 9 s8. Dép 4n (C).

Céch khac: s6 nhé hon 100 khéng chia hét cho 2, 3 ¢4 33 s8 (gém s8 1); bd s6 1 va 23 s6 nguyén t6 khac 2, 3 con 9. Lua chon
32 13 quén bd cac s6 nguyén t6.

5.31 (A) 30

BCNN tliing cdp: lem(4, 6) = 12, lem(6,9) = 18, lem(4,9) = 36; ¢ ba: lem(4,6,9) = 36.

Nhan xét then chét: c8p chudng 4 va 9 chi trung nhau vao bdi clia 36 — lic d6 chudng 6 cling reo. Vay “ding hai chudng” chi
cé thé a c3p (4, 6) vao bdi clia 12 khdng phai bdi clia 36, hodc cdp (6, 9) vao bdi ctia 18 khéng phai boi clia 36.

Trong 360 phdt: bdi clia 12: 30, boi cta 18: 20, béi ctia 36: 10. Ddp s6 (30 — 10) + (20 — 10) = 30. Dap an (A).

Bay: cdng ca ba cdp ma khdng bo cac lan ca ba chudng cling reo dudc 30 + 20 + 10 = 60; chi cdng hai cdp (4, 6) va (6, 9) ma
guén bd bdi cla 36 dudc 30 + 20 = 50; bd boi clia 36 & hai cdp dé nhung van cdng 10 lan cla cdp (4, 9) dudc 40.

5.32 60
1010 = 210510 ¢4 11 - 11 = 121 udc. Ghép cdp d <+ 10'°/d: trong mbi cdp ddng mét s6 nhé hon 10° = /1010, trir udc 10° ty
ghép vdi chinh no.

12
S6 udc nhé hon 10°: = 60. D4p s6: 60.

Bay: chia 121/2 rdi lam tron thanh 61 (tinh lwdn chinh 10).
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5.33 8

Néu 3 1 n thi khdng c6 udc nao La bdi ctia 3 (s6 lugng 0 — chan). Néu 3 | n, cac udc a bdi cla 3 ¢ dang 3e Vdie | g va ngugc
lai; nén s8 lugng cla chidng bang d(g)

d(n/3) & <= n/3 14 s chinh phudng (ghép cdp udc). Vay n = 3k? vdi 3k? < 200, tic k? < 66,k =1,...,8.

Dép s6: 8 (cac s6 3,12, 27, 48, 75, 108, 147, 192).

5.34 (C) 15

Téach theo tinh chan L&. Hop 6 va hop 10 chin, hop 15 1&. M6t s6 1@ mudn mua dugc phai dung mét s8 (& hép 15;vi 2 - 15 =
30 = 3 - 10, chi can xét dung dling mét hop 15.

S6 chdn n = 2m: mua dudc bing hdp 6 va hdp 10 & m = 3a + 5b. Cac s6 m khdng viét dugc: 1,2,4, 7 (t m = 8 trd di lubn
dudc:8 =3 +5,9=23-3,10 = 5 - 2, rdi cf cdng thém 3). VAy s chdn khéng mua dugc: 2,4, 8,14 — 4 s6.

S6 L& n: mua dudc & n > 15 van — 15 & s6 chdn mua dudc (hodc bang 0). Khéng dugc: 1,3, ...,13 (7 s6) va 15 + 2, 15 +
4,15 +8, 15 + 14, tic 17,19, 23,29 — 11 56 L&.

Téng cdng 4 + 11 = 15 s6; s6 l8n nhat khdng mua dudc la 29, nén moi s8 tir 30 dén 50 déu mua dugce. Dap 4n (C).

Bay: chi dé&m s8 L& (11) hodc chi dé€m s6 chan (4); tra L&8i s6 l8n nhat khéng mua dudc (29); hay quén rang cé thé trén nhiéu
loai hop, chi loai bbi clia 6, 10, 15 thi ra 36.

5.35 624

1 . s
1424---4+n= @ (Chudng 4), nén can 2000 = 2* - 53 chia hét n(n + 1).
n van + 1 nguyén t6 cling nhau (udc chung chia hét hiéu bang 1), nén toan b6 5% = 125 ndm trong mét s6 va toan bd 24 =
16 nam trong mét s6. Cap (n,n + 1) phai chéfa moét bdi cha 125 va mébt boi clia 16 (cb thé la cing mét s6, khi d6 s6 d6 La boi
clia 2000).
Thir cdc bbi clia 125 theo thi tu: 125 (hang xém 124, 126 — khong bdi cda 16), 250 (249, 251), 375 (374, 376 — 8 - 47), 500 (
624 - 625

499, 501), 625: hang xém 624 = 16 - 39 v. Vi n = 624: — = 195000 chia hét cho 1000 v. Cac bdi clia 125 trudc dé
(va chinh chudng, vi khéng cdi ndo chia hét cho 16) déu khéng dung dugc.

Dap s6: 624.

5.36 (B) 24

Viétn = 2% . m vdi m [&. Udc L& cla n chinh [& udc cla m, nén can d(m) = 3, téic m = p? vdi p la s6 nguyén t8 1&. Viy n =
2Fp%, 100 < n < 999. DEm theo p:

D 3 5 7 11 13 17 19 23 29 31

p? 9 25 49 121 169 289 | 361 | 529 | 841 | 961

khoplé | 4,56 | 2-5 | 2,3,4 | 0-3 |/ 0,1,2 | 0,1 | 0,1 0 0 0

s6 3 4 3 4 3 2 2 1 1 1

Tong:3+4+3+4+3+2+2+1+1+1=24Ddpan (B).
Bay: chi d&m cac s chinh phudng L& p? c¢é ba chill s6 (quén nhan vdi luy thira cla 2) dugc 10; quén k = 0 dudc it hon.

Chapter 6 — Digits, Remainders & Number Puzzles

6.1 (C) 6.2 (D) 6.3 (C) 6.4 (A) 6.5 (B) 6.6 (B)

6.7 (E) 6.8 (B) 6.9 (E) 6.10 (D) 6.11 (C) 6.12 (A)
6.13 (E) 6.14 (E) 6.15 (A) 6.16 (B) 6.17 (D) 6.18 (E)
6.19 (B) 6.20 (B) 6.21 (D) 6.22 (A) 6.23 (C) 6.24 (D)
6.25 (C) 6.26 (C) 6.27 (E) 6.28 3208 6.29 14 6.30 (A)
6.31 (B) 6.32 (D) 6.3337 6.34 286 6.35 (C) 6.36 (E)
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6.1 (C) 383

Viét s6 ban dau la 10z + ¢, vdi z la s6 hai chi s6 con lai sau khi xo0d va ¢ la chif s6 hang dan vi. Hiéu la (102 4+ ¢) — z = 9z +

c = 345.

Vi0 < ¢ <9, day chinh 13 phép chia cé du 345 = 9- 38 + 3: 2 = 38, ¢ = 3. S6 ban dau la 383 (thir lai 383 — 38 = 345 V). DPap

4n (C).

6.2 (D) 419 x 53 = 22207
Chi s6 tan cluing déu khdp (7-9 = 63, 8 - 7 = 56, ...), nén dung phép th 9: so s6 du theo 9 cla hai Vé.

(A) 347 =5,29 = 2,tich=10 = 1; v phdi 10073 = 11 = 2 X. (B) 268 = 7,37 = 1, tich = 7; 9926 = 26 = 8 X. (C) 586 = 1,
47 =2,tich=2;27532=19=1X. (D) 419 =5,53 = 8,tich=40=4;22207 =13 =4 V. (E) 733 = 4, 64 = 1, tich = 4;

46812 =21 =3 X.

Chi (D) qua dudc phép th, va vi dé ndi cé ding mét phép tinh dung, dap 4n la (D). (That vay 419 - 53 = 22 207.)

6.3 (C) 12
AB + BA=11(A + B) < 11-17 = 187, nén t8ng ba chif s6 c6 chif s6 dau C = 1.

Khidé11A+11B =141 =101+ 104, tic A+ 11B=101.ViA<9nén11B>92,B> 9B =9, A =101 —-99 = 2.

Thirlai 29 + 92 = 121 v (cac chif cdi khacnhau). A+ B+ C =2+ 9+ 1 =12.Dap an (C).

6.4 (A) 1
N =5(N)=41=5 (mod 9). Dodé 2N =10=1 (mod 9). Dap an (A).

Luu y: khdng can biét N, cling khéng can biét téng chit s6 clia 2N. Quén nhan 2 séra 5.

6.5 (B) 360

ab—ba = 9(a — b) =45nén a — b = 5. Cac cdp (a,b): (5,0), (6,1),(7,2),(8,3), (9,4), tlc cic s6 50, 61,72, 83, 94.
Téng 50 + 61 + 72 + 83 4 94 = 360. Pap 4n (B). B4 s6 50 (vi nghi 05 khdng phai s6) sé ra 310 — nhung dé a3 ndi rd dao 70

dugc 7.

6.6 (B) 1

10 = —1 (mod 11), nén 10%°% = (-1)%% = —1 (s& mii 8).

2026 = 11 -184 +2,nén 2026 = 2. T6ng = —1 + 2 = 1. Ddp an (B).
Bay: coi 10%°2° = 1 (nhu modulo 9) sé& ra 3.

6.7 (E) 33
Vé&i k > 5, k! chifa ca thifa s6 5 va thita s6 8 = 2 - 4, nén chia hét cho 40 (chdng han 5! = 120 = 3 - 40).
Chicon 11+ 20+ 31+ 41 = 1+ 2+ 6 + 24 = 33 < 40. S5 du 12 33. Dap 4n (E).

Bay: coi lubn 4! = 24 |3 “d0 ldn” dé€ bd di sé ra 9.

6.8 (B) 40
S6 du clia n? + 1 khi chia 5 chi phu thubc s6 du clia n:

n mod 5 o1 2|34

n?4+1mod5 | 12,00 2

Vay n = 2 hodc 3 (mod 5): mbi khdi 5 s6 lién ti€p cd ding 2 s6. TU 1 dén 100 cé 20 khéi: 40 sé. Dép &n (B).
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6.9 (E) Column E

Mau l8p lai sau mbi hai hang, tic mbi 10 sé: cdc s6 chia 10du 1,2,3,4,5 ndam 8 cdt A, B,C, D, E; cic s6 chia 10 du
6,7,8,9,0 ndm & cbt E, D, C, B, A.

2026 chia 10 du 6, giéng s6 6: cot E. Dép an (E).
Bay: nghi chu ky L& 5 (s8 cot), &y 2026 chia 5 du 1 r6i tra (8i cot A.

6.10 (D) 120

Ldn hon 75% nghia la gap T 1an: 10b + a = Z(10a + b). Nhan 4: 40b + 4a = 70a + 7b, tic 33b = 66a, b = 2a.
Vdia=1,2,3,4 (d8b < 9): 12,24, 36,48 (vidu 21 = I - 12 V). Téng 120. Dép &n (D).

Bo s6t 48 sé ra 72; doc “ldn hon 75%” thanh “bang 75%” sé& khéng cé s6 nao thoa.

6.11 (C) 2
9 =1 (mod 8), nén moi 9* = 1. Téng gédm 2026 s6 hang, déng du vdi 2026.
2026 = 8 - 253 + 2, 56 du (& 2. Dap &n (C). Chi nhin mét s6 hang (9% du 1) r6i trd 15i 1 13 bay thung gap.

6.12 (A) 11

S8 cé dang a(a + ¢) ¢ = 100a + 10(a + ¢) + ¢ = 110a + 11c = 11(10a + c), lubn chia hét cho 11 (vi du 583 = 11 - 53). Dap
én (A).

C4c s6 khdc khéng bat budc: 110 = 11 - 10 thubc dang nay nhung khdng chia hét cho 13,17, 37, 101.

6.13 (E) 37

ababab = ab - 10000 + ab - 100 + ab = ab - 10101.

Phan tich 10101 = 3 - 7 - 13 - 37 (Chudng 5). VAy moi s6 dang nay chia hét cho 37. Ddp 4n (E).

Khéng phai 11: téng dan ddu ctia 10101 181 -0+ 1 — 0+ 1 = 3, va chdng han 121212 = 12 - 10101 khéng chia hét cho 11.

6.14 (E) 22
S8 chinh phuang k? chia 9 chi cé thé du 0,1,4,7 (thdk = 0,1,...,8: k> =0,1,4,0,7,7,0,4,1).

Téng chit s6 déng du vdi chinh s6 d6 modulo 9. Cac ddp 4n: 15 = 6, 17 = 8,20 = 2, 21 = 3, 22 = 4. Chi 22 cé thé; that vay
43% = 1849 cdt8ng chirs8 1 + 8 + 4 + 9 = 22. Ddp 4n (E).

6.15 (A) 45
99999 x 2026 = 2026 - 100 000 — 2026 = 202 600 000 — 2026 = 202597 974.
Téng chlrs6:2+0+2+5+9+7+9+7+4=45.Dap dn (A).

Vi sao ludn ra 45 (v8i moi k tir 1 dén 99 999): phép trir bién khéi dau thanh k£ — 1 va n8m chi s cudi thanh 100 000 — k; chit
s8 ctia 100 000 — % & “phan bl 9” clia céc chif s8 ctia k — 1 (viét d0 ndm chif s8), nén hai khdi cong lai cho 5 - 9 = 45. G day:
2025 va 97974: 9 + 36 = 45.

6.16 (B) 3
M =1 (t6ng hai s6 ba ch{t s8 cé bén ch{i s6). Cét ddn vi: 2N tan cing bang N nén N = 0, khéng nhd.
Cét chuc: 2U = O + 10c (c la nhd, 0 hodc 1). Cét tram: 2S5 + ¢ = O + 10.

Néuc=1.0 =2U — 10 chdn, nhung2S +1=0+10cho O 6 —Vvoly.Vadyc =00 =2Uva S =5+ U,véiU < 4,U # 0
MN=0valU#1WM=1).

U = 2: 720 + 720 = 1440; U = 3: 830 + 830 = 1660; U = 4: 940 + 940 = 1880. Céc chif ci déu khac nhau. C6 3 gia tri. Dap
an (B).
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6.17 (D) 666

DDD = 111D = 3-37 - D. S6 nguyén t6 37 phai chia hét AB hodc C; ma C < 9,nén 37 | AB: AB = 37 hoic 74.

AB =37:37C = 111D = C = 3D: (C,D) = (3,1) trung C = A4, (6,2) cho 222, (9,3) trting D = A.

AB = 74:74C = 111D = 2C = 3D: (3, 2) cho 222; (6,4) trung D = B; (9,6) cho 74 - 9 = 666 vdi 7,4,9, 6 khac nhau v.
Ldn nhat la 666. Dap &n (D). Bay: 444 = 74 - 6 nhung D = B = 4; 888 = 74 - 12 nhung 12 khéng phai chil sé.

6.18 (E) 286
L4p bang s6 du theo n mod T7:

n mod 7 0|1, 23 |4|5]|6¢6

n?4+n+1mod7 | 13,0, 6 0|3 |1

Véyn =2hodc4 (mod 7). Cécs62,9,...,996: 802 + 1 = 143 s6; cac s6 4,11, .., 998: ciing 143 s6. Téng 286. Dap an (E).
Bay: udc ludng % - 1000 =~ 285,7 r6i lam tron xudng 285 — phai dém chinh xdc phan & cudi.

6.19 (B) 225

Vin = S(n) (mod 9), t6ng chii s6 chia hét cho 9 khi va chi khi n chia hét cho 9. Bai todn chil s6 trd thanh bai dém boi s6.
2026 = 9 - 225 + 1, nén c6 225 boi ctia 9 tir 1 dén 2026. Dép an (B).

Bay: lam tron 2026/9 = 225,1 [én thanh 226; hodc dém bdi cda 3 (675).

6.20 (B) 9315
45 = 5-9. Chia hét cho 5 va chif s6 cudi l& nén chi s6 cudi la 5.

Goi s6 a abch véia,b,clé. Téng a + b + c clia ba s8 1& la s6 & nén a + b + ¢ + 5 chan; chia hét cho 9 nén bang 18 hodc 36.
a+b+c<27Tnéna+b+c=13.

Ldn nhat.a = 9,conb+c=4v38ib,c & bldn nhat: b= 3,c = 1. S6 can tim & 9315 = 45 - 207. Bdp an (B).
9135 cling L4 bdi cta 45 cé chit s6 1& nhung nhé han; 9735 va 9915 cb téng chir s6 24.

6.21 (D) 16
Vdi 8 abed, t6ng bén s6 13 abed + abe + ab + a = 1111a + 1116 + 11c + d = 2026.

a=1(via > 2choténg > 2222). Con 111b + 11lc +d = 915. Villc+d < 99 + 9 = 108, ta ¢4 1115 > 807, b > 8; va 111b <
915chob <8 Vayb=28,1lc+d=27,suyrac=2,d =5 (c =1chod = 16 — loai).

S8 ctia Mai 13 1825 (thif lai 1825 + 182 + 18 + 1 = 2026 v), t3ng chi s& 16. Dap 4n (D).

6.22 (A) 54

Boi clia 9 cb téng chil s6 chia hét cho 9; vdi s6 ba chil s8, t6ng chif s6 ndm tir 1 dén 27, nén chi cd thé 13 9, 18 hodc 27.
Téng 27: chi 999. Téng 9: vdia =1,...,9,cdp (b,c) c6b+c=9—acd10 —acdch: 9+ 8+ --- + 1 = 45 s6.

DEm phan bu: 100 — 45 — 1 = 54. Ddp 4n (A). Quén s8 999 sé ra 55.

6.23 (C) 6
VéisBab:4-ba—4-ab=4-9(b—a) = 36(b—a) =108, nénb —a = 3.
a>1(s6haichifsé)vab=a+3<9a=1,...,6 tdc cic s8 14,25, 36, 47, 58, 69. C6 6 s6. Dép &n (C).

Bay: cho cd a = 0 (s6 03 khéng phai s8 hai chits6) séra 7.
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6.24 (D) 66 662 026

Chon tham lam tir trdi sang phai: mi chit s6 dugc chon phai dé lai du chd cho cdc chit s8 con lai. Danh s6 vi tri 1-20; chif s 6
8 cacvitri4,8,12,16,20.

Chii s6 thit 1 chon trong vi tri 1-13 (con 7 chif s6 phia sau): ldn nhat L& 6, L8y vi tri s6m nhat 1a 4. Chit s6 th 2 chon trong vi
tri 5-14: 18y 6 & vi tri 8. Chit s6 th( 3 trong vi tri 9-15: 6 3 vi tri 12. Chii s6 thi 4 trong vi tri 13-16: 6 & vi tri 16.

Con phai chon 4 chir s6 ti 4 vi tri 17-20: bat budc lay hét 2,0, 2, 6. K&t qua 66 662 026. Dap an (D).

66 666 226 khong thuc hién dudgc: sau chit s6 6 thi ndm (vi tri 20) khéng con chif s6 nao.

6.25 (C) 13
2026 = 12n +rvéi0 <r <n.Tur > 0:12n < 2026, n < 168. TUr < n: 2026 < 13n, n > 155,8, tic n > 156.

Vay n = 156,157,...,168: c6 168 — 156 + 1 = 13 gid tri (vi du 2026 = 12 - 156 + 154 v3&i 154 < 156 ¥'). Ddp an (C).
Bay: dém 168 — 156 = 12 (quén céng 1 khi d&m céc s nguyén Llién tiép).

6.26 (C) 5

76 - 76 = 5776 t4n cling 76, nén moi luy thira 76™ déu tan cung 76.

242 = 576 tan clng 76, nén 242026 = (242)1013 t3n cling nhu 761013, tirc 76.

Téng tan cung 76 + 76 = 152, hai chit s6 cudi la 52: chif s6 hang chuc la 5. Bdp an (C).

Bay: cong chif s8 hang chuc 7 + 7 = 14 ma quén s6 nhd tir hang don vi 6 + 6 = 12 s& ra 4; doc nham hang ddn vi cla 52 sé ra
2.

6.27 (E) 8

Phan tich (Chuong 5): sé miicta 2trong 15! la7+3+1=11,cta3lab+1=6,cla5a 3, cla 7 la 2, va cé thém 11, 13:
150 =2".30.5%.7%.11.13 = 10% - (2°-3%- 7°- 11-13).

Chr s6 khac 0 cudi cling & chi s6 tan cling clia ngodc. TAn cling: 28 = 256 — 6,36 =729 — 9,72 =49 — 9,11 — 1,13 — 3.
Nhan dan chi gitthang donvi: 6 -9 =54 —+4,4-9=36 —6,6-1=6,6-3 = 18 — 8. Ddp 4an (E).

Bay: bd ba thifa s8 5 nhung quén bé ba thifa sé 2 di cing ching (dung 2'!) s& ra 4.

6.28 3208
Chir sé dau: TOP < 999 nén 4 - TOP < 3996, suyra S < 3.

Modulo 3: khai trién 4(1007 + 100 + P) = 1000S + 100P + 100 + T thanh 3997 + 300 = 10005 + 96P. V& trai chia hét
cho 3; v& phai déng du S (mod 3) (vi 1000 = 1,96 = 0). Vay 3 | S, kéthop1 <5 <3:5 =3.

Ch3n T: S = 3 nghia 3 3000 < 4-TOP < 3999, nén 750 < TOP < 999, T € {7,8,9}. Chif s6 don vi: 4P tan cung bang T,
nén T chdn: T = 8, va 4P tan cing 8 cho P € {2, 7}.

Thay vao 399 - 8 + 300 = 3000 + 96 P: 300 = 96P — 192. P =2cho O = 0; P = 7 cho O = 16 — loai.
Vay 802 x 4 = 3208, cdcchircdiT = 8,0 = 0, P = 2,5 = 3 khdc nhau. Dap s8: 3208.

6.29 14

Chit s6 tdng ngdt nén khdng cé chir s8 0 (0 khéng thé diing dau, cling khdng thé dlng sau mét chit s6 l8n han). Méi s8 nhu
vay Ung vdi ding mét tép 4 chir sé cda {1,...,9}.

Chia hét cho 9 « téng chit s6 chia hét cho 9. Téng namgittal +2+3+4=10va 6 + 7 + 8 + 9 = 30, nén t6ng a 18 hodc
27.

T8ng 27 (phai cd chir s8 9, vi khéng ¢ 9 thi t8ng ln nhat la 5 + 6 + 7 + 8 = 26; ba chif s6 con lai c6 t6ng 18): {3,7,8,9},
{4,6,8,9}, {5,6,7,9} — 3 tap.

Téng 18 (liét ké theo chil s6 nhd nhat): bat d4u bang 1: 1269, 1278, 1359, 1368, 1458, 1467; bat dau bang 2:

2349, 2358, 2367, 2457; bat dau bang 3: 3456 — 11 sé.

Téng cong 3 + 11 = 14. Dap sb: 14.
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6.30 (A) 90

Chia hét cho 11 « téng dan ddu d — ¢ + b — a chia hét cho 11. Dung diéu kiéna +b=c+d, tlcd=a+b—c:
d—c+b—a=(a+b—c)—c+b—a=2(b-c).

Vay 11| 2(b—c), maged(2,11) =1nén 11 | b—c. Vi =9 < b — ¢ < 9, phai c6 b = ¢, va khi d6 d = a: 58 ¢ dang abba.
Ngudc lai, moi s6 abba = 1001a + 110b = 11(91a + 10b) déu chia hétcho 11vacda+ b = b+ a. Dém: a c6 9 céch, b cb 10
cach: 90. Bap an (A).

Hai diéu kién tudng nhu dboc (Ap lai ép s6 thanh s8 ddi xing (palindrome). (615 L& s6 cac s6 cd a + b = ¢ + d, chua xét diéu
kién 11.)

6.31 (B) 120
Goi céc s6 du la 73,74, 75, 76. S6 du theo 6 quyét dinh hai s6 du khéc: r5 la s8 du clia rg khi chia 3, va 74 cling tinh chdn L& vdi
6 (ca hai cung tinh chan (& vdi n).

DE r3 # 1 can g > 3. Xét tung trudng hap:

r¢ | r3 | T4 (cung chdn L&, khac r3, 74) r5 (khac ba sé kia) s6 cach
3 0 1 2 hoac 4 2
4 1 0 hodc 2 2 cich méi trudng hdp 4
51 2 1 hodc 3 3 cich méi trudng hop 6

M&i bd (r4,75,76) hgp L& Ung vdi diing mot sé du cha n khi chia cho 60 (biét » mod 4 va n mod 3 thi biét n mod 12, thém
n mod 5 thi biét n mod 60). Vay cr 60 s8 lién tiép cé ding 2 + 4 + 6 = 12 s6 thoa.

600 = 10 - 60, nén cé 120 s6. Ddp 4n (B).

Bay: quén rang budc chin L& gilta r4 va rg s& dém ca nhitng bd s6 du khéng thé xay ra.

6.32 (D) 287
2" mod 7 6 chu ky 3 (2,4,1) vi 22 = 8 = 1; 7% mod 7 cd chu ky 7. Vay diéu kién L3p lai vdi chu ky lem(3,7) = 21.

Lap bang chon = 1,...,21, so sdnh 2" va n? theo modulo 7:

n 1 2 3 4 5 6 7 8 9 10 | 11

2m | 2 4 1 2 4 1 2 4 1 2 4

n? 1 4 2 2 4 1 0 1 4 2 2

n |12 |13 | 14 | 15 |16 | 17 | 18 | 19 | 20 | 21

2" 1 2 4 1 2 4 1 2 4 1

n | 4| 10| 1|4 |2 24 1]0

Khép tain = 2,4, 5, 6,10, 15: 6 gid tri m&i chu ky 21. 1000 = 21 - 47 + 13: 47 chu ky &0 cho 282 s8; 13 s6 cubi Ung véin =
1,...,13 cda chu ky, chita 2,4, 5, 6, 10: thém 5. Téng 287. Ddp 4n (D).

Bay: bd quén phan du 13 s6 cudi ra 282.

6.33 37

Quan sat: khi d4t phép cdng a + b theo cot, mbi lAn nhd, moét cdt mat 10 va cot bén tréi dugc thém 1, nén téng chil s6 gidm
di 9. Vithé S(a) + S(b) = S(a+b) + 9 - (s6 lan nhé) = 10 + k.

S6 Llan nhé dn nhat: cot don vi: hai chit s6 cb téng 6 hodc 16 — cb thé nhd (t6ng 16). Cot chuc: téng hai chit s6 cdng nhd 1
bang 2 hodc 12 — cé thé nhd (hai chif s6 cé tdng 11). Cot trdm: cdng nhd 1 phai tan cung 0 — cb thé nhd (hai chit s6 cé t6ng
9). C6t nghin: cdng nhd 1 phai bang 2, khéng tao thém chit s6 mdi nén khéng nhd. T6i da k = 3.

Vay S(a) + S(b) < 10 + 27 = 37, va dat dugc: a = 1999, b = 27 cho 28 + 9 = 37. Dap s6: 37.
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6.34 286
Goiz=ab(10 <z <99) vay =cd (0 <y <99, céthéla00,05,..). Khi dé abed = 100z +y,va z | 100z +y <= z | y.
Véi méi z, s6 gid triy € {0,1,...,99} & bdi cia z bdng |2 | + 1 (tinh cd y = 0). Nhém theo gid tri ctia [99/z]:

z 10-11 | 12 | 13-14 | 15-16 | 17-19 | 20-24 | 25-33 | 34-49 | 50-99

199/ 9 8 7 6 5 4 3 2 1

37199/ =184+ 8414 + 12 + 15 + 20 + 27 + 32 + 50 = 196; cdng thém 90 (mbi z mét s6 y = 0): 196 + 90 = 286. Dép so:
286.

Bay: quén trudng hdp ed = 00 (nhu 4700) ra 196.

6.35 (C) 6699
Ba chil s6 cd tong téi da 27, nén can it nhat 4 chi s6. Vi abed: chia hét cho 11 < (a + ¢) — (b + d) chia hét cho 11.

Tacd (a+c)+ (b+d) =30 Las6 chdn, nén hiéu (a + ¢) — (b + d) cling chan: bang 0 hodc 422. Hiéu £22 can mét cdp cd
t6ng 26 > 18 — khéng thé. Vaya +c=b+d = 15.

Nho nhat: chon a nhé nhatvdia +c=15,¢ < 9:a=6,c = 9;r6ibnhd nhatvsib+d = 15:b=6,d = 9. S6 can tim &
6699 = 11 - 609. Bap an (C).

6798 va 9966 cling la bdi ctia 11 cb tdng chit s6 30 nhung l8n han; 3999, 5898 cb téng 30 nhung khéng chia hét cho 11.

6.36 (E) 7

Vi S(n) =n (mod 9), mbi budc bién n thanh n + S(n) = 2n (mod 9): s6 du nhan ddi sau mdi budc.
2026 = 1 (mod 9), nén sau k budc s6 du (& 2¥ mod 9 (kiém tra: 2036 = 11 = 2 V).

26 =64 =1 (mod 9), chu ky 6.100 = 6 - 16 + 4, nén 2! = 2% — 16 = 7. Dap &n (E).

Khéng can (va khéng nén) tinh cdc s6 that — ching tdng rat nhanh; chi cin theo ddi s& du.

Chapter 7 — Counting | — Lists, Rules & Casework

7.1 (A) 7.2(C) 7.3 (D) 7.4 (B) 7.5 (D) 7.6 (B)
7.7 (A) 7.8 (C) 7.9 (D) 7.10 (E) 7.11(Q) 7.12 (E)
7.13 (E) 7.14 (Q) 7.15 (D) 7.16 (A) 7.17 (B) 7.18 (C)
7.19 (D) 7.20 (B) 7.21(A) 7.22 (B) 7.23 (D) 7.24 (E)
7.25 (C) 7.26 (E) 7.27 (D) 7.28 (E) 7.29 (D) 7.30 (A)
7.31(B) 7.32(C) 7.33(Q) 7.34 156 7.35131 7.36 63
7.1 (A) 35

SEthik (@Emtirk = 0) 117 + Tk; s6 cudi 500 = 17+ 7-69nénk = 0,1,...,69 — danh sdch c6 70 sé.

17 + 7k & khi va chi khi 7k ch8n, tic k chdn: k = 0,2, ...,68, cd 35 gid tri. Cac s6 (&, chdn xen k& b3t dau bang s8 & va két
thiic bang s8 chn nén chia dbi déu. Dap an (A).

7.2 (C) 49
Budng thang: cdc méc 0,25, . .., 600 — cd B8 + 1 = 25 méc.
Vong tron: méc & vi tri 600 m tring v8i méc xuat phat, nén chi cé % = 24 méc.

Téng 25 + 24 = 49. Dap an (C). Coi vong tron nhu dudng thang dudc 50; coi dudng thdng nhu vong tron dugc 48.

7.3 (D) 20

S8 hoc sinh tham gia it nhat mét moén: 35 — 6 = 29. Theo bi€u dd Venn, 21 + 17 — (cé hai) = 29, nén s8 chdi ca hai mén la
38 —29=0.

Didng mét mén: 29 — 9 = 20 (hodc (21 — 9) + (17 — 9) = 12 + 8 = 20). Ddp &n (D).

Luu v: 9 |a s6 tham gia c3 hai, 29 L& s6 tham gia it nhit mét — doc ky cau hoi.

Chinh phuc AMC 8 — 270 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



88%9 8020 AMC 8 Mastery

7.4 (B) 4

Liét ké cdp canh a < b vdi ab = 60 theo a tdng dan, kém chu vi 2(a + b): (1, 60): 122; (2, 30): 64; (3, 20): 46; (4, 15): 38; (5,12):
34; (6,10): 32.

C4c chu vi nhdé hon 50: bén hinh cudi. Ddp an (B).

Luu y: diing 8 @ = 6 vi a = 10 cho lai cdp (6, 10); t6ng s8 hinh chif nhat dién tich 60 La 6, khdng phai 12 (s6 udc cta 60).

7.5 (D) 6
Nhén xét tinh chan & B ludn chdn, C ludn L&, t6ng 10 chdn, nén A phailé: A € {1,3}.

ChiatheoB:B=2: A+ C =8:(1,7),(3,5). B=4 A+ C=6:(1,5),(3,3). B=6: A+ C = 4:(1, 3),(3,1). M&i trudng hgp
2 két qua.

Téng 6. Dap &n (D). (48 = 4 - 3 - 4 13 t6ng s6 k&t qua cd thé))

7.6 (B) 10

Rao d4u 8 md8c 13 m, rao cudi 8 méc 100 — 10,5 = 89,5 m. Khodng céch gilta rao dau va rao cudi: 89,5 — 13 = 76,5 m, gbm

765 P
55 — 9 khoang.

S6rao =9+ 1= 10.D3ap an (B). Dap an 9 a s khodng — &i léch mét.

7.7 (A) 39

Chia theo 4o sd mi. Ao ké soc: khdng do khodc, 1-3 -1 = 3 bb. B&n do con lai: phan do khodc cé 3 lua chon (khdng mc, o
khoac 1, ao khodc 2):4-3-3 = 36 bo.

Téng 3 + 36 = 39. Ddp an (A).

B6 qua diéu kién cha do ké soc dudc 5 - 3 - 3 = 45; quén lua chon “khéng méc 4o khodc” sé ra s6 nhé hon han.

7.8 (C) 243

Viét moi s6 tir 0 tdi 999 thanh day ba chit s6 (thém s6 0 & d4u, vi du 7 — 007). Thém s6 0 khéng tao ra chit s6 7 mdi, nén dém
trén cdc day ba chit s6 cling dudgc. (Day 000 khéng cb chit s6 7 nén khéng anh hudng.)

Chon vi tri cha chit s6 7: 3 cach; hai vi tri con lai méi vi tri 13 mbt trong 9 chir s6 khdc 7. T6ng 3 - 9 - 9 = 243. Bdp an (C).
Chi d@&m s8 cd ba chil s8 (hang trdm khdc 0) dugc 225; dém “it nhat mot chir s6 7” dudc 271.

7.9 (D) 12

Ghi s8 dudng di tdi tling diém, theo thitu miiitén: A=1;P=1,Q =1 (chidéntt A); M = A+ P+Q=3;R=P+ M =
143=4S=Q+M+R=14+3+4=8B=R+S5S=4+8=12.

Pdp an (D). Chu y: phai tinh R trudc S vi cé dusng R — S.

7.10 (E) 63
Vi chits6 a > 1 (hang chuc) vab (hang donvi):ab>a+b < ab—a—-b+1>1 < (a—1)(b—1) > 1.

Chia theo a: a = 1: v& trdi bang 0 — khéng sé ndo.a = 2: cAnb—1 > 1,tlcb > 3:7s6.a = 3,...,9:a — 1 > 2,chican b —
1>1,tlcb>2:mbdiacd8s6,cdng 7 -8 = 56.

Téng 7 + 56 = 63. Ddp an (E). Quén trudng hdp a = 2 ra 56.

7.11 (C) 41

Chia hai trudng hdp: cé dung dudng chéo hay khdng.

Khéng dung: di sang phai hodc én. Ghi s8 trén ludi (cdch lam nhu hinh 8 muc 7.5) dudc 35 dudng.

C6 dung: di tir A téi dau dudng chéo (1, 1): 2 cach (phai—lén hodc lén—phai); di dudng chéo; réi tir (2, 2) téi B = (4, 3): can 2
budc phai, 1 budc lén, cd 3 cdch (budc lén diing th nhat, th hai hodc thi ba). Quy tdc nhan: 2 - 3 = 6.

Téng 35 + 6 = 41. Bdp an (C).
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7.12 (E) 7
Chit s6 dau khac 0 va céc chit s6 tdng dan nén khéng cé chirs6 0. Liétkéa < b < c,a+ b+ c = 12 theo a:

a=1:(2,9),(3,8),(4,7),(5,6) —4s6.a=2:(3,7),(4,6) —2s6.a =3: (4,5) —1s6.a=4:canb+c=8vdic > b > 5,
khong co.

Téng 4 + 2+ 1 = 7.Dap 4n (E). M&i b chit s8 chi cho ding m6t s6 vi th( tu da bi ép La tdng dan.

7.13 (E) 42

Véin > 0: 10% = 100 khéng thoa (b4t ding thiic chit), 312 = 961 < 1000 < 322 = 1024. Vay n € {11,12,...,31}:31 — 11 +
1=21s6.

Vdi méi n dudng thod man, —n cling thod man ((—n)? = n?), con n = 0 thi khéng. Téng 2 - 21 = 42. Dap &n (E).
Bay: quén s8 nguyén &m ra 21; tinh 31 — 11 = 20 (léch m6t).

7.14 (C) 3

Goi s6 déng 5, 10, 25 xu lan,d,q:n +d + q¢ = 10 va 5n + 10d + 25q = 100, tdc n + 2d + 5q = 20. Trif phudng trinh dau:
d + 4q = 10 (Chugng 3).

Chiatheoq:¢q=0:d=10,n=0;9=1:d=6,n=3,g=2:d=2,n=6;9 > 3thid <0.
Cé 3 cach. Bap an (C).

7.15 (D) 25
Goi s6 chai ¢ vay la g thi s8 chai c8 vua la 2g. Theo biéu d6 Venn: 2g + g — 5 = 40, nén g = 15 va c6 30 ngudi chai cd vua.
Chi chai ¢ vua: 30 — 5 = 25. Ddp 4n (D). Tra L8i s6 chai ¢S vua (30) la quén trir phan chung.

7.16 (A) 10

Goi a, b, cla s6an ghi 7, 3, 2 diém: 7a + 3b + 2¢ = 23. Chia theo a (cd it gid tri nhat: 0 tdi 3). Trong mbi trudng hdp, 3b phai
cuing tinh ch&n & vdi phan con lai @€ 2¢ chan.

a=0:3b+2 =23b1&3b<23be {1,3,57 —4 a=1:3b+2c=16bchin:be {0,2,4} —3.a=2:3b+2c =9, b &
be{l1,3}—2.a=3:3b+2c=2b=0—1.

Téng 4 +3+2+1=10.Dap an (A).

7.17 (B) 77

Theo chiéu dai 60 m cé cdc méc 0, 5, . .., 60: 13 méc; bd hai méc 8 hai diu, con 11 méc bén trong. Theo chiéu réng: 430 +1=9
méc, con 7 méc bén trong.
Mét cAy nam h3n bén trong khi ca hai toa d6 déu la méc bén trong: 11 -7 = 77. Ddp 4n (B).

-(60+40)

Téng s6 cAy a 13- 9 = 117; s6 cy trén b 1a 117 — 77 = 40 (cling bing 2 = Vi bg la mot vong kin).

7.18 (C) 5
Quy dong: 4y + 4z = zy, tdc zy — 4= — 4y + 16 = 16, hay (z — 4)(y — 4) = 16 (Chudng 3).

Vi % < % nén z > 4;tuong tuy > 4. Vay = — 4, y — 4 a hai s6 nguyén dudng cd tich 16. Chia theo z — 4 € {1,2,4,8,16}: mdi
gid trj cho ding mét y. C6 5 cap: (5, 20), (6,12), (8,8),(12,6), (20,5). Dap an (C).

Bay: coi (5,20) va (20, 5) la mdtra 3.

7.19 (D) 38

Liét ké tap chir s8 khac nhau cé t8ng 6, theo s8 phan t. M6t chit s8: {6}. Hai: {0,6},{1,5}, {2,4}. Ba:
{0,1,5},{0,2,4},{1,2,3}. Bon: {0,1,2,3}. Ndm chif s6 khac nhau cé téng it nhat 0 + 1 + 2 + 3 + 4 = 10 — khong cé.

Dém céch sp (chif s6 ddu khac 0): {6}: 1; {0,6}: 1; {1, 5}, {2,4}: 2 mdi tap; {0,1,5}, {0,2,4}:2- 2 - 1 = 4 mdi tap; {1,2,3}: 6
:{0,1,2,3}:3-3-2-1=18.

Téng1+1+4+8+ 6+ 18 = 38. Dap an (D). Cho phép chil s6 0 diing dau sé& dém thira.
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7.20 (B) 5

Goi 1, T2, £3 la 56 thanh vién hoc ding 1, ddng 2, ding 3 l8p. D&m s6 suat hoc theo hai cdch: cdng si's6 céc l8p dudc 25 +
22 + 21 = 68; m3t khdc ngudi hoc k l8p dudc dém k lan, nén z; + 25 + 3z5 = 68.

Lai cd 21 + =5 + 3 = 50 va z, = 8. Tri hai ddng thic: 2o + 223 = 18, nén 8 + 2z3 = 18, 3 = 5. Ddp 4n (B).

Pay 3 “d&m hai lan” (d&m cling m6t dai lugng theo hai cdch) — cdng cu rat manh vdi biéu dé Venn ba tip.

7.21 (A) 11
Ghi s6 dudng tdi titng chif cdi, mbi s6 bang téng cac s6 & (MmOt hodc hai) chi cai phia trén cham vao nd; ngbi sao ghi 0.

Hang C:1.Hang O:1,1.Hang U:1,2,1. Hang N:1,3,0,1 (vi tri th ba la ngbi sao). Hang T:1+3=4,3+0=3,0+ 1 = 1.
Hang E:4+3=7,3+1=4.Hang R: 7+ 4 = 11.

Dap 4n (A). Néu khdng cé ngdi sao, phép ghi sé cho 20.

7.22 (B) 117

Mt hinh chit nhat ndam trong hinh chif thdp thi ndm h3n trong thanh ngang hodc han trong thanh doc (néu né vira nhé ra
trdi/phai khoi cét gilta vira nhd én/xudng khoi hang gitra thi sé chita mét 6 gdc bi khuyét).

Thanh ngang 2 x 6: hinh chit nhat xdc dinh bdi hai dudng doc (trong 7 dudng) va hai dudng ngang (trong 3 dudng). S6 cdp
dudng doc: liét ké theo dusng trdi, 6 +5 +4 + 3 + 2 + 1 = 21; s6 cdp dudng ngang: 3. C4 21 - 3 = 63 hinh. Thanh doc ciing
63.

Hinh ndm trong ca hai thanh L& hinh ndm trong 6 vudng 2 x 2 3 gita: 3 - 3 = 9 hinh, bi &m hai lan.

Téng 63 + 63 — 9 = 117. Ddp an (B). Quén trir phan chung ra 126.

7.23 (D) 18

Moi tam gidc phai cé it nhat mét canh ndm trén dudng chéo (chi vdi cidc doan ngang va doc thi chi tao dugc hinh chif nhat).
Chia trudng hgp theo s8 dudng chéo dung lam canh.

Dung ca hai dudng chéo: dinh L3 giao diém X cla hai dudng chéo, canh th(f ba l& m6t doan c3t ca hai dudng chéo: mét
trong 4 doan doc (canh trai, hai doan chia, canh phai) hodc canh trén, canh dudi — 6 tam giac.

Dung ding mot dudng chéo, chdng han dudng tir géc dudi trai lén gdc trén phai: hai canh con lai l3 m6t doan doc va mot
canh ngang gap nhau & géc vuong. V4i canh dudi: doan doc thir 1, 2, 3 (tinh ti trai) — 3 tam gidc; vdi canh trén: doan doc thu
0, 1, 2 — 3 tam giac. Dudng chéo kia cling 6.

Téng 6 + 6 + 6 = 18. Ddp an (D).

7.24 (E) 128

Chiatheohiéud =a —b.V8id =0:20 cgp. Véid =1l:a=b+1,b € {1,...,19} — 19 cdp; d = —1 cling 19. Tuong tv d = +2
: 18 méi loai, d = £3: 17 méi loai.

Téng 20 + 2(19 + 18 + 17) = 20 + 108 = 128. Dap 4&n (E).

Trén bang 20 x 20, cdc cdp nay la mdt “dai” 7 dudng chéo quanh dudng chéo chinh. Quén rang cdp cé thi tu (chi ldy a > b)
dugc 20 + 19+ 18 + 17 = 74.

7.25 (C) 25
S6 ¢ k chit s6 loai nay: mdi chit s& 2 cach, cé 2F s6. Trudc cac s6 cé 4 chifs6 la 2 + 4 + 8 = 14 s6.

Trong cac s6 cé 4 chir s6, thay 1 — 0, 2 — 1: th tu tdng dan gilt nguyén, va céc sé bién thanh 0000, 0001, ...,1111 — chinh
la cdc s6 0 t6i 15 viét 8 hé nhi phan. 2121 — 10102 = 10, nén 2121 ding th 10 + 1 = 11 trong nhdm 4 chir s6.

Vitri: 14 + 11 = 25. Ddp 4n (C). Quén cdc s6 ngdn han ra 11; quén “+1" ra 24.
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7.26 (E) 14

Chia cdc céch tdi n theo bude cudi: budc cudi La “cdng 17 (tif n — 1) hodc “nhan dbi” (ti n/2, chi khin chan). Goi w(n) la s6
céch: w(n) = w(n — 1) + w(n/2) khin chdn, w(n) = w(n — 1) khin & va w(l) = 1.
w2)=141=2,w3)=2,wl4)=2+2=4,w() =4, w(6) =4+2=6,w(7) =6,w(8) =6+4=10w(9) = 10,
w(10) =10+ 4 = 14,

Dép &n (E). (G w(2): tir 1 cé thé cdng 1 hodc nhan dbi — hai cach khac nhau du cung ra 2.)

7.27 (D) 240

Mét tam gidc nhu vy dudc xdc dinh duy nhat bdi ba lua chon néi tiép: dinh géc vudng V, dinh H cling hang véi V' (dau canh
ngang), dinh W cling c6t v8i V' (d4u canh doc). Ngudc lai, mbi tam gidc chi cé mét géc vudng nén khéng bi dém Lap.

V': 20 cach. H: mét trong 4 chdm con lai trén cung hang (méi hang 5 chdm). W: mét trong 3 chdm con lai trén cling cot (mbi
cbt 4 chdm). Quy tdc nhan: 20 - 4 - 3 = 240. Dap an (D).
Bay: chia dbi vi s¢ dém L3p ra 120 — khéng can, Vi vai trd cla H (ngang) va W (doc) khdéng déi chd dudc.

7.28 (E) 256

Vi khéng bao gid di sang trdi, dudng di di qua cac dudng phé doc z = 0,1, 2, 3, 4 theo ding th( tu, va mébi lAn chuyén tu
dudng doc z sang z + 1 bang ding moét doan ngang. Trén méi dudng doc, vi khdng dudc quay lai giao 6 cli, dudng di chi di
th3ng &n hodc thdng xudng (hodc diing yén) tir chd vao tdi ché ra.

Vay mét dudng di dugc xac dinh hoan toan bdi hang cta bén doan ngang (ti' z = 0 sang 1, ..., tU z = 3 sang 4). Méi doan
ngang chon mét trong 4 hang y = 0, 1,2, 3, doc lap; trén dudng doc cudi cing di thang téi B. Cé 4* = 256 dudng. Dap an (E).

Bay: chi d&m dudng ngan nhéat (phai va lén) ra 35.

7.29 (D) 40
Méi s6 dang 23" ling vdi ding mot cdp (a, b) (phan tich ra thifa s6 nguyén t8 la duy nhat — Chudng 5), nén chi can dém c3p.
Chia theo b (it gid tri hon): can 2* < 1000,
b 0 1 2 3 4 5 6
1000/3b = | 1000 | 333 | 111 | 37 | 123 | 41 | 14
a tu 0 téi 9 8 6 5 3 2 0
s6 gid tri 10 9 7 6 4 3 1

(37 =2187d3 qua l8n.) Tong 10 +9 + 7+ 6 + 4 + 3 + 1 = 40. D4p an (D).
Bay: mdi hang quén gid tria = 0 (s6 3%) sé& thiéu dung 7, ra 33; quén 1 = 2°3° ra 39.

7.30 (A) 96

B6n chit s8 khdc nhau nhd nhat & 0 + 1 + 2 + 3 = 6, nén cdc bd cb téng 10 khéng nhiéu — liétké a < b < ¢ < d theo a:
a=0:{0,1,2,7},{0,1,3,6},{0,1,4,5},{0,2,3,5}. a = 1: {1,2,3,4}. (a > 2 t3ng ft nh&t 2 + 3 + 4 + 5 = 14)

B6 khéng cé chitrs6 0:4-3-2 -1 = 24 s6. B6 cé chit s6 0: hang nghin cd 3 lua chon (khdc 0), ba hang sau 3 - 2 - 1: 18 s6 méi
bo.

Téng 24 + 4 - 18 = 96. Dap an (A). Quén loai s6 0 diing daura 5 - 24 = 120.

7.31 (B) 10

Téng chit s6 bang 9 nén s6 dé chia hét cho 9 (Chuadng 5); cling vdi chia hét cho 4, né chia hét cho 36. Ngugc Lai, bdi cla 36 cb
t8ng chi s6 L& boi cla 9: 9 hodc 18 (dudi 500 thi tdng chi s6 khéng vugt 4 + 9 4 9 = 22).

Liét ké cac bdi clia 36 dudi 500: 36,72, 108, 144, 180, 216, 252, 288, 324, 360, 396, 432, 468 — cb 13 8. C4c s6 c6 téng chif s6
18: 288, 396, 468.

Con 13 — 3 = 10 s6. Ddp an (B). Quén loai cac s6 cé téng chi s6 18 ra 13.
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7.32 (C) 144

Dién tich w - h & khi va chi khi ¢ hai canh w, h déu [&. Hinh chif nh4t dudc chon bang mét “doan ngang” (vi tri va dé dai theo
chiéu ngang) va mét “doan doc”, d6c lap — quy tdc nhan.

Trén mot hang 6 6, doan dai w c6 7 — w vi tri. Doan cé dd dai lé&: w = 1: 6; w = 3: 4; w = 5: 2 —téng 12.
S8 hinh cd dién tich 1&: 12 - 12 = 144. Dap an (C).

Kiém tra: tdng s6 hinh chit nhat 14 21 - 21 = 441 (mdichiéucé 6 + 5 + - - - + 1 = 21 doan), s6 cé dién tich chin & 441 —
144 = 297.

7.33 (C) 51

Mot s6 chia hét cho 3 khi va chi khi t6ng chif s6 chia hét cho 3, nén chi can biét sé du khi chia cho 3 cua tiing chit s6 (Chuang
5). Cdcchirsé 1é: 3,9 c6 du 0 (2 chirsd); 1,7 cé du 1 (2 chit s6); 5 cé du 2 (1 chir s6).

Mét chir s6: 3,9 — 2 sé.

Hai chif s6: du (0,0): 2- 2 = 4; du (1,2) hodic (2,1):2-1+1-2 = 4 — 8 s6.

Ba chilr s6: ca ba du 0: 23 = 8; cd ba du 1: 23 = 8; cd ba du 2: 1; ba s6 du khdc nhau 0, 1, 2 theo mét thif tu ndo dé: 6 thir tu,
mdithtu2-2-1 =4 cdch — 24. Céng 41 sé.

Téng 2 + 8 + 41 = 51. B4p an (C). Chi d&m s6 cd ba chil sé ra 41.

7.34 156
M&i lan xuat hién cla “12” hodc ndm bén trong mot s6, hodc vat qua ranh gidi gitta s6 n (tAn cung bang 1) va s n + 1 (bt
dau bang 2). Hai loai rdi nhau; trong méi loai chia theo vi tri ctia kh&i “12”.

Bén trong mét s8. Hai chir s6: 12 — 1. Ba chif s8: dang 12z (120-129): 10; dang z12 (z = 1..9): 9. B&n chif s6 (ti 1000 t4i
2026): dang 12zz: 100; dang x12x: chi 1120-1129 (212 vugt 2026): 10; dang zx12: 1012,1112,...,1912 va 2012: 11. Cong:
1+ 19+ 121 = 141.

V3t qua ranh gidi. Can n + 1 b3t dau bang 2 va n tan cung bang 1, tdcn + 1 tn cing bdng 2:n + 1 €
{2, 22, 202,212, ...,292, 2002,2012,2022} — c6 1+ 1+ 10+ 3 = 15 s6.

Téng 141 + 15 = 156. D4p s6: 156.

M6t s6 nhu 1212 chita hai khdi “12” & hai vi tri khdc nhau va dudc d&m hai lAn — dung, vi ta d&m s8 [an xudt hién.

7.35 131

Y then chét: tich la s8 chinh phuong khi va chi khi m&i s6 nguyén t8 xuat hién vdi s6 mii chdn (Chuong 5). Gom céc chit s6
theo “phan khéng chinh phudng” cla ching: nhém 1 = {1,4,9}, nhém 2 = {2,8}, nhém 3 = {3}, nhém 5 = {5}, nhdm

6 = {6}, nhédm 7 = {7}. Tich chinh phuong khi tich cadc nhan nhém La s8 chinh phuang.

Mot chif s6: nhém 1: 3 s6.

Hai chir s8: hai chit s6 cuing nhém: nhém 1: 3 - 3 = 9; nhdm 2: 2 - 2 = 4; méi nhém 3, 5,6, 7: 1 — t6ng 17.

Ba chif sé: (a) ca ba thuéc nhém 1: 27. (b) mét chit s6 nhdm 1 va hai chif s6 cing nhém k # 1: chon vi tri chit s6 nhém 1 (3),
gid tri cta nd (3), réi hai chif s6 con Lai: nhdém 2 cho 4, m&i nhdém 3, 5,6, 7 cho 1 — dugc 9 - (4 + 4) = T72. (c) ba nhém khac
nhau, khéng cé nhém 1, tich nhan chinh phugng: chi 2 - 3 - 6 = 36; chon chi s6 nhém 2 (2 cach) va sap ba chil s6 (6 cach): 12.
Ba chirs6: 27 + 72 + 12 = 111. Téng 3 + 17 + 111 = 131. D3p sé: 131.
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7.36 63

Xét tiing hang nhu mét xau 3 6. M6t hang khdng ¢é hai 6 ké nhau dudc chon ¢é 5 kiéu: 000, 100,010,001, 101 (1 = dudc
chon).

Hai hang ké nhau khéng dudc chon cling moét cot. Chia theo hang giira:

e Hang gilta 000: hang trén va hang dudi méi hang tu do 5 kiéu: 25.

e Hang gilta 010: hang trén/dudi khéng dugc cé cét gitra: chi 000,100,001, 101 — 4 kiéu méi hang: 16.

e Hang gilta 100: hang trén/dudi khéng dugc cé cbt trai: 000,010,001 — 3 kiéu: 9. Hang gitta 001 tudng tu: 9.

e Hang gilta 101: hang trén/dudi chi dugc 000 hodc 010: 2 - 2 = 4.

Téng 25 + 16 + 9 + 9 + 4 = 63. Dap s6: 63.

Y tudng: chia trudng hgp theo phan “trung tdm” clia cau hinh (hang gitfa), vi khi biét nd, hai phan con lai trd nén déc lap va
nhén dugc.

Chapter 8 — Counting Il — Arrangements, Choices & Complements

8.1 (C) 8.2 (A) 8.3 (D) 8.4 (B) 8.5 (C) 8.6 (B)
8.7 (D) 8.8 10 8.9 (E) 8.10 (D) 8.11 (A) 8.12 (E)
8.13 (B) 8.14 (E) 8.15 (A) 8.16 (B) 8.17 (D) 8.18 (B)
8.19 (E) 8.20 210 8.21 (Q) 8.22 (Q) 8.23 (D) 8.24 25
8.25 (A) 8.26 (E) 8.27 (A) 8.28 70 8.29 (C) 8.30 (B)
8.31 (E) 8.32 (B) 8.33 () 8.34 (C) 8.35 2765 8.36 (D)
8.1 (C) 64

9! — 8!
RGt 7! ra: 91 = 98- 71va 8l = 8- 7L Vay —— =98~ 8 = T2 — 8 = 64.Ddp &n (C).

Hodc: 9! — 8! = 8!(9 — 1) = 8 - 8!, chia 7! dugc 8 - 8 = 64. Dling bao gid tinh 9! = 362 880 ra réi mdi chia.

8.2 (A) 50
Phan bu: tat c3 (g) = 56 cach chon 3 loai; s6 cach chifa ¢a dfa va cd com: chon nét loai th( ba trong 6 loai kia: 6 cach.

Dép s6 56 — 6 = 50. Ddp an (A).

8.3 (D) 9

Céc chirs6 2,0, 2,6 c hai chil s6 2 gidng nhau: sé cich xép La g—i = 12. Loai cdc céch cé chii s6 0 ding dau: xép 2,2, 6 vao ba
vi tri sau: g—: =3.

Dép s6 12 — 3 = 9. Dap 4n (D).

8.4 (B) 120
Gom hai 4 thanh khéi “Ace-King” véi thif tu a3 bi ép (1 cdch bén trong). Con 5 dan vi: 5! = 120. Dap 4n (B).
Né&u cho phép ca hai thi tu trong khdi thi dugc 240; “Ace 3 bén trdi King” (khéng can sat) (& 73—0 = 360.

8.5 (C) 56
Mbi dudng di la mdt xau 5 chit R va 3 chit U; chon vi tri cho 3 chir U trong 8 budc: (g) = 56.Dap an (C).

8.6 (B) 61
Phan bu: ma khéng cé chit A — méi vi tri 4 cdch: 4° = 64. Téng s6 ma 53 = 125. Ddp s8 125 — 64 = 61. Dap an (B).

48 = 3 - 42 14 s6 m3 cb dung mét chit A; 75 13 két qud dém trlng cla cach “chon chd cho chir A réi dién tuy y”.
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8.7 (D) 60

Xé&p hai ban Viét Nam vao 2 trong 3 huy chudng (cé thir ty, vi huy chudng khac nhau): P(3,2) = 3 - 2 = 6 cach. Huy chudng
con lai cho 1 trong 10 van déng vién khac: 10 cach.

Téng 6 - 10 = 60. Ddp an (D).
Né&u chi chon 2 huy chugng cho hai ban ma quén hai ban cé thé déi ché cho nhau thi dugc 3 - 10 = 30.

8.8 10
M@i trén la mot cdp €é thit tu (ddi chi nha, d6i khach), nén véin ddi cé n(n — 1) tran.
n(n—1) =90 =109, nén n = 10. Bép s6: 10.

n(n—1)

Né&u méi cdp chi d& mot tran thi s6 tran L& (’2’) = =5~ — gép dbi én vi c6 lugt di, lugt vé.

8.9 (E) 46

Khoéng cé ba diém nao trén moét dudng tron thang hang, nén moi bd ba diém la mét tam gidc: (g) = 56.
Phan bu: tam gidc khéng cé dinh @b = ba dinh xanh: (g) = 10. D3p s6 56 — 10 = 46. Dap an (E).
Luuy:30 =3 - (Z) chi 14 s8 tam gidc cé ding mét dinh doé.

8.10 (D) 28

Mét lua chon La b6 (¢, j, w) s6 nguyén khéng &m véi ¢ + j + w = 6. Sao va vach (dudc réng): (°52) = (5) = 28.Dap an (D).
Kiém tra bang chia trudng hop theo t: t = 0,1,...,6 cho 7+ 6 + -+ - + 1 = 28. Néu b3t budc méi loai it nhat mét thi chi (3) =
10.

8.11 (A) 12
C6 dinh An. Binh ngdi 8 mét trong 2 ghé canh An: 2 cdch. Ba ban con lai vao 3 ghé&: 3! = 6 cach. T6ng 2 - 6 = 12. Ddp an (A).
Céach khac: gom An-Binh thanh khéi, quanh ban c6 4 don vi: (4 — 1)! - 2 = 12.

8.12 (E) 630

Chon 2 trai: (g) = 21. Chon 2 gai: (g) = 15. Ghép dbi: ban trai thf nhat chon 1 trong 2 ban gdi lam déng dbi (2 cach), cdp con
lai tu xac dinh.

Téng 21 - 15 - 2 = 630. Ddp an (E). Quén budc ghép dbi sé chi dudc 315.

8.13 (B) 144

Céch 1 — dit chif bat budc trudc. D3t A va B vao 2 trong 4 vi tri (cd thd tu): P(4,2) = 12. Hai vi tri con lai L8y 2 trong 4 chit
C,D,E,F,céthdtu: P(4,2) = 12. Tdng 144.

Cdach 2 — bao ham-loai trir. T4t ca P(6,4) = 360; thi€u A: P(5,4) = 120; thi€u B: 120; thiéu ca hai: P(4,4) = 24. 360 —

120 — 120 + 24 — 144 v. Dap 4n (B).

Chon vi tri cho A, B ma khéng phan biét ai & dau ((‘21) =6)s8raT2.

8.14 (E) 52

Téng s6 bd ba: (3) = 56. B ba thing hang: chi ¢é trén 4 canh (mdi canh cé ding 3 diém: hai dinh va trung diém), méi canh 1
bo.

Cdc dudng khdc — dudng chéo, dudng néi hai trung diém — chi chifa 2 diém cutia hinh (tAm hinh vuéng khéng phai la diém d3
cho). Dép s6 56 — 4 = 52. Bdp an (E).

8.15 (A) 840
Cach 1. Chon Gy ban (Z) = 70; trong Uy ban chon cha tich (4) réi thu ky (3): 70 - 12 = 840.

Cach 2. Chon chd tich (8), thu ky (7), r6i 2 thanh vién thudng trong 6 ngudi con lai (g) = 15:8-7-15 = 840. Hai cach khdp
nhau. Dap an (A).

Ly P(8,4) = 1680 la coi ca bdn vj tri déu khdc nhau — nhung hai thanh vién thudng khéng cé vai tro riéng.
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8.16 (B) 310
Phan bu: ddi toan gido vién (}) = 5 hogc toan hoc sinh (§) = 15. Téng s8 ddi (}) = 330.
Dép s6 330 — 5 — 15 = 310. Dp 4n (B). Chi trir m6t loai sé ra 315 hodc 325.

8.17 (D) 60
Mbi hinh binh hanh dugc xac dinh duy nhat bdi 2 dudng ngang (hai canh song song) va 2 dudng xién (hai canh con Lai).
S6 céch: (3) - (3) = 610 = 60. Dap an (D).

8.18 (B) 15

Chia hai trudng hdp theo mau hai dau.

o Hai dau dd: 5 vj tri gilfa chifa 2 d6, 3 xanh: (g) = 10. o Hai dau xanh: 5 vi tri gilfa chfa 4 &3, 1 xanh: (?) = 5.
Téng 15. Dép én (B). (Tt cd cd (§) = 35 hang; 20 hang con lai cé hai dau khac mau.)

8.19 (E) 204
Y chinh: m&i tap 3 chi s6 khdc nhau x&p dugc diing mét cach ting dan va ding mét cach gidm dan. Vay dém sé tap.

e Tang dan: chit s6 0 khéng dudc dung (né sé ding dau): (g) = 84.
e Giam dén: chif s6 0, néu cé, ludn diing cudi nén dudc phép: () = 120.

Hai loai r8i nhau (mbt s8 khong thé vira tdng vira gidm). Téng 84 + 120 = 204. Ddp an (E).

Bay: coi hai loai giéng nhau va nhan db6i s6 tdng dan ra 2 - 84 = 168 (quén rang s6 giam dan dudc dung chif s 0); dluing
P(10,3) & quén rang thi tu da bi ép.

8.20 210

Méi dudng di gébm 7 budc: 2 budc theo chiéu dai z, 2 budc theo chiéu y, 3 budc theo chiéu cao z. Dudng di tng mét—mot vdi
xau gém 2 chit X, 2 chtY, 3 chir Z.
. . T 5040

au: 3 = 21 210. Bap so6: 210.

8.21 (C) 480

C8 dinh An 3 ghé trén cling. Binh bi ép vao ghé d8i dién: 1 cach. Chi khéng dugc ng6i 2 gh& canh An: con 6 — 2 = 4 ghé&. Nam
ngudi con lai vao 5 ghé: 5! = 120.

Téng 4 - 120 = 480. Dép 4n (C).
Khéng cé diéu kién vé Chi thi dugc 6! = 720.

8.22 (C) 3600

Phan bu: khéng c¢é hai trong ba ban ndo ding canh nhau. Chén khe: x&p 4 ban con lai (4! = 24), tao 5 khe; xép Anh, Bao, Chi
vao 3 khe khdc nhau theo thi tu: P(5,3) = 60. Phan bl ¢6 24 - 60 = 1440 cach.

Dép s6 7! — 1440 = 5040 — 1440 = 3600. Bép an (C).

Bay: tra L8i phan bl 1440; dém truc tiép “chon mot cdp (3 cdch), gom khéi (2 - 6!)" ra 4320 — céc cach cb ca ba ban ding lién
nhau bi d@&m hai lan.

8.23 (D) 240

Cach 1. Chon 3 s6: (g) = 10. X&p cdc s& theo th( tu tdng dan; gén cho ching 3 mau khac nhau theo thi ty dé: P(4,3) = 24
(9dn mau & cd thd tu, vi “sd 1 mau dd, s8 2 mau xanh” khdc “s6 1 mau xanh, s6 2 mau dd”). Téng 240.

Cach 2. Rut Llan lugt: 14 dau 20 céch; 14 th hai khdc s6 va khdc mau: 4 - 3 = 12; ld thitba: 3 - 2 = 6. Dudc 1440 bd cd thir tu,
méi tay bai dé€m 3! = 6 lan: 1440/6 = 240 v. Dap an (D).

Bay: chon 3 s6 va 3 mau réi nhan (10 - 4 = 40) l& quén ghép mau vdi s6; quén chia 6 ra 1440.
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8.24 25
Khéng cé gidi han trén: s6 nghiém nguyén dusng cliaa +b+c = 1213 (121) = 55 (sao va vach).

Phan bu: ¢é ngudi nhan tir 7 keo trd 1&n. Chi mot ngudi cé thé nhu vay (hai ngudi thi da > 14). Néu Ana nhdn > 7: cho Ana
trudc 6 keo, con 6 keo chia sao cho méi ngudi it nhat 1: (g) = 10 cach. Ba nguti: 30.

Dap s6 55 — 30 = 25. Ddp s6: 25.

Kiém tra bang chia trudng hop theo a: vdia = 1,2,3,4,5,6 thib+c =12 —avdi1l < b,c < 6 cb lan lust 2, 3,4, 5, 6,5 céch;
t6ng 25 V.

8.25 (A) 576

N&m vi tri xen k& nén mau chi cd thé la TGTGT (3 trai, 2 gdi) hodc GTGTG (2 trai, 3 gai).

o TGTGT: x&p 3 trong 4 ban trai vao cac vitri 1, 3, 5: P(4,3) = 24; 2 trong 4 ban gdi vao vi tri 2, 4: P(4,2) = 12. Dugc 288.
e GTGTG: tuong tu P(4,3) - P(4,2) = 288.

Téng 576. Ddp an (A).

Bay: d3 cong hai mau TGTGT va GTGTG rbi lai nhan 2 cho “b3t ddu bang trai hay gdi” ra 1152 — hai mau dé chinh la hai
céch bat dau; bo diéu kién xen ké thi cé P(8,5) = 6720.

8.26 (E) 130

Chia theo s6 ¢ mdi mau (r,b,g) véir < 3,b<2,g < 2,7+ b+ g = 5, mdi b cho ﬁ,’g, tin hiéu:

*(3,2,0) va (3,0,2): m&i bo 22 = 10. e (3,1,1): 20 = 20.

°(2,2,1),(2,1,2), (1,2,2): méi bd 120 = 30.

Téng 10 + 10 + 20 + 30 + 30 + 30 = 130. Dap an (E).

Meo khéng sét: liét ké bo (r, b, g) theo r gidm dan —r =3 réir = 2réir = 1 (r = 0 khéng dugc vib + g < 4).

8.27 (A) 120

Chon c8p vg chéng ndm trong nhém: 5 cdch. Hai ngudi con lai phai dén tir hai cdp khac nhau trong 4 cdp con lai: chon 2 cdp
(3) = 6, r6i m&i cdp chon chéng hodc vg: 2 -2 = 4.

T6ng 5-6 -4 = 120. Dap 4n (A).

Kiém tra: khdng c6 cip nao (§) - 2* = 80; hai cip () = 10;va 80 + 120 + 10 = 210 = (') v.

Bay: chon cdp (5 cdch) réi chon 2 ngudi bat ky trong 8 ngudi con Lai (g) = 28 ra 140 — tinh ca trudng hap hai ngudi @6 la mot
c8p, va méi nhdm hai cdp bi d&€m hai lan. LAy 210 — 80 = 130 L& d&m “it nhat mot cdp”.

8.28 70

Mbi budc l&n U ludn di lién véi mot budc phai R ngay sau nd, nén ta “ddn” ching thanh khéi UR. Budng di gém 4 khdi UR va
8 — 4 = 4 budc R |&. Ngudc lai, moi céch x&p 4 khéi UR va 4 chit R cho mét dudng di hop L& (budc Lén nao cling cd budc phai
theo sau).

S6 céch xép 8 don vi gém 4 khéi giéng nhau va 4 chif R giéng nhau: (}) = 70. Dép s: 70.

Bay: quén rang budc ra (142) = 495. Chu y diéu kién cling cAm budc cubi la U (khéng con budc nao theo sau) — cdch ddn khdi
ty ddng xU ly cd diéu nay lan diéu “khéng cé hai budc én lién nhau”.

8.29 (C) 24

Vé mii tén “X tdng Y. Mbi ngudi cd ding mét mii tén di ra va mét mii tén di vao, nén cdc mii tén tao thanh nhitng vong
khép kin. Khéng ai tu tdng minh (vong dai 1) va khéng cé hai ngudi tdng nhau (vong dai 2). V3i 5 ngudi, chi con kha nang:
vong dai 5 (vi 5 = 3 + 2 phai c6 vong dai 2).

S8 vong dai 5: bat dau tir ban thd nhat, ban 4y ting 1 trong 4 ngudi, ngudi dé tdng 1 trong 3 ngudi con lai,...:4-3-2-1 =
24 (day chinh la s8 céch xép 5 ngudi quanh ban tron: (5 — 1)!). Bap an (C).

Bay: chi cAm tu t8ng minh ra 44; s6 cdch cé mbt vong 3 va mét cdp tdng nhau 3 (g) -2 = 20.
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8.30 (B) 147

Céach 1 — d&m theo s8 chung. V4i méi s8 k, ¢é ding 7 quin chia k (|0, . . ., k|6, k& cd quan dbi k|k); ching tao (;) =21
cdp. Hai quan khac nhau khéng thé ¢ hai s chung (hai s8 xac dinh duy nhat mét quan), nén mébi cdp ghép dugc chi dugc
dém ding mét lan. Téng 7 - 21 = 147.

Céch 2 — dém theo titng quén rdi chia d6i. Quan thudng a|b ghép dudc vdi 6 + 6 = 12 quan; quan dbi k|k ghép véi 6 quan.
Téng 21 -12 + 7 -6 = 294, mbi cdp dém hai lan: 147 V.

Dép 4n (B). Bay: quén chia d6i ra 294; cho rang quan nao cling ghép dudc véi 12 quanra &;2 = 168; (228) = 378 la moi c3p.

8.31 (E) 90

Cach 1 — theo cong sai. S3p x&p tdng: b — d, b, b+ d v8id > 1. V3i cdng sai d, s6 hang dau chay tir 1 dén 20 — 2d: 20 — 2d
cach,d=1,...,9.T6ng 18 + 16 +--- +2 = 90.

Cach 2 — theo hai dau mut. Ba s8 tao cap s6 cdng — s8 nhd nhat va ldn nhat cling tinh chan L& (khi d4 s6 gilta L& trung
binh c6ng clia ching, tu d&ng khac hai dau). S6 cdp cling tinh chin Lé: (120) + (120) =45+45=90 V.

Dap 4n (E). Chi d&m mot loai chn (& s& dudc 45.

8.32 (B) 11
Véim ga cé P(m,2) = m(m — 1) loai vé. Goi s6 ga cii la n, s6 gamdi la k > 2:
(n+k)(n+k—1) —n(n— 1) = 46. Khai trién: 2nk + k? — k = 46, tlc k(2n + k — 1) = 46 = 2 - 23.

Vik>2va2n+k—1>kchicdk=22n+1=23nénn =11 (Kiémtra:13-12—11-10 = 156 — 110 = 46 v.) Dédp an
(B).

Né&u cho phép k = 1 thi 2n = 46, n = 23 cling thod — chinh vi viy dé phai ndi “nhiéu hdn mét ga mdi”. Doc ky diéu kién dé
chon dung nghiém.

8.33 (E) 13
Goi s8 ban trai L b, ban gdi la g. Tir (9) = 2421 = 6 dugc g(g — 1) = 12, nén g = 4.
(;) zl)-gchow’;—11 = 4b; chia haivéchob > 0:b— 1 = 8,b = 9. Kiém tra: (g) =36=9-4V.

Ldp cé 9 + 4 = 13 hoc sinh. D4p an (E). Bay: tra L3i s6 ban trai 9 hodc s6 ban gdi 4.

8.34 (C) 70

C6 6 -2/2 = 6 cai bat tay. Bat dau tir mét ngudi, di theo cdi bat tay sang ngudi ké, roi ti€p tuc bang céi bat tay con lai cla
ngudi dé...: vi ai cling bat tay dung 2 ngudi, ta di thanh vong khép kin. Méi vong cd it nhat 3 ngudi, nén v8i 6 ngudi chi cé hai
ki€u: mdt vong 6 ngudi, hodc hai vong 3 ngudi.

e Mét vong 6 ngudi: gidng xép 6 ngudi quanh ban tron, nhung vong bt tay doc theo chiéu nao cling nhu nhau, nén chia

thém 2: (1! — 60

e Hai vong 3 ngudi: chia 6 ngudi thanh hai nhém 3 khong tén: %(g) = 10; trong m&i nhém ba ngudi bat tay d6i moét — chi 1
cach.

Téng 60 + 10 = 70. Dap an (C).
Bay: quén kiéu hai vong 3 ra 60; khdng chia 2 khi tdch nhédm ra 80; khdng chia 2 cho chiéu cla vong ra 120 + 10 = 130.

8.35 2765

PE&m phan bu: tich khéng chia hét cho 4, tic L3 trong tich cé nhiéu nhat mot thira s8 2. Chia cdc s6 ti 1 dén 30 thanh ba loai:
1556 1é; 8 s6 chia 4 du 2 (2,6, 10,...,30), mbi s6 chita ding mot thira s 2; 7 s8 chia hét cho 4.

Tich khéng chia hét cho 4 khi va chi khi: ca ba s8 &, hodc hai s6 & va m6t s6 chia 4 du 2. (Hai s6 chdn bat ky da cho tich chia
hét cho 4; mot s6 chia hét cho 4 cling vay.)

e Ba s (& () = 455. ¢ Hai 8 (&, mdt s6 dang 4k + 2: () - 8 = 105 - 8 = 840.
Phén bl cd 455 + 840 = 1295 cach. T4t ca () = 4060 cach. Dap s6 4060 — 1295 = 2765. Dap s8: 2765.
Bay: chi trif trudng hdp ba s6 (& (coi “cd mot s6 chdn” 1 dd) ra 3605 — nhung 2 - 3 - 5 = 30 khdng chia hét cho 4.
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8.36 (D) 315

Tam coi hai nhédm cé tén (nhém 1, nhdm 2). Chon hoc sinh chung: 7 cdch. Nhdm 1 can thém 2 ban trong 6 ban con lai: (g) =
15; nhdm 2 c&n thém 2 ban trong 4 ban chua dung (khéng dudc trung thém ai v8i nhém 1): (3) =6.C67-15-6 = 630 cach
cd thi tu.

Hai nhém khéng cé tén, va hai nhém ludn khdc nhau, nén mai cach bi dém ding 2 lan: % = 315. Dap an (D).

Bay: quén chia 2 ra 630; nhdm 2 chon 2 ban trong ca 6 ban con lai thi cd thé tring thém ngudi véi nhém 1 — sai diéu kién
“ddng moét”.

Chapter 9 — Probability & Statistics

9.1 (E) 9.2 (B) 9.3 (D) 9.4 (A) 9.5 (A) 9.6 (C)
9.7 (B) 9.8 (C) 9.9 (D) 9.10 (E) 9.11 (C) 9.12 (B)
9.13 (B) 9.14 (A) 9.15 (D) 9.16 (D) 9.17 (D) 9.18 (B)
9.19 (C) 9.20 (B) 9.21 (C) 9.22 (A) 9.23 () 9.24 (A)
9.25 (E) 9.26 (E) 9.27 (C) 9.28 (B) 9.29 (E) 9.30 11
9.31 (A) 9.32 (D) 9.33 (Q) 93417 9.35 (D) 9.36 (B)
9.1 (E) 30

Déi ra tdng: bén s8 cé téng 4 - 15 = 60, ndm s6 cé t8ng 5 - 18 = 90. S8 thi ndm a 90 — 60 = 30. Dép 4n (E).

Kiém tra bang dd léch: s mdi phai bl cho b8n s6 cii, mbi sé thiéu 3 so véi 18 (t8ng thi€u 12), nén né bang 18 + 12 = 30.

9.2 (B) 3

Doc biéu dé: 30, 45, 20,40, 55, 65, 60, tdng 315, trung binh méi ngay 315 : 7 = 45.

Cdac ngay ban nhiéu han 45: th Sdu (55), thi Bay (65), Chd nhat (60) — 3 ngay. Th Ba ban dung 45, khéng tinh. Dap an
(B).

2
9.3 (D) —
(D) 3

S6 nguyén t8 trong cac nhan: 2,3, 5. Xac sudt bing téng géc chia 360°: 180460 — 240 — 2 H3p 4n (D).

Bay: coi bén 6 nhu nhau ra % — cdc 6 cb géc khac nhau nén khéng dong kha nang.

9.4 (A) 72
Phan tr8m di bd: 100% — 40% — 25% — 15% = 20%. Gdc quat: 20% - 360° = 72°. Ddp 4n (A).
Luu v: s6 40 hoc sinh khéng can dung; géc chi phu thudc vao ti & (20% cla 8p L& 8 hoc sinh).

9.5 (A) 30

Cdac s6 L& tir 11 dén 49 cdch déu nhau (cip s8 cdng), nén trung binh bang trung binh cha s6 dau va s8 cudi: &2@ = 30. Dap
an (A).
Ly do: ghép c8p 11 4 49 = 13 + 47 = - -- = 60, mdi cdp cd trung binh 30 (va 20 sé tao thanh dung 10 cip).

9.6 (C) 10

Tans6cua0,1,...,6cudn:2,2,1,3,4,2,1 (t6ng 15 hoc sinh).
Téngs6sach:0-2+1-2+2-1+3-34+4-4+5-2+6-1=45,trungbinh45:15=3.
Trung vi & vi tri 8: cbng dbén 2,4, 5,8 nén vi tri 8 la 3. Mode |3 4 (cbt cao nhat, 4 chdm).
Téng 3 + 3 +4 = 10. Ddp an (C).
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30 = 2-3-5,nén s6 dudc chon phai khéng chia hét cho 2, 3, 5. Liét ké: 1,7,11,13,17,19, 23,29 — 8 sé.

Kiém tra bang phan bu va bao ham-Lloai trif: s6 bdi clia 2, 3, 5trong 1..30 415+ 10 +6 — 5 —3 — 2+ 1 = 22, con lai 30 —
22 =8.

Xacsudt £ = L. DPdp an (B). Bay: chi loai s& chin va bdi clia 3 (quén 5, 25) ra n=3

1
9.8 (C) -
© 7

Hai déng xu va xtic x3c déc lap. P(it nhit mot ngira) = 1 — P(ca haisip) =1 — 1 = 3. P(xiic xic > 4) = P(5 hoic 6) =
2 1

6= 3

Nhan: ?I . é = 711. Ddp an (C). Bay: doc “at least one” thanh “c3 hai nglra”, i e 1—12 (A); hodc lay P(it nhét mot nglra)

3 L ra
1
§ (B).

=2

9.9 (D) 36
Xacsudtrabixanhldlal —1 — 1 = 5. Goi N lat6ng s6 bi: s6 bi xanh ld 271, s6 bi xanh duong 2.

Hiéu % = % = 6,nén N = 36. Kiém tra: 12 dd, 9 xanh dugng, 15 xanh 4. Ddp an (D).

9.10 (E) 4
Doc biéu dé: 14,17,19,19, 19, 21, 23, 26, 28, 30, 35, 35, 43 (d3 sdp x&p san). Cé 13 s8 nén trung vi la sé th 7: 23.
Mode L& 19 (ba an; 35 chi hai lan). Hidu 23 — 19 = 4. D4p 4n (E).

9.11 (C) 3
Tang trudng trung binh mai tuan: 226%4 = 3 cm (t8ng muc tdng cla 6 tuan chinh L& cao lic cudi trif cao lic d4u).

Ml tdng tiing tuén: 4,2,5,4,2,1. L8n hon 3: tuan 1, 3, 4 — 3 tuan. Dap 4n (C).

1
9.12 (B) —
(B) D
Ca hai s8 l&: mdi con chon trong {1, 3,5}, 6 9 &. Trong 9 & d6, t8ng L8n hon 6 khi La (3,5), (5,3), (5,5) (vil+ 5 =6 khéng
l8n hon 6).
Xac sudt 2 = 1. Ddp én (B). Bay: hiéu “greater than 6” thanh “it nhat 6, tinh thém (1, 5), (5,1), (3,3) ra & = ¢ (D).

9.13 (B) 0.6

Stra 16i lam t6ng tdng 86 — 68 = 18 diém, con s6 hoc sinh van la 30. Trung binh ting é—g = 0,6. Dap an (B).

Khéng can biét trung binh ban diu: thay déi clia trung binh = thay d6i cla tng chia s6 lugng. Bay: tra L&i 18 (thay d6i cua
téng) hodc chia cho 60.

9.14 (A) 14
Gia s cé 3 ban nam, 2 ban ni (chi ti l& & quan trong). Téng tudi cd ciu lac bd: 5 - 13,4 = 67. Téng tubi nam: 3 - 13 = 39. Téng
tudi nit: 28, trung binh 14. Ddp an (A).

Cdch d6 l&ch: mdi ban nam thap hon 13,4 (a 0,4 tudi, 3 ban thiéu 1,2; 2 ban nif phai du 1,2, tdfc méi ban du 0,6: 13,4 + 0,6 =
14.

17
9.15 (D) —

2
4 At cded- 144 2 108 3 72 1 36 _ 1
Xac suat cac 0: 355 = 55 360 = 107 360 — 5’ 360 — 10°

E=0-2+45-2410-t+50-5=0+15+2+5=85=4.Ddpdn (D).

Bay: l4y trung binh bén s& &"—5‘"41—0“’5—0 = 6745, bd qua kich thudc cac 6.
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9.16 (D) —
(D) 36
Hai s6 cé udc chung l8n hon 1 khi ching cling chia hét cho 2, hodc cling chia hét cho 3, hodc cling chia hét cho 5.
Cling chdn: 3 -3 = 9 6. Clng chia hét cho 3 ({3,6}):2-2 = 4 6, trong d4 (6, 6) d3 dém. Cung chia hét cho 5: chi (5, 5).
Téng9 +4 — 1+ 1 = 13, xac suit %.Dép an (D). Bay: quén & (5,5) ra % = % hodc dém (6, 6) hai lan.
9.17 (D) !
) 4

Mot s6 chia hét cho 4 khi s6 tao bdi hai chir s6 cudi chia hét cho 4 (chudng 6). Hai chif s6 cudi khac nhau &y tur {1,2,3,4}: cac
s8 chia hét cho 4 la 12, 24, 32.

M&i dudi nhu vay, hai chif s6 con lai x8p & d4u theo 2 céch: 3 - 2 = 6 s6 trong 4! = 24 8. X4c sut & = 1. Dap én (D).

Bay: quén dudi 32ra ; = § (B).

9.18 (B) 4250

: T oAl 4. 1-500000+2:200000+5:50000 _ 1150000 _ A
Ky vong gidi thudng ctia mot vé: e = 155" = 5750 dong.

Trir gid vé: 5750 — 10000 = —4 250 ddng. Dap 4n (B).

Y nghia: trung binh mdi vé “1&” 4 250 déng — chinh (& phan trudng thu dudc: 200 - 10000 — 1 150 000 = 850 000 = 200 - 4 250.

Bay: quén trlr gid vé ra 5 750; hodc tinh 10000 — 5 750 ma nham dau.

9.19 (C) 4

Sdpx€pa < b<8<d<e tdng 40, e = a + 11. Vi 8 phai la mode duy nhat, 8 xuat hién it nhat 2 lan.

8 xudt hién ding 2 lan thi cdc s6 khac phai d6i mét khac nhau. Hodc b = 8 (day a,8,8,d,evdia <8 <d <e):a+d+e=
M e—a+t1lnén2a+d=13a=1,d=1l,e=12v;a=2,d=9,e=13v;a=3,d =7 X (d > 8). Hosic d = 8 (d3y
a,b,8,8,evdia<b<8<e)a+bt+e=24,2a+b=13a=3,b=T,e=14V;a=4,b=5,e=15v;a=5,b=3 X.

8 xuat hién 3 lan: q,8,8,8,evdia + e = 16, e — a = 11 — khdng cé nghiém nguyén. 4 lan tré Lén: s& con lai phai bang

40 — 32 = 8, ca day 3 8, khoang bién thién 0.

Co 4 day: {1,8,8,11,12},{2,8,8,9,13},{3,7,8,8,14}, {4,5,8,8, 15}. Dap an (C).

16
9.20 (B) —
(B) 35

Cé (;) = 35 cach rit. Bon thé L& (1, 3,5, 7), ba thé chan. Téng ba s8 L& khi s& thé & dugc rut La Lé: 1 hodc 3.

Mbt thé (&, hai thé chdn: 4 - (3) = 12. Bathé l&: (3) = 4. Téng 16, xac suat 2. Ddp 4n (B).

1«

1 “Vvi L& va chan nhu nhau” — & day s6 thé L& va chan khong bang nhau.

Bay: doan

2
.21 (C) —
9.21 (C)

Do géc tir s6 12 theo chiéu kim déng hé. Sau t phut (tinh tif 3:00), kim phut & 6 d, kim gid & 90 + £ d6 (kim gid di 30° méi
gis, tic % d6 mbi phut). Kim phut dudi kim gid vdi téc dd 5,5 dé/phut.

Géc gilra hai kim La |90 — 5,5¢| (khi ¢ < 60 gia tri nay di tir 90° xuéng 0 rbi lén t8i 240°, tic gdc that la 120° Luc 4:00). Géc nhd
han 30° khi 60 < 5,5t < 120, tic 22 < ¢ < 22 — mot khoang dai X2 phit.

11
120/11

Xac suat 50

= 1—21 Dép 4n (C). Bay: coi kim gi8 dlng yén & sé 3 thi khodng la tir phdt 10 dén phut 20, ra %

4
9.22 (A) -
(A) -
D&t P(k) = ck. Téng xéc sudtbdng l:c(1 +2+-+-+6) = 2lc=1,nénc = +.
P(chén) = 2526 = 12 — 4 p4p 4n (A).
Cdch nhin khic: tudng tugng 21 “vé” — s6 k ¢ k vé; 12 trong 21 vé mang s& chin.
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9.23 (C) 2%

Sa d6 cly hai tAng. Hai L& thuén Lai:

e Mua thif Bay, khd Chi nhéat: 2 - 1 = L.
o Khé thit Bay, mua Chinhat: £ - £ = 2.

Téng & + £ = £.Dap an (C).

Bay: dling sai nhdnh — nhan % . % cho trudng hdp thi hai (xac sudt mua thd Bay thay vi kho) ra % + % = %

1
9.24 (A) —
(A) %5
Nhéc lai chuong 5: néun = pq® - - - thin cé (a + 1)(b + 1) - - - udc. Cé diing 3 udc khi tich dé bang 3 (s6 nguyén té), tic n =
p? vdi p nguyén t6. Cac udc la 1, p, p?.
p? <100 =p € {2,3,5,7}:n = 4,9, 25,49. X4c suit to; = =. Dap an (A).
Bay: l&y moi s6 chinh phugng (10 s6) ra % — nhung 16 cd 5 udc, 36 cé 9 udc, con 1 chi cd 1 udc.

1
9.25 (E) —
(E) 10
Chi can quan tdm vi tri ciia nam va ni: chon 3 vi tri cho nam trong 6 vi tri, (g) = 20 cdch, déng kha nang.
Xen k& c6 diing 2 mau: BGBGBG va GBGBGB. X4c suét 55 = 15. Dap an (E).
Kiém tra bang cdch dém ngudi: 2 - 3! - 3! = 72 cdch trong 6! = 720 — cling két qud. Bay: quén mau bat dau bang nitra 2—10.

9.26 (E) 115

B6n s6 da biét s3p x&p: 72, 78, 85,90 (t6ng 325). Trung vi phu thudc vi tri cla £ — chia ba trudng hap.
e £ < 78:trung vi 78, trung binh phadi la 81, t6ng 405, z = 80 > 78 — mA&u thuan.

e 78 < x < 85:trung vi la z: 325% =z + 3 =4x = 310, x = 77,5 — khong thubc khodng.

e z > 85: trung vi 85, trung binh 88, téng 440, z = 115 > 85 V.

Dap &n (E). Bdy: khong kiém tra diéu kién cta trudng hdp nén chon 80.

9.27 (C) 3

Téng la 10 - 3,5 = 35. Goi a la s6 chirs6 1, f la s6 chitsé 5; vi 5 la mode duy nhdtnén f > a + 1.

a=4?Khidé f > 5.Néu f = 5: con 1 s6, téng phai la 35 — 4 — 25 = 6 > 5 — khdng dudc. Néu f = 6: da du 10 s6, téng 4 +
30 = 34 + 35. Khéng dudc. Vdia > 5thia + f > 11 > 10.

a = 3 dugc: 1,1,1,4,4,4,5,5,5,5 cd tdng 3 + 12 + 20 = 35, va 5 xuat hién 4 (4n, nhiéu hon moi s8 khac (mbi s6 3 lan).

Dép 4n (C). Y tudng: tdng c8 dinh kéo vé mét phia (nhiéu s 1 lam t8ng nhd), mode duy nhat kéo vé phia kia (b3t budc nhiédu
s8 5) — th{r gid tri ldn nhat cd thé réi Wi dan.

9.28 (B) %

Cé (g) = 56 céch chon. Ba diém khong thdng hang phai cé hai diém & mét hang va mét diém & hang kia. D3t hang dudiy = 0
,hangtrény =1, caccdtx =0,1,2,3.
Gdc vudng cé canh doc: dinh gdc vudng & diém P, mbt canh la doan doc tif P 1&n/xuéng (1 cdch), canh kia di ngang ti P tdi
3 diém cling hang: 8 - 3 = 24 tam gidc.

Géc vudng & dinh d8i dién canh nam ngang: dinh (c, 1), hai dinh (a, 0), (b, 0); géc vudng tai (¢, 1) khi (a —c¢)(b—c) +1 =10
Jtre(a—ce)(b—c)=—-1lta=c—1,b=c+1.Can1 < ¢ < 2: 2 cadch méi hang, ca hai hang: 4 tam gidc (nhu tam gidc t6
mau).

1

Téng 28, xac sut 2 = 1. Ddp 4n (B). Bay: chi dém tam gidc cé canh doc ra & = £

5 — 7°

Chinh phuc AMC 8 — 284 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8020 8020 AMC 8 Mastery

mmmmmm

5

9.29 (E) —

() 27
C& dinh hai con trdng va xanh, goi hiéu cta ching la d = |w — b|. S6 gid tri con d6 ndm cht gitta hai sé la d — 1 (khi d > 2).
S8 cdp ¢ thdr tu (w, b) vdi hiéu d la 2(6 — d). Tng sb két qua thuan Lgi:
S0 .26 —d)(d—1)=2(4-1+3-2+2-3+1-4)=2-20=40.
Xac sudt £& = 2. Ddp én (E).
Kiém tra bang d8i xing: khi ba s8 khdc nhau (120 két qud), mbi con cb kha nang ding gilta nhu nhau, nén con do ding gilra
trong 120 = 40 két qua — khdp. Bay: chi dém thi tu trdng < dd < xanh, quén tht tu ngudc lai, ra 2% = & (A).

9.30 11

Goin la s8 diém, S laténg, m = 2. Bd diémcaonhét H: S =m — 2= H =5 — (n—1)(m — 2) =m + 2(n — 1).

Tuong tu bd diém thap nhat L: =L = m +3 =L =m — 3(n — 1).

Trn H—L=5(n—1)=50=n=11.Dapso: 11.

Nhin bang do éch: bd H lam n — 1 s8 con Lai ¢d trung binh thdp hon 2, nghta la H cao hon m ding 2(n — 1); tudng ty L thap
hon m ding 3(n — 1).

9.31 (A) 1 — %

Diém “bi loai” la diém cdch mét diém ddnh ddu khéng qud 1: hop cla 9 hinh tron ban kinh 1. Cac tAm cadch nhau it nhat 2 nén
cac hinh tron khéng chéng lén nhau (chi tiép xuc).

Phan ndm trong hinh vudng: 8 4 dinh (& 4 phan tu hinh tron (t6ng 7), & 4 trung diém canh (& 4 nlfa hinh tron (t8ng 27), & tAm
& mot hinh tron du (7). Téng dién tich bi loai 4.

16—4m
16

trongtamral — %

Xac suit

=1— %.Ddp dn (A). Bay: coi 9 hinh tron déu nam tron trong hinh vudng (97 — vudt ca 16!), hodc chi tinh hinh

7
9.32 (D) 20
Trung binh & s8 nguyén khi téng chia hét cho 3. Chia 10 s& theo s& du khi chia cho 3: du 0: {3,6,9} (3 s8); du 1: {1,4,7,10}
(4 58); du 2: {2, 5,8} (3 s6).
Téng ba s6 chia hét cho 3 khi ba s cung s8 du, hodc cé du ba s8 du khdc nhau:
Cngdu: (3) + (5) + () =1+4+1=6.Khdcdu: 3-4-3 = 36.Téng 42 trong () = 120: 12 = . Dap 4n (D).
Bay: doan % — ddng gan ding, nhung céc l8p du khéng déu nhau (l8p du 1 ¢ 4 s6).

3
9.33 (€)
PGivéténg. 1 + 2+ --- + 10 = 55. Néu ba s6 dudc chon cd t6ng s thi bdy s6 con lai cé téng 55 — s, va trung binh cla ching
nguyén 7| 55 — s & s chia 7 du 6 (vi 55 chia 7 du 6).
Téng ba sé khdc nhaundmtlf1 +2+3 =6 dén 8 + 9+ 10 = 27, nén s € {6,13,20,27}.
s = 6:chi {1,2,3}. s = 27: chi {8,9,10}. s = 13: {1,2, 10}, {1, 3,9}, {1,4,8},{1,5,7}, {2, 3,8}, {2, 4,7}, {2, 5, 6}, {3, 4,6} —
8 bd. s = 20: thay mbi s8 = bang 11 — z bién mét bd tdng 13 thanh mét bé téng 33 — 13 = 20 (va ngudc lai), nén cling 8 bd.
Co1+8+8+1=18bo trong (130) = 120 b6: xac suat % = 2—30. Pép 4n (C).

16 _ 2

Bay: quén hai bd 8 dadu muit (s = 6 va s = 27) ra 55 = 75+ dodn “tdng chia 7 du may cling nhu nhau” ra %; doc nhadm thanh

trung binh clia ba s8 dudc chon nguyén (42 bd) ra %; dém tir s6 theo th( tu (18 - 6 = 108) ma mau khéng thitu ra 1—90

9.34 17
Trong mbi kh&i 6 s8 lién tiép 6q + 1,...,6q + 6, ding 4 s6 chia hét cho 2 hodc 3 (cdc s6 du 0, 2, 3, 4) — ti L& ding %

Viétn = 6q¢ +r, 0 < r < 5. Cdc khéi day du cho ding % cla 6q s6; ti L& chung > % khi va chi khi phan thira r s6 cudi cé hon 23—T
s8t6t. Trong 6g + 1,...,6q + 7, s6 t8t la: r = 1: O (c4n > %)X;r=2: 1 (6q + 2; can > %)X;r:3:2(c§n> 2) X;r = 4: 3 (can
> 8) v =5:3 (cdn > ) X;r = 0: bang diing 2 X.

Vayn =4 (mod 6):n =4,10,...,100, cd {84 4 1 = 17 gid tri. Ddp s6: 17.
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9.35 (D) —
Goi E |4 ky vong téng diém. Xét l4n gieo dau: vdi xac suat % ra 1-5 va duing, gép % = %; v3i xdc suat % ra 6, ghi 6

diém va tro chgi bat dau lai y nhu cil, nén phan con lai cé ky vong van 3 E.

E=Y4+2(6+E)=>3E=2%2=E=2 Dipén (D)

Kiém tra truc gidc: khdong cé luat gieo lai thi ky vong & 3,5; ludt mdi thém chut it. Bay: chi cho gieo lai mét lan ra 1—65 + %j,(6 +
3,5) =142

31
9.36 (B)
Cé (i) = 70 céch chia dong kha nang. Téng tat ca la 36. D&i vai Lan va Minh (& m6t phép ghép dbi cac céch chia, nén
P(Lan 16n hon) = P(Minh 16n hon); chi can dém s6 trudng hgp hoa: Lan cé téng 18.

B& 4 s6 cd téng 18 chira s8 8: ba s6 con lai téng 10 tir {1,...,7}:{1,2,7},{1,3,6},{1,4,5},{2,3,5} — 4 bd. B6 khong chira
8 (& phan bu clia m6t bd chira 8 (cling tdng 18) — thém 4 bd. C4 8 trudng hdp hoa.

P= 720_—;08 = %. Dép 4n (B). Bay: tra l&i % ma quén hoa.

Chapter 10 — Angles, Triangles & Polygons

10.1 (B) 10.2 (C) 10.3 (B) 10.4 (C) 10.5 (D) 10.6 (F)
10.7 (D) 10.8 (D) 10.9 (E) 10.10 (A) 10.11 (A) 10.12 (B)
10.13 (B) 10.14 (C) 10.15 (A) 10.16 (D) 10.17 (A) 10.18 (B)
10.19 (C) 10.20 (D) 10.21 (C) 10.22 (D) 10.23 (A) 10.24 (E)
10.25 (B) 10.26 (E) 10.27 (C) 10.28 (A) 10.29 (D) 10.30 (B)
10.31 (B) 10.32 (D) 10.33 (A) 10.34 (E) 10.35 (E) 10.36 (C)
10.1 (B) 55

Gdc ré 8 mbi gdc chinh la gée ngoai clia da gidc. Di hét moét vong va quay vé hudng ban dau, Lan da quay dung 360°.
Sau gdc da biét cd téng 40 + 55 + 60 + 35 + 70 + 45 = 305, nén gdc ré th bay la 360 — 305 = 55°. Dap an (B).
Bay: 125° la gdc trong tai géc dd, khéng phai gdc ré.

10.2 (C) 15

Chia 180° thanh 2 + 3 4 7 = 12 phan b3ng nhau, mbi phan 15°. Géc ldn nhat & 7 - 15 = 105°, l8n han gdéc vubng 105 — 90 =
15°. Bap an (C). (BPay la tam giac tu.)

10.3 (B) 135

S6 dudng chéo @ =20, ticn(n — 3) = 40 = 8 - 5, nén n = 8§ (bat gidc).

o

Géc ngoai = 45°, géc trong 180° — 45° = 135°. Dap an (B).

10.4 (C) 3
B4t d3ng thic tam gidc: 13 — 6 < ¢ < 13 + 6, tiic 7 < ¢ < 19. Cdc s6 nguyén t6 trong khodng nay: 11, 13,17 — ¢é 3 gid tri.
Pdp an (C).

Bay: 8y ca hai dau mat 7 va 19 (cling & s6 nguyén t6) sé ra 5; v8i ¢ = 7 hodc ¢ = 19 tam gidc bi bep.

10.5 (D) 75

Gdc so le trong: ZPQR = 48° (bang gdc gilta £ va PQ). Géc ké bl tai R: ZPRQ = 180° — 123° = 57°.
Téng ba géc clia tam gidc PQR: z = 180 — 48 — 57 = 75. Ddp an (D).

Cdch nhanh hon: géc ngoai 123° tai R bang t6ng hai gdc trong khéng ké: = + 48 = 123.
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10.6 (E) 6, 7, 12

Chi can so t6ng hai s8 nho vdi s6 18n nhat: 2 + 3 = 5 (bang, khéng dudc), 3 +4 < 8,4 +5< 10,5+ 6 < 12,con6 + 7 =
13 > 12. Dap 4n (E).

Luu y (A): t8ng bang canh l8n nhat cho ba diém thdng hang — khéng phai tam gidc.

10.7 (D) 90
Binh ly géc ngoai: 5z = (2z + 8) + (z + 28) = 3z + 36, nén z = 18.
Cac géc trong: LA = 44°, /B = 46°, ZC = 180° — 90° = 90°. Géc l8n nhat la 90° — tam gidc vudng tai C. Ddp én (D).

10.8 (D) 102
3.180°

Céc gdc tai O: tam gidc déu 60°, hinh vuéng 90°, ngii gidc déu = 108°. Quanh mét diém cé 360°: x = 360 — 60 —

90 — 108 = 102. Dap an (D).

10.9 (E) 64

Pudng chéo hinh chit nhat bing nhau va cit nhau tai trung diém, nén OA = OB: tam gidc OAB cin tai O, ZOBA =
Z/0OAB = 32°.

ZAOB = 180° — 64° = 116°, nén gdc nhon gilta hai dudng chéo 15 180° — 116° = 64° (cling bang 2 - 32°, theo dinh ly géc
ngoai). Bap an (E).

10.10 (A) 45

Ditlr Q téi P: sang trai 3, én 1. Di tir Q t8i R: sang phai 1, lén 3. Hai tam gidc vudng nhé (canh géc vudng 1 va 3) badng nhau
(c.g.c), va hai géc nhon cla ching & Q blu dap nhau thanh 90°, nén QP = QR va ZPQR = 90°.

Tam giac PQR vudng can tai Q, nén ZQPR = 45°. Dap an (A).

10.11 (A) 80

/A =180° — 70° — 50° = 60°. G4p gidy la phép d6i xiing qua DE, nén ZADE = /A'DE va ZAED = /A'ED.
Tai D: ZADA' = 180° — 40° = 140°, nén ZADE = 70°. Tam gidc ADE: ZAED = 180° — 60° — 70° = 50°.

Viy ZAEA = 100° va ZCEA' = 180° — 100° = 80°. DPap an (A).

Kiémtratai A': ZBA'D =180 — 70 — 40 = 70, /DA'E = 60, ZEA'C = 180 — 50 — 80 = 50; t6ng 180. v

10.12 (B) 4
Hai canh con laia < bcd téng 15 — 7 = 8: céc cdp (1,7),(2,6), (3,5), (4,4).

Kiém tra bat d3ng thiic tam gidc (t6ng hai canh nhd l8n hon canh &n nhat): (1,7,7):1+7 > 7v;(2,6,7):8 > 7V, (3,5,7):
8>7V;(4,4,7):8 > 7 ¥.Cé 4 tam gidc. Dap an (B).

Bay: bd sét (1,7,7) vinghi canh 1 “quéd ngdn” — nd van hgp L& vi hai canh con lai bang nhau.

10.13 (B) 13
B4t d3ng thiic tam gidc: 15 — 8 < ¢ < 15 + 8, tlc 8 < ¢ < 22: ¢6 15 s8 nguyén.
Tam giac thudng (scalene) c6 ba canh khac nhau, nén loai ¢ = 8 va ¢ = 15. Con 13 gid tri. Dap an (B).

Bay: quén chit “scalene” ra 15.

10.14 (C) 42

Vi AD || BC, géc so le trong cho ZAPB = /ZPAD.Ma AP |a phan gidcnén ZPAD = /PAB.Vdy /BAP = /BPA: tam
gidc ABP cantai B, BP = AB = 1.

Tuong ty tam gidc DCP cantai C: CP = CD = 7. Do dé BC = 14 va chu vi bang 2(7 + 14) = 42. Dap an (C).

Nhén xét thém: ZAPD = 90° (hai phan gidc cta hai géc trong cung phia).
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10.15 (A) 6

Pudng chéo AC la canh chung cla hai tam giac ABC va ACD.

Tam gidac ABC:9 —4 < AC <9+ 4,tlcb < AC < 13. Tamgidc ACD:7—5 < AC < T7+5,tlc2 < AC < 12.
Cdhai:b < AC < 12,nén AC € {6,7,8,9,10,11} — 6 gid tri. Dap an (A).

Bay: chi dung mét tam gidc ra 7 hodc 9.

10.16 (D) 18

o

Tai B va C, cdc géc ZPBC va ZPCB la géc ngoai clia da gidc déu, mbi géc bang

Tam giac PBC: 140 + 2 - 360 =180, nén 360 =20van = 18.Dap an (D).
n n

n

E e o7ttt mAE ad s 360 _ _
Bay: chi trtr mot goc ngoai (180 — == = 140) ran = 9.

10.17 (A) 18
Goi gdc nhd nhéat a, céng sai d. Géc l8n nhat a + 4d = 2a, nén a = 4d.

Téng cdc géc ngii gidc: ba + 10d = 540, tic 20d + 10d = 540, d = 18. Cac gdc la 72,90, 108, 126, 144 (déu nhoé hon 180°, ngii
gidc l6i dudc). Bdp an (A). D& y gdc gilta lubn bang trung binh 108°.

10.18 (B) 7

Téng gdc trong cla da gidc 18 canh (ké ca 16m) L& 16 - 180 = 2880°. Goi b la s6 gdc 270°:

90(18 — b) + 270b = 2880 = 1620 + 180b = 2880 = b = 7. Ddp &n (B).

Kiém tra vdi hinh chit thdp 12 canh: b = % = 4 géc Idm. Téng quat: s6 géc 270° ludn it hon s6 géc 90° ding 4.

10.19 (C) 120

Xét t’ gidc AEPD (phan chung cla hai hinh vuéng). Tai A: /EAD = /BAD — /BAFE = 90° — 30° = 60°. Tai E va D: hai
g6c vubng cla hai hinh vubng.

Téng bén gdc t gidc la 360°: ZDPE = 360° — 60° — 90° — 90° = 120°. Dap an (C).
Téng quat: quay mét géc 0 (v6i 0° < 0 < 90°) thi ZDPE = 180° — 6.

10.20 (D) 15

B4t d3ng thiic da gidc (ma rong cla bat dang thic tam gidc): cdc doan ghép dudc da gidc khi va chi khi doan dai nhat ngan
han téng cac doan con lai.

Néu z dainhdt z <2+ 3 +5+6 = 16. Néu 6 dainhdt: 6 < 2+ 3 + 5 + x, lubn ding. Vay = = 1,2,...,15: 15 gid tri. D4p 4n
(D).

Bay: dung “hiéu” nhu vdi tam gidc (z > 6 — 5...) — vdi da gidc nhiéu canh, chi can diéu kién canh l8n nhat.

10.21 (C) 42

DSt LXAP = o, ZY BP = B. Theo quy tic dudng gap khic (muc 10.1) cho diém P:a+ 8 = ZAPB = 84°.

Diém Q@ cling ndm gilta hai dudng song song, véi /X AQ = % va LY BQ = g Ap dung quy tic mét lan nita: ZAQB = % +
g 84°
2 2
Khéng can biét riéng a va B — chi can t8ng. Bay: 84 (quén chia d6i).

= 42°. Dap an (C).

Chinh phuc AMC 8 — 288 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



88%9 8020 AMC 8 Mastery

10.22 (D) 45

DA = DC = DE, nén cé hai tam gidc can chung dinh D.

180° — o
Tam gidc DCE: gbc 6 dinh 30°, nén /DEC = M = 75°.

180° — 120°
Tam gidc DAE: ZADE = 90° + 30° = 120°, nén /DEA = M = 30°.

/AEC = /DEC — /ZDEA = 75° — 30° = 45°. Ddp an (D). Thi vdi géc ZCDE khdc, ddp s6 van la 45° (bang nita géc ADC
).

10.23 (A) 105

Trong luc gidc déu, tam gidc BC'D cén tai C véi géc dinh 120°, nén ZCBD = 30° va ZABD = 120° — 30° = 90°. Vay
BD 1 AB.Ma BG L AB, nén G nam trén dudng chéo BD.

BG = BA = BC va ZGBC = 30°: tam gidc BGC cén tai B, /BGC = M = 75°.

Vi B, G, D th3ng hang: ZCGD = 180° — 75° = 105°. Ddp an (A).

10.24 (E) 9

360
Gdc ngoai — la s8 nguyén khi n la udc clia 360 (Chudng b).
n

n(n — 3)
2

S6 dusng chéo < 100: n = 15 cho 90, n = 16 cho 104; nénn < 15.
Udc cta 360 tir 3 dén 15: 3,4,5,6,8,9,10,12,15 — cé 9 gid tri. Dap 4n (E).

Bay: chi thir cdc s6 chdn, quén 9 va 15, ra 7, bd n = 3 vi tam gidc “khéng cé dudng chéo” (that ra 0 < 100 van thoa) ra 8.

10.25 (B) 10

Goi canh ngdn nhét a, dai nhat 3a, canh gilta b vdi a < b < 3a. Bat ddng thiic tam gidc: a + b > 3a, tdc b > 2a. Vay b € {2a +
1,...,3a}: ding a lva chon.

Chuvida+b<30:a=1:b=3(chuvi7);a=2:b=5,6,a=3:b=7,89a=4b=9,...,12 (chu vi dén 28); a = 5: chu vi
it nhat 20 + 11 = 31 — loai.

Téng1+2-+3+4=10.D3p an (B).

10.26 (E) 150

BA=BC = BEvaCB = CE = CD — hai b6 ba doan bang nhau.

180° — 44°
Tam gidc ABE cantai B: ZABE = 104° — 60° = 44°, nén ZAEB = 8()? = 68°.

180° — 16°
ZBCD = 180° — 104° = 76°, nén LZECD = 76° — 60° = 16°; tam gidc CED can tai C: ZCED = — " 82°.

Quanh E: ZAED = 360° — 68° — 60° — 82° = 150°. Dap 4&n (E). (V8i moi géc LABC gilta 60° va 120°, ddp s6 van la 150°.)

10.27 (C) 45

Y tudng: ghép hai géc thanh mét géc bing cach lat mét géc xudng dudi truc. Lay A’ = (4, —1) d6i xting véi A qua OE:
LA'OF = LAOE, nén téng can tim la LA'OB.

TU A’ di tdi O: sang trdi 4, 1én 1. TU A’ di t8i B: sang phai 1, l&n 4. Hai tam gidc vuéng nhd cé canh géc vudng 1 va 4 bang
nhau va “xoay” 90° so vdi nhau, nén A’O = A'B va ZOA'B = 90°.

Tam gidc OA' B vubdng can tai A’, vdy ZA'OB = 45°. Bdp 4n (C).

Khéng thé do tithg gdc (khéng phai géc “dep”), nhung tng cla ching thi dep — d&u hiéu nén tim mét tam gidc vudng can
trén lWai.
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10.28 (A) 30

Lay M (a trung diém cla AB.Khidé AM = %AB = AC,va LM AC = 60°, nén tam gidc AMC cén cé gbc & dinh 60°: nd a
tam gidc déu. Suyra MC = MA = MB.

Diém M trén canh AB cdch déu ba dinh, nén (nhu Vi du 8 muc 10.2) ZACB = 90°. Hodc truc tiép: tam gidc M BC can tai M
,géc ngoai ZAMC = 60° = 2/MBC, nén ZABC = 30°. Dap an (A).

Day a tam gidc “nlfa tam gidc déu” 30°-60°-90°: canh déi dién gdc 30° bang nita canh huyén.

10.29 (D) 21

Lén nhat: dusng gép khic A - B — C — D — E dai 12 + 5 + 3 + 2 = 22, va doan thdng AE khéng dai hon né (bat ddng
thic tam gidc 4p dung nhiéu lan). AE = 22 khi ndm diém thang hang theo ding thi tu.

Nhé nhat: E cich B khéng qud 5 +3 + 2 = 10, nén AE > AB — BE > 12 — 10 = 2; dat khi C, D, E ndm trén doan BA,
gép ngudc vé phia A.

Khi “udn” dan dudng gap khuc tir trang thai nay sang trang thai kia, AE thay d&i lién tuc nén nhan moi gid tri tir 2 t8i 22. S6
gid tri nguyén: 22 — 2 + 1 = 21. Bdp an (D).

Bay: nghi AE cé thé bang O (chi dung khi doan dai nhat khdng vugt téng cdc doan con lai — & day 12 > 10) ra 23.

10.30 (B) 18

Bat dang thuc tU gidc: bon doan ghép dugc mét t gide khi va chi khi doan dai nhat ngdn hon téng ba doan con lai (néu
khéng, ba doan kia dubi thang cling khéng vdi tdi). Vdi téng 16: doan dai nhitc < 16 — ¢, tic e < 7.

PEémbda <b<d< ctheoc (basbcon laicdtdng 16 — ¢, mbi s < ¢):

c=T:t6ng 9: (1,1,7),(1,2,6), (1,3,5), (1,4,4), (2,2,5), (2,3,4), (3,3,3) — 7 bé. ¢ = 6: t5ng 10, mi 56 < 6:
(1,3,6),(1,4,5),(2,2,6),(2,3,5), (2,4,4), (3,3,4) — 6 bd. ¢ = 5: t6ng 11, mdi s6 < 5: (1,5,5), (2,4,5), (3,3,5), (3,4,4) — 4
bd. ¢ = 4: (4,4,4) — 1 bb.

Téng 7+ 6 +4+ 1 = 18.D3ap an (B). (Khdng cdb diéu kién t gidc thi cé 34 bd.)

10.31 (B) 6

Bi tlr A téi B: sang phai 4, lén 2. “Xoay” budc di nay 90° dudc budc sang trai 2, lén 4 (hodc ngudc lai): hai tam gidc vuéng nho
bang nhau, nén doan mdi bang AB va vudng gdc véi AB.

Goéc vudng tai A: C = (—2,4) hodc (2, —4). Géc vudng tai B: C' = (4 — 2,2 + 4) = (2, 6) hodc (6, —2).

Géc vudng tai C (AB a canh huyén): C cdch trung diém (2,1) mét nlfa budc xoay, tic (2,1) £+ (—1,2): C = (1,3) hodc
(3, —1) — déu la diém nguyén (kiém tra: tir C' = (1, 3) tdi A la trdi 1, xudng 3; téi B la phai 3, xuéng 1).

Téng 6 diém. Dap 4n (B). Bay: quén trudng hop AB la canh huyén ra 4.

10.32 (D) 8

Hai tam gidc bang nhau khi ba canh bang nhau (c.c.c), nén chi cAn dém cdc bd ba d6 dai khac nhau. Trén ludi 3 x 3, méi doan
dugc xac dinh bdi “d6 léch” ngang—doc (p,q) véi0 < p < ¢ < 2:(0,1),(1,1),(0,2),(1,2),(2,2) — ndm loai doan.

(1,
Liét ké theo bd ba loai canh: (0, 1), (0,1), (1,1) — vudng can nhé; (0,1), (0,2), (1,2) — vuéng 1 x 2; (0, 2), (0,2), (2,2) —
vudng can én; (1, 1), (1, 1), (0, 2) — vudng can n&m nghiéng; (0, 1), (1, 1), (1,2): (0, 1), (1,2), (2,2); (1,1), (1,2), (1,2) (hinh
trong d@é); (0,2), (1,2), (1, 2).
Cé 8 dang. Dap an (D). Kiém tra tiing dang bang cdch ddt dinh & (0, 0) gilp khéng bé sét.

10.33 (A) 600

M&i Lan 3n, luc gidc quay quanh mét dinh cta hinh vudng. G dinh dé ¢é ba géc ké nhau: géc vudng ca hinh vudng 90°, géc
trong cla luc gidc 120°, va khodng ma luc gidc phai quét qua. Lic b3t d4u, canh luc gidc ndm doc canh nay; lc két thic, canh
ké& tiép cua luc gidc nam doc canh kia. Géc quay bang 360° — 90° — 120° = 150°.

Vi hai hinh cling d6 dai canh, méi canh hinh vuéng vifa ding mét canh luc gidc, nén sau méi canh lai cé mét lan quay. Di hét 4
dinh cla hinh vuéng dé trd lai canh AB: 4 - 150° = 600°. Ddp 4n (A).

Bay: quén trlir géc vubng cla hinh vudng, ldy méi lAn quay 360° — 120° = 240°, ra 4 - 240 = 960 (E).
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10.34 (E) 72
bat LZACB = z, thi ZABC = 2z va phéan gidc cho ZABD = /DBC = z.

Tam gidc DBC ¢6 Z/DBC = /DCB = z,nén cantai D: DB = DC.Kéthgp AB = CD: AB = DB, tam gidc ABD can tai
B.

Gdc ngoai tai D cha tam giac DBC: ZADB = z + x© = 2zx. Tam giac ABD can tai Bnén /BAD = /ADB = 2z.
Téng ba géc tam gidc ABC: 2z + 2z + = = 180°, z = 36°, nén LBAC = 72°. Ddp &n (E).
Bay: ding & z = 36 (d6 la ZC).

10.35 (E) 7

Chén trén. T6ng gdc trong la 8 - 180° = 1440°. Néu cd k gdc vubng, 10 — k gdc con lai cb téng 1440 — 90k, ma mbi gdc trong
nhé hon 360°: 1440 — 90k < 360(10 — k), tlc 270k < 2160, k < 8. Vay k < 7.

Pat dudc. Da gidc “bac thang” vdi céc dinh (0, 0), (4,0), (4,1),(3,1),(3,2),(2,2),(2,3),(1,3),(1,4),(0,4) c6 10 canh, 7 géc
90° va 3 gbc 270° (kiém tra: 7 - 90 + 3 - 270 = 1440).

Dép s6 7. Ddp 4n (E). Bdy: nghi nhu da gidc L6i (t6ng gbc ngoai 360° cho t8i da 4 gdc vudng).

10.36 (C) 40

ZDAF = 90° — 45° — 20° = 25°. Tinh truc tiép ZCEF can ludng gidc, nén ta quay.

Quay tam gidc ADF quanh A mét géc 90° sao cho D téi B; F tdi diém F' trén dudng thdng C B, phia ngoai B (vi ZABF' =
/ADF = 90°).Khidé AF' = AF va /F'AE = /F'AB + /BAE = 25° + 20° = 45° = /FAE.

Hai tam gidc AEF' va AEF c6 AF' = AF, chung AE, géc xen giifa bang nhau: bdng nhau (c.g.c). Do d6 ZAEF =
/AEF = /ZAEB = 90° — 20° = 70°.

Tai E trén dudng thidng BC: ZCEF = 180° — 70° — 70° = 40°. D4p 4n (C).
Hé qua dep cla clng phép quay: EF = BE + DF, nén chu vi tam gidc CEF lu6n bang hai l4n canh hinh vudng.

Chapter 11 — Area, Perimeter & the Pythagorean Theorem

11.1 (B) 11.2 (F) 11.3 (B) 11.4 (D) 11.5 (B) 11.6 (C)
11.7 (B) 11.8 (A) 11.9 (O) 11.10 (A) 11.11 (D) 11.12 (F)
11.13 (C) 11.14 (A) 11.15 (E) 11.16 (B) 11.17 (D) 11.18 (D)
11.19 (E) 11.20 (B) 11.21(C) 11.22 (A) 11.23 () 11.24 (B)
11.25 14 11.26 4 11.27 (A) 11.28 (C) 11.29 (D) 11.30 (E)
11.31 (B) 11.32 (C) 1133 (C) 11349 11.35 110 11.36 53
11.1 (B) 10

Ddng khung: hinh vudng nghiéng nam trong khung 4 x 4 (dién tich 16). B&n gdc la bén tam gidc vudng canh 3 va 1, méi cdi %
Dién tich = 16 — 4 - 3 = 10. Bap 4n (B).

Kiém tra bing Pythagoras: canh hinh vuéng a /32 + 12 = /10, binh phudng [én dugc 10. Bay: d&m 6 “trébng nhu” ndm trong
hinh ra 9; 18y ca khung ra 16.

11.2 (E) 11, 60, 61
Dung dinh ly d3o: kiém tra a® + b® = ¢? vdi ¢ la canh ldn nhét.

(A) 25 4 121 = 146 # 144. (B) 81 + 1521 = 1602 # 1600. (C) 144 + 1156 = 1300 # 1296. (D) 169 + 7056 = 7225 = 852 # 862
. (E) 121 + 3600 = 3721 = 612. Dép 4n (E).

Meo:vdic=b+1tacdc® —b?> =b+c nénchicdna® =b+ c: 121 = 60 + 61 — ki€ém tra nham trong vai gidy.
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5
11.3 (B) -
(8) >
Sau t gid, hai quang dudng 12t va 16t [a hai canh gdc vudng; khodng cdch la canh huyén. Tis8 12 : 16 = 3 : 4 nén canh huyén
la 20t (b0 ba 3,4, 5 nhan 4t).
20t = 50 nén t = 3 git. Dap an (B).

Bay: cdng hai van t8c (28 km/h) nhu thé hai ban di ngudc chiéu trén mét dudng thang, ra 53 = 2.

11.4 (D) 52

Hai manh chia nhau toan bd chu vi clia hinh chir nhat (2(10 + 6) = 32), va méi manh con cé thém dudng cdt lam mét phan
bién. Dudng cdt dai 2 + 4 + 4 = 10 nén dudc cdng hai lan.

Téng chu vi= 32 +2-10 = 52. D3p 4n (D).
Bay: tudng cat khong lam thay d6i chu vi (32), hodc chi cdng dudng cdt mét lan (42).

11.5 (B) 96

Ha dudng vudng géc tir C xuéng AB tai H: AH = CD = 9nén HB = 15 — 9 = 6. Tam gidc vuéng C'H B c6 canh huyén 10,
canh 6, nén CH = 8 (bd ba 6, 8,10) — dé la chiéu cao.

Dién tich (15 4 9) - 8 = 96. Dap 4n (B).
Bay: dung BC' = 10 lam chiéu cao ra 120.

11.6 (C) 68
Hai dudng chéo cla hinh thoi vudng gdc va cit nhau tai trung diém méi dudng, nén hinh thoi gém bén tam gidc vuéng bang
nhau vdi hai canh géc vudng 8 va 15.

Canh hinh thoi = v/8% + 152 = 17 (b6 ba 8,15, 17); chu vi 4 - 17 = 68. Dap &n (C).
Bay: dling ca dudng chéo lam canh géc vudng (v/162 + 302 = 34, chu vi 136) hodc cdng hai dudng chéo ra 46.

11.7 (B) 49

Cach 1 (trir dién tich): hinh vubng l8n cé canh bang canh huyén 13, dién tich 169. B&n tam gidc chiém 4 - % -5.12 =120.
Phan tréng 169 — 120 = 49.

Céch 2 (d6 dai): doc theo canh 12 clia mét tam gidc, canh 5 cla tam gidc bén canh chiém mét doan; phan con l@i 12 —5 =17
(& canh 16 vudng: 72 = 49. Dép &n (B).
Hinh nay chinh 1& mdt chiing minh cda dinh ly Pythagoras: ¢ = 4 - %ab + (b —a)® = a® + b

11.8 (A) 20

Canh hinh vudng a 8. Hai dudng chéo cdt nhau tai tAm; mbi tam gidc ldn la i hinh vuéng: 16.

NUfa con lai (32) gébm tam gidc vifa 8 géc — canh gdc vudng 4, dién tich 8 — va phan 24 con lai, dugc chia thanh hinh vuéng
nhd, hinh binh hanh va hai tam gidc nhd. Mbi tam gidc nhé cé canh géc vudng 24/2 (ndra dudng chéo hinh vudng nhd), dién
tich 4; hinh vudng nho va hinh binh hanh méi hinh bang hai tam gidc nhé: 8.

Ba manh td mau: 8 + 8 +4 = 20. Dadp 4n (A). Kiémtra: 16 + 16 +8 +8 + 8 + 4 + 4 = 64.

11.9 (C) 65

Tam gidc ADE chiém 1 hinh vuéng: § - 144 = 36.Ma Supp = 3 - AD - DE = 6 - DE, nén DE = 6.
AE = /122 4 62 = /180 = 6+/5. Dap an (C).

BAy: cho tam gidc chiém & hinh vudng (doc “gép 3” thanh “1”) ra DE = 8 va AE = /144 + 64 = 41/13.

11.10 (A) 6
Lan di 15 + 8 = 23 m. Budng chéo la canh huyén clia tam gidc vudng 8, 15: v/64 + 225 = v/289 = 17 m.

Minh di ngdn hon 23 — 17 = 6 m. Dap 4n (A). Bay: chon quang dudng cta Minh (17) hay cta Lan (23) thay vi hiéu; ldy hiéu hai
canh15 -8 =T1.
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11.11 (D) 20

D&t gbc vubdbng & gbce, hai canh gdc vudng doc hai truc. Canh huyén la dudng thdng gém céc diém cé téng hai khodng cdch tdi
hai canh géc vuéng bang 10 (vi tam gidc vubng can: di ngang bao nhiéu thi ha xuéng bay nhiéu).

Dinh d6i dién cla hinh chi nhat ndm trén canh huyén nén chiéu dai + chiéu réng = 10, chu vi = 20 v8i moi hinh chit nhat nhu
vay. Dép an (D).

Meo: dé ndi “kich thudc khdng cho” = ddp s6 khdng phu thubc kich thudc; thir trudng hop dac biét hinh vuéng 5 x 5: chu vi
20.

11.12 (E) 40
Hinh chif nhat mdéi (a + 4)(b + 4) = ab + 4a + 4b + 16. Phén tang: 4(a + b) + 16 = 96, nén a + b = 20.
Chu vi ban dau 2(a + b) = 40. Dép &n (E).

Nhin bang hinh: phan thém vao gém hai dai rong 4 doc theo hai canh (4a va 4b) cdng 6 vudng 4 x 4 8 géc. Bay: ding 8 a +
b = 20 va chon 20.

11.13 (C) 25

Goi khung bao cla da gidc la hinh chif nhat w x h. Bi m6t vong quanh da gidc, cac doan ngang phai pht ft nhat hai lan bé
rong (mot lan “di”, mét Lan “vé”), cdc doan doc phu it nhat hai lan chiéu cao. Vay 20 > 2(w + h), tdc w + h < 10.

Da gidc nam trong khung nén dién tich < wh. Vi w + h < 10, tich wh 8n nhat khi w = h = 5: 25. Hinh vudng 5 x 5 dat
dugc. Bap an (C).
Bay: nghi chu vi 20 thi dién tich 20; hodc chon hinh chit nhat 4 x 6 (24).

11.14 (A) 30

Canh l&n nhat z + 8 la canh huyén: 22 + (z + 7)% = (z + 8)2.

Khai trién: 222 + 14z + 49 = 22 + 16z + 64, tc 2?2 — 22 — 15 =0, (z — 5)(z + 3) = 0, nén = = 5. Cdc canh 5,12, 13.
Dién tich 1 - 5- 12 = 30. Dép an (A). Bay: quén } ra 60; coi canh huyén 13 la canh géc vuéng ra £ - 12 - 13 = 78,

11.15 (E) 17

Tam gidc PAB va PCD c6 dady AB = CD va hai dudng cao cong lai bang AD: Spap + Spcp = % AB - AD — mét nifa hinh
chit nhit. Tudng tu Sppc + Sppa cling bang mét nlra hinh chit nhét.

Vay 13 + 22 = 18 + Sppa, nén Sppa = 17. Bap an (E).

Bay: ghép nhadm cip, 8y 35 — 22 = 13 (trir Spcp thay vi Sppe). Chi y hai tam gidc déi dién khdng bang nhau (13 # 22) — chi
téng cla chung cb dinh.

15
11.16 (B) 5
Dinh ly Pick: § =1 + % — 1. Trén bién chi cé ba dinh, nén B = 3; bén trong I = 7.
S=7+3—-1=2%pépan(B)

Bay: quéntrirlra %; nghi dién tich bing s6 diém bén trong ra 7.

11.17 (D) 72+/3

Luc gidc déu gdbm 6 tam gidc déu canh s quanh tAm. Khodng cdch gilta hai canh dé&i dién bang hai lan chiéu cao clia mét tam
gidc déu: chiéu cao = 6.

Tam gidc 30°-60°—90°: chiéu cao 3?3 =6,néns = \1/—25 =4+/3.

M&i tam gidc déu c6 dién tich § - 44/3 - 6 = 124/3; ca luc gidc 6 - 124/3 = 72/3. Dép &n (D).

Bay: tudng canh bing 6 (nhdm chiéu cao vdi canh) ra 54+/3.
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11.18 (D) 384

A va C déu cach déu B va D, nén ndm trén dudng trung truc cia BD, dudng nay vudng géc véi BD tai trung diém M (
MB = 12).

AM = /132 =122 = 5va CM = /202 — 122 = 16.

e A, C khdc phia BD (hinh 6i, “cdnh diéu”): AC = 21, dién tich % -24 .21 = 252.

e A, C cling phia (hinh l6m, “m{i tén”): dién tich = Spep — Spap = % -24-16 — % -24-5 =192 — 60 = 132.

Téng 252 + 132 = 384. D4p an (D). Bay: chi xét hinh 6i ra 252.

11.19 (E) 46

Liét k& cdp canh ¢4 tich 120: (1, 120), (2, 60), (3, 40), (4, 30), (5, 24), (6, 20), (8, 15), (10, 12). Can a? + b* la s8 chinh phucng.
Chicd (8,15): 64 + 225 = 289 = 172. (Th{f nhanh: 10% + 122 = 244, 52 4 242 = 601, 62 + 202 = 436 déu khong chinh
phucng.)

Chu vi 2(8 + 15) = 46. Dap an (E). Bay: chon hinh “gén vuéng nhat” 10 x 12 ra 44; quén nhan 2 ra 23; trd (i dudng chéo 17
hay gép dbi nd (34).

11.20 (B) g

bst A = (0,0), B=(8,0),C = (8,6), P = (x,y). Tam gidc PAB cé ddy 8, cao y: dy < 12 <— y < 3.

Tam gidc PBC c6 ddy 6, cao la khodng cach tdi BC, tic 8 — z:3(8 —z) < 18 <= =z > 2.

Mién thod man (4 hinh chitnh4t 6 x 3 (v8i2 < z < 8,0 < y < 3), dién tich 18 trén t6ng 48: xac suit % = ;3. Dép 4n (B).
Y tudng: didu kién vé dién tich tam gidc cé mdt ddy c8 dinh chi la didu kién vé khoang cich téi mét canh.

11.21 (C) 18

Trlf ba tam gidc G “gdc™

o ADE: ddy AE = L AB, chiéu cao bing chiéu cao hinh binh hanh tng vdi ddy AB: § - 3 - 48 = 12.

e FCD: tuong tu véi day FC = %BC: 12.

 EBF: nam trong tam gidc ABC (dién tich 24); EB = ;AB va BF = 1BC nén Sgpp = 1 - 3 - 24 = 6 (hai l4n dp dung
“chung dudng cao™ Sgpc = 12, r6i Sgsr = 1SEaC).

Spir — 48 — 12 — 12 — 6 — 18. Dap 4n (C).

Bay: tudng DEF |3 mdt nfa hinh (24) hay mét phan tu (12).

11.22 (A) 24+/3 — 36

Goi canh hinh vuéng la s. Hai tam gidc nhd & hai bén ddy la tam gidc 30°-60°-90° cé canh gbc vubng diing s (d6i dién gdc 60°

), nén canh gdc vuéng nam trén day (3 %

12v/3
V3+2
Truc c&n: nhan t va mau véi 2 — /3 (Vi (2 + v3)(2 — V/3) = 1): s = 124/3(2 — v/3) = 244/3 — 36 ~ 5,57. Dap 4n (A).
Udc lugng gidip loai nhanh: thifs = 6thi 6 4+ 2 - 5 ~ 12,9 > 12 — qud l8n, nén s < 6 va chi con (A). Bay: L4y nlta canh tam

V3
giac (6) hodic ca chiéu cao 6+/3 lam canh hinh vudng.

Déy:%+s+%:12,tﬁcs(1+%) —12,5 =

11.23 (C) 10

Pat BC = a, AC = b. Tam gidc vudbng ACM: b* + (%)2 = 52. Tam gidc vudng BCN: a® + (’5’)2 =73.

Khéng can tim a, b: cdng hai phuang trinh, %(a2 +b%) = 125, nén AB? = a® + b* = 100 vd AB = 10. Dap &n (C).
(Néu mudn: a = 8, b = 6.) Bay: c6ng thang 52 + 73 = 125 r6i khai cin ra 54/5.
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11.24 (B) 4/5

Bat con dudng la truc ngang, chén clia A 30, chédn cllia B 312; P  vi tri z.

PA? = g%+ 42 PB? = (12 — z)? + 82 Cho bang nhau: 2% + 16 = 144 — 24z + 22 + 64, nén 24z = 192, z = 8.
PA = /64416 = /80 = 4/5. Dép 4n (B).

Kiém tra: PB = /4% + 8% = 1/80 — diing. Bay: dit P & gilta hai chan (z = 6) thi PA # PB.

11.25 14

Doan néi hai diém céch nhau a cdt va b hang (0 < a < b < 4, khdng d6ng thdi bang 0) c6 d6 dai /a2 +b2. C615 —1 =14
cip (a,b): (g) c3p khdc nhau cdng 5 cép a = b, bd c3p (0, 0).

Cac gid tria? + b%1,4,9,16 (véi a = 0); 2,5, 10, 17; 8, 13, 20; 18, 25; 32. Musi b6n s nay déu khac nhau — chii y 25 = 32 + 42
cd thé trung véi 02 + 52, nhung Wdi chi rdng 4 nén khdng cé doan dai 5 ndm ngang. Pép sé: 14.

Trén Wdi ldn hon can can than: vi du 52 4 52 = 12 4+ 72 = 50 cho hai doan khéc “dang” nhung cting d6 dai.

11.26 4

Haicanha <bcéa+b=15néna c {1,2,...,7}. Dudng chéo ngdn hon 12 nghia & a® + b* < 144.
Lap bang a2 + b%: (1,14): 197; (2,13): 173; (3, 12): 153; (4, 11): 137; (5, 10): 125; (6, 9): 117; (7, 8): 113.
B6n hinh cudi thod man. Dap s6: 4.

Nhan xét: vdi chu vi ¢8 dinh, a? + b? = (a + b)? — 2ab cang nhé khi ab cang ldn — hinh cang “vudng” thi dudng chéo cang
ngdn, nén cdc hinh thod man (& mét day Llién 3 cudi bang.

11.27 (A) 11

Y tudng: mbi d6 dai v/a2 + b2 la canh huyén clia mét tam gidc vudng cé canh ndm theo di. 17 = 42 + 12,29 = 22 + 5% 40 =
2% 4 6% Thir ghép ba “budc” sao cho ching khép kin: (4,1) + (—2, —6) + (—2,5) = (0, 0) — dugc!

Véy tam gidc c6 thé d3t Lén Ludi véi cac dinh (0,5), (4, 6), (2,0) (hinh). Déng khung 4 x 6 = 24, trir ba tam gidc vudng & - 4 -
1=2,1.2.6=6,1.2.5=5:dién tich 24 — 13 = 11. Dép 4n (A).
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Khéng can cbng thic Heron (ngoai chuong trinh (&p 8): canh cé dang cdn cla téng hai binh phuong 3 “l8i mdi” d8t hinh 1&n
Ludi.

11.28 (C) 39

Tim BC. ABCD la hinh thang vuéng (AB || CD vi cing vuéng g6c véi BC).Ha AH | CD:DH =9 —4 =5, AH =

BC = 4/132 — 52 = 12.

Tim E.D4t BE =z, EC = 12 — 2. AE®> = 16 + 2%, DE* = 81 + (12 — z)?, va tam gidc AED vuébng tai E: AE*> + DE? =
169. Rut gon: 2z% — 24z + 72 = 0, tlc (z — 6)% = 0, z = 6 (chi Mot vj tri).

Dién tich. Hinh thang 3 (44 9) - 12 = 78; trf Supp = § - 4-6 = 12va Spcp = § -6 -9 = 27: Sypp = 78 — 12 — 27 = 39.
Pdp an (C).

Kiém tra: AE = /52, DE = /117, %\/52 -117 = % - 78 = 39. Bdy: chon dién tich ca hinh thang 78.
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11.29 (D) 5
AB = 10. Ha dudng cao CH xuéng AB: CH = % = % (d6i ddy qua dién tich 24).

Tam giac vuéng CHB: BH = \/62 — (%)2 = \/—9002’5576 = 15—8.
Tam gidc CBD can tai C nén dudng cao CH cling la trung tuyén: BD = 2 - % = %. Vay AD =10 — % = 15—4. Ddp an (D).
Bay: ding 8 AH = 10 — ¥ = 22 — d4 L4 khodng cdch tir A t8i chan dudng cao, chua phai téi D.

11.30 (E) 72—3

Hai tam gidc vuong ABE (vudng tai B) va ECF (vubng tai C):vi ZAEB + /FEC = 180° — 90° = 90° nén /BAFE =
ZCEF. Haitam gidc vudng cé canh huyén bang nhau (AE = EF) va mdt géc nhon bang nhau nén bang nhau.
SuyraEC = AB=8,doddS BE=11—-8=3(vaCF = BE =3, Fnamtrén CD vi 3 < 8).

AE? = 8% 4 32 = 73, va tam gidc vudng can AEF ¢ dién tich %AE2 = % Bdp an (E).

Kiém tra bang céch trir géc: Sapr =88 — 3 -8-3 —1-8-3—1.11-5 =88 — 24 — 27,5 = 36,5.

11.31 (B) 20
Sautgidgy (0 <t < %): X cach B mét doan 25 — 3t, Y cach B m6t doan 4t, hai doan vuéng gdc tai B. Khoang céach d thod
d? = (25 — 3t)? + (4t)? = 25¢* — 150t + 625.

Hoan thanh binh phudng: d* = 25(* — 6t + 9) + 400 = 25(¢ — 3)? + 400 > 400, dau bang khi t = 3. Vay d nhd nhat a 20
(lWuc @6 X cach B 16 cm, Y cach B 12 cm: bd ba 12,16, 20). Dap an (B).

Bay: th{ vai thai diém nguyén nhut = 2 (v/192 + 82 = /425 ~ 20,6) réi chon 21; hodc chon khodng cach ban dau 25.

120
11.32 (C) —
€ 4

Hai dudng chéo vubng gdc tai trung diém: nila AC' 1a 12, nén nira BD 13 /132 — 122 = 5 va BD = 10.

P nam trén BD nén chia tam gidc ABD thanh ABP va ADP, c6 ddy AB = AD = 13 va dudng cao chinh 3 hai khodng
cach dy, ds can tim:

3-13d1+3-13dy = Sapp = 3 - BD - 47 = §-10-12 = 60.

Vay di +ds = %, vdéi moi vi tri cdia P. Bap an (C).

Kiém tra v8i P = B: khodng céch téi AB b3ng 0, khoang cach t8i AD |4 dudng cao tU B clia tam gidc ABD: % = % —
khdp.

11.33 (C) 13
Kéo dai hai canh bén c3t nhau tai X. Ba doan song song dai 7, z, 17 la ddy cla ba tam gidc déng dang chung dinh X, nén
dién tich cGa ching ti 1& vdi 49, 22, 289: goi la 49k, =k, 289k.

Hinh thang cé dién tich 289k — 49k = 240k. Phan trén (gitta ddy 7 va doan cit) 3 2k — 49k, phai bang 120k: 2% = 169, = =
13.Ddp an (C).

Bay: l4y trung binh cdng 12 — &6 la dudng trung binh, chia d6i chiéu cao chf khéng chia dbéi dién tich (phan dudi réng han
nén chiém nhiéu hon). Céng thic téng quat: = = \/#.

11.34 9

Chia mién ch{r L thanh hai hinh chir nhat: Ry nam dudi, 16 x 4, tam (8,2); Rz ndm trén bén trai, 8 x 12, tdm (4, 10) (d3t gdc
dudi trai & géc toa db).

Moi dudng thang di qua tAm moét hinh chit nhat déu chia né thanh hai nlfa bang nhau (d8i xtiing tdm). Budng thdng qua ca hai
tam chia d6i ca R; lAn R2, nén chia d6i cd mién chir L.

Budng qua (8,2) va (4,10) ¢ hé s6 géc —2: y = —2x + 18. N6 di qua (1,16) — dung la P! G3p canh dudiy = 0 tai z = 9. Vi
quay dudng thdng quanh P lam dién tich mét bén tdng dan, chi cé mét dudng qua P chia d6i mién. Ddp sé: 9.

Y tudng: vdi hinh ghép tif hai hinh cé tdm d8i xting, dudng chia ddi dién tich “mién phi” 13 dudng ndi hai tam.
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11.35 110

Téng dién tich mudi hinh vudng: 12 + 22 + - - - + 10? = 385. Doan thang di tir (0, 0) ti (55,10) (Vi1 +2 + --- + 10 = 55), cé
phuong trinh y = 2.

Poan thing cé ndm trong cic hinh vudng khéng? G mép phai hinh vudng thi k, z = @ nény = % <kEMVME+1<
11). VAy trén méi hinh vudng, doan thang ludn thap hon canh trén, va phan hinh nam dudi doan thang chinh a toan b6 tam

giac vubng vdi hai canh géc vudng 55 va 10: dién tich 275.

Phan phia trén: 385 — 275 = 110. Dap s6: 110.

Luu y: néu doan thdng nho l&n khéi mét hinh vudng (vi du néu x&p hinh dn trudc), phan tam gidc “ld ling” ngoai céc hinh
vudng khéng dudc tinh — ludn kiém tra diéu kién nay trudc khi ldy hiéu.

11.36 53

Goi dién tich [ S. Canh Ung vdi m&i dudng cao La dmigcaoz céccanh la 23, 25 28 {18 v4i &, 1, +. Ngudc lai, ba s8 duong

thod bat d3ng thic tam gidc thi cé tam gidc véi cdc canh ti & nhu vay, va phdng to/thu nhd dé dudng cao thi nhat bang 12 thi
hai dudng cao kia tu khdp.

B4t d3ng thiic tam gidc (chuong 10): % < 11—2 + > 11—2 - 11—5
% > 1—12 cling chinh la h < 60.)

Vay h € {7,8,...,59}: c6 53 gid tri. Dap s&: 53.

19 . 2. 1 1 R A a , 1
T =g WUch> Ziva s = &5 tic h < 60. (Diéu kién thirba = +

Bay: dp bat dang thic tam gidc thdng lén cac duding cao (3 < h < 27) — sai, vi dudng cao ti & nghich vdi canh.

Chapter 12 — Circles, Coordinates & 3D Solids

12.1 (F) 12.2 (B) 12.3 (D) 12.4 (B) 12.5 (D) 12.6 (C)
12.7 () 12.8 (E) 12.9 (A) 12.10 (D) 12.11 (A) 12.12 (C)
12.13 (C) 12.14 (B) 12.15 (D) 12.16 (D) 12.17 (D) 12.18 (B)
12.19 (E) 12.20 (A) 12.21 (B) 12.22 (A) 12.23 (C) 12.24 (F)
12.25 () 12.26 (C) 12.27 10 12.28 32 12.29 () 12.30 (C)
12.31 (D) 12.32 (D) 1233 (A) 12.34 24 12.35 (B) 12.36 (B)
12.1 (E) 8

Goi bén kinh & 7: 7% = 2 - 27rr. Chia hai v& cho 7r: r = 4.

Budng kinh 2r = 8. Ddp an (E). Lua chon (C) la ban kinh — doc k§ dé hai dudng kinh.

12.2 (B) 8«

Bién clla m6t manh gdém nifa dudng tron Lén (ban kinh 4) dai % - 27 - 4 = 47 va ca dudng cong chir S, tiic hai nlfa dudng
tron ban kinh 2, méi ntra dai 2.

Chu vi 4m + 27 + 2w = 87 — dlng bang chu vi dudng tron 8n. Ddp 4n (B). Quén mét nira clia chir S ra 6.

12.3 (D) 367
Chu vi t7 1& véi ban kinh, nén ban kinh cling theo ti 1& 2 : 3. Hinh tron nho: 772 = 167, 7 = 4; hinh tron ldn ¢ béan kinh 6.

Dién tich 367. Dap an (D). Ndi gon: ti s6 dién tich la binh phudng ti s6 d6 dai, (%)2 = %, va 167 - % = 367. Nhan theo ti s6 %

(quén binh phuong) ra 24r.

12.4 (B) 2
PQ?=(a—124+(B—(-1)2=(a—1)2+16=25nén(a—1)2=9,a—1=43:a=4hojca = —2.

Téng 4 + (—2) = 2. Ddp an (B). Hinh hoc: P nam trén dudng thang y = 3, cdt dudng tron tdm Q ban kinh 5 tai hai diém déi
xing qua = = 1, nén t6ng hai hoanh @6 a 2 - 1. Chi 14y nghiém duadng ra 4.
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A = (8,0), B=(0,6), AB = 10. Khoang cach tir O tdi dudng thdng la dudng cao h ha tir O xubng canh huyén cla tam giac
vubng OAB.

Tinh dién tich hai céch: 3 -8-6 = 3 -10- h,nén h = ££ = 2. Ddp 4n (D).

Lua chon 5 & khoadng cdch tir O tdi trung diém AB — xa hon dudng cao.

12.6 (C) 4V/3
M&i mat cé dién tich 96 : 6 = 16, nén canh bang 4.
Budng chéo khédng gian: v/42 + 42 + 42 = 44/3. Dap 4n (C). Lua chon 44/2 13 dudng chéo mbt mat.

12.7 (C) 607 + 10
Trdi nhan ra dudc hinh chit nhat cao 10. Chiéu dai bang chu vi ddy 27 - 3 = 67 e¢dng phan chong 1 cm.
Dién tich (6w + 1) - 10 = 607 + 10. Ddp an (C). Quén phan chéng ra 60m; tinh ca hai ndp (60w + 187) ra 78.

12.8 (E) 60

DE&m theo sdu hudng nhin. T trudc: méi cot (theo chiéu rong) thdy ba “bAc ding” cao 1, téng 4 - 3 = 12; tif sau thay bic
tudng cao 3, rong 4: 12. TU trén: ba m&t bdc mébi cbt, 12; tir dudi: 4 - 3 = 12. Hai bén hdng: mbi bén |3 hinh bac thang 1 + 2 +
3 =6.

Téng 12 4+ 12 + 12 + 12+ 6 + 6 = 60. Dap an (E). Quén mat ddy ra 48.

12.9 (A) 367
4mrr? = 367 nénr? =9, r = 3. Thé tich %71' - 27 = 367. Dap an (A).

Hinh cau ban kinh 3 ¢ dién tich mat va thé tich “bang nhau vé s8” — chi la tring hdp cta r = 3. Quén % ra 108mx.

12.10 (D) 87
Chu vi 27 -9 = 18, chiatheo ti 16 2 : 3 : 4 (t6ng 9 phan), m&i phan 2.
Cung dai nhat: 4 - 2 = 8. Dap an (D). Dung 7 lam chu vi ra 4.

12.11 (A) 12
Khodng cach tir M tdi truc hoanh la 3. Theo dinh ly day cung, ntfa ddy PQ la v/5%2 — 32 = 4,nén PQ =8 (P = (—2,0),Q =
(6,0)).

Dién tich 1 - 8 -3 = 12. Dap 4n (A). Quén } ra 24; L4y ddy la dudng kinh 10 ra 15.

12.12 (C) 144

Hinh chép cé ddy la mdt dudi 6 x 6, dinh la tdm m3t trén nén chiéu cao bang ca canh khéi: b = 6. Thé tich hinh chép % -36 -
6="72.

Phan gb bd di: 216 — 72 = 144 — g4p dbi phan gitr lai. Dap an (C).
Bay: tra L5i thé tich hinh chdp (72); dung % thay cho % ra 216 — 108 = 108; L3y chiéu cao 3 (nhdm vdi hinh chép cé dinh & tAm
khéi) ra 216 — 36 — 180.

12.13 (C) 10

Hai tiép tuyén ké tif mét dinh t8i dudng tron dai bang nhau. Goi d6 dai tiép tuyéntir A, B,C, D la a,b,c,d. Khi d6 AB = a +
bbBC=b+¢,CD=c+d, DA=d+a.

SuyraAB+CD=a+b+c+d=BC+ DA:7+12=9+ DA, DA = 10.Ddp an (C).

Quy tac “téng hai cdp canh déi bang nhau” ding cho moi t gidc ngoai tiép dudng tron.
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12.14 (B) 6 + 27

Déay dai gébm cdc doan thdng va cdc cung tron xen k&. Méi doan thdng song song va dai bang doan néi hai tAm tudng Ung: ba
tAm tao tam gidc déu canh 2, nén ba doan thang dai t6ng céng 6.

3 méi 8ng, day dm médt cung; ba cung dé cé téng gdc bing téng céc géc ngodi clia tam gidc, tic 360° — ghép lai thanh ding
mét dudng tron ban kinh 1, dai 2.

D6 dai diy 6 + 2. Ddp an (B). Tudng mbi 8ng bi ém nifa vong ra 6 + 3.

12.15 (D) 16
Goi canh (& s va dinh dudi trdi la (a, 0). Dinh trén trdi (a, s) nam trén y = z nén s = a.
Binh trén phai (a + s,s) = (2s,8) ndm trény = —2z + 20: s = —4s + 20, s = 4.

Dién tich 16. Bap an (D).

12.16 (D) 127

M3t cit cach tdm d L3 hinh tron cé bén kinh p véi p? + d? = 62 (dinh ly ddy cung trong mat cit qua tam).

d = 2: p? = 32, dién tich 327. d = 4: p* = 20, dién tich 207. Hiéu 127. Dap an (D).

Nhan xét gon: hiéu ludn bang 7(d3 — d?) = m(16 — 4), khdng phu thudc bédn kinh qua cau. Tinh hiéu bdn kinh réi binh phuong
la sai.

12.17 (D) 17

4 phut 3 % = % vong, tiic cabin @3 quay 120° k& tir diém thap nhat. Gdc gilta ban kinh tdi cabin va ban kinh hudng lén (3
180° — 120° = 60°.

Ha dudng vudng gdc tif cabin xuéng dudng thang ding qua tAm: tam gidc vuéng 30°-60°-90° cb canh huyén 10, canh ké géc
60° bang 5. Cabin cao hon tAm 5 m.

Db cao 12+ 5 = 17 m. Dap 4n (D). Nhdm sang phia duditdmra 12 — 5 = 7.

12.18 (B) 40% — 103

M3t cdt ngang & hinh tron bdn kinh 2; nudc chiém “vién phan” phia dudi ddy cung ndm ngang cdchtdm 2 — 1 = 1.

NUra day: v/22 — 12 = /3. Tam gidc tao bdi tdm va hai dau day ¢ céc canh 2,2, 2y/3 va chiéu cao 1 — d4 [a tam gidc 30°-30°
-120°, nén géc 3 tAm chan vién phan la 120°.

Vién phan = quat 120° trir tam gidc: % -4 — % -2¢v/31= %T — /3. Nhan vdi chiéu dai 10: 407” — 10+/3. Dap 4n (B).

Bay: quén trif tam gidc ra 407"; tudng nudc chiém }I bé vi sAu bing ;11 dudng kinh ra 107.

12.19 (E) 162
D&t cdc canh A k, 2k, 3k. Dién tich toan phan 2(2k? + 6k? + 3k?) = 22k*> = 198, nén k? =9, k = 3.
Céc canh 3, 6,9; thé tich 162. Dap an (E).

12.20 (A) 667
mr’h r 27

e ) o I R B _
Chia hai dir kién cho nhau: SR =3 ge g MénT= 3t 27 -3-h =487 dugc h = 8.

Hai ddy: 2 - 97 = 18x. Dién tich toan phan 487 + 187 = 667. Ddp 4n (A). Dung dudng kinh 6 thay ban kinh khi tinh hai ddy ra
487 + 721 = 1207; nham sang thé tich ra 72m.

12.21 (B) g
Canh cudn quanh la chu vi ddy: 277 = 18 = 7 = 2, chiéu cao 12: V} = 7 - 8} . 12 = 212,

Cachkia:r = £ chiéucao 18: V; =7~ 8 .18 = &8 Tis6 32 = 2 Pdp an (B).

i)% A 2 NI 2, N N \. ) s P \ A \, N \ N
Nhan xét: V = W nén tiso la 122_12 = % — canh cuon quanh cang dai, thé tich cang ldn. Cung mét td gidy (cung dién

tich mat xung quanh) khéng cho cling thé tich.
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12.22 (A) 4
Thé tich nlra hinh cau: 1 - %w - 6% = 1447. Dy hinh tru: 7 - 62 = 367.
D6 siu 1447 : 36w = 4 — dung bang % ban kinh. Ddp an (A). Dung ca hinh ciu ra 8.

12.23 (C) 187

Pudng chéo kia (dai 6, vubng gdc vdi truc) cho bén kinh L8n nhat 3. Khéi tron xoay gébm hai hinh nén chung ddy, bdn kinh 3,
méi hinh cao 3 (nlfa dudng chéo truc).

Thé tich 2 - %w .32.3 = 187. Dép an (C). Tudng L hinh tru bén kinh 3, cao 6 ra 54s; chi tinh mdt hinh nén ra 9.

12.24 (E) 12

Moi thé tich tinh theo don vi . C6c: 9 - 12 = 108. Khéi nén: % -9.12 = 36, nén tran ra 36, con 72 (muc nudc 8 khi rdt ndn ra).
Qud bdng cb dudng kinh 6 = dudng kinh céc, thé tich é - 27 = 36. Néu nudc ngip bdng tdi d6 cao h > 6 thi 9h — 36 = 72,

h = 12 — nudc [én vira ding miéng céc, khdng tran. Dap an (E).

Ly do séu xa: kh8i ndn va qua bdng cé cling thé tich 367, nén bd cdi nay ra, tha cai kia vao thi muc nudc trd vé nhu cii.

12.25 (E) 48 + 47

Pbng xu ludn tiép xuc hinh vuéng nén né phd dai rong 2 (bang dudng kinh) bao quanh hinh vuéng.

Doc mdi canh: hinh chit nhat 6 x 2, bdn canh dudc 48. G m&i géc, ddng xu xoay quanh dinh va pht mét phan tu hinh tron ban
kinh 2; b8n phan tu ghép thanh mot hinh tron ban kinh 2, dién tich 4.

Téng 48 + 4. Ddp an (E). Dung bdn kinh 1 & cdc géc ra 48 + .

12.26 (C) 6v/3 — 6
Qua bdng cham san va hai tudng nén tdm céch ca ba mdt phang ding 6: ddt K & géc thi tdm La (6, 6, 6).

K t8i tdm la dudng chéo khdng gian clia khéi lap phuong canh 6: v/62 + 62 + 62 = 64/3. Diém gan K nhat cla qua béng ndm
trén doan ndi K véi tdm, cdch K mdt khoang 6+/3 — 6. Dép an (C). Chi duing hai chiéu (dudng chéo hinh vudng) ra 64/2 — 6.

12.27 10
o 1.1 1 1
abc = 2(ab + bc + ca). Chia haivé cho abc: = + - + - = -.
a b ¢ 2
V‘lanhénhétzgzénénag&véé<%néna23.
t.nhanra: (b—6)(c—6) =36Vvdib<c:36=1-36=2-18=3-12=4-9=6-6 = 5hop.
4)=16=1-16=2-8=4-4— 3 hop.

ea=>51+1=2 (30— 10)(3c— 10) = 100; thifa s6 3b — 10 > 5 phai chia 3 du 2: chi 5 - 20 = hép (5,5, 10).
eq = :%—l—%:%véibz&chib:c:&

Téng 5 +3+1+1=10.D3p s6: 10.
Ky thuat “kh& mau réi thém hang s6 dé phan tich thanh tich” bién phuang trinh phan s6 thanh bai dém udc s6.

12.28 32

Cana’?+ b2+ =d?>véia < b < c. HOp 2 x 3 x 6cddudng chéo 7 (thé tich 36), nhung hop 1 x 4 x 8 cé dudng chéo
V1 + 16 + 64 = 9 va thé tich chi 32. Ta chiing minh khéng cé hép nao thé tich < 31.

Tinh chan Lé: binh phuang s6 L& chia 4 du 1, s6 chdn chia hét cho 4; d? chia 4 du 0 hodc 1. Néu hai hodc ba trong a, b, c 1é thi
t6ng chia 4 du 2 hodc 3 — v6 ly. VAy nhiéu nhat mét canh &.

Liét ké cac hdp a < b < ¢, abe < 31, cd khdng qua mét canh é. a = 1 thi b, c chan: (2,4), (2,6), (2,8), (2,10), (2,12), (2,14),
(4,6) cho t6ng 21,41, 69,105, 149, 201, 53 — khong s6 nao chinh phudng. a = 2: be < 15 nén (b,¢) = (3,4) cho 29; (3,5) ¢
haicanh lé. a > 3thiabc > 3-4-5 > 31.

Pép s6: 32.
Bay: tim dudng chéo nhé nhat (hdp 2 x 3 x 6) réi két ludn thé tich 36.
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12.29 (E) 144

Goi canh la a va O la tAm m3t ph3ng day cla nfa hinh ciu (cling la tAm mat day cta khdi lap phugng). M6t dinh trén V ndm
trén mat cdu nén OV = 6.

Ha V thdng xuéng ddy dugc diém V'’ la mét dinh dudi: VV! = a (ddng) va OV’ bang nlfa dudng chéo mat day, “Tﬁ Tam gidc
OV'V vubng tai V: & + a® = 36, nén a® = 24.

Dién tich toan phan 6a? = 144. Dap an (E).

Bay: ldy khodng céch ngang bing canh a (thay vi nita dudng chéo) ra 2a = 36 va dap s 108; 4y ca dudng chéo mit ddy
a+/2 ra 3a? = 36 va dép s6 72.

12.30 (C) 12
Céc diém nguyén trén dudng tron di theo nhédm d6i xting. Néu (a, b) nam trén dudng tron véi 0 < a < b thi ca 8 diém

(fa, +b), (£b, ta) déu ndm trén d6. Néu a = 0 thi nhém chi ¢ 4 diém (£b, 0), (0, +b); néu a = b cling chi 4 diém.

Vay “ding 8 diém” nghia la n viét dugc thanh a® + b% véi 0 < a < b theo dling mét céch va khdng viét dugc dang 0% + b? hay
a’ + a?.

Liétké a? +b% <50v6i0 < a < b: 5,10,13,17, 20,25, 26,29, 34, 37,40, 41,45, 50. Loai 25 = 0% + 52 (12 diém) va 50 = 52 +
52 (12 diém). Con 12 gid tri. Pap an (C).

12.31 (D) ;

Céc diém cach tdm khdng qud 2 tao thanh hinh cau ban kinh 2. Hinh tru cé dudng kinh 4 va cao 4, nén hinh cdu nam gon bén
trong, cham hai day va mat xung quanh.

sm-28 327/3
7224 167
Day La phat hién néi tiéng clia Archimedes: hinh cau chiém duing % hinh tru bao quanh nd. Quén % cla thé tich cu ra %

2
Xac suit = = g.Dép 4n (D).

12.32 (D) 18 + 9/3

Day AB = 6 c6 dinh, nén can chiéu cao ldn nhit: C phai xa dudng thdng AB nhét, tdc C 13 diém cla dudng tron trén dudng
th3ng qua O vudng géc vd8i AB, & phia bén kia tam.

OA = OB = AB = 6 nén tam gidc OAB déu; khodng cach tif O téi AB 3 dudng cao tam gidc déu: 34/3. Chiéu cao ldn nhat
6+ 3v/3.

Dién tich l8n nhat % -6+ (6 + 3v/3) = 18 + 94/3. Dép an (D). Quén doan 3+/3 (l4y chiéu cao b&ng ban kinh) ra 18.

12.33 (A) 32

Mbi nlfa hinh tron cd dién tich %w - 4% = 87. Goi L & phan chung. Phan thudc ding mét nifa hinh tron (& (87 — L) + (87 —

L) =167 — 2L.

Hai tdm (4, 0) va (0, 4); hai dudng tron cdt nhau tai géc A va tai tdm hinh vudng (4,4). Vdi dudng tron tdm (4, 0), hai ban kinh
tdi A va tdi (4, 4) vudng géc nhau, nén phan chung gém hai “vién phan” 90°, mdi vién bang quat ;1171' - 16 trir tam gidc vudng
1-4-4:L=2(4r —8) = 8r — 16.

Ddp s6 16m — 2(87 — 16) = 32 — moi 7 triét tiéu! Pap &n (A). Cong hai nifa hinh tron ma khéng trif phan chung ra 167.

12.34 24

Téch theo hai truc: |z| + |z — 6] bang 6 khi 0 < z < 6 va bang 6 + 2u néu  ndm ngoai doan [0, 6] mét khoang u. Tudng ty
ly| + |y — 2| = 2 4 2v, vdi v a khodng cach tif y t8i doan [0, 2].

Diéu kién thanh 8 + 2u + 2v = 12, tdc u + v = 2 (di ra ngoai hinh chit nhat A-B t6ng céng 2 budc).
eu=0,v=22z€{0,...,6} (7 gidtr),y € {—2,4}: 14 diém.

eu=2v=0z¢c{-28}yec{0,1,2} 6 diém.

ceu=v=1Lze{-1,7}yec {-1,3}: 4 diém.

Téng 14 + 6 + 4 = 24. Dap s8: 24.
Hinh tao bdi cdc diém nay la mbt bat gidc “bo gdc chéo” bao quanh hinh chit nhdt — phién ban dudng phé clia dudng elip.
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12.35 (B) 16 — =

TAm déng xu chay trén hinh chit nhat nhé 8 x 4 (cdch mbi canh 1). Pdng xu phi mét dai réng 2 sat cdc canh, nén cé hai loai
vung khdng bao gig bi pha.

Phan giita: cdc di€ém cach ca bén canh hon 2: hinh chir nhat (10 — 4) x (6 — 4) = 6 x 2, dién tich 12.

Bén gdc: 3 gdc, déng xu ket gilta hai canh, tAm khéng vudt qué diém cdch mébi canh 1; phan 6 vudng 1 x 1 8 géc ndm ngoai
ma&t phan tu hinh tron ban kinh 1 khéng bi phi: 1 — 4 méi géc.

Téng 12 +4 (1 — §) = 16 — 7. Ddp 4n (B). Quén cac géc ra 12.

12.36 (B) 10
ZACB = 90° khi va chi khi C nam trén dudng tron dudng kinh AB (khac A, B). Tam la trung diém (4, 3), ban kinh

1/82 1 6% = 5.

Diém nguyén trén dudng tron: (4 4 p, 3 + q) Vi p* + ¢* = 25: (£5,0), (0, £5), (43, +4), (+4, +3) — 12 diém. Hai trong s&
6l A=(4—4,3-3)vaB=(4+4,3+3).

Con 10 diém. Ddp an (B). Quén loai A, B ra 12.

Chapter 13 — Problem-Solving Strategies

13.1 (B) 13.2 (A) 13.3 (D) 13.4 (C) 13.5 (B) 13.6 (A)
13.7 (D) 13.8 (B) 13.9 (E) 13.10 (E) 13.11 (A) 13.12 (C)
13.13 (E) 13.14 (C) 13.15 (D) 13.16 (B) 13.17 (D) 13.18 (C)
13.19 (B) 13.20 (D) 13.21 (A) 13.22 (A) 13.23 (Q) 13.24 (B)
13.25 (A) 13.26 (E) 13.27 () 13.28 (B) 13.29 (D) 13.30 (B)
13.31 (D) 13.32 (E) 13.33 (A) 13.34 (E) 13.35 (C) 13.36 (A)
13.1 (B) 20

Mbi level la “nhan 2 roi trir 157, nén di ngudc la “cdng 15 rdi chia 2™
55 + 15 35+ 15 25+15
= =25 —

2
Kiém tra xudi: 20 — 25 — 35 — 55. Ddp an (B). Ding sau mét hodc hai budc ngugc sé ra 35 hodc 25.

55 —

35 —

= 20.

13.2 (A) 6:25 p.m.

Di ngudc trén truc thai gian: phai cd mat lic 7:45 — 15 phut = 7:30; phai r&i nha ldc 7:30 — 25 phdt = 7:05; phai bt dau an
ldc 7:05 — 40 phdt = 6:25 p.m. Dap an (A).

Quén 15 phut dén sédm thi ra 6:40; quén thdi gian di dudng thi ra 6:50; 7:05 la gid rdi nha chi khéng phai gid bat dau an.

13.3 (D) 14

Chén Lé: t6ng cla céc s8 chan ludn chdn, nén tdng 100 (chan) doi hdi s6 cac s6 & phai la s6 chdn. Khéng thé cé 15 s6 1&;
nhiéu nhat 13 14.

Xay dung: mudi bén s8 1 va mot s6 86: 14 + 86 = 100. Dap &n (D).

Chon 15 la quén diéu kién chdn Lé.

13.4 (C) 12

Thir c6 hé théng: hai canh cd tich 72 va t6ng 36 : 2 = 18. Liét ké cdc cdp udc cla 72 theo thitu: 1 - 72 (t6ng 73), 2 - 36 (38),
3-.24(27),4-18(22),6-12 (18) V.

Canh dai la 12. D3p 4n (C). T6ng gidm dan khi hai canh xich lai gan nhau, nén khéng can thr tiép.

13.5 (B) 3
C4 11 murc diém (chubng). Vi 25 > 2 - 11, theo nguyén ly Dirichlet c6 mét muic diém cé it nhat 3 hoc sinh.

Khéng chc dudgc 4: chia 3 hoc sinh cho 3 muc diém va 2 hoc sinh cho mbi muc trong 8 mic con lai (9 + 16 = 25) thi khdng
muc nao c6 4 ngudi. Vay k = 3. Dap an (B).
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13.6 (A) 6
Tham lam:504+20+10+5+2+4+1 =88 —6 t&.

Khéng thé it han: phan do cdc td 1,2, 5 nghin tao ra phai tdn cling bang 8, nén can it nhat 3 t3 nhd (Mot hay hai t& chi cho
1,2,3,4,5,6,7,10). Néu phan nhé (4 8 thi 80 nghin con lai can it nhat 3 t& 1&n (50 + 20 + 10); néu phan nho L& 18 thi can it
nhat 4 t3 nhé va 70 con lai can 2 t&; néu phan nhé tir 28 trd 1&n thi riéng t8 nhé (mdi t& khéng qud 5 nghin) d3 can it nhat 6 to.
Moi trudng hgp déu > 6 t8. Dap an (A).

13.7 (D) 17
Hai ntfa chu vi cng lai bang 10. V38i nfa chu vi k, hinh chit nhat cé dién tich l8n nhat (& hinh gan vudng nhat:

ntfa chu vi 2+8 3+7 4+6 5+5
diéntichldnnhat | 1+16=17 | 2+12=14 | 4+9=13 | 6 +6 =12

T6t nhat & ddy vé cuc bién: m6t hinh nhé nhat ¢ thé (1 x 1) va moét hinh vubng 4 x 4. Dap 4n (D).

Bay: chia déu que cho hai hinh ra 12; 25 & mét hinh vudng 5 x 5 — chi cé mét hinh chi nhit.

13.8 (B) 4

Tht lua chon 8 gilta trudc: £ = 5 cho 32 + 243 = 275, qua ldn. V& trdi tdng theo z nén chi can thi nhé hon: z = 4 cho 16 +
81 = 97.Ddp an (B).

13.9 (E) 8

Chi biét ti s6, nén ddp s6 khéng phu thudc vao ting s6: chon gid tri ddc biét z = 2,y = 3.
2+6

. o . T
13- 8. Dap an (E). Chon nham z = 3, y = 2 (d3ao ti s0) sé ra 1

13.10 (E) 400

. y 4. 4
Lam tron: 0,49 = 0,5, 3,98 ~ 4, 20,3 ~ 20, 0,101 ~ 0,1. Biéu thuic xap xi 0,5 20_ 40

o1 01 = 400 (gid tri dung khoang 392).

Céc lua chon cach nhau gap 10 lan nén udc lugng la du. Bdp an (E).

13.11 (A) O

V& truc s8: dat trudng & 0, hudng déng la chiéu dudng. Ngan hang 6 3, cong vien 83 — 5 = —2,s8thi 8 —2 + 6 = 4, thu vién
64—-4=0.

Thu vién 8 ding ché cua trusng: khodng cdch 0 km. Dap 4n (A).

13.12 (C) 44

Dé6i gbc nhin: mbi tran loai dung mdt ngudi. D& con lai m6t nha vd dich phai loai 44 ngudi, nén cé dung 44 trdn — dlu cac vong
dudc sdp xép thé nao. Ddp an (C).

22 (hay 23) chi la s6 tran cta vong dau.

13.13 (E) (-1,1)

Di ngudc, g8 budc cudi trude, mbi budc thay bang phép ngugc clia né:

e G3 “sang phai 3" ddi sang trdi 3: (4, —1) — (1, —1).

e G3 “quay 90° ngugc chiéu kim déng hé™: quay 90° ciing chiéu kim déng ho, (z,y) — (y, —=): (1,-1) — (-1, —1).

e G3 “d6i xlng qua truc z": d6i xing lai lan ntra: (—1,—1) — (=1, 1).

Kiém tra xudi: (—1,1) — (—1, —1) — (1, —1) — (4, —1). Ddp 4n (E).

Bay: quén g8 phép ddi xiing ra (—1, —1); g8 phép quay bang cach quay ti€p ngugc chiéu kim déng hé ra (1, —1); g3 sai thi ty
(d8i xtng trudc) ra (—2, —4).
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13.14 (C) 13500

DaEi g6c nhin — ghép cip. Viét moi s6 thanh ba chif s6 bang cédch thém s6 0 8 dau (007, 042, ...) va thém s6 000: téng chir s6
khéng d8i. Ghép n vé8i 999 — n (vi du 042 v3i 957): 8 mdi hang hai chit s8 cong lai bang 9, nén méi cdp cd téng chit s8 27.

C6 1000 s6 tif 000 dén 999, tic 500 cp: tng 500 - 27 = 13500. Dap &n (C).
Bay: 27000 la nha&n 27 vdi 1000 (@&m méi cdp hai lan); 4500 chi la téng cdc chit s8 hang dan vi.

13.15 (D) 18
Pai lugng don diéu: tng s6 hiéu cdc 6 cé quan. Mbi nudc di lam t8ng nay gidm dung 1.

Ban dauténg la3 +4 + 7+ 9 + 10 = 33. Khdng di dudc nita khi khéng quén nao cd 6 tréng ngay bén trai, tlc ndm quén &
cac 6 1-5, téng 15. Vay ludn cé dung 33 — 15 = 18 nudc di, du di theo thif tu ndo. Ddp an (D).

Bay: 33 la t6ng ban d4u, quén trir vi tri cudi cling.

13.16 (B) 36

Gia tri dic biét: dé khong néi P & dau trén BC, nén dap s8 khéng phu thudc vao P. Cho P trung B: khi dé M la trung diém
AB vatam gidc M BC cé ddy BC, chiéu cao bang nlfa chiéu cao tir A: dién tich 36.

Ly do téng quat: M a trung diém AP va P nam trén BC, nén khoang cach tr M d&n BC bang nlta khodng cach tir A dén
BC'. Hai tam gidc chung day BC, nén [M BC] = % <72 = 36.Dap an (B).

13.17 (D) 18

Ch3n bang trung binh. M6i dinh ndm trén ding 3 mat, nén téng cta séu téng la 3(1 + 2 + - - - 4+ 8) = 108. Trung binh mai
mat L& 18, vAy téng l8n nhat it nhat 13 18.

Xay dung. Céch dat dudi day cho cd sdu mat cing t8ng 18 (vi du matddy 1 +4 + 8 + 5, mattrén 6 + 7 + 3 + 2, mat trudc

146+8+3).
v : N
|
|
|
G
Pdp an (D).
13.18 (C) 2

Chan bang chan é. Ba tdng hang céng lai bdng 1 + 2 + - - - + 9 = 45, s8 |&; nén trong ba t6ng hang cé mét s6 Lé cac téng &
— {t nhat 1. Tuong tu véi ba tdng cbt. VAy cé it nhat 2 téng &.

Xay dung. Hang 1: 1,2, 4; hang 2: 6, 3, 5; hang 3: 8,7,9. Téng hang 7, 14, 24; t6ng c6t 15, 12, 18 — dung hai téng &. Ddp an
©).

Bay: chon 0 la quén rdng téng cla ca bang la s6 (&.

13.19 (B) 2
Gom nhém va Ude LUong: = — 0,5 = + = ~ 0,58 = + = + = + = ~ 0.2 + 0,17 + 0,14 + 0,13 — 0,64; = + —
om nhom va uoeiong: 5 = 0,003 3 R U8 g+ 5+ 7 Ty X2t hITHOIE+0,18 =005 5+ 75

Téng khoang 0,5 + 0,58 + 0,64 + 0,21 ~ 1,93 (chinh xac la ~ 1,929), gan 2 nhat. Dap 4n (B).

~ 0,21.
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13.20 (D) 24
Xép cdc s8 theo sé du khi chia cho 7. Hai s6 c6 t6ng chia hét cho 7 khi sé du la (0, 0), (1,6), (2,5) hodc (3,4).

Xui nhit: 3y nhiéu nhat mét sé chia hét cho 7, va tir méi cdp s6 du {1,6},{2,5}, {3, 4} chi ldy mét loai. Trong 1-50: s& du' 1
c685s6(1,8,...,50), cdc s6 du khdc cé 7 s86. Chon dudc 1 + 8 + 7 + 7 = 23 s6 ma chua cé cdp nao.

Vi 24 s6 thi khéng tranh dugc (bdn “chuéng” {0}, {1,6},{2,5}, {3,4} chdfa nhiéu nht 1 4+ 8 + 7 + 7 s8 an toan). Pap an (D).
Quén cbng 1 thira 23.

13.21 (A) 4

Vé va quét: kéo mét dudng thing ding doc biéu @bé. TU 9:15 dén 9:30 cb bdn cubc hop A, B, C, H cung dién ra, nén can it
nhat 4 phong.

Bén phong la dd: phong 1: A, D, G; phong 2: B, E (B két thic 10:00 dung lic E b3t dau); phong 3: C, F; phong 4: H. Dap
an (A).

13.22 (A) n’ + 3n
Gia tri dic biét dé loai: n = 0 lam (B), (C), (D) bang 1 — (&, loai. n = 1 lam (E) bang 3 — &, loai.
Con (A): n? + 3n = n(n + 3), va n, n + 3 ludn khac tinh chin & nén mét trong hai s6 chdn — tich ludn chdn. Dép an (A).

Luu y: chi th&r n = 0 thi (E) vin qua; can thém gid tri th( hai.

13.23 (C) 7

Chén: chia 1-20 thanh 7 nhdém {1, 2, 3},{4, 5,6}, ...,{16,17,18}, {19, 20}. Hai s& trong cing nhém haon kém nhau 1 hodc 2,
nén méi nhdm cd nhiéu nhat mét sé dugc chon: t8i da 7 s6.

Xay dung: 1,4,7,10,13,16,19. Dap an (C).
Bay: 10 (4 8y céc s8 & — chi trdnh dudc hiéu 1, nhung 1 va 3 han kém nhau 2.

13.24 (B) 2
20 5-4 4
X 2 32
Nhém luy thira cho dé so: 3T =3 (ﬁ) .
2 . . ’
2—7 ~ 1,185; binh phuong ~ 1,40; binh phugng lan nita =~ 1,97. Gan 2 nhat. Dap an (B).

(Gid tri ding: 1048 576 /531 441 ~ 1,973.)

13.25 (A) 3

Ludn cé hai diém cach nhau khong qua 3 cm: tdm diém chia dudng tron thanh 8 cung, téng d6 dai 24 cm, nén cung ngén
nhat khdng qud 24 : 8 = 3 cm (l4p luén trung binh).

Khong thé nhé hon 3: ddt tdm diém cach déu thi hai diém bat ky cdch nhau it nhat 3 cm doc dudng tron.

Vay d = 3. Dap an (A).

13.26 (E) 32
i ngudc tir dich. Ghi vao mbi 6 téng l&n nhat cd thé di tir 6 dd téi E: gia tri 6 = sb trong & + gia tri l8n han gilta 6 bén phai
va 6 bén dudi. Tinh ti géc dudi phai ngudc lén:
32 | 30 | 29 | 14
29 | 23 |21 11
19 | 18 | 12 | 10
17 | 13 4 3
O S nhan 32, tng véi dudng2 — 1 — 8 — 9 — 2 — 7 — 3.Ddp 4n (E).
Bay: di tham lam (mé&i budc chon 6 ké l6n hon) cho2 —+ 6 — 2 — 9 — 2 — 7 — 3,t6ng 31.
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13.27 (C) 7

Xay dung trudc. Cat theo tiing hang chi dudc 2 + 2 + 1 + 1 = 6 manh, theo tiing cbt chi dugc 5 manh. Trén hai hudng thi tét
han: hai manh ngang & hang trén cung (bd 6 gdc trdi), mét manh ngang & ba 6 cudi hang th( hai, va b6n manh doc & bén cbt
dau cta ba hang dudi — téng 7 manh, con tréng 3 6 (hinh phai).

Chan bang t6 mau. Ddnh s6 hang r va cbt ¢ tir 0 (tlr géc trén trdi), réi ghi vao méi 6 s6 du cta r + ¢ khi chia cho 3; cdc 6 cling
s8 nam trén nhitng dudng chéo di xuéng vé bén trdi. Ba 6 lién tiép trong moét hang hay mét cot cd » + ¢ la ba s8 nguyén lién

ti€p, nén mdi manh che ding mét 6 méi loai 0,1, 2. DEm: loai 0 c6 9 6, loai 1 cb 8 6, loai 2 chi cd 7 6 (t6 héng, hinh trai). Méi

manh dung hét mét 6 loai 2, nén cé nhiéu nhat 7 manh.

Ddp an (C).

Bay: 8 4 chia dién tich 24 : 3 (t6 theo dudng chéo hudng kia, s6 du clia r — ¢, cling chi cho cn 8 vi ba loai déu cé 8 6); 6 va 5
L& chi c&t theo hang hodc chi theo cbt réi tin @4 (& t8t nhat; 9 (& 1Ay nham loai ddng nhat thay vi loai it nhat.

13.28 (B) 7

Trudng hgp xui nhat (6 hoc sinh chua d). Sdu hoc sinh chon sdu c8p ciu lac bd khac nhau: AB, AC, AD, BC, BD, CD. Hai
cap khac nhau khéng bao gi6 chifa nhau.

Chuéng La cac “chubi”. Chia 15 cich chon (tAp con khdac réng clia 4 ciu lac bd) thanh 6 chudi, trong méi chudi tap trudc ndm
trong tap sau:

{4} c{4,B} c{A4,B,C} c {4,B,C,D}; {B} C{B,C} C{B,C,D}; {C} c{C,D} C {4,C,D};
{D} c {A,D} c {4,B,D}; {A,C}; {B,D}.

V4i 7 hoc sinh, theo nguyén ly Dirichlet cé hai ban cé lua chon cling mét chudi — lua chon clia ban nay ndm trong lua chon
clia ban kia (hodc trung nhau). Dap an (B).

Bay: 16 la chuan bi cho trudng hap phai chon giéng hét nhau (15 céch chon +1); 6 la quén cbng 1.

13.29 (D) 24

Gia tri dic biét. Dé ndi P la diém bat ky, nén Ly P la tdm: sau tam gidc PAB, PBC, ... bang nhau, mdi tam gidc cé dién
tich 8, tdng ba tam gidc dudc t6 la 24.

Vi sao khong phu thudc P. Kéo dai ba canh AB, CD, EF: ching tao thanh mét tam gidc déu l8n chifa luc gidc. Goi s 1a
canh luc gidc va dy, d3, d3 la khoang céch tir P dén ba dutng thing dd; tng dién tich ba tam gidc la 5 (d1 + da + d3). Theo
tinh chat cta tam gidc déu (Chuang 11), di + ds + d3 bang chiéu cao clia tam gidc l8n — khéng d8i. Dap 4n (D).

Bay: 16 la mbt phan ba dién tich — ding cho hai tam gidc Ung véi hai canh déi dién (nhu PAB va PDE), khéng phai cho ba
tam giadc xen ké.

13.30 (B) 97
Bat bién. Cho mai chip & 6 k “gid tri” 2¥~1. M&t nudc di bo hai chip gid tri 251 va thém mét chip gid tri 2: tng gid tri khdng
d8i, ludn bang 100.

Trang thai cudi. Khi khong di dudc nita, mbi 6 cé nhiéu nhat 1 chip, nén 100 phai dudc viét thanh téng cdc luy thira khac
nhau clia 2: 100 = 64 + 32 + 4 — con dung 3 chip.

D3i géc nhin. Méi nudc di lam s6 chip gidm ding 1. Ti 100 chip xuéng 3 chip can 97 nudc, bat ké di theo thif tu nao. Ddp an
(B).

Bay: 99 4 tudng cudi cling chi con moét chip; 3 & s6 chip cudi, khéng phai s8 nudc.
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13.31 (D) 80

Bién tdng tich thanh téng binh phudng. Goi ddy la ai,...,a6va S = Y aiai1. Vi (a; — ai1)? = a? + a?,; — 2a;a:41, cOng
ndm dang thic: 28 = 2(12 422 4 -+ + 62) — a? — a2 — D = 182 — a? — aZ — D, véi D la t8ng binh phudng ndm hiéu lién ké.
Chén. Mudn S 6n thi a? + a2 + D phai nhé. Day di tir a; &n tdi 6 rdi xudng ag, nén téng ndm hiéu (tri tuyét déi) it nhat La

(6 —ay) + (6 — ag). Néu hai ddu (& 1 va 2: ndm hiéu nguyén dudng cé téng > 9, nén D > 2% + 22 422 + 22 + 12 = 17, va

a? +ai + D >1+4+ 17 = 22. Néu hai d4u khac {1,2}: hodc af + a2 > 17 va D > 5 (ndm hiéu déu > 1) — trlr khi hai dau
a {1, 3} hay {2,3}; véi {1, 3}: tng hiéu > 8, D > 14, dudc > 24; véi {2,3}: D > 11, dudc > 24. Vay luén a? + a + D > 22,
nén 2S5 <182 — 22 =160, .S < 80.

Xay dung. 1,3,5,6,4,2: 3+ 15 + 30 + 24 + 8 = 80. D4p 4n (D).

Bay: th&r tu tu nhién 1,2, ..., 6 chi cho 70; 82 la k&t qua khi x&p quanh vong tron (thém tich cha hai s8 & hai du).

13.32 (E) 16

Xay dung: chon 15,16, ..., 30 (16 s8). Téng hai s8 khdc nhau nhé nhat la 15 + 16 = 31 > 30, nén khéng sé nao la tdng cua
hai s8 khac.

Chén: goi m la s6 l8n nhat dugc chon. Ghép cécs6 1,...,m — 1 thanh cdp {a, m — a} véia < 3 (néu m chan thi F ding
riéng). Méi cdp chlta nhiéu nhat mét s6 dugc chon, vi néu chon ca a va m — a (khac nhau) thim = a + (m — a). Do dé s6
lugng dudc chon khdng qud LmT’IJ +(1 néum chzin) +1= L%J +1<16.

Dép 4n (E). Bay: 15 — L8y cdc s6 L& (t6ng hai s6 L& la s6 chan) la mot vi du dep nhung chua t6t nhéat.

13.33 (A) At least one of the differences is even.

Chéan Lé + Dirichlet. Gi3 s{f ca chin hiéu déu (é. Hiéu clia hai s6 ldng giéng & khi va chi khi hai s6 d6 khac tinh chan L&, nén s6
dlng ngay sau (theo chiéu kim déng hd) méi sé & phai la mbt s6 chdn. Ndm s6 & 1, 3,5, 7,9 cho ndm vi tri “dlng ngay sau”
khdc nhau, nhung chi cé bén s8 chdn 2,4, 6,8 — theo nguyén ly Dirichlet, cé hai s6 lé cung dlng ngay trudc mot s6 chan, vo
ly. VAy ludn cd it nhat mot hiéu chn: (A) dung.

Loai cac khang dinh con lai bang vi du. Xép theo thitu 1,2,3,...,9: cic hidu latdm s6 1 va 9 — 1 = 8 — chi mét hiéu chin,
khéng hiéu nao chia hét cho 3, khéng hiéu nao bang 2; loai (B), (C), (E). Xép 1,3,5,7,9,2,4,6,8: cdc hiéu la
2,2,2,2,7,2,2,2,7— khdng hiéu nao bang 1; loai (D). Dap 4n (A).

Bay: (E) — tUr “cd hai s6 & diing canh nhau” v6i suy ra chiing hon kém 2, trong khi cdp dé cé thé la 9 va 1 (hiéu 8); (B) —
tudng ndm s6 L& phai tao ra hai cdp 1&-1&; (C) — chép mdy mdc lap ludn chin L& sang s& du khi chia 3, nhung chin s& chia déu
cho ba loai du nén xé&p xen k& dudc; (D) — chi thir th( tu tu nhién, ngi cé rat nhiéu hiéu bang 1.

13.34 (E) 25

B&t bién chan é&: a + b va |a — b| cung tinh ch3n &, nén tinh chdn L& cla téng cac s6 trén bang khéng déi. Ban dau téng La 55
, 1&; vAy s6 cubi cung é.

Chan trén: hiéu cla hai s6 khéng 4m khéng vuot s6 ldn han, nén s6 L8n nhat trén bang khéng bao gid ting: sé cudi < 10, vy
la méttrong 1,3,5,7,9.

Moi s6 Lé k < 9 déu dat: trudc hét ghép 10 vdi 10 — k dé dudc k. TAm s6 con laila 1,...,9 bd di 10 — k; ghép chidng thanh
bén cdp s6 lién tiép (vidu k = 5: (1,2),(3,4),(6,7),(8,9)) dudc bén s6 1, r6i 1,1 — 0 hai lan va 0,0 — 0. Cubi cling k va 0
cho k.

Téng cdcgidtricd thé&: 1 +3 + 5+ 7+ 9 = 25. Dap 4n (E). Bay: 9 [a chi tim gid tri l8n nhat; 16 = 1 + 3 + 5 + 7 la bo sét gid
tri 9.

13.35 (C) 28
Chia theo khai. S6 nguyén l8n nhat cé binh phudng < n béng k ding khi k* < n < k? + 2k (vi (k + 1)* = k* + 2k + 1).

Trong kh&i d6, cac boi clia k a k2, k* + k, k? + 2k — ding 3 s6, véi moi k. Thif trudng hdp nhd: k = 2: cac s6 4, 6, 8 trong 4-
8 V.

V8ik =1,...,9 cic khéi nam tron trong 1-99: 9 - 3 = 27 s6. Khdi k = 10 chi con n = 100, chia hét cho 10: thém 1. Téng 28.
Pdp an (C).

Bay: 27 la quén n = 100; 30 (3 tinh khéi k = 10 du ba sé.
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13.36 (A) 3
1+41-8

5 = 3. Thirthém mét bd dé chac chan:

Gia tri dic biét: cic lva chon déu la hang s6, nénthlfa =1, b=1, c = —2

1+8—27
o ——

a=1,b=2 ¢c=-3ch =3.

Lydo:c= —(a+b)néna® + b+ =a® + b — (a+b)® = —3ab(a + b) = 3abc. Dap 4n (A).

Practice Test 1 — Full Practice Test 1

1(Q) 2 (A) 3 (E) 4 (B) 5(B) 6 (D)
7 (E) 8 () 9 (E) 10 (C) 11 (A) 12 (B)
13 (C) 14 (A) 15 (B) 16 (D) 17 (D) 18 (B)
19 (A) 20 (E) 21 (D) 22 (D) 23 (A) 24 (E)
25 (C)

1(C)3

Viét hai tich quanh s8 100: 99 x 101 = (100 — 1)(100 + 1) = 100? — 1 va 98 x 102 = (100 — 2)(100 +2) = 1002 — 4 (hang
d3ng thuc hiéu hai binh phusng — difference of squares).

Hiéu 13 (10000 — 1) — (10000 — 4) = 4 — 1 = 3. D4p 4n (C).

Thay 99 + 101 = 98 + 102 réi két luan hai tich bdng nhau s& chon nhdm 0: cling téng nhung hai thita s6 cang gan nhau thi

tich cang ldn. Quén phan —1 (coi 99 x 101 la 10000) sé ra 4; viét nhdm 98 x 102 = 10000 — 2 (quén binh phuong s6 2) sé ra
1; bd ddu trir trude s6 1 khi rdt gon, (10000 — 1) — (10000 — 4) thanh 1 + 4, séra 5.

2 (A) 128000

M&i ngay Minh di hai lugt (di hoc va vé nha), nén ca thang & 2 - 22 = 44 ludt, t6n 44 - 7000 = 308 000 déng néu mua vé &.
Mua vé thang tiét kiém 308 000 — 180000 = 128 000 ddng. Dép 4n (A).

Quén trir gid vé thdng sé& chon 308 000; cong thay vi tris ra 488 000; ldy ca thang 30 ngay thay vi 22 ngay di hoc ra 60 - 7000 —
180 000 = 240 000; chi tinh chiéu di réi diing & tién vé 1& 22 - 7000 ra 154 000.

3 (E) 54

N&i tAm luc gidc vdi sdu dinh: luc gidc déu canh 3 gém 6 tam gidc déu canh 3.

M6t tam gidc déu canh 3 chia dudc thanh 32 = 9 tam gidc déu canh 1 (cic hang c¢d 1, 3, 5 tam gidc nhd). VAy ¢ 6 - 9 = 54 tam
giac nho. Bap an (E).

Khi canh g4p 3 thi dién tich g&p 3% = 9, kh6ng phai gdp 3: nghi “gdp 3" sé ra 6 - 3 = 18. Chi dém mét tam gidc canh 3 sé ra 9.

AL

Chi @&m tam gidc nho “dinh hudng &n” (méi tam gidc canh 3 ¢ 1 + 2 + 3 = 6 cdi) ra 36; trong ca luc gidc, s6 tam gidc hudng
én bang s8 tam gidc hudng xudng, nén quén hdn mét chiéu ra 27.

4 (B) 8

Doc biéu dé: thang 1-3 Lan doc 4 + 6 + 5 = 15 cudn. Nhiéu haon 20% nghia (4 15 - 1,2 = 18 cubn trong thdng 4-6.

Thdng 4 va thdng 5 da cé 7 + 3 = 10 cuén, nén thang 6 14 18 — 10 = 8 cuén. Dap 4n (B).

Quén trir hai thang 4, 5 s& chon 18; quén phan “nhiéu hon 20%” (cho hai quy bdng nhau) sé ra 15 — 10 = 5; hiéu “20% nhiéu
hon” thanh “nhiéu hon 20 cudn” sé ra 35 — 10 = 25; quén ca 20% Lan viéc trir hai thang ra 15.

5 (B) 4
36 = 4 -9 vdi 4 va 9 nguyén t8 cling nhau, nén s8 phai chia hét cho ca 4 va 9.

Chia hét cho 4: hai chif s6 cudi 2b chia hét cho 4, tic b € {0, 4, 8} (20, 24, 28). Chia hét cho 9:t8ng chifs6 7 +a +2 + b =
9+ a + bchiahétcho 9, tdca + bla 0,9 hodc 18.

b=0:a=0hodca=9(7020,7920);b=4:a=>5 (7524); b= 8:a = 1 (7128). C4 4 s6. Dap 4n (B).
Quén ring a dudc béng O (bd 7020) sé ra 3; chi ddi b chdn thay vi 2b chia hét cho 4 s& thém 7722 va 7326, ra 6; bd han diéu
kién chia hét cho 4 thi d&m ra 12; bd diéu kién chia hét cho 9 (chi xét chia hét cho 4) thia tuy y, ra 3 - 10 = 30.
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6 (D)5

Dién tich can son mét 18p: 4,5 -2,4 — 0,9 -2 = 10,8 — 1,8 = 9 m2. Hai lép 15 18 m2.

18 : 4 = 4,5 hop; khong mua dugc nlra hdp nén phai mua 5 hop. Bap an (D).

Lam tron xuéng thanh 4 hép la thiéu son; quén trif clra ra 21,6 : 4 = 5,4, tlic 6 hdp; quén L8p th haicho 9 : 4 = 2,25, tic 3

hép (hodc 2 néu con lam tron xudng).

7 (E) 300

Khéng can tim riéng titing qua: cdng hai l4n can. 5 qua tdo va 5 qua & ndng 760 + 740 = 1500 g, nén Mot tdo va mét & ndng
1500 : 5 = 300 g. Bap an (E).

(Trir hai l4n c&n cho thay tdo ndng han L& 20 g, nén tdo 160 g, 1& 140 g — d4 la céc ddp &n nhiéu cho ngudi tra l8i nham ciu
héi. Chia 1500 cho 10 qua ra 150 la khdi lugng trung binh cla mét qua, chua phai mét tdo cong mét &)

8(C)1
Trong tam gidc can, dudng cao xubng ddy ciing la trung tuyén, chia tam gidc thanh hai tam gidc vudng.

AABC: nlta ddy 3, canh huyén 5, nén chiéu cao /25 — 9 = 4 va dién tich % -6-4=12. ADEF: nla ddy 4, chiéu cao
V25 =16 = 3, diéntich § - 8-3 = 12.

Hai dién tich bang nhau, ti s8 la 1. Ddp an (C). (Ca hai déu ghép tlr hai tam gidc vudng 3-4-5, chi ghép theo hai cdch khac
nhau.)

L&y ti s8 hai ddy g (& quén rang chiéu cao cling thay d6i; binh phuong ti s8 dé ra % (& 4p dung nhdm quy tic hinh déng dang
cho hai tam gidc khéng déng dang; chi so hai chiéu cao ra %, binh phuang ti s6 chiéu cao dé ra %.

1
9 (E) ;
Mbt khéi 2 x 2 dudc xac dinh bdi 6 géc trén-trai cla nd; 6 nay ndm trong 4 cot dau va 4 hang dau, nén cé 4 - 4 = 16 khai.
O chinh gitra (hang 3, cbt 3) ndm trong khdi khi va chi khi 6 gdc trén-trdi 8 hang 2 hodc 3 va c6t 2 hodic 3: 2 - 2 = 4 khéi. Xac
sudtla . = ;. Dap an (E).
Bay: chia cho 25 6 (thay vi 16 khdi) sé ra 24—5; tinh xdc suit chon tring 6 gitta trong 25 6 (a tra &i mdt cau hdi khac (2i5); dém vi

L

tri khéi theo 6 x 6 diém (udi thay vi4 x 4 6 gécra % = %; chi nhén khéi c6 6 gilfa lam 6 gdc trén-trdi ra 15

10 (C) 165

Ruy b&ng gém hai vong kin va cdi nd. Vong thi nhat chay doc chiéu dai: qua mat trén (30), xudng mat bén (10), qua mat ddy (
30), lén m3t bén d8i dién (10), dai 2 - 30 + 2 - 10 = 80 cm. Vong thit hai chay theo chiéu réng: 2 - 20 + 2 - 10 = 60 cm.

Cong ca na: 80 + 60 + 25 = 165 cm. Dap an (C). (Mbi chiéu dai va chiéu réng dugc pha 2 &n, chiéu cao dudc phd 4 1an.)
Quén cdi ng ra 140. Chi tinh chiéu cao 2 lan, ki€u 2(30 + 20 + 10) + 25, ra 145. Tudng mot vong chay ngang quanh b&n mat
bén (2 - 30 + 2 - 20 = 100) r6i cdng vong theo chiéu réng (60) ra 185, hodc cdng vong theo chiéu dai (80) ra 205.

11 (A) 23
3% = 243 va 5% = 125, nén 3° + 5° = 368.

Chia lién tiép cho 2: 368 = 2-184 = 4-92 = 8- 46 = 16 - 23, va 23 4 s6 nguyén t6. Vay 368 = 2% . 23; thira s6 nguyén 6 (8n
nhat 14 23. Ddp 4n (A).

Cdc ddp 4n nhiéu déu a chd ditng chia qud sém: 368 = 2 - 184 = 4 - 92 = 8 - 46, nhung 184, 92, 46 déu chdn nén chua phai s8
nguyén t8; chon chinh 368 L& quén phan tich.

12 (B) 42

Dién tich hinh chlr nhat la 120, nén [ADE| = 24. Tam gidc ADE vudng tai D: % -AD-DE = % -8-DE =24,suyraDE =6
vaCE =15—-6=0.

Theo dinh ly Pythagoras, AE = /82 + 62 = 10. Chuvi ABCE la 15+ 8 + 9 + 10 = 42. Bap 4n (B).

L4y nhAdm AE = AD = 8 sé ra 40; dung ca canh CD = 15 thay cho CE ra 48; chu vi hinh chit nh4t ABCD |3 46 (cling ra 46
néu tinh nhdm AE = 8 4 6 = 14 thay vi dung Pythagoras); cdbng moi doan thdng trong hinh (cad AD va DE) ra 56.
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1
13 (C) -
() 5
Cé 4 -4 = 16 két qua dbng kha ndng. S6 nguyén t6 cd hai chil s6 (trlr 2 va 5) phai tAn clng bang chil s8 (&, nén chi s6 hang
don vila 1, 3 hodc 7; con lai xét ting s6.
don vi cac s6 nguyén té
1 11,21,31,71 | 11,31,71
3 13,23,33,73 | 13,23,73
7 17,27,37,77 17,37

C4 8 s6 nguyén té, x4c sudt & = 3. Dap an (C).
Quén rang hai lan quay cé thé ra cing moét s6 (b6 sét 11) séra % Tudng s6 tin cling bang 1 khéng thé nguyén t6 (vi 1

khéng phai s8 nguyén té) ra % Chi loai boi cla 3 (21, 27,33) maquén 77 =7-11ra 1—96; coi moi s6 tdn cling 1, 3, 7 déu

nguyén té ra % = %.

14 (A) 245000

M&i ban gdp thém 3 000 dbng thi ca &p chuyén tir thi€u 20 000 sang thifa 25 000, tdc thu thém 45 000 déng. Vay l8p cdb
45000 : 3000 = 15 hoc sinh.

Gid mén qua: 15 - 15000 + 20 000 = 245 000 déng (kiém tra: 15 - 18 000 — 25 000 = 245 000). Dép an (A).

Ly 15 - 18 000 = 270 000 réi quén trir phan thira sé chon nhdm 270 000; cdng thay vi trif phan thira ra 295 000; cong phan
thiéu vao 270000 ra 290 000; ldy nham sé tién thifa lam s6 tién thiéu, 15 - 15000 + 25 000, ra 250 000.

15 (B) 1

Xét s6 du khi chia cho 3. Néu p # 3 thi p chia 3 du 1 hodc 2, nén p? chia 3du 1 (vi 12 = 1, 22 = 4). Khi d4 p? + 14 chia 3 du
1+ 14 = 15, tc chia hét cho 3 — va nd l8n hon 3, nén khéng phai s8 nguyén té.

Chiconp = 3:9 + 14 = 23 (3 s6 nguyén t8. Vay cd ding 1 s8 p. Bdp an (B).

Thirvai s6 nhd (p = 2: 18; p = 5: 39; p = 7: 63) rdi két luan “khéng cd” sé chon nhadm 0 — phai thir cd p = 3, chinh la trudng
hop ma Lap luan chia hét cho 3 khéng 4p dung. Tudng 5% + 14 = 39 & s6 nguyén t8 (that ra 39 = 3 - 13) s& dém ra 2; doan
“vb s8” vi b vb s6 s6 nguyén t8 la bd qua phép thir chia hét cho 3.

16 (D) 37
TU mot diém bén ngoai, ta thay nhiéu nhat ba mit cla khéi ldn (ba mat chung mét dinh). Céc khdi nhé khéng nhin thay L&
nhitng khéi khdng cham vao ba m&t d4: chiing tao thanh mét khéi 3 x 3 x 3, gém 27 khéi.

VAy s6 kh6i nhin thay nhiéu nhat 13 64 — 27 = 37. Dap 4n (D).

Kiém tra bang bao ham-loai trir (inclusion—exclusion): 3-16 — 3 -4 + 1 = 37. Cdng 3 - 16 = 48 la dém 3p cdc khdi trén canh;
trir cdc canh ma quén cong lai khéi & gdc ra 36; 27 a s6 khéi bi che; 16 & chi nhin mét mat.

9
17 (D) o
Ma&i quan la mét cdp khéng thi'tu alb véi 0 < a < b < 6. Liét ké theo s6 nhd hon a céc quan cé téng it nhat 8:
a=2:2(6;a = 3:3/5,3|6;a = 4:4/4, 4/5,4/6; a = 5: 55, 5(6; @ = 6: 6/6. C6 9 quan, nén xac suét la 5. Dap an (D).
Dém cdp cdthltutrén 7.7 = 49 kha néng ra i—g — nhung cdc quan d6i khdng dugc chon nhiéu han quan thudng, nén mé
hinh 49 cdp déu nhau la sai. B6 quén cdc quan dbi (chi con 21 quén, 6 quan tét) ra % Hiéu “it nhat 8” thanh “lén hon 8" ra

6 5

8 _ 3 74 i e xS 1— 15 _ 5
28 = i4- TInh nhu hai con xdc xac 1-6 ra 55 = 3.
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18 (B) 8
Ldc d4u ¢ 0,25 - 40 = 10 Lit nudc qud; Lic sau can 0,4 - 40 = 16 Lit.

Rut ra z lit @6 udng thi mat 0,25z lit nudc qua, réi d6 vao z Llit nudc qua nguyén chat: luong nudc qua tdng = — 0,25z = 0,75x.
0,752z = 16 — 10 = 6, nén = = 8. Dap an (B).

Bay: quén rang phan rit ra cling mang theo nudc qua, viét 10 + x = 16, sé ra 6; tudng chi d6 thém nudc qua ma khéng rut (
10 +y = 0,4(40 + y)) sé ra 10; viét nham 0,25z = 6 (chi d€ y phan nudc qua bj rdt) ra 24; 16 La lugng nudc qua ldc sau,
khong phai lugng rut ra.

19 (A) 6

Hai dudng tron tiép xuc ngoai thi khodng cdch hai tAm bang t8ng hai ban kinh (tiép diém nam trén doan n6i tAm).
Bacanhtamgidctdm 31 +2=3,14+3 =4,2+ 3 = 5. Vi 32 4 42 = 52, tam gidc vudng vdi hai canh gdc vudng 3 va 4, dién
tich 4 -3-4 = 6.Ddp 4n (A).

Quén hé s6 5 ra 12; ldy nham canh huyén 5 lam canh géc vudng ra % -3-5="17,5hodc % -4 .5 = 10; cbng dudng kinh thay vi
ban kinh (canh 6, 8, 10) ra 24.

20 (E) 256

Gidm cling mét phan trdm méi thdng nghia (& méi thdng gid dudc nhan véi cuing mét sé r (khdng phai trir cing mot lugng).
Sau hai thdng: 62572 = 400, nén r2 = % r= ‘—5‘ (m&i thdng gidm 20%).

Sau b8n thang: 6257* = 400 - ;—g = 256 nghin déng. Bdp an (E). (Hai thang sau lai nhan vdi % nhu hai thang dau.)

Bay chinh: trir déu 225 nghin méi hai thidng sé ra 400 — 225 = 175 (cdng phan trdm, “hai thdng gidm 36% thi b6n thdng giam
72%", cling ra 175). Céng phan trdm theo thdng, “bdn lan 20% (& 80%", ra 625 - 0,2 = 125. 144 & mUc gidm cla hai thang
sau va 225 la muc gidm cla hai thdng dau, khong phai gid.

21 (D) 11
L&y di mdt nlfa lam tron &n thi s8 con lai L& mot nira lam tron xudng. Theo ddi chdng xu:

2026 — 1013 — 506 — 2563 — 126 - 63 -+31 =-15—-7—-3 =1 — 0.

C4 11 miii tén, nén sau 11 phit chéng xu hét lan dau. Dap 4n (D).

Nhin cach khac: méi phut chi “xo0d chilf s6 cudi” trong cach viét nhi phan clia s6 xu; vi 21° = 1024 < 2026 < 2048 = 2!, s
2026 b 11 chif s8 nhi phan, nén can 11 phut. Lay 210 r6i trd 18i 10 (3 léch mdt budc — tir 1024 xu van can 11 &n chia dbi
mdi vé 0 (dirng lai khi con 1 xu cling ra 10).

DEm cd 12 s6 trong day (tinh ca s6 2026 ban dau) ra 12; lam tron xuéng thay vi lén rdi L3y ndt déng xu cudi cling ra 12. D&ém
s8 lAn chéng xu & (phai lam tron) ra 8. Hiéu “m6t nlra” & mot nlfa clia 2026 xu ban dau thi 2 phit 14 hét.

50
22 (D) 25v/3 + Tﬁ

Dat M = (5,0) trén canh day. Khéng cb hang rao thi con dé vdi tdi nra hinh tron tdm M ban kinh 10 (phia trong rudéng). Dinh

cao nhat cha nlra hinh tron La (5, 10), vita cham canh trén, nén chi hai canh bén cat bét vung nay.

Cung tron gdp canh trdi tai P véi M P = 10 va khodng céch ngang tif M 13 5, nén P cao /100 — 25 = 54/3. Tam gidc vudng

cé canh huyén 10 va mét canh gdc vubng 5 la nifa tam gidc déu, nén ZPM A = 60° (A la gbc trdi dudi). Tusng tu & bén phai

tai diém Q.

Vung vdi téi gébm hai tam gidc vudng (mdi cai dién tich % 553 = %) va hinh quat PMQ cé géc 180° — 60° — 60° = 60°,
A et 60 2 _ 50

dién tich = - m - 10% = =~.

Téng: 25v/3 + 202 ~ 95,7 m2. Dép 4n (D).

Quén hang rao ra ca nta hinh tron 507 ~ 157 — l&n han cd manh ruéng 100 m2, phai loai ngay. Chi tinh hinh quat ra 507”, chi

tinh hai tam gidc ra 25v/3; quén mét trong hai tam giac ra —252‘/5 + Bz
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23 (A) 1

DéEm trdn diu. Méi tran loai ding mbt ngudi, nén 8 ngudi can ddng 7 tran. Cé (S) = 28 c8p ngudi chdi, va mébi trin la mot
cap.

Moi ngudi déu ngang suc va dudc xép chd ngau nhién, nén moi cdp cb cling xac suat gdp nhau, goi la p. S6 tran trung binh la
28p, nhung s6 tran lubn bang 7, nén 28p = 7, p = %1. Dép an (A).

Kiém tra theo tithg vong: gdp & vong 1 véi xac suat %; 3 ban két cAn Minh ndm cling nlfa nhanh 4 ngudi nhung khac cap (%)
va c hai thdng trén dau (3): &j; 8 chung két: 2 - & = L. Téng #25 = 1.

Quén rdng c3 hai ngudi phai thang (chi nhan mét thira s6 § méi vong) sé ra 1 + 1 + + = 2; quén han diéu kién thing thi céng
ra % + % + ‘—; = 1; quén rdng mudn vao chung k&t méi ngudi phai thang hai tran (dung % thay cho 11—6) ra % + 11—4 + % = %. Tinh
theo Lan: trung binh Lan du 1 + % + 711 = % tran, méi trdn gdp Minh vdi xac suat % ra %; céng thém sé tran cta Minh 1 dém
méi tran Lan-Minh hai lan, ra 3.

24 (E) 13

Mét hinh vuéng cd hai dinh P, Q cho trudc thi hodc PQ |4 canh (2 hinh vudng, méi phia mét hinh), hodc PQ la dusng chéo
(@ing 1 hinh vubdng). Xét 6 cdp diém trong A, B, C, D.

Bén cip la canh (nhu AB): nhan AB lam canh cé chinh ABC D va hinh vuéng L4t ra ngoai (nét dut); nhan AB lam dudng
chéo cé mét hinh vudng nhd. Méi canh cho 2 hinh vubng méi: 4 - 2 = 8.

Hai cap la dudng chéo (AC, BD): nhan AC lam dudng chéo chi c6 ABCD; nhan AC lam canh c6 2 hinh vudng ldn mdi.
Téng2-2 = 4.

Céc hinh vudng mdi déu khac nhau (mdi hinh chi chita ding hai trong b8n diém), nén téng cong 1 + 8 + 4 = 13. Ddp 4n (E).

Quén cac hinh vudng dung trén hai dusng chéora 1 + 8 = 9 (quén cac hinh vudng nhd nhan canh lam dudng chéo ciing ra
9); médi dudng chéo chi dung mét hinh vuéng thay vi hai ra 11; quén dém chinh ABC'D ra 12; chi nghi téi hinh vuéng nhan
canh cta ABCD lamcanhral+4 = 5.

25 (C) 144

Goi a, |a s8 cach viét n thanh t6ng cé thr tu clia cac s6 L& dusng. Tinh tay vai gid triia; = 1l,as =1 (1 +1),a3 =2 (3; 1 +
1+1),as4=3(1+3;3+1,1+1+1+1)—ggiy day Fibonacci.

Vi sao: xét s6 hang cudi. Néu né L& 1, bd né di dugc mot céch viet n — 1. Néu nd > 3, trlr né di 2 (van L&, van dudng) dudc mot
cach viét n — 2. C3 hai phép bién déi déu ddo ngudc dugc, nén a,, = a,,_1 + a,_s.

Day: 1,1,2,3,5,8,13, 21, 34, 55, 89, 144, nén a,, = 144. D4p 4n (C).

Lé&ch chi s6 s& chon nhdm 89 = a11 hodc 233 = aj3; bd diéu kién “l&” th moi cdch viét cé thir tu (a 211 = 2048; khéng phan
biét thif tu (chi d&m tap cac s hang) thi chi cd 15 cich.

Practice Test 2 — Full Practice Test 2

1(Q 2 (E) 3(A) 4 (B) 5(B) 6 (B)
7 D) 8 (A) 9 (Q) 10 (E) 11 (D) 12 (C)
13 (C) 14 (A) 15 (A) 16 (A) 17 (B) 18 (E)
19 (D) 20 (F) 21 (D) 22 (D) 23 (E) 24 (B)
25 (C)

5
1(Q) 5

e x xis us C n aix . 1 1 1
Moi mau so la tich haiso liéentiép:2=1-2,6=2-3,12=3-4,20=4-5,30=5-6,va —— = — — ——.
nn+1) n n+1

Téng bing (1 — %) + (% - %)

+

5 , A . .
-+ (% - %) =1- % = i cac sb hang & gilfa triét tiéu nhau (telescoping). Dap an (C).
Bay: cdng t vdi t&, mau véi mau ra 75—0 = 11—4; viét téng thanh 1 — % (l&dy mau sb cudi) ra %; d&m léch m6t s6 hangral — % =
fhojcl1—1=24
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2 (E) 176

Dém sb khoang (ddt cau thang) chit khéng dém sé tang: tirtdng 2 1éntAng 9 18 9 — 2 = 7 dot, tirtdng 9 xubng tdng 518 9 —
5 = 4 dot.

Téng 7 + 4 = 11 ddt, mbi dgt 16 bac: 11 x 16 = 176 bac. Pdp an (E).

Bay “tréng cdy” (fencepost): dém téng 2, 3, ..., 9 la 8 tAng réi nhan 16 ra 128; chi tinh lugt lén ra 112; chi tinh lugt xudng ra 64;
chi tinh d6 chénh gitra tdng cudi va tdng dau (5 — 2 = 3 dat) ra 48.

4
3 (A) 9
L&y hinh vudng 6 x 6 (dién tich 36) trir ba tam gidc vudng 8 géc ndm ngoai tam gidc to:
tam giac dudi-trai c6 hai canh géc vudng 6 va 2: dién tich 6; tam gidc bén phai cé hai canh 2 va 6: dién tich 6; tam giac trén—
trai ¢ hai canh 4 va 4: dién tich 8.
Phén té: 36 — 6 — 6 — 8 = 16, chiém g = g Dép 4n (A).
Bay: quén tam gidc 4 x 4 ra 2 = 2; dling cbng thic day giay ma quén chia dbi ra 22 = 8; trd (6i phan khong t6 ra 3; tin réng
“tam gidc cd ba dinh trén canh hinh vudng ludn chiém mét nita” ra % (chi ding khi mét canh tam gidc trung canh hinh vudng).
4 (B) 45
Gom thanh tiing “b6” gdbm mét t& méi loai: mbi bb tri gid 1000 + 2000 + 5000 = 8000 dbdng.
S6 bd: 120000 : 8000 = 15. M&i bd cb 3 t8 nén tng cong 15 x 3 = 45 t8. Dap an (B).

Bay: dung & 15 (d6 a s8 t8 mdi loai); hi€u nham “s6 tién mbi loai bdng nhau” (40 000 d6ng méi loai: 40 + 20 + 8 tJ) ra 68; coi
t8 2000 d6ng la “ménh gid trung binh” (120 000 : 2000) ra 60; chia cho ménh gid nhd nhat ra 120.

5(B)6
45 = 5 x 9 (nguyén t6 cling nhau): s8 phai chia hét cho 5 va cho 9.

Chia hét cho 5 ma khéng cé chif s6 0 = chif s6 hang don vi la 5. S6 cé dang abb vdéi tdng chif s6 a + b + 5 chia hét cho 9, tic
a+b=4hoaca+b=13.

e a+ b =4, céc chli s6 khac nhau, khac 0 va khdc 5: (1, 3), (3,1) — 135,315 (loai 225 vi l8p chif s8).
eatb=13:(4,9),(9,4),(6,7),(7,6) — 495,945, 675, 765 (loai 585, 855 vi Lp chif s& 5).
Téng cdng 6 s6. Dép an (B).

Bay: quén diéu kién “khac nhau” ra 9; quén diéu kién “khac 0” ra 15; d&m moi bdi ba chil s& cla 45 ra 20; chi xét tdng chir s6
bang 9 ra 2.

6 (B) 81

Pudng kinh trong cla méi vong 13 5 — 2 x 0.5 = 4 cm. Khi kéo cng, mép trong cula hai vong lién nhau ti vao nhau, nén méi
vong thém vao chi lam chudi dai thém 4 cm (hai vong lién nhau chéng lén nhau ding 2 x 0.5 = 1 cm).

Vong dau dai 5 cm, 19 vong sau mbi vong thém 4 cm: 5 + 19 x 4 = 81 cm. (Hodc 20 x 5 — 19 x 1 = 81.) Ddp an (B).

Bay: khdng trir phan chéng ra 100; chi trir mot Lan ra 99; trir 0.5 cm cho méi chd mdc ra 90.5; 4y 20 lAn dudng kinh trong ra 80
— guén hai mép ngoai clia hai vong d4u, cudi.

7 (D) 102
Trong 10 quyén, cdc quyén thir 3, 6,9 dudc gidm nifa gid — chi cé 3 quyén (quyén thi 10 chua di mét nhém ba).
SGtién: 10 x 12 — 3 x 6 = 120 — 18 = 102 nghin déng. Dép &n (D).

Bay: lam tron [én 4 quyén giam gid ra 96; tinh “trung binh 10 nghin mét quyén” cho ca 10 quyén ra 100; chi tinh ba nhém 30
nghin ma quén quyén th 10 ra 90; chi gidm mo6t lan ra 114.

Chinh phuc AMC 8 — 313 — ©) 0332 747 169 - 0983 422 692 - luyenthig020.com



8920 8020 AMC 8 Mastery

uuu

8 (A) 14

Goi n la s6 thanh vién Wic dau. Téng tudi trudc: 30m; sau khi thém ngudi 60 tudi: 30n + 60 = 32(n + 1).

Suy ra 30n + 60 = 32n + 32, nén 2n = 28, n = 14. Dap an (A).

Cdch nghi nhanh: ngudi mdi hon trung binh mdi 60 — 32 = 28 tudi; phan du dé dugc “chia” d& ndng mdi ngudi cii thém 2 tudi,
nén co 28 : 2 = 14 ngudi cli.

Bay: L8y 60 — 30 = 30 r6i chia 2 ra 15 — d4 la s6 thanh vién sau khi cé ngudi mdi, chua trir 1; diing 8 2n = 28; viét 30n +
60 = 32n (quén ngudi mdi & vé phai) ra 30; chia ca 60 tudi cia ngudi mdi cho muc tdng 2 (60 : 2 = 30 ngudi, bdt ngudi mdi
con 29) — quén rang 32 tudi trong s6 d6 la phan cla chinh ngudi mdi.

9 (C) 80

Dém s8 canh hinh vudng nhé ndm trén chu vi: hinh chif L ¢é 12 canh nhu vy (bang chu vi hinh vuéng 3 x 3 bao quanh né, vi
“bac thang” chi d8i chd céc canh).

Canh méi hinh vubng nhd: 48 : 12 = 4. Dién tich: 5 x 42 = 80. Dap 4n (C).

Bay: L8y 5 x 4 = 20 canh (tinh ca canh chung bén trong) ra canh 2.4, dién tich 28.8; @&m thiéu con 10 canh ra 115.2; tudng
hinh la hinh vudng c6 chu vi 48 (canh 12) ra 144; quén binh phuang (5 x 4) ra 20.

10 (E) 72
Chuyén 6 vién tir A sang B lam hai hép bang nhau, nén lic ddu A nhiéu hon B ding 12 vién (khéng phai 6).

Né&u chuyén 6 vién tif B sang A: hiéu thanh 12 4+ 12 = 24, va lic dé A gap d6i B, tlc B con 24 vién. Vay lic dadu B = 30,
A = 42,t6ng 72. Dap 4n (E).

Bay: tudng A hon B ding 6 vién dan téi B = 24, A = 30, t6ng 54; & lan chuyén th hai chi céng 6 vao A ma quén trr 6 6 B (
b+ 18 = 2b)ra B = 18, A = 30, t6ng 48; tra |8i s6 bi ciia mét hdp (30 hodc 42).

11 (D) 414
DEm theo s6 chil s6; mbi chit s6 dugc chon trong 1-9 (9 cach).

e MOt chit s6: 9 s6. e Hai chits6: 9 x 9 = 81 s6. e Ba chil s6 khdng vudt qua 500: chif s6 hang tram (4 1, 2, 3,4 (s6 500 cé chi
s8 0 nén bi loai; hang trdm 5 thi cdc s6 501 trd di da vuct 500), hai chit s6 sau méi chit s8 9 cach: 4 x 81 = 324 sé.

Téng: 9 + 81 + 324 = 414. Dap an (D).

Bay: chi bo cac s8 tan cling bang 0 (500 — 50) ra 450 — quén cdc s6 nhu 105, 207; chi d&m cdc s6 ba chit s6 ra 324; quén cic
s8 mdt chit s6 ra 81 + 324 = 405; tra (3i s6 cac s6 khéng g dudc ra 86.

12 (C) 17
M&i lan gap dbi, s6 l8p day gap doi: 2 — 4 — 8 L8p. Mbi vét cat di qua ca 8 I8p, nén c3t sci day tai 8 diém khac nhau.

Hai vét cdt cho 2 x 8 = 16 diém cat trén sgi ddy ban dau. Cat moét doan day tai 16 diém thi dudc 16 + 1 = 17 mau (nhu trong
cay: s6 khodng nhiéu hon s6 diém cat mot). Pap an (C).

Bay: quén +1 ra 16; tudng gap ba lan chi tao 6 [8p (mbi lAn thém 2 18p) ra 2 x 6 + 1 = 13; tinh ding moét vét cdtcho 8 + 1 =
9 m&u r6i nhan dbi cho hai vét c3t ra 18; coi 8 I8p la 8 sdi day rdi, mbi sai bi hai vét cit chia thanh 3 mau, ra 24 — quén rang
cac l8p ndi véi nhau & chd gap.

13 (C) 6

D3t AE = CF = z,khidé DE = DF = 10 — z. Ly hinh vudng trif ba tam gidc vuébng quanh ABEF:
[ABE] = 1 -10 -z = 5z, [CBF] = 5z, [DEF] = 3(10 — z)*. Do d¢

[BEF] =100 — 10z — 1(100 — 20z + z?) = 50 — a2.

Cdc s6 hang bac nhat triét tiéu nhau: 50 — §22 = 32 cho z? = 36, z = 6. Ddp 4n (C).

Bay: quén tam gidc DEF (100 — 10z = 32) ra 6.8; khai trién sai (10 — z)? = 100 — 22 dan tdi 22 — 20z + 36 = 0, ra z = 2
(hodc 18); giadi dung nhung trad i DE = 10 — 6 = 4.
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14 (A) 162

Tim zy trude: (z + y)? = 22 + 2zy + y? nén 36 = 30 + 2xy, suy ra zy = 3.

Hang ddng thic z° + y° = (z + y)® — 3zy(z +y) = 216 —3-3 -6 = 216 — 54 = 162. (Hodc z° + ¢* = (z + y)(2®> — zy +
y?) =6 (30 — 3) = 162.) Dap 4n (A).

Bay: viét z° + 3 = (z + y)® ra 216; dung (z + y)(z* + y*) Ma quén trif zy ra 180; quén nhan (z + y) & s6 hang 3zy(z + y)
ra 216 — 9 = 207; sai ddu ra 216 + 54 = 270.

15 (A) 6

Chan dudi. Hinh nhin trudc cho biét ba cot doc cla Wudi (theo hudng nhin) cd cbt cao nhat lan luct La 3, 1, 2. Ba cbt cao nhat
dd nam & ba cbt doc khdc nhau cla Wdi, nén khéi cé it nhat 3 + 1 + 2 = 6 khéi lap phuong.

Pat dugc 6. Hinh nhin bén doi ba hang cla Wdi cé cbt cao nhét la 2, 3, 1 — cling chinh la ba s6 3,1, 2. Vay ddt ding ba cbt:
c6t cao 3 & (c6t doc cao 3, hang cao 3), cét cao 1 & (cdt doc cao 1, hang cao 1), cbt cao 2 & (cbt doc cao 2, hang cao 2); sau 6
con lai @& tréng. C& hai hinh nhin déu dung. Dap an (A).

Bay: tinh s& kh6i nhiéu nhat (mdi & cao bang s6 nhé hon trong hai gidi han: 6 + 3 + 5) ra 14; cdng hai hinh nhinra 6 + 6 = 12;
cho méi c6t doc day dl ba 6 cling chiéu cao (3 x (3 + 1 + 2)) ra 18; lap day khéi 3 x 3 x 3ra 27.

16 (A) 36

DEm s6 cdp nhay theo hai cdch (double counting): d@ém tif phia cdc ban nam dudc 3b; dém tir phia cic ban nit dudc 2g. Hai
cadch dé€m cling mét tap nén 3b = 2g.

VGib+ g =30:3b =2(30 —b) = 5b =60 = b =12, g = 18. 56 cdp: 3 x 12 = 36. Dap an (A).

Bay: cong 3b + 2g = 72 (mbi cdp bi d&m hai l4n); coi moi ban déu nhay 3 lan (30 x 3 = 90, hodc chia dbi ra 45); coi moi ban
déu nhay 2 lan ra 60.

17 (B) 3

Anh ctia tam gidc qua dudng = = 3 c6 cac dinh (5,1), (1,1), (5,4): cing canh ddy tif (1,1) dén (5, 1), nhung géc vudng ndm &
bén phai.

Phan chung la tam gidc c6 day la doan tir (1,1) dén (5, 1) (dai 4) va dinh La giao diém hai canh huyén. Do dé&i xiing, giao diém
ndm trén z = 3. Canh huyén ban dau di tir (1,4) xudng (5, 1): méi khi z tdng 1 thi y giam %, néntaic =3cdy=4— % = 2.5.
Chiéu cao phan chung: 2.5 — 1 = 1.5. Dién tich: % -4-1.5=3.Ddp an (B).

Bay: do chiéu cao tlr truc z (2.5 thay vi 1.5) ra 5; chi tinh mét nlta phan chung (bén tradi = 3) ra 1.5; tra L3i dién tich tam gidc (
6) hay dién tich phan hgp (6 +6 — 3 = 9).

18 (E) 16

Néu s8 hai chit s6 (& ab thi s6 sdu chil s& (& ababab = ab x 10000 + ab x 100 + ab = ab x 10101.

Vay moi s6 nhu thé déu chia hét cho 10101; ngudc lai, mét s6 chia hét moi s6 nhu thé thi chia hét 10 x 10101 va 11 x 10101,
nén chia hé&t hiéu clia ching 13 10101. Céc s6 can d&m chinh L& cdc udc duong cta 10101.

10101 = 3 x 3367 = 3 x 7 x 481 = 3 x 7 x 13 x 37 (bén s6 nguyén t& khac nhau), nén s& udc la 2¢ = 16. Dap 4n (E).

Bay: chi d&m cac udc nguyén t6 ra 4; quén dém udc 1 ra 15; nhé nhadm meo abcabe = abe x 1001 réi d&m udc clia 1001 = 7 -
11 - 13 ra 8; nham vdi dang abab = ab x 101 ra 2 udc cda 101.

1
19 (D) —-

Coi céc thé cling chif la nhu nhau: s8 cdch x€p chit khdc nhau La = 630 (ba chitR, O, T méi chil hai lan, A mbt lan) —

7!
212121
va cdc cach nay déng kha ning.

D3y doc xudi ngudc nhu nhau (palindrome): chif ding gitta phai la chir xuat hién sé & lan, tdc A. Ba vj tri dau & mbt hodn vi

6 1
Ga R, O, T (3! = 6 cach); ba vi tri cudi bi xac dinh. X3 dt=— = —.Dapdn (D).
cla ( cach); ba vi tri cudi bi xac din ac sua 630 — 105 ap an (D)
Bay: 4y 6 chia cho 7! = 5040 (t&r d&m theo chil, mau dém theo thé) ra 87}‘0; tudng chi cé mét ddy (ROTATOR) ra 6;—0, hay chia
4

day dd cho 7! ra =15 cho phép bat ky chif ndo diing gilla ra &5 = 1o
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20 (E) 37

D3t toa d6: cac diém la (z,y) v6i 0 < z,y < 4, trlr bon gdc (0,0), (0,4), (4,0), (4,4). Phan loai hinh vudng theo “budc canh”
(p, q): tr mét dinh sang dinh ké di ngang p va doc q.

e Canh ndm ngang, dai 1: 12 hinh (dai ngang cé 4 x 2 = 8 6, hai d4u dai doc thém 4 6). Dai 2: 5 hinh (mdt & gitra, b6n hinh
l&ch vé b6n nhanh). Dai 3 hodc 4: khéng cd, vi lubn can mét diém gdc da bi bé. Cong 17.

e Budc (1,1): hinh vudng “dding trén mét dinh”, ¢4 tdm la mét diém ma ca bén diém ké trén, dudi, trai, phai déu cé mat — dd
& 9 diém cua khéi 3 x 3 & giifa: 9 hinh.

o Budc (1,2) hodc (2,1): 8 hinh; budc (1, 3) hosc (3,1): 2 hinh; budc (2, 2): 1 hinh (ndi bdn déu mut (2,0), (4, 2), (2,4), (0, 2)).
Téng: 17+ 9 + 8+ 2+ 1= 37.D4p an (E).

Bay: chi d&m hinh vuéng cé canh ndm ngang ra 17; thém loai nghiéng dé thay (1,1) réi ding ra 26; quén loai (1, 2) ra 29;
quén loai (1, 3) ra 35.

21 (D) 4
Xét ba trudng hgp theo cép canh bang nhau. Budng thang di qua B va (0, 8); viét diém clia né dudi dang C = (6 — 3t, 4t),
khi @6 BC = 5lt|.

e CA = CB: C nam trén trung truc z = 3 clia AB, tiic C' = (3,4): 1 diém.

« BO = BA=6:5|t| = 6,t = +5: 2 diém (2.4, 4.8) va (9.6, —4.8).

e AC = AB =6:(6—3t)* + (4t)> =36 <= 25t> —36t =0 <= t=0hodct = 32 Nhungt = 0cho C = B —khéng c6
tam gidc! Chi con 1 diém (1.68, 5.76).

B6n diém nay khdc nhau va khong diém nao nam trén dudng thdng AB (truc hoanh), néncé 1+ 2 4+ 1 = 4 vi tri. Ddp an (D).

Bay: quén loai C = B (dudng tron t&m A ban kinh 6 di qua chinh B) ra 5; méi trudng hgp chi L&y mét diém ra 3; chi nghi tdi
tam gidc can tai C ra 1; thdy B nam trén dudng tron tdm A r6i bé ludn ca trudng hop AC = AB, lai quén trudng hop CA =
C B, chi con hai diém cla trusng hgp BC = BA, ra 2.

22 (D) 27

Chia luc gidc déu thanh 24 tam gidc déu nhd: mbi tam gidc déu trong 6 tam gidc OAB, OBC, ... (O la tAm) chia tiép thanh 4
tam gidc nhd bang néi trung diém. Mbi tam gidc nhd cé dién tich 72 : 24 = 3.

Goi canh luc gidc [ 2. M va N céch tdm mét khodng bing duding cao tam gidc déu canh 2, tic /3, va ZMON = 120°; do dé
MN = /3 - /3 = 3. Tam gidc déu MNP canh 3 gém 9 tam gidc déu canh 1, tlc 9 tam gidc nho: dién tich 9 x 3 = 27. Dap
én (D).

(Tis6 2L =2

Bay: nham vdi tam gidc ACE (ndi cac dinh cdch mbt), cé dién tich bang nira luc gidc, ra 36; 4y tam gidc ndi trung diém cla
ACE ra 9; tudng M N bang canh luc gidc (tam gidc déu canh 2 gébm 4 tam gidc nho) ra 12; 4p dung sai quy tac “néi trung
diém thi dudc ;" cho luc gidcra 72 : 4 = 18.

23 (E) 7

Tich N chia hét cho 25 (cé thira s8 5 va 15) va la s6 L&, nén hai chi s6 cubi la 25 hodc 75. D& phan biét, xét s6 du khi chia cho
4:25=1,75=3 (mod 4).

Céc s6 & c6 dang 4k + 1 (du 1) hodc 4k + 3 (du 3 = —1). TU 1 dén 99 c6 25 s6 dang 4k + 3 (3,7,...,99),nén N = (—1)% =
—1 =3 (mod 4).

Vay N tin cung bang 75, chit s6 hang chuc la 7. Dap 4n (E).

Bay: dém sai s cac thira s6 dang 4k + 3 (ra s chan, nhu 24) thi két ludn N = 1 (mod 4), tdn cling 25, ra 2; quen vdi bai “sé
chit s6 0 tAn clng cua giai thlifa” nén tudng tich nhiéu thira s8 5 thi tdn cling 00, ra 0 — nhung tich &, khdng cé thlra s6 2; tra
L&i ludn s8 du 3 khi chia cho 4 ra 3; tra L8i chir s6 hang don vira 5.
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24 (B) 8

S6 dinh dé. Mbi dinh thudc 3 mt. Codng s6 dinh @6 trén 6 mat dudc 6 x 2 = 12, va méi dinh dé dugc dém 3 Lan, nén cd ding
4 dinh dd.

Xét mat trén (cé dung 2 dd). Trudng hdp 1: hai dinh dé clia mét trén L& hai dau mét canh (4 céch). M3t bén chifa canh dé d3
d0 2 d4 nén canh day cla nd phai xanh ca hai; mat bén d&i dién chua cé dd nén canh ddy clia nd dd ca hai. Moi mit déu thoa:
4 cach.

Trudng hdp 2: hai dinh d& ctiia mit trén ndm trén mét dudng chéo (2 cich chon dudng chéo). Mdi mat bén chlra ddng mét
dinh d6 & trén nén can dling mét dinh dé & dudi; hai dinh dé & day phai la mét dudng chéo cla ddy — cé 2 dudng chéo, ca hai
déu dugc. 2 x 2 = 4 cich.

Téng 4 + 4 = 8. Dap 4n (B). (Nhin téng thé: 2 cdch La bdn dinh clia mbét t dién déu, 6 cach a hai canh d6i nhau cla hinh lap
phucng.)

Bay: chi thay cac c8p canh d6i nhau ra 6; d&m “chon mét canh dé (12 cach), canh d6i tu xac dinh” lam méi ciu hinh bi d&m hai
14n ra 12 (thém hai tv dién ra 14); bd qua diéu kién mit ma chi chon 4 dinh dd ra (§) = 70.

25 (C) 27

Diéu kién can. Mdi manh c¢d dién tich 3, nén 3 | n?, tlc 3 | n: chiconn = 3,6,9,12.

n = 3 khéng dudc. B&n 6 gdc cla hinh 3 x 3 d6i mét cdch nhau 2 6, nén mét manh chit L (ndm gon trong mét hinh vubng
2 x 2) pht dudc nhiéu nhat mét 6 géc. Can 4 manh cho 4 géc, nhung chicé 9 : 3 = 3 manh. V6 ly.

n = 6 van = 12 dudc. Hai manh chir L ghép thanh hinh chif nhat 2 x 3, va hinh vuéng 6 x 6, 12 x 12 chia dudc thanh céc
hinh 2 x 3.

n = 9 dugec — diéu bat ngd: du 9 x 9 khdng chia dudc thanh cdc hinh 2 x 3 (vi 9 1&), vin cé céch L&t, vi du nhu hinh dudi (27
manh).

Siisisis

Iﬂ gl
i'H_r_r

Vay cdc gid tri 13 6,9, 12, t8ng 27. Dap 4n (C).

Bay: chi kiém tra dién tich, nhdn cdn = 3,ra 3 + 6 + 9 + 12 = 30; nghi rang phai ghép tif cic hinh 2 x 3 nén n phai chdn, bd
n=29,ra6+ 12 = 18; mic cd hai l6i (hhdnn = 3,bd n = 9) ra 3 + 6 + 12 = 21; khéng xét diéu kién nao, cbng moi n tir 1 dén
12, ra 78.

Practice Test 3 — Full Practice Test 3

1(D) 2 (A) 3 (D) 4 (A) 5(C) 6 (A)
7 (D) 8 (A) 9 () 10 (E) 11 (B) 12 (B)
13 (D) 14 (E) 15 (E) 16 (E) 17 (E) 18 (C)
19 (C) 20 (B) 21 (B) 22 (B) 23 (A) 24 (D)
25 (Q)

1 (D) 36

M6t ngay c6 24 - 60 = 1440 phdt. 2,5% = 126% = 4—10, nén 2,5% cla mét ngay a 1440 : 40 = 36 phat. Dap én (D).

Tinh theo gi8 cling dugc: 2,5% - 24 = 0,6 gid = 0,6 - 60 = 36 phdt. BAy ndm & budc d&i don vi: 0,6 gid khéng phai 60 phut hay
6 phut; diing & 0,6 3 tra L8i bdng gid; dSi dau phay sai mét chir s8 (0,25%) ra 3,6.
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2 (A) 38

TU 7:30 dén 11:15 la 3 gid 45 phit = 225 phut. Nam tiét thi cé 4 lan nghi (gilta tiét 1-2, 2-3, 3-4, 4-5): m6t lan 20 phut va ba
an 5 phdt, téng 35 phut.

Thdi gian hoc la 225 — 35 = 190 phut, m6i tiét 190 : 5 = 38 phdt. Dap an (A).

DEm thi€u mét Lan nghi (chi 3 lan) ra (225 — 30) : 5 = 39; coi moi lan nghi déu 5 phit ra 41; quén Lan nghi dai ra (225 — 15) :
5 = 42; quén han gid nghi ra 45.

3 (D) 116

Diéntich san: 7-5 — 3 -2 = 35 — 6 = 29 m2. Mét vién gach canh 50 cm = 0,5 m c6 dién tich 0,5 - 0,5 = 0,25 m?2, tic 4 vién
phd mot mét vudng.

S6 vién: 29 - 4 = 116. Bdp an (D). (D&m truc tiép: hinh chit nhat 14 x 10 = 140 vién, trir géc khuyét 6 x 4 = 24 vién.)

Bay: chia 29 cho 0,5 (canh, khéng phai dién tich vién gach) ra 58; quén trir géc khuyét ra 140; 29 a dién tich; nhdm chu vi 24
m vdi dién tich ra 24 - 4 = 96.

4 (A) 24
Chia trudng hgp theo dudsng di.

Pi qua B: 3 -2 = 6 cach. Luc vé, néu vé qua B thi chi con 1 dudng C-B va 2 dudng B-A chua dung: 2 céch; hodc vé bang
dudng thdng C-A: 1 cdch. Dudc 6 - 3 = 18 chuyén.

Bi dudng thang: 1 cach; lWic vé b3t budc qua B: 3 - 2 = 6 cach. Bugc 6 chuyén.

Téng 18 + 6 = 24. Bdp an (A).

w o A

Khoéng cé diéu kién thi cé 7 - 7 = 49 chuyén; chi cdm “vé ding tuyén da di” ra 7 - 6 = 42; quén rang dudng thang A-C ciing
khéng dudc di hai lan ra 25; vé qua B ma quén loai cidc dudng d3 dung thi ra 48.

5 (C) 91

210 — 1024 ndm gitra 10° = 1000 va 113 = 1331, nén l4p phuang nhd nhat thod man a 113.

220 = (210)2 = 1048 576. Ta ¢ 1013 = 1030 301 < 22° < 1023 = 1061 208, nén l&p phudng ldn nhat la 1013.
CécsBn —=11,12,...,101: 6 101 — 11 + 1 = 91 s8. Dép 4n (C).

Bay: lam tron 22° ~ 10° = 1007 r6i lay n < 99 ra 89 (hodc tinh ca n = 10 ra 90) — that ra 2%° 1dn hon maot tridu kha nhiéu.
Quén can dudi thi dmmn =1,...,101 ra 101 (hodc1,...,100 ra 100).

6 (A) 15

B6n ndm nita méi ngudi thém 4 tudi, nén téng tudi hién nay la 32 — 8 = 24. Mai gdp 3 l4n Bdo nén Bdo 24 : 4 = 6 tudi, Mai 18
tuéi.

Hiéu s8 tudi ludn L& 18 — 6 = 12. Khi Mai g4p 5 lan Bdo thi hiéu bang 4 [4n tudi Bao lic dé: Bao 12 : 4 = 3 tudi, Mai 15 tudi
(tdc 3 nam trudc). DBap an (A).

Chi trlr 4 thay vi 8 hay coi 32 la téng hién nay sé ra Bao 8, Mai 24, hiéu 16 va dap s8 sai 20; 18 la tudi Mai hién nay, 22 (a tuSi
Mai 4 ndm nifa; 5 - 6 = 30 L& 4y 5 l&n tu6i Bao hién nay.

7 (D) 6075
D3y 3p lai theo kh6i 1,2, 3,4,5,4,3,2 gom 8 s6 (s8 1 tiép theo d3 & d4u khdi mdi), tdng mbi khéi la 24.
2026 = 8 - 253 + 2: ¢4 253 khéi dU va thém hai s6 1,2. Téng la 253 - 24 + 1 + 2 = 6072 + 3 = 6075. Ddp 4n (D).

B quén hai s6 & ra 6072, chi thém s8 1 ra 6073; lam tron 1&n 254 khdi ra 6096. Coichu ky 13 9s61,2,3,4,5,4,3,2,1 (tinh
s8 1 hai lan) ra 225 - 25 + 1 = 5626.
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8 (A) 25

Hinh chif nhat c6 chiéu rong w, chiéu dai 2w, chu vi 2(w + 2w) = 6w = 60, nén w = 10: hinh chif nhat 10 x 20, dién tich 200
cmz2,

Hinh vuéng c6 canh 60 : 4 = 15, dién tich 225 cm2. Chénh (éch 225 — 200 = 25 cm2. Ddp an (A).

L&y chu vi bang nlta chu vi (quén nhan 2) cho hinh chit nhat 20 x 40 va hinh vuéng canh 30, chénh 900 — 800 = 100; 900 L4
dién tich hinh vuéng canh 30 dy. 200 va 225 la dién tich ting hinh, chua trr.

9 (C) 8

Goi s6 phiéu laa > b > ¢ > d > 0. Néu ngusi thdng cd a phiéu thi ba ngusi con lai cd nhiéu nhdta — 1, a — 2, a — 3 phiéu,
nén téng nhiéu nhat la 4a — 6.

Canda — 6 > 25,tlca > 7,75, nén a > 8. Va 8 dat dudc: 8 + 7+ 6 + 4 = 25. Dap 4n (C).

L4y 25 : 4 ~ 6 r6i chon 6 hodc 7 & quén diéu kién “khéng ai bang nhau” (7 chi dd khi cho phép 7,6,6,6). Chia 74+ 6 +5 +
4 = 22 rbi dén 3 phiéu thifa cho ngudi thdng ra 10 — hdp & nhung chua nhé nhat. 13 13 s phiéu qud ban, dé khéng doi.

10 (E) 105

Tam giac can tai Anén LZABC = ZACB = M = 70°. Tia phan gidc chia d6i: ZABD = 35°.
Trong AABD: ZADB = 180° — 40° — 35° = 105°. Dap an (E).

75° la géc ké bu ZBDC — doc nhdm gdc trén hinh; 70° la ZC, 35° la nlta géc B, 40° 1a géc A.

11 (B) 12
Tinhtutrongrangoai.zo2 =2z —z+2=x + 2.

(z+2)03=3(x+2)— (¢ +2)+3=2(z+2)+3=2z+7 Gidi2z +7 =31z =12.Dap an (B). (Thirlai: 1202 = 14,
1403=142—14+3 =31)

Phép ¢ khdng c6 tinh két hgp: tinh z ¢ (20 3) =z ¢ 7 = 6z + 7 sé ra 4. DUng & 2z = 24 la quén chia 2; chuyén vé sai diu (
2z = 31 + 7) ra 19; quén phép ¢3 bén ngoai (z + 2 = 31) ra 29.

12 (B) 1012

Phan tich 2026 = 2 - 1013. Kiém tra 1013 L& s6 nguyén t8: /1013 < 32 va 1013 khéng chia hét cho
2,3,5,7,11,13,17, 19,23, 29, 31.

S6 n < 2026 nguyén t8 cing nhau vai 2026 khi va chi khi n & va khéng chia hét cho 1013. Tir 1 dén 2025 ¢é 1013 s8 1&; trong
d6 chi c6 1013 La boi clia 1013 (vi 3 - 1013 > 2026). Con 1013 — 1 = 1012 s6. Dép &n (B).

Bay: d&€m moi s6 L& ra 1013 (quén chinh s& 1013); b6 cd s8 1 ra 1011 — nhung ged(1,2026) = 1. Chi loai bdi cia 1013 ma
quén loai s8 chdn ra 2024.

13 (D) 727
Bdn kinh OT vudng gdc vdi tiép tuyén AB tai tiép diém T'; tam gidc OAB can tai O nén T & trung diém, AT = 6.

Goi R, r la ban kinh hai dudng tron. Pythagoras trong tam gidc vudng OT A: R? = r? + 62, nén dién tich vanh khin la 7R? —
mr?2 = 36w — khdng can biét tiing ban kinh.

Vanh kh3n bang hinh tron nhd: 72 = 367. Hinh tron 18n = vanh khan -+ hinh tron nhé = 727. D4p an (D).
Ding & 367 la mdi tinh vanh khan. Nghi “dién tich g&p d6i thi bdn kinh gap déi” (R = 2r) dan tdi 3wr? = 36, hinh tron nhé
127, hinh tron 18n 487 — sai vi dién tich ti L& vdi binh phuong ban kinh. LAy AB = 12 lam bdn kinh ra 144r.

14 (E) 9.5
B6n bai dau cé téng 4 - 7 = 28. Goi diém bai 5 la z; diém trung binh cla cd ndm bai la 2—%"—“‘

Péchozx = 28% + 2, thc bz = 28 + x + 10, 4z = 38, z = 9,5. Dap 4n (E). (Kiém tra: trung binh ndm bai la % =175 va
95=75+2)

L4y “trung binh” la trung binh ci (7 + 2) ra 9; nghi trung binh chi ting % (thanh 7,4) ra 9,4; 7,5 la trung binh mdi chd khong
phai diém bai 5; chuyén vé& sai du (5 = 28 + = — 10) ra 4,5.
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15 (E) 17

TG s8 n bi d8i trang thai mot 1An cho méi udc Lé clia n. TU md & cudi khi va chi khin cé & s6 udc Lé.

Viétn = 2% - m vdi m |&; cdc udc & clia n chinh 1 cdc udc cha m. S6 udc ctia m L& khi va chi khi m 1a s8 chinh phudng. Vay
n =2%-m? véim &

Liétké:m =1:1,2,4,8,16,32,64;m = 3:9,18,36,72; m = 5:25,50,100; m = 7:49,98, m = 9:81.C67+4+3+2+1=
17 td md. Bap an (E).

Bay: 10 (& ddp s6 clha bai quen thudc (80 100 hoc sinh, chi cdc s6 chinh phuang); chi thdy cac Ly thira cta 2 (chi cé mét udc
(&) ra 7; chi thdy cdc s6 chinh phuong & ra 5; gbp hai ho @6 ma quén cdc s nhu 18, 36, 50,72,98,100 ra 11.

16 (E) 13

|z — 3| + |z + 5| la téng khoadng cdch tif = t6i 3 va tdi —5 trén truc s6.

Néu z nam gilta —5 va 3, téng ludn bang 8 < 12.Néuz > 3,tngla (z —3) + (z +5) =2z +2 < 12,tlcz < 5. Néuz < —5
L t6ng la —2z — 2 < 12, tlcx > —7.

Viy =7 <z <5:c65— (—7)+ 1 = 13 s6 nguyén. Dap an (E).

Quén cdng 1 khi d@&m s8 nguyén trong doan ra 12; bd hai dau mut (coi nhu bat dang thic chdt) ra 11; chi dém doan giilta tUr
—5 dén 3 ra9; 8 la d6 dai doan d6 chr khéng phai s8 cdc s6 nguyén.

5
17 (E) Ta
Cé (g) = 28 cdp ddng kha ndng. Tich chia hét cho 6 khi né chia hét cho ca 2 va 3; trong cdc s6 1-8 chi cd 3 va 6 chia hét cho
3.
Cip chua 6: tich ludn chia hét cho 6, cd 7 cdp. Cap chifa 3 nhung khéng chifa 6: s& kia phai chdn, [a 2, 4 hodc 8: 3 c3p.
C6 10 c3p, xac suat % = 15—4. Dap 4n (E).
Chi d&m cdp chira 6 ra 411; chi d&m c3p “3 vdi s8 chdn” ra %; cho phép rut lai cung thé va tinh cdp cd thi tu (21 trong 64) La bai

khdc; ghép thé 3 v8i moi thé chdn (2,4, 6, 8) ma quén cdc cdp “6 vdi sb 1&" ra 2% = %

18 (C) 7

. 18 —2)+20 20 .
Téch phan nguyén: T;t 7 = (n - _) ;_ =1+ p—t Vay can n — 2 la udc (dudng hodc dm) cda 20.

Vd&i n nguyén dudng thin — 2 > —1. Cac udc clia 20 khong nhd hon —1: —1,1,2,4,5,10,20, chon = 1,3,4,6,7,12,22.C6 7
s8.Dap an (C). (Thin = 1: % = —19 15 s6 nguyén.)

Chi xét udc dugng clia 20 ra 6 — quén n = 1; tinh cd udc —2 ra n = 0 (khéng duong) dudc 8; ldy moi udc £ cta 20 ra 12.
Téch sain + 18 = (n — 2) + 16 (trir 2 thay vi cdng 2) r6i dém udc dudng cda 16 ra 5.

40

19 (C) —

() 3
Thé tich nudc: 20 - 15 - 10 = 3000 cm3. Thit gid st khéi lAp phuong con nhé én khoi mat nudc: khi d@é nudc chi trai trén phan
ddy con tréng 300 — 100 = 200 cm?, d6 sau 3000 : 200 = 15 cm — nhung 15 > 10, tlc nudc d3 ngdp khéi, mau thuan.
Vay khéi ngap hoan toan: nudc céng khéi chiém 3000 + 1000 = 4000 cm? trén ddy 300 cm?, @6 sdu X0 = 2 ~ 13,3 cm. Dap
an (C).
B3y chinh a 15: phép tinh “trlr dién tich kh&i” chi dlng khi khéi nhd én. ? & muc nudc dang thém chit chua phai d6 sau; [y
thé tich kh&i 14 10 - 10 = 100 ra 10 + % = 3—31; nghi nudc dang dung bang chiéu cao khéi ra 20.
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20 (B) 37

1200
50

Phia b3c: vi tri vira [a bdi clia 40 vira La boi cla 50 La bdi cta lem(40, 50) = 200: 0, 200, ..., 1200 — 7 cbt gilr lai, cdn 25 — 7 =
18 cbt mdi.

Phia nam: c6t cli & 20 + 40k. S8 nay La boi ctia 50 khi 20 + 40k € {100, 300, 500, 700, 900, 1100} (cac bdi clia 50 cé dang
200m + 100; kiém tra 100 = 20 + 40 - 2). C4 6 c6t gilr lai, cAn 19 cbt mdi.

Téng 18 + 19 = 37. Dép 4n (B).

Mbi bén can + 1 = 25 cbt (nhd cbt & ca hai dau). Chi cAn dém céc vi tri mdi trung vdi cbt cl.

Coi phia nam gidng phia bac (7 cbt gilt lai) ra 36; coi ca hai bén déu gilr 6 cbt ra 38; quén gilr cot cli ra 50; 48 (4 s8 cbt cli phai
bé di (24 + 24), khoéng phai s8 cot mdi.

21 (B) 3

Ludi a hang, b cdt cé a + 1 dudng ngang, mdi dudng b que, va b + 1 dudng doc, mbi dudng a que: tdng b(a + 1) +a(b+ 1) =
2ab+a + b que (kifmtra:2-2-3+2+3=17).

2ab + a + b = 2026. Nhan 2 rdi cong 1 dé phan tich thanh nhan tif (meo “thém hang s8”): 4ab + 2a + 2b + 1 = 4053, tic

(2a + 1)(2b + 1) = 4053.

4053 = 3 - 7-193 (193 la s8 nguyén t8). Cac cach viét 4053 = uv vdi 3 < u < v, u,v & 3 - 1351, 7- 579, 21 - 193, cho (a,b) =
(1,675), (3,289), (10, 96). C6 3 Wdi. Dap 4n (B).

Tinh ca cdp 1 - 4053 (Ung v3i a = 0, khéng phai udi) ra 4; dém cdp cé thi tu ra 6; 8 a s6 udc clia 4053; bd sét ludi “moéng”

1 x675ra?2.

22 (B) 6+/3

Quay 60° quanh tdm bién tam gidc déu thanh tam gidc “nguac” (gibng quay 180°), tao hinh ngdi sao sdu cdnh. Méi canh cua
tam gidc nay bi hai canh cla tam gidc kia chia thanh ba doan bang nhau, méi doan dai 2.

Phan chung la luc gidc déu canh 2, ghép tir 6 tam gidc déu canh 2, méi tam gidc dién tich @ - 22 = /3. Dién tich phan chung:
6+/3. Dép 4n (B).

Kiém tra cach khdc: tam gidc l&n cé dién tich lg - 36 = 94/3, g6m phan chung va 3 “canh” tam gidc déu canh 2 (3+/3), nén
phan chung 3 9v/3 — 3v/3 = 64/3.

Trlf cd 6 canh clia ngdi sao (thay vi 3 canh thudc tam gidc nay) ra 31/3; 9v/3 la dién tich mét tam gidc; 124/3 & dién tich ca
ngdi sao; 18+v/3 a téng hai tam gidc.

23 (A) 48

Pudng chéo hinh chif nhat & dudng kinh: v/62 + 82 = 10, ban kinh dudng tron 5.

Hay cdng réi trit. Hinh gém hinh chif nhat va bén nifa hinh tron cé dién tich 48 + 2+ 47 - 42 + 2 - 17 - 3% = 48 + 167w + 97 =
48 + 257. B4 di phan nam trong dudng tron (ca hinh tron, dién tich 257) thi con ding bdn hinh ludi liém: 48 + 257 — 257 =
48. Dap an (A).

Diéu b4t ngd: tdng céc luGi liém bang dung dién tich hinh chit nhit, vi t6ng dién tich bén nlfa hinh tron (257) trung vdi dién
tich hinh tron — dé chinh & Pythagoras 32 4 4% = 52.

Bay: 257 la téng bén nlfa hinh tron, chua trir; céng hinh chit nhat véi bdn nifa hinh tron ma quén trif hinh tron ra 257 + 48;
dung ca canh lam ban kinh ra 757 + 48; 4p dung “ludi liém trén hai canh gdc vudng bang dién tich tam gidc” cho cd bén tam
gidc vudng tao bdi hai dudng chéo thi méi ludi liém bi dém hai lan: 4 - 24 = 96.
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24 (D) 74

Musi hai diém L& (£5,0), (0, £5), (£3, +4), (£4,+3) (vi 25 = 02 4 5% = 32 + 42). Da gidc d8i xling qua hai truc, nén tinh phan
nam trong géc phan tu thi nhat réi nhan 4.

Phén dé a ngii gidc 0(0,0), (5,0), (4, 3), (3,4), (0,5). C&t thanh ba tam gidc chung dinh O: O, (5,0), (4, 3) ¢ ddy 5, cao 3:
dién tich 7,5; O, (3,4), (0,5): ddy 5, cao 3: 7,5; O, (4, 3), (3,4): bang nlfa |4 - 4 — 3 - 3| = 3,5 (hodc &y hinh vubng 4 x 4 trir ba
tam gidc vubng 6 + 6 + 0,5).

Mét phén tu: 7,5 + 7,5 + 3,5 = 18,5; ca da gidc: 4 - 18,5 = 74. Dap 4n (D).

Quén bdn diém trén truc (chi ldy bat gidc (£3, £4), (+4, +3), dién tich 64 — 2 = 62) ra 62; chi ly hinh vubdng qua bdn diém
trén truc ra 50; Ay hinh chit nhat 8 x 6 ra 48; 257 ~ 78,5 la dién tich hinh tron, l8n hon moi da gidc nbi tiép.

25 (C) 225

Y then chét: mudn vuot qua mét vién tran chi cé mét cdch — diing ngay trudc né va nhay 2. Vi vay &ch bit budc nhdy 4 — 6,
9 — 11, 14 — 16, va dudng di tach thanh cac doan doc lap: 0 — 4,6 — 9,11 — 14, 16 — 20.

S8 cach di hét quing dai d bang cac budc 1 hodc 2 & d3y Fibonacci: d = 1,2,3,4 cho 1,2, 3,5 cdch (mbi s8 bang téng hai s6
trudc, vi budc dau la 1 hodc 2). Céc doan dai 4,3,3,4 nén ¢ 5,3, 3,5 cach.

Theo quy tdc nhdn: 5-3 -3 -5 = 225. Ddp 4n (C).

Bay: c6ng cdc doan thay vi nhan ra 16; quén doan cudi 16 — 20 ra 45; dém d6 dai doan bang s6 vién da (daihon 1) ra8 -5 -
5.8 = 1600; bd qua céc vién tron thi ra 10946 cach.
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Glossary - T vng Anh-Viét

absolute value — gid tri tuyét déi
Addition Principle — quy t3c cong
adjacent / next to — ké nhau, canh nhau
alternate interior angles — gdc so le trong
alternating sum — t6ng dan d4u

altitude (height) — dudng cao

angle bisector — tia phan giac

arc / sector — cung / hinh quat

area — dién tich

arithmetic sequence — cip s8 cong

at least / at most — it nhat / nhiéu nhat
average speed — van t8c trung binh
backsolving — thi dép an

bar graph — biéu d6 cot

base — day

block — khéi (gom lai)

bound — cén (chan)

carry — s8 nhd

casework — chia trudng hap

casting out nines — phép th&r 9

central angle — gd6c & tam

chord — day cung

circle graph — biéu dbé hinh quat
circumference — chu vi dudng tron
closest to — gan nhat vdi

collinear — thdng hang

coloring argument — 4p ludn t6 mau
combination — t8 hdp

common difference — cdng sai
complementary counting — dém phéan bu
composite — hdp s8

congruent — bang nhau (trung khit)
congruent modulo m — déng du theo médun m
consecutive integers — cdc s6 nguyén lién tiép
construction — xay dung (vi du dat dudc)
corresponding angles — gdc déng vi
cross-section — mt cit

cryptarithm — phép tinh bang chit
cylinder / cone / sphere — hinh tru / nén / cau
diagonal — dudng chéo

digit — chi s6

digit sum — t6ng cac chir s6

directly proportional — ti L& thuin

disjoint — rgi nhau

Chinh phuc AMC 8 — 323 —

distinct / different — khac nhau

distributive law — tinh chat phan phdi

divisible by — chia hét cho

division algorithm — phép chia c6 du

divisor / factor — udc

equally likely — déng kha ndng

equation / solution — phudng trinh / nghiém
estimate — udc lugng

Euclidean algorithm — thuat toan Euclid

expected value — gia tri ky vong

expression — biéu thic

exterior angle — goc ngoai

factorial — giai thua

fencepost error — 6i hang rao (léch mot)

finite differences — bang hiéu

fraction in lowest terms — phan s6 t6i gian
frequency — tan s6

gap — khe

geometric sequence — cip s8 nhan

greatest common divisor (gcd) — udc chung Lén nhat
greedy — tham lam

guess, check, and refine — th(f — kiém tra — diéu chinh
hypotenuse — canh huyén

identical — gidng hét nhau

identity — hang dang thiic / ddng thic dung vdi moi gia tri
inclusion-exclusion — bao ham-loai tri

inclusive — tinh c3 hai dau

independent — dbéc lap

inequality — bat phudng trinh / bat ddng thic
intercept — giao diém vdi truc

invariant — b3t bién

inversely proportional — ti & nghich

isosceles / equilateral — can/ déu

kite — hinh cdnh diéu

last two digits — hai chif s8 tan clung

lattice point — diém nguyén (diém udi)

leading digit — chif s6 dau tién

leap year — nam nhuan

least common multiple (lcm) — bdi chung nhé nhat
leg (of a right triangle) — canh géc vubng

like terms — hang tir d6ng dang

linear relationship — quan hé tuyén tinh (bac nhat)
list — danh séch, day

mean (average) — trung binh cdng
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median — trung vi

mediant — phéan s6 trung gian

midpoint — trung diém

mixture, concentration — hén hdp, néng d6

mode — mode (gid tri xuat hién nhiéu nhat)
monovariant — dai lugng don diéu

multiple — bdi

Multiplication Principle — quy tic nhan

multiplier — hé s6 nhan

n choose k — t6 hdp chdp k clia n

net — hinh khai trién

non-congruent — khéng bang nhau (khéng tring khit)
off-by-one error — 16i l&ch m6t

order of operations — th(f tu thuc hién phép tinh
ordered pair — cdp c6 thd tu

outcome — két qua

parallelogram — hinh binh hanh

parallelogram / rhombus — hinh binh hanh / hinh thoi
parity — tinh ch3n &

part-to-whole ratio — ti s8 phan so vdi toan thé
pattern — quy ludt

percent increase / decrease — phan trdm tdng / gidm
percentage point — diém phan trdm

perfect square / cube — sé chinh phuang / l&p phuong
perimeter — chu vi

period — chu ky

periodic, period — tuan hoan, chu ky

permutation — hoan vi/ chinh hgp

pigeonhole principle — nguyén ly Dirichlet (chudng - tho)

place value — gia tri theo hang

prime — s8 nguyén t8

prime factorization — phan tich ra thira s6 nguyén t6
proper divisor — udc thuc su

proportion — ti L& thiic

Pythagorean triple — b ba Pythagoras
quotient — thudng

radius / diameter — ban kinh / dudng kinh
range — khodng bién thién

rate / unit rate — t6c d6 / don gia

ratio — ti s6

reciprocal — s6 nghich dao

rectangular box — hép chir nhat

recursive rule — cong thuc truy hoi

Chinh phuc AMC 8 — 324 —

regular polygon — da gidc déu

relative order — th( tu tudng ddi

relative speed — van téc tusng ddi

relatively prime — nguyén t8 cung nhau
remainder — s8 du

repeating decimal — s6 thap phan v6 han tuan hoan
rhombus / kite — hinh thoi / hinh canh diéu
rotation — phép quay

route, path — dudng di

scale (of a map) — ti & ban g6

scale factor — hé s6 ti 1&

sequence, term — d3y s6, s6 hang

shaded region — mién t6 mau

similar figures — hinh déng dang

slope — hé s8 gdéc

slope, rate of change — hé s6 gdc, t8c d6 thay déi
small cases — trusng hdp nhé

space diagonal — dudng chéo khéng gian

special values — gid tri dac biét

stem-and-leaf plot — biéu d6 than-13
substitution / elimination — phudng phdap thé / cong dai s8
supplementary / complementary — bu nhau / phu nhau
system of equations — hé phugng trinh

tangent — tiép tuyén

telescoping — rut gon day chuyén (triét tiéu xen ké)
terminating decimal — s6 th4p phan hitu han

to evaluate — tinh gid tri

trailing zeros — chir s6 0 tin cung

transversal — cat tuyén

trapezoid — hinh thang

tree diagram — sg doé cay

triangle inequality — bat d3ng thic tam gidc
truth-teller / liar — ngudi ndi that / ndi déi

units / tens / hundreds digit — chit s& hang dan vi/ chuc / trdm
variable — bién, 4n

Venn diagram — biéu d6 Venn

vertical angles — géc d6i dinh

weighted average — trung binh cé trong s6
without replacement — khong hoan lai

work rate — ndng suat

working backwards — di ngudc (tir két qua)

worst case — trudng hdp xau nhat
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Hoc tiép cung 8020

Lam hét sach r6i? Budc tiép theo: luyén dé thi thir bAm gis trén web, rdi thi that ky AMC thédng 11 (AMC 10/12) hodc thdng 1
(AMC 8).

luyenthi8020.com/olympiad/amc-8/
Luyén tiép online: bai tAp theo chd dé + dé thi thit AMC, chdm diém ngay

luyenthi8020.com/gioi-thieu/amc/
Gidi thiéu ky thi AMC = AIME: lich thi, ciu tric @&, cdch dang ky

luyenthi8020.com/olympiad/
Toan b6 khu Toan Olympiad: AMC 8-10-12, TIMO l6p 1 — 10+

Lép 1-1 hodc nhém nhd, online hodc tai trung tdm — gido vién cla bd phan hoc thudt 8020 truc tiép ding ldp, nhan

xét bang van ban sau méi bai kiém tra.
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